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Preface 

This book is about the analysis of regression data when some of the 
classical assumptions are violated. Many of our consulting projects 
have involved regression modeling when the systematic part of the 
data had a fairly well understood functional form. Often the data 
have exhibited combinations of nonconstant variances, outliers, and 
skewness, and much of our work has been directed toward under
standing how to fit models to such data. Our purpose in this 
monograph is to summarize the techniques we have found most 
useful for problems typically encountered. 

The book contains three major parts. After an introductory 
chapter, Chapters 2 and 3 discuss the analysis of data when the 
primary concern is to overcome nonconstant variance in the res
ponses. Chapter 2 describes estimation by weighted and generalized 
least squares, and provides an overview of the theory, graphical 
techniques, and applications. In Chapter 3, we discuss the estimation 
of variance functions. This chapter reviews a large and widely 
scattered literature. 

The second part of the book discusses data transformations, 
particularly the technique we call 'transform both sides'. We have 
found this technique very useful when fitting nonlinear regression 
models to data that exhibit skewness and nonconstant variance. 
Chapter 4 is an introduction to data transformation in this context, 
while Chapter 5 combines weighting and data transformation. 

The third part of the book concerns the detection of influential and 
outlying points and robust methods of estimation, i.e., methods that 
are not overly sensitive to outliers and other minor deviations from 
the ideal statistical model. At least five books have been written since 
1980 on influence diagnostics or robust estimation in the linear 
regression model. We narrow our focus to just a few methods that we 
have found helpful when fitting transformation and variance models. 

The book is a monograph, not a textbook. We hope that the 
material will be accessible to a wide range of people using regression, 
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though some sections require a good statistical background. Each 
chapter introduces the material in a general and mostly nontechnical 
way, and includes at least one worked example along with details of 
estimation, inference, and plotting techniques. We have deliberately 
avoided a thorough mathematical treatment of the subject, not 
because such a development would be uninteresting but because we 
want our audience to be fairly wide. Some basic background on 
estimation and testing is sketched in Chapter 7. 

We assume that the reader is familiar with linear and nonlinear 
regression, including the analysis of residuals. The reader should be 
acquainted with the material in a standard regression textbook, say 
Draper and Smith (1981) and Weisberg (1985), before beginning this 
book. 

Nonlinear regression models in which the classical assumptions do 
not hold have been a major part of our research. D. Ruppert first 
encountered such data while a graduate student at the University of 
Vermont; a reanalysis of this 'bacterial clearance' data is given in 
Chapters 4, 5, and 6. Through the help of Rob Abbott and Kent 
Bailey, R.J. Carroll analyzed such data on a regular basis while at the 
National Heart, Lung, and Blood Institute, and an example of these 
data is given in Chapter 2. Together, we worked with Rick Deriso, of 
the International Pacific Halibut Commission, and Rod Reish, now 
at General Electric, on a long-term project modeling the Atlantic 
menhaden fishery, a project that led to our work on data transform
ations given in Chapter 4. We also acknowledge with gratitude the 
many examples brought to us by Wendell Smith, of Eli Lilly and 
Company, Perry Haaland, of Becton Dickenson Research Center, 
and Carl Walters, of the University of British Columbia. The 
bacterial clearance data were kindly supplied by George Jakab. Mats 
Rudemo gave us many insightful comments about his work with data 
transformations in agricultural and biological applications. We 
thank Brian Aldershof, Marie Davidian, Stena KettI, Miguel Naka
mura, Amy Stromberg, and Yin Yin for help in making the 
manuscript ready for publication. 

R.J. Carroll's research was supported by the Air Force Office of 
Scientific Research, while D. Ruppert's was supported by the 
National Science Foundation. 

North Carolina and Cornell 
1987 

R.J. Carroll 
D. Ruppert 



CHAPTERl 

Introduction 

1.1 Preliminaries 

When modeling data it is often assumed that, in the absence of 
randomness or error, one can predict a response y from a predictor x 
through the deterministic relationship 

y=f(x,P) (1.1) 

where p is a regression parameter. The equation (1.1) is often a 
theoretical (biological or physical) model, but it may also be an 
empirical model that seems to work well in practice, e.g., a linear 
regression model. In either case, once we have determined p then the 
system will be completely specified. 

Observed data almost never fit a model exactly, so that p cannot be 
determined exactly. Such a situation occurs when the relationship 
(1.1) holds exactly, but we are able to observe the response y or the 
predictor x only with error. This is the useful perspective behind the 
'errors-in-variables' literature, although it is not the standard explan
ation why observed data do not fit models exactly. Most statistical 
analyses assume that we can measure the predictor x accurately, but 
that, given a value of x, the relationship with the observed response y 
is not deterministic. Partly this might be due to measurement error in 
y, but there are also other factors to consider. The lack of determinism 
could be a physical fact, e.g., the physical process generating an 
observed y from x might not be deterministic. Also, the model might 
not be exact either because of slight misspecification or because 
certain other predictors might have been omitted. 

Understanding the variability of the response is important. Effi
cient estimation of the unknown parameter p requires knowledge of 
the structure of the errors. Also, understanding the distribution of y 
may be important in itself, particularly in prediction and calibration 
problems. 

A good example of these issues is the relationship between the 
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number of fish in a spawning population ('spawners' denoted by S) 
and the number of new fish eventually recruited into the fishery 
('recruits' denoted by R). A standard theoretical deterministic model 
is due to Ricker (1954), and can be written as 

(1.2) 

for P2 ~ O. This model is discussed at length in Chapter 4. In practice, 
the spawner-recruit relationship is not deterministic, and in fact there 
is considerable error in the equation. Partly, this is due to difficulties 
in measuring Rand S, but perhaps even more important is the 
existence of unobserved environmental factors, e.g., ocean currents, 
pollution, predator depletion, and availability offood. Estimating the 
parameter P is important, but just as important for managing the 
fishery is understanding the distribution of the recruitment given the 
size of the spawning population. Only after this distribution is 
understood can one begin to assess the impact of different manage
ment strategies on the long-term productivity of the fishery. 

In Ruppert et al. (1985) and Reish et al. (1985), a stochastic model 
for the Atlantic menhaden fishery is used to analyze the risk inherent 
in management strategies. The risk is largelly due to the stochastic 
nature of recruitment, though estimation erwr in the parameters is 
also a factor. Certain harvesting policies, such as constant-catch 
policies where the same size catch is taken every year, are optimal for a 
deterministic fishery, but perform surprisingly poorly in stochastic 
situations. The main point is that the size and nature of management 
risk can only be assessed if a realistic model of recruitment variability 
(conditional on the size of the spawning population) is used. 

1.2 The classical regression model 

The usual regression model makes four basic assumptions and the 
analyses are often based on a fifth. The first four assumptions are that 
the model is correctly specified on average, and that the errors are 
independent, have the same distribution, and have constant varia
bility, i.e. 

E(y) = expected value of y = f(x, p) 

y - f(x, P) = e, Variance(y) = Variance(e) = (J2 

The errors e have the same distribution for each 
given value of x 

(1.3) 

(1.4) 

(1.5) 
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Given x, the errors e = y - f(x, 13) are independently 
distributed (1.6) 

Of course, (1.5) implies (1.4). Sometimes only (1.4) is assumed, so we 
list it separately. Most often, the parameter 13 is estimated by least 
squares, the basic motivation for which is that it is efficient ifthe errors 
are normally distributed. This leads to the fifth assumption, i.e. 

The errors are normally distributed (1.7) 

To see how these assumptions might work in practice, we consider 
the spawner-recruit relationship for the Skeena River sockeye 
salmon. The data are described in Chapter 4 and are plotted in 
Figure 4.1. In Figure 4.3, we plot the predicted values against the 
residuals. An examination of these two figures suggests that at least 
two ofthe major classical assumptions are strongly violated. The first 
assumption (1.3) seems reasonable, as the Ricker curve appears 
adequate. Whether the independence assumption (1.6) holds is not 
clear here, but it can be taken as a working hypothesis especially in 
light of the small size of the data set. A check of the serial correlations 
of the residuals suggests that (1.6) is not seriously violated. As can be 
seen from either figure, the variability of the data increases as a 
function of the size of the spawning population, thus violating 
assumptions (1.4) and (1.5). The normality assumption (1.7) seems 
adequate, although there may be some right-skewness. 

The major purpose of this book is to discuss methods for analyzing 
regression data when the classical assumptions of constant variance 
and/or normality are violated. 

Having observed that the variances are not constant, we might take 
as a working hypothesis that the variances are proportional to the 
square of the mean. This is a model with a constant coefficient of 
variation (standard deviation divided by mean). This model involves 
no additional parameters, but requires the a priori assumption about 
the variance function. A more flexible approach is to use a variance 
model with unknown parameters, for example to assume that the 
variance is proportional to some (unknown) power of the mean. To 
obtain a better estimate of the regression parameter 13 and to 
understand the distribution of the size of the recruit population given 
a spawning population size, two basic strategies can be employed. 

First, we might continue to assume normally distributed obser
vations. If the variance function contains unknown parameters, these 
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must be estimated, perhaps by using residuals from an unweighted fit. 
After obtaining a fully specified variance model, some form of 
iterative weighted least squares can be employed to estimate the 
regression parameter f3. 

The second basic strategy is to replace the normality assumption by 
assuming a distribution family that has a constant coefficient of 
variation. Even within this strategy there are at least two widely used 
options. The first is to assume that the responses are gamma 
distributed. Since the gamma family is an exponential family of 
distributions, this puts us into the class of generalized (non)linear 
models. These have been admirably discussed by McCullagh and 
NeIder (1983). Luckily, the fitting method for estimating f3 will be the 
same iterative weighted least-squares algorithm as in the case of 
normally distributed observations. The second common option is to 
assume that the data have a lognormal distribution, i.e., the logarithm 
of the response is normally distributed. This is an example of a 
transformation model, where we assume that 

In (R) = In [fRK(S, f3)] -t-f; (1.8) 

where the errors I: satisfy the classical assumptions, at least approxi
mately. In other words, a transformation model says that we can 
transform the data and the model in such a way as to return to the 
classical assumptions. 

1.3 The scope of the book and an outline 

This book examines the analysis of data in which the classical reg
ression assumptions of constant variance and normally distributed 
data are violated. We hope to provide a fairly comprehensive review 
of the methods we have found useful in analyzing such data. These 
methods fit naturally into two broad categories: methods based on 
weighting and weighted least squares, and methods based on data 
transformations. , 

Standard methods of weighting and data transformation can be 
adversely affected by just a few observations, especially by outliers. In 
fact, the situation here is much worse than when fitting ordinary 
regression models. The influence functions of variance-parameter 
estimators are quadratic in the response rather than linear as in the 
case of regression parameters. Generally, the: influence function of a 
transformation-parameter estimator also increases at a rate faster 
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than linear. Therefore weighting and transformation methods should 
be accompanied by diagnostics to identify influential observations 
and by robust methods to fit the data in the presence of such 
observations. 

Outlying data should not be detected simply to be down weighted 
or removed. Outliers can indicate model inadequacies and may 
suggest useful improvements to the model. However, few statisticians 
would increase the complexity of a model to fit an outlier unless the 
new model also gave a better fit to the bulk of the data. Model 
selection and the identification of outliers are intrinsically connected. 
We make this point clear in the examples of Chapter 6. 

1.3.1 Methods based on weighting 

One method for analyzing data with nonconstant or heteroscedastic 
variances is based on iterative weighted least squares after hypo
thesizing and fitting a model for the variances. The constant
coefficient-of-variation model discussed in relation to the Skeena 
River data states that 

Variance( R) = (12 ndS, {3) 

This is not the only variance model that we might consider. A simple 
generalization is to suppose that the variance is proportional to a 
power of the mean response 

Variance(R) = (12 n~(S, {3) (1.9) 

In this case, () = 1 would be appropriate for gamma or lognormal 
data, while () = 0.5 would arise if recruitment had a Poisson 
distribution. It might happen that neither () = 0.5 nor () = 1 is 
appropriate, and we might let the data give us some indication of the 
value of (). In radioimmunoassay experiments, where the response is a 
count from a binding experiment and the predictor is the con
centration of a substance, it is often found that model (1.9) holds but 
with () between 0.6 and 0.8. Alternatively, one might let the variance be 
a more direct function of the predictor, as in 

Variance(R) = (1z(l + (}tS + OzSZ) 

All of these variance models can be summarized as belonging to the 
class 

for some function g 
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In Chapter 2 we discuss the problem of estimating the regression 
parameter {3 when the variance parameter e is known. We spend some 
time discussing generalized least squares, the most common method 
of estimating {3. This method is used not only when normality of the 
responses is assumed, but also if one is in the class of generalized linear 
models. Our focus is on the former case because the recent book by 
McCullagh and NeIder (1983) covers the latter thoroughly. Gen
eralized least squares has the advantage that it can be applied without 
any distributional assumptions; one need only specify the model for 
the mean and the variances. We also discuss methods of inference and 
calibration. Section 2.7 describes a few graphical techniques for 
detecting and understanding heteroscedastic: variability. Section 2.8 
contains worked examples, while in section 2.9 we show that 
modeling the variances adequately can have beneficial effects when 
prediction intervals are required. 

Usually, the variance parameter e is not known in practice and 
must be estimated. There are many ways of doing this. Chapter 3 
reviews the most common methods for estimating variance functions 
in regression, along with hypotheses tests and confidence intervals for 
the variance parameter. The emphasis is on unifying a widely 
scattered literature, and we especially make use of the fact that most 
such methods of estimation are closely related to regression, but 
where now the 'responses' are functions of residuals from a prelimi
nary fit. The examples of Chapter 2 are reinvestigated by applying 
some of the methods of estimation to data. 

1.3.2 Methods based on data transformation 

The generalized least-squares methods of Chapters 2 and 3 attack the 
problem of variance heterogeneity directly by specifying models for 
both the mean and variance, and then estimating the relevant 
parameters simultaneously. The alternative approach commonly 
used in applied statistics is to transform the data in such a way as to 
obtain a new regression model with clearly defined properties, e.g., 
constant variance and/or normally or symmetrically distributed 
errors. Throughout this book, we are working in the context that one 
already has a model relating the predictors to the response in the 
absence of any error. This model could be determined from physical 
principles or convention, but the key point is that it describes the 
systematic structure of the data. Of course, having a model does not 



SCOPE OF BOOK AND OUTLINE 7 

excuse one from checking its correctness, but when the model is 
treated as a working hypothesis we certainly do not want a data 
transformation methodology that invalidates the model. Thus, when 
we used the logarithmic transformation in (1.8), what we did was to 
transform both sides of the multiplicative model 

(1.1 0) 

where '1 is lognormally distributed. This is an example of the 
transform-both-sides approach to nonlinear regression models (see 
Carroll and Ruppert, 1984a). Since the Ricker model has some 
biological plausibility, it makes little sense to transform the left-hand 
side of(1.1 0) without using the same transformation on the right-hand 
side. 

Transformations other than the logarithm can be used to induce 
constant variance or approximate normality, including the square 
root or the inverse. All ofthese transformations along with the option 
of not transforming at all can be gathered up into a single model 

h(R, A) = h(fRdS, {3), A) + (; 
where the function h(v, A) is the Box and Cox (1964) power transform
ation family 

h(v A) = {(VA - l)jA 
, In (v) 

if A-=l-O 
if A=O 

Choosing A = 0 would mean taking logarithms, A = 0.5 would be 
square roots, and A = 1 would mean no transformation at all. 

In Chapter 4 we explore the transform-both-sides model in detail. 
Methods of estimating the transformation are discussed, along with 
methods for making inference about the parameter {3. The Skeena 
River data are reanalyzed without the restriction that a logarithmic 
transformation be used. We also describe analyses of two other data 
sets, one a spawner-recruit study on another fishery and the second a 
study of bacterial clearance in the lungs of mice. In the latter case the 
transformation removes the skewness and some of the heteroscedas
ticity, but after transformation the variance still depends strongly on a 
covariate, time to sacrifice. This residual heteroscedasticity motivates 
Chapter 5. 

In Chapter 5 we combine the ideas of weighting and transfor
mation. Since both approaches are trying to solve the same problem 
it is useful to consider how to unify them. The Skeena River and 
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bacterial clearance examples are reanalyzed from this perspective, 
and especially in the latter we find that the combination yields a useful 
analysis. 

1.3.3 Regression diagnostics and robust estimation 

The methods of estimation and inference in common use in regression 
are sensitive to minor problems with the data. These problems might 
include recording errors as well as natural phenomena, so that the 
deletion or modification of only a few or even a single observation can 
change the whole pattern of analysis or even basic conclusions. In the 
constant-variance regression model, there are a variety of tools that 
one can use to protect oneself against being misled by a few data 
points. The most widely implemented are methods of regression 
diagnostics, as represented by the recent books of Belsley et al. (1980), 
Cook and Weisberg (1982), and Atkinson (1985). The aim here is to 
find those points whose modification or deletion would have a major 
impact on the analysis. Less widely implemented but still valuable are 
the methods of robust estimation, recent books including those by 
Huber (1981) and Hampel et al. (1986). Robust estimation methods 
attempt to construct estimates of parameters which are not sensitive 
to the deletion or modification of a few points. It often happens that 
regression diagnostics started from robuslt rather than the usual 
methods more readily identify unusual observations. 

The weighting and transformation methods in common use are 
decidedly not robust, sometimes in unusual ways. For example, in 
weighted regression it is our experience that the most troublesome 
observations are those with the smallest predicted variance. Influence 
diagnostics and robust estimates are required. This is the content of 
Chapter 6. Rather than trying to replicate thc~ five published books on 
diagnostics and regression, we decided to present a single diagnostic 
and a single estimation scheme, both of which we have found useful in 
practice. These are applied to the bacterial clearance data and lead to 
a useful modification of the variance model. 

1.3.4 Some notes on computation 

The computations were done on IBM PC/AT personal computers 
using either the GAUSS matrix programming language or APL 
through the STATGRAPHICS package, the latter mostly for plots 
and the non parametric regression estimators we used in our analyses. 



CHAPTER2 

Generalized least squares and the 
analysis of heteroscedasticity 

2.1 Introduction 

Fitting a nonlinear regression model is often complicated by heterog
eneous rather than constant variability. A particular example of this 
phenomenon is the analysis of assay data (see Finney, 1976; Rodbard, 
1978; Raab, 1981a, b; Myers et al., 1981; Butt, 1984). In assays, the 
concentration or dose is considered to be the predictor and the 
response is often a count, and with count data we can expect that the 
variability depends on the mean. Heterogeneous variability, often 
called heteroscedasticity, arises in almost all fields. We have seen 
examples in: (1) pharmacokinetic modeling (Bates et al., 1985), where 
the variability depends on time; (2) analysis of the stability of drugs 
(Kirkwood, 1977, 1984; Nelson, 1983; Tydeman and Kirkwood, 
1984), where the variability depends on time and storage temperature; 
(3) enzyme kinetics (Cressie and Keightley, 1979, 1981; Currie, 1982), 
where the variability depends on concentration; (4) chemical reaction 
kinetics (Box and Hill, 1974; Pritchard et al., 1977); (5) econometrics, 
with variability depending on any number of factors; (6) screening 
designs in quality control (Box and Meyer, 1985b; Box, 1987; Leon 
et al., 1987); (7) fisheries research, where the variability in the 
production of new fish depends on the size of the spawning 
population (Ruppert and Carroll, 1985). 

The general heteroscedastic nonlinear regression model for a 
response vector Y=(Yl' ... 'YN)T has two major components, the 
mean vector and the covariance matrix. The mean vector f.1 = 

(f.11' ••• ' f.1N)T has individual elements f.1i = f(Xi' P), where by con
vention f is called the regression function, P is the regression 
parameter and is a vector with p elements, and the predictors xi when 
set out as row vectors are stacked into a matrix X with N rows. The 
mean values of the responses are determined by the regression 
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parameter {3. The covariance matrix for Y is the N x N matrix (12 A, 
where we write A = A(J,L, Z, 0) to emphasize the possible dependence 
of the covariance matrix on the mean vector J,L, the structural variance 
parameter 0 and a matrix of known variables Z = (Zl"'" ZN) whose 
individual component vectors Zi mayor may not include some or all 
of the predictors Xi' 

The key feature to modeling the means is the assumption that the 
mean vector varies systematically and smoothly as we perturb 
predictors. This assumption implies in particular that the regression 
function should do more than simply 'connect the dots' between 
neighboring observed responses. In simple: straight-line regression 
the scatterplot of the predictors against the responses helps us 
determine an appropriate model. In many applications, instead of 
purely empirical models there are natural models that are suggested 
by the basic science of the problem, for example modeling enzyme 
reactions by the Michaelis-Menten equation 

Y = 11.0X/(11.1 + x) 

(see Cressie and Keightley, 1981; Currie, 1982). 
Modeling the variability in data has received less attention. We 

view heteroscedasticity of variance as a regression problem, i.e., 
systematic and smooth change of variability as predictors are 
perturbed. Looked at in this way, there are many similarities with 
modeling the mean vector. In particular, the view that variability 
changes systematically and often smoothly with predictors dictates 
the need to go beyond the 'connect-the-dots' strategy one usually sees 
employed. The residual plots to be discussed in section 2.7 will replace 
the ordinary scatterplot as devices for detecting heterogeneity of 
variance. By analogy with regression for means, we will use the 
residual plots to suggest simple models for the variability, and we can 
suggest an analog for the straight-line fit. In Chapter 3, we discuss 
how one might fit the parameters in the variance relationship. 

For the most part, we consider the case that the responses Yl"" ,YN 
are independently distributed, making the covariance matrix 
diagonal. Some discussion of the general case is given in section 2.6, 
but readers looking for a definitive treatment on such cases as 
variance components will not find it here. Throughout this chapter, 
we will wrrte the model as 

E(Yi) = J,Li({3) = f(Xi' {3) 

Variance(y;) = (12g2(J,Li({3), Zi' 0) = (12/Wi (2.1) 
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The constants Wj are commonly called the true weights, a terminology 
we explain below. 

When modeling the variance, it is useful to distinguish four major 
cases based on (a) whether the structural variance parameter fJ is 
known or not and (b) whether the variance function g does or does not 
depend on the mean values Pi. The easiest case to handle occurs when 
the weights (WI' ..• ' wN) in (2.1) are known, i.e., fJ is known and the 
variability is not a function of the mean. Here is a simple trick that 
returns us to the ordinary nonlinear regression model. Redefine the 
model 

yt = wfl2Yj 

f*(w j , Xi> fJ) = wfl2 f(x j, fJ) (2.2) 

The redefined responses yt now have constant variances (12 with 
means given by the new nonlinear function f*. The usual method of 
estimation is least squares, thoroughly discussed in a modern 
treatment by Bates and Watts (1988). Here the idea is to minimize the 
sum of the squared deviations, i.e. 

N 

Minimize in fJ the expression L [yt - f*(wj,x j,fJ)J2 
j= 1 

When we translate this back to the original model, we see that our 
estimation problem is 

N 

Minimize in fJ the expression L wj[Yj - f(x j , fJ)J2 (2.3) 
j= 1 

The interpretation of (2.3) as weighted least squares is natural: the 
larger the values of the weight Wj, the larger the contribution of that 
squared deviation. When we note that the weights are the inverses of 
the variances, we see that weighted least squares gives most weight to 
data points with low variability, which seems desirable. 

When the model (2. t) holds, for sufficiently large sample sizes the 
weighted least-squares estimate of fJ will be less variable than the 
unweighted least-squares estimate; this is just the Gauss-Markov 
theorem and a linearization argument. For large enough sample sizes 
the weighted least-squares estimate will be asymptotically normally 
distributed with mean fJ and covariance matrix ((12/ N)SG I, where 

N 

SG = N - 1 L fp(Xj, fJ)fp(xj, fJ)T / g2(pj(fJ), Zj, fJ) (2.4) 
j= 1 

and f(J is the derivative of f with respect to fJ. 
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In practice the variances and hence the correct true weights Wi are 
rarely known a priori. Since estimating the structural parameter () 
presents its own special problems, we begin our discussion with the 
case that the variance depends on the mean but () is known. Besides 
ease of presentation, assuming that () is known allows us to consider 
many issues of estimating P in the presence of heterogeneous variance 
without the need to refer to an algorithm for estimating (). The most 
common model for variability as a function of the mean assumes that 
the standard deviation is proportional to a power () of the mean 
response 

(2.5) 

The Poisson model follows (2.5) with () = 0.5, while the gamma and 
lognormal distributions have () = 1.00. The model (2.5) with () 
unknown is in common use in radioligand assays and kinetic reaction 
experiments, among other fields (see Box and Hill, 1974; Finney, 1976; 
Pritchard et al., 1977; Raab, 1981a). 

It is sometimes suggested that one estimate variances and weights 
based on replication, taking m replicate responses at each design 
point Xi and estimating the weights by the inverse of the sample 
variances. This method is unsatisfactory because it tells us nothing 
about the structure of the variances. Worse, unless the number of 
replicates m is large, this can be a very inefficient practice. The trouble 
is that sample variances based on small degrees of freedom are wildly 
unstable, so that one is introducing unnecessary variability into the 
problem. As in Bartlett (1947), Neyman and Scott (1948), and Fuller 
and Rao (1978), the fully nonparametric use: of replicates to estimate 
weights results in estimates of the regression parameter"p that are 
more variable than weighted least squares with known weights. Of 
course, the extra variability is largest when the number of replicates is 
small. The problem with taking a large number of replicates is that 
one then can investigate only a small number of design points, since 
variances stabilize only when using a fairly large number of replicates 
(e.g., 10) per point. A common theme of this and the next chapter is 
that one need not take so many replicates, provided one assumes 
some underlying smoothness of the variance function. By viewing the 
estimation of variances as a form of regression, we can analyze 
dispersion without insisting on replicates. 
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2.2 Estimation by generalized least squares 

When the weights Wi in (2.1) are unknown, the most common method 
of estimating parameters in the mean function is to apply weighted 
least squares with the estimated weights Wi. This method is called 
generalized least squares. Generalized least squares makes no as
sumptions about the underlying distributiop.s for the data, and 
instead relies only on the mean and variance relationship (2.1). This 
can be looked at as either an advantage or a disadvantage. The major 
advantage is the semiparametric feature; generalized least squares 
enables us to understand the systematic aspects of the data without 
becoming involved in higher-level modeling, the distributions gener
ally being harder to identify. 

Of course, if one does have knowledge of the underlying distri
bution, then one can in principle use this knowledge to obtain even 
more efficient estimates of p and O. The last argument is seductive but 
tricky. As we shall discuss in section 2.4, for models such as the 
Poisson and the gamma distribution, generalized least-squares 
estimates of P are asymptotically equivalent to the efficient 
maximum-likelihood estimates. In other instances, maximum likeli
hood is more efficient than generalized least squares when the 
assumed distribution is correct, but otherwise can be disadvan
tageous (see section 2.4). 

There are as many generalized least-squares estimates as there are 
schemes to generate estimated weights. For example, one might start 
ofT with the unweighted least-squares estimate of p, denoted by ik 
One might then estimate the weights as 

Wi = 1.0/g2(J-L;(Pd, Z;. 0) 

forming a generalized least-squares estimate PG. Intuitively, the new 
estimate should be more efficient than unweighted least squares, so we 
might form new weights starting from PG and possibly even consider 
iterating the process. We formalize these ideas in the following 
algorithm. 

Algorithm for generalized least squares 

Step 1 
Step 2 

Start with a preliminary estimator P*. 
Form the estimated weights 

Wi = 1.0/g2(J-Li(P*), Zi' 0) (2.6) 
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Step 3 Let fie, be the weighted least-squares estimate using the 
estimated weights (2.6). 

Step 4 Update the preliminary estimator by setting P* = PG' and 
update the weights as in (2.6). 

Step 5 Repeat steps 3 and 4 I[; - 1 more times, where I[; is the 
number of cycles in generalized least squares and is chosen 
by the experimenter. 

Step 6 Full iteration corresponds to setting the number of cycles 
I[; = 00. This is the same as solving the equations 

N 

0= I fp(xi,P)[Yi- f(x i,P)]/g2(lli(P),zi,B) (2.7) 
i= 1 

which will usually be done by a separate numerical method. 
End 

Fully iterating steps 1 to 5 is a version of iteratively reweigh ted least 
squares. Faster computation not requiring repeated nonlinear least
squares minimizations are possible using the Gauss-Newton form of 
iteratively reweigh ted least squares as in McCullagh and NeIder 
(1983, p. 172). Although iterative weighted least squares need not 
converge, in our experience convergence is usual. 

What should the starting estimate in step 1 be, and how many 
cycles I[; are necessary in the generalized least-squares algorithm? The 
obvious approach toward answering this question is to contrast the 
distributions of the resulting estimators. Finite-sample theoretical 
calculations are difficult, and the natural step is to investigate 
asymptotic distributions. Unfortunately, standard asymptotic theory 
is noninformative since all generalized least-squares estimates have 
the same asymptotic distribution. This fact is a folklore theorem, well 
known for many years by econometricians and proved precisely by 
Jobson and Fuller (1980) and Carroll and Ruppert (1982a, b), with 
informal statements and proofs given by Carroll (1982a), McCullagh 
(1983), and the argument in section 7.1. 

Theorem 2.1 The basic theorem of generalized least squares 
For any N l / 2 -consistent starting estimate P* and any number of 
cycles 1[;, the generalized least squares estimate is asymptotically 
normally distributed with mean P and covariance matrix ((j2 / N)So 1, 

where SG is given by (2.4). 

Theorem 2.1 explains why there has been no clear consensus about 
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the best choice of the number of cycles C. Goldberger (1964) and 
Matloff et al. (1984) propose C = 1 cycle, the latter stating that 'the 
first iteration is usually the best, with accuracy actually deteriorating 
as the number of cycles is increased'. Williams (1959, pp. 20 and 70) 
and Seber (1977) clearly suggest that the larger the number of 
iterations the better, but they finally recommend C = 2, with Williams 
stating that 'only two cycles of iterations are usually required ... since 
great accuracy in the weights is not necessary .. .'. Wedderburn (1974), 
McCullagh (1983), and McCullagh and NeIder (1983) only consider 
the possibility of fully iterating; setting C = 00 is a special case of 
generalized least squares which is equivalent to quasi-likelihood 
estimation (see section 2.5). In the next section we explore the choice 
of the number of cycles in detail. 

2.3 Simulation studies of generalized least squares 

If PG( C) is a generalized least -squares estimate based on C cycles of the 
algorithm, the effect of the number of cycles as the sample size 
becomes large shows up in the following way. The estimate has 
covariance matrix given as 

Covariance matrix of Nl/2[PG(C) - P] = (12S,/ + N- 1 VN(C) 

+ (smaller-order terms) 
(2.8) 

The effect of the number of cycles in the algorithm shows up in the 
correction terms VN(C), and at least in principle we can distinguish 
between different values of C by comparing the correction terms. 

For the case of linear regression, Carroll et al. (1987) have shown 
that the correction term VN(1) for one cycle differs from the correction 
terms for two or more cycles, the latter of which are equal. Thus, 
Williams' statement that two cycles suffice has some basis. Unfortu
nately, it is not always true that the correction term for one cycle is 
bigger than the correction terms for two or more cycles; the 
indeterminate nature of the theory carries over into simulation 
experiments. 

The major simulation evidence concerning this question is the 
paper by Matloff et al. (1984). They study the power-of-the-mean 
model (2.5) for normally distributed data. For (1 = 1.0 and e = 0.5 
their results suggest that the number of cycles is not important, while 
for (1 = 1.0 and e = 1.0 there is a strong dependence of the results on 
the choice of the number of cycles, with the choice C = 1 being clearly 
the best. 
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We are not certain what causes these differences. On a heuristic 
level, there are two components of the data which determine the 
behavior of generalized least squares in power-of-the-mean models. 
First, of course, is the relative spread in the standard deviations as we 
move through the data. A reasonable rule of thumb is that, if the 
standard deviations do not vary by a factor of 1.5: 1 in the data, then 
weighting is generally unlikely to be of much importance, while if the 
standard deviations vary by a factor of 3: 1 or more, then weighting 
will generally be called for. A second factor of importance is the size of 
the standard deviations relative to the means, which we like to express 
as the ratio 

Median estimated standard deviation Median {ag(x;, p, 8) } 

Median absolute estimated mean Median I f(xi.ii) I 

When this median coefficient of variation is small, the number of 
cycles of generalized least squares tends to be less important. In our 
experience, the median coefficient of variation is often less than 0.35. 
This is not always the case, of course. For example, the underlying 
observations that lead to the car insurance data listed in McCullagh 
and NeIder (1983,Chap. 6) appear to have coefficient of variation 
nearly 1.0. This measure of relative variation can be manipulated by 
adding a constant to the regression function (although then the model 
changes!), so one must take care not to rely on it too heavily. On an 
overall basis, we have found it to be rather useful in the power-of-the
mean model. 

It is instructive to re-examine the simulation study of Matloff et al. 
(1984) and compute their relative spread of the standard deviations 
and median coefficients of variation. For one part of their study they 
examine the linear model with means 

/30 + /3I XP) + /32 X\2) 

where /30 = 1.0, /31 = /32 = 10.0, and the predictors {x\ll,xF)} were 
independently normally distributed with mean 5.0 and standard 
deviation 2.0. When 8 = 0.5 and (J = 1.0, the ratio of the 90th 
percentile to the 10th percentile of the standard deviations is 1.46, and 
the median coefficient of variation is 0.07. Based on our previous 
discussion, we should not expect to see much improvement by 
weighting and we should not expect to se:e much effect due to the 
number of cycles in the generalized least-squares algorithm; both 
expectations are met in the simulation. Whc!n 8 = 1.0 and (J = 1.0, the 
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median coefficient of variation is 1.0 and the ratio of the 90th 
percentile to the 10th percentile of the standard deviations is 2.13. 
Thus, we would expect to see some effect due to weighting and the 
choice of the number of cycles, and our expectations are not 
disappointed. 

We have redone this part of the simulations but with much smaller 
coefficients of variation. We continue with the model (2.5) with 
() = 1.0, but now we take (j = 0.10, 0.20, and 0.30. The sample size we 
took was N = 20, and there were 500 simulations in the experiment. 
The results are reported in Table 2.1. We also repeated the study with 
a regression based on the design and parameters given in the paper by 
Jobson and Fuller (1980); see Table 2.2. 

It is apparent from Tables 2.1 and 2.2 that the situation studied by 
Matloff et al. (1984) differs from problems with smaller coefficient of 
variation. While they find increased mean squared errors of more 
than 250% caused by having to estimate the variance function, we find 

Table 2.1 A modification of a simulation study performed by Matloff et al. 
(1984). Their results for coefficient of variation CV = 1.00 are 
listed under M R T 

Mean squared errors as a 
Cycles in fraction of the exact MSE 

Coefficient of generalized with known weights 
variation, least squares, 
CV IC flo Average fl I' fl2 

0.10 1.01 1.00 
0.10 2 1.01 1.01 
0.10 5 1.01 1.01 

0.20 1 1.05 1.02 
0.20 2 1.06 1.05 
0.20 5 1.06 1.06 

0.30 1 1.13 1.08 
0.30 2 1.17 1.15 
0.30 5 1.20 1.20 

MRT 1 3.72 3.91 
MRT 2 5.50 3.90 
MRT 5 5.26 4.46 
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Table 2.2 A modification of a simulation study performed by Matloff et al. 
(1984). The design was as in Jobson and Fuller (1980), as were 
the regression parameters 

Mean squared errors as a 
Cycles in fraction of the exact MSE 

Coefficient of generalized with known weights 
variation, least squares, 
CV C Po PI P2 

0.10 1 1.03 1.03 1.03 
0.10 2 1.01 1.01 1.01 
0.10 5 1.01 1.01 1.01 

0.20 1 1.09 1.09 1.09 
0.20 2 1.04 1.04 1.05 
0.20 5 1.04 1.03 1.05 

0.30 1 1.19 1.18 1.17 
0.30 2 1.10 1.09 1.12 
0.30 5 1.09 1.08 1.11 

increases of the order 10%. We especially do not find very large 
differences caused by choosing a different number of cycles C in the 
generalized least-squares algorithm. It is interesting to note that, in 
Table 2.1, there is a tendency for increasing mean squared errors with 
increasing C, with just the opposite in Table 2.2. To us, this merely 
reflects the indeterminate nature of the theoretical calculations. 

To summarize the discussion, the second-order theory and the 
simulations agree qualitatively on a number of points. Doing only 
one cycle in generalized least squares differs from two or more cycles, 
but the direction of the difference is not always in favor of the latter. 
The larger the coefficient of variation, the larger the costs due to 
estimating the variance function and the larger the difference between 
using C = 1 and C ~ 2 cycles. We recommend at least two cycles of 
generalized least squares, largely to eliminate the effect of the 
inefficient unweighted least-squares estimate. 

2.4 Maximum likelihood as an alternative to generalized least 
squares 

The power of generalized least squares is that it enables us to 
understand the systematic features of the data without the need to 
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make any further assumptions. Further, the estimates are easily 
computed and have a workable large-sample theory which enables 
one to make inferences about the regression parameter 13 (see 
section 2.5). 

There are many cases where it will be reasonable to assume an 
approximate distribution for the data and then estimate parameters 
via maximum likelihood. For example, the mean and the variance of 
the Poisson distribution both equal A, so that model (2.5) holds with 
() = 0.5 and a = 1. If the mean A is large, Poisson data will be 
approximately normally distributed. The loglikelihood for the data 
except for a constant not depending on 13 is 

N 

L(f3) = L {Yi log [f(Xi' 13)] - f(Xi' f3)} (2.9) 
i= 1 

\ 

Taking derivatives with respect to 13 and solving for zero, we see that 
the maximum-likelihood estimate of 13 satisfies 

N 

L fp(Xi' 13) [Yi - f(x;, 13)]/ f(Xi,f3) = 0 (2.1 0) 
i= 1 

This is exactly a form of equation (2.7), so that maximum-likelihood 
estimation of 13 in the Poisson case is a generalized least-squares 
estimate based on full iteration; this fact is well known (see McCullagh 
and Nelder, 1983). 

A second example is the gamma distribution, which has constant 
coefficient of variation a and the probability density function 

[yr(v)] -l(vy/ 11)' exp ( - vY/Il) a2 = l/v Y ~ 0 

The mean of the gamma distribution is 11, and its standard deviation is 
all. The skewness is 2a, while the kurtosis is 6a2 • Thus the smaller the 
value of a, the more closely the gamma density approximates a 
normal density. For fixed a, the maximum-likelihood estimate of 13 
satisfies 

N 

L fp(x i,f3)[Yi - f(xi,f3)]/P(xi,f3) = 0 
i= 1 

which is a case of (2.7). Again, the maximum-likelihood estimate here 
is a generalized least-squares estimate based on full iteration. 

These two examples indicate that generalized least-squares esti
mates might be maximum-likelihood estimates for a wide class of 
models. The Poisson and gamma distributions are examples of 
distributions in the exponential family (see McCullagh and NeIder, 
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1983). The probability density or mass function of these distributions 
is given as 

exp {[Y1/- b(1/)]/0'2 + c(y, O')} (2.11 ) 

for some functions b( . ) and c(·). The natural parameter 1/ is related to 
the regression function f(x,f3) by 

o 
E(y) = f(x, 13) = 01/ bi(1/) 

If f(x,f3) = f(xT 13), then we have a genera.lized linear model. More 
generally, we will call this a generalized nonlinear model. It is well 
known that the variances of the responses are given by 

02 

Variance(y) = 0'2 01/2 b(1/) 

Write the second derivative with respect to 1/ of b(1/) in the more 
general form 

(2.12) 

Thus, the mean and variance function of a generalized nonlinear 
model form a special case of our general mean and variance model 
(2.1). For Poisson data, 0'= 1, 1/=f(x,f3), and b(1/) = exp(1/). For 
gamma data, 1/= -1/f(x,f3) and b(1/) = --0'-210g (-1/). For gen
eralized nonlinear models, the log-likelihood of an observation y is 

l(y, 13, 0') = [Y1/- b(1/)]/0'2 + c(y, 0') 

Since 
8 82 Variance(y) 2 
~ f(x, 13) = ~b(1/) = 2 = 9 (Jl(f3), Z, 0) 
u1/ u1/ 0' 

we have that 

~ l( 13 ) = [y - f(x, 13) ]fp(x, 13) 
013 y, ,0' g2(Jl(f3), Z, 0) 

The maximum-likelihood estimate of 13 solves the equation 

N 0 
o = i~l of3 1(Yi' 13,0') 

N 

= L [Yi - f(Xi' f3)]fP(Xi' f3)/g2(Jl;(f3), Zi' 0) 
i= 1 
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This is exactly equation (2.7), so that generalized least squares is 
equivalent to maximum-likelihood estimation in the class of gen
eralized nonlinear models. 

Firth (1987) shows that quasi-likelihood estimates are maximum
likelihood estimates for a natural exponential family, but otherwise 
the former are less efficient. 

Neither a normal model with constant coefficient of variation nor a 
lognormal model is in the class of generalized nonlinear models. Both 
of these models have constant coefficient of variation, and hence 
would be competitors with the gamma model. For coefficient of 
variation (1 smaller than about 0.3, Atkinson (1982) and Kotz and 
Johnson (1985) indicate that these models will be essentially indistin
guishable from one another. Even for larger values of (1, where 
skewness begins to become pronounced, it may be difficult to 
discriminate between gamma and lognormal densities. 

A method for estimating the regression parameter which serves as a 
competitor to generalized least squares is to assume that the data are 
normally distributed, follow the model (2.1), and then use maximum 
likelihood. This has been suggested as a general technique by Beal 
and Sheiner (1985) and Stirling (1985). Since there is information 
about the regression parameter P in both the mean and the variances, 
it is reasonable to conjecture that normal-theory maximum likeli
hood gives more efficient estimators. While this is the case for normally 
distributed data, the benefits of using maximum likelihood are 
bought by incurring losses if the model does not hold exactly. 

The following discussion is based on the work of McCullagh (1983) 
for the one-sample problem and of Jobson and Fuller (1980) and 
Carroll and Ruppert (1982b) for regression (see also Amemiya, 1973). 
Suppose that we have independent and identically distributed data 
which we believe to be normally distributed with mean p. and 
standard deviation (1p., where the coefficient of variation (1 is known. 
The generalized least-squares estimate is the sample mean y, which is 
normally distributed with mean p. and variance (12p.2/N. The 
maximum-likelihood estimate is given by 

fiMLE = [(y2 + 4(12T)1/2 - y]/(2(12) 
where 

N 

T=N- 1 L yf 
i= 1 

For large sample sizes the maximum-likelihood estimate is normally 
distributed with mean p. and the ratio of the variances is 
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approximately 
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Variance(PMLE) 1 + 0"2(2 + Y2) + 20"Yl 
~ _____ -'----==----=-_c.-=-

Variance(PGLs) (1 + 20"2)2 
(2.13) 

where Yl and Y2 are the standardized third and fourth cumulants of 
the distribution of the data; Yl = Y2 = 0 for normally distributed data, 
while for symmetrically distributed data Yl = 0 and Y2 is the kurtosis. 

For normally distributed data the efficiency of maximum likeli
hood with respect to generalized least squares is (1 + 20"2), which for 
0" = 1.0 means that the maximum-likelihood estimate is three 
times more efficient. In many problems with constant coefficient of 
variation and nearly normal distributions we have found 0" ~ 0.35 
with a typical value 0" ~ 0.20. In these cases, the maximum increase in 
efficiency is 25% and the typical increase iin efficiency for normally 
distributed data is 8%. One danger of blindly and routinely using 
normal-theory maximum likelihood can be: seen by what happens at 
distributions that are not normal. For example, ifYl = 0, Y2 = 2.2, and 
0" = 0.20, then the normal-theory maximum-likelihood estimate is 
already less efficient than generalized least squares. If the data were 
distributed as a gamma random variable with constant coefficient of 
variation 0" = 0.20, then Yl = 0.40, Y2 = 0.24 and the normal-theory 
maximum-likelihood estimate is 7% less I~fficient than generalized 
least squares. If 0" = 0.35, rather than the 25% increase in efficiency 
predicted at the normal model, at the gamma model the normal
theory maximum-likelihood estimate is 18% less efficient, which 
simply reiterates our main point. 

Since in practice one cannot easily distinguish between normal and 
gamma distributions with coefficient of variation 0" = 0.20, using 
normal-theory maximum likelihood even when the data appear to be 
nearly normally distributed can be inefficient. 

Besides the fact that normal-theory maximum likelihood may not 
be any more efficient than generalized least squares, a second danger 
arises if the variance function is not specified correctly. Suppose that, 
instead of having constant coefficient of variation 0", the standard 
deviation of the responses is actually 0"/-11 +8. The generalized least
squares estimate of /-1 is still ji, and in particular it still consistently 
estimates /-1. The maximum-likelihood estimate assuming constant 
coefficient of variation 0" converges not to /-1 but rather to 

/-1[(1 + 40"2 + 40"4/-12°)1/2 - 1.0]/(20"2) 
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To summarize this simple example, if the mean and variance 
functions are correctly specified and the data are actually normally 
distributed, then maximum likelihood will yield improved estimates 
over generalized least squares. However, the size of the improvement 
may not be very large and is likely to be less than 25% in practice. 
Maximum likelihood is less robust than generalized least squares, 
in that it is more adversely affected by incorrect variance-function 
specification and nonnormality in the direction of either positive 
skewness or kurtosis. Even data that may appear normally dis
tributed may have sufficient skewness and kurtosis to make the 
maximum-likelihood estimate inefficient when compared to gen
eralized least squares. 

All these points carryover to regression models. The possible gains 
in efficiency are often less than striking and will often be losses. If the 
parameter () in our model (2.1) is incorrectly specified, then, while 
generalized least squares is consistent, normal-theory maximum 
likelihood will not even consistently estimate p. Finally, other 
statisticians have asserted to us their belief that even under ideal 
circumstances maximum likelihood attains its asymptotic distri
bution less rapidly than does generalized least squares. We tend to 
believe this last conjecture, but await further study of the issue. 

2.5 Inference about the regression parameter 

Most statistical packages allow the user to specify estimated weights 
and perform a weighted nonlinear least-squares fit to the data. Often, 
the weights are known, e.g., the inverse of the number of replicates at 
each point. At other times the weights are unknown and must be 
estimated. In this section, we review some of the common methods for 
making inference about the regression parameter p when the method 
of estimation is generalized least squares. 

A common analysis rests on the basic Theorem 2.1. For large 
enough sample sizes, the generalized least-squares estimate jiG is 
normally distributed with mean p and covariance matrix «(12jN)SG 1 

(see equation (2.4)). Referring back to section 2.2, let fJ* be the 
preliminary estimator of p used to form the weights (2.6). If one is 
iterating, fJ* is the final generalized least-squares estimate. Many 
statistical packages ask the user to input these weights, so that 
estimates of (12 and SG can be formed from the data through the 
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formulae 

N 
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U~=(N_p)-l L {[Yi-f(xi,PG)]lg(JliP*),zi,O)V (2.14) 
i= 1 

Asymptotic standard errors for PG are given by the square root of the 
diagonal elements of (u2 I N)SG 1, and from these quantities asymptotic 
confidence intervals can be formed and hypothesis tests made. For 
example, the usual symmetric confidence interval for a scalar 
parameter P2 is 

P2 ± t~-::'~f2) Standard error (P2) 

where t~-::'~f2) is the (1 - (12) percentile of a~t-distribution with N - P 
degrees offreedom. The standard error of P2 is the square root of the 
appropriate diagonal element of (u~1 N)SG 1, which can be read off 
from computer output. -

Since the asymptotic standard errors given above are standard 
features of statistical packages, they tend to be used to make inference 
about the regression parameter p. This is called a Wald-type inference 
after Wald (1943) (see Chapter 7). Even when the variances are 
constant, Bates and Watts (1980, 1986). Bates et al. (1982), and 
Ratkowsky (1983) have emphasized that Wald-type inferences can be 
inaccurate because they rely so heavily upon the linear 
approximation 

f(x, PG) =::;f(x, P) + fp(x, P)T(PG - P) (2.16) 

where as usual fp is the vector of partial derivatives of J. These 
authors provide methods for measuring 'curvature'. Large curvature 
means that inference based on the linear approximation (2.16) is 
potentially troublesome. The assessment of parameter-effects curva
ture, the component of the curvature that can be removed by 
reparameterization, is discussed in detail by Bates and Watts (1988). If 
the linear approximation is really questionable, typical advice is 
either to use likelihood ratio tests (see below) or to reparameterize the 
model. Appropriately parameterizing a nonlinear regression model 
to avoid problems with parameter-effects curvature remains largely 
an art. 
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The major advantage ofWald inference is that it is easy to perform 
and is widely available. It is instructive to compare three alternatives, 
two based on likelihood and one based on a resampling scheme called 
the bootstrap. The first method is based on the likelihood ratio test, 
and is 'nonparametric' in the same way as generalized least squares. 
Consider the redefined model (2.2), with estimated weights (2.6). The 
redefined model is approximately homoscedastic in its variances, so 
that one can compute ordinary likelihood ratio tests. For example, 
write 

/3T = (/3I, /31) 
where /31 is a vector oflength p and /32 is a vector oflength r. Suppose 
we wish to test the null hypothesis 

Ho: /32 = /32,0 
where /320 is specified. Fix the estimated weights based on the full 
model a~d let PG,O be the generalized least-squares estimate of /3 
assuming that the null hypothesis is true and /32 = /32,0' If we define 

L(/3) = - (N/2)log Ct1 [yr - f*(W;,X;,/3)]2) 

= - (N/2)log (J1 Wi[Yi - f(Xi' /3)]2 ) 

then the likelihood ratio test rejects the null hypothesis if 

- 2 [L(PG,o) - L(PG)] ~ X;(1-IX) 

where X; (1 - IX) is the (1 - lX)th percentile of a chi-squared distribution 
with r degrees of freedom. Letting SSEG be the weighted sum of 
squares 

and defining SSEG 0 to be the corresponding sum of squares 
evaluated at the n~ll-hypothesis estimate PG,O' we see that the 
likelihood ratio test rejects the null hypothesis if 

N[1og (SSEG,o) -log (SSEG)] ~ X;(1 -IX) 

An asymptotically equivalent version of this test can be formed by 
analogy with the ordinary F-test in linear regression and is to reject 
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the hypothesis when 

F = (SSEG,o - SSEd/r >- F(r N - 1 - oc) (2.17) 
SSEG/(N _ p) 7 , p, 

where F(r, N - p, 1 - oc) is the (1 - oc) percentage point of the 
F-distribution with rand N - P degrees of freedom. The major 
computational difference between the F-test and the Wald test is that 
the former requires only one weighted least-squares minimization, 
while the latter requires as many minimizations as there are 
parameters to be tested. 

Computing confidence regions for components 132 of the entire 
regression parameter 13 is straightforward in principle. The standard 
100 (1 - oc)% confidence region for 132 is the set of all 132,0 for which the 
inequality (2.17) is not satisfied, i.e., the set where the null hypothesis is 
accepted. Computing such a region requires repeated nonlinear 
minimizations. In contrast, the usual Wald interval for a scalar 
parameter 132 discussed earlier is the easily computed but possibly less 
accurate 

~ N ~ 

132 ± t(l-::'~j2) Standard error (132) 

A second approach to testing which is of approximately the same 
computational difficulty as likelihood ratio tests is the method of 
quasi-likelihood (see Wedderburn, 1974; McCullagh, 1983; 
McCullagh and NeIder, 1983). A motivation for defining a quasi
likelihood is to extend the definition of generalized nonlinear models 
(2.11) to allow fitting with an arbitrary variance function. In practice, 
quasi-likelihood estimates of 13 are generaliz(~d least-squares estimates 
based on solving (2.7). The quasi-likelihood function (an analog to the 
loglikelihood function) is the solution lQ to the equation 

alQ(llj, Yb (}) Yj - pj 

all j g2(llj, Zj, (}) 

(2.18) 

The quasi-likelihood for the entire data set is 

N 

LQ(f3) = 2: lQ( Ilj(I3), Y j, (}) 
j= 1 

and the maximum of the quasi-likelihood is attained at the solution to 
equation (2.7). The standard suggestion is to treat quasi-likelihoods 
as if they were actualloglikelihoods. Thus, the quasi-likelihood test 
statistic for the previous hypothesis is to reject the null hypothesis 
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when 

- 2[LQ(PG,o) - LQ(PG)]/u~ ~ X;(l-IX) (2.19) 

The existence of a solution to (2.18) is known for many important 
examples. The power-of-the-mean model (2.5) is a quasi-likelihood 
model with the choice 

lQ(p., y, 0) = yh(p., 1 - 20) - h(p., 2 - 20) (2.20) 

where h(p.,2) is the Box and Cox (1964) power transformation 

h( 2) = {(p.). - 1)/2 
p., log (p.) 

if 2 ¥O 
if 2=0 

With somewhat more work, in the case that the variances are linear or 
quadratic in the mean one can construct a quasi-likelihood as welt 

A fourth method of inference is based on the bootstrap; see 
Freedman and Peters (1984), Efron and Tibshirani (1986), Wu (1986), 
Efron (1987), and Hall (1988) for discussions. While computationally 
intensive, bootstrapping has potential use for problems of moderate 
sample sizes especially. Write the standardized errors as 

(2.21) 

One often sees the assumption being made that the errors are 
independent and identically distributed, but we believe that this is not 
so crucial in the particular instance. How crucial this assumption is 
remains a matter of debate; see the discussion ofWu's (1986) article. 
The idea of the bootstrap is to form estimates of the errors 

ri = ri(PG, 0) = [Yi - f(x i, PG)]/g(P.i(PG)' Zi, 0) 

and then resample from the finite residual error distribution. One 
specific suggestion is to sample with replacement from the set 
(rl, ... ,rN), obtaining the bootstrap errors (e~, ... ,e~). Alternatively, 
the bootstrap errors could be generated from a smoothed instead of 
the empirical residual error distribution; Professor O. Bunke has told 
us of recent theoretical research showing that such smoothing 
improves the accuracy of the bootstrap. In either case, one might 
consider the use of the studentized residuals. The bootstrap sample 
observations are generated from the model 

i = 1, ... ,N 

We then estimate the regression parameter by generalized least 
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squares applied to the bootstrap data set, obtaining PG b, uG b, and 
SG,b' This procedure is to be repeated a large number ofti~es, ~o that 
we have a sequence of bootstrap estimates 

k=,1,2, ... ,M 

The bootstrap covariance estimate for generalized least squares is the 
sample covariance of the bootstrap estimates, i.e. 

M 
l" ~ ~ ~ ~ T 

M- L. (PG,b.k - PG)(PG,b,1< - PG) (2.22) 
k=l 

which replaces the asymptotic estimate (ubIN)Sc/' Wu (1986) 
has suggested multiplying the bootstrap covariance estimate by 
N I(N - p). In principle, one can perform Wald inference using the 
bootstrap covariance estimate (2.22). Alternatively, one could boot
strap the ordinary F- and t-statistics to develop percentiles based on 
the data rather than the asymptotic normal distribution of genera
lized least squares. See Abramowitz and Singh (1985), Efron and 
Tibshirani (1986), Beran (1986), Efron (1987), and especially Hall 
(1988) for further discussion. 

There are many potential advantages to using the bootstrap, one of 
which is the following. We have seen in section 2.3 that the covariance 
matrix of Nl/2(PG - P) can be written as 

(]'2Sal +N-lVN 

(see equation L2.8)). Carroll et al. (1987) show that while the usual 
estimate is u2 Sa l, the bootstrap estimate is 

ubSa 1 + N- l VN + (smaller-order terms) 

Thus, the bootstrap covariance estimate takes the usual estimate and 
automatically corrects for the second term in the variance expansion 
(2.8). 

2.6 General covariance structures 

Only notational changes are necessary to cope with the case of a 
general covariance matrix A(Jl(P), Z, 8) with 8 known. For the 
generalized least-squares algorithm of section 2.2, combine steps 2 to 
4 so that PG minimizes in P 

[Y - Jl(P)]TA -l[y - Jl(P)] 
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A = A(J1(P*), Z, a) 
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and A -1 is a generalized inverse of A. Fully iterating generalized least 
squares is equivalent to finding the solution to the following version 
of (2.7) 

0= D(J1(fJW[A -l(J1(fJ), Z, a)] [Y - J1(fJ)] 

where D(J1(fJ)) is the (N x p) matrix of partial derivatives of J1(fJ). 
Theorem 2.1 also continues to hold with the asymptotic covariance 

matrix of PG being ((J2 / N)Sc/, where 

SdfJ) = N- 1 D(J1(fJW[A -l(J1(fJ), Z, a)]D(J1(fJ)) 

Wald-type inference is based on the estimated standard errors formed 
from the diagonals of the matrix 

[a~(PG)jN]SG l(Pd 
where 

a~(fJ) =(N - p)-l[y - J1(fJ)]TA -l[y - J1(fJ)] 

Normal-theory likelihood ratio tests are as in (2.17). For quasi
likelihood inference, equation (2.18) now becomes 

alQ(~~y,a) = A -l(J1(fJ),Z,a)[Y - J1(fJ)] 

2.7 Plotting techniques 

There are a number of graphical techniques that can be used to detect 
heterogeneity of variance and to help determine a model for the 
heterogeneity. Throughout this section, we will assume that the 
variances follow the basic mean and variance model (2.1) with a 
known. 

The most widely used diagnostic for heterogeneity is the unweigh
ted least-squares residual plot. Predicted values Yi = f(x i , p) from an 
unweighted fit are plotted along the horizontal axis, while the 
residuals from the fit Yi - Yi are plotted along the vertical axis. A fan
shaped pattern in the plot indicates that residual variability depends 
on the mean response. Often there is value in plotting the residuals 
against predictor variables and the logarithm of the predicted values. 
Deviance and Anscombe residuals (Anscombe, 1961) for generalized 
linear models could also be used, although they require a specific 
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distributional form (see McCullagh and NeIder, 1983; Pierce and 
Schafer, 1986). 

The inadequacies of the standard plot dictate supplementation. It is 
not the best plot for detecting heterogeneity of variance (see below). 
Further, it gives no information to help model the variability. 

Cook and Weisberg (1982) argue for plotting squared residuals 
against the predicted values, stating that 'the usual plots ... are often 
sparse and difficult to interpret, particularly when the positive and 
negative residuals do not appear to exhibit the same general pattern. 
This difficulty is at least partially removed by plotting (squared 
residuals) ... and thus visually doubling the sample size'. A wedge
shaped pattern would indicate heteroscedasticity increasing with the 
mean. In those problems with a moderately large residual, squaring 
can cause scaling problems fQr automatic plotting routines. Since this 
phenomenon is more the rule than the exception, we have found it 
useful instead to plot transformations of absolute residuals. This 
might be the absolute residuals themselves, their logarithms, or their 
2/3 power. If the data were actually normally distributed with 
constant variance, the cube root of the squared residuals is the 
Wilson-Hilferty transformation to normalize variables with a chi
squared distribution. While squared residuals can be thought of as 
estimates of the variance, absolute residuals can be thought of as 
estimating relative standard deviation. 

Our major point here is that understanding the structure of the 
variability can be facilitated by analysis of absolute residuals and 
transformations of them. For this reason we think of the absolute 
residuals as the basic building blocks in the analysis of 
heteroscedasticity. 

We have often found it useful to plot the logarithm of the absolute 
residuals against the logarithm of the predicted values, the former 
being a proxy for the logarithm of the standard deviation and the 
latter a proxy for the logarithm ofthe mean. If the power-of-the-mean 
model (2.5) holds, then this plot occasionally looks linear with a slope 
related to O. 

A disadvantage of squared residuals is that their distribution is 
often markedly skewed, and hence they may fail to have the properties 
possessed by normal residuals. For example, if we assume that the 
errors are approximately normally distributed, then squared re
siduals will have an approximate chi-squared distribution with one 
degree offreedom. In this case, as discussed by McCullagh and NeIder 
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(1983, pp. 29 and 30), the cube root ofthe squared residual, being the 
cube root of a chi-square random variable, will have a distribution 
much closer to that of a normal random variable. 

Cook and Weisberg (1982) suggest further refinements to the basic 
residual plot. While their work applies formally only to linear 
regression, it is easily extended to nonlinear models. We first give the 
linear-model argument. Write the linear model as 

E(Y)=XP 

where X is the (N x p) design matrix. The predicted value vector is 
Y=HY, where 

H = X(XTX)-lXT 

is the (N x N) hat matrix with elements (hij). The individual residuals 
have mean zero and variances 

Variance(ri) = (1 - hii)2a'f + L afhi 
k"t:i 

where ai is the standard deviation of Yi. Even if the data were 
homoscedastic with constant variance a2 , since H is idempotent the 
residuals have variance proportional to (1 - hii). If the values of the 
leverages hii are closely related to the means and predicted values, the 
ordinary residual plots would then show a pattern ofheteroscedastic
ity caused entirely by the design. Thus it makes good sense to replace 
in the basic plots the ordinary residuals by the studentized residuals, 
defined as 

Studentized residuals = bi = ri/[a-(l - hii)1/2] (2.23) 

Studentized residuals are available on almost every statistical pack
age for linear regression. 

The reasoning behind Cook and Weisberg's second modification is 
more involved. Its major purpose is to improve our ability to detect 
heteroscedasticity by slightly changing what is plotted along the 
horizontal axis. Suppose that the variances satisfy model (2.1) with () a 
scalar, where by convention () = 0 implies constant variance a2• 

Defining 

(2.24) 
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we have that for small 0 

Variance(8bi) = (1 - hii)al + L a~hlk/(1 - hii) 
i# 

~ a2 [ 1 + o( (1 - hii)Si + i~k skhM(1 - hii) ) ] 

When all the off-diagonal elements hik are small, we can make the 
further approximation 

Variance(bi) ~ 1 + 0(1 - hii)Si 

Their suggestion is then to plot ordinary, absolute, and squared 
studentized residuals bi against (1 - hii)Si. 

It is interesting to note the form of Si in :important cases. In the 
exponential-variance model 

Variance(Yi) = a2 exp [20 !(Xi, P)] 
we have Si = !(xi, P), while for the power-of-the-mean model (2.5) we 
obtain Si = 10g[f(xi,P)]' Thus, plotting studentized residuals 
against predicted values will be most appropriate for detecting an 
exponential-variance model, while plotting against the logarithms of 
the predicted values might be used to detect whether the variances are 
a power of the mean. The same qualitative idea holds if we plot the 
residuals against any single predictor and any function of the 
predictors. 

In nonlinear regression, an explicit formula for the variances of 
least-squares residuals is not available, although there is a version of 
the 'hat' matrix which can be used. In linear regression, the residual 
vector can be written as 

Residual vector = (I - H)(Y - Jl) 

Let Jl(P) be the vector with ith element !(xi, p), and let X * be the 
(N x p) matrix with ith row !p(xi.PdT • Then for unweighted least 
squares we have the approximations 

PL - P ~ (X~X*)-l X~[Y _. Jl(P)] 

Jl(Pd ~ Jl(P) + X *(PL - p) 

If we define the nonlinear hat matrix 

(2.25) 

(2.26) 

(2.27) 

with elements (hij)' then the nonlinear least-squares residuals satisfy 
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the approximation 
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Y - Jl.(Pd = Y - Jl.(f3) - [Jl.(Pd - Jl.(f3)] ~ [I - H(f3)] [Y - Jl.(f3)] 

(2.28) 

Thus, the nonlinear hat matrix takes the place of the linear regression 
hat matrix. If hii is the ith diagonal element of the estimated nonlinear 
hat matrix H(PL)' the studentized residuals become 

(2.29) 

Further discussion and improved approximations are given by Cook 
and Tsai (1985). 

For the heteroscedastic regression model (2.1), we assume that full 
iteration of the generalized least-squares algorithm has been used to 
compute the estimate PG' Let the estimated weights be 

Wi = g - 2(Jl.i(PG)' Zi' lJ) 

Then, as noted in (2.2) and (2.3), PG can be computed as the ordinary 
unweighted nonlinear least-squares estimate on the redefined model 

Yf = Yiwf/2 

f*(w;, Xi' 13) = f(xi, f3)wl'2 

The usual procedure (McCullagh and NeIder, 1983) is to ignore the 
estimation of the weights and to use the studentized residuals from the 
least-squares fit to the redefined model. These 'studentized residuals' 
have the form (2.29), with 

(2.30) 

where 

X * = (N x p) matrix with ith row fp(x i, PG)T jg(Jl.i(PG)' Zi' lJ) 

and 

H(PG) = X *(X!X *) - 1 X! 

It is interesting to study the common studentization in a little more 
detail. Let (JE be the vector with ith element 

[Yi - f(Xi' Pd]jg(Jl.i(Pd, Zi' lJ) 

Let Vp be the (N x p) matrix with ith row 

(ojo f3T) log [g(Jl.i(f3), Zi' lJ)] 
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Then 
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~ T -1 T 
{3G - {3 ~ (X*X*) X*aE 

and the vector R of residuals with ith element (2.30) can be expanded 
as 

(2.31 ) 

where here' x' means element-by-element multiplication. The usual 
studentization ignores the second term in (2.31). This will be 
acceptable in many circumstances, especially when (J is small. 

There are difficulties that need to be kept in mind when interpreting 
residual plots, the first being the effect of varying degrees of data 
density along the horizontal axis. For example, suppose that one 
segment on the horizontal axis has 100 data points and a second 
segment of equal length has only five such points. The absolute 
residuals in the first segment will tend to look more dispersed even if 
there is no heterogeneity of variance, simply because the first segment 
will include a few large values which will draw visual attention. If, as is 
often the case, the data density is related to the mean value, then the 
effect can be to have the absolute residual plots indicate heterogeneity 
when no such heterogeneity exists. 

When confronted with a residual plot based on a fairly large 
number of observations and varying degrees of data density, there are 
a number of ways of quickly assessing heterogeneity of variance. 
Often, the varying data density is alleviated by plotting the logarithm 
of the predicted values along the x-axis, since many designs are 
logarithmic in the mean. For a quick numerical indication, we have 
found it useful to compute the Spearman rank correlation coefficients 
of the absolute studentized residuals with the: variables plotted along 
the horizontal axis. This correlation is computed by first ordering 
each variable from largest to smallest and replacing the numerical 
outcome by its rank, i.e., the smallest gets rank 1, the next rank 2, etc. 
The Spearman rank correlation is the ordinary correlation between 
the two sets of ranks. The Spearman correlation is not changed by 
monotone transformations, so that squared residuals or their logar
ithms could be used, as well as the logarithms of predictors or the 
predicted values. Positive coefficients would indicate increasing 
variances. The qualitative impression one takes from a residual plot 
should correspond to the sign of the rank correlation. The sig
nificance levels that accompany the Spearman correlation may be 
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taken as rough indicators. Since the residuals and predicted values 
depend on estimated parameters, there is no formal theory and these 
significance levels should be interpreted with some care. 

A second way to cope with the density effect in large data sets while 
at the same time obtaining information about a model for the 
variability is to use nonparametric regression techniques. See Silver
man (1985) for a recent review and Carroll (1982a) and Cohen et ai. 
(1984) for examples applied to heteroscedastic linear models. The idea 
here is to estimate the expected value of transformations of the 
absolute residuals as a function of the mean, in much the same way 
that one uses the ordinary scatterplot to help understand the 
structure of the means. The absolute, log-absolute, and cube root of 
the squared residual plots form the basic pictures for understanding 
the variance structure and can be thought of as analogs to a 
scatterplot. We have found it useful to fit a smooth function to various 
transformations of the absolute residuals, the function giving us an 
idea of the behavior of the standard deviations. When using 
logarithms of absolute residuals, one needs to be careful not to 
overinterpret the almost inevitable few very negative values caused by 
a small number of very small absolute residuals. Typically, we delete 
the smallest few percent of the absolute residuals before taking 
logarithms. In the terminology of Chapter 6, this is a crude way of 
bounding one part of the influence function. 

One device for examining the structure of the standard deviations is 
to group the data into sets of equal size, the ordering being done on 
the horizontal axis, and then to plot the mean transformed absolute 
residual in each group against the corresponding mean horizontal 
axis value for that group. This device can be surprisingly effective. 
Slightly more sophisticated smoothing can be done by taking moving 
averages, medians or trimmed means. Depending on one's software, 
one can become as sophisticated as using spline or kernel smoothing 
as discussed in Silverman (1985). The smoother we used in the 
following examples was a kernel regression estimator based on the 
uniform kernel, the bandwidth being chosen by trial and error. 
Endpoint effects were adjusted for by selective deletion. For more 
formal details of kernel regression, see also Chapter 3. 

A second problem with unsmoothed residual plots occurs when a 
small percentage of the data are poorly fit for a few large or small 
predicted values, particularly in a density-dependent plot. A casual 
glance at the plot will often suggest severe heterogeneity which is 
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difficult to justify upon closer examination. We typically cover the 
largest few absolute residuals with a piece of card; if the pattern 
remains suggestive then we can be more confident of our diagnosis. 
One might use robust smoothing as in Haerdle (1984), Haerdle and 
Gasser (1984), Haerdle and Tsybakov (1987) or Cohen et al. (1984). 
Other references on smoothing include Hall and Marron (1987), 
Haerdle et al. (1987), and Marron (1986, 1987). 

Before looking at an example, it is worth noting that many residual 
plots show some heterogeneity of variance, and the question that will 
often arise is: 'Is there enough heterogeneity of variance so that I 
should go to the trouble of weighting?' To answer this question 
precisely requires the time and effort that the question implicitly seeks 
to avoid. As stated in the introduction, our attitude is that hetero
scedasticity is the systematic and usually smooth change in variability 
as one perturbs the predictors, so that we will require not simply some 
heterogeneity but rather a discernible systematic pattern. A rough 
rule ofthumb is that, if after smoothing the main body of the standard 
deviations increase by a factor of 1.5 or less, then probably weighting 
will not be crucial, but if this factor is 3.0 or more then weighting 
should be considered. 

It is useful to study a specific example. The data set we use is the car 
insurance example (McCullagh and NeIder, 1983, p. 158). The data 
originally appeared in Baxter et al. (1980), with the original analysis 
done in an unpublished report by Baxter and Coutts in 1977. The data 
are average insurance claims as a function of three predictors: policy
holder's age group (PA), car group (CG), and vehicle age group (VA). 
This is a highly unbalanced three-way factorial with some missing 
cells and a random number of observations in each cell. The average 
insurance claims are based on between one and 434 claims, with the 
average number of claims in each cell being more than 70. While the 
original claim amounts are probably quite skewed, because of 
central-limit-theorem effects, the data used in the analysis will tend to 
be normally distributed. In general, there is some controversy as to 
whether one should analyze very skew data on the original scale by 
estimating means or by estimating medians, perhaps after a data 
transformation. 

We use these data as a numerical illustration because they exhibit 
certain interesting features, but we do not claim a complete analysis. 
Indeed, any real data analysis is highly context-specific and claiming 
an improved analysis of someone else's data is usually as pointless as 
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it is misleading. For example, it is clear that the number of claims in 
each cell is random and might reasonably be thought of as the most 
important component of the problem; Baxter et ai. (1980) model 
claim frequency, although we do not. Even conditionally on the 
observed number of claims in each cell, it appears that in this example 
the variance structure is of far less interest thari are the cell means. 
Because of the large number of observations, the mean model used in 
this analysis will have a considerably greater impact on the estimated 
cell means than will the variance structure. 

Write Yijk to be the observed average claim when (PA, CG, VA) = 
(i,j, k), and let nijk represent the number of observations upon 
which Yijk is based. We followed McCullagh and NeIder (1983) and fit 
a model in which the means were given by 

E(Yijk) = (f.1 + (Xi + {3j + Yk)-l 

Here (Xi' {3j and Yk refer to the usual analysis-of-variance effects. We 
took the standard deviation to follow the power-of-the-mean model 
(2.5) divided by the square root of the number of observations making 
up that observation. 

In the analysis, all the published responses were divided by 1000. 
Figures 2.1-2.3 are plots of the cube root of the squared studentized 
residuals I b;l2/3 against the logarithm of the predicted values. The 
model (2.5) for the standard deviations was fit to these data, with 
() = 0,1.0, and 1.5 in Figures 2.1, 2.2, and 2.3, respectively. If () = 1.00 
were 'correct' we would expect Figure 2.1 to indicate constant 
variance and Figure 2.2 to have overcompensated, leading to a clear 
pattern of decreasing variance; opposite conclusions would emerge if 
() = 1.50. 

It is important to remember that we have assumed a model for the 
means and are only trying to understand the structure of the 
variances. As with any model, one needs to be cautious about 
extrapolating the variance function, especially extrapolating the 
power-of-the-mean model to mean zero. The reader also needs to 
keep in mind that we are not comparing distributions, especially 
between the gamma distribution with () = 1.00 and the inverse 
Gaussian distribution, which is a generalized nonlinear model with 
() = 1.50. 

The heterogeneity in Figure 2.1 is evident, the variability clearly 
increasing with the mean. This is very severe heteroscedasticity. The 
other two plots are somewhat more difficult to interpret because of 
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Figure 2.1 Car insurance data: unweighted least-squares fit. 
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Figure 2.2 Car insurance data: constant-coefficient-of-variation model. 
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Figure 2.3 Car insurance data: variance proportional to cube of mean. 

the large sample size, the four moderately large absolute residuals in 
the center of each picture, and the variation in data density. The 
smaller number of points with larger predicted values can lead one to 
overinterpret a pattern of decreasing variances. 

We asked 15 statisticians to study Figures 2.2 and 2.3 with a view to 
understanding 'if there is sufficient heteroscedasticity of variance to 
go to the bother of weighting, transforming, etc.'. Of these statis
ticians, only one stated that either picture was worrisome, and he 
picked only Figure 2.2. We then provided these statisticians with the 
Spearman rank correlation, this being p = 0.22 for Figure 2.2 with 
formal significance level O.ot, while for Figure 2.3 the correlation is 
p = 0.06 with significance level 0.54. We also sorted the data along 
the horizontal axis into groups of approximately equal size and then 
plotted the means of each group. With this information, no statis
tician singled out Figure 2.3 with (J = 1.50 as potentially of concern, 
but five suggested that Figure 2.2 with (J = 1.00 would be a candidate 
for weighting, the variances increasing with the mean. What is 
interesting about this exercise is that even a group of experienced 
statisticians do not all agree in their interpretation of these data. 
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Figure 2.4 Car insurance data: unweighted least-squares fit. 

In Figure 2.4 we display the smoothed cube root of the squared 
residuals with (} = 0. A uniform kernel was selected with bandwidth 
0.5, the horizontal axis selected to be from _. 2.2 to - 0.8. Since these 
residuals are of the order of 0.4 on the left while of the order of 1.2 on 
the right, we see that the standard deviations seem to be increasing 
roughly by a factor of 3: 1 in the data. Notice how much more 
informative this smooth plot is than is the ordinary residual plot. 

In Figure 2.5 we plot the smoothed cube root of the squared 
residuals for e = 0, 1.0, and 1.5. Some of our colleagues have argued 
that even further smoothing is necessary, although we feel that this 
picture gives the essential features of the data. One might reasonably 
infer that setting e = 1.50 more adequately controls for heterogeneity 
than does e = 1.00. Clearly, the difference between these two choices is 
less crucial than the difference with no weighting at all. 

In Figure 2.6 we plot the logarithm ofthe absolute residuals against 
the logarithm of the predicted values for the unweighted least-squares 
fit. There is a pronounced linear trend. Since in problems of very large 
sample size this plot would have slope e, it makes sense to compute a 
least-squares straight-line fit with the slope being an estimate of e. 
This simple technique is discussed in the next chapter, with the 
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variation that the five points with the smallest absolute residuals have 
been deleted. For these data, the slope is 1.57. 

2.8 Examples 

Example 2.1 Oxidation of benzene 

Pritchard et aT. (1977) describe an interesting example concerning the 
initial rate of oxidation of benzene over a vanadium oxide catalyst at 
three reaction temperatures and several benzene and oxygen con
centrations. For the purposes of graphical clarity we have removed 
their thirty-eighth data point, although doing so does not affect our 
qualitative conclusions. Let R be the initial rate of disappearance of 
benzene; our R is the rate used by Pritchard et aT. with their listed 
numbers divided by 100. Let Xl and X2 be the oxygen and benzene 
concentrations, respectively. Let T be the absolute temperature in 
kelvins (K) and consider the variable 

X3 = 2000(I/T - 1/648) 

Finally, let X 4 be the number of moles of oxygen consumed per mole of 
benzene. The model proposed for this reaction was a steady-state 
adsorption model which we will write as 

E(R) = lOOIX11X2/[1X1Xil exp (1X4~3) + 1X2xll X 4 exp (1X3~3)] (2.32) 
where . 

~3 = X3/2000 
1X1 = Al exp( -IlEdRgTo) 
1X2 = A2 exp ( -IlE2/ Rg To) 

To =648K 
1X3 = llEdRg 
1X4 = llE2/R g 

In this expression, Al and A2 are described as pre-exponential terms 
in the Arrhenius rate-constant expressions, llEl and llE2 are 
activation energies, and Rg is the gas constant. For computational 
purposes, it is somewhat easier to fit the following re-expression of 
model (2.32) 

E(R) = 1/[{1l x4Xll exp ({13X3) + {12xil exp ({14X3)] (2.33) 

Model (2.33) is highly nonlinear. The problem is typical of many that 
concern us in this book; a nonlinear model for the systematic 
variation in the mean has been suggested either by convention or by 
the science of the problem. 

Unweighted nonlinear least-squares parameter estimates and their 
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estimated standard errors (SE) are 

/31 = 0.97 SE = 0.10 
/33 = 7.33 SE = 1.14 

/32 = 3.20 SE = 0.20 
/34 = 5.01 SE = 0.64 

43 

The Spearman correlation between absolute studentized residuals 
from this least-squares fit and the predicted values is 0.53, with a 
significance level of less than 0.001. Such values indicate strong 
heterogeneity of variance in the model, and this is confirmed by the 
residual plots. In Figure 2.7 we plot the absolute studentized residuals 
against the logarithms of the predicted values; the wedge-shaped 
pattern is apparent. In Figure 2.8 we plot the logarithm of the 
absolute residuals against the logarithm of the predicted values, 
having deleted the two smallest of the former. There is a linear trend in 
this figure, and a least-squares fit gives a slope of 0.70, which as later 
analyses will suggest is probably an underestimate due to the initial 
unweighted fit to the means. It seems clear here that the variances 
increase with the mean response. The means vary systematically 
according to (2.32) and the variability varies systematically as a 
function of the mean response. 
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Figure 2.7 Benzene data: unweighted least-squares residuals. 
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Figure 2.8 Benzene data: unweighted least-squares fit. 

Figure 2.8 and later analyses suggest modeling the standard 
deviations as linear in the means, i.e., a constant-coefficient-of
variation model. As we shall see in Chapter 3, this model is not 
rejected by the formal fitting methods in Chapter 3. 

Thus, we refit the data using generalized least squares for the model 
in which the standard deviation is proportional to the mean, i.e., 
() = 1.00 and the coefficient of variation is constant. The estimated 
parameters and their estimated standard errors are 

/31 = 0.86 SE = 0.04 

/33 = 6.20 SE = 0.63 

/32 = 3.42 SE = 0.13 

/34 = 5.66 SE = 0.41 

(T = 0.11 

Having accounted for the heterogeneity in this way, we now find that 
the Spearman correlation between absolute studentized residuals and 
predicted values is 0.01, indicating little or no heterogeneity. The plot 
of the absolute residuals for () = 1.00 is given in Figure 2.9 and shows 
no particular pattern. This is a constant-coefficient-of-variation 
model with estimated coefficient of variation 0.11. 

The residual plots confirm that choosing () = 1.00 is much more 
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Figure 2.9 Benzene data: constant-coefficient-of-variation model. 
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satisfactory than an unweighted fit. In Figure 2.10, we combine the 
smooth fit for unweighted least squares with a corresponding one for 
the constant-coefficient-of-variation model. We used a uniform 
kernel with bandwidth 0.6. A quick check of Figures 2.7 and 2.9 shows 
that the two observations with smallest predicted values have 
unexpectedly large residuals. This may indicate some misspecification 
ofthe variance model, such as a second component of variability with 
constant variance (see section 3.1). The effect of these two points on 
the smooth fit is substantial and, overall, misleading. Thus 
Figure 2.10 has been truncated to eliminate potential effects of these 
two points. It is clear that the constant-coefficient-of-variation model 
more adequately models the variability than does a homoscedastic
variance model. 

Table 2.3 The esterase assay data 

Amount of Observed Amount of Observed 
esterase count esterase count 

6.4 84 6.5 85 
6.7 86 7.8 127 
8.0 104 8.0 107 
8.1 96 8.2 130 
8.4 124 8.6 105 
8.6 79 8.8 153 
9.0 79 9.2 100 
9.5 203 IOJ 159 

10.5 191 10.6 93 
10.8 167 10.9 100 
11.1 116 11.6 97 
11.6 170 11.8 131 
12.1 233 12.3 256 
12.6 115 12.8 219 
12.8 201 13.1 215 
13.1 144 13.3 268 
13.3 139 13.7 249 
13.8 154 13.8 226 
13.9 97 14.0 329 
14.1 288 14.4 255 
14.6 239 14.6 317 

(Contd.) 



Table 2.3 (Contd.) 

Amount of Observed Amount of Observed 
esterase count esterase count 

14.6 216 14.8 266 
15.0 301 15.2 193 
15.2 389 15.2 278 
15.8 271 15.9 250 
16.0 148 16.0 103 
16.1 315 16.4 256 
16.9 126 17.0 137 
17.1 340 17.5 136 
17.7 276 18.1 342 
18.8 262 19.0 486 
19.2 336 20.5 354 
20.5 393 20.8 459 
20.8 270 20.8 260 
20.9 343 21.2 474 
21.4 270 21.8 416 
21.8 296 22.1 317 
23.0 409 23.2 376 
23.5 381 23.7 466 
23.8 529 24.2 412 
24.4 566 24.6 369 
25.2 418 25.2 531 
25.5 435 26.9 472 
27.2 208 27.4 646 
27.7 412 29.0 595 
29.0 474 30.3 527 
30.8 438 33.6 635 
35.2 416 38.2 695 
38.6 717 39.1 1042 
40.5 695 40.9 239 
41.2 597 41.7 1006 
44.5 718 45.0 778 
46.6 599 52.0 789 
52.1 921 52.4 697 
6.1* 52* 5.6* 166* 
3.1 * 28* 11.0* 423* 

11.2* 373* 

* Those observations marked by an asterisk are deleted in 
the analysis of this chapter. 
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Example 2.2 Esterase count data 

In Table 2.3, we present the results of an assay for the concentration of 
an enzyme esterase. The observed concentration of esterase was 
recorded, and then in a binding experiment the number of bindings 
were counted. These data are proprietary and we are unable to give 
further background. We do not know whether the concentration of 
esterase has been accurately measured, but for illustration we will 
assume little if any measurement error in this predictor. The lack of 
replicates in the response is rather unusual in our experience. Since 
the response is a count, one might expect Poisson variation, i.e., the 
power-of-the-mean model holds with e = 0.50. In our experience with 
assays, such a model almost always underestimates e, with values 
between 0.60 and 0.90 being much more common (see Finney, 1976; 
Raab, 1981a). The complete data set is listed in Table 2.3. In the 
fol~owing analysis we deleted five points marked by an asterisk to 
make the illustration a little cleaner. 

This is an example of a calibration experiment (see section 2.9). The 
eventual goal of the study is to take observed counts and infer the 
concentration of esterase, especially for smaller values of the latter. As 
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Figure 2.11 Esterase data. 
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is typical in these experiments, we measure a calibration data set 
where both the predictor variable, esterase, and the counted response 
are known. In Figure 2.11 we plot the observed data, which appear 
reasonably linear. Although the logarithm of the response plotted 
against the logarithm of the predictor also appears linear, and less 
heteroscedastic, we take as our model for the means in these data 

f(x, P) = Po + Pl[esterase] 

As is evident from Figure 2.11, the data exhibit severe heterogeneity 
of variance. The Spearman correlation between absolute studentized 
residuals and predicted values from an unweighted least-squares fit is 
P = 0.39 with formal significance level equal to or less than 0.0001. 
The estimated parameters are 

Po = -17.02 

The smoothed plot of absolute studentized residuals and predicted 
values as well as the logarithms of these quantities indicate that the 
constant-coefficient-of-variation model f} = 1.00 is reasonable, 
although a value () = 0.9 might be slightly better. The log absolute 
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Figure 2.12 Esterase data: unweighted least-squares fit. 
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residual plot is given as Figure 2.12 and has least-squares slope 0.79, 
which is probably too small due to the unweighted fit to the mean. For 
() = 1.00, the Spearman correlation between absolute studentized 
residuals and predicted values is p = - 0.10, with significance level 
0.29. In Figure 2.13, we combine the smoothed plots for the 
unweighted fit () = 0 and the constant-coefficient-of-variation model 
() = 1.0; these used a uniform kernel with bandwidth 0.65. Some 
truncation of the plot for () = 1.0 was done. The residuals associated 
with the three smallest predicted values were quite small, which had 
an effect on the form of the final plot. As in the previous section, we 
chose to handle these end effects by truncation. Note that the choice 
() = 1.0 does a far better job of accounting for heteroscedasticity 
although it seems to have gone a little too far. For the constant
coefficient-of-variation model, the parameter estimates and their 
estimated standard errors are 

fio = - 37.36 SE = 12.21 

11=0.27 

fii = 18.16 SE = 0.95 

Once again, note the moderately small coefficient of variation. 
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In this example, we again see that simple plotting techniques help 
us understand the nature of the variability. However, we still do not 
have a particularly firm estimate of the power parameter fJ, because 
our analysis has been based on unweighted least-squares residuals. 
The methods of estimating the variance function discussed in the next 
chapter are more satisfactory, since they use residuals from a 
weighted fit. 

2.9 Prediction and calibration 

One example where heterogeneity of variation occurs naturally is 
calibration experiments. In these experiments one first takes a 
training or calibration sample (Yl'X1)"" '(YN'XN) and fits models to 
the mean and variance structures. The real interest lies in an 
independent pair (Yo, xo). In some instances Xo is known and we wish 
to obtain point and interval predictors for Yo and its expected value. 
In some calibration experiments, Yo is easily measured but Xo must be 
estimated. See Rosenblatt and Spiegelman (1981) for a general 
discussion, and Scheffe (1973), Lieberman et al. (1967), and Carroll 
et al. (1986c) for the case that there are more than one pair of 
unknowns. See also Garden et al. (1980) and Schwartz (1979) for 
applications. 

In an assay x might represent the concentration of a substance and 
Y might represent a counted value or intensity level that varies with 
concentration. One will have a new value Yo ofthe count or intensity 
and wish to draw inference about the true concentration Xo' The 
calibration sample is drawn so that we have a good understanding of 
how the response varies as a function of concentration. The regression 
equation relating the response to concentration is then inverted to 
predict the concentration from the observed response. The area of 
calibration inference is currently under vigorous development, and 
our discussion can only be an introduction. 

If we define the matrices 

and 
N 

SL,2 = N- 1 L JP(Xio (3)Jp(x;, (3)Tg2(p-;(p}, Z;, fJ) 
;= 1 

then the un weighted least-squares estimate PL is asymptotically 
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normally distributed with mean p and covariance matrix 

(t1 2 /N)SL"JSL.2SL".~ (2.34) 

Since unweighted least squares consistently estimates p, in problems 
with a large sample size the actual numerical difference between ~ 
and the generalized least-squares estimate PG may be rather small. To 
show that this idea is accepted outside the statistics literature, let us 
quote Schwartz (1979), who states 'there is one point of agreement 
among statistics texts and that is the minimal effect of weighting 
factors on fitted regression curves. Unless the variance non uniformity 
is quite severe, the curve fitted to calibration data is likely to be nearly 
the same, whether or not the variance non uniformity is included in 
the weighting factors'. This may lead one to question the importance 
of weighting, since the inefficiency of un weighted least squares in this 
instance is only relative. There are two compelling reasons for using 
generalized least squares even when the sample size of the calibration 
data set is large. The first has to do with inference about the regression 
parameters. While the actual covariance matrix of un weighted least 
squares is approximately (2.34), the estimated covariance matrix is 
approximately 

N 

(t1 2/N)N- 1 L g2(piP},Zi"O)SL".i (2.35) 
i= 1 

Thus the test statistics from an unweighted fit will not have the correct 
level, i.e., type I error; see for example Judge et al. (1985). 

A second drawback to an unweighted fit is that it can lead to 
prediction or calibration confidence intervals which are either far too 
short or long. The size of the calibration data set, as long as it is 
moderately large, is usually relatively less important, with the form 
and estimation ofthe variance function assuming a primary role. For 
the remainder of this section we will take z = x in the basic model (2.1) 
and assume that the errors 

€i = [Yi - f(x;, P)]/[t1g(Jli(P), Xi' 0)] (2.36) 

are normally distributed. It is possible to be somewhat more general 
and use bootstrap ideas to estimate the distribution function of the 
errors (2.36). This refinement will not be pursued here, being delayed 
until Chapters 4 and 5. 
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2.9.1 Prediction of a new response 

Given a value xo, the standard point estimate of the response Yo is its 
mean f(xo, Pl. We use the term 'standard' here because the mean is 
not necessarily the best estimate for nonnormally distributed data. 
The variance in the error made by this prediction is 

. ~ 2 2 
Vanance(yo - f(xo, PG)) ~ (1 qN(XO, p, 0) (2.37) 

where 

q~(xo, p, 0) = g2(f(xo, P), Xo, 0) + N- 1 fp(xo, p)TSa 1 fp(xo.p) 

If the size N of the calibration data set is large, then the error in 
prediction is determined predominately by the variance function 

(12g2(f(xo, P), Xo, 0) 

and not by the calibration data set itself. An approximate 100(1 - a)% 
confidence interval for the response Yo is given by 

J(xo) = {all y in the interval f(xo, PG) ± t~=:12aGq~xo, $0, lJ)} 
(2.38) 

where t~=:12 is the (1 - (12) percentage point of a t-distribution with 
N - P degrees of freedom. For large sample sizes, this interval 
becomes 

J(xo) ~ {all y in the interval !(xo, p) ± t~ = :/2(1g(!(Xo, p), Xo, lJ)} 
(2.39) 

The prediction interval (2.38) is only an approximate 100(1 - a)% 
confidence interval because the function qN is not known and must be 
estimated. 

The effect of ignoring the heterogeneity can be seen through 
examination of (2.39). If at is the unweighted mean squared error, 
then for large samples we have the approximation 

N 

at ~ (12g;;'ean = (12 N- 1 L g2(J.l.i(P), Xi' lJ) 
i= 1 

Thus the unweighted prediction interval for large sample sizes is 
approximately 

JL(XO) ~ {all y in the interval!(xo,P) ± t~=:12(1gmean} (2.40) 

Comparing (2.39) and (2.40) we see that, where the variability is small, 
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the unweighted prediction interval will be too long and hence 
pessimistic, and conversely where the variance is large. 

2.9.2 Confidence intervals for the mean response 

If one wants a confidence interval for the mean f(xo, P) rather than the 
response itself, first write 

q~* = N- l ffJ(xo, P)TS(j I fp(xo, P) 

The approximate 100(1 - a)% confidence interval takes the form 

f(xo, PG) ± UqN*t~=:12 
As with prediction, the validity of this interval depends on the choice 
of the variance function. 

2.9.3 Calibration confidence intervals 

Given the value ofthe response Yo, the usual estimate of Xo is the set of 
all values x for which f(x, Po) = Yo. If the regression function is strictly 
increasing or decreasing, then the estimate of Xo is that value which 
satisfies f(xo, PG) = Yo· The most common confidence interval for Xo 

is the set of all values x for which Yo falls in the prediction interval I(x), 
i.e. 

Calibration interval for Xo = {all x with YoEI(x) in (2.38)} 

This interval has a certain intuitive charm, but in our experience it 
takes some effort to realize that it actually is a 100(1 - a)% confidence 
interval for the unknown concentration. The effect of not weighting is 
too long and pessimistic confidence intervals for Xo where the 
variance is small and the opposite where the variance is large. As far as 
we know, little work has been done to determine whether one can 
shorten the calibration confidence interval by making more direct use 
of the variance function. 

2.9.4 Straight-line regression 

In the case of straight-line regression with an intercept, write 

f(x, P) = Po + PIX (2.41) 
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Suppose we have decided to use the weighting function w(x) given by 

w(x) = g-2(f(X,PG)'x,O) 

It is important to note that we must specify a weighting function 
rather than just the weights if we are to do calibration. For prediction, 
the weighting function must be specified if prediction is to be done for 
values not in the original training sample. The need to specify a 
weighting function means in particular that merely obtaining es
timated weights by replication in the training sample is not sufficient. 
To obtain explicit formulae for all quantities, we make the following 
definitions 

b. = X.W 1/2(X.) •• • 
N 

Saa = L af 
i= 1 

N 

Sbb = L bf 
i= 1 

with Scc> Sac' and Sbc defined in the obvious manner. The generalized 
least-squares estimates are 

Po = (SbbSac - SabSbc)/Y 

PI = (SaaSbc - SabSac)/Y 
N 

2 -1 ~ ~ ~ 2 rJG = (N - 2) L., W(Xi)[Yi - Po - PIX;] . 
i= 1 

Estimated standard errors for the regression parameters are 

Standard error Po = rJG(Sbb/y)I/2 

Standard error PI = rJG(saajy)I/2 

In this special case the prediction error variance is (2.37) with 

2 - 1( ) + - 1( 2 + 2) qN = W Xo Y Sbb - SabXO SaaSnew 

The prediction interval (2.38) and its associated calibration interval 
use these values of rJG and qN' with the substitution (2.41) for f(x, P). 

In the constant-variance case, there is a closed-form expression for 
the calibration confidence interval based on solutions to quadratic 
equations (see Miller, 1981). For heterogeneous variability, no such 
closed-form solution exists in general. A simple way to obtain a 
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calibration confidence interval from most statistical packages is to 
plot the regression line and the associated 95% prediction interval as a 
function of the predictor x, connecting the points by a smooth line. 
Draw a horizontal line through the value Yo, and project the 
intersection of this line with the upper and lower confidence band 
onto the x-axis. The interval so obtained is a calibration confidence 
interval for Xo. 

2.9.5 Examples 

For a numerical illustration, first consider Example 2.1 in section 2.8, 
the esterase assay data. As noted there, the constant-coefficient-of
variation model is reasonable for these data, with the estimated 
standard deviations varying by a factor of more than 6. The effect of 
not weighting should be to have prediction and calibration confid
ence intervals that are much too large for small amounts of esterase 
and conversely for large amounts. In Figure 2.14 we plot the 95% 
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Figure 2.14 Esterase assay: 95% prediction limits; unweighted. broken line; 
weighted. full line. 
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Figure 2.15 Esterase assay: 95% calibration intervals; unweighted. broken 
line; weighted. full line. 

prediction intervals for the count response for un weighted versus 
weighted regression: the effect is clear. The size of the un weighted 
interval for the smaller values of esterase is almost ludicrous. In 
Figure 2.15 we plot the calibration confidence intervals for weighting 
and not weighting when the estimated esterase values range between 
6.0 and 11.0; the difference between the weighted and un weighted 
intervals is substantial. 

In Table 2.4 we list another data set for which calibration might be 

Table 2.4 Hormone assay data 

Reference Test Reference Test 
method method method method 

1.0 1.8 6.4 6.0 
1.4 1.0 6.4 4.1 
1.6 1.5 6.7 7.8 
1.8 1.3 6.7 6.9 
1.9 1.7 6.8 4.6 

(Contd.) 



Table 2.4 (Contd.) 

Reference Test Reference Test 
method method method method 

1.9 1.6 7.0 7.5 
1.9 1.1 7.9 8.0 
1.9 1.6 8.0 7.8 
2.0 1.6 8.1 5.4 
2.0 3.4 8.2 6.4 
2.0 1.4 8.6 6.8 
2.1 1.6 8.6 9.2 
2.1 1.6 8.8 8.4 

"2.2 1.7 9.9 9.3 
2.4 2.1 10.5 11.7 
2.4 1.6 10.6 8.2 
2.4 2.2 10.8 9.4 
2.5 1.1 12.4 12.2 
2.6 3.0 13.0 12.2 
2.8 3.1 13.0 8.9 
2.9 3.4 13.6 11.1 
3.0 1.8 13.8 15.2 
3.2 3.2 15.4 18.8 
3.3 3.3 16.8 15.8 
3.4 1.8 19.3 17.6 
3.4 3.4 20.0 15.8 
3.6 3.5 20.5 28.8 
3.6 2.2 21.8 18.1 
3.6 2.8 22.0 25.5 
3.9 2.2 23.5 16.4 
4.4 4.4 24.9 16.4 
4.6 4.8 24.9 20.4 
4.6 3.3 26.0 32.4 
5.4 4.6 30.0 33.4 
5.6 4.3 31.0 41.9 
5.7 9.0 33.5 32.9 
5.8 3.7 34.5 27.0 
5.9 2.9 36.5 37.4 
6.0 9.0 37.0 32.9 
6.1 5.9 38.0 48.6 
6.1 6.1 38.0 40.7 
6.2 5.2 67.0 50.9 
6.2 10.6 
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of interest, hormone assay data. The data are the results of two assay 
methods for a hormone; the scale of the data as presented is not 
particularly meaningful, and the original source of the data refused 
permission to divulge further information. As in a similar example of 
Leurgans (1980), the old or reference method is being used to predict 
the new or test method. The overall goal is to see whether we can 
reproduce the test-method measurements with the reference-method 
measurements. 

In some fields, the quality ofthe test method has been examined by 
ad hoc rules, such as 'the true intercept should be less than 0.05 in 
absolute value', or 'the true slope should be at least 0.95', or even 'the 
true correlation between the measurements should be at least 0.95'. 
These are usually assessed by hypothesis tests. Alternatively, one 
might examine prediction and calibration intervals over a range of 
interest and determine whether they are sufficiently 'precise'. 

The standard analysis can be attacked on a number of fronts, but 
this hardly seems the right forum to do so in detail. The usual analysis 
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Figure 2.16 Hormone assay: 95% confidence interval; unweighted,full line; 
weighted. broken line. 
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has the advantage of being almost a protocol, forcing experimenters 
into producing at least somewhat comparable studies. 

The reported results for each method are not exact, i.e., there is 
some measurement error. It would be interesting to treat this example 
as a heteroscedastic errors-in-variables problem. See Fuller (1987) for 
some work done in special cases of the heteroscedastic model. 

The data are heteroscedastic (see Figure 2.16). A power-of-the
mean model (2.5) seems reasonable as a model for the variability. 
Choosing f) ~ 0.90 seems fair, although the constant-coefficient-of
variation model f) = 1.00 also fits and will be used here. The last data 
point is outlying in factor space, as the value of the reference method is 
more than twice as large as any other in the data. With a constant
coefficient-of-variation model, this last point is receiving so little 
weight as to be almost excluded from the analysis. One difficulty is 
that the lowest value of the reference method has the largest absolute 
residual. In the constant-coefficient-of-variation model, this produces 
a potentially influential outlier (see Chapter 6). We do not pursue this 
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Figure 2.17 Hormone assay: calibration intervals; unweighted. full line; 
weighted. broken line. 
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in our numerical illustration, but the issue is clearly important and we 
have seen a similar phenomenon in many other examples. Unusual 
behavior at the point of smallest predicted variability can indicate 
failure ofthe model for the mean at these extreme design points, or be 
a sign that the variances might be more properly modeled as 

(1; = 00 + 01 [f(x j , /3)]82 

This last model reflects the possibility of an extra constant source of 
variability in the experiment, which is negligible for larger values of the 
mean but begins to dominate when the mean is small. Alternatively, 
one could fit the variances as quadratic in the mean response. 

A second interesting point here is that a normal probability plot of 
the studentized residuals suggests a fair amount of right-skewness. An 
alternative analysis making use of transformations would be 
interesting. 

In Figure 2.16 we plot the 95% prediction interval and in 
Figure 2.17 the calibration confidence intervals, the latter for es
timated reference values less than 5.0. Again, not weighting is seen to 
be particularly conservative in this range of the data. 

In summary, prediction and calibration confidence intervals can be 
easily constructed for weighted analyses. The effect of ignoring 
heterogeneity can be quite substantial here, usually more dramatic 
than the effect on the parameter estimates themselves. 



CHAPTER 3 

Estimation and inference for 
variance functions 

3.1 Introduction 

Variance-function estimation is a form of regression, but one that 
does not have the wealth of experience and theory behind it as does 
regression on means. Regression analysis is usually understood to be 
the examination of the structure of the means as a function of 
predictors. While there are many components of regression analysis 
for the means, three stand out as basic. The first is the scatterplot, the 
standard graphical technique. The second is the existence of a 
canonical estimation method, least squares. For all its faults, such as 
sensitivity to outliers and leverage, least squares is a well understood 
fitting method used as the basis of almost all regression analyses. The 
third component ofregression on means is an off-the-shelf model, the 
linear model. Even if the mean structure is poorly understood, we can 
begin an analysis with this standard model, and then try to modify it 
to account for unexplained effects. 

In variance-function estimation, we try to understand the structure 
of the variances as a function of predictors. It is useful to describe by 
analogy with regression on means the basic components of variance
function regression. A brief summary of the methods discussed in this 
chapter is given in Tables 3.1-3.3. Just as for regression on means, 
there are plotting techniques useful for understanding simple struc
ture. Some of these techniques have been reviewed in the previous 
chapter. Carrying along the analogy, there are canonical fitting 
methods, which we describe later in this section under the names 
pseudo-likelihood and restricted likelihood. The basic idea is first to 
eliminate the location effects by forming the residuals after an 
appropriate fit to the mean. One then computes the normal-theory 
maximum-likelihood estimate of the variance function assuming that 
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Table 3.1 Description of methods of variance-function estimation 

Maximum likelihood 

Pseudo-likelihood 

Weighted squared 
residuals 

Weighted absolute 
residuals 

Logarithm method 

REML 

Normal-theory maximum likelihood in f1 and 
(J 

Normal-theory MLE when f1 is set to the 
current value. When iterated, this is the 
ordinary MLE if the variance does not 
depend on the mean 

Regress squared residuals on the variance 
function, weight inversely with squared 
current variance estimate 

Regress absolute residuals on the standard 
deviation function, weight inverse of 
current variance estimate 

Regress log absolute residual on log of 
standard deviation function. Be wary of 
near-zero residuals 

Pseudo-likelihood corrected for leverage. 
Maximizes marginal posterior for 
noninformative prior 

All the preceding except REML have analogs formed by replacing residuals 
by sample standard deviations. The following are based on the mean function 
or x being unknown, and are often used in assays: 

Rodbard 

Raab 

Sadler-Smith 

Function of mean model. Regress log sample 
standard deviation on log sample mean 

Function of mean model. Modified functional 
maximum likelihood with mean function 
completely unknown 

Same as Raab, but means are estimated by 
sample means 

the residuals are the responses and the means are all zero. Just as there 
are many refinements to least squares which are designed to cope with 
specific features of data, so too are there refinements to pseudo
likelihood; some of these are described in the next section. Restricted 
likelihood is a modification of pseudo-likelihood that corrects for 
degrees of freedom. The proper analogy with regression on means is 



T
ab

le
 3

.2
 

F
or

m
ul

ae
 fo

r 
va

ri
an

ce
-f

un
ct

io
n 

es
tim

at
io

n:
 n

on
re

gr
es

si
on

-b
as

ed
 m

et
ho

ds
; 

m
ea

n 
=

 f
(x

, 
P)

. 
st

an
da

rd
 

de
vi

at
io

n 
=

 a
g

(f
(x

, P
), 

z,
 e

) 

M
ax

im
um

 l
ik

el
ih

oo
d 

P
se

ud
o-

li
ke

li
ho

od
 

R
aa

b 

S
ad

le
r-

S
m

it
h 

M
ax

im
iz

e 
in

 (P
, e

) 
th

e 
fu

nc
ti

on
 

N
 

L
(p

,e
) 

=
 

-
L 

lo
g[

g(
f(

xj
,p

),
Z

j,
e)

] 
i=

 1
 

-
(N

/2
)I

O
g(

 N
-

1 
jt [Y

j -
f(

X
j, 

P
)F

/g
2
(f

(x
j ,P

),
Zj

, e
))

 

Fi
x 

P
 at

 c
ur

re
nt

 v
al

ue
 p.

 M
ax

im
iz

e 
in

 e
 th

e 
fu

nc
ti

on
 L

(p
, e

) 
L

et
 m

j =
 n

um
be

r 
of

 r
ep

li
ca

te
s 

at
 X

i' 
M

ax
im

iz
e 

in
 (

e,
 a

, 1
11

"'"
 

IlN
) 

th
e 

fu
nc

ti
on

 

N
 

L
*(

fJ
,a

,I
lI

,·
··

,I
lN

)=
 -

L 
(m

i-
l)

lo
g(

al
l?

) 
i=

l 

N
 

m
i 

-t
a-

2 
L 

L 
[(

Yi
,j 

-
Il

J/
Il

f]
 2 

i=
1

 j
=

l 

L
et

 j
i; 

=
 s

am
pl

e 
m

ea
n 

at
 X

i' 
M

ax
im

iz
e 

in
 (

e,
 a

) 
th

e 
fu

nc
ti

on
 L

*(
e,

 a
, j

\,
 ..

. ,
 YN

) 



INTRODUCTION 65 

least clear when we try to describe off-the-shelf models. We want 
simple models relating predictors, which might include the means, to 
the variances. The first possibility is to model the logarithm of the 
variances as linear in predictors, e.g. 

log(a) = ()o + ()lX + ()2X-1 
or 

or 
log (a) = ()o + ()l log[Jl(P)] 

the last being the power-of-the-mean model. Examples of this idea are 
numerous, and include Box and Hill (1974), Harvey (1976), Just and 
Pope (1978), Carroll and Ruppert (1982b), etc. The advantage of 
thinking of the logarithm of the variances as linear in predictors is 
that the estimated variances are then guaranteed to be positive. Most 
alternatives to loglinear variance models do not guarantee positive 
estimated variances. For example, one might hypothesize that the 
standard deviations or the variances follow a linear model in 
predictors. The former approach, which we prefer slightly to the 
latter, has been taken by Glejser (1969), while the latter has been 
studied by a host of authors, including Hildreth and Houck (1968), 
Goldfeld and Quandt (1972), and Amemiya (1977). Another possi
bility is to model the inverses of the variances or standard deviations 
as linear in predictors; for normally distributed data with known 
means, this is a canonical form for a generalized linear model. 

There are other natural models for the variances. In some instances, 
the variance might consist of two components, one constant and one 
depending on the mean. This might suggest a slightly expanded 
version of the power-of-the-mean model such as 

a2g2(Jli(P), Zi, ()) = ()1 + ()2[Jli(P}]83 

Alternatively, one will often see the standard deviation modeled 
empirically as a quadratic function of the predictors, so that 

ai = ag(xi, ()) = 1 + () 1 Xi + ()2 x l 
If there is more than one predictor, this model can be expanded as in 
linear regression to include quadratic terms in each variable as well as 
multiplicative interactions. In addition, one might model the logar
ithm of the standard deviations as linear or quadratic in the 
predictors. 
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Another well known variance-function model arises through the 
random-coefficient linear regression, first studied in detail by Hil
dreth and Houck (1968). In this model, each individual response has 
its own regression line given by 

p 

" a· .xV) l...J t.] I 
j= 1 

The parameters {ai.l,"" ai,p} are most often treated as if they were 
independently distributed with means {Pi'"'' Pp} and unknown 
variances, so that unconditionally we have the model 

(3.1) 

In the random-coefficient model, the variance parameters {e 1, ... , e p} 
are sometimes of interest themselves. 

The intent of this chapter is to study in a unified way the estimation 
of variance-function parameters. The literature tends to treat each 
variance model as a special case with its own estimation method, 
usually based on linear regression of functions of absolute residuals 
against predictors. While this may be useful computationally, it is 
much less so when trying to make any sense of the area. 

There are many instances where the variance function is an 
important component of independent interest and not just an adjunct 
for estimating the means. In section 2.9 we introduced an example of 
method comparison. In our discussions with the engineers who 
actually do these analyses, it is pretty clear that their interest lies not 
just in the form of the least-squares line but also, and perhaps even 
more importantly, in the raw and percentage error one makes in 
predicting a new observation. The last problem is simply a question of 
the form and estimation of the variance function. 

In section 2.9, we introduced the idea of calibration. Dr C.H. 
Spiegelman has told us of many instances at the National Bureau of 
Standards where not only does one want to estimate a new Xo from an 
observed Yo, but one also wants a confidence or uncertainty interval. 
The point estimate is based on the mean function, but the interval is 
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primarily determined by the variance function. For further dis
cussion, see Watters et al. (1987). 

Here is another application that was brought to our attention by 
Perry Haaland. In testing for the stability of a biological product, one 
ordinarily runs an accelerated degradation experiment (Kirkwood, 
1977, 1984; Nelson, 1983; Tydeman and Kirkwood, 1984). What 
follows is a description of the experiments we have seen or read about, 
and may not be representative of the experience of others. The 
ultimate goal is to understand the nature of the degradation of the 
product at a fixed temperature To, e.g., 20°C. Running an experiment 
at this temperature is impossible because of time constraints; we 
might want to know the amount of degradation at two years, but for 
marketing reasons we would like an answer in 60 days. Unfortu
nately, at 60 days no degradation occurs at To and so no reliable 
inference can be made. What is done is to run an experiment at 
elevated temperatures, where the product experiences some signifi
cant degradation. Both the mean and the variance of the degradation 
depend on the temperature at test as well as the time of measurement 
since initiation of the study. There is a fixed function for the mean, 
usually an Arrhenius model, and the variances at the test time and 
temperatures are usually estimated by a replication. Since the 
variance has not been modeled, we can only estimate the mean 
degradation at the standard temperature To. If the variance were 
modeled and the model fit to data, we could then undertake an 
analysis of the distribution of the degradation, e.g., percentiles. 

Another area in which variance-function estimation might have 
important application is off-line quality control (see Taguchi and Wu, 
1980; Barker, 1984; Box, 1984, 1987; Box and Meyer, 1985a, b; Leon 
et aI., 1987). As stated by Box and Meyer (1985b), 'one distinctive 
feature of Japanese quality control improvement techniques is the use 
of statistical experimental design to study the effect of a number of 
factors on variance as well as the mean'. One goal of quality-control 
methods is or should be to design a product that is insensitive to slight 
changes in either its components or the environment. It makes little 
sense to design a product that meets specification on average when, 
with essentially the same components, one can meet specification but 
have much smaller variability. Thus, we might think of an overall goal 
as seeking conditions that have a desired mean value for a quality 
characteristic ",hile at the same time achieving the smallest possible 
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variance. The key point here is that emphasis is no longer only on the 
mean of the response but also on its variability. As in Box and Meyer 
(1985b), one might first want to run a screening experiment to 
understand which factors affect the mean and variance. Based on the 
screening results, both components can be modeled to solve the 
optimality problem of minimizing variance subject to a target for the 
mean. A less direct approach is taken by Taguchi and Wu (1980), who 
propose to minimize the coefficient of variation as a function of x; 
their method is closely related to finding the conditions x that 
minimize the variance of the logarithm of the response. A serious 
question is how best to design an experiment so as to estimate the 
variance function efficiently. We will not address this point, which is a 
subject of ongoing research, but rather we focus only on the 
estimation of a variance function given the design. Box and Meyer 
(1985b) have a wonderful discussion notable for its clarity as well as 
the idea that variance functions can be postulated after data analysis 
and then fit. This is not so very far from what is usually done for 
regression on means. 

A final application is the estimation of the sensitivity of a chemical 
or biochemical assay. As discussed by Oppenheimer et al. (1983) and 
Carroll et al. (1986a), the minimum detectable concentration and the 
lowest limit of reliable measurement are to a great extent determined 
by the variance function. 

Before we describe methods for variance-function estimation, the 
generalized least-squares algorithm first needs to be updated to allow 
for estimating (J. The algorithm as presented here allows a rather 
general form for the method of estimating (J through solving the 
equation (3.2). In the next two sections we will discuss some specific 
algorithms that have been used to estimate the variance parameter. 

Algorithm for generalized least squares 

Step 1 Start with a preliminary estimator P*. 
Step 2 Estimate the parameter (J by solving an equation of the form 

(3.2) 

Compute estimated weights 

Wi = 1.0/g2(fli(P*), Zi' 9) (3.3) 
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Step 3 Let PG be the weighted least-squares estimate using the 
estimated weights (3.3). 

Step 4 Update the preliminary estimator by setting P* = Po, and the 
estimate of 8 and the weights as in (3.2) and (3.3). 

Step 5 Repeat steps 3 and 4 C - 1 more times, where C is the 
number of cycles in generalized least squares and is chosen 
by the experimenter. Alternatively, one could stop when 
there is little change in {J and e. See section 3.2 for a 
discussion of this issue. 

Step 6 Full iteration corresponds to setting the number of cycles 
C = 00. This is the same as solving the equations 

N 

0= L f,lx j, {J)[yj - f(Xj,{J)]/g2(JJi{J),Zb O) 
j= 1 

N 

0= L H(Yj, Zj, Jij({J), 0) (3.4) 
j= 1 

which will usually be done by a separate method, since 
iterative weighted least squares may not always converge. 
End 

The asymptotic theory for PG discussed in section 2.2 is unchanged 
by estimating e. Essentially independent of the method of estimating e 
or the number of cycles C, the generalized least squares estimate has 
the same asymptotic distribution as the weighted least-squares 
estimate with known weights, i.e., it is normally distributed with mean 
{J and covariance matrix (q2/N)Sc./, where SG is defined in (2.4). 

When one must estimate 8, the asymptotic theory, which gives the 
same standard errors for P as if e were known, generally is optimistic. 
While this fact is not the primary or even a particularly strong 
justification for studying variance-function estimation, it does give an 
added incentive. Williams (1975) states that 'both analytic and 
empirical studies of a variety of linear models indicate that ... the 
ordering by efficiency of (estimates of {J) ... in small samples is in 
accordance with the ordering by efficiency' of estimates of e. There is a 
particularly interesting Monte Carlo simulation in the book by 
Goldfeld and Quandt (1972) which illustrates this phenomenon. 
Theoretical work by Toyooka (1982) and Rothenberg (1984) shows 
that, for normally distributed data when the variances depend on 
predictors but not the mean, the covariance matrix of Nl/2(PG - {J) is 
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given by 

(3.5) 

These authors show that the correction term vee) is an increasing 
function of the asymptotic variance of 8. Thus, for normally 
distributed data the better one estimates () the better one will estimate 
p. This result is sketched in Chapter 7. Rothenberg's proof makes 
clever use of complete sufficiency (see also Eaton, 1985). 

3.2 Pseudo-likelihood estimation of variance functions 

In this section we will discuss a method of estimation called pseudo
likelihood. If the variance does not depend on the mean, pseudo
likelihood includes the usual normal-theory maximum-likelihood 
estimate as a special case. 

We will use the term pseudo-likelihood to denote the following 
analog to generalized least squares. Like generalized least squares, 
this method makes no distributional assumptions and instead relies 
only on the basic mean and variance model (2.1), but like generalized 
least squares its efficiency can be seriously diminished by slight 
deviations from normality. Pseudo-likelihood estimates of () are 
based on pretending that the regression parameter P is known and 
equal to the current estimate P*' and then estimating () by maximum 
likelihood assuming normality, i.e., maximizing in () and a the 
loglikelihood L(.P*, (), a), where 

N 

L(P, (), a) = - N log (a) - L: log [g(Jii(P), Zi' (})] 
i= 1 

N 

- (2a2)-1 L: {[Yi - !(xi,P)]/g(pM3)'Zi, ())} 2 
i= 1 

The reason that we call this method pseudo-likelihood is that even its 
fully iterated version is not the same as the actual normal-theory 
maximum-likelihood estimate of () unless P* is the maximum
likelihood estimate of p. The maximum-likelihdOd estimate of P is a 
generalized least-squares estimate only in the case that the variance 
does not depend on the mean. Write the residuals as 

ri(p, (}) = Yi - f(x i, P) 
g(Pi(P), Zi, (}) 

(3.6) 
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N 

(]2(f3,O) = N- 1 L [Yi - !(Xi, 13)]2 jg2(pif3), Zi, 0) (3.7) 
i= 1 

the pseudo-likelihood estimate OPL maximizes in 0 the log-pseudo
likelihood LPL(P*,O), where 

N 

L pL(f3,O) = - N log [8(13,0)] - L log [g(Jli(f3), Zi, 0)] (3.8) 
i= 1 

Define also 

v(i, 13, 0) = log [g(Jli(f3), Zi, 0)] (3.9) 

Taking derivatives with respect to 0, OPL is the solution, assuming it 
exists, to the equation 

where Vo is the derivative of v with respect to O. This has the form of a 
set of normal equations, with the 'design' being the terms vo. Morton 
(1987b) has pointed out that in some contexts, in order to avoid 
extreme leverage effects, it can sometimes be better to replace Vo by 
other terms. 

The pseudo-likelihood estimate can be computed by one of three 
devices. The first, based on generalized least squares applied to 
squared residuals, is discussed in subsection 3.3.1. A second method is 
applicable if 0 is scalar as in the power-of-the-mean model. In this case 
one can compute (3.8) along a grid of values in a range of interest and 
choose the value of 0 resulting in a maximum. As a third method, it is 
possible to use nonlinear least-squares programs for computing 
OPL. 
Let 

Set all 'responses' to be zero and the 'regression function' to be 

Di(f3,O) = g(P*, 0) [Yi - !(xi, 13) ]jg(Jli(P*), Zi, 0) 

It is easy to show that minimizing the sum of Dr(f3, 0) is equivalent to 
maximizing (3.8). When it converges, nonlinear least squares applied 
to these quantities yields the pseudo-likelihood estimate of 0 and a 
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generalized least-squares estimate of {3. If the variance function does 
not depend on the mean, this is one way to compute the maximum
likelihood estimate of {3 and 0 simultaneously. 

Under weak moment assumptions and without making any 
distributional assumptions, the pseudo-likelihood estimate of () is 
asymptotically normally distributed with mean 0 and a variance 
depending on 0, (T, and the starting estimate P*. The general 
expression for this variance is rather complicated and is given in 
Davidian and Carroll (1987). 

Here is one important point with some practical implications. 
Suppose that the variance function depends on the mean response. If 
the errors (2.21) are symmetrically although not necessarily identi
cally distributed, then the variance of OPL is an increasing function of 
the variance of the estimate of {3. Thus one ought to use at least C = 2 
cycles in the generalized least-squares algorithm since the estimate 
with C = 1 is based on a less efficient estimate of {3. This has 
important consequences for variance-function estimation, suggesting 
that such estimation should not be based on least-squares residuals. 
This fact carries over to almost every method of variance-function 
estimation. 

For small (T when the errors (2.21) are identically distributed, we 
have the approximate covariance 

Covariance(N1/2(OPL - 0)) ~ (1/2 + K/4K(Ji)-1 

where K is the kurtosis of the errors and is equal to zero for normally 
distributed data, and ((Ji) is the sample covariance matrix of the 
derivatives V8 of v with respect to () (see equation (3.9)). The fact that 
the variance of OPL depends on the fourth moments of the errors 
suggests that this estimate will be affected adversely by outliers. In the 
power-of-the-mean-variance model, v(i, {3, ()) is the logarithm of the 
mean response. 

One criticism of pseudo-likelihood is that it takes no account of the 
loss in degrees of freedom that results from estimating {3. We have 
already adjusted for this partially by using in (2.14) the divisor (N - p) 
rather than N, the latter defining the pseudo-likelihood estimate. 
Harville (1977) presents a thorough discussion of this issue with 
emphasis on variance-components models in the analysis of variance. 
The effect of applying pseudo-likelihood directly to estimate 0 seems 
to be a bias that depends on the ratio p/N, where p is the number of 
regression parameters. In designed experiments such as fractional 
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factorials, p is often rather large relative to the sample size N and some 
adjustment might be necessary. 

Suppose that the variance does not depend on the mean, so that 

Var(y;) = (J2g2(Z;, 8) 

Let pbe a generalized least-squares estimate. Then pseudo-likelihood 
solves in (8, (J) the equations 

(3.10) 

where 
e; = e;(p, e, (J) = [y; - f(x;, p)]/[(Jg(z;, 8)] 

As discussed prior to equation (2.25), if P is a generalized least-squares 
estimate then at the correct value of 8 we can approximate the vector 
of the N residuals by (I - H)E. Here E is a random vector of N 
elements with mean zero and identity covariance, and H is the N x N 
hat matrix H = H(P, 8) = X *(X!X *) -1 X!, where X * = X *(13,8) is 
the N x p matrix with ith row the transpose of the column vector 

(3.11 ) 

The leverage values hu are the diagonals of the hat matrix H. Note 
that after making this approximation et has mean (1 - hi;). Also, since 
H is an idempotent matrix of rank p, the sum of the leverage values is 
p. We thus find that the left-hand side of (3.10) has approximate 
expectation given by 

To account for the loss in degrees offreedom due to estimating 13, the 
suggestion is to equate the left-hand side of (3.10) to its approximate 
expectation, thus solving in e and (J the equations 

f ~(p 8 )[ 1 ] =[ N N - p ~ ] (3.12) 
;=1 e, ,,(J vii,e) ;~1 {vii,8)[I-hu(P,8)]} 

This argument works even when the variance function depends on 13, 
as long as (J is small, the analysis being based on (2.31). 

An alternative device to account for the loss of degrees of freedom 
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relies on Bayesian ideas. See Patterson and Thompson (1971) and 
Harville (1977) for the standard method, called restricted maximum 
likelihood and often abbreviated by REML. When the variances 
depend on the mean, this might more properly be called restricted 
pseudo-likelihood, but we will use Harville's terminology. A number 
of alternatives are discussed by Harville (1977) (see also Green, 1985). 
Assume that the variances do not depend on the mean. For this case, 
maximum-likelihood estimation of p and e belongs to the class of 
pseudo-likelihood estimates of e combined with a generalized least
squares estimate of p. Pretend that the parameters (P, e, 0") have an 
improper prior density n(p, e, (1) == (1 - 1. Either proper or other 
improper priors could be used to generate alternative estimators, at 
least in principle. The posterior density of (P, e, (1) given the data is 
proportional to the likelihood of the data. Harville (1977) argues that 
estimates of e should be the mode of appropriate posterior distri
butions. For example, the maximum-likelihood estimate of e can be 
obtained as the e component to the mode of the joint posterior 
density for (P, e, (1). 

Write the weights as Wi(e) = l/gr(e) and note that the likelihood is 
proportional to 

p(P, e, (1) = CIj wi(e) r/2 
(1-N 

x exp ( - (2(12) -1 it1 W~e)[Yi - f(x i, P)]2 ) 

Thus, the marginal posterior density of (e, (1) is proportional to 

p(e, (1) = (1-1 f p(P, e, (1)dP (3.13) 

The integral is generally hard to compute in closed form for a 
nonlinear regression model, so it can be difficult to compute 
numerically because of the need to compute multiple integrals. 
Following Box and Hill (1974) and Beal and Sheiner (1985), note that 
if fj is a generalized least-squares estimate for p, then we have the 
linear approximation 

where 
and y=p-fj 
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Replacing !(xi , {3) in (3.13) by its linear expansion and integrating with 
respect to y, the marginal posterior can now be computed exactly as 
proportional to 

(() ) _ [[1 wi(()r/ 2 exp { - [(N - p)j2]ab(()ja2 } (3.14) 
PA ,a - aN PDet l / 2 [Sa(()] 

where aa(() and Sa(() are given by (2.14) and (2.15) and Det stands for 
the determinant of the matrix. Integrating with respect to a, the 
restricted maximum-likelihood estimate for () is seen to maximize in () 
the expression 

{Ell wl()] Det [ab(()Sa 1 (()]j[ab(()]N} 1/2 (3.15) 

It is interesting to compare this to the pseudo-likelihood estimate 
which maximizes 

(3.16) 

If the variances depend on the regression parameter {3, then the 
Bayesian arguments can be extended by replacing wi(() by wi((), p). 
This question has not been explored in great detail. Box and Hill 
(1974) and Beal and Sheiner (1985) base their calculations on an 
iterative process much like our algorithm for generalized least 
squares, i.e., one starts with an estimate of /3, then one estimates e by 
restricted maximum likelihood followed by an updating of /3, etc. 

By using matrix derivatives as in Nel (1980), we show in Chapter 7 
that the posterior mode of(3.15) is exactly the solution to (3.12) based 
on equating sums of squares to their expectations. 

Pseudo-likelihood and restricted likelihood are the standard 
methods of variance estimation. They are widely applicable, require 
almost no distributional assumptions, and generalize rather easily in 
principle to problems with a nondiagonal covariance, such as 
variance-components models. They can be very sensitive to outliers 
because their influence functions are quadratic in the errors (see 
Chapter 6). For these and other reasons, a variety of alternative 
methods have been proposed in the literature and are discussed in the 
next section. 

3.3 Other methods of variance-function estimation 

Pseudo-likelihood and its bias-corrected versions have the advantage 
of not requiring distributional assumptions and are in this sense 
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analogous to generalized least squares. The methods extend easily to 
the case of nonindependent observations, for which the covariance 
matrix of the responses will no longer be diagonal. If the observations 
are independent, there are a variety of techniques that serve as 
competitors to pseudo-likelihood. In this section we review many of 
the techniques that have been proposed in the literature. 

Alternative methods for estimating e in the parametric model (2.1) 
can be classified into four rough categories. The first consists of those 
which make only the assumption that the mean and variance model 
(2.1) holds; the representatives of this class studied here include, in 
addition to pseudo-likelihood, weighted least squares on squared 
residuals. The second class of methods is based on weighted 
regression of transformations of absolute residuals on their expected 
values, assuming that the errors (2.21) are independent and identically 
distributed. A third way to estimate e is to assume that the data are 
generated from a flexible class of distributions indexed by e and then 
to apply likelihood techniques. Finally, especially in the context of 
assays, one might observe replicate responses at each value of the 
predictor and use transformations ofthe sample variances to estimate 
e. In this section we will list some members of each general class and 
give a few comparisons among the various methods. Our discussion is 
based on Davidian and Carroll (1987). 

Most methods for variance-function estimation are based on 
generalized least-squares ideas, with 'responses' being transform
ations of absolute residuals or sample standard deviations. The 
analogy with ordinary regression then becomes obvious, and suggests 
for example that one might apply the range of diagnostics available 
for ordinary regression, such as residual plots, influence diagnostics, 
stepwise selection, etc. In Chapter 6 we develop some general 
diagnostics and apply them to pseudo-likelihood. 

It is also useful to remember that if there are constraints on the 
variance parameter e, then these constraints should be incorporated 
into the estimation process. For example, in the power-of-the-mean 
model it often makes sense to restrict e to be at least zero but not more 
than 1.5. 

3.3.1 Weighted least squares on squared residuals 

The motivating idea for these methods is that the expectation of 
squared residuals is approximately the variance. Thus, as noted by 
Hildreth and Houck (1968), Goldfeld and Quandt (1972), and Jobson 
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and Fuller (1980), we can consider a nonlinear regression problem 
where the 'responses' are squared residuals and the 'regression 
function' is its approximate expectation u2g2(p.(f3), Z, 8). The first 
suggestion is to estimate 8 by minimizing in u and 8 the least-squares 
equation 

For normal data the squared residuals are themselves heteroscedastic 
with approximate variance proportional to u4g4(P.i(f3), Zi' 8), so that 
one is immediately led to generalized least squares. 

The essence of the problem is seen to be an approximate 
heteroscedastic regression model. Given an estimate P of 13, weighted 
squared residuals estimates are generalized least-squares estimates 
obtained from the 'model' with 

'Responses' = [Yi - f(x;, P)]2 

'Parameters' (u,8) 

'Regression function' = u2g2(P.i(P), Zi' 8) 

'Variances' proportional to g4(P.i(P), Zi' 8) 

(3.18) 

Note that this problem is formally the same as that studied in the 
previous chapter. It is interesting to ask what happens when we fully 
iterate generalized least squares, which in the terminology of 
Chapter 2 is a quasi-likelihood estimate. It can be shown that such an 
estimate of 8, when the process converges, is exactly the pseudo
likelihood estimate. 

Jobson and Fuller (1980) among others have noted that if the 
unweighted least-squares estimate of 13 is used in minimizing (3.17), 
then the squared deviations [Yi - f(x i, ~S)]2 have approximate 
expectation different from u2g2(P.i(PLS}' Zi' 8} by a factor depending on 
the ith leverage value from the unweighted least-squares fit. For a 
generalized least-squares fit Po with ith leverage value hii(GLS), the 
squared deviations have approximate expectation 

For a general sequence of constants Ci , one might consider updating 8 
from a previous estimate OWLS by minimizing in (u,8) 

f {[Yi - f(x i, Po)] 2 - ~2[1 ;; hii(C!.LS)]g2(P.i(Po), Zi, 8) }2 

i=1 Cig (p.i(f3o),z;,8wLS) 
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Choosing Cj = 1 - hj~GLS), fully iterating yields the restricted 
maximum-likelihood estimate. It is interesting to note that this is 
neither the natural nor obvious choice for Cj. Assuming normality, the 
squared deviations have approximate variance proportional to 

[1 - hj~GLS)]2g4(Jlj(P), Zj, 0) 

which suggests Cj = [1 - hjj(GLS)Y With this last choice, the up
dated estimate would solve the pseudo-likelihood equation (3.10) 
except that the standardized residual ej defined just after (3.10) would 
be replaced by a studentized residual as defined in section 2.7. We do 
not know if such a method has been-studied in the literature, but it can 
be rather easy to compute, and we have used it with some success. 

For symmetrically distributed errors or as an approximation for 
small (1, the weighted squared residual estimate {jWLS is known to be 
asymptotically more efficient than the unweighted estimator mini
mizing (3.17) (see Davidian and Carroll, 1987). Under very general 
conditions, they show that any weighted estimator based on (3.18) has 
the same asymptotic distribution as the pseudo-likelihood estimator 
{jPL' 

3.3.2 Methods based on transformations of absolute residuals 

Since least-squares operations are adversely affected by outlying 
responses (Huber, 1981), using squared residuals is a method 
particularly prone to degraded performance due to unexpectedly 
large residuals which, when squared, become very outlying. Cohen 
et al. (1984) note this and suggest that better performance can be 
obtained by using absolute residuals (see also Glejser, 1969; Harvey, 
1976; Judge et al., 1985). Harvey (1976) has suggested regressing the 
logarithm of the absolute residuals on the logarithm of the standard
deviation function. These methods, which we will discuss in detail 
below, are examples of techniques based on regressing transform
ations of absolute residuals on their expected values. One such class of 
transformations is the power class 

{
V.I. 

h(v,,1,)= log (v) 

If we write the absolute deviation as 

for,1, #0 

for ,1,=0 
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then assuming the errors (2.21) are independent and identically 
distributed we have that, for a constant Co, 

forA. #0 

forA. = 0 
(3.19) 

Further, for a constant C1 the variance of the transformed absolute 
deviations satisfies 

(3.20) 

What this means is that using weighted regression, one can 
calculate an estimate of () based on any power of the absolute 
deviations from a fitted line. The appropriate 'regression function' is 
given by (3.19), while the 'variance function' is given by (3.20). 
Choosing l = 2 yields the previously discussed squared residual 
methods, l = 1 the absolute residuals, and l = 0 their logarithms. 

3.3.3 Methods based on absolute residuals 

It has been suggested that using absolute rather than squared 
residuals in least-squares operations will be more efficient because the 
former will not have as wild outliers as the latter. Although we will not 
pursue this idea, at least for normally distributed data it might be 
appropriate to account for leverage as we have done in section 3.1 and 
subsection 3.3.1. 

The basic requirement is a moment assumption of a different form, 
namely that the absolute deviation has expected value 

(3.21) 

Here, the constant Cf is a constant of proportionality which is 
independent of the design point Xi' For most purposes, if the basic 
mean and variance assumption (2.1) and (3.21) hold simultaneously, 
then the errors (2.21) are independent and identically distributed. Of 
course, one might be willing to assume (3.21) rather than (2.1), and if 
one assumes as well that !(xi , f3) is the median of Yi rather than the 
mean, then one would be led to weighted least-absolute-values 
regression. Many people have suggested that, for very skewed data, 
the median may be a more easily interpretable measure than the 
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mean; see Snee (1986) for an example. We do not pursue this idea, and 
instead stay within the standard framework of a mean and variance 
model. The assumption (3.21) is violated in the case of the Poisson or 
gamma distributions, although in both of these cases the assumption 
is nearly correct if the mean responses are large. Assumption (3.19) is 
made implicitly when one forms absolute residual plots. 

The absolute residuals will have expectation given approximately 
by (3.19) with variance approximately proportional to g2. This 
suggests estimating (J by generalized least-squares techniques applied 
to the absolute residuals. For a given estimate p, the calculations are 
based on the 'model' with 

'Responses' = IYi - f(x i, P)I 
'Parameters' = (cr, (J) 

'Regression function' = crg(piP), Zi' (J) 

'Variance function' proportional to g2(J1i(P), Zi> (J) 

(3.22) 

Having obtained such an estimate of (J, we then update the estimate of 
/3 by generalized least squares. This process can be repeated a few 
times, getting a new estimate of (J, then of /3, etc. Convergence is not 
guaranteed, but as mentioned in section 3.1 for symmetrically 
distributed errors the iterated estimate of (J will be more efficient. In 
our experience with the power-of-the-mean model (2.5), the estimate 
of (J based on unweighted least-squares residuals is almost always too 
small, so that some iteration is useful. 

Davidian and Carroll (1987) compare the efficiency of weighted 
squared residual or pseudo-likelihood estimation of (J with weighted 
absolute residual estimation. If the variance function does not involve 
the mean and either (1) the errors are symmetric or (2) (J is small, they 
find that 

Asymptotic relative efficiency }= (2 + K)(1 - 15) (3.23) 
of absolute residual estimation 415 

where K is the kurtosis of the errors and 15 is the variance of the 
absolute errors (2.21). Equation (3.23) is also the asymptotic relative 
efficiency of the mean absolute deviation with respect to the sample 
variance in a one-sample problem. For normally distributed data, 
using absolute residuals results in a 12% loss of efficiency. For double
exponential errors with the density t exp ( - I x I), there is a 25% gain in 
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Table 3.4 Efficiencies at the contaminated 
normal distribution of two estimates 
of the variance function: weighted 
absolute residual estimation and 
pseudo-likelihood or weighted 
squared residual estimation 

Contamination 
fraction 

o 
0.001 
0.002 
0.Q1 
0.05 

Gain in 
efficiency (%) by 

using absolute 
residuals 

-12.4 
-5.2 

1.6 
43.9 

103.5 

efficiency by using absolute residuals. Huber (1981, p. 3) presents an 
interesting comparison for the class of contaminated normal distri
butions, in which a large fraction (1 - IX) of the data have a normal 
distribution and a fraction ex are contaminated in that they have a 
normal distribution with the same mean but three times larger 
standard deviation. The gain in efficiency for using absolute residuals 
is given in Table 3.4, with negative values indicating a loss. Huber 
calls these numbers 'disquieting', which indeed they are because just 
two 'bad' observations in 1000 suffice to offset the superiority of 
squared residuals over absolute residuals when estimating the 
variance function. These numbers hint at the lack of robustness of the 
standard procedures, an issue that is discussed at length in Chapter 6. 
In the terminology of that chapter, the influence function of pseudo
likelihood is quadratic in the errors, while that of weighted absolute 
residuals is linear in the absolute errors. While neither method is 
robust, the latter is relatively more so. 

3.3.4 Methods based on the logarithm of absolute residuals 

Harvey (1976) has suggested regressing the logarithm of the absolute 
residuals on the logarithm of their approximate expected values, i.e., 
log [ag(Jl;(p*),z;, On Assuming that the errors are independent and 
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identically distributed, this should be approximately a homoscedastic 
regression. The calculations are easy since only an ordinary nonlinear 
least-squares program is required, although a practical problem can 
arise if one of the residuals is very near zero, in which case taking 
logarithms induces a rather large and artificial outlier. To avoid this 
potential difficulty with 'inliers', for fitting the variance model we 
suggest deleting a few of the smallest absolute residuals. The ad hoc 
nature of this deletion, as well as the lack of clarity in choosing how 
many points to delete, points out a need for a more complete study of 
regression diagnostics and robust estimators (see Chapter 6). The 
problem with small absolute residuals necessitates extreme care. 

Iteration is useful here. One starts with the unweighted least
squares estimate of p, obtains an estimate of f), then a quasi-likelihood 
generalized least-squares estimate of p, then an updated estimate of f), 
etc. Convergence is not guaranteed. At least for the power-of-the
mean model, we have found that using unweighted least-squares 
residuals in the estimation of f) usually produces a noticeable 
underestimate. For symmetric data, not iterating is inefficient. 

If the variances do not depend on the mean and either (1) the errors 
are symmetric or (2) (1 is small, then the effect of estimating p can be 
ignored, and the logarithm method has asymptotic efficiency 

(2 + K)/Yariance[log(e2)] 

with respect to pseudo-likelihood. For normally distributed data, this 
efficiency is 40.5%. For contaminated normal data, in Table 3.5 we list 

Table 3.5 Efficiencies at the contaminated normal distribution of two esti
mates of the variance function with respect to pseudo-likelihood: 
weighted absolute residual estimation and the logarithm method 

Gain in Gain in 
efficiency (%) by efficiency (%) 

Contamination using absolute by Harvey's 
fraction residuals method 

0 -12.4 -59.5 
0.001 -5.2 -56.0 
0.002 1.6 -52.0 
0.Q1 43.9 -28.0 
0.05 103.5 22.0 
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the efficiency of the logarithm method as well as that based on 
weighted absolute residuals. Certainly, the gain in efficiency with 
respect to pseudo-likelihood is noticeable at 5% contamination. A 
cousin to the logarithm method, explained later in this section, is in 
common use in radioimmunoassay. 

3.3.5 Assuming a flexible class of distributions 

One can argue that pseudo-likelihood fits into this scheme. Essenti
ally, pseudo-likelihood assumes that the data are normally dis
tributed with known mean 13, and then one applies maximum 
likelihood to estimate e; 13 is estimated by generalized least 
squares. Luckily, this scheme is a method of moments so that pseudo
likelihood estimation of e is consistent and asymptotically normal 
under very general conditions, without assuming normality. This 
perspective suggests that one might define a different class of dis
tributions for the error term. Such a class might include skewed 
distributions such as the gamma or Poisson, as well as the normal 
distributions. This is one way to motivate the idea of extended quasi
likelihood due to Nelder and Pregibon (1987) and discussed in 
McCullagh and Neider (1983), as well as a similar family recently 
proposed by Efron (1986). We will discuss only the former suggestion. 
One point to keep in mind concerns distributional differences. As we 
vary e, two components of the problem vary. First, of course, is the 
structure of the variances, which at the initial stage of analysis might 
be of most importance. The second component is the distribution 
associated with the value of e. If estimation and inference suggest 
major differences between an estimate of e and a hypothesized value 
eo, such indication might well reflect differences in distribution rather 
than substantial doubt about the variance function implied by eo. 

Extended quasi-likelihood NeIder and Pregibon (1987) attempt to 
define a family of distributions indexed by a parameter e which has in 
addition the following properties: (i) has mean and variance functions 
given by (2.1); (ii) has maximum-likelihood estimate given by 
generalized least squares; and (iii) includes homoscedastic normal, 
gamma, and inverse Gaussian distributions as special cases in the 
power-of-the-mean model (2.18). It is not true that all three can be 
achieved simultaneously (Bar-Lev and Ennis, 1986), but at least for 
small (J all three can be achieved approximately. As Morton (1987a, b) 
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and Davidian and Carroll (1988) have pointed out, Neider and 
Pregibon's estimate of fJ is generally inconsistent (see the end of this 
subsection). 

Consider an exponential family with log-density given by 

log [f(yle, 0)] = Eye - b(e)]/u2 + c(y;u) 

for some functions b(') and c(·;·). Since in an exponential family the 
mean is given by jl = b~(~) and the variance is given by u2b~~(~), we 
find that in terms of jl and fJ 

This yields 

jl = b~@ = [ab(~)/ajl]/[a~/ajl] 

g2(jl, Z, fJ) = a2b(~)/ae = ajl/a~ = (a~/ajl)-l 

b(jl) = f [w/g2(w,z,fJ)]dw 

e = f [1/g2(w, Z, 8)] dw 

Hence, we get that 

lQ(jl,y,fJ) = y~ - b(~) = f [(y - w)/g2(jl,Z,e)] dw 

The function lQ is the quasi-likelihood kernel. Subtracting the same 
integrals over the range up to y, we find that for a function c*, the log 
density is 

In [f(yl jl, e, u)] = u- 2 r [(y - W)/g2(jl, Z, fJ)] dw + c*(y, e, u) 

= u- 2 [IQ(jl, y, e) - lQ(y, y, en + c*(y, e, u) (3.24) 

In general (in order for f to be a density) c* will depend on jl, in which 
case the maximum-likelihood estimate of the mean function will not 
be a generalized least-squares estimate. However, if u is small we can 
get an approximation for c* that does not depend on jl. In this case 

J: [(y - W)/g2(jl,z,fJ)] dw ~ -t(y - jl)2/[ug(y,z,fJ)]2 

Substituting this approximation into (3.24), in order for the resultant 
to be a density, we must have 

c*(y, fJ, u) = -log [(2n)1/2ug(y, z, fJ)] 
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Combining these, leads to the extended quasi-loglikelihood given by 

1~(Jl, Y, 0, u) = u - 2 [IQ(Jl, Y, 0) -IQ(Y' Y, 0)] 
-log [(2n)1/2ug(y, z, 0)] 

The extended quasi-loglikelihood for the entire data is 

N 

L 1~(Jli(P), Yi, 0, u) (3.25) 
i= 1 

For given 0 and u, P is to be estimated by generalized least squares, 
while for given P and 0 the estimate of u solves 

N 

N -1 L [IQ(Jli(P), Yi, 0) - IQ(Yi' Yi, 0)] = u2 (P, 0) 
i= 1 

The parameters are to be estimated by jointly maximizing (3.25). 
For the power-of-the-mean model (2.5), with 0 = 0, l~ is the 

loglikelihood of the normal distribution, while it is the loglikelihood 
of the inverse Gaussian distribution for 0 = 1.5. Otherwise, l~ is not 
exactly a loglikelihood, which distinguishes extended quasi
likelihood from pseudo-likelihood. For fixed u, when the mean is 
large, l~ with 0 = 1.0 is approximately the loglikelihood of a gamma 
distribution, while for u = 1,0 = 0.5, and Jllarge, l~ approximates the 
Poisson loglikelihood. 

The fact that l~ is not exactly the logarithm of a density function 
means that, unlike pseudo-likelihood, the extended quasi-likelihood 
estimate {jQL of 0 is not always consistent. For Poisson data with small 
means the inconsistency should be noticeable. Such examples have 
small expected cell counts. Morton (1987a) also concludes that the 
extended quasi-likelihood estimate can be unreliable in these cases, 
and he says that methods based on squared residuals 'will often be 
preferable'. 

3.3.6 General mean-variance junctions using replication 

In many assay problems the experimenters replicate the response at 
each value of the predictor. The predictor levels are (Xl"'" XN), and at 
each value Xi we observe mi replicated responses (Yi). Write the 
means and variances as 

E(Yi,j) = Jli = Jli(P) 

Standard deviation of Yi,j = U i 



OTHER METHODS OF ESTIMATION 87 

With no other information, it is tempting to estimate p using weighted 
least squares where the estimated weight is the inverse of the sample 
variance at each level of the predictor, i.e. 

Wi = l.O/sf 

where Yi is the sample mean at predictor value Xi. Often the number of 
replicates is rather small, with two or three typical. In this case, it is 
well known that the resulting weighted least-squares estimator can be 
a disaster. Jacquez et al. (1968) and Jacquez and Norusis (1973) point 
this out in Monte Carlo studies. An asymptotic theory is given by 
Carroll and Cline (1988), who note that this weighted least-squares 
estimate will be inconsistent for m = 2 replicates. Simple asymptotic 
theory shows that for normally distributed errors with a constant 
number of replicates; the replicated variance estimator does not 
follow the asymptotic theory of section 2.2, but is instead more 
variable than one would expect. For example, even m = 6 replicates is 
three times more variable than what one expects, while m = 10 
replicates leads to a variance inflation of 40%. See Cochran (1937) and 
Yates and Cochran (1938) for illuminating discussions. Fuller and 
Rao (1978) show that this same phenomenon persists even when the 
sample means are replaced by ordinary least-squares predicted 
values, although in this case the variance inflation typically is not as 
big a problem, especially when the number of replicates exceeds six. 
The trouble with the replicated variance estimator is that the weights 
are poorly estimated. The sample variances are multiples of chi
squared random variables with few degrees of freedom, and hence 
they can vary wildly; it is instructive to inspect tables of chi-squared 
percentage points divided by degrees of freedom to see the difference 
between using two and 30 observations to estimate variance. Using 
only the replicated sample variances to estimate weights is equivalent 
in spirit to estimating the regression function only by the plot of 
predictors against group means without fitting any model. It is not 
too surprising that such a 'connect-the-dots' strategy will not work 
very well for usual sample sizes. 

One way to use the sample variances smoothly is to replace 
absolute residuals by sample standard deviations and apply one of the 
previous fitting methods. Such substitution is treated theoretically in 
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Davidian and Carroll (1987). When the variances do not depend on 
the mean or if (J is small, the effect of this substitution on pseudo
likelihood is to lose some efficiency. Assume that the number of 
replicates at each design point is m. The asymptotic efficiency of using 
sample variances in pseudo-likelihood rather than squared residuals 
is 

(m-1)(2+K)[2+(m-1)(2+K)r 1 

where K is the kurtosis of the errors and is zero at the normal 
distribution. Thus, the efficiency is 50% for duplicates at the normal 
distribution, while for quadruplicates it is 75%. For weighted 
absolute errors the figures are 50% and 82% for duplicates and 
quadruplicates, respectively. 

For other transformations, sample standard deviations need not be 
less efficient at the normal distribution. This is particularly true for 
logarithms (see Davidian and Carroll, 1987). 

One advantage of using the sample standard deviations concerns 
model robustness. The sample standard deviations give us infor
mation about the variance function even if the model for the means is 
incorrectly specified, whereas in this case using absolute residuals 
would be misleading. 

There are two other methods in use which assume replication and a 
model for the variances, although not for the means. These methods 
are standard in assay work. In many ofthese specific applications, the 
difference between sample means and fitted means from a regression 
function is miniscule, rarely larger than 0.5%. It makes sense in these 
situations to assume that (J is very small, so that the effect of 
estimating the regression function can be ignored. As in (2.1), we 
assume that the standard deviations are 

(Jg(l-li'O) 

but for the moment we will not assume that we know the regression 
function J(x, fJ). This is not as unreasonable as it may look on first 
sight. In many assays we observe not only both the predictors and the 
responses, but also an additional set of data where the response but 
not the predictor is observed. Since this second set may make up a 
substantial proportion of the data, it makes sense to use it to get a 
better estimate of the variance parameter O. Of course, one could use 
the predictors for those observations where they are measured, which 
would be more efficient than never using the predictor. 



OTHER METHODS OF ESTIMATION 89 

Methods based on regression The most widely used regression
based method is due to Rodbard and his colleagues; see Rodbard and 
Frazier (1975) and Rodbard (1978) for examples. This is a close analog 
to the logarithm method discussed earlier in this section. It is hard to 
overstate the impact this work has had on statistical practice in 
assays, because it has enabled investigators to avoid dependence on 
unweighted methods. Consider the power-of-the-mean model (2.5), 
and note that taking logarithms results in a linear model with slope 0 

log(u;) = log(u) + Olog{Jt;) 

This leads to the suggestion that one might regress the logarithm of 
the sample standard deviation s; on the logarithm of the observed 
sample mean y;. The resulting estimate is not a consistent estimate of 
o for two reasons. The first, often rather minor in assays, is that the 
sample means are not the true means, so that regressing on the 
logarithm of the sample means is an errors-in-variables problem; see 
Fuller (1987) for a thorough discussion of bias in errors-in-variables 
models. The second problem can arise if the number of replicates is 
not constant across groups. As Raab (1981a) has pointed out, the 
expected value of the logarithm of the sample standard deviation is 
linear in the logarithm of the true means but with an intercept 
depending on the number of replicates. For example, for normally 
distributed data 

m;=2 

m;=3 

m;=4 

implies 

implies 

implies 

Elog(s;) = 0.635 + log(u) + Olog(Jl;) 

Elog(s;) = 0.288 + log(u) + o log (Jl;) 

Elog(s;) = 0.182 + log(u) + Olog(Jl;) 

For normally distributed data one should subtract the biasing 
qualities on the right side of these equations. 

It is perhaps not too surprising that since the Rodbard estimate of 0 
does not use the regression function, it is inefficient with respect to 
pseudo-likelihood. Of course, this inefficiency is relative and the 
Rodbard estimate is far superior to using unweighted methods. In 
order to compute the efficiency of Rodbard's estimate, we make the 
simplifying assumption that the number of replicates is constant 
across groups, that u is small, and that the sample size is large. These 
calculations have been performed by Davidian and Carroll (1987) and 
are given in Table 3.6. 

Table 3.6 suggests a simple way to improve upon Rodbard's 
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Table 3.6 The asymptotic efficiency of 

Number of 
replicates 

2 
3 
4 
5 
6 
7 

Rodbard's estimate of () with respect 
to pseudo-likelihood in the power-of 
the-mean model 

Efficiency (%) 
of Rodbard's 

method 

20.2 
40.6 
53.4 
62.0 
68.0 
72.4 

original idea when there are data points in which only the response is 
available. Suppose that there are M 1 such data points, and that there 
are M 2 pairs that are completely observed. Assume that all points 
have m replicates, and let Ceff denote the efficiency as given in 
Table 3.6. If OR is Rodbard's estimate and OPL is pseudo-likelihood, 
then a weighted estimate of e is 

M 2~L + ceffM 1 OR 
M2 +CeffMl 

Since Rodbard's method is closely related to the logarithm method, 
we conjecture that Rodbard's method is more robust to heavy tailed 
distributions than is pseudo-likelihood. 

Maximum-likelihood-based methods We again consider the power
of-the-mean model (2.5). Raab (l981a) estimates e, 11, and 
(lll' ... ' llN) simultaneously by maximizing a modified normallikeli
hood. For e = 0 the usual maximum-likelihood estimate of 11 is 
biased, but of course it can be made unbiased by dividing the 
corrected sum of squares by the degrees of freedom rather than the 
sample size. Alternatively, one can modify the likelihood to achieve 
the same end; the modified loglikelihood used by Raab is 

N N mi 

- I (m;-l)log(l1p?)-tl1- 2 I I [(Y;,j-p;)/p?J 2 
;= 1 ;= 1 j= 1 
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This function is to be maximized jointly in (), (1, and (I-ll"'" I-lN)' Sadler 
and Smith (1985) suggest replacing I-li in this expression by the sample 
means, a practice we would support in their context. These estimates 
are closely related to a nonlinear maximum-likelihood estimate in an 
errors-in-variables problem (Fuller, 1987), and the number of para
meters (N + 2) increases with the sample size. Fuller's book reveals 
that this is a difficult problem theoretically. However, for large sample 
sizes and small values of (1, Davidian and Carroll (1987) have shown 
that the efficiency of the Raab and Sadler-Smith estimates fJE1V with 
respect to pseudo-likelihood is (m - l)/m in the case of equal 
replication with m replicates. For purposes of comparison, in Table 
3.7 these values are listed along with the efficiencies of Rodbard's 
estimate. By dividing the second column of this table by the third, we 
obtain the efficiencies of Rodbard's estimator with respect to the 
Raab and Sadler-Smith methods, being 40.4%, 60.9%, and 71.2% for 
m = 2,3, and 4, respectively. These theoretical efficiencies are similar 
to those reported in a Monte Carlo study by Raab (Raao, 1981a). 

If one has M 2 pairs of responses and concentrations which are 
completely observed and M 1 pairs in which only the response is 
observed, then we suggest using the weighted estimator of () given by 

M 2fJPL + (m - I)M 1 fJE1V/m 
M2 + (m-l)Mt/m 

Table 3.7 The asymptotic efficiences of the Rodbard, 
Raab, and Sadler-Smith estimates of 0 with 
respect to pseudo-likelihood in the power-of
the-mean model 

Number of 
replicates 

2 
3 
4 
5 
6 
7 

Efficiency (%) 
of Rodbard 

method 

20.2 
40.6 
53.4 
62.0 
68.0 
72.4 

Efficiency (%) 
of Raab and 
Sadler-Smith 

methods 

50.0 
66.7 
75.0 
80.0 
83.3 
85.7 
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3.3.7 Comments 

One must be careful in applying any of the methods for very small 
sample sizes. We have seen attempts to estimate simultaneously a 
three-parameter regression function and a power-of-the-mean model 
for the standard deviations based on 10 observations, but even with 
bias-corrected pseudo-likelihood and normally distributed data we 
wonder how well any of the parameters can be estimated. In such a 
situation, a bootstrap experiment could be very sobering. 

While methods such as weighted regression on absolute residuals 
or regression on the logarithm of absolute residuals are qualitatively 
more robust than pseudo-likelihood, such robustness is relative. In 
fact, none of these methods can be described as robust in the modern 
sense. A discussion of robustness and diagnostics is given in 
Chapter 6. 

If there are replicates at each design point, one might wish to 
replace absolute or squared residuals by sample standard deviations 
and variances, respectively. As we have seen, this alternative typically 
is a little less efficient for normally distributed data but is sometimes 
easier to compute. As discussed above and mentioned by Raab 
(1981a), problems arise if the number of replicates at each design point 
is not constant. A discussion of the theory is given in Davidian and 
Carroll (1987). 

There is one theoretical curiosity that we have finessed. The 
normal-theory maximum-likelihood estimate of the regression para
meter p was discussed in the previous chapter and we do not 
recommend its routine use when the variance is a function of the mean 
response. The normal-theory maximum-likelihood estimate of () is a 
pseudo-likelihood estimate based on the maximum-likelihood esti
mate of p. Davidian (1986) has shown in this case that the normal
theory maximum-likelihood estimate of () is asymptotically more 
efficient than pseudo-likelihood based on a generalized least-squares 
estimate of p even at distributions other than the normal, although for 
most of the problems we encounter, the increase in efficiency would be 
minimal. 

It is difficult and probably foolish to recommend a single method of 
variance-function estimation. Pseudo-likelihood is based on either 
squared residuals or sample variances, involves only standard 
calculations, and has the advantages of making few assumptions and 
extending readily to more complicated variance structures such as 
occur in components-of-variance models. All of the methods can be 
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greatly influenced by an individual observation or a small group of 
observations, so that they should not be used without some sort of 
influence diagnostic. See Chapter 6 for more details. 

3.4 Inference 

In this section we will discuss some methods for making inferences 
about the parameters P and e in the heteroscedastic regression model. 
In subsections 3.4.1-3.4.4 we discuss inference about e when the effect 
of estimating p can be reasonably ignored. In subsection 3.4.5, we 
discuss Wald-type inference for P and e based on the theory of M
estimation discussed in section 7.1. 

The standard and easiest way to make inferences about the 
regression parameter P is to fix e at its estimated value and apply any 
of the methods of section 2.5. These ignore the extra variability 
caused by estimation of e. To capture this extra variability one can use 
bootstrap inference, e estimated simultaneously with P and (1. See 
Efron and Tibshirani (1986) and Efron (1987) for a discussion of 
bootstrap inference (see also section 2.5). 

F or nearly normally distributed data, estimating e generally causes 
the usual asymptotic theory to be more optimistic than we would 
prefer, and Wald inference and the usual confidence intervals ought to 
be adjusted, at least in principle. One possible method for correcting 
the Wald test statistic is through the use of variance expansions. 
Letting IX denote an individual component of the regression para
meter P with estimated standard error formed by the usual asympto
tic theory, the t-statistic will be written in the form 

(aG -1X)/(Estimated standard error) 

In principle at least, one can compute an expansion for the variance of 
this test statistic, the expansion being of the form 

Variance(t-statistic) ~ 1 + caiN 

One could then estimate the constant Ca and divide the t-statistic by 
the square root of (1 + cJN). Unfortunately, obtaining a formula for 
Ca is not easy even under the best of circumstances. As suggested in the 
previous chapter, this correction is automatically accomplished by 
using a bootstrap when the bootstrap idea is applicable. Also, a will 
not be symmetrically distributed in general, and the bootstrap makes 
an asymmetric correction. 
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Inference about the parameter fJ has been discussed by many 
authors; see Judge et al. (1985) who list 23 references on this problem. 
See also Cook and Weisberg (1983), Carroll and Ruppert (1981b), 
Koenker and Bassett (1981), Bickel (1978), and Harrison and McCabe 
(1979). A full discussion might be longer than our treatment of 
estimation. Instead we will only discuss a few methods that can be 
applied rather generally. To save on notation we assume throughout 
that the errors are independent and identically distributed. 

For basic background, the results of Davidian and Carroll (1987) 
include the following. If the regression parameter P were known, then 
the asymptotic theory for estimating fJ would have a particularly 
simple form. Define v(i, p, fJ) as in (3.9), Ve its derivative with respect to 
fJ, and ~(P, fJ) the sample covariance matrix of Ve, i.e. 

~(P,fJ)=( N- 1 JI [ve(i,p,fJ)-ve(P,fJ)] 

x [ve(i, p, fJ) - VI/(P, fJ)]T) (3.26) 

Then, as shown by Davidian and Carroll (1987), pseudo-likelihood, 
restricted maximum-likelihood, and weighted squared residual esti
mates of fJ are asymptotically normally distributed with mean fJ and 
covariance 

(3.27) 

where K is the average kurtosis ofthe errors (2.21), which need not be 
identically distributed. Regression based on logarithms of absolute 
residuals is asymptotically normally distributed with mean fJ and 
covariance 

(3.28) 

Regression based on weighted absolute residuals is asymptotically 
normally distributed with mean () and covariance 

b 1 
(l_b)N~(P,fJ)- (3.29) 

where 

b = Variance( I [; I). 
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3.4.1 Iriference for variance parameters based on asymptotic 
standard errors 

The asymptotic distribution theory of estimating () is complicated by 
the possible dependence of the asymptotic distribution on the 
estimate of {3. Suppose that () has q components. An approximation is 
available if either the variance function does not depend on the mean 
and thus can be written as g(Zi>()), or if (J is small. In these cases, as 
shown by Davidian and Carroll (1987), pseudo-likelihood and 
weighted squared residual estimates of () are asymptotically normally 
distributed with mean () and approximate covariance matrix (3.27). 
Estimated standard errors for the components of 8 can be formed by 
direct estimation of the quantities in (3.27), but this is tedious. A more 
direct approach is to remember that pseudo-likelihood estimation of 
() is equivalent to minimizing the weighted sum of squares based on 
the problem (3.l8). Thus approximate standard errors can be 
obtained by reading them off from nonlinear least-squares programs 
with 

'Responses' = [y; - f(x;, P*)]2 

'Weights' = g-4(f.1.~P*), Zi> 8PL) 

'Regression Function' = (J2g2(f.1.;(p*), Z;, 8) 

We have not made an empirical study of the performance of Wald 
confidence intervals and tests for the parameter (). As a first 
approximation, the estimated standard errors are easy to compute, 
which may be looked upon as an advantage. 

Inference based on weighted absolute residual estimation or the 
logarithms of absolute residuals (Harvey's method) can be performed 
in much the same way. These can both be computed as regression 
problems. As an approximation for (J small, one can use the standard 
errors from the computer output. There is a problem with this 
approach if the errors (2.21) are asymmetric, in which case there is an 
effect due to estimating {3 (see Davidian and Carroll, 1987). 

3.4.2 Inference based on pseudo- and restricted maximum 
likelihood 

The log-pseudo-likelihood LPL({3, 8) of the data as a function of {3 and 
8 is given by (3.8). It is tempting to perform inference pretending that 
this is actually the logarithm of the likelihood. If 8 is a (q x 1) vector 
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and we wish to test whether 0 = 00 , and if PQ and PG(Oo) are 
generalized least-squares estimates calculated at OPL and 00 respec
tively, then two reasonable test statistics are 

Tl = 2[LpdPG' ePL ) - LPL(Pa(Oo), ( 0 )] 

(3.30) 

If the variance function does not depend on the mean and can be 
written as g(z;, 0) or if (f is small, then under the null hypothesis, these 
two test statistics satisfy 

2 2 
2+I(Tj~Xq for j = 1,2 

where I( is the kurtosis ofthe errors (2.21) and ~ signifies convergence 
in distribution. Letting K be the estimated kurtosis defined by 

(3.31 ) 

this suggests multiplying the two test statistics by 2/(2 + K) and 
comparing the result with percentage points of a chi-squared 
distribution having q degrees of freedom. Since I( is usually poorly 
estimated except for large sample sizes, we tend to be wary of making 
this correction. The effect of ignoring this correction when the 
kurtosis is larger than zero is to inflate the level of the test and to form 
optimistic confidence intervals, i.e., intervals that are too small. 
Neither of these are necessarily bad at the data analysis stage, but 
should be kept in mind before rejecting a proposed value of O. 

Let 62(P,O) be defined by (3.7). Let SG(P,9) be given by (2.4). From 
(3.10), the restricted loglikelihood is given by 

4EMdP,9) = LPL(P, 9) + t loge {Det [62(P, 9)So l(P, 9)]} 
(3.32) 

Since the correction to the pseudo-likelihood is negligible for large 
sample sizes, a test that takes into account the loss of degrees of 
freedom for estimating P is (3.30) using 4EML rather than LPL. 

3.4.3 Score tests for the variance parameter 

Score tests have been suggested by Cook and Weisberg (1983) and 
Breusch and Pagan (1979). Strictly speaking their work only applies 
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to testing the presence of heteroscedasticity and not to testing for a 
particular type of heteroscedasticity. Suppose we wish to test the 
hypothesis that the value of 8 is 80 , Assume for the moment that the 
observations are normally distributed and {3 and (1 are known, and 
write L({3, 8, (1) as the logarithm of the likelihood for the data. The 
form of the score statistic is given in Chapter 7. This form is rather 
complicated in general but simplifies in important special cases. It is 
possible to find an explicit expression for the score statistic which is 
applicable in three cases: 

(1) The variances do not depend on the mean. 
(2) The variance depends on the mean but the derivative with 

respect to {3 of the logarithm of 9 evaluated at 80 is zero. 
(3) The variance depends on the mean, no special value of 80 is 

considered but as an approximation (1 is considered 'small'. More 
precisely, the asymptotic theory is large N, small (1. 

The second case arises when one is testing for the presence of any 
heterogeneity. For example, in the power-of-the-mean model (2.5), 
80 = 0 means constant variance and it is at this value of 80 for which 
(2) is satisfied. Define v(i, {3, 8) as in (3.9) and define the standardized 
residuals by 

(3.33) 

where (12({3,8) is defined in (3.7). Let Pd8o) be a generalized least
squares estimate of {3 assuming 80 is the correct value of 8 and using 
full iteration, i.e., quasi-likelihood. Then under any of the three special 
cases discussed previously, the score statistic can be written as 
0(PG(8o), ( 0 ), where 

0({3, 8) = QIQi1Ql (3.34) 

N 

Ql({3,8)=N- 1/2 L [ef({3,8)-I]d(i,{3,8) (3.35) 
i= 1 

N 

Q2({3,8) = 2N- 1 L d(i, {3, 8)d(i, {3, 8)T (3.36) 
i= 1 

and 

d(i, {3, 8) = vii, {3, 8) - vi{3, 8) 
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Here v(i, {3, B) is defined by (3.9), VB is the derivative with respect to B, 
and VB is the average value of VB. Assuming the hypothesis is true, 
Q(PG(Bo), Bo) has an asymptotic chi-squared distribution with q 
degrees of freedom, where q is the number of elements making up B. 
One would reject the hypothesis based on the percentage points of 
this distribution. 

The test statistic (3.34) is essentially equivalent to that of Cook and 
Weisberg (1983). To define a test with the correct asymptotic level for 
all distributions, the leading constant 2 in (3.36) should be replaced by 
(2 + K), where K is the kurtosis of the errors (2.21). For nonnormal 
distributions this can be estimated by (2 + K), where K is given by 
(3.31). If one is convinced that the data are very nearly normally 
distributed, then this substitution should not be made because 
estimating the kurtosis is difficult. See McCullagh and Pregibon 
(1987) for a further discussion. 

The score statistic has one particularly nice feature. Suppose that 
we decide to model the standard deviation as proportional to h(zTB) 
for some predictors z and unknowns B. It turns out that the score 
statistic for the hypothesis of homogeneous variance B = 0 does not 
depend on the function h. 

When B is a scalar rather than a vector, the statistic (3.34) has a 
simple interpretation. In this case, if the leading constant 2 in (3.36) 
is replaced by (2 + K) and (N - p) in (3.31) is replaced by N, the test 
statistic is N times the squared Pearson correlation between squared 
standardized residuals (3.33) and the quantities d(i, {3, B). If we want to 
test for the presence of heteroscedasticity against power-of-the-mean 
alternatives, these latter quantities are the logarithm of the predicted 
values. If the test is for heteroscedasticity with an alternative of the 
form 

exp [B f(x, {3)] 

then we would use simple predicted values. 
Thus, for scalar B simple approximate tests can be based on the 

Pearson correlation between squared standardized residuals at Bo 
and predicted values or their logarithms. By analogy, for a quick 
approximate test absolute residuals could be used in place of squared 
residuals, and Spearman correlations might be used in place of 
Pearson correlation. 

It is important to note that the score test can be greatly affected by a 
single point, especially by an observation that has small predicted 
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variability under the hypothesis. We have seen examples that the 
score test statistic had value 4.0 or more for the full data, but 1.0 or less 
when a single point out of nearly 100 is deleted. Instead of using an 
extremely nonrobust diagnostic for heteroscedasticity in data analy
sis, we prefer to use a simple robust alternative such as the Spearman 
correlation. 

3.4.4 Inference based on the extended quasi-likelihood 

The quasi-likelihood ratio test for whether 0 = 00 is complicated to 
study theoretically because of the general inconsistency of the 
estimate of O. Davidian and Carroll (1988) give an analytic description 
of this phenomenon in the small (T case. From (3.24) the extended 
quasi-likelihood test statistic is 

We have found that while the other estimates of 0 discussed in 
section 3.3 are often very similar, the behavior ofthe quasi-likelihood 
test statistic can be markedly different from them. We will illustrate 
this point in Example 3.4 in section 3.5. It appears that the quasi
likelihood test is sensitive to the shape of the distribution indexed by 
00, as well as being influenced by the variance function itself. Davidian 
and Carroll (1988) also point out that test levels may be affected by the 
inconsistency of the estimate of 0, even for small (T. 

3.4.5 Wald-type inference based on M-estimation 

The methods of estimating the parameters ~ = (P, (T, 0) which we have 
discussed are M-estimators (section 7.1), solving an equation of the 
form 

N 

0= L 'P(Yi'X;,~) (3.37) 
i= 1 

(see equation (7.2)). For example, when fully iterating pseudo
likelihood the function 'P is given by combining equations (2.7) and 
(3.10). Since solutions to (3.37) are M -estimates, their joint asymptotic 
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distribution is given by equation (7.9), i.e. 

N 1/2([ _ ~)-+ Normal(O, B- 1 A(B- 1 )T) 

Letting 'P ~ be the derivative of'P with respect to ~, from (7.11) and 
(7.12) the matrices A and B can be estimated by 

N 

AN -1 L 'I'(Yi' Xi' [)'I'(Yi' X, [)T 
i= 1 

Wald-type inference (section 7.2) can be based on the approximation 
that [ is asymptotically normally distributed with mean (J and 
covariance matrix given by 

N- 1 B- 1 A(.8- 1 )T 

3.5 Examples 

In this section we illustrate numerically some of the methods 
discussed in the previous three sections. Standard errors for estimates 
of (J were computed as in subsection 3.4.1. 

Example 3.1 Oxidation of benzene 

This is Example 2.1 (section 2.8), for which graphical analyses 
suggest a constant-coefficient-of-variation model. Pritchard et al. 
(1977) fit the power-of-the-mean model (2.5) to the full data using 
normal-theory maximum likelihood and obtained {j ~ 1.15. 

We first regressed the absolute residuals from an unweighted least
squares fit on the 'regression function' 

(3.38) 

where P is the unweighted least-squares estimate. This gave an 
estimated value {j = 1.12. However, when we then weighted these 
residuals as suggested in section 3.3, the updated estimate was 
(J = 0.41. This extremely unstable behavior might be an example of the 
result that how well one estimates f3 has an effect on how well one can 
estimate lJ. More concretely, there is one observation that has a rather 
large absolute residual and a rather large predicted value. The effect of 
weighting this point in the absolute residual analysis could account 
for some of the instability. We note that having fixed p, the 
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parameters (a, e) in (3.38) are estimated by generalized least squares, 
and in keeping with our discussions it makes sense to update the 
estimates iteratively. Convergence was very slow, with a final estimate 
of 0 = 0.82. For example, even on the tenth cycle on the process, the 
changes in the estimate of e were of absolute size 0.20. The culprit here 
appears to be the unweighted least-squares residuals, combined with 
the poor initial guess e = 0 to begin the iterative process. This is the 
kind of behavior observed by Matloff et al. (1984). 

We next used the residuals from fully iterated (quasi-likelihood) 
generalized least squares with e = 0.80. The step sizes in the iteration 
for estimating e were much smaller, with rapid convergence to 
e = 1.05. We repeated these steps, obtaining a final estimate 0 = 1.13, 
with an estimated standard error 0.16 computed as in subsection 
3.4.1. This is an interesting example because the computational 
difficulties we experienced using unweighted least-squares residuals 
disappeared when we combined the residuals from a sensible 
weighted fit with reasonable starting values for e. 

The pseudo-likelihood estimate was computed on the grid of values 
between 0 and 1.5 in steps of 0.10. We started with unweighted least
squares residuals, obtained a first estimate of e, then used the 
residuals from this value of e to obtain an updated estimate, etc. This 
process converged to OPL = 1.10. The confidence interval using the 
likelihood test Tl in section 3.4 was from 0.90 to 1.40, essentially the 
same as obtained using weighted absolute residuals. Extended quasi
likelihood computed on the same grid gave a similar analysis. 

When we regressed the logarithm of the absolute residuals from an 
un weighted least-squares fit against the logarithm of the predicte4 
values having deleted the two smallest of the former, we obtained 
0=0.68 with a standard error of 0.21. We then began an iterative 
process, using the residuals from fully iterated or quasi-likelihood 
generalized least squares based on 0 = 0.68, obtaining a new estimate 
of e, which lead to new residuals, etc. Rounded, the process converged 
to 0 = 0.85, with a standard error of 0.20. There is a slight discrepancy 
here with the previous methods, but a plot of the logarithm of the 
absolute residuals versus the logarithm of the predicted values as well 
as an influence analysis as in Chapter 6 suggests that two observ
ations are having a large impact on the estimate. These are the data 
points with responses 9.44 and 9.15. For illustrative purposes we 
deleted these two observations, obtaining the new estimate (rounded) 
0=1.10. 
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Example 3.2 Rat data 

This data set is discussed by Weisberg (1985, pp. 121-4) and by Cook 
(1986). The data consist of 19 cases and the regression model is linear 
based on three predictors: ~1 = body weight, ~2 = liver weight, and 
~3 = relative dose. The response was the percentage of the dose in the 
liver. The experiment was set up to show that, within the range of the 
design, there was no relationship between the response and the 
predictors. It is our understanding from a discussion with Professor 
Cook that the experimenter had rather strong views about the lack of 
any relationship. As discussed in Weisberg (1985), there is a dramatic 
change in the unweighted least-squares linear regression analysis 
depending on whether case 3 is retained in the analysis. Since 
Weisberg raises some questions as to the validity of this case, we have 
deleted it. The unweighted least-squares analysis indicates no predic
tive ability from a linear model: for example, the R-square is 0.02. 

We next examined absolute studentized and Anscombe residual 
plots against the predicted values as well as each of the predictors. 
There certainly was no monotone relationship here, with all the 
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Deviation of Liver Weight from 8.0 

Figure 3.1 Rat data: unweighted least-squares fit. 
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Spearman rank correlations being small and insignificant. Cook 
(1986) suggests that there may be some heterogeneity of variance as a 
function of liver weight. An examination of the absolute studentized 
residuals suggests a possible quadratic variance function in ~2 = liver 
weight (see Figure 3.2). By our eyeball estimate, Figure 3.2 looks 
roughly symmetric about the deviations on liver weight from 8.0; we 
will call this quantity the liver weight score. When we plot the 
absolute studentized residuals against the liver weight score in 
Figure 3.1, there is a strong and definite pattern, which also appears 
with the Anscombe residuals. The Spearman rank correlation in this 
figure is p = 0.66 with approximate significance level 0.003. 

The finding of possible heterogeneity of variance in liver weight 
with essentially constant mean is unexpected. Owing to the nature of 
the experiment, we would question whether this relationship is 
reproducible. However, in the following numerical illustration we will 
tentatively assume that the standard deviations are quadratic in liver 
weight. Thus our model is 
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Standard deviation(y) = (}o + (}1(e2 - 8.0) + (}2(e2 - 8.0)2 (3.40) 

An inspection of Figure 3.1 suggests that (}1 = 0, at least 
approximately. 

Since we are modeling the variance as a function of predictors, the 
maximum-likelihood estimate is also a pseudo-likelihood estimate. 
When listing the estimates, for scaling purposes we normalized the 
estimates by mUltiplying them by 125. The estimates, along with the 
standard errors computed from the regression program, are 

{fo = 0.41 (0.08) {fl = - O.ot (0.08) {f2 = 0.23 (0.08) 

We also fit the same standard-deviation function by using weighted 
absolute residuals. The parameter estimates and their standard errors 
were 

{fo = 0.28 (0.07) {fl = - 0.03 (0.08) {f2 = 0.24 (0.08) 

The difference between these two estimates is that the maximum
likelihood estimate gives less weight to those observations with liver 
weight near 8.0. Using the maximum-likelihood estimate, the ab
solute studentized residual plot after weighting is given in Figure 3.3. 
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Figure 3.3 Rat data: weighted least-squares fit. 
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There is no discernible pattern, and now the Spearman rank 
correlation with the liver weight score is essentially zero. 

An alternative model also suggested by Figure 3.1 is one in which 
the standard deviations are linear in the liver weight score. 

Example 3.3 Car insurance data 

The car insurance data were introduced in section 2.7. The observed 
responses were the average insurance claims as a function of policy
holder's age group, car group, and vehicle age group, which we will 
refer to as PA, CG, and VA, respectively. Write Yijk to be the observed 
average claim when (PA, CG, VA) = (i,j, k), and let nijk represent the 
number of observations upon which Yijk is based. As a numerical 
illustration only, we fit a model in which the means were given by 

EYijk = (J-l + OCi + Pj + Yk)-l 

Here oci , Pi' and Yk refer to the usual analysis-of-variance effects. We 
took the standard deviation to follow the power-of-the-mean model 
(2.5) divided by the square root ofthe number of observations making 
up that observation. As described in section 3.4, the computed 
standard errors can be taken only as rough guides. 

We first regressed the logarithm of the absolute residuals from a 
least-squares fit on the logarithm of the predicted values, after having 
trimmed the smallest five absolute residuals (see sections 2.7 and 3.4). 
The estimate of the power parameter was {j = 1.63, with a computed 
standard error of 0.27. When we did this using the quasi-likelihood 
residuals from fits with e = 1.00 and e = 1.50, essentially the same 
answer was obtained. 

We next performed a weighted nonlinear regression on the 
absolute residuals. We first used unweighted least-squares residuals 

r~k = (nijk)1/2(Yijk - ~ijk) 

and estimated e by regressing I r~k I on the function (2,.:5), without 
weighting. The estimate of e obtained in this way was e = 1.11. We 
then weighted these absolute residuals as suggested in section 3.3 and 
then iterated the process to convergence, obtaining a weighted 
estimate {j = 1.30 with standard error 0.24. We then computed the 
residuals r~k from a quasi-likelihood fit with e = 1.30 and computed 
an updated iterated estimate e = 1.46, with a standard error of 0.25. 

We next computed a pseudo-likelihood estimate of e, restricting 
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our calculations to values of () = 0,0.1, ... , 1.5. Starting from unweigh
ted least-squares residuals, the estimate was {j = 1.10. We used this 
value of () to generate an updated estimate of P, then updated (), etc. 
The process converged to (jPL = 1.30. The restricted-likelihood esti
mate based on degrees-of-freedom corrections converged to the same 
value. By any of the testing devices suggested in section 3.4, values of() 
less than 0.80 are rejected at the 5% level, with () = 1.00 having 
approximately the same chi-squared value as () = 1.50. This is 
somewhat in contrast to the other regression methods and the 
Spearman correlations, which tend to favor () = 1.50. 

The extended quasi-likelihood estimate of () on this grid is 1.20. 
There is a substantial difference with the previous methods, in that the 
extended quasi-likelihood chi-squared test for (J = 1.00 has value 2.13 
while that for () = 1.50 has value 6.75. The interesting point here is that 
the extended quasi-likelihood test seems to operate entirely differ
ently from the others. 

In summary, the estimates of () lie in the range 1.20 to 1.50. 
Regression methods and Spearman correlations based on absolute 
residuals tend to favor () = 1.50 over (J = 1.00, while pseudo-likelihood 
and restricted likelihood show no difference between them, and quasi
likelihood favors () = 1.00. All the methods agree that choosing 
(J ~ 0.80 would be a mistake. 

A preliminary influence analysis (see Chapter 6) indicates that at 
least three combinations of(PA, CG, VA) might be exerting an unsual 
effect on the estimates of (J, these combinations being (2,2,1), (3, 4, 4), 
and (3, 2, 4). We repeated the analysis having deleted these three 
observations. The Spearman correlation between absolute student
ized residuals and predicted values was 0.23 for (J = 1.00 and 0.06 for 
(J = 1.50. Regression based on the logarithm of absolute residuals 
yields an estimate of {j = 1.59 with a standard error of 0.27. Regression 
based on weighted absolute residuals yields essentially the same 
result: {j = 1.64 with standard error 0.22. The pseudo-likelihood 
estimate is {jPL = 1.50, while the restricted-likelihood estimate is 
essentially the same; all testing methods based on these estimates 
reject (J = 1.00. All these results differ from extended quasi-likelihood, 
which estimates (J as 1.20 and rejects () = 1.50. 

The substantial differences between extended quasi-likelihood and 
all the other methods are interesting. What may be happening here is 
that extended quasi-likelihood is picking up a distributional dif
ference between its distribution for (J = 1.0 and (J = 1.5. In this 
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particular example, such differences are probably not too important. 
Instead of prediction limits, estimates of the mean and standard 
errors for the mean seem of prime importance here and do not depend 
too strongly on whether one chooses () = 1.00 or () = 1.50. 

Example 3.4 Tensile strength data 

Box and Meyer (1985b) present an interesting analysis of dispersion 
effects in a fractional-factorial experiment. The experiment concerns 
the tensile strength of welds in an off-line welding experiment 
performed by the National Railway Corporation of Japan (Taguchi 
and Wu, 1980). As described by Box and Meyer (1985b), in this 
screening experiment it is desired to uncover which factors have large 
effects on the outcome. Box and Meyer (1985a) concluded that the 
means could be adequately explained by two factors, Band C. The 
raw data are plotted in Figure 3.4; we have arranged the plot so that 
all the data are exhibited. There are clear effects on the mean due to 
factors Band C, and there is little hint of a significant interaction. 

As noted by Box and Meyer, Figure 3.4 also shows a difference in 
variability due to the two levels of factor C. As an illustration, we first 
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Figure 3.4 Tensile strength data: symbols are levels offactor C. 
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fit the same model as did Box and Meyer, namely a loglinear model 

(3.41) 

where C i = + 1 or - 1. The method of fitting was maximum 
likelihood, which is a pseudo-likelihood estimate since the variance is 
not being modeled as a function of the mean response. The maximum
likelihood estimate of (Je was approximately 1.55. This is quite a large 
effect, as it suggests that the standard deviations vary over the levels of 
C by a factor of almost 5. A plot of the logarithm of the likelihood 
function in Figure 3.5 suggests a 95% confidence interval of approxi
mately 1.00 to 2.00. 

To test for an effect on variances due to factor B, we fit the expanded 
loglinear model 

Variance(y;) = exp ((Jo + (JBBi + (JeCi) (3.42) 

The maximum-likelihood estimate of (Je now became 2.00, while the 
maximum-likelihood estimate for (JB was - 0.80. These estimates 
would suggest that changing the levels of factor C changes the 
standard deviations by a proportional factor of 7, while doing the 
same for B changes the standard deviations by a proportional factor 
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Figure 3.5 Tensile strength data: log likelihood with no B effect. 
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Figure 3.6 Tensile strength data: 95% confidence set;factors Band C interact 
for variance. 

of 2, which seems to conform with Figure 3.4. A 95% likelihood ratio 
confidence ellipse for BB and Be is traced in Figure 3.6, and note that 
the hypothesis of no effect due to B is marginally significant at the 5% 
level. The effect of factor C on the variances is still quite major. We 
were surprised by the statistical significance of factor B, which 
appears in retrospect to be due to the very small variability of the 
response when both Band C are at level - 1. This suggests that we 
should not have an additive loglinear model for the variances as in 
(3.42) but rather the effect of factor B should only appear when factor 
C is at level - 1. We do not pursue this issue, especially since it is not 
clear to us whether the effect, if real, is at all important. 

We had some interesting computational experiences with this 
example. One direct method of computing the maximum-likelihood 
estimate is to start with the least-squares estimate PL from an 
un weighted fit to an additive model, and then compute the maximum
likelihood estimate of B assuming that p = fh.. We then update P by 
generalized least squares, obtaining a new estimate of B, etc. This 
process converged very quickly. Alternatively, instead of direct 
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computation of the maximum-likelihood estimate of () given an 
estimate of p, one could use weighted regression methods on squared 
residuals as suggested in section 3.3. We had terrific difficulty getting 
this process to converge. This surprised us, because it was the first 
time we had any significant trouble with regression-based comput
ation of the estimate of () which could not be attributed to a poor 
parameterization. 

3.6 Nonparametric smoothing 

We have dealt almost exclusively with fully parametric models. An 
alternative approach would be to estimate the variances through 
nonparametric regression techniques (see Silverman, 1985; Hall and 
Marron, 1987). In this section we discuss what is known about 
estimating the regression parameter P when the form of the variance 
function has not been specified. We first concentrate on the case that 
generalized least squares is to be used, so that we only need an 
estimate of the variance function. We do not discuss the case of 
maximum-likelihood rather than generalized least-squares estim
ation, which is in the emerging literature of semi parametric adapt
ation. References in this latter area include Bickel (1982), Begun et al. 
(1983), and Carroll et al. (1986b). The literature on semiparametric 
maximum-likelihood estimation is undergoing a vigorous expansion 
and will be better covered in a few years when we have a perspective 
on the results. 

As we have seen in section 2.7, nonparametric estimation of the 
variance function via smoothing techniques can be a useful data 
analytic device. We now, look at the effect of smoothing on 
generalized least-squares estimates of p. 

Recall the basic asymptotic result for a fully parametric specific
ation of the variance function as in (2.1). At least in the limit, 
generalized least-squares estimates are just as efficient as weighted 
least-squares estimates with known weights. Now suppose that a 
parametric specification of variance is not known, and that instead we 
are only sure that for an unknown function go either 

Standard deviation of Yi = gO(Xi) (3.43) 
or 

Standard deviation of Yi = gO(Jli(P)) (3.44) 

The question is whether it is possible under either (3.43) or (3.44) to 
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construct an estimator of p which does as well as if the weights were 
known. If we can do this, then we will say that we can adapt for 
heteroscedasticity. 

One possible construct has been investigatedin an important paper 
by Fuller and Rao (1978); see also Carroll and Cline (1988). Suppose 
that at each design point Xj there are mj replicate observations. In 
practice, the number of replicates is usually small. A method often 
used in practice is this. First fit unweighted least squares to the data 
and then compute the absolute deviations djiPLS), where 

djJ{P) = I Yij - f(xj, P) I 
As an estimate of the variance at Xj take 

(3.45) 

(3.46) 

Estimated weights Wj = 1.0/tJf are formed and generalized least 
squares applied. This is a 'connect-the-dots' variance-function es
timator. For the most part these weights are unreliable because they 
are based on a small number of degrees of freedom. Technically, the 
'connect-the-dots' method yields an inconsistent estimate of the 
variance function, so it should come as no surprise that the resulting 
estimate of P does not adapt. This was proved for the normal 
distribution by Fuller and Rao (1978). The increase in asymptotic 
variance for P due to using this inconsistent variance function can be 
substantial. The estimated variances (3.46) are not smooth enough, 
and this appears to be the cause ofthe poor behavior ofthe resulting 
generalized least-squares estimate of P; see also Rao and Subrah
manian (1971). 

Carroll (1982a) noted that there is more information about the 
variance function than simply the estimates (3.46). The chain of 
reasoning begins with the observation that, in regression on means, 
for values of x 'near' one another the true means are typically assumed 
to be similar. Since we have argued previously that variance-function 
estimation is really a form of regression, it makes sense to take as a 
working hypothesis that for values of x 'near' one another the true 
variances are typically similar. This argument suggests estimating the 
variance at x by aform of weighted averaging of the squared residuals, 
those design points closest to x getting the most weight. Such 
averaging is the basic idea of most nonparametric regression 
methods. The idea was that a variance-function estimate obtained by 
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smoothing, being a consistent estimate, would be just good enough to 
allow us to estimate p well. 

One method of estimating the variance function is to note that 

Variance(Yi) = E(y; IXi) - [E(ydxJ]2 

This suggests two applications of non parametric regression by 
estimating the conditional expectations of both y; and Yi given Xi' If 
one is confident that the mean function is f(x i , P), then it is more 
efficient to implement a single application of non parametric re
gression using the relationship 

Variance(yJ = E(d;(P) I Xi) (3.47) 

The predictor Xi is a vector of p elements, the jth of which will be 
denoted xY'. Assuming that P is known and that the variances follow 
the model (3.43), consider estimating 9o(X) by a weighted average of 
the terms d;(P), with largest weight given to those observations closest 
to X, i.e., 

N 

g~(x, P) = L Ci.N(X)d;(P) (3.48) 
i= 1 

where 
N 

L Ci.N(X) = 1 
i= 1 

In order to obtain a consistent estimate of the variance function, as 
the sample size gets large, Ci,N(X) should approach a Dirac function 
evaluated at x. One way to make this operational is through the use of 
kernel functions. Let b(N) -+ 0 control the amount oflocal averaging, 
and let K be a unimodal p-dimensional density function with mode at 
the origin. Define 

(3.49) 

where 

_ (xj1) - x(l) x\P) - X(P») 
ai,N(x) - K b(N)" .. , b(N) 

Note how b(n) controls the amount of averaging. Larger values of 
b(N) imply more smoothness but also some bias, so that as b(N) -+ 00 
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for fixed N we get 

113 

which is a constant and clearly unacceptable. Smaller values of b(N} 
imply less bias but also less smoothness and more variance, with 
b(N} ~ 0 for N fixed being equivalent to 'connecting the dots'. Clearly 
how we choose the bandwidth matters greatly; see Haerdle et al. 
(1987), Hall and Marron (1987), and Marron (1986, 1987). 

Here is our suggestion. Let f]be an estimator of /3. One possibility is 
un weighted least squares, but we would prefer not to use this because 
it is so sensitive to leverage. Because ofheteroscedasticity, unweighted 
least squares tends to find 'outliers' at the high leverage points and is 
thus a particularly gruesome method on which to base one's estimate 
of weights. Form the kernel variance function gMx, f]}, and then form 
a weight function 

(3.50) 

Here 1'fN is a deterministic positive sequence of numbers converging to 
zero more slowly than the bandwidth; its main value is to eliminate 
the possibility of infinite weights. We will denote by f]w the generalized 
least-squares estimate of /3 based on (3.50). 

The following result appears to hold in some generality. However, 
the research is still in a rather primitive state, focusing on such simple 
problems as linear regression. 

Result 3.1 Using the weighting scheme (3.50), the estimate f]w adapts 
for heteroscedasticity, i.e., has the same asymptotic distribution as if 
the weights were known. 

This very encouraging result was first discovered by Carroll (1982a), 
although proved only for the special case of linear regression with a 
(p = 1 }-dimensional predictor. The result has been generalized by 
Muller and Stadtmuller (1986) and Robinson (1986). The proofs tend 
to be long and technical. For a hopeful Monte Carlo study, see 
Matloff et al. (1984). 

Based on our experience with least-squares residuals, we re
commend that the variance function be re-estimated by using the 
deviations di(f]w)' Generalized least squares would then be applied 
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based on the re-estimated variance function. Further iteration might 
be considered, although we have no experience with doing so. 

Model (3.44) postulates that the variances are strictly a function of 
the mean response. There is an unfortunate and unwise tendency to 
dismiss this model because it is formally a special case of (3.43). 
Occam's razor dictates that simpler models can be more easily 
understood and estimated. If there are to predictors and the variance 
is usefully modeled as a function of the mean, it makes no sense to do 
to-dimensional nonparametric regression. The kernel regression 
estimator is changed only by replacing x in the argument for (3.49) by 
f(x, pl. Carroll (1982a) has shown that an analog of Result 3.1 holds, 
and thus we can adapt for heteroscedasticity if the variances are 
known only to depend on the mean. 

In this subsection, we have indicated methods for smoothing 
squared residuals. The resulting estimated variance functions are 
efficient enough that in large samples for estimating f3 one can treat 
the weights as if they were known. In sections 2.7 and 3.3, we also 
advocated the smoothing of absolute residuals and their logarithms. 
Robust smoot hers might also be used. We know of no theory for these 
alternative methods. 

Since by smoothing squared residuals we can estimate f3 asymptoti
cally as well as if the variances were known, there is a tendency to 
believe that finding a parametric model for the variance function is 
not worth the effort. We take the position that parametric and 
nonparametric methods are both worthwhile. Parametric models are 
easier to understand and more efficient to estimate. Nonparametric 
methods have an important role to play in uncovering structure, 
especially for problems with moderately large sample sizes. The major 
importance of the results in this section is that they indicate the basic 
gain in efficiency for estimating f3 when one exploits the simple, basic 
idea that variance-function estimation is a form of regression. 
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The transform-both-sides 
methodology 

4.1 Introduction 

In nonlinear regression, a model f(x, (3) for the expectation of the 
response y is often available from a theoretical understanding of the 
system giving rise to the data, through preliminary data analysis, or 
through experience with similar data. A model for the random 
variation of y about f(x, (3) is less commonly available. For example, 
to study pulmonary defense mechanisms, mice can be placed in a 
chamber containing an aerosol of bacteria labeled with a radiotracer 
(Ruppert et aI., 1975). At specified times, the mice are sacrificed and 
the lungs are removed and homogenized. The total quantity of 
bacteria inhaled and the quantity still viable at sacrifice are measured 
by placing the homogenate in a scintillation counter and by culturing 
a sample of the lung homogenate. Let Xt, xo, and t be the measured 
number of viable bacteria after sacrifice, the measured number 
inhaled, and the time between exposure and sacrifice. Let y = (xt/xo) 
x 100% be the percentage of bacteria viable at time t. Assuming a 
constant bacterial death rate in the lung, the bacteria will decrease 
exponentially. This leads to the model 

y = exp (IX + (3t) (4.1) 

The bacterial death rate is - (3, and IX should be approximately 
10g(I00). There are numerous reasons why this model will not hold 
exactly. In particular there will be measurement errors in y, xo, and t. 
Further {3 varies in time and, more importantly, across animals. In 
this example, none of the sources of variation are easy to model. A 
model combining all of them seems impossible given the type and 
amount of data available. It appears necessary to model empirically 
the fluctuations in y about (4.1). 
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It is common practice simply to assume additive, normal errors in 
(4.1), i.e., that 

y = f(x,P) (4.2) 

where e is normally distributed with mean 0 and variance (12. 

Unfortunately, the residuals often are heteroscedastic and/or skewed 
and may contain outliers. Heteroscedasticity alone can be handled by 
the weighting techniques discussed in the previous chapters, but 
weighting by reciprocal variances is alone not suitable for highly 
nonnormal e. In Chapter 6 we discuss an entirely different method of 
weighting, where the weights are a decreasing function of the 
'influence' of an observation. These so-called robust estimators can 
accommodate certain types of nonnormality, in particular the 
presence of outliers. However, most robust estimators assume a 
symmetric distribution. 

There are two well established ways of modeling skewed data. One 
approach lets the density of e be in a parametric class of skewed 
densities, say gamma densities. This leads to generalized linear 
models (McCullagh and NeIder, 1983). Our approach assumes that y 
can be transformed to a symmetric distribution. Both generalized 
linear models and transformation models have been used successfully 
in practice. Both can, in fact must, be generalized to cover the variety 
of data found in practice. For example, generalized linear models can 
be extended to generalized nonlinear models. Variance functions, 
discussed in the previous chapter, can be used with either generalized 
linear or transformation models. 

Let h(y, A) be a family of transformations of y indexed by the 
parameter A. In many examples A is scalar, but this is not necessary. It 
is generally required that h(y, A) be monotone in y; otherwise, a model 
for h(y, A) cannot generate a model for y by inverting the 
transformation. 

The most commonly used family is the modified power transform
ations of Box and Cox (1964) 

h(y, A) = y(") = {(l- 1)/A 
logy 

Another possibility is a power transformation with shift 

h(y, A, /l) = (y - /l)(") 

(4.3) 

(4.4) 

The use of(4.3) assumes that y is positive. If y has a minimum possible 
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value, then (y - p.) can be made positive by the proper choice of p.. The 
shifted power transformation is discussed in detail by Atkinson 
(1985). 

After choosing the transformation family, (4.2) is replaced by 

h(y, Je) = h(f(x, P), Je) + B (4.5) 

Model (4.5) will be called 'transform both sides' and abbreviated by 
TBS. The model states that, after applying the same transformation to 
y and f(x, P), the residuals are normally distributed with a constant 
variance (Carroll and Ruppert, 1984a). 

The motivation for (4.5) is as follows. When there are no sources of 
variation, that is when B == 0, (4.2) and (4.5) are equivalent. We 
transform the response y to induce symmetric errors with a constant 
variance. Then we apply the same transformation to f(x, P) to 
preserve the relationship between y and x. Equation (4.5) allows 
random variation to enter the model in a variety offorms. Moreover, 
if h(y, Je) is linear in y for some Je, then (4.5) includes (4.2) as a special 
case; one has the option not to transform when the data so indicate. 
For example, when using the modified power transformation family, 
we can test the null hypothesis that no transformation is necessary by 
testing Ho: Je = 1. 

If h(y, Je) is a sufficiently rich family, for example the modified power 
transformations, then (4.5) can be fit successfully to data sets 
exhibiting severe heteroscedasticity and/or nonnormality. The para
meter Je can be estimated along with p and (T, so that the data 
themselves can determine how we model the effect ofthe disturbance B 

on the response y. 
It should be stressed that transformation model (4.5) is very 

different from the model studied by Box and Cox (1964). In their 
model the response y is transformed but not the regression function 
f(x, Pl. The Box~Cox transformation model is most appropriate 
when f(x, P) is selected for its simple form, say straight-line regression, 
but f(x, P) does not fit the untransformed y. The transformation h is 
chosen so that f(x, p) fits h(y, Je). It is hoped that the same h induces 
normality and a constant variance. 

Our transformation model assumes that the regression equation 
y = f(x, p) already fits the data adequately, but the residual variation 
is nonnormal or heteroscedastic. This assumption is reasonable 
whenever a model f(x, P) has already been chosen empirically, as in 
Snee (1986), or else is available from theoretical considerations. We 
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transform both y and f(x, (3) to preserve the regression equation. 
When the residual variation exhibits skewness or heteroscedastic

ity then several reasons exist for using the transform-both-sides 
method rather than simply fitting y to f(x, (3) by unweighted least 
squares. First, transformation to normality and homoscedasticity 
allows the parameter vector {3 to be estimated efficiently. Without a 
transformation, the ordinary least-squares estimator of {3 will have an 
unnecessarily large variance. Moreover, the TBS model provides a 
model of the entire conditional distribution of y given x. Therefore, 
confidence intervals for the mean or quantiles of yare available as 
well as prediction intervals for y and calibration intervals for x given 
y. Even when fj estimates {3 well, confidence, prediction, and 
calibration intervals based upon ordinary least squares can be grossly 
in error if the residual variation is nonnormal or has a nonconstant 
variance; this point has already been discussed in Chapter 2. 

In section 4.2 we discuss the modified power transformation family 
further, in particular how it can accommodate heteroscedasticity and 
skewness in the original response y. Section 4.3 discusses estimation 
of {3, A, and u. Estimation ofthe conditional mean and the conditional 
quantiles of y given x is the topic of section 4.4. Several examples are 
treated in detail in section 4.5. 

Other aspects of transformations are discussed in later chapters. 
Although transformations can remove heteroscedasticity and non
normality, for a given data set there is no guarantee that one 
transformation can do both. It may be necessary simultaneously to 
transform to remove skewness and to weight to stabilize the variance. 
In Chapter 5 weighting and transformations are compared, and 
methods are introduced for deciding when to transform, when to 
weight, or when to do both. Outliers can have drastic effects on 
estimated transformation parameters. For example, one outlier can 
induce tremendous skewness or apparent heteroscedasticity in an 
otherwise normal and homoscedastic set of data. Conversely, right
skewness can be masked by a single outlier in the left tail, and 
heteroscedasticity may be hidden if an outlier occurs at an observ
ation that would otherwise have a small variance. In Chapter 6 robust 
estimation and diagnostics for influential and outlying points are 
introduced for transformation models. 

The idea of transforming both sides of a regression model has been 
around for a long time. Its traditional use has been to linearize 
otherwise nonlinear models; there are many examples where a simple 
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transformation of f(x, fJ), say the inverse or logarithm, is linear in the 
parameters. Modern nonlinear software makes such transformation 
unnecessary. Moreover, linearizing transformations may induce 
asymmetry or heteroscedasticity, making ordinary least squares very 
inefficient. Box and Hill (1974) give an example where the effect of 
linearization is severe induced heteroscedasticity and a physically 
impossible estimate of a parameter. They suggest retaining the 
transformation and correcting the induced heteroscedasticity by 
weighting. Carroll and Ruppert (1984a) show that an equally 
satisfactory fit results from using a transformation to homo
scedasticity. 

Transforming both sides to achieve normality and a stable variance 
has no doubt occurred to data analysts from time to time. Snee and Irr 
(1981) used this idea in a mutagenesis study. The present authors 
became aware of the technique during a project modeling the Atlantic 
menhaden population. A biomathematician, R.B. Deriso, suggested 
log-transforming both sides of a catch~effort model to eliminate the 
potential effects of severe right-outliers in catch data, in effect 
inducing near-symmetry. Later in the same project when modeling 
spawner~recruit data, we used TBS with the parameter estimated by 
maximum likelihood. 

Carroll and Ruppert (1984a) appear to be the first to advocate 
transform both sides as a general statistical technique. 

Another early application of transform both sides in a special case 
appears in Leech (1975). He was concerned with testing whether the 
errors entered the model additively, corresponding to A = 1 in the 
modified power transformation family, or multiplicatively, corres
ponding to A = O. Leech suggested that one could give meaning to 
other values of A, but he did not pursue this suggestion. 

Another useful model is the linear regression of the transformed 
response y().) on the transformed explanatory variable x().), i.e. 

(4.6) 

This model is often appropriate when x is a lagged value of y and is 
related to the common practice of transforming a time series before 
fitting an ARIMA (autoregressive integrated moving average) model; 
see Hopwood et al. (1984) and Box and Jenkins (1976, p. 303) for 
examples. Egy and Lahiri (1979) use (4.6) with heteroscedastic errors; 
their model is closely related to the model in Chapter 5. Model (4.6) 
can also be used when y and x are different measurements of the same 
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quantity. For example, Leurgans (1980) takes log-transformations 
when comparing a test and reference method of measuring glucose in 
the blood. "M:odel (4.6) is similar to the transform-both-sides model 

y(A) = (Po + PIX)(A) + G (4.7) 

used empirically by Snee (1986). When (xo and Po are 0, then (4.6) and 
(4.7) are equivalent. An advantage of (4.7) is that PI is a physically 
meaningful parameter even when A is unknown, since Po + PIX is the 
conditional median of y given x. By (4.6), the conditional median of y 
is 

h-I[(Xo + (XIX(A),A] 

which depends on the unknown A. Here h-I[y,A] is the inverse of 
h[y,A] as a function of y with A fixed, i.e., h-l[h(y,A),A] = y. 

There are sampling situations where the transform-both-sides 
method is equivalent to the 'transform-the-response' approach. For 
example, in the k-sample problem or one-way layout, one has a 
sample of size ni from population i, i = 1, ... ,k. The transform-both
sides model is 

(4.8) 

where Yij is the jth observation from the ith population and the G are 
independent normal variates with a constant variance. The 
transform-the-response model is 

h(Yij,A) = 0i + Gij (4.9) 

The only difference between (4.8) and (4.9) is in the meaning of J.l.i and 
0i. In (4.8), J.l.i is the median of Yij' while in (4.9) 0i is. the median and the 
mean of h(Yij' A). Notice that 0i = h(J.l.io A), and the maximum
likelihood estimates satisfy the same relationship by their invariance 
under reparameterizations. Thus we can translate the result from the 
transform-both-sides model to the transform-the-response model, or 
vice versa, without re-estimating. Also, both models lead to the same 
estimates of the distribution of y given x. 

Since the null hypothesis HO:J.l.l = ... = J.l.k is true if and only if the 
null hypothesis Ho: 0 I = ... = Ok is true, when testing for a group effect 
the models are equivalent. 

For estimation purposes the two models behave differently. The 0 
in model (4.9) will have large variances and are highly correlated with 
i; see Bickel and Doksum (1981), Box and Cox (1982), and section 4.3. 
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When using model (4.9), Hinkley and Runger (1984) suggest con
ditioning on 1. The conditional variance of ei given i is small, but the 
'parameter' being estimated is E(eili) which is random! In model (4.8) 
the {l have low sampling variability and are not highly correlated with 
i. This is related to the fact that J.li has physical meaning even when A. is 
unknown. The conditional approach of Hinkley and Runger does not 
seem necessary if (4.8) is used. 

Another introduction to the TBS model is given by Snee (1986). His 
excellent article contains a number of interesting applications. 

There are several papers about the Box~Cox 'transform-the
response' method that discuss issues of relevance to transform both 
sides. Carroll (1982c) gives an example where outliers have a 
tremendous effect on estimated transformation parameters. His paper 
demonstrates the need for diagnostics and robust procedures. Earlier 
papers on robust estimation in the Box~Cox model include Andrews 
(1971), Carroll (1980), and Bickel and Doksum (1981). Carroll (1982b) 
discusses the effects on requiring i to be in a restricted set, e.g., 
{ - 1, - 1/2,0,1/2, 1}, which is common practice. Carroll (1983) and 
Doksum and Wong (1983) discuss testing hypotheses about the 
regression parameters in the context of transformation. Carroll and 
Ruppert (1981a, 1984b) discuss prediction of the untransformed y, in 
particular estimation of the conditional median of Y given x. 

4.2 Heteroscedasticity, skewness, and transformations 

The intelligent use of transformations requires understanding of their 
effects upon nonnormality and heterogeneity of variance. This section 
shows how transformations remove heteroscedasticity when the 
variance is a function of the mean and how the convexity, or 
concavity, of a transformation determines its effects upon skewness. 

Suppose that the random variable Yi has a mean J.li and a variance 
fJ? that are functionally related so that fJ i = fJg(J.li) for some function g 
and constant fJ. As shown in Bartlett (1947), if Yi is transformed to h(Yi) 
then the variance of h(Yi) can be approximated by a simple Taylor 
series expansion 

Var(h(yJ) ~ E[h(y;) - h(J.l;)]2 

~ (h(J.lJfE[Yi - J.lJ2 

= (h(J.li))2[fJg(J.li)] 2 

(4.10) 
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where h is the derivative of h. Therefore the variance of h(Yi) is 
approximately constant if h(y) is proportional to (g(y)) - 1. 

Typically g will be positive and then h will be monotonically 
increasing. Monotonicity of h makes interpretation of the trans
formation easier since certain qualitative relationships between yand 
the independent variables, e.g., that y is an increasing function of a 
particular one of the independent variables, will be preserved by 
monotonic transformations. Moreover, if an objective is a prediction 
model for y, then it is essential that h be an invertible transformation. 

The accuracy of the Taylor series approximation depends upon the 
distance between Yi and f(x i, fJ) and the degree of nonlinearity of h. In 
general, the approximation is accurate when Yi has a small variance or 
the second derivative of h is small compared to the first derivative. 

There are many important examples where g is a power function, 
and then h can also be a power or modified power transformation. 
For example, g(p,) = J11 /2 for Poisson-distributed data, and then h(J1) 
should be a linear function of J11 /2 so one can take A = 1/2 in the Box
Cox family. If g(J1) is equal to J1, then the coefficient of variation is 
constant and h(J1) should be proportional to J1- 1; log-transformation 
stabilizes the variance. When the shape parameter is constant, 
lognormal- and gamma-distributed data are special cases. In general, 
when g(J1) = J1(1 -;.) then h should be proportional to J1(;' -1), and either 
the modified power transformation h(y, A) = y<;.) or, when A =1= 0, the 
ordinary power transformation is appropriate. 

Van Zwet (1964) has introduced a definition of relative (right-) 
skewness. He defines the distribution function G to be more (right-) 
skewed than the distribution function F if R(t) = G- 1(F(t)) is a convex 
function. To see the reasoning behind this definition, note that if X is 
F-distributed then Y = R(X) is G-distributed. Since the convex 
function R has an increasing first derivative, the transformation R 
from X to Y tends to 'push together' values in the left tail and 'pull 
apart' values in the right tail relative to its effects on central values. 
Compared to X, Y will have a longer right tail and a shorter left tail. 
Therefore, van Zwet's definition is a quite natural translation of an 
intuitive notion of skewness into a precise mathematical notion. Van 
Zwet has shown that the ordinary standardized third-moment 
coefficient of skewness y respects his definition of right-skewness, in 
that y( G) ~ y(F) if G -1 F is convex. 

According to van Zwet's definition, if we transform Y to cp(Y) then 
we increase right-skewness if cp is convex, while we decrease right-
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skewness if cp is concave. Therefore, cp(Y) will have a greater or smaller 
skewness coefficient than Y according to whether cp is convex or 
concave. 

In the Box-Cox family yeA) is convex for )~ > 1 and concave for 
,.t < 1. In our experience right-skewed data are more common than left
skewed, and this explains why A is typically less than 1 in practice. 
However, left-skewed data sets exist, and to induce approximate 
symmetry they should be transformed by A greater than 1. In many 
biologic and economic data sets, the response is positive, right
skewed, and heteroscedastic with the variance an increasing function 
ofthe mean. In such a case, a transform yeA) with A < 1 will reduce both 
skewness and heteroscedasticity, though there need not be a single 
value of A transforming to both symmetry and constant variance. 

In the modified power transformation family, yeA) more severely 
affects skewness and heteroscedasticity as A moves away from 1. If A is 
fixed in the modified power transformation family with shift Jl, then 
h(y, A, Jl) = (y - Jlt A) becomes more severe as Jl tends toward the 
minimum of Yl"",YN' 

Bickel and Doksum (1981) mention that, for A> 0, yeA) can be 
extended to negative Y by the transformation 

Y- [lyIAsgn(y) - IJ/A 

This transformation changes from convex to concave as y changes 
sign, so its effect on skewed data will be difficult to predict. Such 
concave-convex function can be applied to a symmetric distribution 
to change the kurtosis (van Zwet 1964, Oja 1981, Ruppert 1987). If 
A < 1, then the effect is to decrease peakedness and tail weight so that 
the kurtosis is reduced. 

When the variance of Yi is small relative to the variation among the 
means Jll"'" JlN' then the transformation h(Yi) is essentially equiva
lent to the transformation [h(Jli) + h(Jl;)(Yi - Jl;)]' Being linear in Yi' 
this transformation has no effect on distributional shape, but because 
the slope varies with i, it has the effect on the mean-variance 
relationship shown by equation (4.10). Thus when 'a is small', the 
transform-both-sides model is indistinguishable from the hetero
scedastic model 

Yi = Jli + ah(Jl;)ei 

discussed in Chapters 2 and 3. 
The variance need not be too small for the two models to be nearly 
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equivalent. As mentioned in the previous section, Box and Hill (1974) 
use a heteroscedastic model, with the variance proportional to a 
power of the mean, to analyze chemical kinetics data. Although the 
variability in that example is not small, Carroll and Ruppert (1984a) 
found that applying a power transformation 'to both sides' leads to 
the same conclusions and nearly identical estimates of the regression 
parameters. 

When the means Jil"'" JiN are nearly constant then transform
ation will have little or no effect on heteroscedasticity. Transform
ations can still be of importance to induce a symmetric, nearly normal 
distribution; see Example 4.2 in section 4.5. 

4.3 Estimation and inference 

Suppose h(y, A) is a family of transformations indexed by an m
dimensional vector A and for some A the transform-both-sides model 

h(y, A) = h(f(x, {3), A) + B (4.11) 

holds, where the Bi are independent, identically distributed according 
to the distribution function F. The first topic of this section is joint 
estimation of {3, A, and (1 by maximum likelihood, assuming that 
F = N(O, (12), the normal distribution with mean ° and variance (12. 

The case of general h(y, A) will be briefly discussed. We discuss in 
detail the case where h(y, A) is the modified power transformation y(A). 
Then the likelihood function can be re-expressed so that standard 
nonlinear least squares software will compute the maximum
likelihood estimates. The second topic is calculation of standard 
errors and confidence regions for A and {3. Finally we discuss 
estimation methods other than maximum likelihood. These methods 
attempt to transform to homoscedasticity, symmetry, or both and do 
not depend on a normality assumption. 

4.3.1 Maximum-likelihood estimation 

Let the Jacobian of the transformation Yi -+ h(Yi' A) be Ji(A), i.e. 

Ji(A) = dh(y, A)/dYiy ; 

so thatJi(A) = yl- i ifh(y, A) is a modified power transformation. Then 
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the conditional density of Yj given Xj is 

f(Yj I Xj, p, A, u) = (2nu2) -1/2 exp { - [h(yj, A) 

- h(f(x;, (J), A)]2/(2u2)}J JA) 

125 

and the loglikelihood for Y1'''.,YN given X1, ••• ,XN is, up to an 
additive constant, 

N 

L(P, A, u) = - N log (u) - L [h(yj, A) - h(f(xj, P), A)Y /(2u2) 
j= 1 

N 

+ L log [Jj(A)] (4.12) 
j= 1 

For fixed P and A, L(P, A, u) is maximized in u by 

N 

q2(P, A) = L [h(yj, A) - h(f(xj, P), A)] 2 / N (4.13) 
j= 1 

and the MLE of P and A maximizes 

N 

= - N log [q(P, A)] - N /2 + L log [Jj(A)] 
j= 1 

= - (N /2) log {q(P, A)2/[j(A)]2} - N /2 (4.14) 
where 

( N )l/N 
j(A) = 1\ Jj(A) 

is the geometric mean of J 1 (A), ... ,J N(A). The subscript 'max' means 
that the function is maximized over the omitted variables, here u. 

Lmax(P, A), or even L(P, A, u), can be maximized using an iterative 
optimization technique such as a Newton or quasi-Newton al
gorithm, or the related Fisher method of scoring. The latter was used 
in the examples in this and the next two chapters. Such methods are 
convenient when available and have certain advantages when 
estimating standard errors (see below). Unfortunately, many statisti
cal packages do not yet have general maximum-likelihood routines. 

Nonlinear least-squares software is now readily available. When 
using the modified power transformations, Lmax(P, A) can be put in a 
form suitable for least-squares estimation. As Box and Cox (1964) 
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note, the Jacobian is Ji(A) = yf-l and by easy algebra (4.14) becomes 

Lmax(P,).) = - (NI2) log [O' 2(P, A)IY2()·-l)] - N 12 (4.15) 

where y is the geometric mean of y 1, .•. ,YN' Therefore P and i 
minimize 

(4.16) 

Expression (4.16) can be minimized by standard nonlinear least
squares software. Most nonlinear regression routines do not allow the 
response to depend upon unknown parameters, so unless A is fixed we 
cannot use ylA) I yA as the response and PA) I yA as the model. Instead we 
reformulate the model so that the response does not depend on 
parameters. To do this we create the dummy variable Di which is 
identically equal to zero and use Di as the 'pseudo-response'. Then we 
incorporate the true response into a 'pseudo-model'. Define the 
'pseudo-regression function' 

e(xi' p,).) = [ylA) - PA)(Xi, P)]I yA 

with 'independent' variables x and y and 'regression' parameters P 
and ).. The 'pseudo-model' fits Di to e(xi' p,).) 

Di = e(xi' p,).) (4.17) 

The residual from the pseudo-model is e(xi, p, A), which is the same 
residual as the transformation model; this is the reason for setting the 
'response' Di identically zero. The least-squares estimates from this 
pseudo-model minimize (4.16) and therefore are the MLEs even 
though (4.17) is not a bonafide regression model. The MLE of (12 can 
be recovered from (4.13), that is 0'2 = O' 2(p,i). To correct for degrees 
of freedom, we use 

(4.18) 

Another method of computing the maximum-likelihood estimates 
with standard software exists but is not quite as convenient as fitting 
the pseudo-model. For fixed)" Lmax(P,).) is maximized with respect to 
P by the least-squares estimate, P().), when h(y,).) is fit to h(f(x,P),A). 
By the 'max' notation, Lmax().) = maxp Lmax(p,A) = Lmax(P().),).).When 
). is scalar, as in the modified power family with a fixed shift, Lmax().) 
can be maximized over ). by a univariate numerical routine or 
graphically. This is the method that Box and Cox (1964) advocated 
for their 'transform-the-response' model. However, Box and Cox 
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considered only linear models, and since they did not transform the 
model, they could fit h(y';.) to f(x,P) = XT P by linear least squares. 
When the model f(x,P) is also transformed, nonlinear least squares 
must be used. Then fitting the pseudo-model (4.17) is easier than 
repeatedly fitting h(y,A) to h(f(x,P), A). We had originally suggested 
the Box-Cox method (Carroll and Ruppert, 1984a) before discover
ing the pseudo-model approach. 

We have never encountered irremediable convergence problems 
when fitting the pseudo-model to data, but the model is quite 
nonlinear in A, and there may be convergence difficulties for poorly 
behaved data. In such cases one could try the Box-Cox method of 
maximizing LmaAA), but if the convergence difficulties are due to the 
poor behavior of f(x, P) then this method probably will not help. 

Convergence problems are usually overcome by evaluating the 
sum of squares over a large grid on the parameter space in order to 
find a good starting value. Also, poor convergence may indicate either 
an inadequate or an overparameterized model, f(x, P). 

One advantage of plotting Lmax(A) is that this provides a confidence 
interval for A (see below). 

4.3.2 Standard errors 

There are at least six approaches to the calculation of standard errors. 
These will be listed and given the following italicized names. 

(1) Fisher iriformation - Invert the 'observed' Fisher information 
matrix for the joint estimation of p, A, and (1, to obtain the large
sample covariance matrix of p, i, and a- (see section 7.1). We borrow 
the terms 'observed' and 'expected' information from Efron and 
Hinkley (1978); see below. 

(2) Concentrated Fisher iriformation - Invert the negative Hessian 
of Lmax(P, A) evaluated at p and i, acting as though Lmax(P, A) were a 
loglikelihood for P and A, to obtain a large-sample covariance matrix 
for P and i. Lmax(P, A) is often called the concentrated likelihood, 
though this term could be applied to Lmax(A). 

(3) Pseudo-model- Use the standard errors of P and i when the 
pseudo-model (4.17) is fit by nonlinear least squares. As will be 
discussed further, this method does not consistently estimate the 
standard deviation of i. 

(4) Fixed A - Use the standard errors for P when i) is fit to lX)(x, P) 
by least squares, A being fixed at i and treated as known. 
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(5) M-estimation - If the error distribution F is not normal, then 
the normal-theory estimators can still be used, but they will not be 
true maximum-likelihood estimators. The Fisher information 
methods will not be consistent for the variance-covariance matrix of 
(p, X). However, the maximum-likelihood estimators do estimate 
reasonable transformation parameters (Hernandez and Johnson, 
1980). Moreover, the MLEs are M-estimators so their variance
covariance matrix can be estimated using the theory of M -estimation 
in section 7.1. As discussed in that section, when the data can be 
transformed to normality and homoscedasticity, then using the 
theory of M-estimation is equivalent asymptotically to using the 
Fisher information. The advantage of the M -estimation approach is 
that the standard errors are consistent under very general conditions. 
F need not be assumed normal and the transformed response need 
not have a constant variance. 

(6) Bootstrap - Use Efron's (1979) bootstrap. The bootstrap is 
described in Efron and Tibshirani (1986), Efron (1982), and in 
section 2.5. 

Each~ appr~ach gives a large-sample covariance matrix either for fj 
or for P and A. jointly. Confidence intervals for single parameters or 
confidence regions for sets of parameters can then be constructed 
using the joint asymptotic normality of fj and i. 

Carroll and Ruppert (1984a, 1987) have studied the first four 
approaches in some detail. 

The following points will help when choosing one ofthese methods. 
(a) The standard large-sample theory for maximum likelihood is 

not strictly applicable to the Fisher and concentrated Fisher inform
ation methods unless the distribution F of the errors is normal. Since 
the yare assumed positive, this is possible only in the special case 
where A. = O. However, if F is close to normal then we expect the 
information methods to be only slightly biased. 

(b) By a theorem in Patefield (1977), the inverse concentrated 
information matrix is equal to the covariance matrix of(P, i) obtained 
by inverting the full information matrix and taking the appropriate 
submatrix. The concentrated information, of course, does not esti
mate the standard error of u or the covariance of u with P or i. 
However, statistical inference about (J' is often unimportant; typically 
a point estimate of (J' suffices. 

(c) The pseudo-model and fixed-A. methods are consistent for the 
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limiting covariance matrix of P as N -t 00 and (1-t O. Such 'small (1' 
asymptotics have been used by Bickel and Doksum (1981) and others 
in the study of transformation models where 'fixed-(1' asymptotics 
are too complicated to offer much insight. 'Small-(1' asymptotics 
have often proved to be good approximations to finite-sample results 
when checked by Monte Carlo methods. Moreover, in many data 
sets, especially from engineering and the physical sciences, (1 does 
seem small in the sense that the model fits the data very well. 

(d) The pseudo-model estimates are inconsistent for the variance 
of i or the covariance of i with the p, with either (1 fixed or (1 tending to 
o as N tends to 00. The fixed-A method does not provide a standard 
error for 1. The pseudo-model and fixed-A methods for estimating the 
covariance matrix of P can be supplemented with a consistent 
estimate of the variance of 1. This estimate is 

The second derivative is easily calculated numerically. Let 6 be a small 
positive constant, say 6 = 0.01. Then evaluate Lmax{A) at i, i - 6, and 
i + 6. The approximate second derivative is 

[Lmax{i + 6) + Lmax{i - 6) - 2Lmax{i)]/62 

For any given value of A, Lmax{A) is obtained as Lmax{A) = 

{-{N/2)log[N- 1SSR{A)]-N/2} where SSR{A) is the regression 
sum of squares when fitting the pseudo-model, i.e., minimizing (4.16) 
over p, with A fixed. 

(e) The M-estimation and bootstrap methods do not depend upon 
normality and will produce consistent estimates of the standard 
errors under rather general conditions. Moreover as previously 
mentioned, the M-estimation method will produce consistent esti
mates of variances even when the transformation does not achieve 
homoscedasticity. The standard errors derived from M-estimation 
theory are similar to jackknife standard errors. Wu (1986) advocates 
the jackknife for its robustness to heteroscedasticity. The ordinary 
bootstrap is not robust to heteroscedasticity, though a modified 
bootstrap could be made robust; see the discussions ofWu (1986). As 
Carroll and Ruppert (1986) point out in the discussion ofWu (1986), 
robustness to heteroscedasticity is not a major concern; severe 
heteroscedasticity should be treated by weighting. However, this 
extra robustness of the M-estimation method is at least of some 
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benefit. An advantage of the bootstrap is its ability to estimate bias. 
Now we will discuss implementation of these methods. 

Fisher information Let 8 = ({3,).,,(1) be the parameter vector. 
Let Ii = li(8) be the loglikelihood for the ith observation so that 
L = Lf= 1 Ii; see equation (4.12). Then the expected Fisher information 
matrix is 

where Vii is the gradient of Ii with respect to 8, and V21i = (VVT)li is the 
Hessian matrix. The observed Fisher information matrix is 

(4.20) 

If L is maximized by Newton's method then I is computed as the 
negative Hessian of L. Another algorithm for maximizing L is the 
Fisher method of scoring. This is essentially Newton's method but 
with I replaced by 

(4.21) 

We will call Is the scoring-method observed information matrix. 

Concentrated Fisher iriformation It follows from (4.14) that the 
gradient of Lmax({3,).,) evaluated at (p, i) is 

~ ~ A2 ~ ~ N 
VLmax({3,).,)= -[1/(1 ({3,).,)] L ei(Vei) 

i= 1 

where ei = e(xi, P, X) is defined by theformula preceding (4.17), and Vei 
is the gradient of ei with respect to {3 and ).,. Since (fj, X) maximizes 
LmaA{3,)"), 

N 

L ei(Ve;) = 0 
i= 1 

and therefore the Hessian of Lmax(P, i) is 

V2 Lmax(P'x) = - [a- 2(p, X)] 

x Ct1 (Vei)(Vei)T + J1 e;(V2ei)) (4.22) 
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Note that the Fisher method of scoring is not applicable to Lmax({J, A), 
since that function is not expressed as a sum of components for 
Y1,···,YN· 

To simplify (4.22) note that log(y) is an average of all the 
values oflog (Yi) so it will be approximately equal to its expectation. If 
we ignore the randomness of y then only the lower-right corner ofV2ei 

is random, i.e., depends on Yi. Therefore only the lower-right corner of 
E(eS2ei) is nonzero and 

£ (e iV 2ei ) ~ [0 ° ] 
i=l ° H 

where H = - Lf= 1 eJ 02 / OA 2 )eJ. Therefore 

(4.23) 

can be used to estimate the variance-covariance matrix of (p, i). 

Pseudo-model The estimated variance-covariance matrix when 
fitting the pseudo-model Di = e(xi' {J, A) is 

S2(J1 (veJ(veJT )-l 

which is similar to (4.23) but without the term involving H. This 
explains why the pseudo-model estimates are not consistent for the 
standard deviation of i. One could call estimator (4.23) the corrected 
pseudo-model estimate. 

Fixed A The estimated variance-covariance matrix of p using 
nonlinear regression with A fixed at i is 

S2(J1 [(O/O{J)h(f(Xi,P),i)] [(%{J)h(f(xi,P),i)]T ) -1. 
Herd2 is N /(N - p)(p, which differs from (4.18) only in the degrees of 
freedom being (N - p) not (N - P - 1) since A is not estimated. Except 
for this difference, the information and fixed-A methods would give 
the same estimates of the variance-covariance matrix of P if the 
Fisher information matrix were block-diagonal (with P asymptoti
cally independent of (i, 8Y). This is precisely what happens under 
small-a asymptotics; see Carroll and Ruppert (1984a). 
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M-estimation Huber's (1967) asymptotic theory of M-estimation 
is outlined in section 7.1. In that section, the observations Y1, .. ·,YN 
are independent with distributions F l' ... , F N. The parameter f) is 
estimated by solving 

where '1'1, ... , 'P N are 'estimating functions'. Here we let 'Pi be the 
Fisher score function assuming that the data can be transformed to 
normality and constant variance. The Fi are the true distributions of 
the data and are not based on this assumption. The point is that 
Huber's theory of M -estimation tells us the effects of model misspeci
fication on asymptotic distributions. The estimated variances of P and 
i from this theory are consistent under misspecification. 

In the examples to follow, we use the gradient of L.nax(P, A) as the 
estimating function 'Pi. The estimated variance-covariance matrix of 
(P,x) is fi-I,4(fi-1)T, where A and fi are given by (7.11) and (7.12). The 
derivatives of 'Pi in (7.12) are computed numerically. 

Bootstrap The bootstrap is applied to weighted least squares in 
section 2.5, where possible refinements are also mentioned. Here we 
outline the bootstrap for transformation models. Again we let 
f) = (P, A, 0). Let 

be the ith residual. Take a bootstrap sample et, ... , e~ by sampling 
with replacement from {e1, ... ,eN} and let 

yr = h- 1[h(f(x i,P),i) + en 
Let 0* be the MLE off) from the bootstrap sample {y!, ... ,y~}. This 
process is repeated N B times and the variance-covariance matrix of 0 
is estimated by 

(4.24) 

where 0* = NB1Lf~1{jr. The bootstrap estimate of bias is (0* - 0). 
There is a variant of the bootstrap that we will call the parametric 

bootstrap. This technique uses a parametric estimate of the distri
bution F of the errors. Let K be the largest absolute residual. Let <Il" be 
the normal distribution with mean equal to 0 and standard deviation 
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equal to u. Then let Fp be <1>" truncated below at - K and above at K. 
The parametric bootstrap uses an independent, identically dis
tributed sample of size N from F p in place of ef, ... ,e~. 

4.3.3 Confidence intervals 

Confidence regions for the components of P and/or A or some subset 
of these parameters can be constructed using the asymptotic norm
ality of the estimators. Confidence regions of this type will be called 
Wald regions since they are based on work of Wald (1943); see 
section 7.2. The agreement between the true and nominal coverage 
probabilities of Wald regions can be poor if the parameterization is 
sufficiently 'nonlinear'. The accuracy of Wald regions for nonlinear 
models is best understood for nonlinear regression, where the 
application of differential geometry by Bates and Watts (1980) sheds 
much light on the problems of nonlinearity. Bates and Watts (1980) 
classify the effects of nonlinearity into two types, intrinsic curvature 
and parametric-effects curvature. The latter, but not the former, can 
be removed by suitable nonlinear reparameterization. However, there 
are no general methods to search for such reparameterizations and, 
when possible, it seems better to construct likelihood ratio confidence 
regions which are invariant to reparameterizations and are affected 
only by intrinsic nonlinearity. 

The method for constructing likelihood ratio confidence regions is 
well known but will be briefly described here. Let L(y, qJ) be a 
loglikelihood depending upon two vector parameters, y and qJ, with y 
of dimension r. As discussed in section 7.2, to test Ho: y = Yo one uses 

LR = 2[L(~, ¢) - L(yo, ¢(Yo))] 

where (~, ¢) is the unrestricted MLE of(y, qJ) and ¢(Yo) is the MLE of 
qJ under the constraint that y = Yo. The null hypothesis is rejected if 
LR > X~ -1I(r), the (1 - ex) quantile ofthe chi-squared distribution with 
r degrees offreedom. Therefore, a 100(1 - ex)% confidence region for y 
is 

{y:L(y, ¢(y» > L(~, ¢) - !X~ -at(r)} 

As an application of this technique, the likelihood ratio confidence 
interval for A in the TBS model is 

. - 1 2 {A.. Lmax(A) > Lmax(A) - 2Xi-at(1)} 
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Confidence intervals for the components of P can be constructed in an 
analogous manner. 

Likelihood ratio intervals are a greater computational burden than 
Wald intervals. This is their major disadvantage. Likelihood ratio 
intervals can be expected to see more widespread use in nonlinear 
models as advances are made in hardware and, perhaps more 
importantly, in statistical software. Wald confidence regions are 
always ellipsoids and can be described by a quadratic form, but 
likelihood ratio confidence regions can be of arbitrary form and are, 
in general, difficult to describe for three or more parameters. 

4.3.4 Conditional iriference - treating A as fixed 

It follows from (c) in the discussion of standard errors (subsect
ion 4.3.2) that the standard errors of fj calculated by the fixed-A 
method agree under small-(J' asymptotics with the standard error 
calculated by methods acknowledging that A is estimated. This is an 
important point. Moreover, the Monte Carlo results suggest that, 
even when (J' is not small, treating A as known will not lead us astray 
when we make inferences about P (Carroll and Ruppert, I 984a). 

In the case of the Box-Cox 'transform-the-response only' model, 
the situation is quite different, as Bickel and Doksum (1981) have 
demonstrated. In the Box-Cox model fj may be orders of magnitude 
more variable when A is estimated than when it is known and fixed. 
The reason is that as A varies there will be drastic changes in the 
response h(y, A) but not in the model f(x, p). This has led to 
considerable controversy; see Hinkley and Runger (1984) and the 
discussion to that paper. One point of contention is whether P is a 
'physically meaningful parameter' when A is not known exactly. In 
contrast, when one transforms the response and the model, then P is a 
physically meaningful parameter even without knowledge of A; f(x, p) 
is the conditional median of y given x. 

In summary, the controversy over whether A can be treated as fixed 
is not relevant to the transform-both-sides model. 

4.3.5 Alternative estimators 

The maximum-likelihood estimator attempts to transform to norm
ality and homoscedasticity. As has been pointed out, transformation 
to exact normality is not possible when y is positive except for certain 
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values of A.. A more modest and attainable goal is to transform to 
either symmetry or homoscedasticity, or perhaps both. 

In this section we introduce an estimator i Sk transforming to 
symmetry and an estimator i he! transforming to homoscedasticity. By 
comparing them we can see whether the goals of symmetry and 
homoscedasticity after transformation are compatible. 

Transformations to symmetry have been studied by Hinkley (1975) 
and Taylor (1985). Here we introduce them in the setting of transform 
both sides. Let T(F N) be a symmetry measure applied to an empirical 
distribution function F N. Thus T(F N) should be 0 for a perfectly 
symmetric sample, positive for right-skewed data, and negative for 
left-skewed data. The standard skewness coefficient, i.e. the sample 
third moment divided by S3, is a typical choice of T. Another 
possibility is 

{[FN lti) - FN 1(1)]/[FN 1(1) - FN 1(~:)]} - 1 

which depends only on the sample quartiles and is insensitive to 
outliers. 

For fixed ..1., regress h(Yi'..1.) on h(J(Xi' {J), ..1.), let fj(..1.) be the least
squares estimate, and let F N(..1.) be the empirical distribution of the 
residuals. Let T(..1.) be T[F N(..1.)]. Then ~Sk is defined by the estimating 
equation 

(4.25) 

Let PSk = p(isk). Clearly, (PskJSk) is an M-estimate, the defining 
equations being the least-squares 'normal equations' and (4.25). 

The estimator ~he! is based on a test for heteroscedasticity. There 
are many methods of testing for heteroscedasticity in regression. 
These are discussed in Chapter 3. Suppose H is a test statistic for 
heteroscedasticity that depends on the absolute residuals and predic
ted values. Suppose as well that H = 0 corresponds to no hetero
scedasticity, positive H indicates that the variance is an increasing 
function of the mean, and negative H indicates that the variance is a 
decreasing function of the mean. For example, H could be the 
Pearson correlation between the squared residuals and the logari
thms of the predicted values; this is the 'score test' for heteroscedastic
ity in Chapter 3. One might prefer the Spearman rank correlation 
because of its robustness. In that case, it is irrelevant whether we use 
squared or absolute residuals or whether we use predicted values or 
their logarithms; the Spearman rank correlation is invariant to rank-
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preserving, i.e., monotonically increasing, transformations of either 
variable. 

Now for fixed A. let H(A.) be the value assumed by H when h(Yi' A.) is 
regressed on h(f(Xi' P), A.) and H is applied to the absolute residuals 
and predicted values. Then .thet is defined by the equation 

(4.26) 

and Phet is p(lhet). 
Aldershofand Ruppert have begun a study oflsk and l hot' They also 

consider a transformation to both symmetry and heteroscedasticity 
which they call1hetsk' The latter is defined by a linear combination of 
equations (4.25) and (4.26). The weights in this linear combination are 
estimated to minimize the asymptotic variance of lhetsk' Since this 
research has not been completed, we are unable to give further details. 
In section 4.5, the values of these estimates on a real data set will be 
compared with the maximum-likelihood estimate. 

4.4 Inference about the dependent variable 

One typically thinks of regression analysis as modeling the con
ditional mean of Y given x, but regression analysis actually includes 
more. Whether or not it includes a transformation, a regression model 
expresses the entire conditional distribution of the dependent variable 
Y as a function of the independent variables x. Consider first an 
ordinary multiple linear regression model 

Y = xTp + O'e 

where e has distribution <1>, the standard normal distribution function. 
Often statistical inference concentrates on p, which of course only 
describes the conditional mean (and median) of Y given x. The 
normality assumption plus knowledge of 0' actually tells us the entire 
conditional distribution. For example 

P(Yi ~ Y I Xi) = <I>[(y - xi P)/O'] 

and the pth quantile of Yi given Xi is 

qp(Yilx;) = xJP + O'<I>-l(p) 

(4.27) 

(4.28) 

Conditional probabilities or quantiles for Yi can be estimated by 
substituting P and u into (4.27) and (4.28). 
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Now consider the TBS model 

h(y, ,1.) = h(f(x, p), tl) + e 

or re-expressing this equation as a model for y itself 

y = h- 1 {[h(f(x, }1), tl) + e], tl} 
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where e has distribution F. Until now we have assumed that F(x) = 
Cl>(x/a), but we know this assumption cannot be strictly correct for 
families of transformations whose range is not the entire real line. 
When y is positive this would preclude the modified power transform
ations except when tl = O. Therefore, we will only assume that F is 
close to normal but with bounded support, perhaps a truncated 
normal distribution. We will also assume that h is monotonically 
increasing. 

The pth quantile of y given x is 

qp(Ylx) = h- 1 { [h(f(x, p), tl) + F- 1(p)], tl} (4.29) 

A possible estimator of qiylx) is 

IMylx) = h- 1{ [h(f(x, $), i) + 8<1>-1(p)], i} (4.30) 

This estimator is parametric in that 8<1>-1(p) is used as an estimate of 
the pth quantile of the error distribution. Because of concern over the 
normality assumption, we might replace 8<1> -l(p) by the pth quantile 
of the residuals, FN 1 (p), where F N is the empirical distribution 
function of the residuals. Then a non parametric estimator of 1M y Ix) is 

t]p(ylx) = h- 1{[h(f(x,/1},i) + FNl(p)],i} (4.31) 

Given a new x, a 100(1 - a)% prediction interval for y given x is 

(4.32) 

and of course the nonparametric t] could be used instead of q. 
Formula (4.32) ignores estimation errors for}1, tl, and a. Using (4.32) 

is reasonable only when the sample size is sufficiently large. Correct
ing for estimation error by modifying (4.32) would complicate the 
calculation of the prediction interval, but is probably necessary for 
small to moderately large data sets. In example 4.1 of section 4.5, the 
sample size is 27 and the prediction limits are surprisingly sensitive 
to A. 

In other areas of statistics, e.g., time series analysis (Box and 



138 TRANSFORM·BOTH·SIDES METHODOLOGY 

Jenkins, 1976), sample sizes are large and it is standard practice to 
treat the parameters as known when setting prediction limits. 
However, in calibration and prediction problems, the variability of P 
and a are accounted for. 

The conditional mean of y given x is 

E(ylx) = f h- 1 { [h(f(x, P), A) + e], A} dF(e) 

To estimate E(ylx) we can substitute estimates for P and A, but if h- 1 

is not defined on the entire real line, as is usually the case, e.g., for 
power transformations, we cannot simply substitute <I>(oja) as an 
estimator of F unless we truncate the range of integration. A 
parametric estimator of E(y I x) is 

E(Ylx) = [<l>(max {rja}) - <l>(min {rja})]-l 

x h -1 {[h(f(x, p), i) + ae], i} d<l>(e) fmax{r) 

min{r} 

(4.33) 

where min {r} and max {r} are, respectively, the smallest and largest 
residuals. A nonparametric alternative to (4.33) is the 'smearing 
estimator' of Duan (1983). Into the definition of E(ylx) this estimator 
substitutes (p, i) for (P, A) and F N for F. Specifically, the smearing 
estimator is 

_ N ~ ~ ~ 

E(ylx)=N- 1 L h- 1{[h(f(x,p),A)+r;],A} (4.34) 
i= 1 

In an unpublished Monte Carlo study, we found E(Ylx) and E(Ylx) 
have similar performance when the F is the normal distribution 
truncated at ± 30". Standard errors for either E(Ylx) or E(Ylx) could 
be obtained using either the delta method or the bootstrap, but the 
performance of such techniques in this context has not been 
adequately studied. 

The estimation of an expectation is inherently nonrobust. E(Ylx) 
may perform badly ifno member of the family h(y, A) can transform to 
nearly normal, constant-variance, errors. 

E(Ylx) is based on the assumptions that, for some A,h(y, A) will 
transform to errors that are identically distributed, and that i 
consistently estimates this A. We would not expect that the normal
theory MLE will be consistent, though its asymptotic bias may be 
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acceptable in practice. However, the alternative estimators discussed 
at the end of section 4.3 will be consistent. 

Retransforming to estimate the conditional median was introduced 
by Carroll and Ruppert (1981a) for the Box-Cox model where the 
regression function is not transformed. In this context, Taylor (1986) 
studied the smearing estimator and an estimator based on approx
imating E(y/x) by a Taylor series. 

4.5 Examples 

Example 4.1 Skeena River sockeye salmon 

Background When managing a fishery, one must model the rel
ationship between the size of the annual spawning stock and its 
production of new catchable-sized fish, called recruits or returns. 
There are several theoretical models relating recruits (R) and 
spawners (S). These are derived from simple assumptions about 
factors influencing the survival of juvenile fish. All spawner-recruit 
models known to us are deterministic, i.e., R is nonrandom given S, 
though S itself can depend upon stochastic variables. If the biological 
and physical factors affecting fish survival were constant from year to 
year, then a deterministic model would be realistic since abundance of 
fish makes the law of large numbers applicable. However, for most 
fish stocks these factors are far from constant. There has been little 
work on stochastic models for recruitment, probably because the 
mechanisms causing survival rates to vary are not well understood. It 
is common practice to take a deterministic model relating Rand S 
and to assume multiplicative lognormal errors. The transform-both
sides approach allows us to test this assumption, and to model the 
errors empirically when the assumption seems unwarranted. 

Ricker (1954) derived the theoretical deterministic model 

R = P 1 S exp ( - P2S) = fRK(S, p) P2 ~ 0 (4.35) 

In this model fRK(S, p) tends to 0 as S goes to 0, as would be expected 
in any realistic model. Moreover, fRK(S, P) has a maximum at Pi 1, 

provided P2 is strictly positive, and fRK(S, p) tends to 0 as S goes to 00. 

The biological interpretation of this behavior is that as the number of 
juveniles increases, increased competition and predation affect the 
survival rate so drastically that the absolute number of juveniles 
reaching maturity decreases. A second model was derived by 
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Beverton and Holt (1957), namely 

R = 1/({31 + P2/S) = fBH(S, p) Pl ~ 0 and P2 ~ 0 (4.36) 

(Interestingly, the same function is the Michaelis-Menten model of 
enzyme kinetics.) The Beverton-Holt model also has the character
istic that R tends to 0 as S tends to 0, but R increases asymptotically 

Table 4.1 Skeena River sockeye salmon 
data. Units are thousands of 
fish 

Year Spawners Recruits 

1940 963 2215 
1941 572 1334 
1942 305 800 
1943 272 438 
1944 824 3071 
1945 940 957 
1946 486 934 
1947 307 971 
1948 1066 2257 
1949 480 1451 
1950 393 686 
1951 176 127 
1952 237 700 
1953 700 1381 
1954 511 1393 
1955 87 363 
1956 370 668 
1957 448 2067 
1958 819 644 
1959 799 1747 
1960 273 744 
1961 936 1087 
1962 558 1335 
1963 597 1981 
1964 848 627 
1965 619 1099 
1966 397 1532 
1967 616 2086 

(Source: Ricker and Smith, 1975) 
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to 1/Pl as S tends to 00. It is natural to think of 1/Pl as the carrying 
capacity of the environment, the maximum number of recruits that 
the available space, food, and other resources can support. When fit to 
the same data set, the Ricker and Beverton-Holt models are often 
similar over the range of spawner values in the data, despite 
qualitatively different behavior as the number of spawners increases 
to infinity (see the discussion below). 

Ricker and Smith (1975) give numbers of spawners and recruits 
from 1940 until 1967 for the Skeena River sockeye salmon stock. 
Their data are given in Table 4.1. A rockslide occurred in 1951 and 
severely reduced the number of recruits; we will not use this 
observation in the present analysis, though it will be shown in some 
graphs. Also, it will be used in Chapter 6 to demonstrate the behavior 
of robust estimators. Ricker and Smith (1975) mention that the slide 

315 

2S 

2S. 

s.~ 

7 

0 

0 

"",." 

a 

,." ,.' , . 
.' """.,.-

...aoo·:,. ... 1fs.e 

If 

..,.,------
If 

If 

e 

Spawnera 

..•......... . 
15 

--------------

S 

If 
If 

If If 

MedS.en 

S.o 

Figure 4.1 Skeena River sockeye salmon. Plot of recruits and spawners. The 
full curve is the estimated median recruitment. The broken curves 
are the estimated 5th and 95th percentiles using nonlinear least 
squares without a transformation. The dotted curves are the 
estimated 5th and 95th percentiles by transform both sides. All 
estimates are based on the Ricker model. Selected cases are 
indicated. Case 12 is included in the graph but was not used during 
estimation. Spawners and recruits are in units of 10 000 fish. 
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affected 1952 as well, but our analysis did not find case 13 to be 
anomalous. Year 1955 (case 16) has an outlier in S since the spawning 
stock that year camefrom the 1951 recruitment. However, case 16 has 
a recruitment value that is not unusual (conditional on the low value 
of S) and this case was retained throughout the analysis. 

Figure 4.1 is a scatterplot of recruits and spawners. The estimated 
median recruitment and the prediction limits in the figure will be 
explained later in this section. R is nearly a linear function of S. This 
does not contradict the Ricker or Beverton-Holt models since they 
are somewhat linear over the range of S in the data. A linear 
relationship between spawners and recruits would be a suitable 
model for some purposes but not for studying optimal management 
policies, since it suggests that recruitment could be increased 
indefinitely by reducing fishing and allowing more spawners. Fur
thermore, the scatterplot shows clear heteroscedasticity with the 
variance increasing either as a function of S or the mean. 

Parameter estimation The TBS model using the Ricker function 
and the modified power transformation y(A) was fit by the pseudo
model technique described in section 4.3. The MLEs were fjl = 3.78, 
fj2 = 9.54 x 10-4, and i = - 0.20. 

Table 4.2 contains the standard errors of fj and i by the methods 
discussed in section 4.3. 

The standard errors of fjby ordinary nonlinear regression (without 
a transformation) are also included. These are calculated in two ways. 
The first are the estimates from a least-squares program; these are 
inconsistent because of the heteroscedasticity. The second method 
uses Huber's (1967) theory of M-estimation discussed in sections 4.3 
and 7.1. This method does produce consistent variance estimates. The 
standard errors from the least squares program seem too large. The 
standard errors from the M -estimation theory are slightly larger than 
the standard errors obtained from the TBS model, and are an 
indication that estimation without a transformation is inefficient. 

The fixed-A. method was used with A. = - 0.2 (the MLE) and the 
commonly used log-transformation, A. = O. The fixed-A., pseudo
model, and concentrated Fisher information methods produced 
similar standard errors for fj, which is in agreement with the 
asymptotic theory. The standard error of i is quite different for the 
pseudo-model method than for the Fisher information method, but 
we know that the pseudo-model method is not consistent for the 
standard error of i. 
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Table 4.2 Skeena River sockeye salmon. Standard errors of P and i by 
ordinary nonlinear regression and TBS regression. Observation 12 
(year 1951) deleted 

Estimator 

Method PI P2 i 

Nonlinear regression 
Usual standard errors 1.0* (3.6 x 10- 4 )* 
M -estimation theory 0.77 3.4 x 10- 4 

Transform both sides 
Fisher information 0.66 3.0 x 10- 4 0.35 
Pseudo-model 0.71 3.3 x 10- 4 0.62* 
Fixed A. (A. = - 0.2) 0.69 3.1 x 10- 4 

(A. = 0) 0.75 3.2 x 10- 4 

M-estimation theory 0.58 3.3 x 10- 4 0.27 
Numerical second 0.36 

derivative of Lmax at 
A. = - 0.2 using e = 0.1 

Bootstrap 0.72 3.09 x 10- 4 0.32 
Parametric bootstrap 0.77 3.09 x 10- 4 0.38 

*Not a consistent method of estimating the true standard deviation. 

The second derivative of Lmax was calculated numerically, as 
described in section 4.3, using e = 0.1. The resulting standard error of 
X is in reasonable agreement with the other consistent methods. 

The large-sample confidence interval for A by the Fisher inform
ation method is 

- 0.2 ± (1.96)(0.35) = ( - 0.89,0.52) 

and the same interval using more robust M -estimation theory is 

- 0.2 ± (1.96)(0.27) = (- 0.73,0.33) 

The likelihood ratio confidence interval for A is constructed graphi
cally in Figure 4.2, a plot of2Lmax. We can see that Lmax(A) obtains its 
maximum at the MLE, - 0.2. The 0.95 quantile of the chi-squared 
distribution with one degree of freedom is 3.84. The horizontalline 
through y = 2Lmax( - 0.2) - 3.84 intersects the graph of 2Lmax at 
A = - 0.89 and A = 0.52 giving the confidence interval ( - 0.89,0.52). 
The three methods of constructing confidence intervals are in close 
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Figure 4.2 Skeena River sockeye salmon. Profile log likelihood and 95% 
confidence interval for A.. Case 12 excluded from the likelihood. A 
constant has been subtracted from the log likelihood. 

agreement. The confidence intervals are rather long, but two cases of 
special interest, namely A. = 1, indicating no transformation, and 
A. = - 1, which linearizes the Beverton-Holt model, can be ruled out. 
The log-transformation which linearizes the Ricker model and is 
consistent with the common assumption of multiplicative lognormal 
errors is supported by the data, being well within the intervals. Most 
statisticians would prefer to use the log-transformation rather than 
the MLE. The log-transformation has several advantages including 
ease of interpretation and an easily computed estimate of the expected 
recruitment, exp [fRdx, p) + 6- 2/2]. 

If the Beverton-Holt model is used instead ofthe Ricker model, the 
point estimates and confidence intervals for A. are virtually 
unchanged. 

Residual analysis To explore these data further, the estimated 
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median recruitments 

Median; = fRK(S;, fJ) (4.37) 

and the untransformed residuals from the median recruitments 

e; = R; - Median; (4.38) 

were computed. The estimated medians are shown in Figure 4.1 as the 
full curve. Figure 4.3 is a plot of the residuals against the medians and 
suggests that the assumption of a constant coefficient of variation 
would be tenable, at least as a rough approximation. From section 4.2 
we know that a constant coefficient of variation implies that A. = 0 is 
the variance-stabilizing transformation. This is in reasonable agree
ment with the MLE, i = - 0.2, but not the transformation to a zero 
value of the score test for heteroscedasticity, i het = - 0.86 (see below). 

Figure 4.4 is a normal probability plot, that is, a plot ofthe residual 
probits against the residuals, where the ith residual probit is 

~-l[(ei -i)!(N +1)] 
4 
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Figure 4.3 Skeena River sockeye salmon. Residuals and predicted values from 
the maximum-likelihood estimate expressed in the original, not the 
transformed. scale. The residuals have been standardized by the 
median absolute deviation (MAD). Selected cases are indicated. 
Case 12 is included in the graph but was not used in the estimation. 

~1!5 



II 
II 
..t .. 
~ 
c .. 
J 
C1 

C .. .. 
II 
II 
J .. 
(!I 

146 TRANSFORM-BOTH-SIDES METHODOLOGY 

2.4 

:1 .2 

o 

-:1..2 

-2.4 

-2 

* :19 

* 25 

* 

-:1 

:~ 
* * 

o 

* * 

* * * 

Residusls 

* 5 

* :18 

Figure 4.4 Skeena River sockeye salmon. Normal probability plot of the 
untransformed residuals. The residuals have been standardized by 
the MAD. Selected cases are indicated. Case 12 not included. 

The constants - i and i are suggested by Blom (1958) and are a 
standard option of PROC RANK in Statistical Analysis System 
(SAS). Since the plot is roughly linear, there is little reason to suspect 
serious nonnormality. Some right-skewness appears to be present 
since the plot curves downward slightly as one goes to the right. 
Figure 4.3 also exhibits moderate right-skewness, and from Table 4.3 

Table 4.3 Skeena River sockeye salmon. Comparison of residuals with and 
without a power traniformation 

Skewness coefficient 
Kurtosis coefficient 
Spearman correlation 

between absolute 
residuals and medians 

Transformation 

No transformation 
(,1 = 1) 

0.46 
0.34 
0.56 

(p = 0.0014) 

MLE 
(,1 = -0.2) 

-0.46 
-0.51 

0.28 
(p = 0.15) 

4 
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we see that the skewness coefficient of the residuals is 0.46. This degree 
of skewness would not be of concern except that it is also accom
panied by heteroscedasticity. This normal probability plot should not 
be analyzed too closely since the residuals are not identically 
distributed; we know that they exhibit substantial heteroscedasticity. 
Normal probability plots are only designed to check whether 
identically distributed random variables are normal, and it is not 
clear what is revealed when heteroscedastic variables are plotted. 

To see the effects of the transformation, let 

e.(i) = R\X) - Median\X) " , 
Figure 4.5 is a plot of eli) against Mediani . A quick look may 

suggest heteroscedasticity, but the data are bunched on the right side 
of the plot, and in fact there is little indication of heteroscedasticity. 
The Spearman rank correlation given in Table 4.3 between I ei(i) I and 
Median i is only 0.28 (p = 0.15), while the Spearman correlation 
between leil and Mediani is 0.56 (p = 0.0014). The p-values are 
calculated assuming an i.i.d (independent, identically distributed) 
bivariate sample and are not strictly valid here, but are included for 
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Figure 4.5 Skeena River sockeye salmon. Residuals after transformation and 
predicted values on the untransformed scale. Residuals have been 
standardized by the MAD. Selected cases are indicated. Case 12 is 
shown on the graph but was not used for estimation. 
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descriptive purposes. Case 16 with its low spawner value and small 
residual certainly increases the appearance of heteroscedasticity in 
Figures 4.3 and 4.5. The Spearman rank correlations, of course, are 
not too sensitive to this case. The transformation has substantially 
reduced the association between the absolute residuals and the 
predicted values. 

A comparison of Figures 4.3 and 4.4 with Figures 4.5 and 4.6 
suggests that the transformation has reduced the slight right
skewness in the original data, perhaps inducing left-skewness. In 
Table 4.3 we see that the skewness coefficient of the residuals has 
changed sign from 0.46 to - 0.46. The transformation changes the 
number of positive residuals from 15 out of 27 to 12 out of 27. The 
MLE overtransforms from right- to left-skewness, because variance 
stabilization requires a stronger transformation than symmetrization 
(see below). 

The kurtosis of the residuals is also reduced by transformation, 
from 0.34 to - 0.51. The positive kurtosis before transformation is 
probably due to the heteroscedasticity, since a scale mixture of 
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Figure 4.6 Skeena River sockeye salmon. Normal probability plot of residuals 
after transformation. Residuals have been standardized by the 
M AD. Selected cases are indicated. Case 12 excluded. 
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normal distributions is more heavy-tailed than the normal distri
bution itself. Therefore, the change in the kurtosis of the residuals is 
most likely due to variance stabilization rather than to a change in 
distributional shape. 

The alternative estimators of A. discussed in section 4.3 were also 
tried. The transformation to a zero value ofthe residual third-moment 
skewness coefficient is i5k = 0.45, but a far more severe transform
ation, i het = - 0.86, is needed to achieve a zero value of the score test 
for heteroscedasticity. 

These estimates and the skewness coefficients in Table 4.3 show 
that the MLE, i = - 0.2, overtransforms from slight right- to slight 
left-skewness in order to remove most, but not all, of the hetero
scedasticity. A more severe transformation to homoscedasticity 
would induce more severe left-skewness. The fact that the transform 
to zero skewness (i5k = 0.45) is midway between no transformation 
(A. = 1) and the MLE (i = - 0.2) is no doubt the reason that the MLE 
changes the sign but not the magnitude of the skewness coefficient. 

Note that i.k and i het are on opposite extremes of the 95% 
likelihood ratio confidence interval, ( - 0.89,0.52), and outside the 
more robust M-estimation confidence interval, ( - 0.73,0.33). 

The minimum-asymptotic-variance combined skewness-hetero
scedasticity estimate is ihet5k = - 0.26, which is close to the MLE. 

Estimating recruitment The most notable improvement by the 
transform-both-sides model over not transforming is not in the 
estimation of median or mean recruitment but rather in estimating 
recruitment variability. We calculated the nonlinear least-s'luares fit 
when the data are not transformed, and the estimates were /31 = 3.95 
and P2 = 8.53 X 10- 4, which are not far from the MLEs based on 
TBS. However, the estimated conditional distribution of R given S is 
considerably different for the TBS nonlinear regression model than 
for the ordinary nonlinear regression model. Using the nonlinear 
regression model, 90% prediction intervals for R given S are 

(4.39) 

where a = J(MSE) = 566. Using the TBS model, the 90% prediction 
intervals are 

(4.40) 
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where a- is the root-mean-square error after power-transforming both 
sides using A. = - 0.2. The prediction limits are plotted in Figure 4.1. 
The limits given by (4.39) are shown as broken curves. They are of 
course parallel and do not fit the data well. Of the top eight spawner 
values, three of the eight corresponding recruitment values are 
outside the broken curves, while of the eight smallest spawner values, 
none of the eight recruitments come close to the broken curves. 

The limits given by (4.40) and shown as dotted curves exhibit 
skewness and heteroscedasticity similar to that in the data. However, 
like (4.39), formula (4.40) underestimates the recruitment variability 
for large values of S. Of the eight cases with S greater than 750, two are 
still outside the limits and one is on the boundary. Using i < - 0.2 
would not entirely correct this, since the skewness and the hetero
scedasticity would change together. Although for large values of S the 
upper prediction limits would increase, the lower limits would remain 
about the same (see below). 

One might expect prediction limits based on the common assump
tion of multiplicative lognormal errors to be similar to those based on 
A = - 0.2, since the log-transformation fits the data almost as well as 
the MLE transformation. However, this is not the case. The upper 
prediction limits depend heavily on A. In Table 4.4 we show the 90% 
prediction limits for various values of A:A = - 0.86 = i bot; A = - 0.3, 
which is the robust 'redescending' estimate (Carroll and Ruppert, 
1987); A. = - 0.2, which is the MLE; A. = 0, which is the log-

Table 4.4 Skeena River sockeye salmon. 90% prediction intervals for recruit
ment. Ricker spawner-recruit model. The three spawner values are 
the lowest and highest observed values and a typical value 

0.86 
-0.3 
-0.2 

o 
0.3 
0.5 
1.0 

87 

244,394 
197,495 
185,524 
152,601 
87,747 
28,872 

- 621,1226 

Spawners (thousands offish) 

511 

660,4091 
635,2564 
625,2473 
600,2336 
548,2219 
498,2170 
263,2110 

1066 

744,8569 
752,3331 
749,3142 
738,2865 
709,2634 
678,2531 
534,2381 
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transformation; A = 0.3, which is the MLE if the rockslide year is 
included (see Carroll and Ruppert, 1987); A = 0.5, which is the upper 
limit of the confidence intervals for A and near i sk; and A = 1.0, 
corresponding to no transformation. The prediction intervals are 
given for spawner numbers (in thousands) equal to 87, the lowest 
observed value; 1066, the highest observed value; and 511, an 
intermediate value. Notice that the upper prediction limits vary 
substantially, even between A = - 0.2 and A = O. The lower prediction 
limits are stable, unless A ~ 0.5, but such A values are outside the 95% 
confidence interval for A. 

More research is needed on prediction intervals based on trans
formation models. Unless the sample size is far greater than 27, the 
effects of estimation error in the parameters needs to be taken into 
account, but the best way to do this is uncertain. 

Choosing between the Ricker and Beverton-Holt models So far we 
have considered the regression model J(x, {3) fixed when using the 
transform-both-sides methodology, but TBS is equally useful 
when choosing between alternative models. In this example, both the 
Ricker and Beverton-Holt models should be considered. The log
transformation linearizes the Ricker model to 

(4.41) 

where 0(1 = log ({31) and 0(2 = - {32. The Beverton-Holt model is 
linearized by the inverse transformation to 

(4.42) 

Multiplying through by S in (4.42) gives another linearized model 

(4.43) 

One might be tempted to choose between the Beverton-Holt and 
Ricker models by comparing (4.41) to either (4.42) or (4.43). A much 
abused measure of fit is the squared multiple correlation R2. The 
values of R2 for models (4.41), (4.42), and (4.43) are 0.25, 0.53, and 0.24. 
Based upon these values one might naIvely select model (4.42). 
However, models should be compared either using the same trans
formation, or fitting each model using the MLE transformation for 
that model. Moreover, R2 is not necessarily a relevant statistic for 
model selection. 

The Beverton-Holt and Ricker models are both special cases of the 
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(4.44) 

since (4.44) reduces to the Beverton-Holt model when P2 = 0 and to 
the Ricker model when P3 = O. The MLE of A. is - 0.236 for model 
(4.44) and - 0.167 for the Beverton-Holt model. The maximum 
loglikelihoodis -165.lfortheBeverton-Holtmodeland -165.0for 
both the Ricker model and (4.44). Clearly the Ricker and Beverton
Holt models fit these data equally well and the more general model 
(4.44) provides no improvement. A comparison based on linearizing 
the models and using R2 is misleading. In some examples, e.g., the 
Atlantic menhaden data studied by Carroll and Ruppert (1984a), 
linearization seems to favor the model whose linearizing transform
ation is closest to the MLE. Here model (4.42) is apparently selected 
for a different reason; R is more dependent upon S than is R/S, the so
called production ratio or average number of recruits per spawner. In 
fact R/S is nearly constant for these data. In models (4.41) and (4.43), 
the response is a function of R/S, so these models have small R2 
values. 

Example 4.2 Population 'A' sockeye salmon 

This is another example of sockeye salmon data. The source of the 
data has not granted permission to reveal the name of the river. These 
data were called 'population A' in Ruppert and Carroll (1985). 
Figure 4.7 is a scatterplot of the recruits and spawners. The 90% 
prediction limits and the estimated median recruitment based on TBS 
applied to the Beverton-Holt model are shown as dotted curves and a 
full curve, respectively. Notice that, compared to the Skeena River 
population, this population has a less pronounced relationship 
between Rand S, and recruitment is more highly skewed and is 
perhaps less heteroscedastic. However, since recruitment appears 
almost independent of the size of the spawning population, even if the 
variance is"'a function of the mean (or median) recruitment, one would 
expect less heterogeneity of variance simply because the mean does 
not vary much. A transformation was needed for the Skeena River 
data primarily to reduce heteroscedasticity; the data were nearly 
normal both before and after the transformation. In the present 
example, we will see that the transformation is needed primarily to 
remove skewness. The heteroscedasticity is little affected by 
transformation. 
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Figure 4.7 Population 'A' sockeye salmon. Recruits and spawners. The dotted 
curves are the estimated 5th and 95th percentiles. The full curve is 
the estimated median. All estimates use transform both sides. Case 
28 is included in the graph but not used for estimation. Spawners 
and recruits are in units of 10 000 fish. 
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Figure 4.8 Population 'A' sockeye salmon. Untransformed residuals and 
predicted values. Residuals have been standardized by the MAD. 
Case 28 shown but not used in the estimation. 

60 



• ... 
• J 
tl .. 
• • a: 

154 TRANSFORM-BOTH-SIDES METHODOLOGY 

The data in Ruppert and Carroll (1985) consist of28 observations. 
but the last observation had an extremely low recruitment. We 
suspect that recruitment was only partially reported for that year and 
we have deleted that case. We fit the TBS Beverton-Holt model to the 
remaining data and the maximum-likelihood estimates (standard 
errors) were $1 = 1.81 x 10- 5 (5.4 x 10- 5), $2 = 0.032 (0.04), 
i = 0.103 (0.18), and a = 3.00. The standard errors are from the 
inverse ofthe scoring-method observed information matrix, and a has 
been corrected for degrees of freedom. 

Figures 4.8 and 4.9 are plots of the residuals ei and transformed 
residuals ei(i), respectively, against Median i . There is no strong 
evidence of heteroscedasticity either before transformation or after, 
though the sparsity of data at the left of these graphs makes their 
interpretation difficult. From Table 4.5 we see that the Spearman 
rank correlation between the absolute residuals and the predicted 
values (Median i) is almost 0 in both cases. 

It should be emphasized that Table 4.5 used residuals from $ = 
MLE even when A = 1, i.e., we always transformed using the MLE 
of A when estimating p. If $ were the ordinary, nonlinear least-squares 
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Figure 4.9 Population 'A' sockeye salmon. Residuals after transformation and 
predicted values without transformation. Residuals have been 
standardized by the MAD. Case 28 shown but not included in the 
estimation. 
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Table 4.5 Population 'A' sockeye salmon. Comparison of residuals with and 
without a power transformation. Beverton-Holt model 

Skewness coefficient 
Kurtosis coefficient 
Spearman correlation 

between absolute 
residuals and medians 

Transformation 

No. transformation 
(2 = 1) 

1.46 
1.27 

-0.06 
(p = 0.78) 

MLE 
(2 = 0.103) 

-0.13 
-0.23 
-0.04 

(p = 0.86) 

estimate, then the results in Table 4.5 for A. = 1 would have been 
rather different: the skewness, kurtosis, and Spearman correlation 
would have been 1.3,0.7, and 0.44, respectively. The large changes in 
the kurtosis and the Spearman correlation are surprising since the 
fitted curve is only moderately affected by the change in {J; the fitted 
curve using A. = 1 has a somewhat higher asymptote (as S -+ (0) than 
the fitted curve using A. = 0.103. This example shows that the p-value 
for the Spearman correlation between the absolute residuals and the 
medians can, at best, be used only for descriptive purposes since the 
effects of estimating P have not been taken into account. 

Figures 4.10 and 4.11 are normal probability plots of the residuals 
ei and transformed residuals ei(~)' respectively. The extreme right
skewness before transformation and the near-symmetry after are 
evident. From Table 4.5 we see that the skewness of the residuals was 
reduced from 1.46 to - 0.13 by the transformation. The kurtosis was 
also brought closer to 0, the value under normality. 

When P2 is 0, then the Beverton-Holt model reduces to the 
constant-mean model. Since P2 is considerably smaller than its 
standard error, the constant-mean model is plausible. The loglikeli
hood is -12.36 for the constant-mean model and -11.85 for the 
Beverton-Holt model. The constant-mean model seems quite adequ
ate over the range of spawner levels in the data, though it should not 
be extrapolated to low spawner levels. 

The loglikelihood for the Ricker model is - 12.51, which is lower 
than the constant-mean model with fewer parameters. The Ricker 
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Figure 4.10 Population 'A' sockeye salmon. Normal probability plot of 
residuals without transformation. Residuals have been standar
dized by the MAD. Case 28 excluded. 
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Figure 4.11 Population 'A' sockeye salmon. Normal probability plot of the 
residuals after transformation. Residuals have been standardized 
by the MAD. Case 28 excluded. 
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model does not include the constant-mean model as a special case. 
The fitted Ricker function reaches a peak at slightly less that 20000 
spawners and decreases substantially by 40 000 spawners, but this 
behavior does not seem consistent with the data. 

For these reasons we chose the Beverton-Holt model. 

Example 4.3 Bacterial clearance by the lung 

The lungs of a healthy animal have several defense mechanisms for 
killing inhaled bacteria, for example, ingestion by macrophages. At 
the beginning of this chapter we mentioned an experimental techni
que to study these mechanisms. Mice are placed in an exposure 
chamber containing an aerosol flow of bacteria. At selected times after 
exposure, the mice are sacrificed and the number of bacteria entering 
the lung and the number of viable bacteria present in the lung at 
sacrifice are determined. In the experiment we are about to analyze, 
the mice were exposed for 30 min and then sacrificed at 0, 4, or 24 h 
after exposure. The mice were each given one of four treatments: 

o Control. 
A Administration of the antibiotic ampicillin shortly before 

exposure. 
V Infection by a virus several days prior to exposure. 

VA Ampicillin and virus infection. 

The experiment was a 22 x 3 full factorial with factors A = ampicillin, 
V = virus, and T = time of sacrifice, and with six replicates per cell. 
The response was the number of viable bacteria in the lung at the time 
of sacrifice expressed as a percentage of the viable bacteria that 
entered the lung during exposure in the aerosol chamber. A 
conventional approach to this example might be a factorial analysis, 
perhaps with a transformation of the response, but a theoretical 
model where the parameters have interesting biological interpret
ations is preferable. 

The data are given in Table 4.6. The data exhibit extreme 
heteroscedasticity and, for some cells, marked right-skewness. In mice 
not infected by virus prior to exposure, the number of bacteria in the 
lung decreased rapidly. Virus-infected mice had a net increase of 
bacteria in their lungs, especially if they had not been given the 
antibiotic. Since the response varies over eight orders of magnitude, a 
re-expression ofthe data, say a log-transformation, is necessary even 
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Table 4.6 Bacterial clearance data. The response is the ratio (expressed as a 
percentage) of viable bacteria in the lung at the time of sacrifice to 
viable bacteria in the lung at the end of exposure. Case numbers are 
given in parentheses for observations of special interest in later 
chapters 

Time of sacrifice (h) 

Group 0 4 24 

0 Control 103.0 26.4 0 (no. 49) 
92.5 52.7 1.5 
72.1 45.5 1.7 
41.4 (no. 4) 63.1 0.6 
63.7 29.1 2.0 
74.2 27.8 1.5 

A Ampicillin- 103.0 29.6 1.1 
treated 92.6 25.9 0.5 

54.6 15.4 0.2 (no. 57) 
75.5 48.7 (no. 34) 0.8 
42.8 (no. 11) 14.1 2.1 
77.1 14.2 2.0 

V Virus- 135.1 258.0 3365 
infected 154.0 139.0 197400 

157.0 96.5 172000 
83.9 519.6 211 (no. 64) 
74.8 453.0 8110 

107.0 368.0 2798 

VA Virus-infected 128.0 (no. 19) 36.2 565 
and ampicillin- 89.2 23.4 439 
treated 95.2 22.1 1719 

90.1 28.3 38.1 
95.7 43.0 303 
96.4 112.4 (no. 48) 3.3 (no. 72) 

for informal graphical analysis. Some of the response values were 0 (to 
the accuracy of the experiment), and 0.05 was added to all values of 
the response before the log-transformation, and later other trans
formations, were taken. In the notation of section 4.1, a fixed shift 
p. = - 0.05 was used. 
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When the cell means of the log-transformed data are plotted 
against time, one sees a roughly linear change in the means over time 
within the groups 0 and V. The change in log bacterial counts is 
somewhat curvilinear for the groups A and V A, probably indicating 
that the bacterial death rate decreased over time as the antibiotic was 
eliminated. It is reasonable to hypothesize that the net growth rate 
('birth' minus death rates) of bacteria in the 0 and V groups is 
constant over time. As a simple starting model we will assume that 
within each non-ampicillin-treated group, the bacteria population 
changes at a rate that is constant over time, but that this rate depends 
upon whether or not the mouse had been virus-infected. For 
ampicillin-treated mice we assume that the bacterial death rate is 
piecewise constant with a change at 4 h after exposure. This leads to 
the model 

Yitj = exp {lXi + Pi(t + 0.25) + Ai(t - 4)I[t > 4]} (4.45) 

where Yitj is the response of the jth mouse among those in the ith 
treatment group that were sacrificed at time t, and l[t > 4] is the 
indicator that t exceeds 4. Here i = 0, A, V, or V A, t = 0,4, or 24, and 
j = 1, ... ,6. The parameter Pi is the net bacterial growth rate, i.e., 'birth' 
rate minus death rate, in the ith group of mice during the period t = 0 
to t = 4. The parameter Ai is the change in this growth rate after 4 h. It 
is assumed that Al = A3 = 0, because the first and third groups did 
not receive the ampicillin treatment. Since t is the time between 
exposure and sacrifice, we add 0.25 to t because the bacteria are in the 
lungs about 15 min (0.25 h) on average during exposure. 

Model (4.45) is deterministic, but in reality there are many sources 
of variability. The experimental procedure allows several sources of 
statistical sampling error. For example, to estimate numbers of 
bacteria, researchers dilute the lung homogenate and culture a sample 
of the dilution on a petri dish. Each viable bacteria, or cluster of 
bacteria, forms a visible colony. Also, the bacteria are radiolabeled, 
and the number that entered the lung, viable or not, is estimated by 
putting the homogenate in a scintillation counter. Moreover, the mice 
are not homogenous and Pi presents only an average net growth rate 
for the ith group; individual mice within a group will have their own 
net growth rates that vary about Pi. 

It seems impossible to model all these sources of variation. Instead, 
we will fit the TBS model with the modified power transformations 
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Table 4.7 Bacterial clearance data. Means and standard deviations of the 
residuals. The residuals are standardized by the MAD (median 
absolute deviation). The model for the median is equation (4.45). 
The TBS model was used with the shifted power transformation 
family; the shift was fixed at J1 = - 0.05 (i.e., 0.05 was added to the 
response and the model) 

Group 

0 Control Mean 
SD 

A Ampicillin- Mean 
treated SD 

V Virus- Mean 
infected SD 

VA Virus- Mean 
infected SD 
and 
ampicillin-treated 

Time of sacrifice (h) 

0 

-0.03 
0.56 

0.09 
0.58 

0 
0.59 

0.08 
0.23 

4 

0.22 
0.67 

0.09 
0.92 

0.19 
1.12 

0.09 
1.07 

24 

-0.04 
3.23 

o 
1.78 

0.05 
3.67 

0.09 
3.99 

applied to equation (4.45), i.e., the model 

(Yitj + 0.05)().) = (0.05 + exp { (Xi + f3i(t + 0.25) 

+ Ai(t - 4)1[t > 4]} )().) + 8itj (4.46) 

The maximum-likelihood estimates are given later in Table 5.1. 
The within-cell means and standard deviations of the residuals are 

given in Table 4.7. The small cell means indicate that model (4.45) for 
the median responses is adequate. Clearly the variance increases with 
time. A plot (not included here) of the residuals indicates that they are 
roughly symmetric. The power transformation is only successful in 
transforming to symmetry. This is understandable since the within
cell variances appear to depend heavily upon time as well as on the 
mean response. In the next chapter we introduce a model that allows 
both transformations and weighting, thus combining the 'weight
only' model of Chapter 3 and the 'transform-only' model of this 
chapter. As we will see, this 'transform and weight' model, with the 
weights a function of time, fits the bacterial clearance data consider
ably better than 'transform-only' or 'weight-only' models. 



CHAPTER 5 

Combining transformations 
and weighting 

5.1 Introduction 

In the last chapter we saw that a single transformation may induce 
both normally distributed and homoscedastic errors. However, it 
should not be surprising that for some data sets the transformation 
that induces normality will not stabilize the variance. What is 
surprising is how often a single transformation will do both reason
ably well! Nevertheless, in some situations we need a transformation 
and weighting in order that the errors are reasonably close to normal 
with a constant variance. This is particularly true when the variance 
depends on a covariate. In the bacterial clearance example of the last 
chapter, we saw that the variance depends heavily on the time of 
sacrifice as well as the mean response, and the transformation could 
only remove the second source of heteroscedasticity. 

Moreover, for some data it is unclear whether a transformation or 
weighting is preferable even though probably both are not needed. 
This is often true when the variance is a monotonic function of the 
mean, for example the Skeena River sockeye salmon data in the last 
chapter. Then we can test which is preferable, weighting or transform
ation, by using a model that includes both possibilities. This is not to 
say that the test will necessarily be conclusive; often weighting or 
transformation are equally satisfactory. 

In this chapter we study the model 

h(Yi' A) = h(f(Xi' p), A) + (J'g(J1.i(P), Zi' O)ei (5.1) 

where Yi is the response, h(y, A) is a member of a parametric family of 
transformations as in Chapter 4, g(J1.i(P), Zi' 0) is a function expressing 
the heteroscedasticity of the data, J1.i(P) = f(Xi,P),Zi is a known 
variable, perhaps a function of Xi' 0 is a variance parameter, and (J' is a 
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scaling parameter. We allow g to depend on the mean response as well 
as the covariate Zj, but in practive g will usually not depend on Ilj(P) 
since that type ofheteroscedasticity can be removed by the transform
ation. An exception might be where the transformation to symmetry 
differs greatly from the transformation to variance independent ofthe 
mean. Then the transformation to symmetry will be selected by 
maximum likelihood if the function g properly models the de
pendence of the variance on the mean. 

Often for some value of e, say eo, g(llj(P), Zj, eo) is constant and (5.1) 
reduces to the standard TBS model of Chapter 4. Often, as well, 
h(y, A.o) is the identity function for some A.o, so (5.1) includes the 
heteroscedastic models of Chapters 2 and 3 as special cases. By 
testing Ho: A. = A.o, we can see if a heteroscedastic model in the 
original response y adequately describes the data. Similarly, if we 
test Ho: e = eo then we are testing whether a transformation alone 
can bring about normally distributed and homoscedastic errors. 

Much of the theory developed in the last three chapters for 
weighting or transformation alone will be relevant when combining 
them. Estimation by maximum likelihood is straightforward in 
theory and not difficult to implement using modem software. 
Inference for the untransformed response is possible by extending the 
estimators, e.g., the smearing estimate, of section 4.4. 

One new difficulty is that the estimated transformation parameter i 
and the estimated variance parameters {j can be highly correlated. 
This means that they cannot be estimated jointly with the same degree 
of accuracy as when only one is present in the model. In Ruppert and 
Carroll (1985), the Skeena River and population 'A' salmon stocks are 
analyzed with the TBS model plus a variance function that is a power 
of the independent variable, spawners. Neither the transformation 
parameter nor the power parameter can be estimated well, unless the 
other is treated as fixed and known. The bacteria data of Example 4.3 
in section 4.5 are an exception. The transformation and variance 
parameters there have different and almost independent effects (see 
section 5.3). 

S.l Parameter estimation 

In this section we introduce the maximum-likelihood estimators of p, 
(1, A., and e in model (5.1). For certain special cases of practical 
importance, the loglikelihood can be put in a form that is very 
convenient for computation and the MLEs can be found using 
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standard nonlinear regression software. We will emphasize these 
computational techniques. 

As mentioned in the last section, generally the variance model 9 will 
not depend on the mean response Jl.j(fJ). But when it does, the 
maximum-likelihood estimates will have the robustness problem 
mentioned in Chapter 3. The MLE of P will use sample information 
about the variance. This increases the efficiency of P when the 
variance is correctly specified but biases P under misspecification. The 
generalized least-squares estimate does not have this bias. For this 
reason, one might re-estimate P by GLS after i and Ohave been found 
by maximum likelihood, treating i and 0 as fixed. This can be done by 
the methods of Chapter 3. 

By model (5.1), the conditional density of Yj given Xj is 

f(Yj I Xj, p,)., 0, u) = [21tu2 g2(Jl.j(P), Zj, 0)] -1/2 

exp [ - rr(p,)., O)/2u2] J j ().) 

where, as in Chapter 4, Jj(A.) is the Jacobian of the transformation 
8 j -+ h(Yi> A.) and here we let 

rj(p,).,O) = [h(yj, A.) - h(f(xj, P), ,1.)]/ g(Jl.j(P}, Zi> 0) 

The loglikelihood for the data is, apart from an additive constant, 
N 

L(P,).,O,u) = - N log (u) - L rf(p, A., O)/(2u2) 
j= 1 

N N 
- L log [g(Jl.j(p}, Zj, 0)] + L log [Jj(A.)] 

j= 1 j= 1 

Given p, )., and 0, the MLE of u2 is 
N 

(J2(P,A.,O) = N- 1 L rf(p,).,O) 
j= 1 

and the loglikelihood maximized over u is 

Lmax(P,)., 0) = L(P,)., 0, (J(P,)., 0» 

= - (N /2) log [(J2(P,)., 0)] 

- N log [(j(P, 0)] + N log [j().)] - N /2 

where (j(P, 0) and j(A.) are the geometric means of {g(Jl.j(P), Zj, O)} and 
{Jj().)}. Simple algebra shows that 

L.naiP,)., 0) = - (N/2) log ( N- 1 jtl [g(P, O)rj(p, A., O)/j(A.)]2 ) - N /2 
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Therefore, the MLE minimizes 

N • L [g(p,O)ri(p,).,O)/J().)]2 (5.2) 
i= 1 

Expression (5.2) can be minimized by nonlinear software that allows 
sufficient flexibility, e.g., 'do loops', in the programming statements 
defining the model. To use standard software, the 'pseudo-model' 
method described in section 4.3 can be used. The dummy variable Di , 

which is identically zero, is fit to the regression model 

(5.3) 

As explained in section 4.3, the purpose ofthe dummy response is that 
the residuals from (5.3) are the same as those from (5.1), but in (5.3) the 
response does not depend on parameters. Therefore, (5.3) can be fit by 
standard software. 

Since g(P,).) and j().) are functions of all the data, the right-hand 
side of (5.3) depends on all cases, not just the ith, and fitting (5.3) 
typically requires multiple passes through the data at each iteration of 
the algorithm that minimizes the sum of squares. 

In some situations only a single pass is needed. This is the case if 
j(A) is a power function of A and g(P, A) is independent of P and a 
power function of A. For example, if h(y,).) is the modified power 
transformation family (4.3) then j(A) = l·-l as we noted in Chap
ter 4. If g(f1.i(P), Zi'O) = If(xi, PW then g(P,).) = Ij(PW where j(P) is 
the geometric mean of {!(Xi' p)}. Although 9 depends on p, we could 
fix P at a preliminary estimate. Moreover, 9 will be independent of P 
when 

(5.4) 

Model (5.4) is often appropriate in practice. Model (5.1) with variance 
model (5.4) and the Box-Cox modified power transformation family 
was used in Ruppert and Carroll (1985). When one uses a modified 
power transformation and model (5.4), then the MLE minimizes 

N 

(i6/y,,-lf L rr(p,).,O) (5.5) 
i= 1 

and this minimization can be easily accomplished by fitting the 
pseudo-model 

(5.6) 



EXAMPLES 165 

The beauty of (5.6) is that i and y can be computed a priori and then 
the right-hand side of (5.6) essentially depends only on the ith case. 

Once the parameters have been estimated, then the conditional 
distribution of y given x and z can be estimated by modifying the 
techniques in section 4.4. Recalling that for fixed A, h -1 (y, A) is the 
inverse of h(y, A) as a function of y, we see that 

y = h -1 {[h(f(x, p), A) + ag(J1.i(p), Zi' 0)8], A} 

where 8 has a distribution F independent of x and z. It is assumed that 
F is nearly normal but perhaps with bounded support. Then a 
suitable estimator of the conditional pth quantile of y is 

qiylx, z) = h -1 {[h(f(x, ,8), i) + ag(J1.i(,8), zi> O)<Il- 1(p)], X} (5.7) 

This estimator is a simple extension of equation (4.30) that accounts 
for the heteroscedasticity of y even after transformation to h(y, A). As 
in Chapter 4 we are assuming that h and hence h - 1 are monotonically 
increasing. Large-sample prediction intervals for y, given x and z, can 
be constructed from equation (4.32) with qp(ylx,z) defined by (5.7) 
replacing qp(ylx) defined by (4.31). 

The conditional mean of y given x can be estimated either 
parametrically by generalizing (4.33) or nonparametrically using the 
'smearing estimator'. Define ri = ri(,8, X,O) to be the residual from the 
MLE standardized by g(J1.i(,8), Zi' 0). Then the smearing estimate is 

N 

N- 1 L h -1 {[h(f(x, ,8), X) + g(u,,8, O)rJ, i} ,11 = f(x"B) 
i= 1 

5.3 Examples 

Example 5.1 Bacterial clearance in the lung 

This is a continuation of Example 4.3 in section 4.5. When we fit 
model (4.45) to the bacteria data using transform both sides, the 
residuals became more variable over time (see Table 4.6). The 
increasing relationship between standard deviation and time has a 
plausible biological interpretation. Recall that Pi is the net bacterial 
growth rate in treatment group i. This rate will vary between animals. 
In fact, it varies greatly. In other experiments (uniformity trials) with 
controls only (Ruppert et al., 1975) the assays of bacterial densities 
(total bacteria and viable ones only) were replicated to measure 
within-animal variation. This is the variation due to measurement 
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error. A variance-components analysis showed that within-animal 
variability was rather smaller than between-animal variation. 

Since Pi varies across animals in treatment group i, we have a 
nonlinear random-coefficients regression model. Suppose that the 
TBS model (4.46) holds, except that the Pi may be random quantities. 
If A. = 0 (log-transformation) were the true value ofthe transformation 
parameter and we ignored the shift J1. = - 0.05, then the random
coefficients model would be linear. The variance would be a linear 
function of (t + 0.25)2 with intercept and slope equal to the variances 
of eitj and Pi. Thus 

aitj = agA(t, n) = {a 2 [n2 + (t + 0.2WJP/2 (5.8) 
where 

for all i, t, and j (5.9) 
and 

for all i (5.10) 

Here aitj is the standard deviation of (Yitj - J1.)O,). The variance 
function g is subscripted 'A' to distinguish this model from latter ones. 
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Figure 5.1 Bacterial clearance data. Standard deviations of the M AD
standardized residuals from the transform-bath-sides model. The 
standard deviations are plotted against time by treatment group. 
J1. = - 0.05. Constant-variance model. 
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Model (5.8)-(5.10) is certainly plausible, especially since the MLE, 
i = - 0.048, is so close to the log-transformation. However, there is 
no compelling reason why the within-animal variation must be multi
plicative with a variance independent of time as (5.9) implies. 
Moreover, it is not clear whether the variance parameters (1 and n 
should be independent of the treatment group as is implied by (5.9) 
and (5.10). We must examine the data themselves before accepting this 
model. To see the pattern of variability across time, the within-cell 
residual variances and standard deviations were plotted against time, 
separately by treatment group. The first plot, which is not shown, 
looks roughly quadratic and supports model A. The second plot, 
Figure 5.1, shows that the standard deviation is nearly a linear 
function of time, perhaps with the same slope and intercept for all 
groups. Another possibility, one that will be explored in section 6.5, is 
that virus-infected animals, groups V and VA, have a different slope 
than the other mice. In Figure 5.1, groups V and VA look similar. 
Groups 0 and A differ at t = 24, but this is largely due to an outlier, 

Table 5.1 Bacterial clearance data. Parameter esti-
mates. The modified power transformation 
was used with shift pfixed at - 0.05. Three 
variance models were used 

Variance model 

Constant 
Parameter variance Model A Model B 

01:1 4.34 4.35 4.34 
01:2 4.29 4.33 4.33 
01:3 4.69 4.70 4.70 
01:4 4.60 4.65 4.65 
/11 -0.191 -0.185 -0.187 

/12 -0.293 -0.293 -0.292 
/13 0.175 0.185 0.184 
/14 -0.245 -0.248 -0.244 
L\2 0.133 0.131 0.130 
L\4 0.314 0.314 0.310 
A. -0.048 -0.069 -0.063 
11: 3.51 
(} 1.99 
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no. 49, in group 0 (see below). For now we will assume a constant 
intercept and slope. This suggests model B, which can be written 

aitj = agB(t, (}) = a[(} + (t + 0.25)] (5.11 ) 

where a(} and a are the intercept and slope of the standard deviation 
as a function of time. 

Models A and B are similar when 1C and (} are close to zero. Both 
models were fit by minimizing (5.2) using the pseudo-model method 
on a nonlinear least-squares program. The minimized values of 
- 2 x (loglikelihood) were 572.2 and 570.4 for models A and B, 
respectively. The small difference, 1.8, suggests that both models are 
equally acceptable. The parameter estimates are given in Table 5.1. 
The estimates of the parameters in the model (4.46) for the median 
response are remarkably similar, and in both cases Xis quite close to o. 
Within-cell residual standard deviations for models A and B are given 
in Table 5.2 and seem independent of time and treatment. Either 

Table 5.2 Bacterial clearance data. Standard deviations of the residualsfrom 
equation (4.46) using the modified power transformation family 
with shift J1.fixed at - 0.05. The residuals were standardized by the 
median absolute deviation (MAD) before the standard deviations 
were computed. Variance models A and B were used 

Time of sacrifice (h) 

Group 0 4 24 

0 Control Model A 1.18 0.91 1.09 
Model B 1.18 1.21 1.09 

A Ampicillin- Model A 1.21 1.26 0.59 
treated Model B 0.46 0.80 1.13 

V Virus- Model A 1.12 1.46 1.00 
infected Model B 1.21 1.26 1.58 

VA Virus- Model A 0.47 1.44 1.20 
infected Model B 0.83 1.01 1.45 
and 
ampicillin-
treated 
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model A or B seems acceptable, but we prefer model A because of its 
biological interpretability. 

Model A should be checked further by residual plots. Figure 5.2 is a 
plot of the residuals against the logarithms of the fitted values. The 
residuals have been standardized by their median absolute deviation 
(MAD). The ith fitted value is f(x i , p) - fl. No observation is 
particularly outlying and the residuals are reasonably symmetric. 
Figure 5.3, a normal probability paper plot, indicates near-normality. 

There is a hint of heteroscedasticity remaining. In Figure 5.2 the 
detached group of observations with very small fitted values consists 
of the groups 0 (control) and A (ampicillin) at t = 24. Eleven of these 
twelve cases have absolute residuals less than 1. The other observ
ation is case 49, the zero response. 

Overall, the plots show little to concern us, though the slight 
residual heteroscedasticity might be investigated. Perhaps the var
iance function should have group-dependent parameters, or at least 
one parameter for the 0 and A groups and another parameter for the 
V and VA groups. We will return to this question in section 6.5. 
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Figure 5.2 Bacterial clearance data. Residuals and logarithms of the predic
ted values. Residuals have been standardized by the MAD. 
Transform both sides with variance model A. Maximum
likelihood estimator. p. = - 0.05. Selected cases indicated. 
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Figure 5.3 Bacterial clearance data. Normal probability plot of residuals. 
Residuals have been standaridzed by the MAD. Transform both 
sides with variance model A. Maximum-likelihood estimator. 
J.t = - 0.05. Selected cases indicated. 

Example 5.2 Skeena River sockeye salmon 

This is a continuation of Example 4.1 in section 4.5. In section 4.5 
these data were analyzed by transforming both sides, and a conflict 
was found between transforming to symmetry and transforming 
to heteroscedasticity. The transformation to zero skewness was 
ASk = 0.45, the transformation to homoscedasticity was ..the! = 
-0.86, and the MLE was -0.2. Using the MLE removed most but 
not all ofthe heteroscedasticity and replaced slight right-skewness by 
slight left-skewness. Also, prediction intervals for recruitment were 
somewhat unsatisfactory; for large values of S (spawners) they were 
too short. 

Consider the model combining TBS with weighting by a power-of
the-median response 

RIA) = f(A)(S (J) + (111"8· 
I RK It ,-1 I (5.12) 

where III = fRK(Sb pp) with Pp a preliminary estimate. Because A and ex 
can vary independently, A can be chosen to transform to symmetry 

3 
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while 0( corrects the heteroscedasticity. A slight variant of (5.12) is to 
replace JLj by Sf. Since JLi is a monotonic increasing function of S;, this 
change will not have a great effect. 

Both types of weighting can be combined into a single model 

(5.13) 

We will use model (5.13) only with the constraint 0 = 0 or the 
constraint 0( = O. Even with one of the parameters 0( and 0 fixed, the 
other's estimator is highly correlated with i; this is a problem but not 
insurmountable. Allowing 0(, A, and 0 to vary simultaneously would be 
an overparameterization; the information matrix would be near
singular and ~, i, and {j would be highly correlated with large 
standard errors. 

Interesting special cases of model (5.13) were fit. When power 
weighting by JLi' the TBS estimator was used as the preliminary 
estimate {jp. In Table 5.3 these models are compared. TBS, corre
sponding to 0( = 0 = 0, has the smallest maximized loglikelihood. The 

Table 5.3 Skeena River sockeye salmon data. TBS and power weighting 
models 

Estimates 
(standard errors) 

Model i ~ 9 
2 x (Ioglikelihood 

ratio) 

(1) TBS and weighting 0.39 0.99 • 0 
by JLr (0.34) (0.42) 

(2) TBS and weighting 0.36 • 0.68 0.02 
by Sr (0.34) (0.26) 

(3) Weighting by JLi • 1.93 • 1.5 
(0.65) 

(4) Weighting by Sr • • 1.09 1.9 
(0.20) 

(5) TBS -0.2 • • 3.44 
(0.28) 

.Parameter fixed at its default value, which is 1 for A. and 0 for ex and 8. 
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largest loglikelihood is achieved by TBS with weighting by a power of 
Jl.f, but this model is virtually indistinguishable from TBS and 
weighting by Sr. 

Suppose we fix (J = 0 and wish to test Ho: ex = O. Twice the 
loglikelihood ratio is 3.44 (see Table 5.3). Comparing this to chi
squared values on one degree offreedom, one rejects Ho at p = 0.1 but 
not at p = 0.05. This suggests that TBS alone just barely fits the data 
compared to TBS plus power weighting. The problems we saw when 
applying TBS to these data may be real; there seems to be a conflict, 
albeit slight, between transforming to symmetry and homoscedastic
ity. However, Table 5.3 shows that power weighting alone, using 
either Jl.f or Sr, provides an acceptable fit. 

When TBS is applied with power weighting, then i is close to 
i8k = 0.45, showing that the skewness alone is determining A.. 

How do the prediction intervals for recruitment given by weighting 
alone or weighting and TBS combined compare with the prediction 
intervals by TBS alone? Table 5.4 gives the 90% prediction limits for 
low, typical, and high spawner values by the three methods. 

The lowest spawner value is an isolated point. It is case 16, four 
years after the rockslide year. Since the point is isolated, it is 
impossible to tell which ofthe intervals at that spawner value is most 
realistic. 

The prediction intervals at S = 511 by TBS or TBS and weighting 
seem realistic when compared to Figure 4.1. The upper limit by 
weighting alone is somewhat low; the symmetric intervals generated 
by this method do not fit the data as well as the asymmetric intervals 
generated by TBS. 

Table 5.4 Skeena River sockeye salmon. 90"10 prediction intervals for recruit
ment. Ricker model. The three spawner values are the lowest 
observed value. a typical value. and the highest observed value 

Method 

TBS 
TBS and weight by S" 
Weight by S" 

Spawners (thousands offish) 

87 

185,524 
222,413 
194,415 

511 

625,2473 
605,2182 
526,2050 

1066 

749,3142 
484,3566 

52, 3450 
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At S = 1066, the interval by TBS and weighting conforms to the 
data much better than the other two intervals. The lower limit by 
weighting is far too low; again the symmetry of the interval is to 
blame. The lower limit by TBS is too high; this problem has been 
discussed in section 4.5. 

For most purposes, either TBS or power weighting would be 
adequate, but power weighting might be preferable. If more data were 
available, then we might want to combine TBS with power weighting; 
even with only 27 data points this model is quite reasonable and gives 
the most realistic prediction limits. 



CHAPTER 6 

Influence and robustness 

6.1 Introduction 

The classical theory of parametric statistics tells how to test and 
estimate efficiently when the data are generated exactly by the 
parametric model. In data analysis, however, there is always the 
danger that minor problems with the data or the model will destroy 
the good properties of the classical estimators. Even seemingly slight 
deficiencies in the data or small modeling errors can have disastrous 
effects. As many authors have pointed out, a single outlier in a large 
data set can overwhelm the normal-theory maximum-likelihood 
estimator. Also, when the errors in a regression model are close to 
normally distributed but with heavier tails, then the least-squares 
estimator can be substantially less efficient than certain alternative 
estimators. The latter include robust estimators and the maximum
likelihood estimator using the actual distribution of the errors when 
this distribution is known. 

Data inadequacies are often caused by gross measurement or 
recording errors. As Hampel et al. (1986, sec. 1.2c) document, routine 
data contain about 1-10% gross errors, and even the highest-quality 
data cannot be guaranteed free of gross errors. 

In regression analysis, modeling errors can include misspecification 
of the mean or median function, an incorrect variance function, and 
the incorrect assumption of normal errors. In recent years, a variety of 
statistical tools have become available to handle data or modeling 
inadequacies. The most important tools are robust statistical 
methods and influence diagnostics. 

Robust methods are designed to work well when the probability 
mechanism generating the data is only close to the assumed 
parametric model. When the model can provide a satisfactory fit to 



INTRODUCTION 175 

the bulk of the data, then a good robust estimator will find this fit and 
will locate the few cases fitting poorly. In contrast, the classical 
maximum-likelihood estimator will try to fit the model to all the data 
even if this cannot be done well. 

Robust estimators can handle both data and model inadequacies. 
They will downweight and, in some cases completely reject, grossly 
erroneous data. In many situations, a simple model will adequately fit 
all but a few unusual observations. For example, a model that is linear 
in a covariate x and ignores another covariate z will be adequate for a 
limited range of x and nearly constant value of z. If new data with 
unusual values of x or z are added, then this model may no longer 
suffice. If the new data are few, then the best strategy may be retaining 
the simple model, but using a robust estimator to downweight or 
reject the unusual cases. 

Although robust methods are designed to minimize the effects of 
problem data or modeling inadequacies, they are not specifically 
designed to analyze these problems, only to mitigate them. Diagnos
tics, on the other hand, are designed to tell us why certain cases are 
unusual and have a large influence on the analysis. They also can tell 
us how a model may be inadequate. Outliers or modeling errors, when 
properly analyzed, may lead to new understanding and may suggest 
fruitful areas for further research. 

With some exceptions, researchers in the field of robustness have 
ignored the diagnostics literature and vice versa. This is unfortunate 
and has caused a lack of information on using these tools together. 
Neither diagnostics nor robust methods alone are as useful as the 
intelligent combination of both. Robust estimators and tests will 
often provide diagnostics as byproducts and these can be quite useful, 
but they are not substitutes for specifically designed diagnostics. It is 
often as important to analyze the outliers as it is to fit the model to the 
remaining data. Using diagnostics we can learn much about the 
outliers that will not be apparent from the robust fit. Robust methods 
are not a substitute for diagnostics. 

Conversely, diagnostics cannot replace good robust methods. 
Although deleting outliers detected by diagnostics can greatly 
improve the normal-theory maximum-likelihood and other classical 
estimators, data deletions cannot achieve the same high efficiency as 
good robust estimators (Hampel, 1985). 

Extreme care is needed when deleting or down weighting data. In 
linear regression, practitioners often try robustifying the least-squares 
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estimate in the following manner. The residuals from a least-squares 
fit are examined, outliers are removed, and the least-squares estimate 
is recomputed from the remaining cases. Because the criteria for 
rejection are subjective and often vague, this procedure is difficult to 
study theoretically. Ruppert and Carroll (1980) studied a variant 
where the outliers are rejected by a fixed rule. Residuals from a 
preliminary estimate, which could be least squares, are computed, and 
the cases corresponding to fixed percentages of the highest and lowest 
residuals are trimmed. The estimate is an analog to the trimmed mean 
of a univariate sample. Surprisingly, the trimmed least squares 
estimator is neither efficient nor robust if the preliminary estimate is 
least squares. The point is that seemingly sensible, but ad hoc, 
methods for coping with bad data may fail. 

Moreover, the outliers will include valid data as well as gross 
errors. For this reason the sampling distributions of estimators and 
test statistics are changed, perhaps substantially, by deletions of data. 
The nature of these changes has not been studied in detail. The usual 
methods for calculating standard errors and p-values should not be 
trusted if data have been deleted. In contrast, the large-sample 
distributions of robust estimators and tests are well known, having 
been amply discussed in the literature. 

There is a substantial literature on diagnostics and robustness. 
Books on diagnostics include Belsley et al. (1980), Cook and Weis
berg (1982), and Atkinson (1985). Robustness is discussed in books by 
Huber (1981), Hampel et al. (1986), and Hoaglin et al. (1983, 1985). 
The last contains a very readable introduction to the subject. Even 
these books only treat a small portion of the large and rapidly 
growing robustness and diagnostics literature. 

In a single chapter it would be impossible to discuss diagnostics 
and robustness in a comprehensive manner. Instead, we describe 
some simple methods for generating diagnostics and for modifying 
estimators to make them robust (i.e., to 'robustify' them). These 
methods are very flexible. They can be applied to any of the estimators 
of variance functions that are discussed in Chapters 2 and 3 and to 
transformation models with or without a variance function. 

Sections 6.2 and 6.3 introduce these general diagnostic and robust
ification methods. In sections 6.4 and 6.5 these methods are spec
ialized to weighting by variance functions, transformations, and the 
combination of weighting and transformation. 
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6.2 General methods for diagnostics 

177 

The earlier diagnostic methods measured the effects upon the 
statistical analysis of deleting individual cases or groups of cases. For 
example, Cook's (1977) distance and the statistic DFFITS (Belsley 
et al., 1980) measure the effect of case deletion upon the least-squares 
fitted values from a linear regression model. Belsley et al. (1980) 
propose many other statistics for analyzing the effects of case deletion 
in linear regression. For example, their statistic DFBET AS is a 
rescaling of the change in the least-squares estimate upon case 
deletion. 

Some of these single-case-deletion diagnostics have been gen
eralized to group deletions. In principle, such generalizations are not 
difficult. However, group deletion can be unwieldly in practice 
because even small data sets have an extremely large number of 
subsets for possible deletion, and emphasis has been on single-case
deletion diagnostics. There are ways, however, to identify a small 
collection of subsets that should include any influential subset. For 
example, Atkinson (1986b) suggests using a robust fit to identify a 
group of possible outliers, and then applying a group-deletion 
diagnostic to this group. 

Case-deletion diagnostics are practicable for linear models because 
simple computational formulas are available, so it is not necessary 
actually to recompute the estimator after deleting each case. These 
formulas employ algebraic identities that apply to linear estimators. 
To use them on a nonlinear estimator, one must approximate that 
estimator by a linear one. 

Cook (1986) emphasizes that case deletion is only one of a variety of 
ways to perturb the data, the model, or the estimator. Other types of 
perturbations may give us different diagnostic information and may 
be easier to compute as well. In particular, Cook advocates the 
assessment of 'local influence', that is the effects of infinitesimally 
small perturbations. He studies the normal linear model and, as 
examples, analyzes the effects caused by changes in the assumed 
variances of the observations and by changes in the values of the 
explanatory variables. 

In an ordinary regression model, a change in the variance of an 
observation is equivalent to a change in the reciprocal of the case 
weight. However, when the model includes a nonconstant variance 
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function or a transformation parameter, a change in case weight 
cannot be interpreted simply as a change in the variance of that case. 
Nonetheless, minor perturbations of case weights are easy to analyze 
and give useful information about influence. 

Section 7.1 outlines the theory of M-estimators for independent 
observations. M -estimators are very general and include all es
timators used in this book. We now turn our attention to the effects of 
case-weight perturbations on M-estimators. 

Consider a p-dimensional parameter and the M -estimator (j 
satisfying the estimating equation 

(6.1) 

Here 'Pi(Y, e) is a p-dimensional 'score function'. Equation (6.1) 
becomes the 'likelihood equation' when 'Pi is the Fisher score 
function, i.e., the gradient of the loglikelihood of Yi. 

If we change the weight of the jth case from 1 to (1 + 6), then by a 
Taylor series of {j. about {j, the new value {j. of the estimator satisfies 

(6.2) 

Here 'Pi is the derivative of 'Pi with respect to e. Using (6.1) and (6.2) 
we have the following measure of the influence of the jth case 

(6.3) 

Because (6.3) measures the relative change in {j as the weight ofthejth 
case is changed, it is roughly the effect that case j has on {j. 

Since only one observation out of N has been modified, it is better 
to rescale (6.3) by a multiplicative factor of N; this makes the change 
from {j to {j. almost independent of N, at least for large N. 

The approximate equality in (6.3) becomes exact as 6 tends to 0, so 
that 

lim [N({j. - (j)j6] = - Ii -1 'Pj(Yj, (j) (6.4) 
..... 0 
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where 
N 

B=N- 1 L 'fb;, 0) (6.5) 
;= 1 

The limit in (6.4) is similar to Hampel's (1974) notion of the 
influence function. The influence function is most easily defined when 
the yare identically distributed and if'P; is independent ofi. Then the 
influence function is the relative change in 0 as an infinitesimally small 
amount of contamination at y is added to a large sample taken from 
the distribution of the y. A short calculation (Huber 1981, p. 45) shows 
that the influence function is 

IF (y, 0) = - [E('f(y, 0))] -1 'P(y, 0) (6.6) 

When the yare not identically distributed, then a natural generaliz
ation of (6.6) is 

IF; (y;, 0) = - BN 1 'P;(y;, 0) 

where, as in equation (7.7), BN is defined by 

BN=E( N- 1 ;t
1 
'fb;, 0)) 

(6.7) 

(6.8) 

If we replace BN and Band 0 by 0 in (6.7), then we obtain the right
hand side of (6.4), which we will call the empirical influence function 

~-1 ~ 

EIFj = - B 'PiYj'O) (6.9) 

Cook and Weisberg (1982, sec. 3.2) use similar terminology. 
We now turn to case deletions. Letting e = - 1 is equivalent to 

deleting thejth case. Define Ow to be the estimate without thejth case 
and let /lEOj = (0 - O(j))' By (6.3), /lEOj is approximately equal to /lAOj 
defined by 

(6.10) 
where 

and 
C(j) = C - 'PJ{yj,o) 

Formula (6.10) requires a matrix inversion for each case. This is 
acceptable for small N. For large N, a further approximation can be 
used. Using this approximation only a single matrix inversion is 
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needed, one to compute C- 1. Let dj = 'fiYj, e). Then 

C(i/ = [C(I - C- 1d)r 1 = (I - C- 1d)-lC- 1 

For large N, C -ldj will be small and the geometric series 

A 00 A 

(I - C- 1dj )-1 = L (C- 1dl 
k=O 

will converge. Covergence is guaranteed if the matrix norm of C- 1dj 

is less than 1, but we will not go into such mathematical issues here. 
Using a truncation of this series we have 

Substituting (6.5) with n = 1 into (6.10) gives us 

fl.A()j'::!!. _ [C -1 + C -ldjC -1 ]'I'(Yj' e) (6.12) 

If instead we truncate at n = 0, then we obtain the empirical influence 
function, (6.9). 

As a diagnostic we can use the local influence diagnostic ElF;, the 
exact case-deletion diagnostic fl.E()j, or the approximate case-deletion 
diagnostic fl.AO j • It is difficult at this time to make strong recommend
ations about which to use. They have not been compared in the 
literature, and since they are relatively new, there has been little 
practical experience with them. 

In linear regression fl.E()j, which is DFBETA in the notation of 
Belsley et al. (1980), has become traditional- actually it is the scaled 
version DFBETAS that is now in common use. For this reason, when 
using nonlinear estimators statisticians may be most comfortable 
with the approximation I1A ()j. However, our tentative recommend
ation is to use local influence diagnostics because they are easy to 
compute. A problem with ElF; is that it does not control for leverage; 
a high-leverage case may not be flagged even if it is a severe response 
outlier. High-leverage points can mask themselves. However, leve
rage and the masking of one observation by another can both be 
controlled with a robust estimator. In the next section we introduce a 
local influence diagnostic calculated at a robust estimator. This 
diagnostic seems particularly informative and easy to use. If only one 
diagnostic is to be computed, this one may be the best choice presently 
available. 

One can use fl.AOj (or fl.E()j) directly or one can rescale by the 
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standard errors of the components. Which is best? Largely this is a 
matter of taste. A change in a parameter measured by I1Aej will 
probably not be important if the change is small relative to the 
standard error. Thus a scaled diagnostic, such as DFBETAS, helps us 
decide when high influence is truly important. On the other hand, 
when a standard error is quite small, a large relative change may still 
be oflittle practical importance. This situation is analogous to testing 
for a difference between two treatments, where a difference could be 
statistically significant but of no practical significance. 

6.3 Robust estimation 

From equations (6.7) and (6.9), one can see that the influence function 
and empirical influence functions of an M -estimator are unbounded if 
the function 'Pi(y, e) is unbounded. This means that even a single bad 
observation can have a large influence on e. 

We can define a robust estimator e by replacing the estimating 
equation (6.1) with 

(6.13) 

where wi(Y, e) is a weighting function with values between 0 and 1. In 
general, downweighting by Wi can introduce bias, and the constant rx is 
needed to correct for this bias. In many common situations, e.g., 
regression with symmetric errors, symmetry considerations show that 
weighting by Wi does not create bias, and then the shift rx will be O. 

Define ~i(Y' e) = Wi(Y, e) ['Pi(y, e) - rx]. The influence function 
IFi(y, e) is given by (6.7) and (6.8) with 'Pi replaced by ~i' 

How should we choose Wi? The weighting by Wi must provide a 
balance between robustness and efficiency. Presumably 'Pi has 
already been chosen to have good efficiency at the ideal parametric 
model, and to retain this efficiency wi(Y, e) should be equal to 1 as 
much as possible. For robustness we will choose wi(Y, e) so that the 
influence function IFi(y, e) is bounded as a function of i and y. 

The influence function will be bounded if the so-called gross-error 
sensitivity is finite. When e is univariate the gross-error sensitivity, 
defined as 

y = sup sup {I IFi(y, e)l} 
i y 
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measures the worst effect that a contaminating observation can have 
on 0. 

Hampel (1968, lemma 5) shows how to choose the weighting 
function wi(Y, (J) in order to minimize the asymptotic variance of 0 
subject to a bound b on y; the lemma can also be found in Hampel 
et al. (1986, p. 117). Except that the choice of b is still open, Hampel's 
lemma states precisely how one can achieve an optimal compromise 
between robustness against deviations from the ideal model and 
efficiency at the model. We will not discuss this lemma further since it 
applies only to univariate parameters and therefore has little 
applicability in regression analysis. Instead we turn directly to 
multivariate parameters. 

In the multidimensional case, the optimal choice of Wi is not so 
unambiguous. When 0 is multivariate there are several ways to 
generalize the definition of gross-error sensitivity as well as various 
measures of the size of the asymptotic covariance matrix. These are 
discussed in detail by Krasker and Welsch (1982) and Hampel et al. 
(1986, chap. 4). Here we can only summarize those discussions. 

The un standardized gross-error sensitivity is 

Yu = sup sup { II IFi(y, (J) II} 
i Y 

where 11·11 is the ordinary Euclidean norm. Because the individual 
components ofIFi depend on the parameterization, Yu is not invariant 
to reparameterization. For example, in linear regression if one 
replaces a covariate Xj by Kxj, K -# 0, then the jth component, /3j' of 
the regression parameter changes to /3j/ K. Thejth component ofIFi is 
also divided by K. As K --+ 0, Yu becomes dominated by the jth 
component. Conversely as K --+ 00 thejth component ofIFi tends to ° 
and Yu becomes insensitive to the influence for /3j. In summary, Yu is a 
suitable measure of sensitivity to outliers only if the parameters have 
been properly scaled to be comparable. 

Instead of attempting to scale the parameters, wetwill use a measure 
of gross-error sensitivity that is invariant to reparameterization. The 
'information-standardized' and 'self-standardized' gross-error sensi
tivities have this property (Hampel et al. 1986, sec.4.2b). The former 
uses a quadratic form in the Fisher information matrix, which is itself 
sensitive to outliers. For this reason we will restrict ourselves to the 
self-standardized gross-error sensitivity. 

Krasker and Welsch (1982) introduced the self-standardized gross-
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error sensitivity and obtained the first estimator bounding this 
sensitivity. Their work was confined to normal-theory linear re
gression. We will now generalize their ideas to arbitrary parametric 
families. 

Let V(8) be the asymptotic covariance matrix of N1/Z(iJ - 8) when 8 
is the true parameter. The self-standardized gross-error sensitivity is 
so-called because it uses V(8) to norm the influence function of 8. The 
following notation will be useful; for any p x p positive definite matrix 
M the norm 11'11 M on W is defined by 

IIxli M = [x™-1xrIZ 

Then the self-standardized gross-error sensitivity is defined as 

Ys = sup sup II IF;(y, 8) II V(8) 
i Y 

(6.14) 

It is easy to see that Ys is invariant to reparameterization. Let K be a 
one-to-one transformation of the parameter space onto itself. If we 
transform 8 to K(8), then IFi(Yi,8) and V(8) are transformed to 
IFi(Yi, K) = K(8)IF;(Yi' 8) and V(K) = K(8)V(8) [K(8)]T, respectively, 
and Ys remains unchanged. 

It is instructive to consider the case where V(8) is diagonal. We 
know that as the parameters are rescaled, Ys remains constant but Yu 
changes. If each parameter is rescaled through division by the 
standard deviation of its estimator, then Yu will equal Ys' 

When V(8) is not diagonal, one can use the reparameterization 
8 -4 K(8) = [V(8) - 1/Z8]. The asymptotic covariance matrix of K is the 
identity, and the un standardized and self-standardized sensitivities of 
K are equal. For a further discussion and a somewhat different 
motivation of the self-standardized sensitivity, see Krasker and 
Welsch (1982). 

By equation 7.9 V(8) = B- 1 AB-T where B and A are the limits of 
BN and AN given by (6.8) and 

AN = E( N- 1 it1 'J'i(Yi, 8)'J'T(Yi' 8») 
respectively. Using (6.7) and replacing V(8) in (6.14) by (B;1 ANB;T) 
we have a finite-N version of Ys 

Ys.N = s~psup II ei(y,8)II AN (6.15) 
, Y 
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It is known (Krasker and Welsch, 1982) that Ys,N must be at least 
-Jp. It has been our experience that bounding Ys,N by a-Jp where a is 
between 1.2 and 1.6 achieves the dual goals of high efficiency at the 
ideal model and insensitivity to outliers. Since Ys,N depends upon 
unknown parameters, we bound instead the estimate 

Ys = sup sup II ~i(Yi' 8) III 
i Y 

= sup sup II W;(Yi, 8) ['I'i(Yi, 8) - ex] III (6.16) 
i y 

where 

(6.17) 

It follows from (6.16) that Wi will be as large as possible, subject to 
Ys ~ a-Jp if 

W;(Yi, 8) = min {1, (a-Jp)/11 'l'i(Yi, 8) - ex III (6.18) 

There is another form for the weights that will be of interest soon. 
Let ljJ be Huber's (1964) 'psi function' defined by 

ljJ(x) = {x if Ixl ~ a-Jp 
(a-Jp)sgn(x) otherwise 

Then 

The estimates 8, A, and the Wi must be found simultaneously by 
solving (6.13), (6.17), and (6.18). To solve these equations, we have 
developed an iterative algorithm, which will be described shortly. 

By construction, 8 achieves the robustness requirement that 
Y ~ a-J p, and for this reason will be called a 'bounded-influence' 
estimator. 

In what sense is 8 optimal at the true model? If'l'i is the Fisher score 
function, so that the unweighted estimator is the maximum
likelihood estimator, then we can expect 8 to be reasonably efficient. 
However, the issue of optimality is complex. One case has been 
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discussed in detail, normal-theory linear regression. In this case 0 is 
the so-called Krasker and Welsch (1982) estimator. Krasker and 
Welsch conjectured that, within a certain class of estimators satisfying 
a fixed bound on y. and some other conditions, 0 was strongly 
optimal. Strong optimality means that at the assumed model 0 
minimizes the asymptotic variance of every linear combination 
(T 0, ( in W, or equivalently that 0 minimizes the asymptotic 
covariance matrix in the sense of positive definiteness. 

Ruppert (1985) constructed a counterexample showing that the 
Krasker-Welsch conjecture was false. The point of the counter
example is that we can improve over 0 for certain components of 0, if 
we are willing to sacrifice efficiency for other components. Such a 
trade-off might be useful if only certain parameters are of primary 
interest and the others are nuisance parameters. However, in many 
situations 0 is almost as efficient at the ideal model as the maximum
likelihood estimator, so little improvement over 0 is possible. See 
Ruppert (1985) for a fuller discussion and examples. 

Hampel et al. (1986, sec. 4.3, theorem 2) and Stefanski et al. (1986, 
theorem 1) show that 0 achieves a certain type of admissibility. 
Among all estimators with the same gross-error sensitivity, there 
exists no estimator that has a strictly smaller asymptotic covariance 
matrix. Admissibility means that one can improve over 0 for certain 
components of 0 only if one sacrifices efficiency for other components. 
Thus, admissibility is the converse of Ruppert's (1985) counter
example. 

Large-sample tests and confidence regions for the parameters can 
be constructed using an estimate V of the asymptotic covariance 
matrix of Nl/2(0 - 0). From section 7.1, a suitable estimate is 
V=B-1AB-T, where A is the solution to (6.17) and 

(6.20) 

which is the same estimate of B given by equation (7.12). When the 
derivative e is difficult to calculate analytically, one can either use a 
numerical derivative or replace B by B* given by (7.13). We prefer 
using B with numerical derivatives since B* is consistent for B only at 
the ideal model. One should be cautious when using these tests. They 
suffer from the inaccuracy of all Wald-type tests and confidence 
regions. 
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Algorithm for the bounded-influence estimator We have had good 
success with the following algorithm for computing 0, .4, and the Wi' 

We have only used it in situations where the shift IX was 0, or at least IX 

seemed sufficiently small that it could be taken as O. This seems to be 
true for all estimators covered in this book. Therefore, the algorithm 
does not estimate IX. The algorithm is as follows. 

Step 1 Fix a > 1. Let C be the total number of iterations that will be 
used. Set c = 1. Let Op be a prelimin~ry estimate, possibly the 
MLE. Another possibility is to let (Jp be an estimator with a 
high breakdown point; see the discussion of breakdown 

Step 2 
below. Set Wi = 1 for all i. 
Define 

Step 3 Using (6.18) update the weights 

Wi = min {I, (a.Jp)/11 'Pi(Yi, Op) II A} 

Step 4 Using these fixed weights solve the following equation for 0 

In most applications that concern us, 'Pi is the Fisher score 
function, and step 4 can be solved using a weighted scoring 
algorithm. Of course, a Newton or quasi-Newton algorithm 
would also be suitable. 

Step 5 If c < C, set Op = 0, c = c + 1, and return to step 2. Otherwise, 
stop. 
End 

The convergence of the algorithm can be slow if there are severe 
outliers and Op is the maximum-likelihood estimator. It has been our 
experience that about 10 iterations are needed before the weights 
given to severe outliers stop decreasing. In such cases, the number of 
iterations could be decreased if a more robust preliminary estimator 
were available. In examples where there are no severe outliers, the 
algorithm typically stabilizes after two or three iterations. 

One danger is that the slow-convergence in the presence of severe 
outliers can give the appearance that the estimator has stabilized after 
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only two or three iterations, when in fact it is still changing as the 
weights of the outliers slowly decrease. 

We implemented this algorithm on the matrix language GAUSS. 
When 'P was the gradient of the loglikelihood we used numerical 
derivatives for convenience. Numerical second derivatives were used 
to calculate ii. 

6.3.1 Redescending estimators 

Extreme outliers are often gross errors. Hampel et al. (1986) discuss 
the need for robust estimators that completely reject extreme outliers 
instead of merely bounding their influence. For location parameters 
extreme outliers can be automatically rejected by using a redescend
ing 'psi function'. 

We will introduce an analog to a redescending location estimator. 
Let t/J(x) be an odd function with t/J(x) ~ 0 for x ~ O. We saw that the 
weights defined by (6.18) are also given by (6.19) when t/J is Huber's psi 
function. To be more flexible in the choice of weights, we can instead 
define the weights by (6.19) using a general psi function. If for some 
R > 0, t/J(x) = 0 for alllxl ~ R, then extreme outliers are completely 
rejected. 

In the following examples we used Hampel's three-part redescend
ing psi function 

O~x ~ bi 

b i ~ X ~ b2 

b2 ~X.~b3 
b3 ~x 

(6.21) 

where (b l ,b2,b3)=(,Jp)(a l ,a2,a3)' Typically a values are 
1.3 ~ a1 ~ 1.75, 3.0 ~ a2 ~ 4.5, and 6 ~ a3 ~ 9. It is worth experiment
ing with the constant a of the bounded-influence estimator and the 
constant aI' a2, and a3 of the redescending estimators. If the estimates 
or their standard errors from V are sensitive to the choice of these 
constants, then the data analyst should suspect problems with the 
data or the model. 

6.3.2 Breakdown 

We have not discussed the breakdown point of the bounded-influence 
estimator. Hampel (1971) introduced the idea of breakdown. Roughly 
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speaking, the breakdown point of an estimator is the largest 
proportion of contamination that the estimator can tolerate before its 
value can be determined by the contamination. A robust estimator 
should have a high breakdown point as well as a bounded-influence 
function. 

The influence function and the breakdown point can be viewed as 
complementary. The influence function only measures the influence 
of infinitesimal contamination by outliers, but at least for M
estimators of location it approximates well the effects of contamin
ation up to about one-fourth the breakdown point and is useful to 
about one-half the breakdown point (Hampel et al., 1986). Ideally, a 
robust estimator should have a bounded-influence function and as 
high a breakdown point as possible. 

We have not investigated the breakdown point of the bounded
influence estimator. However, since the bounded-influence estimator 
uses an estimated second-moment matrix, A, its breakdown point 
cannot be greater than p-l. This follows from Maronna's(1976) work 
on M -estimation of dispersion matrices. The low breakdown point of 
bounded-influence estimators should not rule out their use. Typically 
these estimators can handle data exhibiting multiple outliers and 
masking; see the examples in Carroll and Ruppert (1985). 

Recently, several estimators for linear regression have been pro
posed that have breakdown points near 50% (see Rousseeuw, 1984; 
Rousseeuw and Yohai, 1984). These estimators have low efficiency at 
the normal model. Yohai (1987) has proved that by using them as 
starting values, one can define highly efficient M -estimators with 50% 
breakdown points. Yohai's estimators do not have a bounded
influence function. Moreover, the extension of his work to nonlinear 
regression may involve considerable computational difficulties. 

Clearly this is an area needing more research. Once computation
ally feasible, high-breakdown nonlinear regression estimators are 
found, it should be possible to adapt them to regression with 
transformation and weighting parameters. 

6.3.3 Diagnostics for the robust estimator 

Most diagnostics such as Cook's distance or local influence (Cook, 
1986) analyze the effects of data or model perturbations on the 
classical, i.e., nonrobust, estimator. A persistent problem with these 
diagnostics is the masking of influential observations by other, even 
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more influential, observations. Masking can make data analysis 
tedious. The most influential points must be identified and deleted, 
and then the diagnostics must be repeated without them. It is not clear 
when to stop this process. 

Hampel et al. (1986, p. 13) suggest in passing that masking could be 
mitigated by evaluating the diagnostics at a robust fit. Indeed the 
weights from a bounded-influence estimator can be used to indicate 
masking; see Carroll and Ruppert (1985, 1987) for examples. 
Although these weights can help locate masked points, the weights 
tell us little about the nature of their influence. 

Although we could examine the influence function IFi (Yi' e) of a 
robust fit, since the influence function has been constructed to be 
bounded it will not highlight influential points. 

We will now describe a diagnostic that is evaluated at a robust fit. 
Theoretical considerations and our limited practical experience with 
this diagnostic indicates that it will flag influential points and be 
relatively immune to the masking. Of course, no diagnostic can be 
more resistant to masking than the estimator at which it is evaluated. 

Recall that the robust estimator we have introduced solves the 
equation 

where the weights Wi depend on the data. If we reweighted an 
influential point Yi by multiplying [Wi'liiYi, e)] by (1 + e), this will 
have little effect on e, since Wi would automatically readjust. This 
reiterates the point we just made; the influence of Yi on the robust 
estimator is bounded. 

Instead we will fix the Wi and replace Wj by (wj + e). Then the 
estimate, say 0*, solves 

N 

L Wi'Pi(Yi' 0*) + e'PiYj, 0*) = 0 (6.22) 
i= 1 

By the same calculation that led to (6.4), we see that 

!~ [N(O: - O*)/e] = - ( N- 1 it1 Wi'fi(Yi, e)) -1 'PiYj' e) (6.23) 

This agrees with (6.4) when Wi == 1. We will call the right-hand side of 
(6.23) the local influence diagnostic, LI j . 

It is informative to compare (6.23) with (6.4) and with the influence 
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function of the robust estimate. In (6.4) the influence of Yj can be 
masked in two ways: (i) 'Pj is evaluated at a nonrobust estimator, and 
(ii) 'Pi is not weighted by Wi' A large value of'P k' for some k, will inflate 
the value of ii. This can cause ii- 1 appearing in (6.4) to have some 
small eigenvalues and can mask an observation Yj such that 'PiYj' e) is 
close to one of the corresponding eigenvectors. 

The influence function of the bounded-influence estimator e is 
equal to LIj times Wj' Therefore, when evaluated ~t influential points, 
LI j is much larger than the influence function of (). Consequently, LIj 

will highlight the influential points even though the influence function 
of e may not. It is interesting to note that although LI j is an influence 
function of ()* satisfying (6.22), this estimator coincides with the BI 
estimator only at the original data set, not at perturbations of these 
data. 

The idea of evaluating influence diagnostics at a robust estimator is 
related to an approach of Atkinson (1986b), who deals with the linear 
model only. Atkinson suggests using Rousseeuw's (1984) least
median-of-squares estimator to detect a group of outliers, applying 
least squares to the 'good' data, and then evaluating influence 
diagnostics at this 'trimmed' least-squares estimate. This technique 
should be a useful data-analytic tool, but a note of caution is in order. 
Trimmed least-squares estimators where the trimming is based on a 
preliminary estimator, even a robust one, can have peculiar distri
butional properties and may be neither efficient nor robust (see 
Ruppert and Carroll, 1980; Welsh, 1987). 

6.4 Weighted regression 

Recall the heteroscedastic regression model 

Yi = f(xi,P) + ag(piP),Z;,(})ei (6.24) 
where 

Jii(P) = f(x i, P) 

In the previous section, we discussed general techniques for generat
ing influence diagnostics and bounding the influence function of an 
estimator. Now we apply these techniques to two important estim
ation methods for model (6.24), maximum likelihood and pseudo
likelihood (see Chapter 3). Recall that the difference is that maximum
likelihood estimates P and () simultaneously, while pseudo-likelihood 
estimates P with () fixed and vice versa. 



WEIGHTED REGRESSION 191 

6.4.1 Simultaneous estimation of p and () 

Simultaneous estimation of P and () is simpler to describe than 
separate estimation, though the latter can be easier to implement. Let 
Ij(Yj, p, ()) be the log of the conditional density of Yj given Xj and Zi> i.e. 

Ij(Yj, p, ()) = -log [21t0"2(P, ())]/2 - rf /[20"2(P,())] 

-log [g(Jlj(P), Zj, ())] (6.25) 
where 

rj = [Yj - f(xj, P) ]/g(Jlj(P), Zj, ()) (6.26) 

and 0"2(P, ()) is the weighted maximum-likelihood estimator of 0"2, that 
is, the weighted average ofri, ... , r~ with weights WI"'" WN• These are 
the weights defined in step 3 of the algorithm for the bounded
influence estimator (see section 6.3). 

The purpose of introducing O"(P, ()) is to eliminate the nuisance 
parameter 0". This is done for two reasons, computational stability 
and increased sensitivity to influence on fi and O. Because 0" depends 
heavily on (), iterative algorithms that allow 0" and () to vary 
independently are unstable if the starting values of 0" and () are not 
chosen with extreme care. It has been our experience that treating 0" as 
a function of () and P reduces the need for excellent starting values. 
When 0" is eliminated as a free parameter, influence on h is ignored and 
one can concentrate on influence for important parameters. There is 
no danger that an observation will be downweighted solely for its 
influence on U. 

The maximum-likelihood estimator simultaneously solves 

N ~ ~ 

L Ip,j(Yj' p, ()) = 0 
j= 1 

and 

where Ip,j and le,j are the partial derivatives of Ij with respect to P and (). 
The theory of sections 6.2 and 6.3 can now be applied to 

where 

'Pj(y, r) = [/p,hj, p, ())] 
'e,;(Yj, p, ()) 

(6.27) 
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Example 6.1 Skeena River sockeye salmon 

This data set was discussed in sections 4.5 and 5.3. In the latter 
section, power weighting with and without transformation was 
considered. Here we will consider only weighting by Sf. This model 
corresponds to (6.24) with Zj = S;, (J = IX, and 

(6.28) 

As in Chapter 4, the median recruitment is given by the Ricker model, 
equation (4.35). 

In the previous analyses, the year 1951 (case 12 where a rockslide 

Table 6.1 Skeena River sockeye salmon data. Estimators with the variance 
proportional to a power of S, the size of the spawning population. 
The standard errors are in parentheses 

Parameter 

Estimator Pt P2 ~ 

p and IX estimated simultaneously 
MLE (with case 12) 3.27 5.80 1.61 

(0.54) (2.84) (0.35) 
(without case 12) 3.74 7.72 2.17 

(0.54) (2.74) (0.40) 

Bounded-influence (one-step) 3.43 6.67 1.65 
(0.62) (2.90) (0.54) 

(fully iterated) 3.70 8.08 1.87 
(0.57) (2.72) (0.48) 

Redescending (one step) 3.89 9.11 1.97 
(0.54) (2.49) (0.45) 

(fully iterated) 3.94 9.30 1.97 
(0.47) (2.31) (0.41) 

P and IX estimated separately 
Redescending (one-step) 

first iteration 3.72 7.87 1.98 
(0.46) (2.38) (0.32) 

second iteration 3.69 7.73 1.96 
(0.54) (2.75) (0.33) 
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interfered with spawning) was deleted. Now we will include it to 
demonstrate the diagnostics and robust estimators. 

In Table 6.1 six estimators are given, the maximum-likelihood 
estimator with and without case 12, the one-step and fully iterated 
bounded-influence estimators, and the one-step and fully iterated 
redescending estimators. The redescending estimators used the 
bounded-influence estimator as a preliminary estimate. The 'tuning 
constants' were a = 1.5 for the bounded-influence estimator and 
(aI' az, a3) = (1.5, 3.5, 8) for the redescender. The table also gives the 
standard errors of the estimators. 

Clearly case 12 is the most influential point; it is completely rejected 
by the redescending estimator. This is somewhat surprising. Although 
we know that case 12 is an anomalous year, it does not appear that 
outlying. This reiterates a point made in Chapter 2. In the presence of 
heteroscedasticity, outliers can be difficult to detect by ordinary 
scatterplots. 

In Table 6.2 the influence diagnostics are given for cases 4, 5,12,16, 
and 18, the only cases that are downweighted by the robust 
estimators. 

Looking at the approximate case-deletion diagnostics, L'l~, we see 
that two points have a large influence on IX. Deleting case 12 increases 
iX, which indicates greater heteroscedasticity when case 12 is removed. 
This is in agreement with Figure 4.1. In that figure we see that the 
recruitment variability increases as a function of S. Case 12 is an 
outlier, and its large residual occurs with a low value of S. Retaining 
case 12 increases the recruitment variability at the low end of the 
range of S, but leaves the variability unchanged for other values of S. 
Therefore, the recruitment variability as a function of S increases 
more slowly when case 12 is retained. 

Deleting case 5 decreases iX, indicating less heteroscedasticity. 
Because case 5 is an outlier corresponding to a large value of S, this is 
also in agreement with Figure 4.1. 

It is interesting that the approximate case-deletion diagnostics do 
not show case 4 as influential, especially for IX. The trouble is not with 
the accuracy of the approximation; the approximate and exact case
deletion diagnostics are similar. The problem is that case 4 is masked 
by case 12. The local influence diagnostics do show case 4 as 
influential. Cases 4 and 12 are similar, each having a negative residual 
and a low value of S. However, case 12 has a much larger absolute 
residual and masks case 4. The redescending estimate completely 
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rejects case 12, so the influence of case 4 is not masked when local 
influence is evaluated at the redescender. 

We now turn to influence for Pl and P2' Deleting cases 4, 5, or 12 
increases both Pl and P2' while deleting cases 16 or 18 has the 
opposite effect of decreasing both estimates. To understand the 
ultimate effects on the estimated median response, we should notice 
that Pl is the slope ofthe Ricker function at S = 0 and S = 1/P2 is the 
value that maximizes the Ricker function; the maximum is (PdP2) 
exp( -1). Therefore, increasing both Pl and P2 causes the estimated 
median to rise more quickly as a function of S and to have its 
maximum recruitment at a smaller value of S. Decreasing both Pl and 
P2 has the opposite effects. When both P values increase or both 
decrease, the maximum recruitment depends on whether or not the 
relative increase of Pl is greater than that of P2' 

From Table 6.1 we see that the exact changes in Pl' P2' and cl when 
deleting case 12 are - 0.47, - 1.92, and - 0.56, respectively. Using 
,1.~, these changes are approximated by - 0.33, - 1.30, and - 0.36, 
respectively. This level of accuracy seems acceptable, since ,1.~ is only 
intended as an influence diagnostic and knowing the exact changes in 
the parameter estimates is not essential. 

6.4.2 Estimating P and () separately 

In Chapter 3 the pseudo-likelihood method of estimation was 
described. The idea is to estimate P first, possibly by unweighted least 
squares, and then to estimate () by maximum likelihood, treating P as 
known and fixed. Then P can be re-estimated by weighted least 
squares, treating () as known and fixed. This process can be repeated a 
fixed number of times or possibly until convergence. 

At each stage of the pseudo-likelihood method, we can use a robust 
estimator instead of maximum likelihood. Influence diagnostics can 
be computed at each stage as well. If the pseudo-likelihood or 
maximum-likelihood estimator is available, it can be used at the first 
stage as a preliminary estimate of P; although it is nonrobust it should 
be more efficient than unweighted least squares. 

In Giltinan et al. (1986) this robust modification of pseudo
likelihood is discussed in detail. Besides the bounded-influence 
estimator generalizing the Krasker-Welsch estimate, a generaliz
ation of the Mallows estimator is discussed. The Mallows estimate 
separate influence into two parts, the influence of the residual and the 
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influence due to leverage. For the estimation of p, the influence for 
leverage is the influence due to x, and there is an analogous meaning 
for leverage when estimating (). 

The early robust estimators of Carroll and Ruppert (1982b) 
bounded the influence of the residuals but not leverage. This is 
acceptable for designed experiments, but not in general. 

Example 6.1 continued 

We applied the following robust pseudo-likelihood method to the 
Skeena River data. The model again was that the recruitment 
variance is proportional to a power of the mean. The algorithm is as 
follows. 

Algorithm for~robust pseudo-likelihood method 
Step 1 Fix Pp and ()p equal to t~e maximum-likelihood~estimates. 
Step 2 Fix p in Jl.i(P) equal to Pp, and fix () equal to ()p. (In this 

example, the variance did not depend on p so that Jl.i was not 
actually needed. We are describing the general algorithm so 
that it can be applied to other data sets.) Substitute these into 
the loglikelihood given by equation (6.25). The value of pin 
f(x, P) is allowed to vary. Call the result 'Pi(y, Pl. As 
described in section 6.3, calculate the one-step redescending 
estimator using this 'Pi. Call this p. 

Step 3 Replace ~ by p. 
Step 4 Fix P equal to Pp in (6.25) and call the result 'Pb, (). Again 

using the techniques of section 6.3, calculate the one-step 
redescending estimate of (). Call the estimate 8. 

Step 5 Replace 8p by 8. 
Step 6 Return to step 2. 

End 

The algorithm can be checked for convergence at steps 3 and 5. In 
the case of the Skeena River data, P on the second iteration was very 
close to P from the first iteration, so the algorithm could have been 
stopped at step 3 of the second iteration. As a check we completed step 
5 of the second iteration. The new estimate of () was virtually the same 
as on the previous iteration. 

The estimates and their standard errors are given in Table 6.1. 
Although the estimates given above do not agree exactly with those 
given in Table 6.1 for simultaneous estimation of P and (), the 
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differences are always quite small compared to the standard errors. 
In Table 6.2 the local influence diagnostics are given for separate 

estimation of P and (x. In general, they are similar to the local influence 
diagnostics when P and (X are simultaneously estimated. 

For further examples of robust estimation of weighted regression 
models, the reader is referred to Giltinan et al. (1986). 

6.5 Transformation and weighting 

In this section we discuss diagnostics and robust estimation for the 
transformation model with heteroscedastic errors. This model is 
given in Chapter 5 as equation (5.1), which we restate here 

h(yj' A) = h[f(xj, p), A] + q9(Jl.AP), Zj, O)e j (6.29) 

Although, model (6.29) includes the transform-both-sides model as a 
special case, for pedagogic reasons we introduced the transform
both-sides model first in Chapter 4. Now we will only treat the 
general model given by (6.29). 

As in section 5.2, let 

rAP,).,O) = {h(yio).) - h[f(xj, p),).] }/9(Jl.AP), Zj, 0) 

The loglikelihood of Yj given Xj and Zj is 

'j(Yj, p,)., 0) = -log [q(P,)., 0)] - rf/[2q2(P,)., 0)] 

-log [g(jJ.j(p), Zj, 0)] + log [J j()')] 

where J AA) is the Jacobian of the transformation from Yj to h(yj' A). As 
in section 6.4, the nuisance parameter is eliminated by substituting 
q2(P, A, 0), the weighted average of r~, ... , r~ with weights WI"'" WN• 

The maximum-likelihood estimator maximizes 

and it is shown in section 5.2 that the MLE minimizes 

N 

L e~ 
j= I 

where 
ej = rAP, A, O)g(P, O)/i(A) 

Here g(P,O) and j(A) are the geometric means of {9(Jl.AP), Zj, O)} and 
{J AA)}, respectively. 
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The maximum-likelihood estimator is an M-estimator with 'psi 
function' 'Pi given by either 

Vli(y, p, A, 0) 
or 

(6.30) 

(6.31) 

Here V is the gradient with respect to (P, A, 0). If form (6.31) is used, 
then the geometric means should be replaced by weighted geometric 
means, i.e. 

log [i(A)] = Ctl WiIOg[Ji(A)]) I (Jl Wi) 
In the following example we used (6.30). 

Example 6.2 Bacterial clearance 

This is a continuation of Examples 4.3 and 5.1. We now return to the 
bacterial clearance data given in Table 4.6. We will use the model 
(4.45) for the median response and the variance 'model A' discussed in 
section 5.3. Since each treatment and time of sacrifice combination is 
replicated six times, one might look for outliers by informal data 
analysis such as boxplots. However, we have already seen that such 
techniques are inadequate unless they account for the skewness and 
heteroscedasticity of the data. Instead we will use robust estimation, 
diagnostics, and analysis of the residuals from the robust fit to (5.1) or 
(6.29). 

First we will use the modified power transformation with shift fL 
fixed at - 0.05, i.e., we add 0.05 to the response and the model before 
power-transforming. Then fL = - 1 will be used for comparison. 

For simplicity we will concentrate on the bounded-influence 
estimator. The redescending estimator leads to a similar analysis. 

The &, fj, and'& values in model (4.45) are virtually identical for the 
MLE and the robust estimators. Therefore we will begin by discussing 
influence for the transformation parameter A and the variance 
parameter n. Table 6.3 gives the MLE, the BI estimator, and the 
redescending estimator of A and n for Jl. fixed at - 0.05 or - 1. Notice 
that i and it are somewhat different for the MLE and the robust 
estimates. However, the choice of Jl. affects ~ and it more than the 
choice of estimator. Also, going from the MLE to the robust estimates 
has the similar effects on ~ and it as changing Jl. from - 0.05 to - 1. 
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The reason for this will be clear when we examine the local influence 
diagnostics. 

Nine cases deserve further examination. These are listed in 
Table 6.4 with the following statistics: treatment group, time of 
sacrifice, response, residual from the BI estimate (standardized by the 
median absolute deviation, i.e., the MAD), log (estimated median 
response - Jl.), and the local influence (LI) diagnostics L1A. and Me 
evaluated at the BI estimate. 

The most influential observation is case 49. This case has a response 
equal to zero, and power transformation induces a severe outlier even 
with 0.05 added. Note that L1A. is positive and Me is negative for this 
observation. Increasing its weight increases 1 and decreases ft. This is 
sensible. Case 49 is an extreme negative residual, which induces left
skewness to the residuals and therefore tends to increase i Also, since 
the time of sacrifice is t = 24, this case suggests greater heteroscedas
ticity, i.e., a more rapid increase in the variance as a function of t. 
Increased heteroscedasticity is equivalent to a smaller value of 11:; see 
model A given by equation (5.8). 

Case 72 is also outlying with a negative residual and time of 
sacrifice equal to 24 h. Like case 49 it is influential for ft. However, 
case 72 has relatively little influence on 1 The reason is that case 72 
has a much higher response than case 49, which has a response equal 
to O. Unless Jl. is large (say 0.5 or greater) the shifted response of 
case 49 will be close to the singularity of the negative 'power 
transformations occurring at O. Therefore, case 49 prevents A. from 
decreasing much below O. The robust estimators downweight case 49 
and this decreases 1 Changing Jl. to - 1 has virtually the same effect as 
using a robust estimator, because using Jl. = - 1 keeps the shifted 
response of case 49 away from O. 

In Table 6.4 we see that if Jl. is changed from -0.05 to -1, then the 
influence of case 49 on i becomes quite small, but its influence on ft 
increases. 

Some cases, in particular cases 19 and 48 and to a lesser extent 
cases 4, 11, and 34, are downweighted by the BI estimator even 
though they have little influence on 1 and ft. These cases have large 
effects on the estimated (x, p, and L1 values, large at least relative to the 
standard errors of these estimates. These effects are seen from the local 
influence diagnostics. We will not give the LI diagnostics here but will 
summarize the results. Case 4 has a standardized residual equal to 
- 2 and occurs at t = O. It is in group 0 (control) and decreases Ill' 
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Case 11 is similar to case 4 but is in group A (ampicillin) and decreases 
el2· 

Cases 19 and 48 have positive residuals and are in group VA (virus). 
Case 19 is at t = 0 and decreases /14 while increasing ~4. Case 48 is at 
t = 4 and has the opposite effects on these estimates. 

The main point of the diagnostics is that they show how sensitive 
the estimated power transformation 1 is to the shift Jl. when the 
responses include a zero value. This sensitivity could be expected but 
its magnitude came as a surprise to us. It is interesting and somewhat 
unexpected that it is also very sensitive to the choice of Jl.. The 
diagnostics also show how certain cases change the estimates of 
parameters in the model for the median response, but for this data set 
these changes are of secondary importance. 

Perhaps Jl. should be estimated from the data. However, as 
Atkinson (1985) discusses in detail, Jl. cannot be estimated by normal
theory maximum likelihood. As the minimum of the shifted re
sponses, Yi - Jl., tends to zero, the likelihood tends to infinity. This 
should not be viewed as failure of the method of maximum likelihood. 
The problem is that the transformation-to-normality model, which 
can never hold exactly, cannot even hold approximately when the 
shifted responses are near O. The skewness and heteroscedasticity 
estimators, lsk and lhe!, introduced in section 4.3, may be promising in 
this context, since they do not depend on the normality assumption. 

We now examine the residuals more closely to see if the transform
ation and variance model A really has achieved near-normality and a 
constant variance. We will use the residuals from the redescending 
estimate and Jl. = - 0.05. The redescending estimate makes outliers 
stand out, and with this estimate the choice of Jl. is not crucial. 

Figure 6.1 is a plot of the residuals (standardized by the MAD) 
against the logarithms of the fitted values. This graph should be 
compared to Figure 5.2, which is based on the same model but uses 
the MLE. Recall that in Figure 5.2 there seemed to be too little 
variability among the cluster of 12 observations with small fitted 
values. This has changed in Figure 6.1. Because 1 changes from 
- 0.07 to - 0.14 as we change from the MLE to the redescending 
estimate, cases 57 and 49, particularly the latter, are negative outliers 
in Figure 6.1. Inducing negative outliers has achieved a more nearly 
constant variance, but this is not a very satisfactory way of obtaining 
homoscedasticity. 

Figure 6.2 is a normal plot of the residuals. Cases 49, 72, 34, and 48 
are clearly outlying, but the remaining data are approximately 
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normal. In the figure we have drawn two straight lines, one through 
the negative residuals and the other through the positive residuals, 
ignoring the outliers in both cases. There is a hint of left-skewness, 
indicating slight overtransformation. This is not of real concern, but it 
supports the slightly weaker log-transformation, A. = 0, which has a 
biological interpretation (see section 5.1 and below). 

Overall, variance model A with J1 = - 0.05 and the redescending 
estimate provides a satisfactory fit, but there are two minor problems. 
(1) The transformation 1 = - 0.14 is 2.5 standard errors from the log
transformation. In section 5.3 we showed that the unshifted log
transformation leads to an easily interpreted random-coefficients 
model. (2) The data contain several outliers. The most severe outlier, 
case 49, can be explained; it is induced by the negative power 
transformation. This is partly true for case 72. Case 48 cannot be 
explained as transformation-induced. 

Although we could stop our analysis here, there is an interesting 
hypothesis worth pursuing. Recall that variance model A was 
developed by assuming that the bacterial growth rate in the lung 
varied between animals. Until now we have assumed that the variance 
ofthe growth rate does not depend on the treatment group. However, 
viral exposure could add another component of variability to the 
growth rate, because of varying severity of the viral infection. For 
example, case 72 is a viral-exposed mouse with a response only 
slightly higher than the non-viral-infected mice. Perhaps this mouse 
had a low-grade viral infection. We now extend the model to allow a 
different variability for virus-infected mice. This will be called model 
C, and can be written 

aitj = agdt, Tel' Te2) 

= a{ Tei + (1 + Te~l[i = V or VA])(t + 0.2WP/2 (6.32) 

Here l[i = V or VA] is the indicator function for the viral-infected 
groups. If Te 2 = 0, then model C reduces to model A given by equation 
(5.8). 

Model C was fit with J1 fixed at - 0.05. First A. was allowed to vary 
and then A. was fixed at O. The estimates are in Table 6.5. With A. fixed, 
the MLE of Te 1 and Te2 are both about 2.5 standard errors away from O. 
When A. varies, the standard errors increase considerably, and neither 
Tel nor Te 2 are significantly different from 0 at p = 0.05. However, with 
A. allowed to vary, the loglikelihood is - 283.6 for model C and 
- 286.1 for model A. Twice the difference is 5.0, which is significant at 
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Table 6.5 Bacterial clearance data. Estimates of transformation and variance 
parameters. Model C, the two-parameter variance model, 
J1 = - 0.05. Standard errors are in parentheses 

A fixed Ie not fixed 

Estimator n1 n2 X n1 n2 

MLE 6.42 2.03 0.060 9.31 3.55 
(2.45) (0.83) (0.049) (5.07) (2.40) 

BI 9.50 2.96 0.048 12.96 4.53 
est. (4.93) (1.66) (0.056) (5.37) (2.68) 

Redes. 20.2 5.89 0.007 21.5 6.06 
est. (10.1 ) (3.11 ) (0.044) (12.5) (4.81) 
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J1 = - 0.05. Selected cases indicated. 
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p = 0.05. Thus model C is supported by the data, at least if we retain 
the most influential observations. However, it is difficult to estimate A, 
7r 1, and 7r2 simultaneously; their estimators are highly correlated with 
large standard errors for 1!1 and 1!2. This suggests fixing A at 0, a value 
supported by biological reasoning. 

The residual plots for model C using the redescending estimate are 
given as Figures 6.3 and 6.4. These plots are with A = i = 0.044, but 
the plots with A = 0 are nearly the same. There is little indication of 
heteroscedasticity in Figure 6.3 or in plots (not shown) of the absolute 
residuals against time and against the logarithms of the fitted values. 
Notice that case 72 is no longer outlying and case 48 now has a 
residual of only 2.1, though the residual of case 49 is an extreme 
outlier, - 5.5. Model C seems preferable to model A because it 
'explains' the outliers, except for the transformation-induced outlier, 
case 49. The low variability for groups V and VA at t = 24 is 
'explained' by the variance model rather than removed by a negative 
power transformation as when model A is fit. Therefore, case 72 is no 
longer a transformation-induced outlier, and case 48 is now seen as 
less outlying since it belongs to a viral-infected group. 
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Figure 6.4 Bacterial clearance data. Normal probability plot of residuals. 
Residuals have been standardized by the MAD. Transform both 
sides with variance model C. Redescending estimator. A = i 
= 0.044. J1 = - 0.05. Selected cases indicated. 
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Table 6.6 Bacterial clearance data. Model C. /.l = - 0.05. Case weights and 
LI diagnostics evaluated at the redescending estimate 

A not fixed ).fixed 

LI diagnostic LI diagnostic 

Case Weight ~A ~1tl ~1t2 Weight ~1tl ~1t2 

4 0.93 -0.01 1.23 -0.07 0.86 1.77 0.25 
11 0.78 -0.01 0.78 -0.12 0.71 1.23 0.14 
19 0 0 0.08 0.01 0 0.08 om 
34 0.55 0 2.95 0.26 0.54 2.56 0.11 
48 0.006 0.05 5.19 3.26 0.005 1.31 1.04 
49 0 0.54 -74.6 -10.1 0 -114 -34.1 
57 0 0.07 -16.4 -3.19 0 -21.1 -6.32 
64 0.49 -0.02 -1.58 -0.15 0.86 -0.01 0.47 
72 0.006 0.03 2.26 2.03 0.51 -0.08 0.57 

Notice in Table 6.5 that nl and nz have much larger standard 
errors when using the redescending estimate rather than the MLE. 
This is because n1 and Tt2 rely on information from case 49 which is 
given weight 0 by the redescending estimate. 

Table 6.6 gives diagnostics. Only case 49 has much influence on i. 
It might be that this is the case that drives X positive; notice that X 
decreases to nearly 0 as one switches from the MLE to the 
redescending estimate. Numerous cases influence *1 and *2' though 
case 49 has the largest effects. Clearly 1t 1 and 1tz are not estimated very 
precisely, and this is reflected in their standard errors. 

We prefer model C to model A. Adding the extra parameter 
'explains' all but one of the outliers. Although adding parameters to fit 
outliers should not be routine practice, in this case the added 
parameter has a biological interpretation and supports the log
transformation, which is also based on a biological theory. 

The goal of regression analysis is not merely to find a single 
estimate but rather to understand the data, and more importantly the 
phenomena being studied. However, one usually does end the 
analysis by accepting one model and estimate, even if the acceptance 
is only tentative and will change with the input of new data or new 
scientific theory. Therefore, we propose model C with J,l = - 0.05, 
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A = 0, and the redescending estimate. One needs the robust estimate 
to deal with case 49. One could use Jl = - 1 to stablize case 49, but 
we prefer keeping J.l close to 0 because the unshifted log-transfor
mation has a neat biological interpretation. 

It is interesting that cases 62 and 63, which are severe positive 
outliers before transformation, fit the transformation model quite 
well. Before beginning the analysis we expected them to be the most 
influential cases. The most influential case, case 49, looks innocuous 
before transformation. 



CHAPTER 7 

Technical complements 

7.1 M-estimators 

This section briefly reviews the theory of M-estimators for independ
ent but not necessarily identically distributed observations. We 
assume that {Y;}f= 1 is a collection of independent random variables 
and that Yi has distribution Fi. A special case of much importance is 
when the observations are identically distributed so that Fi = F for 
some F and all i. 

Let fJ be a parameter depending on { Fi }f= 1 and taking values in the 
parameter space e which is an open subset of W, p ~ 1. We will 
distinguish between parametric and non parametric estimation. In the 
former case we have a parametric family of distributions Fb, t), tEe 

and i = 1, ... , N, and for some fJ (independent of i) Fi = Fi(y, fJ)for all i. 
Thus Fi is assumed known except for a p-dimensional parameter. In. 
the non parametric case, () is determined by {Fi }f= 1 but not vice versa. 
We also assume that for some measure m, Fk, t) has a density fk, t) 
with respect to m. Linear models with Gaussian errors and a constant 
or more generally parametric variance function are parametric 
problems, while linear models with arbitrary mean-zero errors are 
nonparametric problems. 

M-estimators can be defined in two ways: (a) as the solution of a 
minimization problem and (b) as the root of an estimating equation. 
In case (a) (j is defined by 

N A 

L Pi(Yi, fJ) = min! (7.1) 
i=l 

that is, (j minimizes the sum on the left-hand side of(7.1), where P is a 
real-valued function. In case (b) define (j so that 

N A 

L 'l'i(Yi> fJ) = 0 (7.2) 
i= 1 
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In both (7.1) and (7.2) the existence and uniqueness of 0 are important 
questions but are difficult to answer except in special cases. If Pi(Y, .) is 
differentiable for each fixed Y then (7.1) implies (7.2) with 'Pi(y, t) = 

(0/ O(J) Pi(Y, (}), but of course (7.2) does not imply (7.1) since (7.2) is 
satisfied by local minima or even maxima, if they exist. Consequently, 
it is preferable if an estimator can be defined by (7.1). However, a p

dimensional function 'Pi may not be the gradient of any real-valued 
function Pi' Therefore, when p > 1 then the class of estimators defined 
by estimating equations of the form (7.2) is more general than the 
class defined by (7.1). In the identically distributed case we assume 
that for some 'P, 'Pi = 'P for all i. 

Maximum-likelihood estimators are M-estimators, and in fact 'M
estimator' was coined by Huber (1964) to mean of maximum
likelihood type. Let gi(Y, t), tEe, be a family of densities and let 

Si(Y, t) = (0/ ot) log gi(Y, t) 

be the so-called 'score function'. Setting Pi(Y, t) = -log gi(Y, t) in (7.1) 
or 'Pi = Si in (7.2) gives the MLE. 

For parametric estimation problems, we say that we are 'at the 
ideal model' when 

gi(Y, t) = fi(Y, t) 

that is, the density of the data is in the same family that defines the 
estimator. Maximum-likelihood estimation is also used when the Fi 
are not in a parametric family. For example, the least squares 
estimator for a regression model is the MLE if the errors are 
independent, identically distributed N(O,0'2), but the least-squares 
estimator is often used when this assumption is not met. The 
maximum-likelihood estimator is asymptotically efficient at the ideal 
model under reasonable regularity conditions, but can be very 
inefficient off the ideal model. This point is discussed in more detail in 
Chapter 6 and the references given there. Certain modifications of the 
maximum-likelihood estimator, which are M-estimators with 'Pi a 
suitably truncated version of the score function, retain their good 
efficiency when the data are only close to the ideal model. These 
robust alternatives to the MLE are introduced in Chapter 6. 

7.1.1 Consistency 

An assumption that is quite close to being necessary for the 
consistency of 0 is: 
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Assumption 1: Case (1): The function 

itl f p;(y, t)dFi(Y) 

has a unique minimum at t = e, or 
Case (b): The equation 

itl f 'Pi(y, t)dF;(y) = 0 

211 

(7.3) 

(7.4) 

has a unique solution t = e. In the independent, identically distributed 
case (7.4) is equivalent to 

f 'P(y, t)dF(y) = 0 (7.5) 

In the case of maximum likelihood estimation, (7.3) becomes 

itl fIOg!i(y, t)dF;(y) = max! 

It is well-known that 

is uniquely maximized by t = e, provided that for all t =F t' !k,t) and 
!i(', t') are distinct densities. Thus assumption 1 holds for maximum 
likelihood estimation at the ideal model. OfT the model, the MLE 
estimates the value of tEe that minimizes the Kullback-Leibler 
discrepancy between the data density and the parametric model; see 
Hernandez and Johnson (1980) who discuss Box-Cox transform
ations when no transformation to exact normality is possible. 

Of course assumption 1 alone will not guarantee consistency 
without additional regularity conditions. Moreover, it seems possible 
to construct pathological examples where assumption 1 is violated 
mildly but {j -+ (J nonetheless. Huber (1967) gives a rigorous discussion 
of consistency for independent, identically distributed data. 

7.1.2 Asymptotic normality 

Once consistency has been established, the asymptotic distribution of 
(j can be found by the following heuristic argument, which can be 



212 TECHNICAL COMPLEMENTS 

made rigorous -in many important special cases. Let +i(y,t) = 
Ojot'P(y,t). By a Taylor series argument 

N ~ ° = L 'Pi(Yi'O) 
i= 1 

so that 

Nl/2(O - 0) ~ - BN 1 [ N- l /2 Jl 'Pi(Yi, 0) J (7.6) 

where 

BN=E[ N- l itl 'i'i(Yi'O)] (7.7) 

We assume that BN converges as N --+ 00 to some nonsingular matrix 
B. We also assume that 

N 

N- l /2 L 'P;(Yi,O)--+N(O,A) (7.8) 
i= 1 

for some matrix A. In the identically distributed case we assume 

A = f 'P(y, O)'P(y, O)T dF(y) 

is finite. Define 

AN = E[ N- l itl 'Pi(Yi' O)'PJ(Yh 0) J-
In the non-identically distributed case, (7.8) will hold if AN --+ A and 
other regularity conditions hold. By (7.6)-(7.8) we have 

(7.9) 

where we use the notation M-T = (M-l)T. 
For parametric estimation we have a useful identity for BN: 

BN = - N-l Jl f 'Pi(y, O)Si(Y, O)TdF;(y) (7.10) 

which follows from differentiating the identity 

itl f ['I'i(y,t)!i(y,t)]dm(y) == 0, 
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and setting t equal to e. In the case of maximum likelihood estimation 
- BN is called the Fisher information matrix and will be denoted by 
10 , Then since 'Pi = Si' (7.10) becomes the well-known identity 

10 = N- 1 it1 fS;(Y,B)S;(Y,B)TdF;(Y) = AN 

so that in (7.9) we have (BN 1 ANBNT) = Ii 1. We can estimate AN and 
BN by 

N 

A = N- 1 L 'P;(Yi,B)'P;(Yi,e)T 
i= 1 

and 

or 

The approximation 

B ~ N(B,N- 1 B- 1 AB-T ) 

or 

(7.11 ) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

can be used for large-sample tests or confidence regions. Often q,i is 
difficult to calculate due to the complexity of'P; and therefore (7.15) is 
easier to use. However, (7.14) has the advantage of being nonpara
metric. Since (7.14) does not depend on any parametric assumptions 
it can be used with maximum likelihood estimators when Fi is not 
necessarily a member of the parametric family Fl,t), tEe. 

7.2 Wald, score, and likelihood ratio tests 

Throughout this section, the parameter B will be a vector of 
dimension p, split into the components B = (I', ),), where I' has 
dimension q ~ p. We are interested in testing the hypothesis 

Ho: I' = Yo 

The loglikelihood based on N observations will be denoted L(y, ).). 

7.l..l Wald tests 

The original meaning of the term 'Wald test' is based on the work of 
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Wald (1943)(see also Rao, 1973). We use the term in a somewhat more 
general fashion. As discussed in sections 2.5 and 4.3, Wald tests are 
easy to construct, but due to inadequacy of the asymptotic appro
ximations their levels may not be accurate. The major advantage of 
Wald tests is their ease of construction and generality. For example, 
Wald tests can be constructed for M-estimators satisfying either 
(7.14) or (7.15). Suppose that y is asymptotically normally dis
tributed with mean y and covariance matrix Qj N. In symbols, 

N 1/ 2 (y - y) -+ N(O, Q) 

For M-estimators, this is the upper-left q x q submatrix of 
(B- 1 AB- 1) given in (7.9). Let a be a consistent estimate of Q, i.e. 

For M-estimators, see (7.11)-(7.13). The Wald test statistic is 

N(y - Yo)Ta -l(y - Yo) = T w(Yo) (7.16) 

Under the hypothesis,the test statistic (7.16) has an asymptotic chi
squared distribution with q degrees of freedom. The test with 
asymptotic level rJ. rejects the hypothesis if (7.16) exceeds the 
appropriate percentile of the chi-squared distribution, i.e. 

(7.17) 

Because of the analogy with linear regression, the chi-squared 
percentile in (7.17) is often replaced by the 1 - rJ. percentile of the F
distribution with q and N - P degrees of freedom. 

If y and hence Q are scalars, under the hypothesis 

tw(Yo) = N 1/ 2 (y - Yo)ja 1/ 2 -+ N(O, 1) 

Again, in analogy with linear regression the usual practice is to 
approximate the distribution of the test statistic tw(Yo) by a t
distribution with N - p degrees of freedom, and to reject the 
hypothesis if 

7.2.2 Likelihood ratio tests 

Let L(y, A) be the likelihood function based on N observations. 
Define (y, i) as the maximum-likelihood estimate of(y, A), and let Ao be 
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the maximum-likelihood estimate of A constraining y = Yo' The 
likelihood ratio test statistic is 

(7.18) 

Under the hypothesis, this statistic has an asymptotic chi-squared 
distribution with q degrees of freedom, and the test is 

Reject Ho if TL(yo) ;:: x2 (1 - ct, q) 

Generally, in the test statistic (7.18), maximum-likelihood estimates 
must be used or the large-sample null distribution will not be chi
squared. 

7.2.3 Score tests 

The score test when there are nuisance parameters is defined in Cox 
and Hinkley (1974, p. 324). Let ibe any N l / 2 -consistent estimate of A; 
this 'Could but need not necessarily be the maximum-likelihood 
estimate under the constraint y = Yo. Define 

lyJ. = - E( OyO;AT L(y, A)) 

Iu = - E( OyO;yTL(y, A)) 

lu= -E(O)~;ATL(Y'A)) 
Let In be the upper left-hand corner of the matrix 

1- 1 = [l~y lyJ. ] - 1 

IYA lu 

i.e. 

The score test statistic for Ho: y = Yo is given by 

Ts(yo, i) = Q(yo, X)TIY1(yo, i)Q(yo, i) 

where 

Q(y, A) = Ly(Y, A) - lYA(y, A)I;/(y, A)LA(y, A) 

If i is the maximum-likelihood estimate of A under the constraint that 
y = Yo, then L;.(yo, i) = 0 and the test statistic takes the particularly 
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simple form 
~ ~T ~ ~ 

Ts()'o, Je) = Lho, Je) zrY(Yo, Je)Ly(yo, Je) 

Under the hypothesis, Ts has an asymptotic chi-squared distribution 
with q degrees of freedom and the test is 

Reject Ho if Ts(Yo, i) ~ X2(1 - ()(, q) 

7.3 Miscellaneous technical results 

7.3.1 Sketch of the proof of Theorem 2.1 

We sketch a proof of a more general result than Theorem 2.1. 

Theorem Suppose that the vector Y has mean vector Jl(f3), where 

JlT =(Jll,Jl2, ... ,JlN) 

and Jli = f(xi' f3). Let the covariance of Y be (J2 A(X, Z, f3, e), where X 
is the (N x p) matrix with rows {xT} and Z is an (N x q) matrix with 
rows {zT}. Suppose further that there exist estimates P* and (j such 
that 

N l /2(p* - f3) = Opr(l) 

N l /2({j - e) = 0pr(l) 

(7.19) 

(7.20) 

where Opr(l) means boupded in probability. Now form a generalized 
least-squares estimate f3G by minimizing 

[Y - J.l(f3)]T A -l(X, Z, P*, (j) [Y - J.l(f3)] (7.21) 

Then PG is asymptotically normally distributed with mean f3 and 
covariance matrix «(J2/N)S(j 1, where 

SG = lim N- 1 D(f3)T A-l(X, Z, f3, e)D(f3) (7.22) 
N--+oo 

and D(f3) is the (N x p) matrix of partial derivatives of J.l(f3). 

Sketch of the proof Write 

U(Yl, Y2, 0) = D(ydT A -l(X, Z, Y2, O)[Y - J.l(ydJ. (7.23) 

Then the generalized least-squares estimate satisfies 

U(PG' P*, (j) = 0 
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By a Taylor series expansion, we ·Pave that 

o ~ N- 1/2U(P,P,()) + N- 1 (:() U(P,P,()) )N1/2(O _ ()) 

+ N- 1 (a~2 U(P, Y2 = P, ()) ) N1 /2(P. - p) 

+N-1(a~1 U(Y1 =P,P,())) N1 /2(PG-P) 

217 

Since the expected value of Y - Jl.(P) is zero, an inspection of(7.23) and 
sufficient regularity conditions show that 

_1 a PP p N a() U( , , ()) - 0 

-1 a p 
N -a U(P'Y2=P,())-0 

Y2 

-1 a p 
N -a U(Y1 =P,P,()) - -SG 

Y1 

Since N- 1/2 U(P, P, 0) is asymptotically normally distributed with 
mean zero and covariance matrix (12 SG' an application of Slutsky's 
lemma completes the sketch of the proof. 

7.3.2 Asymptotic justification of the normal-theory likelihood test 

Refer to section 2.5 for the testing problem. With pT = (PI. PJ), we are 
testing Ho: P2 = P2,O' Define 

We have that 

rd = g2(Jl.j(P.), Zj, ()) 

a 
aj(p) = apf(xj,P) 

a 
Cj(P) = ap1 f(xj,P) 

N ~ 

c1~,o = (N - p) -1 L [Yj - f(Xj, PG,o)]2Ird 
j= 1 
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By a Taylor series, the test statistic (2.17) is 

N[log (c1~.o) -log (c1~)] ~ N(c1~.o - c1~)/c1~ 

+ (N/2)(a~.o - a~)2 /a~ + 0pr(1) (7.24) 

By standard likelihood calculations and using the fact that the 
estimates are from generalized least squares we obtain 

N( N-1 Jl [Yi - f(x i,fJ)]2/llr - c1~ ) ~ N(PG -INSdPG - 13) 

(7.25) 
Defining 

N 

SG.o=N- 1 L Ci(f3)Ci(f3)T/g2(pif3),Zb 8) 
i= 1 

and assuming that PG.o - 13 = Op.(N- I /2), we obtain from a similar 
calculation that 

( I~ 22 2) ~ T ~ N N- if-I [Yi - f(Xi> 13)] /lli - c1G,o ~ N(f3G.o - 13) SG,o(f3G,O - 13) 

(7.26) 

Combining (7.24)-(7.26), we see that the test statistic (2.17) can be 
approximated by 

- (N /(2)[(PG.o - f3)TSG.O(PG.o - 13) - (PG - f3)TSG(PG - 13)] (7.27) 

If we define Eli as in (2.21), then the proof of Theorem 2.1 given in this 
section assures us that under the null hypothesis 

Standard multivariate normal calculations show that the normal
theory likelihood ratio test has an asymptotic chi-squared distri
bution under the null hypothesis with p - r degrees of freedom. 

The quasi-likelihood test (2.19) can also be written as (7.27) 
assuming only that PG,O - 13 = Opr(N- I /2), which would assure that 
the two tests have the same asymptotic level and local power. For 
example, note from (2.18) that 

~ N ~ ~ T ~ 
2[LQ(f3) - LQ(f3G)] ~ 2 L lQ(Jllf3G)' Yi' 8)f,lxb f3G) (13 - f3G) 

i= I 
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7.3.3 Rothenberg's variance expansion 

Suppose that the errors (2.21) are normally distributed and that the 
variances are not a function of the mean. Rothenberg (1984) uses a 
clever application of complete sufficiency to show that, the more 
variable the estimator of fJ, the larger the correction term in the 
second-order variance expansion (3.5): 

Covariance[N 1/2(PG - 13)] ~ (128(; 1 + N- 1 V(e) 

The result holds only for linear regression assuming normal errors. As 
in the previous chapter, write the model as 

Y=j1(f3)+ U=XP+ U 

where U is normally distributed with mean zero and covariance 
matrix 

(12A(Z, fJ) 

which does not depend on the mean. Assume that (j when written as a 
function of X 13 + U does not depend on 13 and is even in U. Write the 
weighted least-squares estimator calculated at () as p((}) and by 
convention' let fJo be the true value of fJ. Since the observations are 
normally distributed, fj(fJo) is a complete sufficient statistic for 13, so 
that by Basu's theorem (Lehmann, 1983, p.46) p(fJo) is distributed 
independently of 

p({j) - p(fJo) 

since the latter has distribution not depending on p. Thus, we can 
write the covariance matrix of fj({j) as 

Cov {N 1/ 2 [fj({j) - p)]} = (128(; 1 + N E{ [p({j) - fj(fJo)] [p({j) - P(fJO)]T} 

This is the key step, since it is the cross-product term that is most 
difficult to handle. The full details even now are complex, and are 
provided by Rothenberg (1984), but the major idea can be seen by 
making the expansion 

N[fj({j) - fj(eo)] = GNN 1/2({j - eo) 
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where GN is a matrix with a limit Goo as N -+ 00. If Nl/2(O - ( 0) 

converges to a normal random variable with mean zero and 
covariance n, then we have the expression 

Cov {Nl/2[p(O) - {3]} = SCi 1 + N-IGNnG~ 
+ (smaller-order terms) 

Thus, for linear regression with normally distributed errors and the 
variance not depending on the mean, the ordering by efficiency of 
estimates of {3 is the same as the ordering by efficiency of estimate of 8. 

7.3.4 Score tests for variance functions 

The score test when there are nuisance parameters is defined in Cox 
and Hinkley (1974, p. 324). In this section we indicate how to derive 
the score test when testing for heteroscedasticity of a specific form 
with normally distributed data. The model is (2.1), and we wish to test 
the hypothesis that 8 = 80 , Write the logarithm of the likelihood as 
L({3, (1, 8), so that 

N ( [Yi - f(x i, {3)]2 ) 
L(P, (J, 8) = -.~ log [(Jg(J.li(P), Zi' 8)] + 2 2 2( .({3) . 8) 

,-I (J g J.l, ,Z" 

Further, let A. = ({3, (1). From section 7.2, the score test statistic is given 
by 

(7.28) 
where 

Ql({3, (1, 8) = L6({3, 8, (1) - 16i{3, (1, 8)/;:/({3, (1, 8)Li{3, 8, (1) 

Define Sa as in Theorem 2.1 and recall that v(i, {3, 8) = 
log [g(J.li({3), Zi' 8)]. The general form of the test statistic can be 
computed by noting the following easily proved identities 

N 

166 = 2 L V6(i, {3, 8)v6(i, {3, 8)T 
i= 1 

N 

16a = (2/(1) L v6(i, {3, 8) 
i= 1 

N 

16P = 2 L v6(i, {3, 8)v p(i, {3, 8l 
i= 1 

I = 2N/(J2 aa 
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N 

la{J = (2/u) L V p(i, p, 0) 
i= 1 

N 

1{J{J = (N/u2)SG + 2 L v{J(i, p, O)vP(i,p, O)T 
i= 1 

As discussed in section 3.3, there are important cases where major 
simplifications arise. First, given p and 0, a is computed by maximiz
ing L(P, u, 0), so that 

Thus, partitioning the matrix (il as 

-1 _ ['{J{J l{Ja] -1 _ [,(J{J l{Ja] 
lu - T - a{J ,aa l{Ja laa I 

and suppressing the dependence on P and a, we see that 

Q1(P. a, (0) = LII - (11l(J1{J{J + Illa1a{J)L{J (7.29) 

If P is the maximum-likelihood estimate of p given 00 , then 
L(J(P, a, (0 ) = 0, so that 

N 

= L [eNP, (Jo) - 1] [vJ.i, p, (Jo) - vJ.P, (Jo)] (7.30) 
i= 1 

see equation (3.23). 
The first special case for which major simplification occurs is if the 

variance does not depend on the mean, for which we find that 

'1l{J = la{J = 0 
and hence that 

,1111 =!( it1 d(i, p, O)d(i, p, O)T) - 1, 

which is just (3.24). Thus, when the variance does not depend on the 
mean and the maximum-likelihood estimate is used, i.e., fully iterated 
generalized least squares, then the score test statistic is (3.22). 

We next consider the case that the variances depend on the mean. If 
fully iterated generalized least squares is used, then we find that 

N 

Lp(P, a, (0 ) = L [eNP, ( 0 ) - l]d.(i, p, (0 ) 
i= 1 
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where 
d.(i, p, 0) = v(J(i, p, 0) - vp(P, 0) 

Thus, as suggested in section 3.3, if under the hypothesis vp = 0, then 
the score test statistic is (3.22). 

The final special case occurs when (1 converges to zero as N 
converges to infinity. From (7.30), it suffices to show that 

which is immediate. 

lim (lllplPP + lll"l"P) = 0 
N-+oo 
,,-+0 

7.3.5 Characterizing restricted maximum likelihood 

The restricted maximum-likelihood estimate maximizes in ° the 
marginal posterior distribution (3.15). We want to show that this 
estimate is equivalent to solving (3.12). Recall that 

and 

e;(p, 0, (1) = [Yi - f(xi' P)]/[(1g(Jli(fJ), Zi' 0)] 

ri(p, 0, (1) = (1ei(p, 0, (1) 

N ~ 

t1~(e) = (N - p)-l L rr(P, e, (1) 
i= I 

Taking logarithms, restricted maximum likelihood maximizes in ° 
N ~ - L log [g(Jli(P),Zj,O)] -!(N - p)t1~(e)-!log{Det[SG(O)]} 

i= I 

(7.31) 

Recall that 

V(i, p, 0) = log [g{Jl;(P), Zj, 0)] 

and that VII is the derivative of V with respect to e. Then setting equal to 
zero the derivative with respect to e of (7.31) yields the equation 

~ 2~ ~ 18 
if'l [ei (P, 0, (1) - l]vii, p, 0) = "280 log {Det[SG(O)]} (7.32) 

From Nel (1980), 

:0 log {Det[SG(O)]} = trace ( SG(O)-l :OSG(O») (7.33) 
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Let X * be the N x p matrix with ith row the transpose of(3.11), and let 
Q(O) be the N x N diagonal matrix with ith diagonal element v(i, p, 0). 
Then 

(7.34) 

Plugging (7.34) into (7.33), we find that 

1 a 2: ao log {Det [SdO)]} = - N- 1 trace [SG(O)-l X~Q(O)X *(0)] 

= - trace {Q(O)X*(O) [NSdO)r 1 X*(On 

However, NSdO) = X *(O)T X *(0), so that the right-hand side of (7.32) 
becomes 

N ~ 

- trace [Q(O)H] = - L ve(i, /3, O)h;; 
;= 1 

Substituting into (7.32) shows the equivalence with (3.12). 



CHAPTER 8 

Some open problems 

In this chapter, we briefly list some problems that could be of interest 
for further research. 

(1) Estimation of the mean response after transformation. There are a 
variety of point estimates, such as the smearing estimator or the 
parametric estimator, that require numerical integration. These have 
been described in section 4.4. Questions of robustness, confidence 
intervals, testing, etc., remain. 

(2) Using outside information to estimate transformation and va
riance parameters. In fields such as radioimmunoassay (RIA), many 
small experiments are performed at more or less the same time. Trying 
to estimate transformation and varianc~ parameters is problematic if 
one uses only the data in each (small) experiment. However, it is often 
reasonable to assume that the transformation or variance parameter 
stays fixed from experiment to experiment. Alternatively, one might 
think of the transformation or variance parameters as random 
variables that vary across experiments. In either framework, pooling 
information across experiments should yield much better estimates of 
transformation and variance parameters. When the transformation 
and/or variance parameters are random, then empirical Bayes 
estimation (Morris, 1983) could be used. 

(3) N onparametric estimation of transformation and variance func
tions. In the context of transformation to a nearly normal distri
bution, it would be useful to have a nonparametric device to construct 
a first approximate transformation, possibly for later use in building a 
parametric model. Methods such as ACE (Breiman and Friedman 
1985), the method of sieves (Grenander, 1981; Geman and Hwang, 
1982), etc. need to be investigated further in the context of transform
ations to stabilize variance and symmetrize the error distribution. In 
the variance-function context, we have already proposed kernel 
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regression methods (Carroll, 1982a), but questions about optimal 
choice of bandwidth are largely unexplored. 

(4) High-breakdown robust estimation. It would be very useful to 
have high-efficiency, high-breakdown robust estimates of transform
ation and weighting parameters. The first step would be the extension 
of the least-median-of-squares estimator (Rousseeuw, 1984) to 
nonlinear regression. For a fixed value of the transformation or 
variance parameters this would provide a high-breakdown estimator 
of the regression parameters. Then a robust estimator of the 
transformation or variance parameters could be applied to the 
residuals. 

(5) Measurement error. The effects of and correction for measure
ment error in the response and the predictors is largely unexplored in 
transformation and weighting models. 

(6) Extension of dispersion and transformation function estimation 
(including robustness) to the nonindependent observations. There are 
two important examples where the observations will not be independ
ent, nested design models and time series, and weighting and 
transformations should be very useful in both cases. 

(7) Transformation and weighting when the model is not known a 
priori. One might think of doing transform both sides with different 
transformations. Also, if the mean function is not fairly well 
understood, it might be that some form of replication should be 
designed into experiments to get a good understanding of the 
variance function, absolute residuals being somewhat problematic. 

(8) Treatment of zero responses. (This problem was suggested to us 
by Mats Rudemo.) In many situations where the response is positive, 
measurements can be made to only a fixed number of decimal places 
so that some measured response will be zero. This problem can 
sometimes be corrected by adding a constant to all responses (or 
perhaps to only the zero responses), but as shown in the bacterial 
clearance example of Chapters 5 and 6 this technique can induce 
high-leverage points and outliers. In the bacterial clearance example, 
the outliers were accommodated by robust estimation. 

An alternative method suggested by Niels Keiding and communi
cated to us by Rudemo would be to model the zero responses as 
censored data. Explicitly, any zero response would be considered a 
response known only to lie between 0 and C, where C is he limit of 
measurement. The limit C might be known in some situations, but 
could be unknown in others. 
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(9) Computation of the estimators. Most of estimators in this book 
are found by solving nonlinear equations, a potentially difficult 
numerical problem. Finding reliable computational methods is a very 
important task. In a Monte Carlo study of several estimators for 
random-coefficients regression models, Dent and Hildreth (1977) 
found several well known numerical methods unreliable for calcu
lation of the maximum-likelihood estimator. 

We have had good success with the MAXLIK routine supplied 
with the GAUSS matrix language written for personal computers. 
This routine uses the Fisher method of scoring for calculation of the 
direction of the next step and uses 'squeezing' to find the optimal 
length of this step. Squeezing consists of comparing the loglikelihood 
at the full scoring-method step and at half the step. If the loglikelihood 
is greater at half a step than at the full step, then the step is halved and 
this process is repeated up to a fixed number of times (we used 10). 
Squeezing or some other method for preventing wild initial steps 
seems essential. 
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