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Preface 

There was a time when an undergraduate student of mathematics 
was expected to develop technique in solving problems that involved 
considerable computation; however, he was not expected to master theo- 
retical subtleties such as uniform convergence or uniform continuity. 
The student was expected to be able to use the Implicit Function Theo- 
rem, but was not expected to know its hypotheses. The situation has 
changed. Now it is generally agreed that it is important for a11 stu- 
dents - whether future mathematicians, physicists, engineers, or econ- 
omists - to grasp the basic theoretical nature of the subject. For, having 
done SO, they Will understand both the power and the limitation of the 
general theory and they Will be better equipped to devise specific tech- 
niques to attack particular problems as they arise. 

This text has developed from my experience in teaching courses in 
elementary real analysis at the University of Illinois since 1955. My 
audience has ranged from well-prepared freshman students to graduate 
students; the majority in these classes are usually not mathematics 
majors. Generally they have taken at least the equivalent of three 
semesters of non-rigorous calculus, including multiple integrals, vector 
calculus, line integrals, infinite series, and the like. 

It would be desirable to have the students take a semester either in 
linear or modern algebra before this analysis course, for such a back- 
ground facilitates the study of rigorous analysis. However, since the 
students 1 encounter do not a11 have this background, 1 purposely delay 
the study of analysis and first explore the notion of an ordered field 
to provide practice in giving proofs. Thus the first six sections of this 
text are mostly preparatory in nature; they cari be covered in about 
three weeks in a normal class and more rapidly in a well-prepared one. 
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It has been my experience that it is possible to discuss Sections 1-13, 
15-17.1, 19, and most of 22 in one semester. The entire text provides 
about the right amount of material for two semesters at this level. 
Most of the topics generally associated with courses in “advanced cal- 
culus” are treated here in a reasonably sophisticated way. The main 
exception is line and surface integrals and the various formulations of 
Stokes’s Theorem. This topic is not discussed, since an intuitive and 
informa1 development is properly a part of calculus, and a rigorous 
treatment is advanced in nature. 

The arrangement of this text is indicated by the adjoining diagram. 
A solid line in this diagram indicates the dependence on the preceding 
section; a dotted line indicates that there is a dependence on one or 
two results in the preceding section. Al1 definitions, theorems, corollaries, 
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and lemmas are numbered consecutively and according to the section 
number, Similarly, the exercises and projects are labeled according to 
section number. 1 have given names to some of the more important 
theorems whenever I could think of one 1 felt was reasonably descrip- 
tive. The proofs, in order to be set off from the rest of the text, start 
with the heading PROOF and end with Q.E.D. This deviates somewhat 
from the classical tradition, since the conclusion is not always stated 
explicitly at the end of the proof. 

In writing this text 1 have drawn from my classroom experience and 
have been influenced by many sources which 1 cannot enumerate. 1 have 
benefited by many conversations with students and colleagues and 1 am 
indebted to a11 of them. In particular, 1 am deeply grateful to Professors 
KW. Anderson, W. G. Bade, and A. L. Peressini for their critical read- 
ing of this text in its various manuscript forms; 1 valued their comments 
even when 1 chose to disregard them. 1 have enjoyed unusually good 
secretarial help and am very grateful to Jelane Huber and Barbara 
Beadles, who typed the earlier version, and to Mari Hollos and Julie 
Sutter, who typed the later versions of the manuscript. Finally, 1 am 
appreciative of the staff at John Wiley and Sons for their assistance 
and cooperation. 

Urbana, Illinois 
May 6,196.J 

ROBERTG.BARTLE 
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Introduction: A Glimpse at Set Theory 

The idea of a set is basic to a11 of mathematics, and a11 mathematical 
abjects and constructions ultimately go back to set theory. In view of 
the fundamental importance of set theory, we shall present here a brief 
resumé of the set-theoretic notions that will be used frequently in this 
text. However, since the aim of this book is to present the elements 
(rather than the foundations) of real analysis, we adopt a rather prag- 
matic and naïve point of view. We shall be content with an informa1 
discussion and shall regard the word “set” as understood and synony- 
mous with the words”class,” “collection,” “aggregate,” and”ensemble.” 
No attempt Will be made to define these terms or to present a list of 
axioms for set theory. A reader who is sophisticated enough to be 
troubled by our informa1 development should consult the references on 
set theory that are given at the end of this text. There he cari see how 
this material cari be put on an axiomatic basis. He Will find this axio- 
matization to be an interesting development in the foundations of math- 
ematics. Since we regard it to be outside the subject area of the present 
book, we shall not go through the details here. 

Section 1 The Algebra of Sets 

If A denotes a set of any description, and if x is an element of this 
set A, it is often convenient to Write 

xcA 

as an abbreviation for the statement that x is an element of A, or 
that x is a member of the set A, or that the set A contains the element 
2, or that x is in A. We shall not examine the nature of this property 
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of being an element of a set any further. For most practical purposes 
it is possible to employ the naïve meaning of “membership,” and an 
axiomatic characterization of this relation is not necessary. 

If A is a set and x is an element which does net belong to A, we shall 
often Write 

x 4 A. 

In accordance with our naïve conception of a set, we shall require that 
exactly one of the two possibilities 

x E A, x $ A, 

holds for an element x and a set A. 
If A and B are two sets and x is an element, then there are, in principle, 

four possibilities (see Figure 1.1) : 

(1) x E A and 2 E B; 

(2) 5 E A and 5 B B; 

(3) z $ A and x E B; 

(4) x $ A and x $ B. 

If the second case cannot occur, that is, if every element of A is also 
an element of B, then we shah say that A is contained in B, or that B 
contains A, or that A is a subset of B and write 

AcB or B-A. 

Similarly, if the third possibility mentioned above cannot occur, that 
is, if every element of B is an element of A, then we say that B is a 
subset of A, and SO on, and Write B c A. If A Ç B and there exists an 
element in B which is not in A, we say that A is a proper subset of B. 

A B 

m 

(2) (1) (3) 

(4) 

Figure 1.1 
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It should be noted that the statement that A c B does not auto- 
matically preclude the possibility that A exhausts a11 of B. When this 
is true the sets A and B are “equal” in the sense we now define. 

1.1 DEFINITION. Two sets are equal if they contain the same ele- 
ments. If the sets A and B are equal, we write A = B. 

Thus in order to show that the sets A and B are equal we must show 
that the possibilities (2) and (3) mentioned above cannot occur. Equiv- 
alently, we must show that both A c B and B s A. 

The word “property” is not easy to define precisely. However, we 
shall not hesitate to use it in the usual (informal) fashion. If P denotes 
a property that is meaningful for a collection of elements, then we 
agree to write 

lx : P(x)1 

for the set of a11 elements 2 for which the property P holds. We usually 
read this as ” the set of a11 2 such that P(x).” It is often worthwhile to 
specify which elements we are testing for the property P. Hence we 
shall often Write 

(x E s : P(s)] 

for the subset of S for which the property P holds. 

EXAMPLES. (a) If N = (1, 2, 3, . . . } denotes the set of natural 
numbers, then the set 

{x~N:x~-3x+2=0) 

consists of those natural numbers satisfying the stated equation. Now 
the only solutions of the quadratic equation x2 - 3x + 2 = 0 are 
x = 1 and x = 2. Hence instead of writing the above expression, since 
me have detailed information concerning ail of the elements in the set 
under examination, we shall ordinarily denote this set by ( 1,2 ) , thereby 
listing the elements of the set. 

(b) Sometimes a formula cari be used to abbreviate the description 
of a set. For example, the set consisting of a11 even natural numbers 
could be denoted by (2x : x E N }, instead of the more cumbersome 
{y E N : y = 2s, x E N). 

(c) The set denoted by Ix E N:6 < x < 9) cari be written explicitly 
as { 7, 81, thereby exhibiting the elements of the set. Of course, there 
are many other possible descriptions of this set. For example: 

(x E N : 40 < x2 < 80}, 
{xcN:x2- 152 + 56 = O], 
{7+x:x=0 or z=l}. 
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(d) In addition to the set of natural numbers, consisting of the ele- 
ments denoted by 1,2,3, . . . and which we shall systematically denote 
by N, there are a few other sets for which we introduce a standard 
notation. The set of integers is 

z = (0, 1, -1, 2, -2, 3, -3,. . .). 

The set of rational numhers is 

Q= fm/n:m,n~Z and n#O). 

We shall treat the sets N, Z, and Q as if they are very well understood 
and shall not re-examine their properties in much detail. Of basic im- 
portance for our later study is the set R of a11 real numbers. Although 
we expect that the reader has had some familiarity with this set, we 
shall examine its properties more closely in Sections 4-6. A particular 
subset of R that Will be useful is the unit interval 

1= {XER:O<~<~). 

Finally, we denote the set of complex numbers by C. A more detailed 
definition of C and a brief description of some of its properties Will be 
given in Section 10. 

Set Operations 

We now introduce some methods of constructing new sets from 
old ones. 

1.2 DEFINITION. If A and B are sets, then their intersection is the 
set of a11 elements that belong to both A and B. We shall denote the 
intersection of the sets A, B by the symbol A A B, which is read “A 
intersect B” or “A cap B.” 

1.3 DEFINITION. If A and B are sets, then their union is the set 
of a11 elements which belong either to A or to B or to both A and B. 
We shall denote the union of the sets A, B by the symbol A u B, which 
is read “A union B” or “A cup B.” (See Figure 1.2.) 

We could also define A n B and A u B by 

AnB= {z:zcA and XEBJ, 

AuB= {z:zcA or XEBJ. 

In connection with the latter, it is important to realize that the word 
“or” is being used in the inclusive sense that is customary in mathe- 
matics and logic. In legal terminology this inclusive sense is sometimes 
indicated by “ and/or.” 
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Figure 1.2. The intersection ad union of two sets. 

We have tacitly assumed that the intersection and the union of two 
sets is again a set. Among other things this requires thnt there must 
exist a set which has no elements at a11 (for if A and B have no common 
elements, their intersection has no elements). 

1.4 DEFINITION. The set which has no elements is called the empty 

or the void set and Will be denoted by the symbol @ If A and B are sets 
with no common elements (that is, if A n B = fl), then we say that A 
and B are disjoint or that they are non-intersecting. 

The next result gives some of the algebrsic properties of the operations 
on sets that we have just defined. Since the proofs of these assertions 
are routine, we shah leave most of them to the reader as exercises. 
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1.5 THEOREM. Let A, B, C, be any sets, then 

(a) AnA=A, AuA=A; 

(b) AnB=BnA, AuB=BuA; 

(c) (AnB) nC = An (BnC), (AuB)uC = Au (BU~); 

(d) A n (B u C) = (A n B) u (A A C), 
A u (B A C) = (A u B) n (A u C). 

These equalities are sometimes referred to as the idempot&, the 
commutative, the associative, and the distributive properties, respectively, 
of the operations of intersection and union of sets. 

In order to give a sample proof, we shall prove the first equation in 
(d). Let 2 be an element of A n (B u C), then 2 E A and z E B U C. 
This means that 2 E A, and either 2 E B or z E C. Hence we either have 
(i) 2 E A and z E B, or we have (ii) z E A and z E C. Therefore, 
zEAnBorzEAnC,sozE(AnB)u(AnC).Thisshowsthat 
A n (B u C) is a subset of (A A B) u (A n C). Conversely, let y be 
an element of (A A B) u (A A C). Then, either (iii) y E A n B, or 
(iv) y E A n C. It follows that y E A, and either y E B or y E C. 
Therefore, y E A and y E BU C SO that y E A n (BU C). Hence 
(A n B) U (A n C) is a subset of A n (B U C). In view of Definition 1.1, 
we conclude that the sets A n (B u C) and (A n B) u (A n C) are equal. 

As an indication of an alternate method, we note that there are, in 
principle, a total of 8( = 29 possibilities for an element 2 relative to 
three sets A, B, C (see Figure 1.3) ; namely: 

(1) zr E A, 2 E B, x E C; 

(2) x E A, zz E B, z B C; 

(3) x E A, 2 4 B, 5 E C; 

(4) x E A, x t B, z f C; 

(5) x $ A, 2 E B, z E C; 

(6) x t A, x E B, z 6 C; 

(7) x è A, x $ B, z E C; 

(8) x è A, x B B, x d C. 

The proof consists in showing that both sides of the first equation in 
(d) contain those and only those elements x belonging to the cases 
(11, (a), or (3). 

In view of the relations in Theorem 1.5(c), we usually drop the paren- 
theses and Write merely 

AnBnC, AuBuC. 
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Figure 1.3 

By using mathematical induction, it is possible to show that if 
(Al, A2, . . '> A,] is a collection of sets, then there is a uniquely defined 
set A consisting of a11 elements which belong to at least one of the sets 
Aj, j = 1, 2, . . .> n, and there exists a uniquely defined set B consisting 
of a11 elements which belong to a11 the sets A j, j = 1, 2, . . ., n. Dropping 
the use of parentheses, we Write 

A = AluA2u...uA,,, 

B = A1 n A2 n . . . n A,. 

Sometimes, in order to save space, we mimic the notation used in cal- 
culus for sums and employ a more condensed notation, such as 

A= ÛAj=U(Aj:j=l,Z ,..., n], 
j=l 

B= r”l Aj=fI(Aj:j=l,Z ,..., n). 
j=l 

Similarly, if for each j in a set J there is a set Aj, then lJ (A j : j E J} 
denotes the set of a11 elements which belong to at least one of the sets 
Aj. In the same way, n { Aj : j E Jj denotes the set of a11 elements 
which belong to a11 of the sets Aj for j E J. 

We now introduce another method of constructing a new set from 
two given ones. 

1.6 DEFINITION. If A and B are sets, then the complement of B 
relative to A is the set of a11 elements of A which do not belong to B. 
We shall denote this set by A\B (read “A minus B”), although the 
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Figure 1.4. The relative complement. 

related notations A - B and A - B are sometimes 
authors. (See Figure 1.4.) 

In the notation introduced above, we have 

A\B= (z~A:zf$B}. 

used by other 

Sometimes the set A is thoroughly understood and does not need to 
be mentioned explicitly. In this situation we refer simply to the comple- 
ment of B and denote A\B by e(B). 

Returning to Figure 1.1, we note that the elements x: which satisfy 
(1) belong to A n B; those which satisfy (2) belong to A\B; and those 
which satisfy (3) belong to B\A. We shall now show that A is the union 
of the sets A n B and A\B. 

1.7 THEOREM. The sets A n B ad A\B are non-intersecting and 
A = (AnB)u(A\B). 

PROOF. Suppose x E A n B and x E A\B. The latter asserts that 
x E A and x 6 B which contradicts the relation x E A n B. Hence the 
sets are disjoint. 

If x E A, then either x E R or x è B. In the former case, x E A and 
x E B SO that x E A n B. In the latter situation, x E A and z f B SO 
that x E A\B. This shows that A is a subset of (A n B) u (A\B). 
Conversely, if y E (A n B) u (A\B), then either (i) y E A n B or (ii) 
y E A\B. In either case y E A, showing that (A n B) u (A\B) is a 
subset of A. 

Q.E.D. 

We shall now state the De Morgant laws for three sets; a more general 
formulation Will be given in the exercises. 

t AUGUSTUS DE MORGAN (1806-1873) taught at University College, London. He was 
a mathematician and logician and helped prepare the way for modern mathematical 
logic. 

, 
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1.8 THEOREM. If A, B, C, are any sets, then 

A\(B w C> = (A\@ n (A\C), 

A\(B A C) = (A\B) u (A\C). 

PROOF. We shall carry out a demonstration of the first relation, 
leaving the second one to the reader. TO establish the equality of the 
sets, we show that every element in A\(B u C) is contained in both 
(A\B) and (A\C) and conversely. 

If z is in A\(B u C), then 5 is in A but 5 is not in B u C. Hem e x 
is in A, but z is neither in B nor in C. (Why?) Therefore, ~ç is in A but 
not B, and x is in A but not C. That is, x E A\B and x E A\C, shouing 
that x E (A\B) A (A\C). 

Conversely, if x E (A\B) A (A\C), then 5 E (il\B) and x E (A\,C). 
Thus x E A and both x $ B and x $ C. It follows that x E A md 
x $ (BU~), SO that 5 E A\(BuC). 

Since the sets (A\B) A (A\C) and A\(B u C) contain the same 
elements, they are equal. 

Q.E.D. 

Cartesian Product 

We now define the Cartesiant product of two sets. 

1.9 DEFINITION. If A and B are two non-void sets, then the Car- 
tesian product A X B of A and B is the set of a11 ordered pairs (a., b) 
with a E A and b E B. (See Figure 1.5.) 

(The definition just given is somewhat informa1 as we have not defined 
what is meant by an “ordered pair.” We shall not examine the matter 
except to mention that the ordered pair (a, b) could be defined to be 

AxB 

B 
b-----f& b) 

I 
I 
I 
I 
I 
a 

A 

Figure 1.5 

~RENÉ DESCARTES (1596-1650), thr creator of analytic geometry, was a French 
gentleman, soldier, mathematician, and one of the greatest philosophers of a11 tirne. 
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the set whose sole elements are (a[, (a, b 1. It cari then be shown that 
the ordered pairs (a, b) and (a’, b’) are equal if and only if a = a’ and 
b = b’. This is the fundamental property of ordered pairs.) 

Thus if A = ( 1,2,3 ] and B = (4, 51, then the set A X B is the set 
whose elements are the ordered pairs 

(1,4), (1,5), (2,4), (2,5), (3,4), (3, 5). 

We shall often visualize the set A X B as the set of six points in the 
plane with the coordinates which we have just listed. 

We shall often draw a diagram, such as Figure 1.5, to indicate the 
Cartesian product of two sets A, B. However, it should be realized that 
this diagram may be somewhat of a simplification. For example, if 
A = {Z E R:l < 2 < 2) and B = (5 E R:O 5 2 5 lor2 < x 5 3}, 
then instead of a rectangle, we should have a drawing like Figure 1.6. 

AxB 

Figure 1.6. The Cartesian product. 

Exercises 

l.A. Establish statement (d) of Theorem 1.5. 
l.B. Prove that A C B if and only if A n B = A. 
l.C. Show that the set D of elements which belong either to A or B but not 

to both is given by 
D = (A\B) u (B\A). 

This set D is often called the symmetric difference of A and B. 
1.D. Show that the symmetric difference D of A and B is also given by 

D = (A u L?)\(A n B). 
1.E. If B C A, show that B = A\(A\B). 
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l.F. If A and B are any sets, show that A r\ B = A\(A\B). 
l.G. If (AI, Az, . . ., A,) is a collection of sets, and if E is any set, show that 

En Û Ai= EUÛAj 
j=l 

jÛl (E nAj)t 
j=l 

= j61 (E UAi). 

l.H. If (AI, AZ, . . ., A,) is a collection of sets, and if E is any set, show that 

En A Aizjil (EnAi), E”iA 
j=l j=l 

i = ji, (E LJ Ai)* 

1.1. Let E be a set and {Al, At, . . ., A,,} be a collection of sets. Establish the 
De Morgan Iaws: 

E\ j!l Ai = jil @‘\Ai), “\,y1 Ai = jil (E\&). ,n 

Note that if E\A j is denoted by C?(Ai), these relations take the form 

1.J. Let J be any set and, for each j E J, let A j be contained in X. Show that 

e(fl(Aj : j E J)) = U(e(Aj) : j E JJ, 

e(U(Aj : j E J)) = fl(e(Aj) : j E J)e 

l.K. If B1 and BS are subsets of B and if B = B1 U Bz, then 

A x B 3: (A x B1) w (A x Bz). 

Section 2 Functions 

We now turn to a rather abstract discussion of the fundamental 
notion of a function or mapping. It Will be seen that a function ir3 a 
special kind of a set, although there are other visualizations which are 
often helpful and more suggestive. All of the later sections Will be 
concerned with various types of functions, but they will usually be of 
less abstract nature than considered in the present introductory section. 

TO the mathematician of a Century ago the word “function” ordinarily 
meant a defkite formula, such as 

f(x) = x2 + 32 - 5, 

which associates to each real number 2 another real number f(x). The 
fa& that certain formulas, such as 

g(x) = 4x - 5, 
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do not give rise to real numbers for a11 real values of z was, of course, 
well-known but was not regarded as sufficient grounds to require an 
extension of the notion of function. Probably one could arouse contro- 
versy among those mathematicians as to whether the absolute value 

of a real number is an honest “function” or not. For, after ail, the defi- 
nition of 121 is given “in pieces” by 

1x1 = (- 
5, if x 2 0, 

x, if x < 0. 

As mathematics developed, it became increasingly clear that the 
requirement that a function be a formula was unduly restrictive and 
that a more general definition would be useful. It also became evident 
that it is important to make a clear distinction between the function 
itself and the values of the function. The reader probably finds himself 
5-i the position of the mathematician of a Century ago in these two re- 
spects and due to no fault of his own. We propose to bring him up to 
date with the current usage, but we shall do SO in two steps. Our first 
revised definition of a function would be: 

A function f from a set A to a set B is a rule of correspondence that 
assigns to each x in a certain subset 3 of A, a uniquely determined 
element f(x) of B. 

Certainly, the explicit formulas of the type mentioned above are 
included in this tentative definition. The proposed definition allows 
the possibility that the function might not be defined for certain elements 
of A and also allows the consideration of functions for which the sets A 
and B are not necessarily real numbers (but might even be desks and 
chairs-or blondes and brunettes). 

However suggestive the proposed definition may be, it has a signifi- 
tant and fatal defect: it is not clear. It merely shifts the difficulty to 
that of interpreting the phrase “rule of correspondence.” Doubtless the 
reader cari think of phrases that Will satisfy him better than the above 
one, but it is not likely that he cari dispel the fog entirely. The most 
satisfactory solution seems to be to define “function” entirely in terms 
of sets and the notions introduced in the preceding section. This has the 
disadvantage of being more artificial and loses some of the intuitive 
content of the earlier description, but the gain in clarity outweighs 
these disadvantages. 

The key idea is to think of the graph of the function: that is, a collec- 
tion of ordered pairs. We notice that an arbitrary collection of ordered 
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-A 

Figure 2.1. A function as a graph. 

pairs cannot be the graph of a function, for, once the first member of 
the ordered pair is named, the second is uniquely determined. 

After these preliminaries, we take the plunge and make our forma1 
definition. 

2.1 DEFINITION. Let A and B be two sets which are not necessarily 
distinct. A function from A to B is a set f of ordered pairs in A ~1 B 
with the property that if (a, b) and (a, 6’) are elements of j, then b = b’. 
The set of a11 elements of A that cari occur as first members of elements 
in f is called the domain of f and Will be denoted by SD(~). (See Figure 
2.1.) Similarly, the set of a11 elements of B that cari occur as second 
members of elements in f is called the range off (or the set of values of 
f) and Will be denoted by a(f). In case 9((f) = A, we often say tha.t f 
is a mapping of A into B and Write f : A + B. If, in addition, the range 
a(f) coincides with a11 of B, we sometimes say that f maps A. onto B. 

Since many of the functions that we shall consider in subsequent 
sections are not defined for a11 points in the set A, we shall employ the 
word “function” much more than “mapping.” 

If (a, b) is an element of a function f, then it is customary to write 

b =fW 

instead of (a, b) E j, and we often refer to the element b aa the vallue 
of j at the point a. Sometimes we say that b is the image under f of 
the point a. 
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Tabular Representation 

One way of visualizing a function is as a graph. Another way which 
is important and widely used is as a table. Consider Table 2.1, which 
might be found in the sports page of the Foosland Bugle-Gazette. 

TABLE 2.1 

Player Free Throws Made 

Anderson 2 
Bade 0 
Bateman 5 
Hochschild 1 
Kakutani 4 
Kovalevsky 8 
Osborn 0 
Peressini 2 
Rosenberg 4 

The domain of this free-throw function f consists of the nine players 

33 (f) = ( Anderson, Bade, Bateman, Hochschild, Kakutani, 

Kovalevsky, Osborn, Peressini, Rosenberg } , 

while the range of the function consists of the six numbers 

Nf) = (0, 1, 2, 4, 5781. 

The actual elements of the function are the ordered pairs 

(Anderson, 2), (Bade, 0), (Bateman, 5), 
(Hochschild, l), (Kakutani, 4), (Kovalevsky, S), 

(Osborn, 0), (Peressini, 2), (Rosenberg, 4). 

In such tabular representations, we ordinarily write down only the 
domain of the function in the left-hand column (for there is no practical 
need to mention the members of the team that did not play). We could 
say that the value of this free-throw function f at Anderson is 2 and 
Write f (Anderson) = 2, and SO on. Of course, in a situation such as this 
we ordinarily leave everything in tabular form and do not employ 
such phrases. 

We are a11 familiar with such use of tables to convey information. 
They are important examples of functions and are usually of a nature 
that would be difficult to express in terms of a formula. \ 
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f 

Figure 2.2. A function as a transformation. 

Transformations 

There is another way of visualizing a function: as a transformation of 
part of the set A into part of B. In this phraseology, when (a, 6) E $ we 
think off as taking the element a from the subset D(S) of A and” trans- 
forming” or “mapping” it into an element b = f(a) in the subset ai(f) 
of B. We often draw a diagram such as Figure 2.2. We frequently use 
this geometrical representation of a function even when the sets A and 
B are not subsets of the plane. 

There is another way of visualiz- 
ing a function: namely, as a machine 
which Will accept elements of a(f) 

i 

as inputs and yield corresponding 
elements of R(f) as outputs. (See 
Figure 2.3.) If we take an element x 
from a(f) and drop it into f, then f 

out cornes the corresponding value 
f(z). If we drop a different element 
y of a>(f) into f, we get f(y) (which ri 
may or may not differ from f(x)). 
If we try to insert something which 

J, 
fb-1 

does not belong to a(f) into f, we 
find that it is not accepted, for f cari 
operate only on elements belonging 
to w>. 

Figure 2.3. A function as a ma- 
chine. 

This last visualization makes clear the distinction between .f and 
f(x): the first is the machine, the second is the output of the machine 
when we put x into it. Certainly it is useful to distinguish between a 
machine and its outputs. Only a fool would confuse a sausage-grinder 
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with sausage; howe;er, enough people have confused functions with 
their values that it is worthwhile to make a modest effort to distinguish 
between them notationally. 

Composition of Functions 

We now want to “compose” two functions by first applying j to each 
z in a(j) and then applying g to j(z) whenever possible (that is, when 
j(x) belongs to a>(g)). In doing SO, some tare needs to be exercised 
concerning the domain of the resulting function. For example, if j is 
defined on R by j(x) = x3 and if g is defined for x > 0 by g(x) = fi, 
then the composition g 0 j cari be defined only for x 2 0, and for these 
real numbers it is to have the value G. 

2.2 DEFINITION. Let j be a function with domain 9((f) in A and 
range a(j) in B and let g be a function with domain ZD (g) in B and 
range a(g) in C. (See Figure 2.4.) The composition g 0 j (note the 
order!) is the function from A to C given by 

g 0 j = ((a, c) E A X C: there exists an element b E B such that 

(a, b) of ad (4 c> E sl. 

The fact that g 0 j is actually a function (and not an arbitrary subset 
of A X C) is a consequence of the fact that j and g are functions (see 
Exercise 2.A). 

2.3 THEOREM. If j and g are junctions, the composition g 0 j is a 
junction with 

N7”f) = Ix E W(f) :f(x) E w7)1, 

@(go.0 = Mf(x)) :x E ~(9”f)l. 

Figure 2.4. Composition of functions. 
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2.4 EXAMPLES. (a) Let f, g be functions whose values at the real 
number x are the real numbers given by 

f(x) = 2x7 g(x) = 3x2 - 1. 

Since 9(g) is the set R of a11 real numbers and a(j) E a)(g), the domain 
a)(g of) is also R and g of(x) = 3(2x)” - 1 = 12x2 - 1. On the other 
hand, D(jog) = R, butfog(x) = 2(3x2 - 1) = 6x2 - 2. 

(b) If h is the function with 9((h) = {x E R:x 2 1) defined by 

h(x) = &Y, 

and if f is as in part (a), then D@O~) = {x c R : 2x 2 l} = (x E R: 
x 2 4) and bof(x) = m. Also ~((foh) = {x E R:x 2 l} and 
f 0 h(x) = 2 c. If g is the function in part (a), then 9(h 0 g) = 
{x E R : 3x2 - 1 2 2) = (x E R : x 5 - fi or x 2 V’$} and h 0 g(x) 
= m. Also D(goh) = (x E R:x 2 1) and goh(x) = 3x - 4. 
(Note that the formula expressing g 0 h has meaning for values of x 
other than those in the domain of g 0 h.) 

(c) Let F, G be the functions with domains 9(F) = (z E R:x > 01, 
9(G) = R, such that the values of F and G at a point x in their 
domains are 

F(x) = Y&, G(x) = -x2 - 1. 

Then ~(GO F) = {x E R:x 2 0} and Go F(x) = -x - 1, whereas 
D(F 0 G) = (x E a>(G):G(z) E D(F)). This last set is void as G(x) < 0 
for ail x E B(G). Hence the function F 0 G is not defined at any point, 
SO F 0 G is the “void function.” 

The Inverse Function 

We now give a way of constructing a new function from a given 
one in case the original function does not take on the same value twice. 

2.5 DEFINITION. Let f be a function with domain a>(f) in A and 
range a(f) in B. We say that f is one-one if, whenever (a, b) and (a’, b) 
are elements of f, then a = a’. 

In other words, fis one-one if and only if the two relations f(a) = b, 
f(a’) = b imply that a = a’. Alternatively, f is one-one if and only if 
when a, a’ are in %)O(f) and a # a’, then f(a) # f (a’). 

We claim that if f is a one-one function from A to B, then the set of 
ordered pairs in B X A obtained by interchanging the first and second 
members of ordered pairs in f yields a function g which is also one-one. 
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We omit the proof of this assertion, leaving it as an exercise; it is a good 
test for the reader. The connections between f and g are: 

w!J) = W), &7> = a.f>, 
(a, b) E f if and only if (b, a) E g. 

This last statement cari be written in the more usual form: 

b = f(a) if and only if a = g(b). 

2.6 DEFINITION. Let f be a one-one function with domain 9(f) in 
Aandrange6l(f)inB.Ifg={(b,u)~BXA:(u,b)~f),thengis 
a one-one function with domain D(g) = ~(1) in B and with range 
a(g) = a(f) in A. The function g is called the function inverse to f and 
we ordinarily denote g by f-l. 

2.7 EXAMPLES. (a) Let F be the function with domain a>(F) = R, 
the set of a11 real numbers, and range in R such that the value of F 

at the real number z is F(z) = x2. In other words, F is the function 
{ (x, x’) : x E R]. It is readily seen that F is not one-one; in fact, the 
ordered pairs (2,4), (-2, 4) both belong to F. Since F is not one-one, 
it does not have an inverse. 

(b) Let f be the function with domain a(j) = (z E R : x 2 0) and 
ai(f) = R whose value at 2 in 9) (f) is f(x) = x2. In terms of ordered 
pairs, f = { (x, x2) : x E R, x 2 0). Unlike the function F in part (a), f 
is one-one, for if x2 = y* with x, y in a>(f), then x = y. Therefore, f has 
an inverse function g with a)(g) = a(f) = (x E R : x > 0 } and a(g) = 
a(j) = {x E R : x 2 O}. Furthermore, y = x2 = f(x) if and only if 
x = g(y). This inverse function g is ordinarily called the positive square 

root function and is denoted by 

S(Y) = 4, Y E R, Y 2 0. 

(c) If fi is the function ( (x, x2) : x E R, x 5 O}, then as in (b), fi is 
one-one and has domain SD(~~) = (2 E R : 2 5 0) and range @(fi) = 
{x E R :x > 0 } . The function gl inverse to f is called the negative square 
root faction and is denoted by 

!iJl(Y) = - 6, Y E R, Y 2 0, 

SO that gl(y) I 0. 
(d) The sine function F introduced in trigonometry with D(F) = R 

and R(F) = (y E R : - l~y<+l]iswellknown not to be one- 
one; for example, sin 0 = sin 2x = 0. However, if f is the function 
withD(f)= (5~R:-?r/2Ia:I+1~/2}and~Cf)= (ycR:-15 . 
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y 5 + 1) defïned by f(z) = sin 5, 5 E 0(j), then f is one-one. It, there- 
fore, has an inverse function g with P(g) = a(j) and a(g) = D(f). 
Also, y = sin z with 2 E 9((f) if and only if z = g(y). The function g 
is called the (principal branch) of the inverse sine function and is often 
denoted by 

g(y) = Arc sin y or g(y) = Si@ y. 

The inverse function cari be interpreted from the mapping point of 
view. (See Figure 2.5.) If fis a one-one function, it does not map distinct 
elements of à into the same element of a(j). Thus, each element b 

f 

f” 

Figure 2.5. The inverse function. 

of a(f) is the image under j of a unique element a in 9 (f). The inverse 
function j-l maps the element b into this unique element a. 

Direct and Inverse Images 

Once again, let f be an arbitrary function with domain a(f) in A 
and range a(f) in B. We do not assume that j is one-one. 

2.8 DEFINITION. If E is a subset of A, then the direct image of E 
under f is the subset of a(f) given by 

{fb> : z E EfWfN. 

For the sake of brevity, we sometimes denote the direct image of a set 
E under f by the notation f(E). (See Figure 2.6 on the next page.) 

It will be observed that if E n D(f) = $3, then j(E) = fl. If E consists 
of the single point p in 3((f), then the set f(E) consists of the single 
point f(p). Certain properties of sets are preserved under the direct 
image, as we now show. 
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2.9 THEOREM. Let f be a function with domain in A and range in 
B and let E, F be subsets of A. 

(a) If E c F, then f (E) c f (F). 
W f(E n F) cf(E) nf(F). 
Cc> f(EwF) =f(E) wf(F). 
(4 f@\F) cfU3. 
PROOF. (a) If 2 E E, then x E F and hence f(x) E f(F). Since this 

is true for a11 II: E E, we infer that f(E) c f (F). 
(b) Since E n F c E, it follows from part (a) that f (E n F) E F(E) ; 

likewise, f(E n F) c f(F). Therefore, we conclude that f(E n F) c 
f(E) nf(F). 

(c) Since E E E u F and F c E w F, it follows from part (a) that 
f(E) V f (F) E f (E w F). Conversely, if y E f (E W F), then there exists 
an element x E E W F such that y = f(x). Since x E E or x E F, it 

Figure 2.6. Direct images. 

follows that either y = f(x) E f(E) or y E f(F). Therefore, we conclude 
that f(E w F) c f(E) U f(F), which completes the proof of part (c). 

(d) Part (d) follows immediately from (a). 
Q.E.D. 

It Will be seen in Exercise 2.J that it is not possible to replace the 
inclusion sign in (b) by equality, in general. 

We now introduce the notion of the inverse image of a set under a 
function. Note that it is not required that the function be one-one. 

2.10 DEFINITION. If H is a subset of B, then the inverse image of 
H under f is the subset of a>(f) given by 

(x :f(x) E H]. 
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For the sake of brevity, we sometimes denote the inverse image of a 
set H under f by the symbol f-‘(H). (See Figure 2.7.) 

Once again, we emphasize that f need not be one-one SO that the 
inverse function f-l need not exist. (However, if f-l does exist, then 
f-‘(H) is the direct image of H under f-l.) It Will probably corne as a 
surprise to the reader to learn that the inverse image is better behaved 
than the direct image. This is shown in the next result. 

2.11 THEOREM. Let j be a function tith domain in A and range in 
B and let G, H be subsets of B. 

(a) 1j G L H, thenj-l(G) E.~-‘(H). 
(b) f-‘(G A H) = f-‘(G) nj-‘(H). 
(c) f-‘(G u H) = f-‘(G) U.~-‘(H). 
(4 f-‘(G\H) = f-‘CG)\~-‘VO. 

Figure 2.7. Inverse images. 

PROOF. (a) Suppose that z E f-l (G) ; then, by definition, f(x) E G c H. 
Hence 5 E j-‘(H). 

(b) Since G A H is a subset of G and H, it follows from part (a) that 

f-‘(G n H) cj-‘(G) nf-l(H). 

Conversely, if z E f-‘(G) A~-‘(H), then f(z) E G and f(x) E II. There- 
fore, f(x) E G A H and 2 E f-‘(G n H). 

(c) Since G and H are subsets of G u H, it follows from part (a) that 

f-‘(G u H) -f-‘(G) uf-‘(H). 

Conversely, if z E f+(G u H), then f(r) E G u H. It follows that either 
E(T&; G, whence z E f-‘(G), or j(z) E H, in which case 2 E j-‘(H). 

f-‘(G u H) C~-‘(G) w.?‘(H). 
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(d) If x E f-i(G \ H), then f(x) E G\ H. Therefore, x E f-‘(G) and 
x t f-‘(H), whence it follows that 

f-'(G \ H) E f-’ (GI \ f-’ (HI. 

Conversely, if w E f-‘(G) \ f1 (H), then f(w) E G and f(w) E H. Hence 
f(w) E G \ H and it follows that 

f-'(G)\f-l(H) cf-'(G\H). 

Q.E.D. 

Exercises 

2.A. Prove that Dehnition 2.2 actually yields a function and not just a subset. 
2.B. Let A = B = R and consider the subset C = ( (x, y) : x2 + y2 = 1) of 

A X B. 1s this set a function with domain in R and range in R? 
2.C. Consider the subset of R X R defined by D = { (cc, y) : 1x1 + [y1 = 1). 

Describe this set in words. 1s it a function? 
2.D. Give an example of two functions f, g on R te R such that f # g, but 

such thatf og = gof. 
2.E. Prove that if f is a one-one function from A to B, then f-1 = 

( (b, a) : (a, a) E f) is a function. 
2.F. Suppose f is a one-one function. Show that f-l 0 f(z) = x for all x in 

D(f) andfof-‘(y) = yforallyin@(f). 
2.G. Let f and g be functions and suppose that g of(x) = x for all x in D(f). 

Show that f is one-one and that 63 (f) 5 D(g). 
2.H. Let f, g be functions such that 

Prove that g = f-l. 

g Of(x) = x, for all x in D(f), 

f 0 g(y) = y, for a11 y in a>(g). 

2.1. Show that the direct image f(E) = fl if and only if E n 9(f) = @ 
2.5. Let f be the function on R to R given by f(x) = x2, and let E = 

(xER: -I<X<~] and F= (XER:O~X~~). Then EnF= (0) 
and f(E n F) = (0) while f(E) = f(F) = (y E R : 0 5 y 5 1). Hence 
f(E n F) is a proper subset of f(E) nf(F). 

2.K. If f ,  E, F are as in Exercise 2.5, then E \ F = {z E R : -1 5 x < 0) and 
f(E) \ f  (F) = $3. Hence, it does not follow that 

f@ \ FI c f(E) \f(O 

2.L. Show that if f is a one-one mapping of X)(f) into (R(f) and if H is a subset 
of 6l (f), then the inverse image of H under f coincides with the direct image of 
H under the inverse function f-l. 

2.M. If f and g are as in Definition 2.2, then a(g of) = f-l@(g)). 
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Section 3 Finite and Infinite Sets 

The purpose of this section is very restricted: it is to introduce the 
terms “finite, ” “couniable,” and “infinite.” It provides a basis for the 
study of cardinal numbers, but it does not pursue this study. Although 
the theories of cardinal and ordinal numbers are fascinating in their 
own right, it turns out that very little exposure to these topics is really 
essential for the material in this text. A reader wishing to learn about 
these topics would do well to read the books of P. R. Halmos and 
W. Sierpinski which are cited in the References. 

We shall assume familiarity with the set of natural numBers. We 
shall denote this set by the symbol N; the elements of N are denoted 
by the familiar symbols 

1, 2, 3, . . . . 

The set N has the property of being ordered in a very well-known way : 
we a11 have an intuitive idea of what is meant by saying that a natural 
number n is less than or equal to a natural number m. We now borrow 
this notion, realizing that complete precision requires more analysis 
than we have given. We assume that, relative to this ordering, every 
non-em& subset of N hu.s a smallest element. This is an important prop- 
ert,y of N; we sometimes say that N is well-ordered, meaning that N has 
this property. This Well-Ordering Property is equivalent to mathematical 
induction. We shall feel free to make use of arguments based on mathe- 
matical induction, which we suppose to be familiar to the reader. 

By an initial segment of N is meant a set of natural numbers which 
precede or equal some fixed element of N. Thus an initial segment X of 
N determines and is determined by an element n of N as follows: 

An element 2 of N belongs to S if and only if z 5 12. 

For example, the subset (1, 2) is the initial segment of N determined 
by the natural number 2; the subset ( 1, 2,3, 4) is the initial segment of 
N determined by the natural number 4; but the subset (1, 3, 5) of N 
is not an initial segment of N, since it contains 3 but not 2, and 5 but 
not 4. 

3.1 DEFINITION. A set B is finite if it is empty or if there is a one- 
one function with domain B and range in an initial segment of N. If 
there is no such function, the set is infinite. If there is a one-one function 
with domain B and range equal to a11 of N, then the set B is denumerable 
(or enumerable). I f  a set is either finite or denumerable, it is said to be 
countable. 
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When there is a one-one function with domain B and range C, we 
sometimes say that B cari be put into one-one correspondeme with C. 
By using this terminology, we rephrase Definition 3.1 and say that a 
set B is finite if it is empty or cari be put into one-one correspondence 
with a subset of an initial segment of N. We say that B is denumerable 
if it cari be put into one-one correspondence with a11 of N. 

It Will be noted that, by definition, a set B is either finite or infinite. 
However, it may be that, owing to the description of the set, it may not 
be a trivial matter to decide whether the given set B is finite or infinite. 
In other words, it may not be easy to define a one-one function on B to 
a subset of an initial segment of N, for it often requires some familiarity 
with B and considerable ingenuity in order to define such a function. 

The subsets of N denoted by (1, 3, 51, (2, 4, 6, 8, 101, {2, 3, . . . , lOO), 
are finite since, although they are not initial segments of N, they are 
contained in initial segments of N and hence cari be put into one-one 
correspondence with subsets of initial segments of N. The set E of even 
natural numbers 

E = {2,4, 6,8,. . .) 

and the set 0 of odd natural numbers 

0 = {l, 3,5,7,. . .} 

are not initial segments of N, and they cannot be put into one-one 
correspondence with subsets of initial segments of N. (Why?) Hence 
both of the sets E and 0 are infinite, but since they cari be put into 
ona-one correspondence with a11 of N (how?), they are both denumerable. 

Even though the set Z of a11 integers 

z= [..., -2, -l,O, 1,2,. . .), 

contains the set N, it may be seen that Z is a denumerable set. 
We now state without proof some theorems which probably seem 

obvious to the reader. At first reading it is probably best to accept them 
without further examination. On a later reading, however, the reader 
will do well to attempt to provide proofs for these statements. In doing 
SO, he Will find the inductive property of the set N of natural numbers 
to be usefu1.t 

3.1 THEOREM. Any subset of a jînite set is jinite. Any subset of a 
countable set is countable. 

3.2 THEOREM. The union of a jînite collection of jînite sets is a jînite 
set. The union of a countable collection of countable sets is a countable set. 

t See the books of Halmos and Hamilton-Landin which are cited in the References. 
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It is a consequence of the second part of Theorem 3.2 tha’t the set 
Q of a11 rational numbers forms a countable set. (We recall that a 
rational number is a fraction m/n, where m and n are integers and 
n # 0.) TO see that Q is a countable set we form the sets 

A0 = (OI, 

Al= (t,-tr,-g,8,-1,...), 

A= 1+,--6,b-H,+i,-3 >.‘. 1, 

. . . . . . . . . . . . . . . . . . . . . . . . . . 

/J=1L2 23 3 
n 

/ 
> >-,--,-,-->“’ > 

n n n n n n 1 
. . . . . . . . . . . . . . . . . . . . . . . . . . 

Note that each of the sets A, is countable and that their union is a11 of 
Q. Hence Theorem 3.2 asserts that Q is countable. In fact,, we crin 
enumerate Q by the diagonal procedure: 

OI-‘12-‘1 , If> 1, 21 1> 27 3, . . ** 

By using this argument, the reader should be able to construct a proof 
of Theorem 3.2. 

Despite the fact that the set of rational numbers is countable, the 
entire set R of real numbers is not countable. In fact, the set 1 of real 
numbers x satisfying 0 5 x i 1 is not countable. TO dcmonstrnte this, 
we shall use the elegant argument of G. Cant0r.t WC assume it is known 
that every real number x with 0 5 x i 1 has a decimal representation 
in the form x = O.alanas . . . , where each ak denotcs one of the digits 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9. It is to be realized that certain real numbers 
have two representations in this form; for example, the ration31 number 
& has the two representations 

0.1000. . . and 0.0999 . . . . 

We could decide in favor of one of these two representntions, but it is 
not necessary to do SO. Since there are infinitely many rational numbers 
in the interval 0 5 x < 1, the set 1 cannot be finite. (Why?) We shall 
now show that it is not denumerable. Suppose that therc is an enumera- 
tion xl, x2, x3, . . . of real numbers satisfying 0 < x 2 1 given by 

t GEORG CANTOR (1845-1918) was born in St. Petersburg, studied in Berlin with 
Weierstraav, and taught at Halle. He is best known for his work on set theory, which 
he developed during the years 1874-1895. 
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XI = O.ala2a3 . . . 

x2 = O.b&zbr . . . 

53 = O.ClCzc3 . . . 
. . . . . . . . . . . . . 

Now let y1 be a digit different from 0, al, and 9; let y2 be a digit different 
from 0, b2, and 9; let ya be a digit different from 0, ca, and 9, etc. Consider 
the number y with decimal representation 

I/ = %/11/2y3. . .; 

clearly y satisfies 0 < y < 1. The number y is not one of the numbers 
with two decimal representations, since y,, f 0,9. At the same time 
y # x,, for any n since the nth digit in the decimal representations for 
y and x,, are different. Therefore, any denumerable collection of real 
numbers in this interval Will omit at least one real number belonging 
to this interval.” Therefore, this interval is not a countable set. 

We have seen that any set that cari be put into one-one correspondence 
with an initial segment of N is called a finite set and a11 other se& are 
said to be infinite. Suppose that a set A is infinite; we suppose (rather 
t,han prove) that there is a one-one correspondence with a subset of A 
and a11 of N. In other words, we assume that every in&& set contains a 
denumerable subset. The proof of this assertion is based on the so-called 
“Axiom of Choice,” which is one of the axioms of set theory. After the 
reader has digested the contents of this book, he may turn to an axio- 
matic treatment of the foundations which we have been discussing in a 
somewhat informa1 fashion. However, for the moment he would do well 
to take the above statement as a temporary axiom. It cari be replaced 
later by a more far-reaching axiom of set theory. 

Exercises 

3.A. Exhibit a one-one correspondence between the set E of even natural 
numbers and a11 of N. Exhibit a one-one correspondence between the set 0 of 
odd natural numbers and a11 of N. 

3.B. Exhibit a one-one correspondence between a11 of N and a proper subset 
of N. 

3.C. Show that every infinite set cari be put into one-one correspondence with 
a proper subset of itself. (Hint: every infinite set has a denumerable subset.) 

3.D. Show that a finite set does not have any infinite subset. 
3.E. Give an example of a denumerable collection of finite sets whose union 

is not finite. 
3.F. Show that if A cari be put into one-one correspondence with B and B 

with C, then A cari be put into one-one correspondence with C. 



The Reai Numbers 

In this chapter we shah discuss the properties of the real number 
system. Although it would be possible to construct this system from a 
more primitive set (such as the set N of natural numbers or the set Q 
or rational numbers), we shall not do SO. Instead, we shall exhibit a list 
of properties that are associated with the real number system and show 
how other properties cari be deduced from the ones assumed. 

For the sake of clarity we prefer not to state a11 the properties of the 
real number system at once. Instead, we shall introduce first, in Section 
4, the “algebraic properties” based on the two operations of addition 
and multiplication and discuss briefly some of their consequences. Next, 
we introduce the “order properties.” In Section 6, we make the final 
step by addmg the “completeness property.” There are several reasons 
for this somewhat piecemeal procedure. First, there are a number of 
properties to be considered, and it is well to take a few at a time. Also, 
there are systems other than the real numbers which are of interest and 
which possess some, but not dl, of the properties of the real number 
system, and it is worthwhile to make their acquaintance. Furthermore, 
the proofs required in the preliminary algebraic stages are more natural 
at flrst than some of the proofs of the topological results. Finally, since 
there are several other interesting methods of adding the “completeness 
property,” we wish to have it isolated from the other assumptions. 

Part of the purpose of Sections 4 and 5 is to provide examples of 
proofs of elementary theorems which are derived from explicitly stated 
assumptions. It is our experience that students who have net had much 
exposure to rigorous proofs cari grasp the arguments presented in these 
sections readily and cari then proceed into Section 6. However, students 
who are familiar with the axiomatic method and the technique of proofs 
cari go very quickly into Section 6. 

27 
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Section 4 Fields 

As we have mentioned, in this section we shall examine the “ algebraic” 
structure of the real number system. Briefly expressed, the real numbers 
form a “field” in the sense of abstract algebra. In this section we shall 
introduce the notion of a field and examine those properties that Will 
be of particular importance for later study. 

In formulating the next definition, we shall follow a convention that 
is familiar to the reader from elementary courses and which is also used 
in modern algebra. By a binary operation in a set F we mean a function 
B with domain F x F and range in F. Instead of using the notation 
B(u, b) to denote the value of the binary operation B at the point (a, b) 
in F X F, we shall employ symbols such as a + b or a*b. Although this 
notation is at variance with the general notation used for functions, it 
is much more suggestive and is almost universally employed in such 
a situation. 

4.1 DEFINITION. A set F is called a field if there are two binary 
operations (denoted by + and + and called addition and multiplication, 
respectively) satisfying the properties 

644) 

(Ml) 
052) 
(M3) 

(M4) 

(Dl 

a+b=b+a,foralla,binF; 
(a + b) + c = a + (b + c), for a11 a, b, c in F; 
there exists a unique element 6 in F such that 8 + a = a and 
u+B=u,foralluinF; 
for each element a in F there is an element ü in F such that 
u+ü=Oandü+u=B; 
a-b = ~*CL, for a11 a, b in F; 
(aeb) -c = a. @SC), for a11 a, b, c in F; 
there exists a unique element e # 6 in F such that e-u = a, 
u.e = a, for a11 a in F; 
for each element a # B in F there is an element a’ in F such 
that a.a’ = e, and u’.u = e; 
aa@ + c) = (ueb) + (a*~) and (b + c)*a = @*a) + (c-a), 
for a11 a, b, c in F. 

We generally refer to the element e as the zero element of F and the 
element e as the identity or unit element of F. 

Before we discuss some of the consequences of these assumptions, we 
shall give some examples of fields. The first three examples are familiar 
systems, but are somewhat loosely defined. The next two examples are 
probably unfamiliar; but, since they have SO few elements, it is possible 
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to check directly that they satisfy a11 the stated properties. Hence they 
show that systems with the required properties do exist. The final 
example is familiar in quality, but Will be seen to be substantially differ- 
ent in character from the real and rationai fields. 

4.2 EXAMPLES. (a) Consider the system R of real numbers, as 
understood from algebra and with the usual operations of addition and 
multiplication. Here 0 is the zero element 0, e is the real number 1, 
z = (- l)a, and a’ = l/a for a # 0. 

(b) Let Q denote the system of rational numbers; that is, real numbers 
of the form m/n where m, n are integers and n # 0. Again 0 = 0 and 
e = 1. 

(c) Let C denote the system of complex numbers; that is, ordered 
pairs (z, y) of real numbers with the operations defined by 

(21,Yl) + (z2,y2) = CT1 + %y1 + y2>, 

(%>Yl). (x2, y2) = (2122 - y1y2, z1y2 + ya2). 

Here it may be seen that 13 = (0, 0), e = (1, O), and 

(5 Y) = c--z, -Y>, 

(d) Let F2 consist of two distinct elements 0, e and define addition and 
multiplication as in Tables 4.1 and 4.2. 

TABLE 4.1 TABLE 4.2 

+ 0 e 0 e -- -- 
e 0 e e e e 
e e e e e e 

For example, the first column after the vertical bar in Table 4.1 indicates 
that 0 + 0 = 0, and e + 0 = e. We leave it to the reader to check that 
the properties required in Definition 4.1 are satisfied and that e and e 
have the properties required. In particular, ë = 0, ë = e, e’ = e. (What 
about e’?) 

(e) Let Fa consist of three distinct elements 0, e, t where we define 
addition and multiplication as in Tables 4.3 and 4.4. Check to see that 

TABLE 4.3 TABLE 4.4 

+ e e t e e t 
e 0 e t e 9 e e 
e e t e e e e t 
t t e e t e t e 
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the system Fa forms a field under the indicated operations. In particular, 
ë = 8, ë = t, 5 = e, e’ = e, t’ = t. 

(f) Let Q(t) denote the system of a11 rational functions with rational 
numbers as coefficients. Hence an element of Q(t) is a function f of 
the form 

f(t) = p(l), 
!-l(t) 

where p and q are polynomials in t with rational coefficients and q is not 
the zero polynomial. The operations of addition and multiplication are 
the usual ones employed when dealing with rational functions. 

Properties of Fields 

In (A3) it was supposed that there is a unique element 8 in F such that 
a = 0 + a for a11 a in F. We now show that if t is an element such that 
for some element b in F we have b = t + b, then necessarily t = 0. 

4.3 THEOREM. If t and b are elements of F such that t + b = b, tkn 
t = 0. Similurly, if w and b # 0 are elements of F such that w. b = b, then 
w = e. 

PROOF. By hypothesis b = t + b. Add 6 to both sides and use (A4), 
(A2), (A4), (A3) to obtain 

e=b+b=(t+b)+b=t+(b+T;)=t+e=t, 

SO that t = 8. The proof of the second assertion is similar. 
Q.E.D. 

Theorem 4.3 shows that the hypothesis that 0 and e are unique, which 
was made in (A3) and (M3), was not essential and cari be proved from 
the remaining assumptions. We now prove that the elements ü and a’ 
(when a # e) are unique. 

4.4 THEOREM. If a and b are elements of F and a + b = 8, then 
b = ü. Similarly, if a # 0 and b are e1ement.s of F and a. b = e, then b = a’. 

PROOF. If a + b = 8, add ü to both sides to obtain ü + (a + b) = 
E + 0. Now use (A2) on the left and (A3) on the right to obtain (ü + a) 
+ b = ü. By using (A4) and (A3) on the left side, we obtain b = ü. 
The second assertion is proved similarly. 

Q.E.D. 

Properties (A4) and (M4) guarantee the possibility of solving the 
equations 

a+s=e, a-z = e (a # e), 
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for x, and Theorem 4.4 yields the uniqueness of the solutions. We now 
show that the right-hand sides of these equations cari be arbitrary ele- 
ments of F and are not required to be 0, e, respectively. 

4.5 THEOREM. (a) Let a, b be arbitrary elements of F. Then the 
equation a + x = b bas the unique solution x = a + b. 

(b) Let a # 19 and b be arbitrary ekments of F. Then the equation 
a.2 = b has the unique solution x = a’vb. 

PROOF. Observe that a + (ü + b) = (a + ü) + b = 0 + b = b SO 
that x = ü + b is a solution of the equation a + x = b. TO show the 
uniqueness, let x1 be any solution of this equation and add ci to both 
sides of a + x1 = b to obtain 

ü + (a + x1) = ?Z + b. 

Employing (A3), (A4), (A2) and this relation, we get 

x1 = o + x1 = (ü + a) + x1 = ü + (a + xl) = ü + b. 

The proof of part (b) of the theorem is similar. 
Q.E.D. 

We now establish some results which are familiar “laws of algebra,” 
but are written in a slightly disguised form. 

4.6 THEOREM. If a and b are any ekments of F, then 
(a) a-8 = 8; 
(b) ü=a.ë, a+b=ü+‘ti; 
(c) Z = a, ë-ë = e. 

PROOF. (a) From (M3), we know that a.e = a. Hence 

a + a-0 = ase + a.0 = a- (e + e) = a-e = a. 

Applying Theorem 4.3, we infer that a.0 = 8. 
(b) It is seen that 

a + a.?? = a-e + a-ë = a. (e +ë) = a-0 = 8. 

It follows from Theorem 4.4 that a.ë = ü. Hence 

a + b = (a + b).ë = (a-ë) + (b-E) = ü + 6, 

proving the second assertion in (b). 

(c) By definition of ü, we have ü + a = 8. According to the unique- 
ness assertion of Theorem 4.4, it follows that a = 5. If a = ë, then by 
part (b), we have e = Z = ü = a.ë = ë-ë. 

Q.E.D. 
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4.7 THEOREM. (a) If a is an element of F and a # 0, then a = a”. 
(b) 1ja.b = 0, then either a = 8 or b = 8. 
(c) Ci.6 = a.b for any a, b in F. 
PROOF. (a) If a # 0, then a’ # 0, for otherwise, e = a.a’ = a.0 = 0 

contrary to (M3). Therefore, since a’ea = e, it follows from Theorem 4.4 
that a = a”. 

(b) Suppose a # 0 and aab = 0. On multiplying by a’, we obtain 

b = e.6 = (a’.a).b = a’-(a.b) = a’.0 = 0. 

A similar argument holds if b # e. 
(c) From Theorem 4.6, we have ü = aeë, and b = beë; hence 

a.8 = (a.ë)* (b-ë) = (a-ë). (ë.b) 

= a. (ë.ë).b = a.e.b = a.b. Q.E.D. 

Until now we have been excessively forma1 in our notation; although 
we have used + and * to denote the operstions of addition and multi- 
plication, we have denoted the neutral elements under these operations 
by 0 and e. Now that the basic properties of these elements have been 
explored without notational bias, we revert to the usual procedure of 
denoting the neutral element e by 0 and denoting the identity element 
eby 1. 

In a similar vein we shall denote the element ?ï = ë-a by the notation 
(- 1)a or simply -a. Also, the element a’ is generally denoted by a-’ or 
by l/a. Similarly, b + a is represented by b - a and b .a’ is represented 
by the fraction b/a, or by b.a-l. Moreover, we generally drop the use of 
the dot to denote multiplication and merely use juxtaposition; thus we 
Write ab in place of a.b. As in elementary algebra, we Write a? for aa, a3 
for aaa = a(a’); in general, we employ the abbreviation a” for the pro- 
duct of a taken n times. It follows by use of mathematical induction that 
if m, n E N, then 

for any element a. 

am+n = (-pan > 

Once again, we agree to write 1 for e. Furthermore, we Write 2 for 
1 + 1 = e + e, 3 for 2 + 1 = 1 + 1 + 1, and SO forth. We saw in 
Examples 4.2(d) and 4.2(e) that it is possible to have 2 = 1 + 1 = 0 
or 3 = 0. However, for the fields considered in mathematical analysis, 
it is the case that if n is a natural number, then the sum of 1 (= e) taken 
n times is different from 0. In algebra, fields with this property are said 
to have characteristic zero. We shall deal exclusively with such fields; 
in fact, we are primarily interested in “ordered” fields and it Will be seen 
in Section 5 that such fields necessarily have characteristic zero. 
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It has been observed in the preceding paragraph that if F is a field 
with characteristic zero, then F contains a subset which is in one-one 
correspondence with the set N of natural numbers. In fact, the notation 
introduced in the last paragraph has the effect of using the same symbol 
to denote a natural number n and the sum of 1(= e), taken n times. 
This notation is extraordinarily useful and almost universally employed. 
In fact, we usually go further and regard the set N as being a subset of F. 
In the same way we regard not only the set Z of integers, but even the 
field Q of rational numbers, as being imbedded in any field F with char- 
acteristic zero. Thus the element of F which is identified with the rational 
number m/n, where m, n are posit,ive integers. is 

(me> - Cm>‘, 

and the element of F which is identified with -m/n is 

(më) . (ne)‘. 

With this understanding, we cari say that the Jielo? of rational numbers is 
contained in any $eld of characteristic zero. 

Therefore, if F is a field with characteristic zero, it makes sense to 
refer to the rational elements of F. All of the elements of F which are not 
rational elements are called irrational elements. We shall use this termin- 
ology freely in later sections. 

Exercises 

4.A. Why must a field contain at least two elements? 
4.B. Verify that the system C of complex numbers, as defined in Example 

4.2(c), forms a field. 
4-C. Does the collection of polynomials with rational coefficients form a field? 
4.D. Restate Theorem 4.6 employing the usual notation; that is, using 0, 1, 

-a, a-l instead of 8, e, U, a’. 
4.E. Restate Theorem 4.7 employing the usual notation. 
4.F. If Fq = (0, 1, a, b) consists of four distinct elements, show that F4 forms 

a field with the operations given by Tables 4.5 and 4.6. 

TABLE 4.5 TABLE 4.6 

+ 0 1 a b 0 1 a b 
0 0 1 a b 0 0 0 0 0 
1 1 0 b a 1 0 1 a b 
a a b 0 1 0 a b 1 
b b a 1 0 b 0 6 1 a 

Show that, with these operations, if 2 f: 0, then x3 = 1 and if y is any element, 
then y4 = y and 2y = 0. 
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4.G. Let G, = { 0, 1, a, b) consist of four distinct elements. Determine whether 
Gq forms a field with the operations given by Tables 4.7 and 4.8. 

TABLE 4.7 TABLE 4.8 

+ 0 1 a b 0 1 a b 

0 0 1 a b 0 0 0 0 0 
1 1 a b 0 1 0 1 a b 

h u 6 b 0 0 1 n 1 0 0 a b 0 n a 1 

Show that either x2 = 0 or x2 = 1 and that if y is any element, then y4 = y2 and 
4y = 0. Show that there exist non-zero elements x, y in Gq such that xy = 0. 

Section 5 Ordered Fields 

Throughout this section the letter F denotes a field as defmed in the 
preceding section. As promised, we shall use the more conventional 
notations 0, 1, -a, a-l, and SO forth (instead of 0, e, ü, a’, etc.). The 
purpose of this section is to introduce the notion of “order,” for it is the 
ordered field of real numbers that Will provide a basis for the later sec- 
tions. First, however, it is of some interest to introduce the general con- 
cept of order and positivity. 

5.1 DEFINITION. A non-empty subset P of elements of a field F is 
called a positive class if it satisfies the following three properties: 

(i) If a, b belong to P, then their sum a + b belongs to P. 
(ii) If a, b belong to P, then their product ab belongs to P. 

(iii) If a belongs to F, then precisely one of the following relations 
holds: a E P, a = 0, -a E P. 

Condition (iii) is sometimes called the property of trichotomy. It 
implies that if P is a positive class in a field F, then the set N = { -a: 
a E P) has no elements in common with P. The set N is called the 
negative class (corresponding to P) and it is clear that the entire field F 

is the union of the three disjoint sets P, (O}, N. 
Before continuing, we wish to consider some simple examples. 

5.2 EXAMPLES. (a) Consider the field Q of rational numbers; that 
is, quotients of the form p/q where p and q are integers and q # 0. Let 
P denote the subset consisting of quotients of the form p/q where both 
p and q are natural numbers. It is readily checked that P forms a positive 
class for the field of rational numbers. 
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(b) Let R be the field of real numbers (which has not been formally 
defined, but may be regarded as familiar). Let P be the subset in R 
consisting of a11 elements 5 in R for which J: > 0 (or, in geometrical 
terms, those 2 which lie to the right of the origin). This subset P forms 
a positive class in R. 

(c) Let Q(t) be the field of rational functions with rational numbers 
as coefficients. Hence an element of Q(t) is a quotient p/q, where p and q 
are polynomials with rational coefficients and not a11 of the coefficients 
of q are zero. Let P be the subset of Q(t) consisting of a11 quotients p/q 
such that the coefficient of the highest power of t in the product p(t)q(t) 
is a positive rational number (in the sense of Example (a)). This set P 
forms a positive class in Q(t), as may be demonstrated. 

(d) Let F be the field consisting of the two elements 0, 1. If PI = (01, 
then the subset PI satisfies properties (i), (ii) of Definition 5.1 but not 
property (iii). Further, the subset Pz = { 1) satisfies (ii) but not (i) or 
(iii). Hence neither PI nor Pz forms a positive class for this field. (It Will 
be seen from Theorem 5.5, that there is no positive class for this field.) 

5.3 DEFINITION. If P is a positive class of elements in a field F, we 
say that F is ordered by P and that, F is an ordered field. If a belongs to 
P, we say that a is a positive element of F and Write a > 0. If a is either 
in P or is 0, we say that a is non-negative and Write a 2 0. If the differ- 
ence a - b belongs to P, we Write a > b and if a - b either belongs to 
P or equals 0, we Write a 2 b. 

As usual, it is often convenient to turn the signs around and Write 
0 < a, 0 5 a, b < a, and b 5 a, respectively. In addition, if both a < b 
and b < c, then we Write a < b < c or c > b > a; if a 2 b and b < c, 
then we Write a 5 b < c or c > b > a. 

Properties of Ordered Fieldls 

We shall now establish the basic properties possessed by an ordered 
field F. These are the more or less familiar “laws” for inequalities which 
the student has met in earlier courses. We shall make much use of these 
properties in later sections. 

5.4 THEOREM. (a) If a > b and b > c, then a > c. 
(b) If a and b belong to F, thm exactly one of the jollowing relations 

holds: a > b, a = b, a < b. 
(c) If a 2 b and b 2. a, then a = b. 

PROOF. (a) If a - b and b - c belong to P, then from 5.1 (i) we infer 
that a - c = (a - b) + (b - c) also belongs to P. 
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(b) By 5.1 (iii) exactly one of the following possibilities holds: a - b 
belongs to P, a - b = 0, or b - a = - (a - b) belongs to P. 

(c) If a # b, then from part (b) we must have either a - b in P or 
b - a in P. Hence either a > b or 6 > a; in either case a portion of the 
hypothesis is contradicted. 

Q.E.D. 

5.5 THEOREM. Let F be un orclered Jield. 
(a) If a # 0, then u2 > 0. 
(b) 1 > 0. 
(c) If n is a nuturul number, then n > 0. 
PROOF. (a) Either a or -a belongs to P. If a E P, then from property 

5.l(ii) the element u2 = u.u also belongs to P. If -a E P, then from 
Theorem 4.7(c), u* = (-a) (-a) and SO u2 belongs to P. 

(b) Since 1 = (1)2, part (b) follows from (a). 
(c) We use mathematical induction. The assertion with n = 1 has 

just been proved. Supposing the assertion true for the natural number 
k (that is, supposing k E P), then since 1 E P, it follows from 5.1(i) 
that k + 1 E P. 

Q.E.D. 

In the terminology introduced at the end of the preceding section, 
Theorem 5.5 (c) asserts that un ordered fielo? hus churucteristic zero. Hence 
any ordered field contains the rational numbers in the sense described 
at the end of Section 4. 

We now establish the basic manipulative properties of inequalities, 
which are familiar to the reader from elementary algebra. 

5.6 THEOREM. Let a, b, c, d denote elements in F. 
(a) If a > b, then a + c > b + c. 
(b) If a > b und c > d, then a + c > b + d. 
(c) If a > b und c > 0, then ox > bc. 
(c’) If a > b und c < 0, then uc < bc. 
(d) If a > 0, then a-’ > 0. 
(d’) If a < 0, then a-’ < 0. 

PROOF. (a) Observe that (a + c) - (b + c) = a - b. 
(b) If a - b and c - d belong to P, then by property 5.1 (i) we con- 

clude that (a + c) - (b + d) = (a - b) + (c - d) also belongs to P. 
(c) If a - b and c belong to P, then by property 5.1 (ii) we infer that 

ac - bc = (a - b)c also belongs to P. 
(c’) If a - b and -c belong to P, then bc - uc = (a - b) (-c) also 

belongs to P. 
(d) If a > 0, then by 5.1 (iii) we have a # 0 SO that the inverse ele- 

ment a-’ exists. If a-’ = 0, then 1 = aa-’ = a0 = 0, a contradiction. 
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If a-r < 0, then property (c’) with c = a-* implies that aa-’ < 0 from 
which it follows that 1 < 0, contradicting Theorem 5.5(b). Invoking 
5.1(m) we conclude that a-l > 0, since the other two possibilities have 
been excluded. 

(d’) This part cari be proved by an argument analogous to that used 
in (d). Alternatively, we cari observe that (-a)+ = -u-l and use 
[(d) directly. 

Q.E.D. 

We now show that the arithmetic mean (= average) of two elements 
of an ordered field lies between the two elements. Recall that it is con- 

ventional to write c/2 or i for c2-‘, and SO forth. 

5.7 COROLLARY. If a > b, then a > --y > b. 
a+b 

PROOF. Since a > b, it follows from Theorem 5.6(a) with c = a that 
2a = a + a > a + b, and from Theorem 5.6(c) with c = b that a + b 
> b + b = 2b. By Theorem 5.5(c) we know that 2 > 0 and from 5.6(d) 
that 2-l > 0. After applying Theorem 5.6(c) with c = 2-l to the above 
relations, we obtain 

a > (a + b)2-‘, (a + b)2-’ > b 

Hence a > (a + b)/2 > b. 
Q.E.D. 

The corollary just proved with b = 0 implies that given any positive 
number a, there is a smaller positive number, namely a/2. Expressed 
differently, in an ordered jield there is no smallest positive number. 

It follows from Theorem 5.6(c) with b = 0 that if a > 0 and c > 0, 
then ac > 0. Similarly, from 5.6(c’) with a = 0 it follows that if b < 0 
and c < 0, then bc > 0. We now establish the converse sta,tement. 

5.8 THEOREM. If ab > 0, then we either have a > 0 and b > 0 or 
we have a < 0 ad b < 0. 

PROOF. If ab > 0, then neither of the elements a, b cari equal 0. 
(Why?) If a > 0, then from Theorem 5.6(d) we infer that a-’ > 0 and 
from Theorem 5.6(c) that 

b = (u%)b = a-l(ab) > 0. 

On the other hand, if a < 0, we employ Theorem 5.6(d’) and (c’) to 
conclude that 

b = (a-‘a)b = a-l(ab) < 0. Q.E.D. 
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Absolute Value 

The trichotomy property 5.l(iii) assures that if a # 0, then either a 
or -a is a positive element. The absolute value of an element a is defined 
to be the positive one of the pair (a, -a} ; for completeness, the absolute 
value of 0 is defined to be 0. 

5.9 DEFINITION. If F is a field with positive class P, we cMne the 
absolute value function by 

luI=[-~; ; a$; 

Thus the domain of the absolute value function is a11 of F, its range 
is P u {O}, and it maps the elements a, -a into the same element. We 
now obtain the basic properties of the absolute value function. 

5.10 THEOREM. (a) [a[ = 0 if und only if a = 0. 
(b) I-u\ = lu1 for ull a Ên F. 
(c) lubl = lu1 (bl for dl a, b in F. 
(d) If c 2 0, then lu\ 5 c if und only if -c 5 a 5 c. 
(e) -lu1 5 a < lu\ for dl a in F. 

PROOF. (a) By definition, 101 = 0. If a # 0, then -a # 0 SO that 
lu\ # 0. 

(b) If a > 0, then \a\ = a = I--ul; if a < 0, then lu\ = -a = I-al; 
and if a = 0, then 101 = 0 = I-01. 

(c) If a > 0 and b > 0, then ub > 0 SO that jubl = ub = lu\ lb\. If 
a < 0 and b > 0, then ub < 0 SO that JC&\ = - (ub) = (-u)b = lu1 Ibj. 
The other cases are handled similarly. 

(d) If \a1 2 c, then both a 5 c and -a < c. From the latter and 
Theorem 5.6(c’) we have -c 2 a SO that -c 2 a 5 c. Conversely, if 
this latter relation holds, then we have both a 5 c and -a L: c, whence 
14 I c. 

(e) Since la1 2 0, this part follows from (d). 
Q.E.D. 

The next result is commonly called the Triangle Inequality and Will 
be used frequently in the sequel. 

5.11 THEOREM. Let a, b be uny elements of un ordered jkld F, then 

Ilal - lb11 5 la f bl I 14 + Ihl. 
PROOF. According to Theorem 5.10(e), we obtain - lu\ 5 a 5 lu] 

and since /b( = l--b\, we also have -lb] 5 f b 5 Ibl. Employing 5.6(b) 
we infer that 

- (lu1 + lbl) = --lu1 - lb] I u f b 5 la1 + Ibl. 
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From Theorem 5.10(d) it follows that la ~1 bl 5 [a[ + Ibl. 
Since la1 = [(a - b) + bj I la - b( + I!)l, then lu1 - lb\ 2; lu - bl. 

Similarly, lb\ - la\ 5 la - bl, whence it follows that Ilul - IblI < 
la - bl. Replacing b by -b, we obtain /[a[ - lb/1 I lu + bl as well. 

Q.E.D. 

5.12 COROLLARY. Let x1, x2, . . ., 2% be elements of un ordered jield F, 
then lx1 + x2 + . . . + GI1 5 Ix1 + 1x21 + * * * + /X?%l. 

PROOF. If n = 2, the conclusion follows from 5.11. If n > 2, we use 
mathematical induction. 

Q.E.D. 

Intervals 

If F is an ordered field and a, b aFe elements of F with a :i b, then 
the set of a11 x in P satisfying a < x < b is called the open interval 
determined by a, b and is denoted by (a, b). The set of a11 x in .F satisfy- 
ing a < x 2 b is called the closed interval determined by a, b and is 
denoted by [a, b]. In analogous fashion, the sets {x E F : a .< x < b) 
and (x E F : a < x 5 b) are said to be either half-open or half-closed 
and are denoted by [a, b) and (a, b], reapectively. 

Archimedean Ordered Fields 

We have seen in Theorem 5.5 that if F is an ordered field and if n is 
a natural number, then n = n. 1 > 0. Our experience with the number 
system leads us to expect that each element in F is exceeded by some 
natural number. Alternatively, we expect that each positive element 
is contained in some interval [n, n + 11, where n takes on one of the 
values 0, 1, 2, . . . . 

It may corne as a surprise to learn that it is not possible to establish 
either of these expected properties for an arbitrary ordered field. In 
fact, there exist ordered fields which have positive elements which 
exceed any natural number; such positive elements evidently cannot 
be enclosed between consecutive natural numbers. As an example of 
such a field, we cite Q(t), mentioned in Example 5.2(c). It is to be shown 
in Exercise 5.K that if p is a polynomial with degree at lea& one and 
positive leading coefficient and if n E N, than n < p. Thus we see that 
an ordered field need not have the property that each positive element 
is exceeded by some natural number. However, in the following we shall 
consider only ordered fields with this additional property. 
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5.13 DEFINITION. An ordered field F is said to be an Archimedean 
fieldt if for each 5 in F there is a natural number n such that zr < n. 

(In somewhat more precise terms, we should state that the positive 
class P of F is Archimedean if for each x in F there is a natural number 
n such that n - 2 belongs to P.) It is easy to see (cf. Exercise 5.5) that 
the rational numbers form an Archimedean field under the usual order. 

5.14 THEOREM. Let F be an Archimedean field. 
(a) If y > 0 and z > 0, there is a natural number n swh that ny > z. 
(b) If z > 0, there is a natural number n such that 0 < l/n < z. 
(c) Ij y > 0, there is a natural number n such that n - 1 5 y  < n. 

PROOF. (a) If y > 0 and z > 0, then zz = z/g is also positive. Let 
n be a natural number such that n > x = ~/y. Then ny > z. 

(b) If z > 0, then l/z > 0. Hence there exists a natural number n 
such that n > l/z. It then follows that 0 < l/n < z. 

(c) If y > 0, it follows from the Archimedean property that there 
exist natural numbers m such that y < m. Let n be the smallest such 
natural number, hence n 1 1. By definition of n, we have n - 1 5 y < n. 

Q.E.D. 

It should be observed that, in the proof of 5.14(c), we epployed the 
Well-ordering Property of the set N, which asserts that every non-void 
subset of N has a smallest element. 

We noted after Corollary 5.7 that there is no smallest positive element 
in an ordered field; for, given z > 0, the element z/2 is smaller than z 
but still positive. In view of Theorem 5.14(b), it is seen that if z is a 
given positive element, there is a rational element of the form l/n such 
that l/n < z. This property is sometimes expressed by saying that “in 
an Archimedean field there are arbitrarily small positive rational ele- 
ments.” It is important that this phrase should not be interpreted as 
saying : 

(i) “There is a smallest positive rational element;” or 
(ii) “There is a positive rational element r such that r < z for any 

positive z in F.” 
The reader should convince himself that both of these statements are 
false. 

The rational field Q forms an Archimedean field, as observed above; 
hence the hypothesis that a field F is Archimedean does not imply that 
there need be any irrational elements in F. However, we shall now show 
that if F is an Archimedean field with at least one irrational element, 

t This term is named for ARCHIMEDES (287-212 B.c.), who has been called “the 
greatest intellect of antiquity,” and was one of the founders of the scientific method. 
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then there are arbitrarily small irrational elements. We first note that 
if 4 is an irrational element of F, then either [ or - 6 is a positive irrational 
element of F. 

5.15 THEOREM. Let F be an Archimedean jïeld containing a positive 
irrational element 5. Ij z is a positive element of F, then ihere is a natural 
number m such that the positive irrational element (/m satisjles 0 < t/rn < z. 

PROOF. Since 4 > 0, z > 0 it follows from Theorem 5.6(d) nnd 
5.6(c) that i/z > 0. Since F is Archimedean, there exists a natural 
number m such that 0 < t/z < m. By using Theorem 5.6 again, we 
obtain the conclusion. 

Q.E.D. 

We now show that in any kchimedean field F the rational elements 
are “dense” in the sense that between any two elements of F there is a 
rational element of F. Once again, we shall use the Well-ordering 
Property of N. 

5.16 THEOREM. Ij y, z are elemenfs of an Archimedean field F and 
if y < z, then there is a rational element r of F such that y < r < z. 

PROOF. It is no loss of generality to assume that 0 < y < z. (Why?) 
Smce y > 0 and z - y > 0, it follows from Theorem 5.14(b) that there 
is a natural number m  such that 0 < l/m < y and 0 < l/m < z - y. 
From Theorem 5.14(a) there is a natural number k such that k/tn = 
k(l/m) > y and we let n be the smallest such natursl number. There- 
fore, (n - l)/m 5 y < n/m, and we shah now show thst n/m < z. 
If this latter relation does ncot hold, then z 5 n/m and we have 

n -’ 1 
--ay<z<;. 

m 

It follows from this (as in Exercise 5.D) that z - y < l/m, contradicting 
the fact that l/m < z - y. 

Q.E.D. 

If F is an Archimedean lield with at least one irrational element 5, 
then the irrational elements of F are also dense in the sense that between 
any two elements of F there is an irrational element of F. 

5.17 THEOREM. If the Archimedean jield F contains an irrational 
element 5 and if y < z, then there is a rational number r such that the 
irratianal element 7-t satisjies y < r( < 2. 

The proof of the result is very close to that of Theorem 5.16 except 
that it is based on Theorem 5.15 rather than 514(b). We leave it as an 
exercise for the reader. 
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Nested Intervals 

The next result provides a theoretical basis for the binary (= base 2) 
expansion of the fractional part of an element in an Archimedean field. 
A similar result cari be obtained for any base. 

5.18 THEOREM. Let x be an element of an Archimedean fiels F. For 
each integer n = 0, 1, 2, . . ., there is a closed interval 

I, = [az,an+k] 

containing the point x, where a, is a rational element and 

I,+1 5 I, for n = 0, 1, 2, . . . . 

PROOF. It is no loss of generality (why?) to assume that x 2 0, as 
we shall do. Then there is an integer no such that 2 belongs to the interval 

10 = [no, n0 + 11. 

Let a0 = no SO that 5 is in 10 = [ao, ao + l] and consider the two closed 
intervals obtained by bisecting lo, namely, the intervals 

b0, a0 + tl, [a0 + h, a0 + 11. 

If the point x belongs to the first of these two intervals, we put a1 = ao; 
otherwise, we put a1 = ao + 3. Therefore, the point x belongs to the 
interval I1 = [al, a1 + $1. We then bisect the interval 11 to obtain the 
two intervals 

If the point x belongs to the first of these two intervals, we put a2 = al; 
otherwise, we put 

1 
a2 = a1 + - * 

22 

Therefore, the point x belongs to the interval 

12 = [a2,a2+4]* 

By continuing in this manner, we oMain intervals Z, for n = 0, 1, 2, . . . 
each cont,aining x. (See Figure 5.1.) Moreover, the end points of these 
intervals are rational elements of F a,nd 1,+1 5 1, for each n. 

Q.E.D. 
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Figure 5.1. Nested intervals. 

We shah often say that a sequence of closed intervals 1,, 12 E N, is 
nested in case the chain 

of inclusions holds. We cari then summarize the content of Theorem 
5.18 informally by saying that every element of an Archimedean field F 
is the common point of a nested sequence of non-empty closed intervals 
in F. 

It is an important consequence of Theorem 5.18 that to every ebment 
of an Archimedean jîeld F, there corresponds a point on the line. For 
having chosen an origin and a unit length on the line, we cari lay off 
the integral points. Once we have bracketed an element between two 
integral points, we bisect repeatedly. Thus we associate a unique point 
on the line to each element in the Archimedean field F. It must not be 
supposed, however, that every point of the line is necessarily the corre- 
spondent of an element in F. In fact, if the field F is the field Q of rational 
numbers, then we know that not every point of the line is needed to 
represent a11 the elements of Q. 

We conclude these remarks about Theorem 5.18 by observing that 
it does not assert that if (I,,) is any nested sequence of non-empty closed 
intervals, then there is a point z in F which belongs to each interval. 
For, let i be any irrational element of an Archimedean field F. Accord- 
ing to Theorem 5.18 there is a nested sequence (J,J of closed intervals 

with rational end points which contain 4 as a common point (and it is 
easy to sec it is the only common point). We now look at the correspond- 
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ing sequence of intervals (K,) in the Archimedean field Q of rational 
numbers; that is, we take the intervals K,, n E N, in Q defined to he the 
set of elements x in Q such that 

1 
a,Ixia,+-- 

2” 

The reader should convince himself that the nested sequence (K,) of 
non-empty closed intervals in Q does not have any common point, 
since t is not an element of Q. Thus not every nested sequence of closed 
intervals in Q has a common point in Q, although the corresponding 
sequence Will have a common point in a larger Archimedean field. The 
essential distinction between the real number system R and any other 
Archimedean field F is that every nested sequence of closed intervals in 
R has a common point. It is this property that assures that there are 
no “ gaps” in the real number system. 

Exercises 

5.A. No ordered field contains only a Cte number of elements. 
5.B. In an ordered field, if a2 + b2 = 0, then a = b = 0. 
5.C. Show that it is not possible to make the complex numbers into an ordered 

field. 
5.D. If 0 5 z < b and 0 < y < b, then Ir - y\ < b. More generally, if 

a 2 x 5 b and a < y < b, then 1x - y1 < b - a. 
5.E. If 1 + a > 0 and n E N, then (1 + a)* > 1 + na. (Hint: use mathe- 

matical induction.) This inequality is sometimes called Bernoulli’s 1nequality.t 
5.F. Suppose c > 1. If n E N, then cn> c. More generally, if m, n E N and 

rn> n, then cm> P. (Hint: c = 1 + a with a > 0.) 
5.G. Suppose 0 < c < 1. If n E N then 0 < cn < c. More generaIly, if 

m,nENandm>n,thencm<cn. 
5.H. If n E N, then n < 2”. 
5.1. If a, b are positive real numbers and n E N, then an < b* if and only if 

a < b. 
5.d. Show that the rational numbers form an Archimedean field with the 

order given in Example 5.2 (a). 
5.K. Show that the ordered field Q(t) is not Arcbimedean with the order 

given in Example 5.2(c). 
5.L. Show that an ordered field is Archimedean if and only if for each element 

z > 0 there is a natural number n such that 

t JACOB BERNOULLI (1654-1705) was a member of a Swiss family that produced 
several mathematicians who played an important role in the development of calculus. 
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5.M. Show that statements (i) and (ii) after Theorem 5.14 do not hold in an 
Archimedean field. 

5.N. Give the details of the proof of Theorem 5.17. 
5.0. Explain how Theorem 5.18 provides a basis for the binary expansion of 

the fractional part of an element in an Archimedean field. 
5.P. Modify Theorem 5.18 to provide a basis for the decimal expansion of a 

fraction. 
5.Q. Prove that the intervals in Theorem 5.18 have 1: as the only common 

point. 

Section 6 The Real Number System 

We have corne to the point where we shah introduce a forma1 descrip- 
tion of the real number system R. Since we are more concerned in this 
text with the study of real functions than the development of the number 
system, we choose to introduce R as an Archimedean field which has 
one additional property. 

The reader Will recall from Section 5 that if F is an ordered field and 
if a, b belong to F and a 5 b, then the closed interval determined by 
a, b, which we shah denote by [a, b], consists of a11 elements z in F satisfy- 
ing a 5 z 5 b. It Will also be recalled from Theorem 5.18 that if x is any 
element of an Archimedean field F, then there is a nested sequence (I,,) 
of non-empty closed intervals whose only common point is x. However, 
it was seen at the end of Section 5, that a nested sequence of closed 
intervals does not always have a common point in certain Archimedean 
fields (such as Q). It is this property that we now use to characterize the 
real number system among general Archimedean fields. 

6.1 DEFINITION. An Archimedean field R is said to be complete if 
each sequence of non-empty closed intervals 1, = [a,, b,J, n E N, of R 
which is nested in the sense that 

II~Iz2***2I,gj-**, 

has an element which belongs to a11 of the intervals 1,. 

6.2 ASSUMPTION. In the remainder of this book, we shah assume 
that there exists a complete ordered field which we shall cal1 the real 
number system and shall denote by R. An element of R Will be called a 
real number. 

We have introduced R axiomatically, in that we assume that it is a 
set which satisfies a certain list of properties. This approach raises the 
question as to whether such a set exists and to what extent it is uniquely 
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determined. Since we shall not settle these questions, we have frankly 
identified as an assumption that there is a complete ordered field. How- 
ever a few words supporting the reasonableness of this assumption are 
in order. 

The existence of a set which is a complete ordered field cari be demon- 
strated by actual construction. If one feels sufficiently familiar with the 
rational field Q, one cari define real numbers to be special subsets of Q 
and define addition, multiplication, and order relations between these 
subsets in such a way as to obtain a complete ordered field. There are 
two standard procedures that are used in doing this: one is Dedekmd’s 
method of “cuts” which is discussed in the books of W. Rudin and 
E. Landau that are cited in the References. The second way is Cantor’s 
method of “Cauchy sequences” which is discussed in the book of N. T. 
Hamilton and J. Landin. 

In the last paragraph we have asserted that it is possible to construct 
a mode1 of R from Q (in at least two different ways). It is also possible 
to construct a mode1 of R from the set N of natural numbers and this is 
often taken as the starting point by those who, like Kronecker,t regard 
the natural numbers as given by God. However, since even the set of 
natural numbers has its subtleties (such as the Well-ordering Property), 
we feel that the most satisfactory procedure is to go through the process 
of first constructing the set N from primitive set theoretic concepts, then 
developing the set Z of integers, next constructing the field Q of rationals, 
and finally the set R. This procedure is not particularly difficult to follow 
and it is edifying; however, it is rather lengthy. Since it is presented in 
detail in the book of N. T. Hamilton and J. Landin, it will not be given 
here. 

From the remarks already made, it is clear that complete ordered 
fields cari be constructed in different ways. Thus we carmot say that 
there is a unique complete ordered field. However, it is true that a11 of 
the methods of construction suggested above lead to complete ordered 
fields that are ” isomorphic .” (This means that if RI and Rz are complete 
ordered fields obtained by these constructions, then there exista a one- 
one mapping (O of RI onto Rz such that (i) (p sends a rational element of 
RI into the corresponding rational element of R2, (ii) cp sends a + b into 
q(u) + <p(b), (iii) <p sends ab into cp(a)p(b), and (iv) 4 sends a positive 

t LEOPOLD KRONECKER (1823-1891) studied with Dirichlet in Berlin and Kummer 
in Bonn. After making a fortune before he was thirty, he retumed to mathematics. 
He is known for his work in algebra and number theory and for his persona1 op- 
position to the ideas of Cantor on set theory. 
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element of RI into a positive element of R,.) Within naïve set theory, we 
cari provide an argument showing that any two complcte ordered fields 
are isomorphic in the sense described. Whether this argument cari be 
formalized within a given system of logic depends on the rules of inference 
employed in the system. Thus the question of the extent to which the 
real number system cari be regarded as being uniquely determined is a 
rather delicate logical and philosophical issue. However, for our purposes 
this uniqueness (or lack of it) is not important, for we cari choose any 
particular complete ordered field as our mode1 for the real number 
system. 

Suprema and Infima 

We now introduce the notion of an Upper bound of a set of real num- 
bers. This idea Will be of utmost importance in later sections. 

6.3 DEFINITION. Let S be a subset of R. An element u of R is said 
to be an upper bound of S if s 5 u for a11 s in S. Similarly, an element w 
of R is said to be a lower bound of X if w 5 s for a11 s in X. 

It should be observed that a subset S of R may not have an Upper 
bound; but if it has one, then it has infinitely many. For example, if 
& = (Z E R :Z 2 0) , then S1 has no Upper bound. Similarly, the set 
x2 = { 1, 2, 3, . . . ) has no Upper bound. The situation is different for the 
interval SS = (X E R :0 < z < 1) which has 1 as an Upper bound; in 
fact, any real number u 2 1 is also an Upper bound of S,. Again, the set 
S4 = (X E R:O 5 1: 5 l} has the same upper bounds as SS. However, 
the reader may note that S4 actually contains one of its Upper bounds. 
Note that any real number is an Upper bound for the empty set. 

As a matter of terminology, when a set S has an Upper bound, we shall 
say that it is bounded above; when a set has a lower bound, we shall say 
that it is bounded below. If S is bounded both above and below, we say 
that it is bounded. If S lacks either an Upper or a lower bound, we say 
that it is unbounded. For example, both S1 and Sz are unbounded but 
are bounded below, whereas both SS and X4 are bounded. 

6.4 DEFINITION. Let S be a subset of R which is bounded above. 
An Upper bound of S is said to be a supremum (or a least Upper bound) 
of S if it is less than any other Upper bound of S. Similarly, if S iz; bounded 
below, then a lower bound of S is said to be an infimum (or a greatest 
lower bound) of S if it is greater than any other lower bound of S. (See 
Figure 6.1 on the next page.) 
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inf SI f SUpS 

Lower bounds for S Upper bounds for S 

Figure 6.1 Suprema and infima. 

Expressed differently, a real number u is a supremum of a subset, S if 
it satisfies the following conditions: 

(i) s 5 u for a11 s in S; 
(ii) if s 5 v for a11 s in S, then u < V. 

The first condition makes u an upper bound of S and the second makes it 
less than, or equal to, any Upper bound of S. 

It is apparent that there cari be only one supremum for a given set. 
For, suppose u1 # u2 are both suprema of S; then they are both Upper 
bounds of S. Since u1 is a supremum of S and uz is an Upper bound of S 
we must have u1 5 ~2. A similar argument gives up 5 ul, showing that 
u1 = u2, a contradiction. Hence a set S cari have at most one supremum; 
a similar argument shows that it cari have at most one infimum. When 
these numbers exist, we sometimes denote them by 

sup S, inf S. 

It is often convenient to have another characterization of the supremum 
of a set. 

6.5 LEMMA. A number u is the supremum of a non-empty set S of 
real numbers if and only if it has the following two properties: 

(i) There are no elements s of S with u < s. 
(ii) If v < u, then there is an element s in S su& that v < s. 

PROOF. Suppose u satisfies (i) and (ii). The first condition implies 
that u is an Upper bound of S. If u is not the supremum of S, let v be an 
Upper bound of S such that v < u. Property (ii) then contradicts the 
possibility of v being an Upper bound. 

Conversely, let u be the supremum of S. Since u is an Upper bound of 
S, then (i) holds. If v < u, then v is not an Upper bound of S. Therefore, 
there exists at least one element of S exceeding v, establishing (ii). 

Q.E.D. 

The reader should convince hiielf that the number x = 1 is the 
supremum of both of the sets SI and SA which were defined after Defini- 
tion 6.3. It is to be noted that one of these sets contains its supremum, 
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whereas the other does not. Thus when we say that a set has a supremum 
we are making no statement as to whether the set contains the supremum as 
an element or not. 

Since the supremum of a set S is a special Upper bound, it is plain that 
only sets which are bounded above cari have a supremum. The empty 
set is bounded above by any real number; hence it does not have a 
supremum. However, it is a deep and fundamental property of the real 
number system that every non-empty subset of R which is bounded 
above does have a supremum. We now establish this result. 

Q 
6.6 SUPREMIJM PRINCIPLE. Every non-empty subset of real numbers 
* has an Upper bound also has a supremum. 

PROOF. Let a be some real number which is not an Upper bound of a 
non-empty set S and let b be an Upper bound of S. Then a < 11, and we 
let II be the closed interval [a, b]. If the point (a + b)/2 of II is an 
Upper bound of S, we let 12 = [a, (a + b)/2]; otherwise, we let Iz = 
[(a + b)/2, b]. In either case, we relabel the left and right end. point of 
Iz to be a2 and bz, respectively. If the midpoint (az + b2)/2 of Iz is an 
Upper bound of S, we let 13 = [a2, (a2 + b2)/2]; otherwise, we let I3 = 
[(a2 + b2)/2, bz]. We then relabel the end points, bisect the interval, and 
SO on. In this way we obtain a nested sequence (I,,) of non-empty closed 
intervals such that the length of 1, is (b - a)/anV1, the left end point 
a,, of I, is not an Upper bound of S, but the right end point 6, of I, is an 
Upper bound of the set S. According to the completeness (cf. Definition 
6.1) of the real numbers, there is a real number CC which belongs to a11 
of the intervals 1,. We shall now show, using Lemma 6.5, that 2 is the 
supremum of S. 

Suppose there exists an element s in S such that x < s. Then s - x > 0 
and there exists a natural number n such that 

b-a 
length (1,,) = b, - a,, = 3n-1 < s - 2. 

d 

Since x belongs to I,, we have a,, 2 x < b, < s, which contra,dicts the 
fact that b, is an Upper bound of S. Hence x is an Upper bound of S. 

Now suppose that v < x; since x - v > 0, there exists a natural 
number m such that 

b-a 
length (I,,J = b, - a,,, = F < x - v. 

Since x E I,, then v < a,,, 5 x 5 b,. By construction, a,,, is not an 
Upper bound of S, SO there exists an element s’ in S such that v < a,,, < a’. 
According to Lemma 6.5, the point x is the supremum of S. 

Q.E.D. 
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6.7 COROLLARY. Every non-empty set of real numbers which has a 
lower bound also has an infimum. 

PROOF. Let S be bounded below. In order to show that S has an 
infimum, we cari proceed in two different ways. The first method is to 
use the idea of the proof of Theorem 6.6, replacing Upper bounds by 
lower bounds, > by < , etc. The reader is advised to carry out this 
proof without reference to the details given above. The second method 
of proof is to replace the set X with its “reflection” 

, 

SI = i-s: s E S}. 

Thus a real number is in X1 if and only if its negative is in S. Since S is 
bounded below (say by w), then SI is bounded above (by -w). Invoking 
Theorem 6.6, we infer that S1 has a supremum U. From this we show 
that -u is the infimum of S. The details of this argument are left as 
an exercise. 

Q.E.D. 

The reader should note where the completeness of the real number 
system was used in the proof of the Supremum Principle. It is a fact of 
some interest and importance that if F is an ordered field in which every 
non-empty set which has an Upper bound also has a supremum, then the 
ordering is necessarily Archimedcan and the completeness property 
stated in Definition 6.1 also holds (see Exercises 6.J, 6.K). Hence we 
could characterize the real number system as an ordered field in which 
the Supremum Principle holds, and this means of introducing the real 
number system is often used. We chose the approach used here because 
it seems more intuitive to us and brings out a11 the needed properties 
in a reasonably natural way. 

Dedekind Cuts 

In order to establish the connect,ion between the preceding considera- 
tions and Dedekind’st method of completing the rational numbers to 
obtain the real number system, we shall include the next theorem. First, 
however, it is convenient to introduce a definition. 

6.8 DEFINITION. Let F be an ordered field. An ordered pair of 
non-void subsets A, B of F is said to form a tut in F if A n B = $J, 
A u B = F, and if whenever a E A and b E B, then a < b. 

t RICHARD DEDEKIND (1831-1916) was a student of Gauss. He contributed to num- 
ber theory, but he is best known for his work on the foundations of the real number 
system. 
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A typical example of a tut in F is obtained for a fixed element .$ in P 
by defining 

A = {x E F : x 5 [), B = {XE F:x > f). 

Both A and B are non-void and they form a tut in F. Alternatively, 
we could take 

A1 = {x E F : x < i), B1 = (x E F : x ‘- f]. 

We cari also define cuts in other ways (see Exercise 6.L) and, in a general 
Archimedean field F, a tut is not necessarily “determined” by an ele- 
ment in the sense that [ determines the cuts A, B or Al, B1. However, 

E 
A 4, B 

Figure 6.2. A Dedekind tut. 

it is an important property of the real number system that every tut 
in R is determined by some real number. We shall now establish this 
property. 

6.9 CUT PRINCIPLE. Ij the pair A,.B jorms a tut in R, then there 
exists a real number .$ such that every element a in A satisjîes a 2 ,$ and 
every element b in B satisjies b 2 .$. 

PROOF. By hypothesis the sets A, B are non-void. If b E B, then it 
is an Upper bound for the non-void set A. According to the Supremum 
Principle, the set A has a supremum which we denote by C;. We shall 
now show that E has the properties stated. Since E is an Upper bound of 
A, we have a 5 .$ for a11 a in A. If b is an element of B, then from the 
definition of a tut, a < b for a11 a in A SO that b is an Upper bound of A. 
Therefore (why?), we infer that { 5 b, as was to be proved. 

Q.E.D. 

The Cantor Set 

We shall conclude this section by introducing a subset of the unit 
interval 1 which is of considerable interest and is frequently useful in 
constructing examples and counter-examples in real analysis. We shall 
denote this set by F and refer to it as the Cantor set, although it is also 
sometimes called Cantor’s ternary set or the Cantor discontinuum. 
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One way of describing F is as the set of real numbers in 1 which have 
a ternary (= base 3) expansion using only the digits 0, 2. However, 
we choose to define it in different terms. In a sense that Will be made 
more precise, F consists of those points in 1 that remain after “middle 
third” intervals have been successively removed. 

TO be more explicit: if we remove the open middle third of 1, we 
obtain the set . 

FI = [O, 41 u [$, 11. 

If we remove the open middle third of each of the two closed intervals 
in FI, we obtain the set 

Hence Fz is the union of 4 (= 27 closed intervals a11 of which are of the 
form [/~/3~, (k + 1)/3*]. We now obtain the set FS by removing the 
open middle third of each of these sets. In general, if F, has been con- 

FI 
0 1 

F2 

F3 

Figure 6.3. The Cantor set. 

structed and consists of the union of 2% closed intervals of the form 
[k/3”, (k + 1)/3”], then we obtain F,+l by removing the open middle 
third of each of these intervals. The Cantor set is what remains after 
this process has been carried out for each n in N. 

6.10 DEFINITION. The Cantor set F is the intersection of the sets 
F,, n E N, obtained by successive removal of open middle thirds. 

At first glance, it may appear that every point is ultimately removed 
by this process. However, this is evidently not the case since the points 
0, 4, $, 1 belong to a11 the sets F,, n E N, and hence to the Cantor set 
F. In fact, it is easily seen that there are an infinite number of points 
in F, even though F is relatively thin in some other respects. In fact, 
it is not difficult to show that there are a nondenumberable number 
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of elements of F and that the points of F cari be put into one-one corre- 
spondence with the points of 1. Hence the set F contains a large number 
of elements. 

We now give two senses in which F is “thin.” First we observe that 
F does not contain any non-void interval. For if x belongs to F and 
(a, b) is an open interval containing z, then (a, b) contains some middle 
thirds that were removed to obtain F. (Why?) Hence (a, b) is not a 
subset of the Cantor set, but contains infinitely many points in its 
complement (3 (F). 

A second sense in which F is thin refers to “length.” While it is not 
possible to define length for arbitrary subsets of R, it is easy to convince 
oneself that F cannot have positive length. For, the length of FI is f, 
that of Fz is 9, and, in general, the length of F, is (g)“. Since F is a sub- 
set of F,, it cannot have length exceeding that of F,. Since this must 
be true for each n in N, we conclude that F, although uncountable, 
cannot have positive length. 

As strange as the Cantor set may seem, it is relatively well behaved 
in many respects. It provides us with a bit of insight into how compli- 
cated subsets of R cari be and how little our intuition guides us. It also 
serves as a test for the concepts that we Will introduce in later sections 
and whose import are not fully grasped in terms of intervals and other 
very elementary subsets. 

Exercises 

6.A. Show that the open intervals J,, = (0, l/n), n E N, do not have a 
common point. 

6.B. Show that the unbounded sets 

K,= (z~R:z>n], ni N, 

do not have a common point. 
6.C. Prove that a non-empty finite set of real numbers has a supremum and 

an infimum. (Hint: use induction.) 
6.D. If a subset S of real numbers contains an Upper bound, then this Upper 

bound is the supremum of S. 
6.E. Give an example of a set of rational numbers which is bounded but which 

does not have a rational supremum. 
6.F. Give an example of a set of irrational numbers which has a rational 

supremum. 
6.G. Prove that the union of two bounded sets is bounded. 
6.H. Give an example of a countable collection of bounded sets whose union 

is bounded and an example where the union is unbounded. 
6.1. Carry out the two proofs of Corollary 6.7 that were suggested. 
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6.J. Prove that if F is an ordered field in which every non-empty set which 
has an Upper bound also has a supremum, then F is an Archimedean field. 

6.K. If (In) is a nested sequence of closed intervals, T,, = [a,, b,,], n E N, 
show that the numbers 

a = sup {GI, b = inf {b,], 

belong to all of the I,. In fact, show that the intersection of the I,, n E N, con- 
sists of the interval [a, b]. Conclude, therefore, that in an ordered field in which 
every non-empty set which has an Upper bound also has a supremum, the 
Completeness Property of Definition 6.1 also holds. 

6.L.LetA=(z~Q:z~Oor2~<2]andB=(zEQ:s>Oand2~>2). 
Prove that the pair A, B forms a tut in Q. Show that there does not exist -a 
rational number c which is both an Upper bound for A and a lower bound for B. 
Hence there is no rational number determining this tut. 

6.M. Show that every element in the Cantor set F bas a ternary (= base 3) 
expansion using the digits 0, 2. 

6.N. Show that the Cantor set F is a non-denumerable subset of 1. [Hint: if 
the denumberable collection of “right-hand” end points of F is deleted, then 
what remains cari be put into one-one correspondence with a11 of the non- 
denumberable subset [0, 1) of R.] 

6.0. Show that every open interval (a, b) containing a point of F also contains 
an entire ‘(middle third” set, which belongs to e(F). Hence the Cantor set F 
does not contain any non-void open interval. 

6.P. By removing sets with ever decreasing length, show that we cari construct 
a “Cantor-like” set which has positive length. How large cari we make the length? 

S.Q. Show that F is not the union of a countable collection of closed intervals. 
6.R. If S is a bounded set of real numbers and if SO is a non-empty subset of S, 

then 
inf S 5 inf SO < sup SO < sup S. 

(Sometimes it is more convenient to express this relation in another form. Let f 
be defined on a non-empty set D and have bounded range in R. If Do is a non- 
empty subset of D, then 

inf (f(z) : z E D} 2 inf (f(z) : z E Do] 

5 sup (f(x) : x E Do] I sup !f(x) : z E Dl.) 

6-S. Let X and Y be non-empty sets and let f be defined on X X Y to a 
bounded subset of R. Let 

fi(Z) = SUP if&, Y> : Y E Yl, 
fz(Y) = SUP jfb, Y) : 2 E Xl. 

Establish the Principle of Iterated Suprema: 

sup {fb, y) : 2 E x, y E Y) = sup {fi(X) : z E Xl 

= sup {fi(Y) : y E Y}. 
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(We sometimes express this in symbols by 

suPf(& Y) = SUP SUPf(? Y) = SUP SUPf(? Y).) 
z, Il z u Y 2 

6.T. Let f  and fi be as in the preceding exercise and let 

gdy) = inf (f(z, Y) : z E Xl. 
Prove that 

sup (gdy) : y  E Y) I inf (fi(z) : z E X). 

Show that strict inequality cari hold. (We sometimes express this inequality by 

sup inf f(z, y) 5 inf sup f(z, y) .) 
Y 2 z v  

6rU. Let X be a non-empty set and let f  and g be functions on X to bounded 
subsets of R. Show that 

inf (f(z) : z E X) + inf (g(z) : 5 E XJ 5 inf (f(z) + g(2) : z E X) 

2 inf (f(x) : 2: E Xl + sup (g(z) : z E X) 2 sup (f(z) + g(2) : 2 E X) 

i sup (f(z) : 2 E Xl + sup {g(z) : z E X). 

Give examples to show that each inequality cari be strict. 

Projects 

6.~2. If  a and b are positive real numbers and if n E N, we have defined un and 
b”. It follows by mathematical induction that if m, n E N, then 

(ii) (am)n = umn; 

(iii) (ab)n = a”bn; 

(iv) a < b if and only if un < bn. 

We shall adopt the convention that ao = 1 and a~ = l/am. Thus we have defined 
a” for z in Z and it is readily checked that properties (i)-(iii) remain valid. 

We wish to define uz for rational numbers z in such a way that (i)-(iii) hold. 
The following steps cari be used as an outline. Throughout we shall assume that 
a and b are real numbers exceeding 1. 

(a) If  r is a rational number given by r = m/n, where m and n are integers 
and n > 0 and dcfine S,(a) = (2 E R:O 5 zn 5 am). Show that S,(a) is a 
bounded non-empty subset of R and define aT = sup S,(u). 

(b) Prove that z = ur is thc unique positive root of the equation zn = Ut. 
(Hint: there is a constant K SUC~ that if t satisfies 0 < E < 1, (1 + E)* < 1 f  Ke. 
Hence if zn < am < y”, there exists an E > 0 such that 

S”(1 + E)n < um < Y”/(1 + E)“.) 



56 CH. 1 THE RE4L NUMBERS 

(c) Show that the value of CV given in part (a) does not depend on the repre- 
sentation of r in the form m/n. Also show that if r is an integer, then the new 
definition of a’ gives the same value as the old one. 

(d) Show that if r, s E Q, then aru* = a’+* and (ur)* = a’“. 
(e) Show that a% = (ub)‘. 
(f) I f  r E Q, then a < b if and only if a’ < b*. 
(g) If  r, s E Q, then T < s if and only if CL~ < aa. 
(h) If  c is a real number satisfying 0 < c < 1, we define cr = (l/c)‘. Show 

that parts (d) and (e) hold and that a result similar to (g), but with the in- 
equality reversed, holds. 

6.8. Now that uz has been defined for rational numbers x, we wish to define 
it for real z. In doing SO, make free use of the results of the preceding project. As 
before, let a and b be a real numbers exceeding 1. If  u E R, let 

T,(u) = {U’ :r~Q,r<u). 

Show that T,(u) is a bounded non-empty subset of R and define 

uu = sup T,(u). 

Prove that this definition yields the same result as the previous one when u is 
rational. Establish the properties that correspond to the statements given in 
parts (d)-(g) of the preceding project. The very important function which has 
been defined on R in this project is called the exponential function (to the 
base a). Some alternative definitions Will be given in iater sections. Sometimes 
it is convenient to denote this function by the symbol 

and denote its value at the real number u by 

instead of the more familiir au. 

6.7. Making use of the properties of the exponential function that were 
established in the preceding project, show that exp, is a one-one function with 
domain R and range (y E R: y  > O}. Under our standing assumption that 
a > 1, this exponential function is strictly increasing in the sense that if 1: < u, 
then exp,(z) < exp,(u). Therefore, the inverse function exists with domain 
{u E R:v > 0) and range R. We cal1 this inverse function the logarithm (to 
the base a) and denote it by 

loga. 

Show that log, is a strictly increasing function and that 

exp,(log,(v)) = v  for v  > 0, 

loh(exp,(u)) = u for u E R. 
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Also show that log,(l) = 0, log.(a) = 1, and that 

log,(v) < 0 for u < 1, 

log&J) > 0 for u > 1. 

Prove that if V, w > 0, then 

log&w) = log&) + loga(w). 

Moreover, if u > 0 and z E R, then 

10ga(v2) = 2 log,(u). 



II 

The Topology of Cartesian Spaces 

The sections of Chapter 1 were devoted to developing the algebraic 
properties, the order properties, and the completeness property of the 
real number system. Considerable use of these properties Will be made 
in this and later chapters. 

Although it would be possible to turn immediately to a discussion of 
sequences of real numbers and continuous real functions, we prefer to 
delay the stuiy of these topics a bit longer. Indeed, we shall inject here 
a brief discussion of the Cartesian spaces RP and make a rudimentary 
study of the topology of these spaces. Once this has been done, we Will 
be well prepared for a reasonably sophisticated attack on the analytic 
notions of convergence and continuity and Will not need to interrupt 
our study of these notions to develop the topological properties that are 
required for an adequate understanding of analysis. 

As mentioned in the Preface, we have elected to keep our discussion 
at t,he level of the finite dimensional Cartesian spaces RP. We chose to 
do this for several reasons. One reason is that it seems to be easier to 
grasp the ideas and to remember them by drawing diagrams in the 
plane. Moreover, in much of analysis (to say nothing of its application 
to geometry, physics, engineering, economics, etc.) it is often essential 
to consider functions that depend on more than one quantity. Fortu- 
nately, our intuition for R2 and R3 usually carries over without much 
change to the space RP, and therefore it is no more difficult to consider 
this case. Finally, the experience gained from a study of the spaces RP 
van be immediately transferred to a more general topological setting 
whenever we want. 

58 



SEC. 7 ('ARTESIAN SPACES 69 

Section 7 Cartesian Spaces 

The reader will recall from Drfinition 1.9 that the Cartesian product 
A x B of two non-void sets A and B consists of the set of all ordered 
pairs (a, b) with a in A and b in B. Similarly, the Cartesian product 
A X B X C of three non-void sets A, B, C consists of the set of a11 
ordered triples (a, b, c) with a in A, b m B, and c in C. In the same 
manner, if Al, AZ, . . ., A, are p non-void sets, then their Cartesian 
product A, X AZ X * * * x A, consists of a11 ordered “p-tuples” 
(Ul, Q2, . . .> a,) with a; in Ai fol, i = 1,2, . . ., p. In the case where the 
sets are a11 the same (that is, .4, = A2 = *.. = A,), we shall denote 
the Cartesian product A1 X A2 K . . . X A, by the more compact sym- 
bol A*. In particular, we employ this notation when A = R. 

7.1 DEFINITION. If p is a ntttural number, then the p-fold Cartesian 
product of the real number sysl,em R is called p-dimensional real Car- 
tesian space. 

Just as we sometimes refer to R = R1 as the real line, we shall some- 
times refer to R2 as the real plane. 

For the sake of brevity, we shall denote the p-tuple (&, 52, . . ., E,) 

by the single letter z and use similar notations for other p-tuples. The 
real numbers &, &, . . ., [, Will te called the first, second, . . ., pth coor- 
dinates (or components) respec;ively, of 2. Sometimes we refer to z as 
a vector or sometimes merely :ts a point or element of RP. Particular 
mention should be made of the zero vector or origin which is the element 
0 of RP, dl of whose coordinates are the real number zero. 

The Algebra of Vectors 

We shall now introduce two a!gebraic operations in RP. It is suggested 
that the reader interpret the g?ometrical meaning of these operations 
in R2. 

7.2 DEFINITION. If c is a real number and z = (.&, 52, . . ., f,) is 
an element of RP, then we defi:le cx to be the element of RP given by 

(7.1) cx = (ch, 42, . . ', ci,). 

If Y = hl, 92, . . ., qp), then we define x + y to be the element of RP 
given by 

(7.2) x + y = (El + illJ E2 + 12, . . .> fp + d 

The vector cx, given by (7.111, is called the product or multiple of x 
by the real number c. Similarly the vector denoted by 2 + y, given by 
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formula (7.2), is called the sum of the elements z and y. It should be 
noted that the plus sign on the right side of equation (7.2) is the ordinary 
addition of real numbers, while the plus sign on the left side of this 
equation is being dehned by this formula. When p > 1, we shall denote 
the zero element of RP by 6 instead of 0. 

7.3 THEOREM. Let x, y, z be any elements of RP and Zet b, c be any 
real numbers. Then 

(Al) x + y = y + z; 
(A3 (x + y) + z = x + (Y + 2); 

(A3) B+x=xandx+O=x; 
(A4) for each x in RP, the element u = (-1)x satisfis x + u = 8, 

and u + x = 0; 
(Ml) lx = x; 
(M2) b(cx) = (bc)x; 
(D) c(x+y)=cx+cyand (b+c)x=bx+cx. 

PARTIAL PROOF. Most of this Will be left as an exercise for the 
reader; we shall present only samples. 

For (Al) we note that, by definition, 

x + y = (El + 91, (2 + Pz, . . .> ‘i, + TP). 

Since the real numbers form a field, it follows from property (Al) of 
Definition 4.1 that 4~ + hi = qi + fi, for i = 1, 2, . . ., p, whence 
x+y=y+x. 

For (A4), note that u = (-1)x = (-&, -E2,. . ., -t,); hence 

x + u = (El - 51, [2 - b, . . .) ‘$p - SP) = (0, 0, . . .> 0) = 8. 

TO prove (M2), we observe that 

Wcx) = b (ch, 42, . . ., CM = WEd, b(c.54, . . .> b &J>. 

Using property (M2) of Definition 4.1, we have b(c[i) = (bc)fi for 
i = 1, 2, . . ., p, from which the present (M2) follows. 

The proofs of the remaining assertions are left as exercises. 
Q.E.D. 

As would be expected, we shall denote the elements (-1)x and 
x + (- 1)y by the simpler notations -5, x - y, respectively. 

The Inner Product 

The reader Will note that the product defined by equation (7.1) is 
a function with domain R X RP and range RP. We shall now define 
a function with domain RP X RP and range R that Will be useful. 
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7.4 DEFINITION. If z and 21 are elements of RP, we define the inter 
product, sometimes called the dot or scalar product, of 2 = (&, &, . . ., &,) 
ad Y = 611, ~2, . . ., qP) to be t1.e real number 

2-y = Em -k f2?2 + - - * + spqp. 

The norm (or the length) of z is defined to be the real number 

1x1 = 6 = (El2 + * * * + gy2. 

7.5 INNER PRODUCT PROPERTIES. 1j 2, y, z belong to RP and c is 
a real number, then 

(i) 2.2 2 0; 
(ii) x.2 = 0 ifand only if x = e; 
(iii) 2-y = y-2; 
(iv) x. (y + 2) = x. y + 2.2 and (5 + y) 9 = x.2 + y.2; 
(v) (cx)*y = c(x*y) = x*(cy). 
PARTIAL PROOF. For example, the first equality in (iv) states that 

2. (Y + 2) = EI(111 + i-1) + ‘52(12 + T2) + - - * + fph + SP> 

= (h?I + .f2112 + - * * + Ld + (Ed1 + 52r2 + - . * + U-P) 

= x-y + X’Z. 

The other assertions are proved by similar calculations. 
Q.E.D. 

We now obtain an equality which was proved by A. Cauchyi. Since 
useful generalizations of this result were established independently by 
V. BunyakovskiiS and H. A. Schwarz,§ we shall refer to this result as 
the C.-B.-S. Inequality. 

7.6 C.-B.-S. INEQUALITY. If x and y are elements of RP, then 

X*?l/ 5 1x1 IYI. 

Moreover, if x and y are non-zero, then the equality ho1d.s if and only if 
there is some positive real number c such that x = cy. 

t AUGUSTIN-LOUIS CAUCHY (1789-1857) was the founder of modern andysis but 
also made profound contributions to other mathematical areas. He served as an 
engineer under Napoleon, followed Charles X into self-imposed exile, and was 
excluded from his position at the Collège de France during the years of the July 
monarchy because he would not take a loyalty oath. Despite his political and reli- 
gious activities, he found time to Write 789 mathematical papers. 
$ VICTOR BUNYAKOVSKIÏ (1804-1889), a professor at St. Petersburg, established a 
generalization of the Cauchy Inequality for integrals in 1859. His contribution was 
overlooked by western writers and was later discovered independently by Schwarz. 
8 HERMANN AMANDUS SCHWARZ (1843-1921) was a student and succeasor of Weier- 
strass at Berlin. He made numerous contributions, especially to complex analysis. 
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PROOF. If a, b are real numbers and z = aa: - by, then by 7.5(i) 
we have 2.2 2 0. Using (iii), (iv), and (v) of 7.5, we obtain 

(7.3) 0 5 2-z = a2x-x - 2abx.y + b2 y-y. 

Now Select a = JyI and b = 1x1. This yields 

(7.4) 0 I I!/l2 lx12 - %Il 14 @*Y> + 14” I?/l2 
= 214 IYI II4 IYI - (X*Y> 1. 

Hence it follows that x.y < 1x1 (y(. 
If x = cy with c > 0, then it is readily seen that 1x1 = cIy]. Hence it 

follows that 

X-Y = (cY)*Y = dY*Y) = 4Y12 = (4Yl>lYl = 1x1 IYI, 
proving that x.y = 1x1 \y!. 

Conversely, if x-y = 1x1 Iyl, then from equations (7.3) and (7.4) it 
follows that when a = Iy(, b = 1x1, then the element z = ax - by has 
the property that 2.2 = 0. In view of Theorem 7.5 (ii) we infer that 
z = 0, whence Iylx = IX/~. Since x and y are not the zero vector 8, then 
c = \XI/I~[ is a positive real number and x = cy. 

Q.E.D. 

7.7 COROLLARY. If x, y are elements of RP, then 

(7.5) b-Y1 I 14 IYI. 
Moreover, if x and y are non-zero, then the equality holds in (7.5) if and 
only if there is some real number c such that x = cy. 

This corollary (which is also referred to as the C.-B.-S. Inequality) 
is easily proved using Theorems 7.5 and 7.6. We leave the details to 
the reader as an exercise. 

If u and v are unit vectors; that is, if lu1 = 1~1 = 1, then lu.~1 5 1. 
In this case the geometrical interpretat,ion of U.ZI is as the cosine of the 
angle between u and v. In the space R2 or R3, where one cari define 
what is meant by the angle # between two vectors x, y, it cari be proved 
that ~.y = jx/ (y( COS (#) and this formula is often used to define the 
product 2.y rather than using Definition 7.4. 

We shall now derive the main properties of the length, or norm. 

7.8 NORM PROPERTIES. Let x, y bekmg to RP and iét c be a real 
number, then 

Ci> 1x1 2 0; 
(ii) 1x1 = 0 if and &y if z = 8; 
(iii) I~X( = /ci 1x1; 
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PROOF. Property (i) is a res;,atement of (.5(i) and property (ii) is a 
restatement of 7.5 (ii). 

TO show (iii), notice that 

TO prove (iv), we first observe that 

Ix + y(2 = (x + y) * (5 + Y> = x-x + %*Y + y-y. 

According to Corollary 7.7, 15. y] 5 1x1 /y/, SO that 

lx + YP i HZ + 2bl IYI + lY12 = (1x1 + IYl>“, 

which yields the second part of (iv). In addition, we have the 
inequalities 

14 L: lx + Y - YI I lx + YI + /Y/, IYI I Ix + YI + Id. 

Therefore it is seen that both 1x1 - IyI and \y] - 1x1, and hence 
/lx/ - Iyll, are at most equal to /Z + yl, Consequently, we have 

II4 - IYII 5 Ix + YI 5 14 + IYI. 

Replace y by -y and use the fact that ly( = I-y1 to obtain (iv). 
Q.E.D. 

The real number 1x1 cari be thought of as being either the length of z 
or as the distance from z to 0. More generally, we often interpret the 
real number 15 - y1 as the distance from z to y. With this interpretation, 
property 7.8(i) implies that the distance from x to y is a non-negative 
real number. Property 7.8(ii) asserts that the distance from x to y is 
zerc if and only if x = y. Property 7.8(iii), with c = -1, implies that 
lx - y1 = Iy - j h’ h x w lc means that the distance from x to y is equal 

/ 

Y 

// zx 

,/: .-y/+ 

Figure 7.1 
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An open bal1 with A closed hall with 
tenter n. tenter x. 

Figure 7.2 

to the distance from y to x. Finally, the important property 7.8(iv), 
which is often called the Triangle Inequality, implies that 

lx - YI I Ix - 4 + Iz - YI> 

which means that the distance from x to y is no greater than the sum of 
the distance from x to z and the distance from z to y. 

7.9 DEFINITION. Let 2 E RP and let r > 0. Then the set {y E RP: 
Iz - y1 < r} is called the open bal1 with tenter 5 and radius r and the 
set {y E R~:IZ - y1 5 } r is called the closed bal1 with tenter x and 
radius T. The set (y E RP: (z - y\ = T} is called the spbere in RP with 
tenter z and radius r. (See Figure 7.2.) 

Note that the open bal1 with tenter x and radius r consists of a11 
points in RP whose distance from z is less than r. 

7.10 PARALLELOGRAM IDENTITY. If x and y are any two vectors in 
RP, then 

(7.6) lx + y12 + lx - Y12 = 2iw + IYI”). 

PROOF. Using the inner product properties 7.5, we have 1x f y12 = 
(x f y).(~ f y) = 5.x + 2x.y + y.y = \Xl2 f 2x.y + Iy12.Uponadd- 
ing the relations corresponding to both + and -, we obtain the relation 
in (7.6). 

Q.E.D. 

The name attached to 7.10 is explained by examining the parallelo- 
gram with vertices 0, x, 2 + y, y (see Figure 7.3). It states that the sum 
of the squares of the lengths of the four sides of this parallelogram equals 
the sum of the squares of the lengths of the diagonals. 
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Figure 7.3. The Parallelogram Identity. 

It is convenient to have relations between the norm or length of a 
vector and the absolute value of its components. 

7.11 THEOREM. If x = (&, t2, . . ., Ep) is uny element in RP, then 

(7.7) ltjl 5 1x1 5 fisuP 11511~ IEzl, + * * IlpI 1. 

PROOF. Since Ix12 = EL2 + tr2 + +a * + .$,2, it is plain that I(i[ L: 1x1. 
Similarly, if M = sup {I&l, . . ., lt,lI, then 1~1~ I pM2, SO 1x1 I fi AI. 

Q.E.D. 

The inequality (7.7) asserts, in a quantitative fashion, that if the 
length of 2 is small, then the lengths of its components are small, and 
conversely. 

Exercises 

7.A. Prove that if w, z belong to RP and if w + z = z, then w = 0. (Hence 
the zero element in RP is unique.) 

7.B. If 2 = (&, &, . . ., E,), define [xl1 by 

141 = I&I + I&l + - * * + I&l. 
Prove that the function f(x) = 1~1~ satisfies a11 of the properties of Theorem 7.8, 
but that it does not satisfy the Parallelogram Identity. 

7.c. If 2 = (&> &, . . ., {,), define (z(~ by 

blm = SUP (kil, 1521, * * *> M). 

Prove that the function g(z) = 1x1 co satisfies ail of the properties of Theorem 7.8, 
but that it does not satisfy tbe Parallelogram Identity. 

7.D. In the space R2 describe the sets 

Sl = (z E Rz : 1~11 < l), 

Sz=(s~R~:~z\<l}, 

S, = {s E R2: [zlm < 1). 
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7.E. Show that there exist positive constants a, b such that 

441 I 1x1 I bl4 for ail CC E RP. 

Find the largest constant a and the smallest constant b with this property. 
7.F. Show that there exist positive constants a, b such that 

~1x11 i Ixlm 5 blxli for a11 x E RP. 

Find the large& constant a and the smallest constant b with this property. 
7.G. If  x, y  belong to RP, is it true that 

lx.~1 5 141 IA ad IXYI 5 blm IYI.= ? 
7.H. If  z, y  belong to RP, then is it true that the relation 

Iz + YI = 14 + IYI 
holds if and only if x = cy or y  = cx with c 2 0 ? 

7.1. Let 2, y  belong to RP, then is it true that the relation 

Ix + Ylm = Ixlm + IYlm 

holds if and only if x = cy or y  = cx with c 2 0 ? 
7.5. If  x, y  belongs to RP, then 

Ix + YP = bd2 + IYP 

holds if and only if x ay = 0. In this case, one says that x and y  are orthogonal 
or perpendicular. 

7.K. A subset K of RP is said to be convex if, whenever x, y  belong to K and 
t is a real number such that 0 5 t 2 1, then the point 

fx + (1 - QY 

also belongs to K. Interpret this condition geometrically and show that the 
subsets 

K, = (x E R2 : 1x1 < l}, 

Kz= ((~,~ER~:O<E<~I> 
Ka=((L>~)ER*:OLil-<fil), 

are convex. Show that the subset 

is not convex. 

Kq = (x E R2 : 121 = 1) 

7.L. The intersection of any collection of convex subsets of RP is convex. The 
union of two convex subsets of RP may not be convex. 

7.M. If  K is a subset of RP, a point z in K is said to be an extreme point of 
K if there do not exist points x, y  in K with x # z and y  # z and a real number t 
with 0 < t < 1 such that z = tz + (1 - !)y. Find the extreme points of the 
sets K1, Kz, K3 in Exercise 7.K. 
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7.N. If  M is a set, then a real-valued function d on M X M is called a metric 
on M if it satisfies: 

(i) d(z, y) 2 0 for a11 z, y  in M; 
(ii) d(z, y) = 0 if and only if z = y; 

(iii) d(z, y) = d(y, z) for a11 z, y  in M; 
(iv) d(z, y) 5 d(z, z) + d(z, y) for allz, y, z in M. 

It has been observed that the Norm Properties 7.8 imply that if the function de 
is defined by dz@, y) = (5 - y\, then dz is a metric on RP. 

Use Exercise 7.B and show that if dl is defined by dr(z, y) = Iz - yll for 2, y  in 
RP, then dl is a metric on RP. Similarly, if d, is defined by d, (2, y) = Iz - y[ m, 
then d, is a metric on RP. (Therefore, the same set cari have more than one 
met&.) 

7.0. Suppose that d is a metric on a set M. By employing Definition 7.9 as a 
model, use the metric to define an open bal1 with tenter 2 and radius T. Interpret 
the sets SI, &, and S, in Exercise 7.D as open balls with tenter 0 in R2 relative 
to three different metrics. Interpret Exercise 7.E as saying that a bal1 with tenter 
8, relative to the metric dz, contains and is contained in balls with tenter 8, 
relative to the metric dl. Make similar interpretations of Exercise 7.F and 
Theorem 7.11. 

7.P. Let M be any set and let d be defined on M X M by the requirement that 

4x, Y) = 
0, if x = y, 

1, if 2 # y. 

Show that d gives a metric on Min the sense defined in Exercise 7.N. If  x is any 
point, in M, then the open hall with tenter 1: and radius 1 (relative to the metric 
d) consists of precisely one point. However, the open bal1 with tenter x and 
radius 2 (relative to d) consists of a11 of M. This metric d, is sometimes called 
the discrete metric on the set M. 

Projects 

7.a. In this project we develop a few important inequalities. 
(a) Let a and b be positive real numbers. Show that 

ab < (a2 + b2)/2, 

and that the equality holds if and only if a = b. (Hint: consider (a - b)2.) 
(b) Let ai and a2 be positive real numbers. Show that 

düx I (a1 + a2)/2 

and that the equality holds if and only if a1 = a2. 
(c) Let al, a2, . . ., a, be m = 2” positive real numbers. Show that 

c*> (UlU2. . . hdl’m 5 (a1 + a2 + . . . + u,>/m 

and that the equality holds if and only if a1 = . . . = a,,,. 
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(d) Show that the inequality (*) between the geometric mean and the arith- 
metic mean holds even when m is not a power of 2. (Hint: if 2n-1 < m < 2*, let 
bj=ajforj=l,...,mandlet 

bj = (a~+ ~2 + . . . + a,)/m 

for j = m + 1, . . ., 2”. Now apply part (c) to the numbers bl, bz, . . ., b?.) 
(e) Let al, ut, . . ., a, and bl, 62, . . ., b, be two sets of real numbers. Prove 

Lagrange’s Identityt 

(Hint: experiment with the cases n = 2 and n = 3 fi&.) 
(f) Use part (e) to establish Cauchy’s Inequality 

Show that the equality holds if and only if the ordered sets (ai, ut, . . ., u,,) and 

1 h, bz, . . ., b,) are proportional. 
(g) Use part (f) and establish the Triangle Inequality 

7.8. In this project, let lai, a2, . . ., n , a ) and SO forth be sets of n non-negative 
real numbers and let r 2 1. 

(a) It cari be proved (for example, by using the Mean Value Theorem) that 
if a and b are non-negative and 0 < (Y < 1, then 

@bleu 5 cta + (1 - a) b 

and that the equality holds if and only if a = 6. Assuming this, let T > 1 and 
let s satisfy 

1 1 
;+;=1, 

(SO that s > 1 and r + s = TS). Show that if A and B are non-negative, then 

and that the equality holds if and only if A = B. 
(b) Let ( ul, . . ., a,) and ( bl, . . ., b,,] be non-negative real numbers. If  T ,  s > 1 

and (I/T) + (l/s) = 1, establish Holder’s Inequalityt 

t JOSEPH-LOUIS LAGRANGE (1736-1813) was born in Turin, where he became profes- 
sor at the age of nineteen. He later went to Berlin for twenty years as successor to 
Euler and then to Paris. He is best known for his work on the calculus of variations 
and analytical mechanics. 
$ Omo HOLDER (1859-1937) stuclied at Gottingen and taught at Leipzig. He worked 
in both algebra and analysis. 
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j$ U,bj I { ilaiT* {il 6,'1'** 

(Hint: Let A = (C aj } r llr and B = (C bj’]“s and apply part (a) to aj/A and 

6dB.j 
(c) Using Holder’s Inequality, establish the Minkowski Inequalityt 

(Hint: (a + b)l = (a + b)(a + b)T’a = a(a + b)‘ls i- b(a 4- b)“‘.) 
(d) Using Hijlder’s Inequality, prove that 

(l/n)$lUi I [ C1/7L!$ ujr/“s 

(e) If  a1 5 ue and bl 2 bz, then (a1 - az)(bl - bz) 2 0 and hence 

ulbl + uzbz 2 albz + uzbl. 

n$ajbiz ka 
3=1 {,=l j(kJj]. 

(f) Suppose that 0 5 a1 5 a2 5 . . . < a, and 0 5 bl 5 bz 2 . * * < b, and 
r 2 1. Establish the Chebyshev Inequality$ 

Show that this inequality must be reversed if (ai] is increasing and (bjf is 
decreasing. 

Section 8 Eiementary Topological Concepts 

Many of the deepest properties of real analysis depend on certain 
topological notions and results. In this section we shall introduce these 
basic concepts and derive some of the most crucial topological prop- 
erties of the space RP. These results Will be frequently used in the 
following sections. 

t HERMANN MINKOWSKI (1864-1909) was professor at Konigsberg and Gottingen. 
He is best known for his work on convex sets and the “geometry of numbers.” 
$ PAFNUTI L. CHEBYSHEV (1821-1894) was a professor at St. Petersburg. He made 
many contributions to mathematics, but his most, important work was in number 
theory, probability, and approximation theory. 
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Figure 8.1. An open set. 

8.1 DEFINITION. A set G in RP is said to be open in RP (or merely 
open) if, for each point x in G, there is a positive real number T such 
that every point y in RP satisfying 1x - y[ < r also belongs to the set 
G. (See Figure 8.1.) 

By using Definition 7.9, we cari rephrase this definition by saying 
that a set G is open if every point in G is the tenter of some open bal1 
entirely contained in G. 

8.2 EXAMPLES. (a) The entire set RP is open, since we cari take 
T = 1 for any 5. 

(b) The set G= {XER:O<X<~) is openin R=R’. The set 
F = (x E R:O 2 x 5 1) is not open in R. (Why?) 

(c) The sets G= ((~,~)ER~:~~+~~<~} andH= {(&~):0< 
.$2+v2<1)areopen,butthesetF= {(,$,~):~2+~211)isnotopen 
in R2. (Why?) 

(d) The set G = {(E, 7) E R2 : 0 < 5 < 1, v = 0) is not open in R2. 
[Compare this with (b).] The set H = ((&o) E R2 : 0 < [ < 1) is open, 
butthesetK= {(&s)~R~:O<[<l)isnotopeninR~. 

(e) The set G = { ([, q, {) E R3 : l > 0 ) is open in R3 as is the set 
H = ( (5,~~ {) E R3 : [ > 0, 7 > 0, { > 0). On the other hand, the set 
F = { (.$, v, c) E RS : [ = q = 5) is not open. 

(f) The empty set 0 is open in RP, since it contains no points at all, 
and hence the requirement in Definition 8.1 is trivially satisfied. 

(g) If B is the open bal1 with tenter z and radius a > 0 and if 2 E B, 
then the bal1 with tenter x and radius a - ]z - XI is contained in B. 
Thus B is open in RP. 
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We now state the basic properties of open sets in 1~~‘. In courses on 
topology this next result is summarized by saying that the open sets, 
as defined in Definition 8.1, form a topology for RP. 

8.3 OPEN SET PROPERTIES. (a) Th e empty set !l and the entire space 
RP are open in RP. 

(b) The intersection of any two open sets is open in RP. 
(c) The union of any collection of open sets is open in RP. 

PROOF. We have already commented on the open character of the 
sets 0 and RP. 

TO prove (b), let GI, G2 be open and let G3 = GI n Gz. TO show that 
G3 is open, let x E G3. Since x belongs to the open set GI, there exists 
rl > 0 such that if Ix - zI < rl, t’hen z E GI. Similarly, there exists 
r2 > 0 such that if 1~: - WI < r2, then w E Gz. Choosing r3 to be the mini- 
mum of rl and r2, we conclude that if y E RP is such that Ix - y1 < r3, 
then y belongs to both GI and Gt. Hence such elements y belong to 
GB = GI n Gz, sl-owing that G3 is open in RP. 

TO prove (c), let (G,, Gp, . . . ) be a collection of sets which are open 
and let G be their union. TO show that G is open, let x E G. By definition 
of the union, it follows that for some set, say for GA, we have x E Gx. 
Since GA is open, there cxists a hall with tenter x which is entirely con- 
tained in GA. Since GA c G, this bal1 is entirely contained in G, showing 
that G is open in RP. 

Q.E.D. 

By induction, it follows from property (b) above that the intersection 
of any Jinite collection of sets which are open is also open in RP. That 
the intersection of an infinite collection of open sets may not be open 
cari be seen from the example 

The intersection of the sets G, is the set F = (x E R :0 5 z 5 1 ), 
which is not open. 

Closed Sets 

We now introduce the important notion of a closed set in RP. 

8.4 DEFINITION. A set F in RP is said to be closed in RP (or merely 
closed) in case its complement C?(F) = Rp\F is open in R*. 

8.5 EXAMPLES. (a) The entire set Rf> is closed in RP, since its 
complement is the empty set (which was seen in 8.2(f) to be open in RP). 
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(b) The empty set g is closed in RP, since its complement in RP is 
a11 of RP (which was seen in 8.2(a) to be open in RP). 

(c) The set F = {z E R : 0 5 2: 2 1) is closed in R. One way of seeing 
this is by noting that the complement of F in R is the union of the two 
sets (z E R:2: < O), {z E R:CC > l), each of which is open. Similarly, , 
the set {z E R:O 5 CC) is closed. 

(d) The set F = { (& 7) E R2 : t2 + q2 5 l} is closed, since its comple- 
ment in R2 is the set 

which is seen to be open. 

(e) The set H = ( (.$, 7, [) E R3:f 2 0} is closed in R3, as is the set 
F = i(f,v>i-) E R3:t = 77 = i-1. 

(f) The closed bal1 B with tenter z in RP and radius r > 0 is a closed 
set of RP. For, if z 4 B, then the open bal1 B, with tenter z and radius 
(z - 21 - T is contained in e(B). Therefore, C(B) is open and B is 
closed in RP. 

In ordinary parlance, when applied to doors, Windows, and minds, 
the words “open” and “closed” are antonyms. However, when applied 
to subsets of RP, these words are not antonyms. For example, we noted 
above that the sets k$ R* are bath open and closed in RP. (The reader 
Will probably be relieved to learn that there are no other subsets of RP 
which have both properties.) In addition, there are many subsets of 
RP which are neither open nor closed; in fact, most subsetsof RP have 
this neutral character. As a simple example, we cite the set 

(8.2) A= (z~R:Oiz<l). 

This set A fails to be open in R, since it contains the point 0. Similarly, 
it fails to be closed in R, because its complement in R is the set 
(z E R:s < 0 or z 2 1 }, which is not open since it contains the point 
1. The reader should construct other examples of sets which are neither 
open nor closed in RP. 

We now state the fundamental properties of closed sets. The proof of 
this result follows directly from Theorem 8.3 by using DeMorgan% laws 
(Theorem 1.8 and Exercise 1.1). 

8.6 CLOSED SET PROPERTIES. (a) The empty set !CI and the entire 
space RP are closed in RP. 

(b) The union of any two closed sets is closed in RP. 
(c) The intersection of any collection of closed sets is closed in RP. 
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Neighborhoods 

We now introduce some additional topological notions that Will be 
useful later and which Will permit us to characterize open and closed 
sets in other terms. 

8.7 DEFINITION. If 2 is a point in RP, then any set which contains 
an open set containing x is called a neighborhood of x in RP. A point x 
is said to be an interior point of a set A in case A is a neighborhood of 
the point x. A point x: is said to be a cluster point of a set A (or a point 
of accumulation of A) in case every neighborhood of x contains at least 
one point of A distinct from x. 

Before we proceed any further, it will be useful to consider some 
reformulations and examples of these new concepts. 

8.8 EXAMPLES. (a) A set N is a neighborhood of a point x if and 
only if there exists an open bal1 with tenter x contained in N. 

(b) A point z is an interior point of a set A if and only if there exists 
an open bal1 with tenter x contained in A. 

(c) A point ~ç is a cluster point of a set A if and only if for every 
natural number n there exists an element r, belonging to A such that 
0 < /x - X%I < l/n. 

(d) Every point of the unit interval 1 of R is a cluster point of 1. 
Every point in the open interval (0, 1) is an interior point of 1 in R, 
but 0 and 1 are not interior points of 1. 

(e) Let A be the open interval (0, 1) in R. Then every point of A 
is both a cluster and an interior point of A. However, the points x = 0 
and x = 1 are also cluster points of A. (Hence, a cluster point of a set 
does not need to belons: to the set) -- 

(f) Let B = 1 A Q be the set of a11 rational points in the unit interval. 
Every point of 1 is a cluster point of B in R, but there are no interior 
points of B. 

(g) A finite subset of R* has no cluster points. (Why?) A finite sub- 
set of R* has no interior points. (Why?) 

We now characterize open sets in terms of neighborhoods and interior 
points. 

8.9 THEOREM. Let B be a subset of RP, then the jollowing statements 
are equivalent: 

(a) B is open. 
(b) Every point of B is an interior point of B. 
(c) B is a neighborhood of each of its points. 

PROOF. If (a) holds and z E B then B, which is open, is a neighbor- 
hood of x and x is an interior point of B. 
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It is immediate from the definitions that (b) implies (c). 
Finally, if B is a neighborhood of each point 2/ in B, then B contains 

an open set G(y) containing y. Hence B = U{G(y):y E B], and it 
follows from Theorem 8.3(c) that B is open in RP. 

Q.E.D. 

8.10 THEOREM. A set F is closed in RP if and only if it contains 
every cluster point of F. 

PROOF. Suppose that F is closed and that x is a cluster point of F. 
If x does not belong to F, the complementary set C~(F) = Rp\F is a 
neighborhood of x and SO must contain at least one point in F. This is 
a contradiction, since e(F) contains no points of F. Therefore, the 
cluster point 2 must belong to F. 

Conversely, suppose that a set, F contains a11 of its cluster points. 
We shall prove that F is closed by proving that e(F) is open. TO do 
this, let y belong to e(F) ; according to our hypothesis, y is not a cluster 
point of F SO there exists a neighborhood V of y which contains no 
points of F. It follows that V is contained in e(F) SO that e(F) is a 
neighborhood of y. Since y was any point of C(F), we infer from Theorem 
8.9 that e(F) is open. 

Q.E.D. 

Intervals 

We recall from Section 5 that if a < b, then the open interval in R, 
denoted by (a, b), is the set defined by 

(a, b) = (x E R : a < 2 < bj. 

It is readily seen that such a set is open in R. Similarly, the closed inter- 
val [a, b] in R is the set 

[a,b]= {x~R:a<x<b], 

which may be verified to be closed in R. The Cartesian product of two 
intervals is usually called a rectangle and the Cartesian product of three 
intervals is often called a parallelepiped. For simplicity, we shall employ 
the term interval regardless of the dimension of the space. 

8.11 DEFINITION. An open interval J in RP is the Cartesian product 
of p open intervals of real numbers. Hence J has the form 

J = (x = (El, . . ., .&) E RP : ai < ii < ?A, for i = 1, 2, . . ., p). 

Similarly, a closed interval I in RP is the Cartesian product of p closed 
intervals of real numbers. Hence 1 has the form 

I = (5 = ((1, . . .> t,) E RP : a; 5 ti 5 b;, for i = 1, 2, . . ,, pl. 
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A subset of RP is bounded if it is contained in some interval. 

As an exercise, show that an open interval in RP is an open set and a 
closed interval is a closed set. Also, a subset of RP is bounded if and only 
if it is contained in some bah. It Will be observed that this terminology 
for bounded sets is consistent with that introduced in Section 6 for 
the case p = 1. 

The Nested Intervals and Bolzano-Weierstrass Theorems 

The reader Will recall from Section 6 that the crucial completeness 
property of the real number system hinged on the fact that every nested 
sequence of non-empty closed intervals in R has a common point. We 
shah now prove that this property carries over to the space RP. 

8.12 NESTED INTERVALS THEOREM. Let (Ik) be a sequence of mm- 
empty closed intervals in RP which is nested in the sense thut II 2 
Iz- ‘** SI?+2 ‘... Then there exists a point in RP which belmgs to a11 
of the intervals. 

PROOF. Suppose that Ik is the interval 

It is easy to see that the intervals ( [okl, 6k1] : k E N} form a nested 
sequence of non-empty closed intervals of real numbers and hence by the 
completeness of the real number system R, there is a real number v1 
which belongs to a11 of these intervals. Applying this argument to each 
coordinate, we obtain a point y = (gl, . . ., qp) of RP such that if j 
satisfies j = 1, 2, . . ., p, then qj belongs to a11 the intervals { [akj, bkj]: 

k E N) . Hence the point y belongs to a11 of the intervals (Ik). 
Q.E.D. 

The next result Will be of fundamental importance in the sequel. It 
should be noted (cf. Exercise 8.U) that the conclusion may fail if either 
hypothesis is rem0ved.t 

t BERNARD BOLZANO (1781-1848) was professor of the philosophy of religion at 
Prague, but he had deep thoughts about mathematics. Like Cauchy, he was a pioneer 
in introducing a higher standard of rigor in mathematical analysis. His treatiae on 
the paradoxes of the inlinite appeared after his death. 

KARL WEIERSTRASS (1815-1897) was for many years a professor at Berlin and 
exercised a profound influence on the development of analysis. Always insiating on 
rigorous proof he developed, but did not publish, an introduction to the real number 
system. He also made important contributions to real and complex analysis, differen- 
tial equations, and the calculus of variations. 
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8.13 BOLZANO-WEIERSTRASS THEOREM. Every bounded t@nite sub- 
set of RQ has a cluster point. 

PROOF. If B is a bounded set with an infinite number of elements, 
let II be a closed interval containing B. We divide I, into 2Q closed 
intervals by bisecting each of its sides. Since II contains infinitely many 
points of B, at least one part obtained in this subdivision will also con- 
tain infinitely many points of B. (For if each of the 2Q parts contained 
only a f;nite number of points of the set B, then B must be a finite set, 
contrary to hypothesis.) Let 1~ be one of these parts in the subdivision 
of I1 which contains infinitely many elements of B. Now divide Iz into 
2Q closed intervals by bisecting each of its sides. Again, one of these 
subintervals of Iz must contain an infinite number of points of B, for 
otherwise Iz could contain only a finite number, contrary to its con- 
struction. Let 13 be a subinterval of Iz containing infinitely many points 
of B. Continuing this process, we obtain a nested sequence (Ik) of non- 

,’ 

Figure 8.2 

_----__ _ 
--- - 

14 

il 
4 “3 I3 1 .- - 

‘16 
.--_-- _ 

_-----__- 

i 

empty closed intervals of RQ. According to the Nested Intervals Theo- 
rem, there is a point y which belongs to a11 of the intervals Ik, k = 
1, 2, . . . . We shall now show that y is a cluster point of B and this will 
complete the proof of the assertion. 

First, we note that if II = [al, 6,] X . * * X [aQ, b,] with ak < bk, and 
if 1(11) = sup {bl - al, . . ., b, - CZQ}, then Z(I,) > 0 is the length of 
the largest side of II. According to the above construction of the sequence 
(Ik), we have 
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for k E N. Suppose that V is any neighborhood of the common point y 
and suppose that a11 points z in RP with ly - z[ < r belong to V. We 
now choose k SO large that Ih c V; such a choice is possible since if w is 
any other point of Ik, then it follows from Theorem 7.11 that 

According to the Archimedean property of R, it follows that if k is suffi- 
ciently large, then 

For such a value of k we have Ik c: V. Since Ik contains infinitely many 
elements of B, it follows that V contains at least one element of B 
different from y. Therefore, y is a cluster point of B. 

Q.E.D. 

Connected Sets 

We shall now introduce the notion of connectedness and make limited 
use of this concept in the following. However, further study in courses 
in topology Will reveal the central role of this property in certain parts 
of topo1ogy. 

8.14 DEFINITION. A subset D of RP is said to be disconnected if 
there exist two open sets A, B such that A n D and B n D are disjoint 
non-empty sets whose union is D. In this case the pair A, B is said to 
form a disconnection of D. A subset C of RP which is not disconnected 
is said to be connected. (See Figure 8.3 on the next page.) 

8.15 EXAMPLES. (a) The set N of natural numbers is disconnected 
in R, since we cari take A = (Z E R:z < $} and B= {z E R:s > +). 

(b) The set H = (l/ n : n E N ] is also disconnected in R as a similar 
construction shows. 

(c) The set S consisting of positive rational numbers is disconnected 
in R, for we cari take A = (x E R:z < fi}, B = (x E R:z > 2/2). 

(d) If 0 < c < 1, then the sets A = (z E R:-1 < x 5 c), B = 
(z E R:c < z < 2) split the unit interval 1 = (x E R:O I x I: l} into 
two non-empty disjoint subsets whose union is 1, but since A is not 
open, it does not show that 1 is disconnected. In fact, we shah show 
below that 1 is connected. 

Thus far, we have not established the existence of a connected set. 
The reader should realize that it is more difficult to show that a set is 
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Figure 8.3. A disconnected set. 

connected than to show that a set is disconnected. For in order to show 
that a set is disconnected we need to produce only one disconnection, 
whereas to show that a set is connected we need to show that no dis- 
connection cari exist. 

8.16 THEOREM. The closed unit interval 1 = [0, l] is a connected 
subset of R. 

PROOF. We proceed by contradiction and suppose that A, B are 
open sets forming a disconnection of 1. Thus A r\ 1 and B n 1 are non- 
empty bounded disjoint sets whose union is 1. For the sake of definite- 
ness, we suppose that 1 belongs to B. Applying the Supremum Principle 
6.6, we let c = sup A n 1 SO that c > 0 and c E A u B. If c E A, then 
c < 1; since A is open there are points in A n 1 which exceed c, contrary 
to its definition. If c E B, then since B is open there is a point cl < c 
such that the interval [cl, c] is contained in B n 1; hence [cl, c] n A = @. 
This also contradicts the definition of c as sup A n 1. Hence the hypoth- 
esis that 1 is disconnected leads to a contradiction. 

Q.E.D. 

The proof just given cari also be used to prove that the open interval 
(0, 1) is connected in R. 
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Figure 8.4 

8.17 THEOREM. The entire space RP is connected. 
PROOF. If not, then there exist two disjoint non-empty open sets 

A, B whose union is RP. (See Figure 8.4.) Let 2 E A and y E B and 
consider the line segment S joining x and y; namely, 

s = (x + t(y - 2) : t E 11. 

Let A1= (t~R:z+t(y--~)CA] and let B1= {t~R:x+ 
l(y - x) E B). It is easily seen that A, and Bl are disjoint non-empty 
open subsets of R and provide a disconnection for 1, contradicting 
Theorem 8.16. 

Q.E.D. 

8.18 COROLLARY. The only subsets of RP which are both open and 
closed are fJ and RP. 

PROOF. For if A is both open and closed in RP, then B = Rp\A is 
also. If A is not empty and not a11 of RP, then the pair A, B forms a 
disconnection for RP, contradicting the theorem. 

Q.E.D. 

In certain areas of analysis, connected open sets play an especially 
important role. By using the definition it is easy to establish the next 
result. 

8.19 LEMMA. An open subset of RP is connected if and only if it 
cannot be expressed as the unian of two disjoint non-empty open sets. 
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Figure 8.5. A polygonal curve. 

It is sometimes useful to have another characterization of open con- 
nected sets. In order to give such a characterization, we shah introduce 
some terminology. If x and y are two points in RP, bhen a polygonal 
curve joining x and y is a set P obtained as the union of a finite number 
of ordered line segments &, Lz, . . ., L,) in RP such that the line seg- 
ment L1 has end points x, zl; the line segment L, has end points .zl, z2; . . . ; 
and the line segment L, has end points z,+ y. (See Figure 8.5.) 

8.20 THEOREM. Let G be an open set in RP. Then G is connected if 
and only if any pair of points x, y in G cari be joined by a polygonal curve 
lying entirely in G. 

PROOF. Assume that G is not connected and that A, B is a discon- 
nection for G. Let x E A fi Gand y E B n G and let P = (L1, Lz, . . ., L,) 
be a polygonal curve lying entirely in G and joining x and y. Let k be 
the smallest natural number such that the end point zkel of Lk belongs 
to A n G and the end point zk belongs to B n G (see Figure 8.6). If we 
define A1 and B1 by 

A1 = {t E R : zk-1 + t (2, - zk-1) E A n G) > 

Bl= {tER:Zk-l+t(Zk-zk-1)E BnG), 

then it is easily seen that A1 and B1 are disjoint non-empty open subsets 
of R. Hence the pair AI, B1 form a disconnection for the unit interval 
1, contradicting Theorem 8.16. Therefore, if G is not connected, there 
exist two points in G which cannot be joined by a polygonal curve in G. 



SEC. 8 ELEMENTARY TOPOLOGICAL CONCEPTS 81 

Figure 8.6 

Next, suppose that G is a connected open set in RP and that 2 belongs 
to G. Let G1 be the subset of G consisting of a11 points in G which cari 
be joined to z by a polygonal curve which lies entirely in G; let Gz 
consist of a11 the points in G which cannot be joined to x by a polygonal 
curve lying in G. It is clear that G1 n Gz = $3. The set G1 is not empty 
since it contains the point x. We shall now show that G, is open in RP. 
If y belongs to GI, it follows from the fact that G is open that for some 
positive real number T, then Izu - y1 < r implies that w E G. By defi- 
nition of G1, the point y cari be joined to x by a polygonal curve and by 
adding a segment from y to w, we infer that, w belongs to G1. Hence G1 
is an open subset of RP. Similarly, the subset Gz is open in RP. If Gz is 
not empty, then the sets G1, Gz form a disconnection of G, contrary to 
the hypothesis that G is connected. Therefore, G2 = $3 and every point 
of G cari be joined to x by a polygonal curve lying entirely in G. 

Q.E.D. 

Exercises 

8.A. Justify the assertion about the sets G, F made in Example 8.2(b). 
8.B. Justify the assertions made in Example 8.2(c). 
8.C. Prove that the intersection of a finite collection of open sets is open in 

RP. (Hmt: use Theorem 8.3(b) and induction.) 
S.D. Verify in detail that the sets G,, defined in equation (8.1), are open and 

that their intersection is not open. (Compare with Exercise S.A.) 
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8.E. Show in detail that the set in equation (8.2) is neither open nor closed 
in R. 

8.F. Give an example of a subset of R2 which is neither open nor closed. 
8.G. Write out the details of the proof of Theorem 8.6. 
8.H. The union of a collection of closed subsets of RP may fail to be closed. 
8.1. Every open subset of RP is the union of a countable collection of sets 

which are closed. (Hint: the set of points a11 of whose coordinates are rational is 
countable.) 

8.J. Every closed subset in RP is the intersection of a countable collection of 
sets which are open. 

8.K. If  A is a subset of RP, let A- denote the intersection of a11 closed sets 
which contain A. The set A- is called the closure of A. Prove that A- is a closed 
set and that 

A GA-, (A-)- = A-, 

(A uB)- = A- uB-, g- = fi 

Observe that A- is the smallest closed set containing A. 
8.L. If  A, B are any subsets of RP, then is 

(AnB)-=A-nB-? 

8.M. If A is a subset of RP, let A” denote the union of a11 open sets which are 
contained in A. The set A” is called the interior of A. Prove that A” is an open 
set and that 

A” E A, (A”)” = A”, 

(A n B)” = A” n B”, (Rp)O = RP. 

Observe that A” is the largest open set contained in A. 
8.N. Can there be a subset A of RP such that A” = @ and A- = RD? 
8.0. Show that an open interval in RP, as in Definition 8.11, is an open set. 

Prove that a closed interval in RP is a closed set. 
8.P. An open subset G of R is the union of a countable collection of open 

intervals. (Hint: The set of points in G with rational coordinates is countable.) 
The same result holds in RP, p > 1. 

SQ. If A and B are open sets in R, show that their Cartesian product A X B 
is open in R*. 

8.R. Let A, B be subsets of R. The Cartesian product A X B is closed in R2 
if and only if A and B are closed in R. 

8.S. If  A is any subset of RP, then there exists a countable subset C of A such 
that if 2: E A and t > 0, then there is an element z in C such that Iz - .zI < e. 
Hence every element of A is either in C or is a cluster point of C. 

8.T. If  A is a subset of RP, then z is a cluster point of A if and only if every 
neighborhood of x contains infinitely many points in A. 

8.U. A finite subset of RP has no cluster points. An unbounded subset of RF 
may not have any cluster point. 
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8.V. If  A is a subset of RP, then a point x in RP is said to be a boundary point 
of A if every neighborhood of x contains a point of A and a point of (2 (A). Show 
that a set is open if and only if it contains none of its boundary points. Show that 
a set is closed if and only if it contains all of its boundary points. 

8.W. Interpret the concepts that were introduced in this section for the Cantor 
set of Definition 6.10. 

(a) Show that the Cantor set F is closed in R. 
(b) Every point of F is a cluster point of both F and e(F). 
(c) No non-void open set is contained in F. 
(d) The complement of F cari be expressed as the union of a countable col- 

lection of open intervals. 
(e) The set F cannot be expressed as the union of a countable collection 

of closed intervals. 
(f) Show that F is disconnected; in fact, for every two distinct points 2, y  in 

F, there is a disconnection A, B of F such that x E A and y  E B. 
8.X. If  Cr, Cz are connected subsets of R, then the product Ci X CZ is a con- 

nected subset of R2. 
8.Y. Show that the set 

A = { (2, y) E R2 : 0 < y  5 x2, 2 # 0) U ( (0, O)] 

is connected in R*, but it is not true that every pair of points in A cari be joined 
by a polygonal curve lying entirely in A. 

8.2. Show that the set 

S = ((x, y) E R* : y  = sin(l/z), z # O} 

u i (0, Y) : -1 5 Y 5 11, 

is connected in R2, but it is not possible, in general, to join two points of S by a 
polygonal curve lying in S. In fact, it is not possible, in general, to join two 
points of S by a curve which lies entirely in S. 

Projects 

8.01. Let M be a set and d be a metric on M as defîned in Exercise 7.N. Re- 
examine the definitions and theorems of Section 8, in order te determine which 
carry over for sets that have a metric. It Will be seen, for example, that the 
notions of open, closed, and bounded set carry over. The Bolzano-Weierstrass 
fails for suitable M and d, however. Whenever possible, either show that the 
theorem extends or give a counterexample to show that it may fail. 

8.B. Let 3 be a family of subsets of a set X which (i) contains kl and X, (ii) 
contains the intersection of any finite family of sets in 5, and (iii) contains the 
union of any family of sets in 3. We cal1 3 a topology for X, and refer to the 
sets in 3 as the open sets. Reexamine the definitions and theorems of Section 8, 
trying to determine which carry over for sets X which have a topology 3. 
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Section 9 The Theorems of Heine-Bore1 and Baire 

The Nested Intervals Theorem 8.12 and the Bolzano-Weierstrass 
Theorem 8.13 are intimately related to the very important notion of 
compactness, which we shall discuss in the present section. Although it 
is possible to obtain most of the results of the later sections without 
knowing the Heine-Bore1 Theorem, we cannot go much farther in analy- 
sis without requiring this theorem, SO it is false economy to avoid 
exposure to this deep result. 

9.1 DEFINITION. A set K is said to be compact if, whenever it is 
contained in the union of a collection Ç = (G,) of open sets, then it is 
also contained in the union of some jînite number of the sets in Ç. 

A collection S of open sets whose union contains K is often called a 
covering of K. Thus the requirement that K be compact is that every 
covering Ç of K cari be replaced by a finite covering of K, using only sets 
in Ç. We note that in order to apply this definition to prove that a set 
K is compact, we need to examine a11 collections of open sets whose 
union contains K and show that K is contained in the union of some 
finite subcollection of each such collection. On the other hand, to show 
that a set H is not compact, it is sufficient to exhibit only one covering 
which cannot be replaced by a finite subcollection which still covers H. 

9.2 EXAMPLES. (a) Let K = {Q, 52, . . ., CC,,,] be a finite subset of 
RP. It is clear that if Ç = (G,] . 1s a collection of open sets in RP, and if 
every point of K belongs to some subset of Ç, then at most m carefully 
selected subsets of Ç Will also have the property that their union contains 
K. Hence K is a compact subset of RP. 

(b) In R we consider the subset H = {II: E R:z 2 01. Let G, = 
(-1, n), n E N, SO that Ç = [G,:n E N) is a collection of open subsets 
of R whose union contains H. If (G,,, G,,, . . ., G,,) is a finite subcollec- 
tion of Ç, let M = sup ( nl, n2, . . .,nk]sothatG,,zGY,forj= 1,2 ,..., k. 
It follows that GM is the union of (G,,, G,,, . . ., G,) . However, the real 
number M does not belong to GM and hence does not belong to 

Therefore, no finite union of the sets G, cari contain H, and H is not 
compact. 

(c) Let H = (0, 1) in R. If G, = (I/n, 1 - l/n) for n > 2, then the 
collection Ç = (G,:n > 2) of open sets is a covering of H. If {G,,, . . ., GnLJ 
is a finite subcollection of Ç, let M = sup {nl, . . ., nk) SO that G,j E GM, 
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for j= 1,2,..., k. It follows that G, is the union of the sets 
(Gn,, . . .> G,,). However, the real number 1,lM belongs to H but does 
not belong to GM. Therefore, no finite subcollection of Ç cari form a 
covering of H, SO that H is not compact. 

(d) Consider the set 1 = [0, 11; we shall show that I is compact. 
Let Ç = (G,} b e a collection of open subsets of R whose union con- 
tains 1. The real number z = 0 belongs to some open set in the collection 
Ç and SO do numbers x satisfying 0 5 x < E, for some E > 0. Let x* be 
the supremum of those points J: in 1 such that the interval [0, Z] is 
contained in the union of a finite number of sets in Ç. Since x* belongs 
to 1, it follows that X* is an element of some open set in Ç. Hence for 
some E > 0, the interval [x* - E, X* + 61 is contained in a set Go in the 
collection Ç. But (by the definition of x*) the interval [0, x* - e] is 
contained in the union of a finite number of sets in Ç. Hence by adding 
the single set Go to the finite number already needed to caver [0, Z* - e], 
we infer that t,he set [O, x* + E] is contained in the union of a finite 
number of sets in Ç. This gives a contradiction unless X* = 1. 

It is usually not an easy matter to prove that a set is compact, using 
the definit’ion only. We now present a remarkable and important theo- 
rem which completely characterizes compact subsets of RP. In fact, 
part of the importance of the Heine-Bore1 Theoremt is due to the 
simplicity of the conditions for compactness in RP. 

9.3 HEINE-BOREL THEOREM. A subset of RP is compact if and only 
if it is closed and bounded. 

PROOF. First we show that if K is compact in RP, then K is closed. 
Let 2 belong to e(K) and for each natural number m, let G, be the set 
defined by 

G, = (y E RP: \y - ~1 > l/m). 

It is readily seen that each set G,, m E N, is open in RP. Also, the union 
of a11 the sets G,, m E N, consists of a11 points of RP except 5. Since 
x t K, each point of K belongs to some set G,. In view of the compact- 

t EDUARD HEINE (1821-1881) studied at Berlin under Weicrstrass and later taught 
at Bonn and Halle. In 1872 he proved that a continuous function on a closed interval 
is uniformly continuous. 

(F. E. J.) ~~MILE BOREL (1871-1938), a student of Hermite’s, was professor at 
Paris and one of the most influential mathematicians of his day. He made numerous 
and deep contributions to analysis and probability. In 1895 he proved that if a count- 
able collection of open intervals caver a closed interval, thrn they have a finite sub- 
covering. 
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ness of K, it follows that there exista a natural number M such that K 
is contained in the union of the sets 

GI, Gz, . . ., GM. 

Since the sets G, increase with m, then K is contained in GM. Hence 
the neighborhood {z E RP : Iz - CC[ < l/M) does not intersect K, show- 
ing that c?(K) is open. Therefore, K is closed in RP. (See Figure 9.1, 
where the closed balls complementary to the G, are depicted.) 

Next we show that if K is compact in RP, then K is bounded (that 
is, K is contained in some set {z E RP: 1x1 < r} for sufficiently large r). 
In fact, for each natural number m, let H, be the open set defined by 

H, = (cc E RP : Iz[ < m). 

The entire space RP, and hence K, is contained in the union of the 
increasing sets H,, m E N. Since K is compact, there exista a natural 
number M such that K E HM. This proves that K is bounded. 

TO complete the proof of this theorem we need to show that if K is a 
closed and bounded set which is contained in the union of a collection 

Figure 9.1. A compact set is closed. 
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Ç = {G,} of open sets in RP, then it is contained in the union of some 
finite number of sets in Ç. Since the set K is bounded, we may enclose 
it in a closed interval II in RP. For example, we may take 1, = 
i GI, . . ., [,) : l(kl < r, k = 1, . . .) p) for suitably large r > 0. For the 
purpose of obtaining a contradiction, we shah assume that K is not 
contnined in the union of any finite number of the sets in Ç. Therefore, 
at least one of the 2~ closed intervals obtained by bisecting the sides of 
Il contains points of K and is such that the part of K in it is not con- 
tained in the union of any finite number of the sets in Ç. (For, if each 
of the 2~ parts of K were contained in the union of a finite number of 
sets in Ç, then K would be contained in the union of a finite number of 
sets in Ç, contrary to hypothesis.) Let 12 be any one of the subintervals 
in this subdivision of II which is such that the non-empty set K n Iz is 
not contained in the union of any finite number of sets in Ç. We continue 
this process by bisecting the sides of I2 to obtain 2~ closed subintervals 
of Iz and letting 13 be one of these subintervals such that the non-empty 
set K n 13 is not contained in the union of a finite number of sets in Ç, 
and SO on. 

In this way we obtain a nested sequence (1,) of non-empty intervals 
(see Figure 9.2); according to the Kested Intervals Theorem there is a 
point y common to the I,. Since each I, contains points in K, the com- 
mon element y is a cluster point of K. Since K is closed, then y belongs 
to K and is contained in some open set GA in Ç. Therefore, there exists 
a number t > 0 such that a11 points w with \y - w/ < E belong to GA. 
On the other hnnd, the intervals Ik, k 2 2, are obtained by successive 

---------_ 

Figure 9.2 
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bisection of the sides of the interval 11 = ( (II, . . ., l,): /til 5 r] SO the 
length of the side of Ik is r/2k-2. It follows from Theorem 7.11 that if 
w E IA, then 

Hence, if k is chosen SO large that 
,- 

r VP 
- < ‘> 2 k-l 

then a11 points in Ik are contained in the single set GA. But this contra- 
dicts the construction of Ik as a set such that K n Ik is not contained in 
the union of a finite number of sets in Ç. This contradiction shows that 
the assumption that the closed bounded set K requires an infinite 
number of sets in Ç to enclose it is untenable. 

Q.E.D. 

As a consequence of the Heine-Bore1 Theorem, we obtain the next 
result, which is due to G. Cantor. It is a strengthening of our basic com- 
pleteness property, since general closed sets are considered here and not 
just closed intervals. 

9.4 CANTOR INTERSECTION THEOREM. Let F, be a non-empty closed, 
bounded subset of RP and let 

F, r, Fz 2 . . . 2 F, 2 . . . 

be a sequence of non-empty closed sets. Then there exists a point belonging 
to ail of the sets (Fk:k E NI. 

PROOF. Since K is closed and bounded, it follows from the Heine- 
Bore1 Theorem that it is compact. For each natural number k, let Gk 
be the complement of Fk in RP. Since Fk is assumed to be closed, Gk 
is open in RP. If, contrary to the theorem, there is no point belonging to 
a11 of the sets Fk, k E N, then the union of the sets Gk, k E N, contains 
the compact set F1. Therefore, the set F1 is contained in the union of a 
finite number of the sets Gk; say, in G1, Gz, . . ., GK. Since the Gk increase, 
we have 

6 Gk = GK. 
k=l 

Since F, ç GK, it follows that F, n FI( = !J. By hypothesis Fl r> FK, 
SO F, n FK = FI(. Our assumption leads to the conclusion that Flr. = !3, 
which contradicts the hypothesis and establishes the theorem. 

Q.E.D. 
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9.5 LEBESGUE COVERING THEOREM. Suppose Ç = (G,) is a cover- 
ing of a compact subset K of RP. There exists a positive number X such 
that if x, y belong to K and Ix - y\ < X, then there is a set in Ç containing 
both x and y. 

PROOF. For each point u in K, there is an open set G,(,, in Ç con- 
taining U. Let 6(u) > 0 be such that if Iv - ~1 < 26(u), then v belongs 
to G,c,>. Consider the open set S(u) = (v E RP : jz) - ~1 < 6(u) ) and 
the collection S = (S(u) : u E K} of open sets. Since S is a covering of 
the compact set K, then K is contained in the union of a finite number 
of sets in S, say in 

S(UI), . . ., S(u,). 

We now define X to be the positive real number 

X = inf (6(uJ, . . ., A(u,)). 

If z, y belong to K and \z - y\ < X, then 1: belongs to S(U~) for some j 
with 1 5 j < n, SO /z - ujj < 6(uj). Since 1.2 - y\ < X, we have 
\y - ui\ 5 \y - X/ + /X - u~J < 26(uj). According to the definition of 
6(uj), we infer that both x and y belong to the set G,(,,,. 

Q.E.D. 

We remark that a positive number x having the property stated in 
the theorem is sometimes called a Lebesguet number for the covering Ç. 

Although we shall make use of arguments based on compactness in 
later sections, it seems appropriate to insert here two results which 
appear intuitively clear, but whose proof seems to require use of some 
type of compactness argument. 

9.6 NEAREST POINT THEOREM. Let F be a non-void closed subset of 
RP and let x be a point outside of F. Then there exists at least one point y 
belonging to F such that (z - x1 2 \y - xj for ail z F F. 

PROOF. Since F is closed and 1: $ F, then (cf. Exercise 9.H) the 
distance from x to F, which is defined to be d = inf ( /x - z/ : z E F] 
satisfiesd>O.LetFk= lz~F:Ir-zi<d+l,llitfork~N.Accord- 
ing to Example 8.5(f) these sets are closcd in RP snd it is clear that F, 
is bounded and that FI2 Fzz ..a 2 Fkz ..a. 

Furthermore, by the definition of (i and Fk, it is seen that Fk is non- 
empty. It follows from the Cantor Intersection Theorem 9.4 that there 

1 HENRI LEBESQUE (1875-1941) is best known for his pioneering n-ork on the modern 
theory of the ictegral which is named for him and which is basic to present-day 
analysis. 
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Figure 9.3 

is a point y belonging to a11 Fk, k E N. It is rendily seen that 1% - y1 = d, 
SO that y satisfies the conclusion. (See Figure 9.3.) 

Q.E.D. 

A variant of the next theorem is of considerable importance in the 
theory of analytic functions. We shall state the result only for p = 2 
and use intuitive ideas as to what it means for a set to be surrounded 
by a closed curve (that is, a curve which has no end points). 

9.7 CIRCUMSCRIBING CONTOUR THEOREM. Let F be a closed and 
bounded set in R2 and let G be an open set which contains F. Then there 
exists a closed curve C, lying entirely in G and made up of arcs of a jînite 
number of circles, such that F is surrounded by C. 

PROOF. If J: belongs to F E G, there exists a positive number 6(z) 
such that if \y - X( < 6(z), then y also belongs to G. Let G(z) = 
{y E R2 : (y - z/ < $6(s)) f or each x in F. Since the collection Ç = 
(G(X) : x E F) constitutes a covering of the compact set F, the union 
of a finite number of the sets in Ç, say G(xl), . ., G(xk), contains the 
compact set F. By using arcs from the circles with centers 5j and radii 
(a) 6(xj), we obtain the desired curve C.(See Figure 9.4) The detail& 
construction of t,he curve will net be g;iven here. 

Q.E.D. 

As the final main result of this section, we present a form of what is 
sometimes called the “Bairet Category Theorem.” One way of inter- 

t RENÉ LOUIS BAIRE (1874-1932) wae a professor at Dijon. He worked in set theory 
and real anal>&. 
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Figure 9.4 

preting Baire’s theorem is from the consideration of the “fatness” of a 
subset. A non-empty open subset of RP is “fat” in the sense that it 
contains a neighborhood of each of its points. A closed set, however, 
need not be “fat” at ah. Baire’s theorem says that if a non-empty open 
set is contained in the union of a countable number of closed sets, then 
at least one of the closed sets must be “fat” enough to contain some 
non-empty open set. 

9.8 BAIRE'S THEOREM. If (Hk : k E N} is a countuble family of closed 
subseis of RP whose union contains a non-void open set, then ut least one 
of the sets Hk contains a non-voici open set. 

PROOF. Suppose that no set Hk, k E N, contains a non-void open 
set but that Go is a non-void open set contained in the union of Hk, k E N. 
If z1 belongs to Go\H1, there is a non-void open bal1 G1 = (z E RP: 
1~ - ~1 < rl) such that the set F, = {z E RP : 12 - zl( 5 rl} is con- 
tained in Go and such that F, n H1 = !3. In the same way, if x2 belongs 
to G1\H2, there is a non-void open bal1 G2 = (x E R* : 1x - zzl < rz) 
contained in GI with Fz - {z~R=:~~-x~~<r~)suchthatF~nH~=@ 
TO continue, for each n&U%l Immber k we obtain a point zk E GkW1\Hk 
and a non-void open set Gk - { 2 E RP : Ix - xk1 < 7-k) contained in Gk-l 
with Fk = (x E RP : Ix - xk1 2 rk} such that Fk n Hk = 0. Evidently, 
the family { Fk : k E NJ of closed sets is nested; according to the Cantor 
Intersection Theorem, there exists a point w  which belongs to a11 the 
sets Fk, k 2 1. Since Fk r\ Hk = 0 for each k in N, the point w  cannot 
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belong to Go, because Go is contained in the union of { Hk : k E N). On 
the other hand Fk E Go, k E N, SO we must have w E Go. This contra- 
diction proves that at least one of the sets Hk, k E N, must contain a 
non-void open set. 

Q.E.D. 

We shah conclude this section with a pair of easy applications of 
Baire’s Theorem. 

A line in R2 is a set L of points (z, y) in R2 which satisfy an equation 
of the form 

ax + by + c = 0, 

where a, b, c are real numbers and a and b are not both zero. Any line 
L is a closed subset of R2 which does not contain any non-void open 
set (cf. Exercise 9.N). 

9.9 COROLLARY. The space R2 is not the union of a countabk number 
of lines. 

PROOF. Suppose that there is a countable family (Lk : k E N} of 
lines whose union is R2. Since R2 is a non-void open set in R2, it follows 
from Baire’s theorem that at least one of the closed sets Lk must contain 
a non-void open set. But, we have already observed that a line does 
not contain any non-void open sets. 

Q.E.D. 

In order to give a final application of Baire’s Theorem, we note that 
a subset of R consisting of a single point is closed in R. As we have seen 
in Section 3, the subset Q of R consisting of rational numbers is count- 
able; it follows that Q is the union of a countable number of closed sets, 
none of which contains a non-empty open set. We now show that it 
follows from Baire’s Theorem that the set of irrational numbers in R 
cannot have this same property. 

9.10 COROLLARY. The set of irrational numbers in R is not the 
union of a countable family of closed sets, none of which contains a non- 
empty open set. 

PROOF. Suppose, on the contrary, that the set R\Q is the union of 
such a countable collection of closed sets. As we have seen, Q is contained 
in the union of another countable collection of closed sets. Therefore, we 
conclude that R is also the union of a countable collection of closed sets, 
none of which contains a non-void open set. However, this contradicts 
Baire’s Theorem. 

Q.E.D. 
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Exercises 

Q.A. Show directly from the definition (i.e., without using the Heine-Bore1 
Theorem) that the open ball given by ( (z, y) :x2 + y2 < 1 } is not compact in R2. 

9.B. Show directly that the entire space R2 is not compact. 
Q.C. Prove directly that if R is compact in RP and F is a closed subset of K, 

then F is compact in RP. 
Q.D. Prove that if K is a compact subset of R, then K is compact when re- 

garded as a subset of R2. 
Q.E. By modifying the argument in Example 9.2(d), prove that the interval 

J=((x,y):O~2:~1,0~y~1)iscompactinR2. 
Q.F. Locate the places where the hypotheses that the set K is bounded and 

that it is closed were used in the proof of the Heine-Bore1 Theorem. 
9.G. Prove the Cantor Intersection Theorem by selecting a point xn from F, 

and then applying the Bolzano-Weierstrass Theorem 8.13 to the set ( xn : n E N } . 
Q.H. If  F is closed in RP and if 

d(x, F) = inf ([x - z\ : z E F) = 0, 

then x belongs to F. 
9.1. Does the Nearest Point Theorem in R imply that there is a positive real 

number nearest zero? 
Q.J. If  F is a non-empty closed set in RP a.nd if 2 t F, is there a unique point 

of F that is nearest to x? 
9.K. If  K is a compact subset of RP and z is a point of RP, then the set K, = 

{x + y: y  E K) is also compact. (This set K, is sometimes called the translation 
of the set K by x.) 

Q.L. The intersection of two open sets is compact if and only if it is empty. 
Can the intersection of an infinite collection of open sets be a non-empty com- 
pact set? 

Q.M. If F is a compact subset of R2 and G is an open set which contains F, 
then there exists a closed polygonal curve C lying entirely in G which surrounds F. 

Q.N. Prove that a line in R2 is a closed subset of R2 and contains no non-void 
open sets. 

9.0. If  the set A does not contain a non-void open set, cari the closure A- 
(see Exercise 8.K) contain a non-void open subset of RP? 

Q.P. If  a set B contains a non-void closed set, must the interior B” (see Exercise 
8.M) contain a non-void closed subset of RP? 

Q.Q. The set of rational numbers Q is not the intersection of a countable 
collection of open sets. 

Q.R. A closed set F does not contain any non-void open set of RP, if and only if 
every point in RP is a cluster point of its complement. 

Q.S. A set D is said to be dense in RP, if every point in RP is a cluster point 
of D. Prove that D is dense in RP, if and only if its closure D- (see Exercise 8.K) 
coincides with RP. 

Q.T. Give an example of an open subset of RP which is dense in RP. Can you 

give an example of a closed subset of RP which is dense in RP? 
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9.U. If D1 and Dz are open sets which are dense in RP, then Dl U Ds and 
Dl n DZ are also dense open sets in RP. 

9.V. If Dl and DZ are dense subsets of RP, are DI U Dz and Dl r\ DZ also dense 
subsets of RP? 

9.W. If { D,:n E N} is a countable collection of dense open subsets of RP, 
then their intersection is a dense subset of RP. 

Section 10 The Complex Numbef System 

Once the real number system is at hand, it is a simple matter to create 
the complex number system. We shall indicate in this section how the 
complex field cari be constructed. 

As seen before, the real number system is a field which satisfies certain 
additional properties. In Section 7, we constructed the Cartesian space 
RP and introduced some algebraic operations in the p-fold Cartesian 
product of R. However, we did not make RP into a field. It may corne 
as a surprise that it is not possible to define a multiplication which 
makes RP, p 2 3, into a field. Nevertheless, it is possible to define a 
multiplication operation in R X R which makes this set into a field. 
We now introduce the desired operations. 

10.1 DEFINITION. The complex number system C consists of a11 
ordered pairs (5, y) of real numbers with the operation of addition 
defined by 

6-G Y> + (2’9 Y’> = (5 + z’, Y + Y’), 

and the operation of multiplication defined by 

(2, y) * (d, y’) = (22’ - yy’, zy’ + z’y). 

Thus the complex number system C has the same elements as the 
two-dimensional space R2. It has the same addition operation, but it 
possesses a multiplication as R does not. Therefore, considered merely 
as sets, C and R2 are equal since they have the same elements; however, 
from the standpoint of algebra, they are not the same since they possess 
different operations. 

An element of C is called a complex number and is often denoted by 
a single letter such as z. If z = (2, y), then we refer to the real number 
z as the real part of z and to y as the imaginary part of z, in symbols, 

z=Rez f y = Imz. 

The complex number 1 = (2, -y) is called the conjugate of z = (z, y). 
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10.2 THEOREM. The complex number system C jorms a Jield with the 
operations defined in Definition 10.1. 

PARTIAL PROOF. We shall leave most of the details to the reader 
and mention only that the zero element of C is the complex number 
(0,O) and the identity element is (l,O). Furthermore, if z = (x, y) # 
(0, 0), then the inverse to z is given by 

,$ = 
( 

X -Y ->-. 
x2 + y2 x2 + y2 > 

Q.E.D. 

Sometimes it is convenient to adopt part of the notation of Section 7 
and Write 

a2 = a(x, y) = (nz, ay), 

when a is a real number and z = (x, y) is in C. With this notation, it is 
clear that each element in C has a unique representation in the form of 
a sum of a product of a real number with (1,0) and of the product of a 
real number with (0, 1). Thus we cari Write 

2 = (x, y> = x(1,0> + y@, 1). 

Since the element (1,0) is the identity element of C, it is natural to 
denote it by 1 (or to suppress it entirely when it is a factor). For the 
sake of brevity it is convenient to introduce a symbol for (0, 1) and i 
is the conventional choice. With this notation, we wr’ite 

2 = (5, y) = 2 + iy. 

In addition, we have Z = (z, -y) = x - iy’ and 

.Z+z z- z 
x=Rez=-> 

2 
y=Imz=T 

By Definition 10.1, (0, 1) (0, 1) = (- 1, 0) which cari be written as 
i2 = - 1. Thus in C the quadratic equation 

z2 + 1 = 0, 

has a solution. The historical reason for the development of the complex 
number system was to obtain a system of “numbers” in which every 
quadratic equation has a solution. It was realized that not every equa- 
tion with real coefficients has a real solution, and SO complex numbers 
were invented to remedy this defect. It is a well-known fact that not 
only do the complex numbers suflice to produce solutions for every 
quadratic equation with real coefficients, but they also suffice to guar- 
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antee solutions for any polynomial equation of arbitrary degree and 
with coefficients which may be complex numbers. This result is called 
the Iùndamental Theorem of Algebra and was proved first by the great 
Gaussi in 1799. 

Although C cannot be given the order properties discussed in Section 
5, it is easy to endow it with the metric and topological struct,ure of 
Sections 7 and 8. For, if z = (2, y) belongs to C, ‘we define the absolute 
value of 2 to be 

121 = (22 + yy. 

It is readily seen that the absolute value just defined has the properties: 
(9 14 2 0; 
(ii) jzl = 0 if and only if .z = 0; 
(iii) \wz\ = \w/ 121; 
(iv> II4 - /4I 5 Iw 31 4 L: 14 + 14. 

It will be observed that the absolute value of the complex number 
z = (z, y) is precisely the same as the length or norm of the element 
(x, y) in R*. Therefore, a11 of the topological properties of the Cartesian 
spaces that were introduced and studied in Sections 8 and 9 are meaning- 
ful and valid for C. In particular, the notions of open and closed sets 
in C are exactly as for the Cartesian space R2. Furthermore, the Nested 
Intervals Theorem 8.12, the Bolzano-Weierstrass Theorem 8.13, and 
the Connectedness Theorem 8.20 hold in C exactly as in R2. In addition, 
the Heine-Bore1 Theorem 9.3 and the Baire Theorem 9.8, together with 
their consequences, also hold in C. 

The reader should keep these remarks in mind throughout the remain- 
ing sect’ion of this book. It Will be seen that ail of the succeeding material 
which applies to Cartesian spaces of dimension exceeding one, applies 
epually well to the complex number system. Thus most of the results to 
be obtained pertaining to sequences, continuous functions, derivatives, 
integrals, and infinite series are also valid for C without change either 
in statement or in proof. The only exceptions to this statement are 
those properties which are based on the order properties of R. 

In this sense complex analysis is a special case of real analysis; how- 
ever, there are a number of deep and important new features to the 
study of analytic functions that have no general counterpart in the 
realm of real analysis. Hence only the fairly superficial aspect,s of com- 
plex analysis are subsumed in what we shah do. 

t CARL FRIEDRICH GAUSS (1777-1855), the prodigious son of a day laborer, was 
one of the greatest of a11 mathematicians, but is also remembered for his work in 
astronomy, physics, and geodesy. He became professor and director of the Observa- 
tory at Gottingen. 
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Exercises 

10.A. Show that the complex number iz is obtained from z by a counter- 
clockwise rotation of ?r/2 radians (= 90”) around the origin. 

10.B. If  c = (COS 0, sin 0) = COS 0 + i sin 0, then the number cz is obtained 
from z by a counter-clockwise rotation of 0 radians around the origin. 

10.C. Describe the geometrical relation between the complex numbers z and 
az + b, where a # 0. Show that the mapping defined for z E C, byf(z) = az + b, 
sends circles into circles and lines into lines. 

10.D. Describe the geometrical relations among the complex numbers z, Z and 
l/z for z # 0. Show that the mapping defined by g(z) = z sends circles into 
circles and lines into lines. Which circles and lines are left fixed under g ? 

1O.E. Show that the inversion mapping, defined by h(z) = l/z, sends circles 
and lines into circles and lines. Which circles are sent into lines? Which lines are 
sent into circles? Examine the images under h of the vertical lines given by the 
equation Re z = constant; of the horizontal lines Im z = constant; of the circles 
[z[ = constant. 

10.F. Investigate the geometrical character of the mapping defined by 
g(z) = z2. Determine if the mapping g is one-one and if it maps C onto a11 of C. 
Examine the inverse images under g of the lines 

Re z = constant, 

and the circles 1.~1 = constant. 

Im 2 = constant, 



Convergence 

The material in the preceding two chapters should provide an adequate 
understanding of the real number system and the Cartesian spaces. Now 
that these algebraic and topological foundations have been laid, we are 
prepared to pursue questions of a more analytic nature. We shall begin 
with the study of convergence of sequences, to be followed in later 
chapters by continuity, differentiation, integration, and series. Some of 
the results in this chapter may be familiar to the reader from earlier 
courses in analysis, but the presentation given here is intended to be 
entirely rigorous and to present certain more profound results which 
have not been discussed in earlier courses. 

In Section 11 we shall introduce the notion of convergence of a se- 
quence of elements in RP and establish some elementary but useful re- 
sults about convergent sequences. Section 12 is primarily concerned 
with obtaining the Monotone Convergence Theorem and the Cauchy 
Criterion. Next, in Section 13, we consider the convergence and uniform 
convergence of sequences of functions. The last section of this chapter 
deals briefly with the limit superior of a sequence in R; the Landau sym- 
bols 0, o; Cesàro summation of a sequence in RP; and double and iterated 
limits. This final section cari be omitted without loss of continuity. 

Section 11 Introduction to Sequences 

Although the theory of convergence cari be presented on a very ab- 
stract level, we prefer to discuss the convergence of sequences in a 
Cartesian space RP, paying special attention to the case of the real line. 
The reader should interpret the ideas by drawing diagrams in R and R2. 

11.1 DEFINITION. A sequence in R* is a function whose domain is 
the set N = (1,2, . . . } of natural numbers and whose range is contained 
in RP. 

98 
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In other words, a sequence assigns to each natural number n = 1, 2, 

. . .> a uniquely determined element of RP. Traditionally, the element of 
RP which is assigned to a natural number n is denoted by a symbol such 
as x,, and, although this notation is at variante with that employed for 
most functions, we shall adhere to the conventional symbolism. TO be 
consistent with earlier notation, if X: N -+ RP is a sequence, the value of 
X at n E N should be symbolized by X(n), rather than by xn. While we 
accept the traditional notation, we nlso wish to distinguish between the 
function X and its values X(n) = 2,. Hence when the elements of the 
sequence (that is, the values of the function) are denoted by xn, we shall 
denote the function by the notation X = (2,) or by X = (z, : n E N). 
We use the parentheses to indicate that the ordering in the range of X, 
induced by that in N, is a matter of importance. Thus we are distinguish- 
ing notationally between the sequence X = (2, : n E N) and the set 
Ix, : n E N] of values of this sequence. 

In defining sequences we often list in order the elements of the se- 
quence, stopping when the rule of formation seems evident. Thus we 
may Write 

(2,4, 67% . . .) 

for the sequence of even integers. A more satisfactory method is to 
specify a formula for the general term of the sequence, such as 

(2n:nc N). 

In practice it is often more convenient to specify the value x1 and a 
method of obtaining z,+,, n > 1, when 5% is known. Still more generally, 
we may specify x1 snd a rule for obtaining z~+~ from x1, x2, . . ., xn. We 
shall refer to either of these methods as inductive definitions of the se- 
quence. In this way we might define the sequence of even natural 
numbers by the definition 

x1 = 2, x~+~ = 2, + 2, n 2 1. 

or by the (apparently more complicated) definition 

x1 = 2, x~+~ = xn + x1, n 2 1. 

Clearly, many other methods of defining this sequence are possible. 
We now introduce some methods of constructing new sequences from 

given ones. 

11.2 DEFINITION. If X = (x,) and Y = (yn) are sequences in RP, 
then we define their sum to be the sequence X + Y = (2, + y,,) in 
RP, their difference to be the sequence X - Y = (x, - y,), and their 
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inner product to be the sequence Xe Y = (2,. yn) in R which is obtained 
by taking the inner product of corresponding terms. Similarly, if 
X = (2,) is a sequence in R and if Y = (y,,) is a sequence in RP, we 
define the product of X and Y to be the sequence in RP denoted by 
XY = (~,,y~). Finally, if Y = (Y~) is a sequence in R with y,, # 0, we 
cari define the quotient of a sequence X = (CC,) in RP by Y to be the 
sequence X/Y = (~/y~). 

For example, if X, Y are the sequences in R given by 

X = (2, 4, 6, . . ., 2n, . . .), y= 1,;,; ,...) 1)“. 
( - n 

then we have 

x+y= 
( 

2n2 + 1 3,;>; ,...> ~ 9.‘. , 
n ) 

x-y= l,;,; ,...,-)... > 
( 

2n2 - 1 

n > 

XY = (2, 2, 2, . 3 ) ..>‘)... , 

$ = (2, 8, 18, . . ., 279, . . .). 

Similarly, if 2 denotes the sequence in R given by 

z= l,O,l)..., 
( 

1 - (-1)” 
>“’ , 

2 ) 

then we have defined X + 2, X - Z and XZ; but X/2 is not defined, 
since some of the elements in 2 are zero. 

We now corne to the notion of the limit of a sequence. 

11.3 DEFINITION. Let X = (2,) be a sequence in RP. An element 
z of RP is said to be a limit of X if, for each neighborhood V of 2 there is 
a natural number KV such that if n 2 KV, then xn belongs to Y. If x is 
a limit of X, we also say that X converges to 2. If a sequence has a limit, 
we say that the sequence is convergent. If a sequence bas no limit then 
we say that it is divergent. 

The notation KV is used to suggest that the choice of K Will depend 
on V. It is clear that a small neighborhood V Will usually require a large 
value of KV in order to guarantee that Z, E V for n 2 KV. 

We ha,ve defined the limit of a sequence X = (x,) in terms of neigh- 
borhoods. It is often convenient to use the norm in RP to give an equiva- 
lent definition, which we now state as a theorem. 
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11.4 THEOREM. Let X = (5,) be a sequcnce in RP. An element .C of 
RP is a linzit of X if and only if for each positive real number E there is a 
natu& nunzbel K(E) such that if n 2 K(t), then jx, - z/ < E. 

PROOF. Suppose thut x is a limit of the sequence X according to 
Definition 11.3. Let E be a positive real number and consider the open 
bal1 V(E) = (y E RP : 1~ - x/ < t), which is a neighborhood of x. By 
Definition 11.3 there is a natural number Kvc,) such that if n 2 KV<,,, 
then zn E V(c). Hence if n 2 KV<,>, then ix,, - x1 < 6. This shows that 
the stated E property holds when x is a limit of X. 

Conversely, suppose that the property in the theorem holds for a11 
c > 0; we must show that Definition 11.3 is satisfied. TO do this, let V 
be any neighborhood of x; then there is a positive real number E such 
that the open bal1 V(C) with tenter 2 and radius E is contained in 1’. 
According to the E property in the theorem, there is a natural number 
K(t) such that if n 2 K(E), then 1~~ - xl < 6. Stated differently, if 
n 2 K(c), then z,, E V(C); hence X~ E V and the requirement in Defini- 
tion 11.3 is satisfied. Q.E.D. 

11.5 UNIQUENESS OF LIMITS. A sequence in RP cari have ut most one 
limit . 

PROOF. Suppose, on the contrnry that x’, 2” are limits of X = (x,) 
and that 2’ # 2”. Let V’, V” be disjoint neighborhoods of x’, x”, re- 
spectively, and let K’, K” be natural numbers such that if n > K’ then 
z, E V’ and if n 2. K” then .rn E V”. Let K = sup {K’, K”) SO that 
both xR E V’ and XK E V”. We infer that zK belongs to V’ A V”, con- 
trary to the supposition that V’ and V” are disjoint. 

Q.E.D. 

When a sequence X = (5,) in RP has a limit 5, we often Write 

5 = lim X, or x = lim (r,), 

or sometimes use the symbolism x, + 2. 

11.6 LEMMA. A convergent sequence in R? is bounded. 
PROOF. Let z = lim (x,,) and let c = 1. By Theorem 11.4 there exists 

a natural number K = K(1) such that if n 2 K, then jr,, - x/ 5 1. 
By using the Triangle Inequnlity, we infer thst if n 2 K, then 1.~~1 < 
1x1 + 1. If we set Al = sup (1~~1, IrrJ, . . ., lrK-.11, 1.~1 + l), then /zn/ 5 M 
for a11 R E N. 

Q.E.D. 

It might be suspected that the theory of convergence of sequences in 
RP is more complicated than in R, but this is not thc case (except for 
notat,ional mat,ters). In fact, the next result is important in thnt it shows 
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that questions of convergence in RP cari be reduced to the identical 
questions in R for the coordinate sequences. Before stating this result, 
we recall that a typical element 2 in RP is represented in coordinate 
fashion by “p-tuple” 

z = (b, t2, * * ‘, t,>. 

Hence each element in a sequence (2,) in RP has a similar representation; 
thus ca = (&n, ha, . . ., &,,). In this way, the sequence (z,,) generates p 
sequences of real numbers; namely, 

(Ed, (Ezn), * * *> ci,n>. 

We shall now show that the convergence of the sequence (z,J is faith- 
fully reflected by the convergence of these p sequences of coordinates. 

11.7 THEOREM. A sequence (z,,) in RP with 

in = CL, 4‘zn> . . ., S,>, n E N, 

converges to an element y = (vl, q2, . . ., Q,) if and only if the corresponding 
p sequences of real numbers 

(11.1) Gn>, (Fzn), * * *> CL), 

wnverge to 71, 112, . . ., vP respectively. 
PROOF. If 5, -+ y, then IX,, - y] < é for n 2 K(r). In view of 

Theorem 7.11, we have 

Itjn - Vil 5 I%i - YI < 5 n 1 K(e), j = 1, . . ., p. 

Hence each of the p coordinate sequences must converge to the corre- 
sponding real number. 

Conversely, suppose that the sequences in (11.1) converge to qj, 
j= 1,2 . ., p. Given E > 0, there is a natural number M(e) such that 
if n 2 M(E), then 

l&Yjn - 7)jl < E/V$ for j = 1, 2, . . ., p. 

From this it follows that, when n 2 M(e), then 

lx11 - Y12 = JC1 l5jn - 1111~ I E2, 

SO that the sequence (z,) converges to y. 
Q.E.D. 

We shall now present some examples. For the sake of simplicity in the 
calculations, we consider examples in R. 
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11.8 EXAMPLES. (a) Let (5,) be the sequence in R whose nth 
element is z,, = l/n. We shah show that lim (l/n) = 0. TO do this, let 
e be a positive real number; according to Theorem 5.14 there exists a 
natural number K(C), whose value depends on E, such that ~/K(E) < E. 
Then, if n 2 K(E) we have 

whence it follows that IX,, - 01 < É for n 2 K(E). This proves that 
lim (l/n) = 0. 

(b) Let a > 0 and consider the sequence 
1 

( > 
~ in R. We shah 

1 1 + na 
show that lim ~ 

( > 1 + na 
= 0. TO this end, we infer from Theorem 5.14 

that there exists a natural number K(E) such that l/K(e) < ac. Then, if 
n > K(E), we have 1 < anc and hence 1 < une + E = c(un + 1). We 
conclude, therefore, that if n 2 K(C), then 

1 
o<- 

1 + an < E, 

showing that lim (l/(l + an)) = 0. 

(c) Let b be a real number satisfying 0 < b < 1 and consider the 
sequence (b”). We shah show that lim (b”) = 0. TO do this, we note that 
we cari Write b in the form 

where a is a positive real number. Furthermore, using the Binomial 
Theorem, we have Bernoulli’s Inequality (1 + u)~ > 1 + na for n > 1. 
Hence 

1 
O < b” = (1 + a)n < 

1 
- for n>l. 
1 + na 

Since the term on the right side cari be dominated by t for n 2 K(E), 
then SO cari b*. From this we infer that bn -+ 0 whenever 0 < b < 1. 

(d) Let c be a positive real number and consider the sequence (CI/~). 
It Will be seen that lim (#) = 1. We shall carry out the details only 
for the case 0 < c < 1, leaving the similar but slightly easier case where 
1 2 c as an exercise for the reader. We note that if E > 0, then since 
0 < c, there exists a natural number K(e) such that if n 2 K(E) then 
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l/(l + en) < c. By using Bernoulli’s Inequality again we conclude 
that, for n 2 K(é), then 

1 1 

(1 + 4” < 
-<c<l. 
1 + en 

We infer that l/(l + e) < P < 1, whence it follows that 

SO that 

-E 1 
- = - -1 < cl’n -1 < 0, 
1+c l+E 

p - 1 < 1 + E 1 -E<E, 

whenever n 2 K(E). This establishes the fact that ~11~ + 1, when 
O<c<l. 

11.9 DEFINITION. If X = (z,) is a sequence in R* and if r1 < r2 < 
. . . <r, < . . . is a strictly increasing sequence of natural numbers, 
then the sequence X’ in R* given by 

( x71, xr2, . . .) Xi”, . . .>, 

is called a subsequence of X. 

It may be helpful to connect the notion of a subsequence with that of 
the composition of two functions. Let g be a function with domain N 
and range in N and let g be strictly increasing in the sense that if n < m, 
then g(n) < g(m). Then g defines a subsequence of X = (z,) by the 
formula 

X 0 g = (x,(,) : n E N). 

Conversely, every subsequence of X has the form X 0 g for some strictly 
increasing function g with a(g) = N and a(g) c N. 

It is clear that a given sequence has many different subsequences. 
Although the next result is very elementary, it is of sufficient importance 
that it must be made explicit. 

11.10 LEMMA. If a sequence X in RP converges to an element x, then 
any subsequence of X also converges to 2. 

PROOF. Let V be a neighborhood of the limit element x; by definition, 
there exists a natural number Kv such that if n 2 KV, then xn belongs 
to V. Now let X’ be a subsequence of X; say 

X’ = (x,,, XI,, . . .) xr,, . . .). 
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Since rn 2 n, then T, > KV and hence xr, belongs to V. This proves 
that X’ also converges to z. 

Q.E.D. 

11.11 COROLMY. 1f X = (cc,) is a sequence which converges to un 
element x of RP and if m is any nutural number, then the sequence X’ = 
(x m+l, xm+2, . . .) also converges to 5. 

PROOF. Since X’ is a subsequence of X, the result follows directly 
from the preceding lemma. 

Q.E.D. 

The preceding results have been mostly directed towards proving that 
a sequence converges to a given point. It is also important to know- pre- 
cisely what it means to say that a sequence X does not converge to x. 
The next result is elementary but not trivial and its verificat,ion is an 
important part of everyone’s education. Therefore, we leave its detailed 
proof to the reader. 

11.12 THEOREM. If X = (z,) is a sequence in RP, then the following 
statements are equisalent: 

(a) X does not converge to 5. 
(b) There exists a neighborhood V of x such that if n is any natural 

number, then there is a natural number m = m(n) 2 n such that xm does 
not belong to V. 

(c) There exists a neighborhood V of x and a subsequence X’ of X such 
that none of the elements of X’ belong to V. 

11.13 EXAMPLES. (a) Let X be t’he sequence in R consisting of thc 
natural numbers 

X = (1,2, . . ., 12, . . .). 

Let x be any real number and consider the neighborhood V of x consist- 
ing of the open interval (5 - 1, x + 1). According to Theorem 5.14 
there exists a natural number k, such that x + 1 < lco; hence, if ‘n 2 lia, 
it follows that xn = n does not belong to V. Therefore the subsequence 

X’ = (ko, ko + 1, . . .) 

of X bas no points in V, showing that X does not converge to n. 
(b) Let Y = (y,) be the sequence in R consisting of Y = (- 1, 1, . . ., 

(-l)“, . . .). We leave it to the reader to show that no point y, except 
possibly y = 2 1, cari be a limit of Y. We shall show that the point 

Y = - 1 is not a limit of Y; the consideration for y = +l is entirely 
similar. Let 1’ be the neighborhood of y = - 1 consisting of t,he open 
interval (-2, 0). Then, if n is eb’en, the element l/,, = (-1)” = +1 
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does not belong to 1’. Therefore, the subsequence Y’ of Y corresponding 
to rn = 2n, n E N, avoids the neighborhood V, showing that y = -1 
is not a limit of Y. 

(c) Let 2 = (2,) be a sequence in R with zn 2 0, for n 1 1. We con- 
clude that no number z < 0 cari be a limit for 2. In fact, the open set 
V = {ut: E R :z < 0) is a neighborhood of z containing none of the ele- 
ments of 2. This shows (why?) that z cannot be the limit of 2. Hence 
if 2 has a limit, this limit must be non-negative. 

The next theorem enables one to use the algebraic operations of 
Definitions 11.2 to form new sequences whose convergence cari be pre- 
dicted from the convergence of the given sequences. 

11.14 THEOREM. (a) Let X and Y be sequences in RP which con- 
verge to x and y, respectively. Then the sequences X + Y, X - Y, and 
X’ Y converge to x + y, x - y and x. y, respectively. 

(b) Let X = (x,) be a sequence in RP which converges to x and let 
A = (a,) be a sequence in R which converges to a. Then the sequence 
(a,~,) in RP converges to ux. 

(c) Let X = (x,) be a sequence in RP which converges to x and Zet 
B = (b,) be a sequence of non-zero real numbers which converges to a non- 
zero number b. Then the sequence (b,lx,) in RP converges to b-lx. 

PROOF. (a) TO show that (x, + yn) -+ x + y, we need to appraise 
the magnitude of / (x, + yn) - (z + y) 1. TO do this, we use the Triangle 
Inequality to obtain 

(11.2) /CL + Un) - (x + Y)1 = I (xn - 2) + (Y75 - Y>1 
5 lxn - xl + IYn - Yl. 

By hypothesis, if E > 0 we cari choose K, such that if n 2 K1, then 
(xn - x1 < ~/2 and we choose K, such that if n 2 Kz, then \y% - y1 < 
~/2. Hence if Ko = sup {K,, Kz) and n 2 Ko, then we conclude from 
(11.2) that 

/ (2, + yn) - (x + YIl < 42 + 42 = c. 

Since this cari be done for arbitrary E > 0, we infer that X + Y con- 
verges to x + y. Precisely the same argument cari be used to show that 
X - Y converges to x - y. 

TO prove that X. Y converges to z. y, we make t,he estimate 

(x,*y, - x.yl = I(xn*ya - xn.y) + G7k.Y - X.Y)l 

I /Xn.(Yn - Y)1 + l(xn - X).Yl. 

Using the C.-B.-S. Inequality, we obtain 

(11.3) Ix,*yn - x.?/ 2 IXnllYn - YI + 1% - XllYl* 
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According to Lemma 11.6, there exists a positive real number M which 
is an Upper bound for (1~~1, Iyi). In addition, from the convergence of 
X, Y, we conclude that if E > 0 is given, then there exist natural numbers 
K,, Kz such that if n 2 KI, then lyn - y[ < ~/264 and if n 2 Kz then 
lxri - xj < E/~M. New choose K = sup ( K1, K,) ; then, if n 2 K, we 
infer from (11.3) that 

Ixn*yn - x-y1 I en - y/ + MIX, - xl 

This proves that X. Y converges to 5. y. 
Part (b) is proved in the same way. 
TO prove (c), we estimate as follows: 

Now let M be a positive real number such that 

$ < lbl and 1x1 < M. 

lt follows that there exists a natural number Ko such that if n 2 Ko, then 

$ < lbnl and 1~~~1 < M. 

Hence if n 1 Ko, the above estimate yields 

Therefore, if E is a preassigned positive real number, there are natural 
numbers K1, Kz such that if n 2 K1, then lb, - bl < +Ma and if 
n 2 Kz, then Ix,, - x[ < E/~M. Letting K = sup (Ko, K,, KzJ we con- 
clude that if n 2 K, then 

which proves that (x,/b,) converges to x/b. 
Q.1B.D. 
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11.15 APPLICATIONS. Again we restrict our attention to sequences 
in R. 

(a) Let X = (z,) be the sequence in R defined by 

2n + 1 
2 =-, n 

n+5 
n E N. 

We note that we cari Write xn in the form 

2 + lin x =-* 11 
1 + 5/n ’ 

thus X cari be regarded as the quotient of Y = (2 + l/n) and 
2 = (1 + 5/n). Since the latter sequence consists of non-zero terms and 
has limit 1 (why?), the preceding theorem applies to allow us to conclude 
that 

limX=‘~=~=2. 

(b) If X = (x,) is a sequence in R which converges to x and if p is a 
polynomial, then the sequence defined by (p(x,) :n E N) converges to 
p(x). (Hint: use Theorem II.14 and induction.) 

(c) Let X = (x,) be a sequence in R which converges to z and let T be 
a rational function; that is, r(y) = p(y)/q(y), where p and p are poly- 
nomials. Suppose that q(x,,) and q(x) are non-zero, then the sequence 
(r (z,) : n E N) converges to T(X). (Hint : use part (b) and Theorem 11.14.) 

We conclude this section with a result which is often useful. It is 
sometimes described by saying that one “passes to the limit in an 
inequality.” 

11.16 LEMMA. Suppose that X = (x,) is a convergent sequence in 
RP with limit x. If there exists an element c in RP and a number r > 0 
such that 

Ix, - cl 5 r 

for n su$kiently large, then Ix - c( 5 r. 

PROOF. The set V = (y E RP : [y - CI > r] is an open subset of RP. 
If x E V, then V is a neighborhood of x and SO x,, E V for sufficiently 
large values of n, contrary to the hypothesis. Therefore x t Tr and hence 
12 - c/ 5 r. 

Q.E.D. 

It is important to note that we have assumed the existence of the 
limit in this result, for the remaining hypotheses are not sufficient to 
enable us to prove its existence. 
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Exercises 

11..4. If  (5,) and (y,) are convergent sequences of real numbers and if z,, 22 y, 
for a11 n E N, then lim (2,) 5 lim(y,). 
91 11.B. If  X = (.rn) and Y = (y,) are sequences of real numbers which both 
converge to c and if 2 = (2,) is a sequence such that z,, 5 z,, 5 yn for n E N, 
then .C also converges to c. 
- 11.12. For z,, given by the following formulas, either establish the convergence 
or thc divergence of the sequence Y = (2,) : 

(b) 
(-1pn 

xn=-> 
nfl 

Cc) 
2n 

xn = gq ’ (d) 
2n2 + 3 

5”=gqy+ 

te) 5, = n2 - 72, (0 z, = sin(n). 

11.11. If  X and Y are sequences in RP and if S + Y converges, do X and Y 
converge and have lim (X + 1’) = lim X + lim Y ? 

11.E. If  X and Y are sequences in R~I and if X. Y converges, do S and Y 
converge and have lim X. Y = (lim X) . (lim Y) ? 
\,ll.?. I f  X is a sequence in RP, does X converge to an element 2 if and only 
if the real sequence Y = (lx,,[) converges to [z[ ? 

1l.G. If  X = (5,) is a non-negative sequence which converges to x, t)hen 
(fi) converges to &. (Hint: dz - v’% = (2, - x)/(6 + q&) 
when x # 0.) 

11.H. If  X = (x,) is a sequence of real numbers such that Y = (x,~) converges 
to 0, l,hen does X converge to 0 ? 

11.1. If  x, = m - fi, do the sequences X = (x,,) and Y = (z/E x,) 
converge? 

11.;. I f  X = (x,) is a sequence of positive numbers and if lim (.z,+~/s,) exists 
and etpals a number less than 1, then lim Y = 0. (Hint: show that for sorne r 
with Il < r < 1 and some A > 0, then 0 < x,, < Ar” for sufficiently large n.) 

Il.!<. If, in Esercise 1l.J. the sequcnce (x,+,/x,) converges to a number 
greatt r than 1, then the sequence X does not converge. 

11.1,. Give an example of a sequence X = (2,) of positive numbers with 
lim (z,+~/x,) = 1 and su& that lim X = 0. Also give an example of a divergent 
sequence X such that lim (x,+~/x,) = 1. 
‘1l.lA. Let c be a positive real number. Examine the convergence of the 
sequence X = (2,) with xn = n/cn. 

ll.lY. Let c > 0 and examine the convergence of X = (P/n!). 
11.0. Examine the convergence of X = (n*j2”). 
11 1’ Let xn = nl’” for n E N, and let h, = z,, - 1 > 0. If  n> 2, it follows 

km’& Binomial Theorem that 

n = (1 + h,)R > $I(n - l)h,Z. 
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Use this to show that lim (&) = 1. 

ll.Q. If  X = (z,) is a sequence of positive numbers and if lim (~,l/~) exists 
and equals a number less than 1, then lim X = 0. o@Iint: show that for some T 
with 0 < r < 1 and some A > 0, then 0 < xn < AP for large n.) 

ll.R. If, in Exercise ll.Q, lim (x,lln) > 1, then the sequence X is divergent. 

1l.S. Give an example of a sequence X = (CC,) of positive numbers with 
lim (~,,l’n) = 1 and such that lim X = 0. Also, give an example of a divergent 
sequence X such that lim (x,,l”‘) = 1. 

ll.T. Re-examine the convergence of Exercises ll.M, N, 0 in the light of 
Exercises ll.P, Q, R. 

ll.U. If  0 < 6 5 a and if x,, = (un + bn)lln, then lim (x,) = a. 

ll.V. If  x = lim (x,,) and if Ix,, - CI < B for a11 n E N, then is it true that 
12 - CI < t ? 

Projects 

11.~~. Let d be a metric on a set M in the sense of Exercise 7.N. If  X = (z,) 
is a sequence in M, then an element x in M is said to be a limit of X if, for each 
positive number c there exists a natural number K(E) such that if n> K(t), 
then d(x,, x) < e. Use this definition and show that Theorems 11.5, 11.6, 11.10, 
11.11, 11.12 cari be extended to metric spaces. Show that the metrics dl, dz, d, 
in RP give rise to the same convergent sequences. Show that if d is the discrete 
metric on a set, then the only sequences which converge relative to d are those 
sequences which are constant after some point. 

il.& Let s denote the collection of a11 sequences in R, let m denote the colIec- 
tion of a11 bounded sequences in R, let c denote the collection of a11 convergent 
sequences in R, and let c. denote the collection of all sequences in R which 
converge to zero. 

(a) With the definition of sum given in Definition 11.2 and the defmition of 
product of a sequence and real number given by a(~,) = (a~,), show that each 
of these collections has the properties of Theorem 7.3. In each case the zero 
element is the sequence 0 = (0, 0, . . ., 0, . . . ). (We sometimes say that these 
collections are linear spaces or vector spaces.) 

(b) If  X = (x,) belongs to one of the collections m, c, co, define the norm of 
X by 1x1 = SU~( Il,,( :n E N). Show that this norm function has the properties 
of Theorem 7.8. (For this reason, we sometimes say that these collections are 
normed linear spaces.) 

(c) If  X and Y belong to one of these three collections, then the product XY 
also belongs to it and IXYJ 2 1x1 IYI. G ive an example to show that equality 
may hold and one to show that it may fail. 

(d) Suppose that X = (x,) and Y = (y,) belong to m, c, or eo, and de- 
fine d(X, Y) = sup {Ix,, - y,,1 :n E N). Show that d yields a metric on each 
of these collections. 
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(e) Show that, if a sequence (X,) converges to Y relative to the metric d 
defined in (d), then each coordinate sequence converges to the corresponding 
coordinate of Y. 

(f) Give an example of a sequence (X,) in cg where each coordinate sequence 
converges to 0, but where d(X,, 0) does not converge to 0. 

Section 12 Criteria for the Convergence of Sequences 

Until now the main method available for showing that a sequence is 
convergent is to identify it as a subsequence or an algebraic combination 
of convergent sequences. When this cari be done, we are able to calculate 
the limit using the results of the preceding section. However, when this 
cannot be done, we have to fa11 back on Definition 11.3 or Theorem 11.4 
in order to establish the existence of the limit. The use of these latter 
tools has the noteworthy disadvantage that we must already know (or 
at least suspect) the correct value of the limit and we merely verify that 
our suspicion is correct. 

There are many cases, however, where there is no obvious candidate 
for the limit of a given sequence, even though a preliminary analysis Ihas 
led to the belief that convergence does take place. In this section we 
give some results which are deeper than those in the preceding section 
and which cari be used to establish the convergence of a sequence when 
no particular element presents itself as a candidate for the limit. In fact 
we do not even determine the exact value of thc limit of the sequence. 
The first result in this direction is very important. Although it cari be 
generalized to RP, it is convenient to restrict its statement to the case of 
sequences in R. 

12.1 MONOTONE CONVERGENCE THEOREM. Let X = (2,) be a 
sequence of real numbers which is monotone increasing in the sense that 

x1 I x2 5 *-. I xn I xn+l I . .. 

Then the sequence X converges if and only if it is bounded, in which case 
lim (2,) = sup { zn). 

PROOF. It was seen in Lemma 11.6 that a convergent sequence is 
bounded. If x = lim (x,) and E > 0, then there exists a natural numiber 
K(e) such that if n 1 K(e), then 

x-~~x,~x+E. 

Since X is monotone, this relation yields 

x - E 5 sup (x9$} 5 x + E, 
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x*-eA x* fr*+t 
I !  1 < , , , > , , 
I I I 8 “““’ / 

Xl x2 x3 

Figure 12.1 

whence it follows that jz - sup (z,} 1 5 E. Since this holds for a11 E > 0, 
we infer that lim (z,) = z = sup (2,). 

Conversely, suppose that X = (z,) is a bounded monotone increasing 
sequence of real numbers. According to the Supremum Principle 6.6, the 
supremum 2* = sup (z,) exists; we shall show that it is the Emit of X. 
Since x* is an Upper bound of the elements in X, then xn < x* for n E N. 
Since x* is the supremum of X, if G > 0 the number x* - E is not an 
Upper bound of X and exists a natural number K such that 

x* - e < XK. 

In view of the monotone character of X, if n 2 K, then 

x* - e < xn 5 x*, 

whence it follows that 12, - x*1 < E. Recapitulating, the number x* = 
sup (2,) has the property that, given e > 0 there is a natural number K 
(depending on E) such that lxn - X*I < E whenever n 1 K. This shows 
that z* = lim X. 

Q.E.D. 

12.2 COROLLARY. Let X = (x,) be a sequence of real numbers which 
is monotone decreasing in the sense that 

Xl 2 x2 > * - * 2xn2xn+12 a**. 

Then the sequence X converges if and only if it is bounded, in which case 
lim (2,) = inf ix,}. 

PROOF. Let yn = -2, for n E N. Then the sequence Y = (y,,) is 
readily seen to be a monotone increasing sequence. Moreover, Y is 
bounded if and only if X is bounded. Therefore, the conclusion follows 
from the theorem. 

Q.E.D. 

12.3 EXAMPLES. (a) Let X = (x,) be the sequence in R defined by 
x,, = I/n. It is seen from Theorem 5.5 that 1 < 2 < a.. <n < .a., 
and it follows from Theorem 5.6 that x1 > xz > . + . > zn > . . . . Also 
we see that z,, > 0 for a11 natural numbers n. It therefore follows from 
Corollary 12.2 that the sequence X = (l/n) converges. (Of course, we 
know that the limit of X is 0; but the existence of the limit follows even 
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if we are not able to evaluate inf (z,) .) Once the convergence of X is 
assured, we cari evaluate its limit by using Lemma 11.10 snd Theorem 
11.14. In fact, if X’ = (1/2, 1/4, . . ., 1/2n, . . .), then it follows that 

1imX = 1imX’ = +limX. 

We conclude, therefore, that lim X = 0. 
(b) Let Y = (y,) be the sequence in R defined inductively by 

y1 = 1, yn+1 = (2?/, + 3)/4 for n E N. 

Direct calculation shows that y1 < y2 < 2. If yn-1 < y, < 2, then 

2y+1 + 3 < 2y, + 3 < 2.2 + 3, 

from which it follows that yn < Y,,+~ < 2. By induction, the sequence Y 
is monotone increasing and bounded above by the number 2. It follows 
from the Monotone Convergence Theorem that the sequcnce Y con- 
verges to a limit which is no greater than 2. In this case it might not be SO 
easy to evaluate y = lim Y by calculating sup (y,). However, once we 
know that the limit exists, there is anothcr way to calculate its value. 
According to Lemma 11.10, we have y = lim (y,,) = lim (Y,+~). Using 
Theorem 11.14, the limit y must satisfy the relation 

y = (2y + 3)/1. 

Therefore, we conclude that y = Q. 
(c) Let 2 = (2,) be the sequence in R defined by 

21 = 1, znfl = 6 for n E N. 

It is clear that z1 < .z2 < 2. If z, < z,+~ < 2, then 22, < 2~,+~ < 4 and 
Lt1 = 6 < .z,+z = +z,+~ < 2 = 4. (Why?) This shows that 
2 is a monotone increasing sequence which is bounded nbove by 2; hence 
2 converges to a number z. It may be shown directly that 2 = sup (z,,) 
SO tha; the limit z = 2. Alternatively, we cari use the method of the 
preceding example. Knowing that the sequence has a limit z, we con- - 
clude from the relation z~+~ = 422, that z must satisfy z = 6. TO 
find the roots of this last equation, we square to obtain 9 = 2z, which 
has roots 0, 2. Evidently 0 cannot be the limit; hence this limit must 
equal 2. 

(d) Let U = (u,) be the sequence of real numbers defined by uR = 
(1 + l/n)” for n E N. Applying the Binomial Theorem, we cari write 

1L.=1+;:+ 
n(n - 1) 1 n(n - l)(n - 2) 1 

2! 2+ 3! 
$+ .** 

+ 
n(n - 1) ... 2.1 1 -. 

n! 72% 
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Dividing the powers of n into the numerators of the hinomial coefficients, 
we have 

..=1+1+~(1-jl)+~(~-~)(,-~) 

+ *** +$(1 -+(1-A) . . . (1 +). 

Expressing un+1 in the same way, we have 

..+l=l+l+&&)+gl--&)(l-$) 
+ . . . +-$(1 - &)(l - *) .*. (1 -s) 

+~n:l,!(l-~)(l-~).‘.(l-~)’ 

Note that the expression for un contains n + 1 terms and that for u,+r 
contains n + 2 terms. An elementary examinntion shows that each term 
in unis no greater than the corresponding term in unfl and the latter has 
one more positive term. Therefore, we have 

TO show that the sequence is bounded, we observe that if p = 1, 2, . . ., n, 
then (1 - p/n) < 1. Moreover, 2~’ 5 p! (why?) SO that l/p! 5 1/2=-l. 
From the above expression for un, these estimates yield 

2<u,<1+1+;+;+... +&<3, n>2. 

It follows that the monotone sequence U is bounded above by 3. The 
Monotone Convergence Theorem implies that the sequence U converges 
to a real number which is at most 3. As is probably well-known to the 
reader, the limit of U is the fundamental number e. By refining our 
estimates we cari find closer rational approximations to the value of e, 
but we cannot evaluate it exactly in this way since it is irrational - 
although it is possible to calculate as many decimal places as desired. 
(This illustrates that a result such as Theorem 12.1, which only estab- 
lishes the existence of the limit of a sequence, cari be of great use even 
when the exact value cannot be easily obtained.) 

The Monotone Convergence Theorem is extraordinarily useful and 
important, but it has the drawback that it applies only to sequences 
which are monotone. It behooves us, therefore, to find a condition which 
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will imply convergence in R or RP without using the monotone property. 
This desired condition is the Cauchy Criterion, which Will be introduced 
below. However, we shah first give a form of the Bolzano-Weierstrsss 
Theorem 8.13 that is particularly applicable for sequences. 

12.4 BOLZANO-WEIERSTRASS THEOREM. A bounded sequence in RP 
has a ctwergent subsequence. 

PROOF. I&X = (x,) be a bounded sequence in RP. If there are ordy 
a finite number of distinct values in the sequence X, then at least one of 
these values must occur infinitely often. If we define a subsequence of X 
by selecting this element each time it appears, we obtain a convergent 
subsequence of X. 

On the other hand, if the sequence X contains an infinite number of 
distinct values in RP, then since these points are bounded, the Bolzano- 
Weierstrass Theorem 8.13 for sets implies that there is at least one cluster 
point, say x*. Let x.& be an element of X such that 

IX% - x”( < 1. 

Consicler the neighborhood Vz = (y : \y - x*1 < 6). Since the point Z* 
is a cluster point of the set SI = (~:rn 2 1 ), it is also a cluster point 
of the set SZ = (x,,,:m > nl) obtained by deleting a finite number of 
elements of X1. (Why?) Therefore, there is an element x,,* of SS (whence 
nz > 12~) belonging to VP,. Now let Vs be the neighborhood VI = (y: 
(y - ::*/ < Q) and let 5’3 = { xm:m > n2). Since x* is a cluster point of 
Sa there must be an element xn8 of SB (whence n3 > nz) belonging to VS. 
By ccntinuing in this way we obtain a subsequence 

X’ = ha,, xn,, . . .) 
of X with 

Ix?+ - x*1 < l/r, 

SO that lim X’ = x*. 
Q.E.D. 

12.5 COROLLARY. If X = (x,) is a sequence in RP and x* is a cluster 
pain,! of the set {x, : n E N), then there is a subsequence X’ of X zwhich 
converges to x*. 

In fact, this is what the second part of the proof of 12.4 established. 
We now introduce the important notion of a Cauchy sequence in RP. 

It Mill turn out later that a sequence in RP is convergent if and only if 
it is a Cauchy sequence. 

114.6 DEFINITION. A sequence X = (x,) in R~is said to be a Cauchy 
sequence in case for every positive real number e there is a natural num- 
ber M(e) such that if m, n 2 M(E), then Ixm - z,,\ < E. 
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In order to help motivate the notion of a Cauchy sequence, we shall 
show that every convergent sequence in RP is a Cauchy sequence. 

12.7 LEMMA. If X = (x,) is a convergent sequence in RP, then X is 
a Cauchy sequence. 

PR~OF. If x = lim X; then given E > 0 there is a natural number 
K(e/2) such that if n > K(e/2), then IX~ - $1 < 42. Thus if M(e) = 
K(E/~) and m, n 2 M(E), then 

Ixm - X?&I I lxm - xl + Ix - xnl < 42 + E/2 = e. 

Hence the convergent sequence X is a Cauchy sequence. 
Q.E.D. 

In order to apply the Bolzano-Weierstrass Theorem, we shall require 
the following result. 

12.8 LEMMA. A Cauchy sequence in RP is bounded. 

PROOF. Let X = (z,) be a Cauchy sequence and let É = 1. If 
m = M(1) and n 2 M(l), then IX~ - xnl < 1. From the Triangle In- 
equality this implies that IX~~ < lxml + 1 for n 1 M(1). Therefore, if 
B = sup (1x11, . . ., Ix~-~\,IG,~ + 11, then we have 

Ix,,1 2 B for n E N. 

Thus the Cauchy sequence X is bounded. 
Q.E.D. 

12.9 LEMMA. Ij a subsequence X’ of a Cauchy sequence X in RP con- 
verges to an element x, then the entire sequence X converges to x. 

PROOF. Since X = (x,) is a Cauchy sequence, given E > 0 there is a 
natural number M(E) such that if m, n 2 M(e), then 

c*> lxm-- xnl < E. 

If the sequence X’ = (zni) converges to x, there is a natural number 
K 2 M(e), belonging to the set { nl, nz, . . . } and such that 

lx - XKl < e. 

Now let n be any natural number such that n 2 M(E). It follows that 
(*) holds for this value of n and for m = K. Thus 

lx - xnl I lx - XKl + ]Xi( - xnl c 25 

when n 2 M(E). Therefore, the sequence X converges to the element 2, 
which is the limit of the subsequence X’. 

Q.E.D. 
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Since we have taken these preliminary steps, we are now prepared to 
obtain the important Cauchy Criterion. Our proof is deceptively short, 
but the alert reader Will note that the work has already been done and 
we are merely putting the pieces together. 

12.10 CAUCHY CONVERGENCE CRITERION. A sequence in RP is 
convergent if and only if it is a Cauchy seqwnce. 

PROOF. It was seen in Lemma 12.7 that a convergent sequence must 
be a Cauchy sequence. 

Conversely, suppose that X is a Cauchy sequence in RP. It follows 
from Lemma 12.8 that the sequence X is bounded in RP. According to 
the Bolzano-Weierstrass Theorem 12.4, the bounded sequence X has a 
convergent subsequence X’. By Lemma 12.9 the entire sequence X con- 
verges to the limit of X’. 

Q.E.D. 

12.11 EXAMPLES. (a) Let X = (z,) be the sequence in R defmed 
by 

x1 = 1, 22 = 2, . . ., xn = (x+~ + x&/2 for n > 2. 

It cari be shown by induction that 

15 xn 2 2 for n E N, 

but the sequence X is neither monotone decreasing nor increasing. 
(Actually the terms with odd subscript form an increasing sequence 
and those with even subscript form a decreasing sequence.) Since the 
terms in the sequence are formed by averaging, it is readily seen that 

Thus if m > n,we employ the Triangle Inequality to obtain 

Ix?$ - xml I Izn - xn+ll + * * * + lLn-l - xml 

1 1 1 
( 

1 1 1 =- + . . . p-1 +F2=g 1+,+ . . . +- > < -. 
pn-n-1 p-2 

Given E > 0, if n is chosen SO large that 1/2” < ~/4 and if m 2 n, it fol- 
lows that 

Ix, - x,1 < e. 

Therefore, X is a Cauchy sequence in R and, by the Cauchy Criterion, 
the sequence X converges to a number 2. TO evaluate the limit we note 
that on taking the limit the rule of definition yields the valid, but unin- 
formative, result 

x = 4 (x + x) = 2. 
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However, since the sequence X converges, SO does the subsequence with 
odd indices. By induction we cari establish that 

It follows that 

2&+1= 1+ f ( 1 + i + *** +& > 
1 1 - 1/4” 2 1 

=1+y l-l,4 =1+3 l-4, * 
( > 

Therefore, the subsequence with odd indices converges to 5; hence the 
entire sequence has the same lin-rit. 

(b) Let X = (x,,) be the real sequence given by 

1 1 1 1 1 x1= --_- 
$x2-l! 

)..., x 
n 

---- - . . . 
2! l! 2! 

+ +onfl,... 
n. I 

Since this sequence is not monotone, a direct application of the Mono- 
tone Convergence Theorem is not possible. Observe that if m > n, then 

(-1>n+z (-l)n+3 C-1)” x* - xm = -. 
(n+l)!+ (n+2)!+ ‘** + m! 

Recalling that 2-1 < r!, we find that 

1% - xml 5 l 
(n+l)!+ (nJ2)!+ *‘* +t! 

Therefore the sequence is a Cauchy sequence in R. 
(c) If X = (x,J is the sequence in R defined by 

&A+;+ . . . +I 
n 

for n E N, 

and if m > n, then 

1 1 
XWI - xn = -+ 

n+l 
-+ . . . +i. 
n+2 
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Since each of these m - n terms exceeds l/m, this difference exceeds 
(m - n)/m = 1 - n/m. In particular, if m = 2n, we have 

x2n -X?&>i 

This shows that X is not a Cauchy sequence, whence we conclude that 
X is divergent. (We have just proved that the “harmonie series” is 
divergent. ) 

Exercises 

12.A. Give the details of the proof of Corollary 12.2. 
12.B. Let x1 be any real number satisfying ~1 > 1 and let x2 = 2 - l/zl, 

. . ‘7 xn+l = 2 - 1/x,, . . . . Using induction, show that the sequence X = (x,) 
is monot80ne and bounded. What is the limit of this sequence? 

12.C. Let x1 = 1, x2 = 4% , . . ., x,,+~ = de , . . . . Show that the 
sequence (x~) is monotone increasing and bounded. What is the limit of this 
sequence? 

12.D. If  a satisfies 0 < a < 1, show that the real sequence X = (an) con- 
verges. Since Y = (a’“) is a subsequence of X, it is also convergent and 

lim X = lim Y = (lim X)z. 

Use this to show that lim X = 0. 
12.E. Show that a sequence of real numbers has either a monotone increasing 

subsequence or a monotone decreasing subsequence. Give an example of a 
sequence with both a monotone increasing subsequence and a monotone decreas- 
ing subsequence. 

12.F. Use Exercise 12.E. to prove the Bolzano-Weierstrass Theorem for 
sequences in R. 

12.G. Give an example of a sequence in RP which has no convergent sub- 
sequence . 

12.H. Consider the convergence of the sequence X = (x,), where 

1 
x,=-+- 

n+l 
1 + 

nf2 
. ..+i for n E N. 

12.1. Let X = (x,) and Y = (y,) be sequences in RP and let 2 = (2,) be the 
“shuffled” sequence in RP defined by 

21 = Xl, 22 = y1, 23 = X2) 24 = y2, . . . 

.%n = yn, ZZn+l = x7%+1> . . . 

1s it true that 2 is convergent if and only if X and Y are convergent and lim X = 
lim Y? 

12.5. Show directly that the sequences 

are Cauchy sequences in R. 
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12.K. Show directly that the sequences 

(4 (C--l)“), (b) (n+q), (c) (n2), 

are not Cauchy sequences in R. 
12.L. If  X = (z,) is a sequence of positive real numbers, if 

lim ?!!k! = L, 
( ) X7l 

and if e > 0, then there exist positive numbers A, B and a number K such that 

A(L - e)n 5 xn 5 B(L + e)n for n> K. 

Use Example 11.8(d) and prove that lim (x,lln) = L. 
12.M. Apply Example 123(d) and the preceding exercise to the sequence 

(nn/n!) to show that 

lim -.Y.- = e. 
( ) (n!)l’n 

12.N. If  X = (x,) is a sequence in R and x > 0, then is it true that lim X = z 
if and only if 

lim Z, = O? 
( > X?l + x 

12.0. If  x,, = (1 + l/n)n+l, show that lim (x,) = e. 
12.P. If  x,, = (1 + 1/2n)” and y,, = (1 + 2/n)“, show that (z,) and (y,,) 

are convergent. 
12.Q. Let 0 < a1 < bl and define 

a2 = xh&, bz = (a1 + b1)/2, . . ., 

a++1 = danb, , b,+l = (a, + b,)/2, . . . . 

Prove that az < bz and, by induction, that a,, < b,. Show that the sequences 
(a,,) and (b,) converge to the same limit. 

12.R. If  X = (x,) is not a Cauchy sequence in RP, then does there exist an 
unbounded subsequence of X? 

12,s. If  xn belongs to a subset A of RP, and xn # x for a11 n E N and if x = 
lim(x,), then x is a cluster point of A. 

12.T. If  x is a cluster point of a subset A of RP, then does there exist a sequence 
(x,) of elements of A which converges to x? 

12.U. Prove the Cantor Intersection Theorem 9.4 by taking a point .r,, in F, 
and applying the Bolzano-Weierstrass Theorem 12.4. 

12.V. Prove the Nearest Point Theorem 9.6 by applying the Bolzano-Weier- 
strass Theorem 12.4. 

12.W. Prove that if K1 and K2 are compact subsets of RP, then there exist 
points x1 in KI and x2 in K* such that if z1 E K1 and 22 E KS, then IzI - ze( 2 
151 - 221. 

12.X. If  K1 and Kz are compact subsets of RP, then the set K = 1 x + y: 
x E K1, y E Kz) is compact. 
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Projet h 

12.a. Let F be an Archimedean field in the sense of Section 5. 
(a) Show that if F has the property that every bounded monotone increasing 

sequence in F is convergent, then F ii3 complete in the sense of Definition 6.1. 
(b) Show that if F has the properliy that every bounded sequence in F has a 

subsequence which converges to an element of F, then F is complete. 
(c) Show that if F has the property that every Cauchy sequence in F has a 

limit in F, then F is complete. 
(In view of these results, we could have taken any of these three properties as 
our fundamental completeness property for the real number system.) 

12.0. In this project, let m, c, and cg designate the collections of real sequences 
that were introduced in Project 11.0 and let cl denote the metric defined in part 
(d) of that project. 

(a) I:f r E 1 and r = O.rlrz. . . r,, . . . is its decimal expansion, consider the 
element X, = (T,) in m. Conclude that there is an uncountable subset A of m 
such th.àt if X, and X, are distinct elements of A, then d(X,, X,) 2 1. 

(b) S#uppose that B is a subset of c with the property that if X and Y are 
distinct elements of B, then d(X, Y) > 1. Prove that B is a countable set. 

(c) IF j E N, let Zi = (z,j : TZ E N) be the sequence whose first j elements 
are 1 and whose remaining elements are 0. Observe that Zi belongs to each of 
the metric spaces m, c, and c,, and that d(Zi, Z,) = 1 for j # k. Show that the 
sequence (Zi : j E N) is monotone in the sense that each coordinate sequence 
(Z,j : j 1: N) is monotone. Show that the sequence (Zj) does not converge with 
respect to the metric d in any of the three spaces. 

(d) S#how that there is a sequence (Xi) in m, c, and c. which is bounded (in 
the sense that there exists a constant K such that d(Xj, 0) 5 K for a11 j E N) 
but which possesses no convergent subsequence. 

(e) (If dis a metric on a set M, we say that a sequence (Xi) in M is a Cauchy 
sequence if d(Xj, X,) < E whenever j, k 2 K(e). We say that M is complete 
with respect to d in case every Cauchy sequence in M converges to an element 
of M.) Prove that the sets m, c, and c. are complete with respect to the metric cl 
we have been considering. 

(f) Letf be the collection of a11 real sequences which have only a finite number 
of non-niero elements and define d as b’efore. Show that d is a metric on f, but that 
fis not complete with respect to d. 

Section 13 Sequences of Functions 

In the two preceding sections we considered the convergence of 
sequences of elements in RP; in the present section we shall consider 
sequences of functions. After some preliminaries, we shall introduce the 
basic notion of uniform convergence of a sequence of functions. 

Unless there is special mention to the contrary, we shall consider 
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functions which hsve their common domain D in the Cartesian space 
RP and their range in RQ. We shall use the same symbols to denote the 
algebraic operations and the distances in the spaces RP and RP. 

If, for each natural number n there is a function jn with domain D 
and range in RP, we shall say that (j,,) is a sequence of functions on D 
to R*. It should be understood that, for any point x in D such a sequence 
of functions gives a sequence of elements in R*; namely, the sequence 

(13.1) (.fn(x)) 

which is obtained by evaluating each of the functions at x. For certain 
points 2 in D the sequence (13.1) may converge and for other points 
x in D this sequence may diverge. For each of those points x for which 
the sequence (13.1) converges there is, by Theorem 11.5, a uniquely 
determined point, of R*. In general, the value of this limit, when it 
exists, Will depend on the choice of the point x. In this way, there arises 
a function whose domain consists of a11 points x in D E RP for which 
the sequence (13.1) converges in RP. 

We shall now collect these introductory words in a forma1 definition 
of convergence of a sequence of functions. 

13.1 DEFINITION. Let (j,,) be a sequence of functions with common 
domain D in RP and with range in Rq, let Do be a subset of D, and let 
f be a function with domain containing Do and range in R*. We say that 
the sequence (f,J converges on Do to f if, for each x in Do the sequence 
(jn(x)) converges in R* to f(x). In this case we cal1 the function f the 
limit on Do of the sequence (f,,). When such a function f exists we say 
that the sequence (f,,) converges to f on Do, or simply that the sequence 
is convergent on Do. 

It follows from Theorem 11.5 that, except for possible restrictions 
of the domain D,,, the limit function is uniquely determined. Ordinarily, 
we choose Do to be the largest set possible; that is, the set of a11 x in D 
for which (13.1) converges. In order to symbolize that the sequence 
(j,J converges on Do to f we sometimes Write 

f = lim (f,,) on Do, or f,, --+ f on Do. 

We shall now consider some examples of this idea. For simplicity, 
we shall treat the special case p = q = 1. 

13.2 EXAMPLES. (a) For each natural number n, let fn be defined 
for x in D = R by f,,(x) = x/n. Let f be defined for a11 x in D = R by 
f(x) = 0. (See Figure 13.1.) The st’atement that the sequence (j,,) con- 
verges on R to f is equivalent to the statement that for each real number 
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Figure 13.1 

CC the numerical sequence (z/n) converges to 0. TO see that this is the 
case, we apply Example 12.3 (a) and Theorem 11.14(b). 

(b) Let D = (CC E R : 0 5 2 5 1) and for each natural number n let 
j,, be defined by f,,(x) = xn for a11 x in D and let j be defined by 

f(x) = 0, 0 < 5 < 1, 

= 1, 2 = 1. 

Figure 13.2 
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(See Figure 13.2.) It is clear that when z = 1, then f,,(z) = f,,(l) = 
1” = 1 SO that f,,(l) +f(l). We have shown in Example 11.8(c), that 
if 0 < z < 1, then f,,(s) = 5” -+ 0. Therefore, we conclude that (f,J 
converges on D to f. (It is not hard to prove that if z > 1 then (f,,(z)) 
does not converge at all.) 

(c) Let D = R and for each natural number n, let fn be the function 
defined for x in D by 

x2 + 722 
f?%(x) = ~ ’ n 

and let f(x) = x. (See Figure 13.3.) Sincef,(x) = (x”/n) + x, it follows 
from Example 12.3(a) and Theorem 11.14 that (fn(x)) converges to 
f(x) for a11 z E R. 

Figure 13.3 

(d) Let D = R and, for each natural number n, let f,, be defined to 
be fn(x> = Cl/ n sin (nx + n). (See Figure 13.4.) (A rigorous definition > 
of the sine function is not needed here; in fact, a11 we require is that 
Isin y1 5 1 for any real number y.) If fis defined to be the zero function 
plè”)b;), x E R! then f = lim (f,J on R. Indeed, for any real number 2, 

Iffi - f(x)1 = ‘, /sin (ns + n>l I i - 
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Figure 13.4 

If E > 0, there exists a natural number K(e) such that if n 2 K(e), 
then l/n < é. Hence for such n we conclude that 

Ifnb> - fb>l < E 

no matter what the value of 2. Therefore, we infer that the sequence 
(f,J converges to f. (Note that by choosing n sufficiently large, we cari 
make the differences Ifn(z) - f(z)1 arbitrarily small for a11 values of CC 
simultaneously !) 

Partly to reinforce Definition 13.1 and partly to prepare the way for 
the important notion of uniform convergence, we formulate the follow- 
ing restatement of Definition 13.1. 

13.3 LEMMA. A sequence (f,,) of functions on D E RP to RQ converges 
to a function f on a set D0 5 D if and only if for each e > 0 and each x in 
Do there is a natural number K (E, x) such that if n 2 K (e, x), then 

(13.2) If*b> - f(x)1 < e. 
Since this is just a reformulation of Definition 13.1, we shall not go 

through the details of the proof, but leave them to the reader as an 
exercise. We wish only to point out that the value of n required in 
inequality (13.2) Will depend, in general, on both t > 0 and 2 E Do. 
An alert reader Will have already noted that, in Examples 13.2(a-c) 
the value of n required to obtain (13.2) does depend on both a > 0 
and 2 E Do. However, in Example 13.2(d) the inequality (13.2) cari be 
satisfied for a11 x in Do provided n is chosen sufficiently large but depend- 
ent on e alone. 

It is precisely this rather subtle difference which distinguishes between 
the notions of “ordinary” convergence of a sequence of functions (in 
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the sense of Definition 13.1) and “uniform” convergence, which we 
now define. 

13.4 DEFINITION. A sequence (f,J of functions on D 5: RP to R* 
converges uniformly on a subset DO of D to a function fin case for each 
a > 0 there is a natural number K(e) (depending on E but net on x E Do) 
such that if n 2 K(é), and z E Do, then 

(13.3) Ifnb) - fb)l < 6 
In this case we say that the sequence is uniformly convergent on Do. 
(See Figure 13.5.) 

Figure 13.5 

It follows immediately that if the sequence (f,,) is uniformI:y conver- 
gent on Do to f, then this sequence of functions also converges to f in 
the sense of Definition 13.1. That the converse is not true is ‘seen by a 
careful examination of Examples 13.2 (a-c) ; other examples will be given 
below. Before we proceed, it is useful to state a necessary and sufficient 
condition for the sequence Or,) to jail to converge uniformly on Do to f. 

13.5 LEMMA. A sequence df,J does not converge unijormly on Do to 
f if and on& if for some ~0 > 0 there is a subsequence vnk) of (f,,) and a 
sequence (xk) in Do such that 

(13.4) kfnr(xd - f(mc)l 2 to for k E N. 

The proof of this result merely requires that the reader negate Defi- 
nition 13.4. It will be left to the reader as an essential exercise. The 
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preceding lemma is useful to show thst Exnmples 13.2(a-c) do not con- 
verge uniformly on the given sets DO. 

13.6 EXAMPLES. (a) We consider Example 13.2(a). If nk = k and 
xk = k, then fk(zk) = 1 SO that 

jfk(xk) -f(xk)l = 11 - 01 = 1. 

This shows that the sequence (f,,) does not converge uniformly on R 
to f. 

(b) We consider Example 13.2(b). If nk = k and x8 = ($)“k, then 

Ifk(zk) - f(xk)l = lfk(xk)I = 3. 

Therefore, we infer that the sequence cfn) does not converge uniformly 
on (XER:O~~~~) tof. 

(c) We consider Example 13.2(c). If nk = k and 21; = k, then 

lfkbd - fhk) 1 = k, 

showing that (fk) does not converge uniformly on R t,o f. 
(d) We consider Example 13.2(d). Then, since 

Ifnb> - fb>l I lin 
for a11 x in R, the sequence (fn) converges uniformly on R to f. However, 
if we restrict our attention to D = [0, l] and shuffle (f,,) with (g,), 
where g,(x) = xn, the resulting sequence (h,) converges on D to the 
zero function. That the convergence of (h,) is not uniform cari be seen 
by looking at the subsequence (g,) = (hz,) of (h,). 

In order to establish uniform convergence it is often convenient to 
make use of the notion of the norm of a function. 

13.7 DEFINITION. If fis a bounded function defined on a subset D 
of RP and with values in RP, the D-norm off is the real number given by 

(13.5) llfll~ = sup ilf(~)I : x E DI. 
When the subset D is understood, we cari safely omit the subscript on 
the left side of (13.5) and denote the D-norm off by IlfI/. 

13.8 LEMMA. If f and g are bounded functions dejked on D c RP 
to RP, then the D-norm satisjîes: 

(a) Ilfij = 0 if and only if f (x) = 0 for ail x E D. 
(b) j Icf j 1 = Ici 1 If[ 1 for any real number c. 
cc> I Ilfll - Il911 I 5 Ilf * dl 2 llfll + IlsIl. 
PROOF. (a) If f (5) = 0 for a11 z E D, then If(x)\ = 101 = 0 for a11 

PJ E D SO that IlfIl = sup {If(~)[:s E D} = 0. Conversely, if there exists 
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an element z. E D with f(zo) # 8, then I~(X~) 1 > 0 and hence IiflI 2 
Ifbo)l > 0. 

(b) This follows since ]C~(Z) 1 = ICI If(s)/. 
(c) According to the Triangle Inequality 7.8(iv), 

!V(x> 5 sb>l 5 If(s>1 + Isb>l, 
and by Definition 13.7 the right-hand side is dominated, for each .x E D, 

by Ilfil + lldl. Th ere ore, f this last number is an Upper bound for the 

set W(x) If: d4l : 2 E D), SO we conclude that 

llf * 911 i Ml + IIYII. 
The other part of this inequality is proved as in Theorem 7.8. 

Q.E.D. 

The reader Will have noted that the set of bounded functions on D 
to RP admits a function which possesses some of the same properties 
as the distance function in Rq. The fact that the D-norm, as deflned in 
Definition 13.7, satisfies the Norm Properties 7.8 is sometimes summa- 
rized by saying that the set of bounded functions on D c RP to RP is a 
normed linear space. Although such ideas are of considerable interest 
and importance, we shah not pursue this line of thought any further, 
but content ourselves with the connection between the D-norm and 
uniform convergence on the set D. 

13.9 LEMMA. A sequenee (f,,) of bounded junetions on D c RP to RP 
converges uniformly on D to a function f if and only if 

Ilfn -fil -ta 
PROOF. If the sequence (f,,) converges to f uniformly on D, then for 

e > 0 there is a natural number K(e) such that if n 2 K(E) and .r E D, 
then jfn(z) - f(z) 1 < e. This implies that if n 2 K(E), then 

IlA --fil = SUP (lfnb> -f(dI : 5 E Dl I E. 

Hence Il& - fil converges to zero. 
Conversely, if / Ifrr - fil converges to zero, then for 6 > 0 and x E D 

we have 

lfn(x> -fb>I i Ilfn -Al < ‘> 
provided that n 1 K(e). Therefore, if x E D and n 2. K(E), then 

Ifn(x) - f(x) I < 6. 
This shows that the sequence (f,,) converges uniformly on D to the 
function f. 

Q.E.D. 
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We now illustrate the use of this lemma as a tool in examining a 
sequence of functions for uniform convergence. We observe first that 
the norm has been defined only for bounded functions; hence we cari 
employ it (directly, at least) only when the sequence consists of bounded 
functions. 

13.10 EXAMPLES. (a) We cannot apply Lemma 13.9 to the example 
considered in 13.2(a) and 13.6(a) for the reason that the functions j,,, 
defined to be f,,(x) = x/n, are not bounded on R, which was given as 
the domain. For the purpose of illustration, we change the domain to 
obtain a bounded sequence on the new domain. For convenience, let 
us take D = [0, 11. Although the sequence (x/n) did not converge uni- 
formly to the zero function on the domain R (as was seen in Example 
13.6(a)), the convergence is uniform on D = [0, 11. TO see this, we 
calculate the D-norm of f,, - f. In fact, 

and hence I]f,, - fi 1 = l/n -+ 0. 
(b) We now consider the sequence discussed in Examples 13.2(b) 

and 13.6(b) without changing the domain. Here D = {x E R:x > O] and 
fn(x) = xn. The set D,, on which convergence takes place is Do = [0, l] 
and the limit function f is equal to 0 for 0 5 x < 1 and equal to 1 for 
x = 1. Calculating the Do-norm of the difference f,, - f, we have 

Ilf,,-fil =SU~[: ~~~<‘}= 1 for ~EN. 
1 

Since this Do-norm does not converge to zero, we infer that the sequence 
(fn) does not converge uniformly on Do = [0, l] to f. This bears out our 
earlier considerations. 

(c) We consider Example 13.2(c). Once again we cannot apply 
Lemma 13.9, since the functions are not bounded. Again, we choose a 
smaller domain, takmg D = [0, a] with a > 0. Since 

l.L(x) - f(x)1 = 1 x+ - 2 j = f 8 
the D-norm of j,, - j is 

Ilfn-fll=sup(lfn(5>-f(5)I:O~51a] =$ 

Hence the sequence converges uniformly to f on the interval [0, a]. 
(Why does this not contradict the result obtained in Exercises 13.6(c)?) 
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(d) Referring to Example 132(d), we consider the function fn(z) = 
(l/n) sin (ns + n) on D = R. Here the limit function f(z) = 0 for a11 
x E D. In order to establish the uniform convergence of this sequ.ence, 
note that 

llfn - fil = sup i O/n> jsin (nx + n>l : x E R 1 

But since /sin y\ 5 1, we conclude that /lfn -fil = l/n. Hence (fJ 
converges uniformly on R, as was established in Example 13.6(d). 

One of the more useful aspects of the norm is that it facilitates the 
formulation of a Cauchy Criterion for the uniform convergence of a 
sequence of bounded functions. 

13.11 CAUCHY CRITERION FOR UNIFORM CONVERGENCE. Let (fn) 

be a sequence of bounded functions on D in RP with values in RP. Then 
there is a function to which (fn) is uniformly conve-ent on D if an,d only 
if for each E > 0 there is a natuyal number M(E) such that if na, n 2 A~(E), 
then the D-norm satisfies 

Ilfm - fnll < t. 
PROOF. Suppose that the sequence (f,J converges uniformly on D 

to a function f. Then, for E > 0 there is a natural number K(E) such 
that if n 2 K(E), then the D-norm satisfies 

Ilf* -fil < 42. 
Hence if both m, n 2 K(C), we conclude that 

Ilfm - fnll 5 Ilfm -fil + Ilf - fnll < 6. 
Conversely, suppose the Cauchy Criterion is satisfied and that for 

E > 0 there is a natural number M(E) such that the D-norm satisfies 

Ilfm - fnll < (: w h en m, n 2 M(e). Now for each x E D we bave 

(13.6) If,,,(z) - f,,(x)l 5 I\f* - fnll < e for m, n 2 M(E). 

Hence the sequence (f%(x)) is a Cauchy sequence in RP and SO converges 
to some element of R*. We define f for x in D by 

f(x) = lim (fnG>>. 

From (13.6) we conclude that if m is a fixed natural number satisfying 
m 2 M(e) and if n is any natural number with n 2 M(t), then for a11 
x in D we have 

If&> - fnb)l < e* 
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Applying Lemma 11.16, it follows that for m 2 M(e) and z E D, then 

Ifm(x> - f(x) I 2 e. 

Therefore, the sequence (j,,,) converges uniformly on D to the function f. 
Q.E.D. 

Exercises 

In these exercises you may make use of the elementary properties of the trig- 
onometric and exponential functions from earlier courses. 

13.A. For each n E N, let f,, be defined for z > 0 by f,,(z) = l/(nz). For 
what values of 2 does Iim (f,,(z)) exist? 

13.B. For each n E N, let g,, be defined for z 2 0 by the formula 

qn(x) = nx, 0 5 2 2 l/n, 

1 =-> l/n < 2, 
nx 

Show that lim (g,,(x)) = 0 for a11 x > 0. 
13.C. Show that lim ((COS ~2)~~) exists for a11 values of x. What is its Iimit? 
13.D. Show that, if we define f,, on R by 

fn(x) = &’ 
then (f,,) converges on R. 

13.E. Let h, be defined on the interval 1 = [0, 1] by the formula 

h,(x) = 1 - nx, 0 2 2 5 l/n, 

= 0, l/n < 2 5 1. 

Show that lim (h,) exists on I. 
13.F. Let qn be defined on I by 

go(x) = nx, 0 5 2 5 l/n, 

= 5 (1 - xl, l/n < 2 2 1. 

Show that lim (g,) exists on 1. 
13.G. Show that if f,, is defined on R by 

2 
f%(x) = - Arc tan (TU), 

* 

then f = lim (fn) exists on R. In fact the limit is given by 

f(x) = 1, x > 0, 
= 0, x = 0, 
= -1 , x < 0. 
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13.H. Show that lim (eqz) exists for x 2 0. Also consider the existence of 
lim (2~.4-~). 

13.1. Suppose that (z,,) is a convergent sequence of points which lies, together 
with its limit 2, in a set D c RD. Suppose that (f ,, ) converges on D to the function 
f. 1s it true thatf(z) = lim (f,,&))? 

13.5. Consider the preceding exercise with the additional hypothesis that the 
convergence of the (f,,) is uniform on D. 

13.K. Prove that the convergence in Exercise 13.A is not uniform on the 
entire set of convergence, but that it is uniform for 2 2 1. 

13.L. Show that the convergence in Exercise 13.B is not uniform on the 
domain .z 2 0, but that it is uniform on the set z 1 c, where c > 0. 

13.M. 1s the convergence in Exercise 13.D uniform on R? 
13.N. 1s the convergence in Exercise 13.E uniform on I? 
13.0. 1s the convergence in Exercise 13.F uniform on I? 1s it uniform on 

[c, l] for c > O? 
13.P. Does the sequence (zen*) converge uniformly for 2 > O? 
13.Q. Does the sequence (?‘e-*=) converge uniformly for z 2 O? 
13.R. Let (f,,) be a sequence of functions which converges on D to a functionf. 

If A and B are subsets of D and it is known that the convergence is uniform on 
A and also on B, show that the convergence is uniform on A U B. 

13.5. Let M he the set of ah bounded functions on a subset D of 1~~ with 
values in Rg. If f, g belong to M, define d(f, g) = I]f - 911. Show that d is a 
metric on M and that convergence relative to d is uniform convergence on D. 
Give an example of a sequence of elements of M which is bounded relative to d 
but which does not have a subsequence which converges relative to d. 

Section 14 Some Extensions and Applications 

The Limif Superior 

In Section G we introduced the supremum of a set of real numbors 
and we have made much use of this notion since then. The reader will 
recall that we cari describe the supremum of a set S of real numbers as 
the infimum of those real numbers wbich are exceeded by no element 
of S. In dealing with infinite sets it is often useful to relax things some- 
what and to allow a finite number of larger elements. Thus if S is a 
bounded infinite set, it is reasonable to consider the infimum of those 
real numbers which are exceeded by only a finite number of elements of S. 

For many purposes, however, it is important to consider a slight 
modification of this idea applied to sequences and not just sets of real 
numbers. Indeed, a sequence X = (z,,) of real numbers does form a 

set ix,,) of real numbers, but the sequence has somewhat more structure 
in that it is indexed by the set of natural numbers; hence there is a kind 
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of ordering that is not present in arbitrary sets. As a result of this index- 
ing, the same number may occur often in the sequence, while there is 
no such idlea of “repetition” for a general set of real numbers. Once thii 
difference is pointed out it is easy to make the appropriate modification. 

14.1 I~EFINITION. If X = (5,) is a sequence of real numbers which 
is bounded above, then the limit superior of X = (x,,), which we 
denote by 

lim sup X, lim sup (G), or lim (PJ,), 

is the infimum of those real numbers v with the property that there are 
only a finite number of natural numbers 7~ such that v < G. (See 
Figure 14.1.) 

I!I t 11 

Figure 14.1 

In a dual fashion, if the real sequence X is bounded below, then the 
limit inferior of X = (CE,,), which we denote by 

lim inf X, lim inf (z,), or lb (2,) 

is the supremum of those real numbers w with the property that there 
are only a finite number of natural numbers m such that xrn < w. 

14.2 LEMMA. Let X = (x,) be a sequence of real numbers which is 
bounded. Then the limit superior of X exists and is uniquely determined. 

(Many authors use the notation lim sup X = + ~0 as an abbreviation 
of the statement that the sequence X is not bounded above. When it is 
realized that this is merely an abbreviation and is not a promotion of 
+ m into the real number system, no harm is done. However, we shah 
not employ this notational convention.) 

There are other ways that one cari define the limit superior of a 
sequence. The verification of the equivalence of these alternative defi- 
nitions is an instructive exercise which the reader should Write out 
in detail. 

14.3 THEOREM. If X = (x,) is a sequence of real numbers which is 
bounded above, then the jollowing statements are equivalent: 

(a) x* = lim sup (2,). 
(b) If E > 0, there are only a jinite number of natural numbers n such 

that x* + c < x,, but there are an injînite number such that x* - c < x,,. 
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(c) I~V, = sup {cc, : n 2 m), then 2* = inf (v,: m 2 1). 
(d) lfvm = sup (x, : n 2. m), then x* = lim (Q. 
(e) If V is the set of real numbers v such that there is a subsequence of 

X which converges to v, then x* = sup V. 

Both characterisations (d) and (e) cari be regarded as justification 
for the term “lin& superior”. There are corresponding characterizations 
for the liiit inferior of a sequence in R which is bounded below, but we 
shall not Write out a detailed statement of these characterizations. 

We now establish the basic algebraic properties of the superior and 
inferior limits of a sequence. For simplicity we shall assume that the 
sequences are bounded, although some extensions are clearly possible. 

14.4 THEOREM. Let X = (CC,,) and Y = (y,,) be bounded sequences 
of real numbers. Then the following relations hold: 

(a) lim inf (xn) 5 lim sup (x,). 
(b) 1f c 2 0, then lim inf (cx,,) = c lim inf (xn) and lim sup (~2,) = 

c lim sup (x,) . 
(b’) 1f c < 0, then lim inf (cx,) = c lim sup (x,J and lim sup (cx,) = 

c lim inf (xn) . 
(c) lim inf (xn) + lim inf (y,) 5 lim inf (xn + y,). 
(d) lim sup (x, + y,J 5 lim sup (5,) + lim sup (y,). 
(e) If x,, < y,, for ail n, then lim inf (x,,) 5 lim inf (y,J and also 

lim sup (xn) < lim sup (y,). 
PROOF. (a) If w < lim inf (x,) and v > lim sup (x,,), then the:e are 

infinitely many natural numbers n such that w < x,,, while tbere are 
only a finite number such that v < z,,. Therefore, we must have w 5 v, 
which proves (a). 

(b) If c 2. 0, then multiplication by c preserves a11 inequalities of the 
form w 5 xn, etc. 

(b’) If c < 0, then multiplication by c reverses inequalities a:nd con- 
verts the Emit superior into the limit inferior, and conversely. 

Statement (c) is dual to (d) and cari be derived directly from (d) or 
proved by using the same type of argument. TO prove (d), let v > lim 
sup (x,) and u > lim sup (y,,) ; by definition there are only a finite 
number of natural numbers n such that x,, > v and a finite number 
such that y,, > U. Therefore there cari be only a finite number of n such 
that x,, + y,, > v + u, showing that lim sup (x,, + y,,) 5 v + u. This 
proves statement (d). 

We now prove the second assertion in (e). If u > lim sup (yJ, then 
there cari be only a finite number of natural numbers n such that u < y,,. 
Since x,, 5 y,,, then lim sup (x,,) 2 U, and SO lim sup (x,,) < lim’sup (y,,). 

Q.E.D. 
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Each of the alternative definitions given in Theorem 14.3 cari be used 
to prove the parts of Theorem 14.4. It is suggested that some of these 
alternative proofs be written out as an exercise. 

It might be asked whether the inequalities in Theorem 14.4 cari be 
replaced by equalities. In general, the answer is no. For, if X = (( - l)“), 
then lim inf X = -1 and 1imsupX = +l. If Y = ((-1)‘+1), then 
X+ Y = (0)sothat 

lim inf X + lim inf Y = - 2 < 0 = lim inf (X + Y), 

limsup(X+Y)=O<2=limsupX+limsupY. 

We have seen that the inferior and superior limits exist for any 
bounded sequence, regardless of whether the sequence is convergent. 
We now show that the existence of lim X is equivalent to the equality 
of lim inf X and lim sup X. 

14.5 LEMMA. Let X be a bounded sequence of real numbers. Then X 
is convergent if and only if lim inf X = lim sup X in which case lim X 
is the common value. 

PROOF. If z = lim X, then for each E > 0 there is a natural number 
N(e) such that 

x - E < xn < x + E, n 1 N(E). 

The second inequality shows that lim sup X 5 x + E. In the same way, 
the first inequality shows that z - B 5 lim inf X. Hence 0 5 lim sup 
X - lim inf X 5 2~, and from the arbitrary nature of e > 0, we have 
the stated equality. 

Conversely, suppose that :c = lim inf X = lim sup X. If e > 0, it 
follows from Theorem 14.3(b) that there exists a natural number N,(t) 
such that if n 2 N,(t), then zn < zr + E. Similarly, there exists a natural 
number NZ(e) such that if n 2 N*(e), then z - E < z,,. Let N(E) = 
sup (Ni(e), N2(e)]; if n 2 N(E), then \rn - XI < E, showing that 
x = lim X. 

Q.E.D. 

The Landau1 Symbols 0, o 

It is frequently important t,o estimate the “order of magnitude” of 
a quantity or to compare two quantities relative to their orders of 
magnitude. In doing SO, it is often convenient to discard terms which 

t EDMUND (G. H.) LANDAU (1877-1938) was a professor at Gottingen. He is well- 
known for his research and his books on number theory and analysis. His books 
are noted for their rigor and brevity of style. 
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are of a lower order of magnitude since they make no essential contri- 
bution. As an example of what is meant, consider the real sequences 
defined by 

x,, = 2n + 17, y,, = n2 - 5n for n E N. 

’ In a sense, the term 17 plays no essential role in the order of magni- 
tude of x,; for when n is very large the dominant contribution cornes 
from the term 2n. We would like to say that, for large n the order of 
magnitude of (x,) is the same as that of the sequence (2n). In the same 
way it is seen that for large n the term n2 in y,, dominates the terni -5n 
and SO the order of magnitude of the sequences (y,,) and (n”) are the 
same. Furthermore, although the first few terms of the sequence (2,) 
are larger than the corresponding terms of (y,), this latter sequence 
ultimately out-distances the former. In such a case we wish to say that, 
for large n the sequence (xn) has lower order of magnitude than the 
sequence (y,). 

The discussion in the preceding paragraph was intended to be sugges- 
tive and to exhibit, in a qualitative fashion, the idea of the compaaative 
order of magnitude of two sequences. We shah now make this idea 
more precise. 

14.6 DEFINITION. Let X = (2,) be a sequence of RP and let Y = 
(y,) be a non-zero sequence in RP. We say that they are equivalent 
and Write 

X - Y or CG) - (Y,>, 

in case 

We say that X is of lower order of magnitude than Y and Write 

X = o(Y) or rn = o(yJ, 
in case 

Finally, we say that X is dominated by Y and write 

X = O(Y) or xn = O(y,), 

in case there is a positive constant K such that lxnl 5 K jynl for a11 
sufficiently large natural numbers 12. 

[In the important special case where RP = RP = R, we often Write 
(x,,) - (y,) only when the somewhat more restrictive relation lim 
(x,,/y,J = 1 holds.] 
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It is clear that if X - Y OI’ if X = o(Y), then X = O(Y). The 
relation of equivalence is symmetric in the sense that if X - Y, then 
Y - X. However, if X = o(Y), then it is impossible that Y = o(X). 
On the other hand, it is possible that both X = O(Y) and Y = 0 (X) 
without having X - Y. For example, if X = (2) and Y = (2 + (-l)“), 
then 

14 5 21~4, Iynl I 214, n E N. 

Hence X = O(Y) and Y = O(29, but X and Y are not equivalent. 
Some additional properties of these relations will be considered in the 
exercises. 

Cesàro Summation 

We have already defined what is meant by the convergence of a 
sequence X = (2,) in RP to an element x. However, it may be possible 
to attach x to the sequence X as a sort of “generalized limit,” even 
though the sequence X does not iconverge to x in the sense of Definition 
11.3. There are many ways in w’hich one cari generalize the idea of the 
limit of a sequence and to give very much of an account of some of 
them would take us far beyond l;he scope of this book. However, there 
is a method which is both elementary in nature and useful in applications 
to oscillatory sequences. Since it is of some importance and the proof 
of the main result is typical of many analytical arguments, we inject 
here a brief introduction to the theory of Cesàrot summability. 

14.7 DEFINITION. If X = (6,) is a sequence of elements in RP, 
then the sequence S = (a,) defined by 

Xl + x2 Xl + x2 + * * . + 2% 
CT1 = Xl, u2 = ~ > *. .> 6, = , * * .> 

2 72 

is called the sequence of arithmetic means of X. 

In other words, the elements of S are found by averaging the terms 
in X. Since this average tends to smooth out occasional fluctuations 
in X, it is reasonable to expect t’hat the sequence S has more chance of 
converging than the original sequence X. In case the sequence S of 
arithmetic means converges to an element y, we say that the sequence 
X is Cesàro summable to y, or tha,t y is the (C, 1)-limit of the sequence X. 

For example, let X be the non-convergent real sequence X = 
(1, 0, 1, 0, * . .) ; it is readily seen that if n is an even natural number, 

t ERNESTO CESÀRO (1859-1906) studied in Rome and taught at Naples. He did work 
in geometry and algebra as well as analysis. 
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then un = 3 and if n is odd then u, = (n + l)/Zn. Since $ = lim (o,), 

the sequence X is Cesàro summable to $, which is not the limit of X 
but seems like the most natural “generalized limit” we might try to 
attach to X. 

It seems reasonable, in generalizing the notion of the limit of a 
sequence, to require that the generalized limit give the usual value of 
the limit whenever the sequence is convergent. We now show that the 
Cesàro method has this property. 

14.8 THEOREM. 1j the sequence X = (2,) converges to 2, then the 
sepuence S = (un) of arithmetic means also converges to x. 

PROOF. We need to estimate the magnitude of 

(14.2) <T, - 2 = xl + x2 +n’ ” + xn _ x 

+(Xl-5)+(22-2)+...+(2.-2)). 

Since 5 = lim (x,), given e > 0 there is a natural number N(c) such 
that if m 2 N(E), then lx,,, - 51 < E. Also, since the sequence X = (xJ 
is convergent, there is a real number A such that (zk - 51 < A for a11 
k. If n 2 N = N(E), we break the sum on the right side of (14.2) into 
a sum from k = 1 to k = N plus a sum from k = N + 1 to k = n. 
We apply the estimate IX~ - x/ < E to the latter n - N terms to obtain 

If n is sufficiently large, then NA/n < E and since (n - N)/n < 1, we 
find that 

lu% - xl < 2é 

for n suficiently large. This proves that x = lim (a,). 
Q.E.D. 

We shall not pursue the theory of summability any further, but refer 
the reader to books on divergent series and summability. For example, 
see the books of E. Knopp, G. H. Hardy, and P. Dienes listed in the 
References. One of the most interesting and elementary applications of 
Cesaro summability is the celebrated theorem of Fejért which asserts 
that a continuous function cari be recovered from its Fourier series by 

t LEOPOLD FEJÉR (1880-1959) studied and taught at Budapest. He made interesting 
contributions to various ares of real and complex analysis. 
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the process of Cesàro summability, even though it cannot always be 
recovered from this series by ordinary convergence. (See Apostol or 
H. Bohr.) 

Double and Iterated Sequences 

We recall that a sequence in RP is a function defined on the set N of 
natural numbers and with range in RP. A double sequence in RP is a 
function X with domain N X N consisting of a11 ordered pairs of natural 
numbers and range in RP. In other words, at each ordered pair (m, n) 
of natural numbers the value of the double sequence X is an element 
of RP which we shall typically denote by z,,,,,. Generally we shah use a 
symbolism such as X = (PJ,,,) to represent X, but sometimes it is 
convenient to list the elements in an array such as 

Xl1 x12 . . . Xln . . . 

x21 2% . . . xzn . . . 

(14.3) x= 

1 1 

. . . . . . . . . . . 

Xml xm2 . . . xmn . . . 

. . . . . . . . . . . . 

Observe that, in this array, the first index refers to the row in which 
the element x,,,,, appears and the second index refers to the column. 

14.9 DEFINITION. If X = (x,,) is a double sequence in RP, then 
an element x is said to be a limit, or a double limit, of X if for each 
positive number E there is a natural number N(e) such that if m, n 1 
N(e) then 

lxmn - 21 < E. 

In this case we say that the double sequence converges to x and write 

x = lim (xmn), or 2 = lim X. 
mn 

Much of the elementary theory of limits of sequences carries over 
with little change to double sequences. In particular, the fact that the 
double limit is uniquely determined (when it exists) is proved in exactly 
the same manner as in Theorem 11.5. Similarly, one cari defme algebraic 
operations for double sequences and obtain results exactly parallel to 
those discussed in Theorem 11.14. There is also a Cauchy Criterion for 
the convergence of a double sequence which we will state, but whose 
proof we leave to the reader. 
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14.10 CAUCHY CRITERION. If X = (z,,) is a double sequence in 
RP, then X is convergent if and anly if for each potitive real number c 
there is a natural number M(e) such that if m, n, T, s > M(e), then 

Ixmn - xral < É. / 

We shall not pursue in any more detail that part of the theory of 
double sequences which is parallel to the theory of (single) sequences. 
Rather, we propose to look briefly at the relation between the limit as 
defined in 14.9 and the iterated limits. 

TO begin with, we note that a double sequence cari be regarded, in 
at least two ways, as giving a sequence of sequences! On one hand, we 
cari regard each row in the array given in (14.3) as a sequence in RP. 
Thus the first row in (14.3) yields the sequence Y1 = &,:n E N) = 
(x11, x12, . . ., an, . . .) ; the second row in (14.3) yields the sequence 
Y2 = (x2,,:n E N); etc. It makes perfectly good sense to consider the 
limits of the row sequences Y1, Y2, . . ., Y,, . . . (when these limits exist). 
Supposing that these limits exist and denoting them by yl, y2, . . ., y,,,, . . ., 
we obtain a sequence of elements in RP which might well be examined 
for convergence. Thus we are considering the existence of y = lim (y,). 
Since the elements ym are given by y,,, = lim Y, where Y, = (z,,,,,: 
n E N), we are led to denote the limit y = lim (y,,J (when it exists) by 
the expression 

y = lim lim (CG&. 
m n 

We shall refer to y as an iterated limit of the double sequence (or more 
precisely as the row iterated limit of this double sequence). 

What has been done for rows cari equally well be done for columns. 
Thus we form the sequences 

Z1 = (x,,,~ : m E N), 22 = (2~~ : m E N), 

and so forth. Supposing that the limits z1 = lim Z1, 22 = lim Z2, . . ., 
exist, we cari then consider z = lim (z,). When this latter limit exists, 
we denote it by 

2 = lim lin-r (zçmn), 
n m 

and refer to z as an iterated limit, or the column iterated limit of the 
double sequence X = (x,,,,,). 

The first question we might ask is: if the double limit of the sequence 
X = (CG,,,,) exists, then do the iterated limits exist? The answer to this 
question may corne as a surprise to t.he reader; it is negative. TO 
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see this, let X be the double sequence in R which is given by xnn = 

(-l)m+” (; + ;) > then it is readily seen that the double Emit of this 

sequence exists and is 0. However, it is also readily verified that none 
of the sequences 

Y, = (xl,, : n E N), . . ., Y, = (xmn : n E N), . . . 

has a lin-rit. Hence neither iterated limit cari possibly exist, since none 
of the “inner” limits exists. 

The next question is: if the double limit exists and if one of the iterated 
limits exists, then does this iterated limit equal the double Emit? This 
time the answer is affirmative. In fact, we shall now establish a some- 
what stronger result. 

14.11. DOUBLE LIMIT THEOREM. Ifthe double Zimit 

2 = lim (z,,) 
??LB 

exists, and if for each natural number m the Emit y, = lim (x,,) exists, 
then the iterated limit lim lim (x,,) exists and equals x. n 

PROOF. By hypothek, given E > 0 there is a natural number N(E) 
such that if m, n 1 N(E), then 

Ix??$* - 21 < E. 

Again by hypothesis, the limits ym = lim (x,,) exist, and from the above 

inequality and Lemma 11.16 it followsnthat 

Iym - xl 5 E, m 2 N(E). 

Therefore, we conclude that z = lim (y,,,). 
Q.E.D. 

The preceding result shows that if the double limit exists, then the 
only thing that cari prevent the iterated limits from existing and being 
equal to the double limit is that the “inner” limits may not exist. More 
precisely, we have the following result. 

14.12 COROLLARY. Suppose the double limit exists and that the limits 

ym = lim (x&, zn = lim (xmn) 
n m 

exist for a11 natural numbers m, n. Then the iterated limits 

lim lim (xmn), lim lim (x,,) 
77% n n n 

exist and eqwd the double limit. 
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We next inquire as to whether the existence and equality of the two 
iterated limits implies the existence of the double limit. The answer is 
no. This is seen by examining the double sequence X in R defined by 

/ 

1, mfn, 
X / 

mn = 0, m = n. 

Here both iterated limits exist and are equal, but the double limit does 
not exist. However, under some additional conditions, we cari establish 
the existence of the double limit from the existence of one of the 
iterated limits. 

14.13 DEFINITION. For each natural number m, let Y, = (zm,J be 
a sequence in RP which converges to y,,,. We say that the sequences 

{Y ,,, : m E NJ are uniformly convergent if, for each E > 0 there is a 
natural number N(c) such that if n > N(t), then lxmn - y,J < É for 
a11 natural numbers m. 

The reader Will do well to compare this definition with Definition 
13.4 and observe that they are of the same character. Partly in order 
to motivate Theorem 14.15 to follow, we show that if each of the 
sequences Y,,, is convergent, then the existence of the double lin-& 
implies that the sequences {Y ,,, : m E N) are uniformly convergent, 

14.14 LEMMA. 1j the double limit of the double sequence X = (x,,J 
exists and if, for each natural number m, the seqwnce Y,,, = (x,,,,, : n E N) 
is convergent, then this collection is unijormly convergent. 

PROOF. Since the double lin-rit exists, given e > 0 there is a natural 
number N(E) such that if m, n 2 N(t), then lxmn - XI < E. By hypothe- 
sis, the sequence Y,,, = (x,,,,, : n E N) converges to an element y,,, and, 
applying Lemma 11.16, we find that if m 1 N(E), then [y,,, - XI 2 E. 
Thus if m, n 2 N(E), we infer that 

lxnm - Yml I l%ml - xl + lx - yml < 2e. 

In addition, for m = 1, 2, . . ., N(e) - 1 the sequence Y, converges to 
y,,,; hence there is a natural number K(e) such that if n 2 K(E), then 

(xwn - yml < E, m = 1, 2, . . ., N(e) - 1. 

Letting M(E) = sup (N(E), K(E)), we conclude that if n 2 M(r), then 
for any value of m we have 

lXmn - yml < 2e. 

This establishes the uniformity of the convergence of the sequences 
(Y,:mc NJ. 

Q.E.D. 
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The preceding lemma shows that, under the hypothesis that the 
sequences Y, converge, then the uniform convergence of this collection 
of sequences is a necessary condition for the existence of the double 
limit. We now establish a result in the reverse direction. 

14.15 ITERATED LIMIT THEOREM. Suppose that the single limits 

ym = lim (L,,), z,, = lim (x,,,,,), m, n E N, 
n m 

esist and that the convergence of one of these collections is uniform. Then 
both iterated limits and the double limit exist and a11 three are equal. 

PROOF. Suppose that the convergence of the collection ( Y,,, : m E N} 
is uniform. Hence given E > 0, there is a natural number N(e) such 
that if n > N(r), then 

(14.4) lxmn - Yml < e 

for a11 natural numbers m. TO show that lim (y,) exists, take a fixed 
number q 2 N(E). Since z, = lim (xrg : r E N) exists, we know that if 
r, s 2 R(e, q), then 

(Y? - YBI I IYr - xrql + Ixw - X8,1 + Ixsq - y*1 < 36 

Therefore, (y?) is a Cauchy sequence and converges to an element y in 
RP. This establishes the existence of the iterated limit 

y = lim (y,) = lim lim (z,,). 
m m n 

We now show that the double limit exists. Since y = lim (y,), given 
e > 0 there is an M(E) such that if m > M(E), then (ym - y1 < E. 
Letting K(E) = sup (N(E), M(e)], we again use (14.4) to conclude that 
if m, n 2 K(E), then 

lxmn - YI 2 lxm - yml + Iym - y1 < 2%. 

This proves that the double limit exists and equals y. 
Finally, to show that the other iterated limit exists and equals y, 

we make use of Theorem 14.11 or its corollary. 
Q.E.D. 

It might be conjectured that, although the proof just given makes 
use of the existence of both collections of single limits and the uniformity 
of one of them, the conclusion may follow with the existence (and uni- 
formity) of just one collection of single limits. We leave it to the reader 
to investigate the truth or falsity of this conjecture. 
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Exercises 

CH. III CONVERGENCE 

14.A. Find the limit superior and the limit inferior (when they exist) of the 
following sequences : 

(4 (t-l)“), (b) (1 + (-On), Cc) cc-lb) 

(d) ((-1)s + l-)~ (e) (sin (n)), (f) (Arc tan(n)). 

14.B. Show that if lim (z,) exists, then lim SU~(%,) = lim (z,,). 
14.C. Show that if X = (2,) is a bounded sequence in R, then there exists a 

subsequence of X which converges to lim inf X. 
14.D. Give the details of the proof of Theorem 14.3. 
14.E. Formulate the theorem corresponding to Theorem 14.3 for the limit 

inferior. 
14.F. Give the direct proof of the part (c) of Theorem 14.4 and a proof using 

the other parts of this theorem. 
14.G. Prove part (d) of Theorem 14.4 by using property (b) in Theorem 14.3 as 

the definition of the limit superior. Do the same using property (d). l’roperty (e). 
14.H. If X is a sequence of positive elements, show that 

lim sup (V?I$ < lim sup T * 
( > 

14.1. Establish the following relations: 
(a) (n* + 2) - (n” - 3), (b) (n” + 2) = OY, 
(c) ((-l)“??) = O(r??), (d) (( -1)~~) = o(n3), 
le) (GW - 49 - Whh), (f) (sinn) = O(1). 
14.5. Let X, Y, and Z be sequences with non-sera elements. Show that: 
(a) X-X. 
(b) If X - Y, then Y N X. 
(c) If X N Y and Y N Z, then X - Z. 
14.K. If X1 = O(Y) and X2 = O(Y), we conclude that X1 + X2 = O(Y) and 

summarize this in the “equation” 
(a) O(Y) + O(Y) = O(Y). Give similar interpretations for and prove that 
(b) o(Y) + o(Y) = o(Y). 
(c) If c # 0, then O(C~) = o(Y) and O(C~) = O(Y). 
(d) 0(0(Y)) = o(Y), 0(0(Y)) = o(Y). If X is a sequence of real numbers, 

show that 
(e) O(X) .0(Y) = O(XY), o(X) *o(Y) = o(XY). 
14.L. Show that X = o(Y) and Y = o(X) cannot hold simultaneously. Give 

an example of sequences such that X = O(Y) but Y Z: O(X). 
14.M. If X is a monotone sequence in R, show that the sequence of arithmetic 

means is monotone. 
14.N. If X = (z,) is a bounded sequence in R and (a,) is the sequence of 

arithmetic means, show that 

Iim sup (a,) 5 Iim sup (z,). 
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14.0. If X = (z,) is a bounded sequence in RP and (un) is the sequence of 
arithmetic means, then 

tim sup (Ion11 2 lim sup (12,l). 

Give an example where inequality holds. 
14.P. If X = (2,) is a sequence of positive real numbers, then is (on) mono- 

tone increasing? 
14.Q. If a sequence X = (2,) in RP is Cesàro summable, then X = o(n). 

(Hint: z1 = 72~~ - (n - l)a,.+) 
143. Let X be a monotone sequence in R. 1s it true that X is Cesàro sum- 

mable if and only if it is convergent? 
14.S. Give a proof of Theorem 14.10. 
14.T. Consider the existence of the double and the iterated limits of the double 

sequences (z&, where z,,,~ is given by 

(4 (-lPh, 

(d) -% > 
m+n 

(b) --?- > 
m-In 

(4 l-1)” ( ) :+a f 
(c) A + 1 > 

n 

(f) -.J?- . 
m2 + n2 

14.U. 1s a convergent double sequence bounded? 
14.V. If X = (z,,) is a convergent double sequence of real numbers, and if 

far each m E N, 
yn = lim sup (z,,) 

n 
exists, then we have 

lim (zrnn) = lii (y,). 
mn m 

14.W. Which of the double sequences in Exercise 14.T are such that the 
collection ( Y,,, = lim (znt,,) :m E Nj is uniformly convergent? 

14.X. Let X = (z,,) be a bounded double sequence in R with the property 
that for each m E N the sequence 

Y, = (z,,,,,:n E N) 

is monotone increasing and for each n E N the sequence 2, = (zmn : m E N) is 
monotone increasing. 1s it true that the iterated limits exist and are equal? Does 
the double limit need to exist? 

14.Y. Discuss the problem posed in the final paragraph of this section. 
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Continuous Functions 

We now begin our study of the most important class of functions in 
analysis, namely the continuous functions. In this chapter, we shall 
blend the results of Chapters II and III and reap a rich harvest of 
theorems which have considerable depth and utility. 

Section 15 examines continuity at a point and introduces the impor- 
tant class of linear functions. The fundamental Section 16 studies the 
consequences of continuity on compact and connected sets. The results 
obtained in this section, as well as Theorem 17.1, are used repeatedly 
throughout the rest of the book. The remainder of Section 17 treats 
some very interesting questions, but the results are not applied in later 
sections. The final section discusses various kinds of limit concepts. 

It is not assumed that the reader has any previous familiarity with a 
rigorous treatment of continuous functions. However, in a few of the 
examples and exercises, we make reference to the exponential, the log- 
arithm, and the trigonometric functions in order to give some non-trivial 
examples. Al1 that is required here is a knowledge of the graphs of these 
functions. 

Section 15 Local Properties of Continuous Functions 

We shall suppose that fis a function with domain 9 contained in RP 
and with range contained in Rq. We shall not require that D = RP or 
that p = q. We shall define continuity in terms of neighborhoods and 
then mention a few alternative definitions as necessary and sufficient 
conditions. 

15.1 DEFINITION. Let a be a point in the domain D of the function f. 
We say that f is continuous at a if for every neighborhood V of f(a) 

746 
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u 
P 

a 

8 
RP 

: 

--L 

Figure 15.1 

there is a neighborhood U of a (which depends on V) such that if x be- 
longs to a) n U, then f(z) belongs to V. (See Figure 15.1.) If Q is a 
subset of Q we say that f is continuoue on a>r in case it is continuous at 
every point of SDI. 

Sometimes it is said that a continuous function is one which “sends 
neighboring points into neighboring points.” This intuitive phrase is to 
be avoided if it leads one to believe that the image of a neighborhood of a 
need be a neighborhood of f(a). 

We now give two equivalent statements which could have been used 
as the definition. 

15.2. THEOREM. Let a be a point in the domain 0 of the function f. 
The jollowing statements are equivalent: 

(a) f is continuous ut a. 
(b) If e is any positive real number, there exists a positive number 6(e) 

such that ij x E 9 and (x - a/ < 6(e), then If(x) - f(a) 1 < E. 
(c) If (x,) is any sequence of ekments of 3 which converges to a, then 

the sequence (f(x,)) converges to f (a). 

PROOF. Suppose that (a) holds and that e > 0, then the bal1 V, = 
{Y E RP : IY - f(a)1 < 1 t is a neighborhood of the point f (a). By Defini- 
tion 15.1 there is a neighborhood U of a such that if x E Un a>, then 
f(r) E V,. Since U is a neighborhood of a, there is a positive real number 
6 (e) such that the open bal1 with radius 6 (E) and tenter a is contained in 
U. Therefore, condition (a) implies (b). 

Suppose that (b) holds and let (x,,) be a sequence of elements in P 
which converges to a. Let E > 0 and invoke condition (b) to obtain a 
6(c) > 0 with the property stated in (b). Because of the convergence of 
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(z,) to a, there exists a natural number N(c?(E)) such that if n > N(a(e)), 
then /zn - a\ < S(t). Since each 5% E Q, it follows from (b) that 
I~(X,) - f(a)1 < E, proving that (c) holds. 

Finally, we shall argue indirectly and show that if condition (a) does 
not hold, then condition (c) does not hold. If (a) fails, then there exists 
a neighborhood VO off (a) such that for any neighborhood U of a, there 
is an element xu belonging to D n U but such that f(sv) does not belong 
to Vo. For each natural number n consider the neighborhood U, of a 
defined by U, = (z E RP : /X - a1 < l/n) ; from the preceding sentence, 
for each n in N there is an element x,, belonging to P n U, but such that 
f(s,) does not belong to VO. The sequence (x,) just constructed belongs 
to a, and converges to a, yet none of the elements of the sequence (f(z,)) 
belong to the neighborhood VO of f(u). Hence we have constructed a 
sequence for which the condition (c) does not hold. This shows that 
part (c) implies (a). 

Q.E.D. 

The following useful discontinuity criterion is a consequence of what 
we have just done. 

15.3 DISCONTINUITY CRITERION. The function f is not continuous 
at a point a in a> if und only if there is a sequence (x,) of elements in ZD 
which converges to a but such thut the sequence (f (x,,)) of images does not 
converge to f(u). 

The next result is a simple reformulation of the definition. We recall 
from Definition 2.10 that the inverse image f-l(H) of a subset H of RP 
under f is defined by 

f-‘(H) = {x E D :f(x) E HJ. 

15.4 THEOREM. The function j is continuous at a point a in 9 if and 
only if for every neighborhood V of j(a) there is a neighborhood VI of a such 
that 

(15.1) V, n a, = j-l(V). 

PROOF. If VI is a neighborhood of a satisfying this equation, then we 
cari take U = VI and satisfy Definition 15.1. Conversely, if Definition 
15.1 is satisfied, then we cari take VI = U vi-l(V) to obtain equation 
(15.1). 

Q.E.D. 

Before we push the theory any further, we shah pause to give some 
examples. For simplicity, most of the examples are for the case where 
RP = Rq = R. 
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15.5 EXAMPLES. (a) Let a> = R and let f be the “constant” 
function defined to be equal to the real number c for a11 real numbers x. 
Then f is continuous at every point of R; in fact, we cari take the neigh- 
borhood U of Definition 15.1 to be equal to R for any point a in a>. 
Similarly, the function g defined by 

dx) = 1, Olxll, 

= 2, 25x23, 

is continuous at each point in its domain. 
(b) Let 3 = R and let f be the “identity” function defined by 

f(x) = x, x E R. (See Figure 15.2.) If a is a given real number, let 
t > 0 and let s(e) = ~.Then, if [x - zI < S(E), we have If(x) - f(a)1 = 
Ix - a1 < e. 

a-6 a a+6 

Figure 15.2 

(c) Let a> = R and let f be the “squaring” function defined by \ 
f(z) = x2, 2 E R. Let a belong to R and let E > 0; then If(x) - f(u) 1 = w 4 A 
1x2 - a21 = Ix - allx + ul. w e wish to make the above expression less 
t,han t by making Iz - a\ sufficiently small. If a = 0, then we choose 
C~(E) = 4;. If a # 0, then we want to obtain a bound for Ix + ul on a ’ 
neighborhood of a. For example, if Ix - ul < (a\, then 0 < 1x1 < 214 Ceqr cb 
and lx + a( I 1x1 + lu1 < 314. Hence 

(15.2) If@> - f(a)1 5 314 Ix - 4, 

provided that lx - a] < lai. Thus if we define 6(c) = inf 

when Ix - ul < 8(e), the inequality (15.2) holds and we have 
If(x) -fb>l < e* 
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(d) We consider the same function as in (c) but use a slightly different 
technique. Instead of factoring x2 - u2, we Write it as a polynomial in 
x - a. Thus 

x2 - (9 = (52 - 2ax + a”) + (2m - 2u2) = (5 - a)” + 2u(z - a). 

Using the Triangle Inequality, we obtain 

If(x) - f(u>I 5 Ix - .12 + 214 lx - 4. 

If 8 5 1 and Ix - uj < 6, then 1x - a\” < a2 < 6 and the term on the 
right side is dominated by 6 + 2\u[6 = 6(1 + 214). Hence we are led to 
choose 

S(é) = inf 1, E 
{ 

* 
1 + 214 1 

(e) Consider a> = (x E R :x # 0) and let f be defined by f(x) = l/z, 
z E a>. If a E 3, then 

If(x) - f(u)1 = /1/x - l/u] = $-$ l 

Again we wish to find a bound for the coefficient of )x - a1 which is valid 
in a neighborhood of a + 0. We note that if 1x - a1 < 3 1~1, then 
$lal < (xl, and we have 

If(x) - fb>l I $ Ix - 4. 
Thus we are led to take 6(a) = inf (+jul, &lul2). 

(f) Let f be defined for 9 = R by 

f(x) = 0, x 5 0, 

= 1, 2 > 0. 

It may be seen thatfis continuous at a11 points a # 0. We shah show that 
f is not continuous at 0 by using the Discontinuity Criterion 15.3. In 
fact, if x, = l/n, then the sequence (.f(l/n)) = (1) does not converge 
to f(0). (See Figure 15.3 on the next page.) 

(g) Let ZTJ = R and let f be Dirichlet’sf discontinuous function de- 
fined by 

f(x) = 1, if x is rational, 

= 0, if 5 is irrational. 

t PETER GUSTAV LEJEUNE DIRICHLET (1806-1859) was born in the Rhineland 
and taught at Berlin for aIrno& thirty years before going to Gettingen as Gauss’ 
succe88or. He made fundamental contributions to number theory and analysis. 
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-Il II I 
1 Y$$ 1 

Figure 15.3 

If a is a rational number, let X = (2,) be a sequence of irrational num- 
bers converging to a. (Theorem 5.17 assures us of the existence of such a 
sequence.) Since j(z,) = 0 for a11 n E N, the sequence (j(z,)) does not 
converge to j(u) = 1 and j is not continuous at the rational number a. 
On the other hand, if b is an irrational number, then there exists a se- 
quence Y = (y,,) of rational numbers converging to b. The sequence 
(df(y,)) does not converge to j(b), SO j is not continuous at b.Therefore, 
Dirichlet’s function is not continuous ut uny point. 

(h) Let D = (z E R : 5 > 0). For any irrational number z > 0, we 
define j(z) = 0; for a rational number of the form m/n, with the natural 
numbers m, n having no common factor except 1, we define j(m/n) = 
l,/n. We shall show that j is continuous at every irrational number in 9 
and discontinuous at every rational number in 3. The latter statement 
follows by taking a sequence of irrational numbers converging to the 
g.iven rational number and using the Discontinuity Criterion. Let a be 
an irrational number and E > 0; then there is a natural number n such 
that l/n < E. If 6 is chosen SO small that the interval (a - 6, a + 6) 
contains no rational number with denominator less than n, then it 
follows that for z in this interval we have /j(z) - j(u)1 = If(z)1 5 
l/n < E. Thus j is continuous at the irrational number a. Therefore, this 
function is continuous precisely ut the irrutionul points in its domain. 

(i) This time, let %J = R2 and let j be the function on R2 with values 
in R2 defined by 

fb, Y> = (22 + Y, 2 - 3Y). 

Let (a, b) be a fixed point in R*; we shall show that j is continuous at 
this point. TO do this, we need to show that we cari make the expression 

Ij(z, y) - j(u, b)l = { (22 + y - 2u - b)2 + (x - 3y - a + 36)2)“2 

asbitrarily small by choosing (2, y) sufficiently close to (a, b). Since 
IP” + P211’2 5 VQsup ilPI, MI, t i is evidently enough to show that we 
cari make the terms 

12s + y - 2a - bJ, (2 - 3y - a + 34, 
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arbitrarily small by choosing (zr, y) sufficiently close to (a, b). In fact, 
by the Triangle Inequality, 

122 + y - 2a - bl = pc2 - a) + (y - b)l I212 - al + Iy - bl. 

Now 1% - a1 i {(z - a)” + (y - b)2}1’2 = I(X, y) - (a, b)[, and simi- 
larly for ]y - bl; hence we have 

122 + y - 2a - bl I 31(X, Y> - (a, b)l. 
Similarly, 

Ix - 3y - a + 3bl I Ix - a1 + 3 IY - bl I 4 I(x, Y> - (a, b)l. 
Therefore, if e > 0, we cari take Ô(E) = e/(4 &‘) and be certain that if 
I~(X, y) - f(u, b) / < 8(c), then I~(X, y) - f(a, b) 1 < E, although a larger 
value of 6 cari be attained by a more refined analysis (for example, by 
using the C.-B.-S. Inequality 7.7). 

(j) Again let 3 = R2 and let f be defined by 

f(x, Y> = (x2 + Y2> 2x?/). 

If (a, b) is a hxed point in R2, then 

If(x, y) - f(u, b)l = ( (2” + y2 - u2 - b2)2 + (2xy - 2ub)2)“2. 

As in (i), we examine the two terms on the right side separately. It will 
be seen that we need to obtain elementary estimates of magnitude. From 
the Triangle Inequality, we have 

1x2 + y2 - u2 - b21 5 1x2 - a21 + /y2 - Pl. 

If the point (5, y) is within a distance of 1 of (a, b), then 1x1 I la1 + 1 
whence 12 + a\ 5 2 la1 + 1 and IyI 5 Ibl + 1 SO that [y + bl I 2 16/+1. 
Thus we have 

1x2 + y2 - u2 - b21 5 (x - uj (2 lu1 + 1) + IY - bl@ lb1 + 1) 
5 2M + bl + l)l(x, Y> - b, b)l. 

In a similar fashion, we have 

12xy - 2abl = 2 lxy - xb + xb - ubj I 2 Ix/ Iy - bl + 2 lb1 lx - ul 

I2(lal + lb1 + l)lb, Y> - b, b)l. 
Therefore, we set 

if I(X, y) - (a, b) 1 < 6(e), then we have If(s, y) - f(u, b) / < E, proving 
that f is continuous at the point (a, b). 
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Combinations of Functions 

The next result is a direct consequence of Theorems 11.14 and 15.2(c), 
so w-e shnll not write out the details. Alternatively, it could be proved 
directly by using arguments quite parallel to those employed in the 
proof of Theorem 11.14. We recall that if f and g are functions with do- 
mains 9((f) and D(g) in RP and ranges in RP, then we define their sum 
f’ + g, their difference f - g and their inner product f.g for each x in 
23(f) n a>(g) by the formulas 

f(x) + g(x), f(z) - g(z), f(z).g(z). 

Similarly, if c is a real number and if (p is a function with domain %(cp) in 
RD and range in R, we define the products cf for x in D(f) and (pf for x 
in D(P) r\ SJ(~) by the formulas 

cf (x), dx)f (x). 
I:n particular, if C~(X) # 0 for x e Do, then we cari define the quotient f/p 
for x in D(f) n a>, by 

f(x) 
cp<z,’ 

With thcse definitions, we now state the result. 

15.6 THEOREM. I f  the functions f, g, 9 are continuous ut a point, then 
the algebraic combinations 

f+g,f-g:f.g, cf, cpf and f/(a 

are also cmtinuous ut this point. 

Therc is another algebraic combination that is often useful. If f is 
defined on a(f) in RP to Rq, we define the absolute value If1 off to be the 
function with range in the real numbers R whose value at x in D(f) is 
given by If(x) 1. 

15.7 THEOREM. I f  f is continuous ut a point, then If 1 is also continuous 
there. 

PROOF. From the Triangle Inequality 7.8, we have 

I If(x)1 - V(a>l 15 If(z) -fb>l, 
from which the result is immediate. 

Q.E.D. 

We recall the notion of the composition of two functions. Let f have 
domain SJ (f) in RP and range in RP and let g have domain 3 (g) in Rq and 
range in Rr. In Definition 2.2, we defined the composition h = g 0 f to 
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have domain 3((h) = {z E a)(j) : f(z) E a>(g) ) and for 2 in 9(h) we set 
h(s) = g[f(z)]. Thus h = g of is a function mapping a>(h), which is a 
subset of a(f) E RP, into R’. We now establish the continuity of this 
function. 

15.8 THEOREM. Ijf is continuous ut a and g is continuous ut b = f(a), 
then the composition g 0 f is continuous ut a. 

PROOF. Let W be a neighborhood of the point c = g(b). Since g is 
continuous at b, there is a neighborhood V of b such that if y belongs to 
V n D(g), then g(y) E W. Since f is continuous at a, there exists a 
neighborhood U of a such that if x belongs to U n a(j), thenf(s) is in V. 

Figure 15.4 

Therefore, if zr belongs to U n 9 (g of), then f(x) is in V n D(g) and 
g[f(z)] belongs to W. (See Figure 15.4.) This shows that h = g of is 
continuous at a. 

Q.E.D. 

Linear Fonctions 

The preceding discussion pertained to general functions defined on a 
part of RP into R*. We now ment,ion a simple but extremely important 
special kind of function, namely the linear functions. In most applica- 
tions, the domain of such functions is a11 of RD, and SO we shall restrict 
our attention to this case. 

15.9 DEFINITION. A function f with domain RP and range in RY is 
said to be linear if, for a11 vectors z, y in RP and real numbers c, 

(15.3) f(x + Y> = f(z) +f(Y), fb> = d(z). 

Often linear functions are called linear transformations. 

It is readily seen that the functions in Examples 15.6(b) and 15.6(i) 
are linear functions for the case p = q = 1 and p = q = 2, respectively. 
In fact, it is not difficult to characterize the most general linear function 
from RP to RP. 

c 
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15.10 THEOREM. If j is a linear junction with domain RP and range 
in R*, then there are pq real numbers (cij), 1 5 i 5 Q, 1 2 j 5 p, such 
ifhat ijz = (51, 52, . . ., [,) is any point in RP, and if y = (~1, ~2, . . ., T*) - 
j(z) is ifs image under j, then 

(15.4) 

71 = Cl151 + Cl242 + * * - + ClptP, 

7?2 = c2151 + cnt2 + * * - + czptp, 

. . . . . . . . . . . . . . . 

vq = c,& + C&E2 + * * * + cpptp. 

IConversely, if (C<i) is a collection of pq real numbers, then the junction which 
Iassigns to x in RP the element y in RP according to the equations (15.4) is a 
linear junction with domain RP and range in RP. 

PROOF. bd, el, e2, . . ., ep be the elements of RP given by el = 

(1, 0, ’ * -> 0), e2 = (0, 1, . . ., 0), . . ., ep = (0, 0, . . ., 1). We examine 
.the images of these vectors under the linear function j. Suppose that 

f(eJ = (CII, ~21, . . ., cd, 

(15.5) 
f (e2> = (~12, ~22, . . ., cq2), 

. . . . . . . . . . . . 

f Ce,) = hp, ~2~~ . . *, C,P). 

‘Thus the real number cij is the ith coordinate of the point j(ej). 
An arbitrary element 5 = (51, f2, . . ., tp) of RP cari be expressed simply 

,in terms of the vectors el, e2, . . ., e,; in fact, 

x = 51el + t2e2 + - - - + &b. 

;Since j is linear, it follows that 

f(x) = W (4 + t2f(e2> + - - * + EPfkp). 

If we use the equations (15.5), we have 

f(x) = ll(Cll, c21, . . ., C*l) + fz(c12, Cn, . . .) C@l> 

+... 
+ 5PblP, CSP, * * *, C,P> 

= (CllEl, C2lf1, . . ., cqltl) + (c12t2, c22t2, . . *> c9252) 

+ - * * + (ClP‘iP, C2PtP> . - *> C,PEP) 

= (Cldl + cl2t2 + * * * + c1ptp, c21h + c22t.2 + * * * + c2ptp, 

* - *, C*l& + cq2t2 + * * * + c,PL). 
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This shows that the coordinates of f(x) are given by the relations 
(15.4), as asserted. 

Conversely, it is easily verified by direct calculation that if the rela- 
tions (15.4) are used to obtain the coordinates qj of y from the coordinates 
& of x, then the resulting function satisfies the relations (15.3) and SO is 
linear. We shall omit this calculation, since it is straight-forward. 

Q.E.D. 

, 

It should be mentioned that the rectangular array of numbers 

(15.6) 

il1 Cl2 . . . ClP 

c21 c22 . . . C2P 

. . . . . . . . . . . . . 

.C,l cq2 . * . GP 

consisting of q rows and p columns, is often cal lied the matrix correspond- 

> 

ing to the linear function f. There is a one-one correspondence between 
linear functions of RP into RP and q X p matrices of real numbers. As 
we have seen, the action of f is completely described in terms of its 
matrix. We shall not find it necessary to develop any of the extensive 
theory of matrices, however, but Will regard the matrix (15.6) as being 
shorthand for a more elaborate description of the linear function f. 

We shall now prove that a linear function from RP to Rq is automati- 
cally continuous. TO do this, we first observe that if M = sup ((ciil: 
1 < i 5 q, 1 < j < pj, then since I<i\ 5 1x1, it follows from equation 
(15.4) that if 1 I i < q, then 

Iqil 5 lCiIl(L1l + lCi2lIEzl + * . * + lCiPll4Pl 5 PM 14 

Since lyi2 = [q112 + . . * + 1qq12, we conclude that 

1~1’ 5 qp2M2 Id’, 

SO that we have 

(15.7) 14 = If(41 15 P v’iM 14. 

Actually, the estimate p &M is not usually very Sharp and cari be 
improved with little effort. Instead of using the Triangle Inequality to 
estimate 1~~~1, we restate the C.-B.-S. Inequality in the form 

IUlbl + azb2 + * * . + upbp12 2 {ch2 + uz2 + * * . + up”] 

x {b12 + bz2 + .+a + b;). 
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We apply this inequality to each expression in equation (15.4) to obtain, 
for 1 5 i 5 q, the estimate 

Illil2 5 (ICill” + lCi212 + - - - + ICiPI”> lx12 = j$l ICij12 lx12. 

Adding these inequalities, we have 

from which we conclude that 

(15.8) 

Although the coefficient of 1x1 is more complicated than in (15.7), it is 
a more precise estimate since some of the (cij) may be small. Even in the 
most unfavorable case, where Iciil = M, for a11 i, j, the second estimate 
yields fi M instead of the larger term p fi M. 

15.11 THEOREM. If f is a linear junction with domain RP and range 
in RQ, then there exists a positive constant A such that if u, v are any two 
vectors in RP, 

(15.9) If(u) - fb>l I A lu - 4. 

Therefore, a linear function on RP to RP is continuous ut every point. 

PROOF. We have seen, in deriving equations (15.7) and (15.8), that 
there exists a constant A such that if 2 is any element of RP 
then If(z)\ I A 1x1. N ow let x = u - v and use the linearity of f to 
obtain f(x) = f(u - v) = f(u) - f(v). Therefore, the equation (15.9) 
results. It is clear that this relation implies the continuity of f, for we 
cari make If(u) - f(v)1 < E by taking lu - VI < r/A. 

Q.E.D. 

Exercises 

15.A. Prove that if j is defined for x 2 0 by j(x) = &, then j is continuous 
at every point of its domain. 

15.B. Show that a polynomial function j, given by 

j(x) = ad” + an-lx”-’ + . . . + UlX + ao, x E R, 

is continuous at every point of R. 
15.C. Show that a rational function (that is, the quotient of two polynomials) 

is continuous at every point where it is defined. 
15.D. Using the C.-B.-S. Inequality, show that one cari take 6(e) = ~/1/T5 

in Example 15.5(i). 
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15.E. Let j be the function on R to R defined by 

f(x) = 2, x irrational, 

= -x, 1 2 rational. 

Show that j is continuous at x = 3 and discontinuous elsewhere. 
15.F. Let j be continuous on R to R. Show that if j(x) = 0 for rational x then 

j(x) = 0 for a11 x in R. 
15.G. Let j and g be continuous on R to R. 1s it true that j(x) = g(x) for 

x E R if and only if j(y) = g(y) for a11 rational numbers y in R? 
15.H. Use the inequality 

b(x>l 5 1x1 

to show that the sine function is continuous at x = 0. Use this fact, together 
with the identity 

sin(x) -sin(u) = Zsin~+)cos~+), 

to prove that the sine function is continuous at any point of R. 
15.1. Using the results of the preceding exercise, show that the function g, 

defined on R to R by 

g(x) = x sin (1/x), x # 0, 
= 0, 2 = 0, 

is continuous at every point. 
15.J. Let h be defined for x # 0, x E R, by 

h(x) = sin (1/x), 2 # 0. 

Show that no matter how h is defined at x = 0, it Will be discontinuous at x = 0. 
15.K. Let j be monotone increasing on J = [a, b] to R. If c E (a, b), define 

Z(c) = sup (j(x): 2 < c], 

r(c) = inf {j(x): x > c), 

j(c) = r(c) - Z(c). 

Show that l(c) 5 j(c) 5 T(C) and that fis continuous at cif and only ifj(c) = 0. 
Prove that there are at most countably many points in (a, b) at which the mono- 
tone function is discontinuous. 

15-L. We say that a function j on R to R is additive if it satisfies 

fb +y> =fb> +f(Y) 
for a11 x, y E R. Show that an additive function which is continuous at x = 0 is 
continuous at any point of R. Show that a monotone additive function is con- 
tinuous at every point. 

15.M. Suppose that j is a continuous additive function on R. If c = j(l), 
show that j(x) = cx for a11 x in R. (Hint: first show that if r is a rational number, 
then j(r) = CT.) 
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15.N. Let g be a function on R to R which satisfies the identity 

sb + Y) = g(x) g(Y), x,y E R. 

Show that, if g is continuous at x = 0, then g is continuous at every point of R. 
In addition, show that if g vanishes at a singlc point of R, then g vanishes at 
every point of R. 

15.0. If  If1 is continuous at a point, then is it true that f  is also continuous at 
this point? 

15.P. 1s it possible for f  and g to be discontinuous and yet for g .f  to be con- 
tinuous? How about g 0 f? 

15.Q. If  f  is a linear function of RP into Rq, show that the columns of the 
rnatrix representation (15.6) of f  indicate the elements in RP into which the 
elements er = (1, 0, . . ., 0), e2 = (0, 1, . . ., 0), . . ., eP = (0, 0, . . ., 1) of RP are 
rnapped by f. 

15.R. Let f  be a linear function of R* into R3 which sends the elements 
el = (1, 0), e2 = (0, 1) of R*into the vectorsf(el) = (2, 1, O),f(ez) = (1, 0, -1) 
of R3. Give the matrix representation of f.  What vectors in R3 are the images 
under f  of the elements 

(2, w, 0, l), (1,3)? 

15.S. If  f  denotes the linear function of Exercise 15.R, show that not every 
vector in R3 is the image under f  of a vector in R2. 

15.T. Let g be any linear function on R* to R3. Show that not every element 
of R3 is the image under g of a vector in R2. 

15.U. Let h be any linear function on R3 to R2. Show that there exist non- 
zero vectors in R3 which are mapped into the zero vector of R2 by h. 

15.V. Let f  be a linear function on R* to Rz and let the matrix representation 
off be given by 

a b [ 1 c d 

Show that f (x) # 0 when x # 8 if and only if A = ad - bc # 0. 
15.W. Let f  be as in Exercise 15.V. Show that f  maps R2 onto R2 if and only 

if A = ad - bc # 0. Show that if A # 0, then the inverse function f-l is linear 
and has the matrix representation 

15.X. Let g be a linear function from RP to Rq. Show that g is one-one if and 
lonly if g(x) = 0 implies that x = 8. 

15.Y. If  h is a one-one linear function from RP onto RP, show that the inverse 
,kr is a linear function from RP onto RP. 

15.2. Show that the sum and the composition of two linear functions are 
kear functions. Calculate the corresponding matrices for p = 2, p = 3, T = 2. 
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Section 16 Global Properties of Continuous Functions 

In the preceding section we considered “local” continuity; that is, we 
were concerned with continuity at a point. In this section we shall be 
concerned with establishing some deeper properties of continuous func- 
tions. Here we shah be concerned with “global” continuity in the sense 
that we Will assume that the functions are continuous at every point of 
their domain. 

Unless there is a special mention to the contrary, j Will denote a func- 
tion with domain ZD contained in RP and with range in R*. We recall that, 
if B is a subset of the range space Rq, the inverse image of B under f is 
the set 

j-‘(B) = (x E D :j(x) E BJ. 

Observe that j-‘(B) is automatically a subset of 9 even though B is not 
necessarily a subset of the range off. 

In topology courses, where one is more concerned with global than 
local continuity, the next result is often taken as the definition of (global) 
continuity. Its importance Will soon be evident. 

16.1 GLOBAL CONTINUITY THEOREM. The jollowing statements are 
equivalent: 

(a) j is continuous on its domain 9. 
(b) If G is any open set in RP, then there exists an open set GI in RP 

such that G1 A ZD = j-‘(G). 
(c) If H is any closed set in RP, then there exists a closed set HI in RP 

such that H1 A 33 = j-‘(H). 

PROOF. First, we shah suppose that (a) holds and let G be an open 
subset of RP. If a belongs to j-‘(G), then since G is a neighborhood of 
j(a), it follows from the continuity of j at a that there is an open set 
U(a) such that if 2 E 52 n U(a), then j(z) E G. Select U(a) for each a 
in j-‘(G) and let G1 be the union of the sets U(a). By Theorem 8.3(c), 
the set G1 is open and it is plain that Gi A ZD = j-‘(G). Hence (a) 
implies (b). 

We shall now show that (b) implies (a). If a is an arbitrary point of 
D and G is an open neighborhood of j(a), then condition (b) implies 
that there exists an open set G1 in RP such that Gl n 9 = j-‘(G). Since 
j(a) E G, it follows that a E Gl, SO Gl is a neighborhood of a. If z E GI n D, 
then j(x) E G whence j is continuous at a. This proves that condition 
(b) implies (a). 

We now prove the equivalence of conditions (b) and (c). First we 
observe that if B is any subset of R* and if C = R@\B, then we have 
j-l(B) n j-l(C) = 0 and 

(16.1) ZD = j-‘(B) u j-‘(C). 
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If R1 is a subset of RP such that B, n 9 = f-‘(B) and C1 = RP\&, 
then Cl n f-l(R) = y7 and 

(16.2) a> = (B, n 9) u (C, n D) = f-l(B) u (C, n D). 

The formulas (16.1) and (16.2) are two representations of 9 as the 
union of j-‘(B) with nnother set with which it has no common points. 
Therefore, we have 

Cl n 9 = f-‘(C). 

Suppose that (b) holds and that H is closed in Ru. Apply the argument 
just completed in the case where B = Rq\H and C = H. Then B and 
t:l are open sets in RP and RP, respectively, SO C1 = Rg\B, is closed in 
RP. This shows that (b) implies (c). 

TO see that (c) implies (b), use the above argument with B = Rp\G, 
n-here G is an open set in Rq. 

Q.E.D. 

In the case where 3 = RP, the preceding result simplifies to some 
extent. 

16.2 COROLLARY. Let f be de$ned on a11 of RP and with yange in RP. 
‘I’hen the jollowing statements are equivalent: 

(a) j is continuous on RD. 
(b) 1j G is open in R*, then j-‘(G) is open in RP. 
(c) Ij H is closed in Rq, then j-‘(H) is closed in RP. 

It should be emphasized that the Global Continuity Theorem 16.1 
does not say that if j is continuous and if G is an open set in RP, then 
t he direct image j(G) = (j(z) :z E G) is open in Rq. In general, a con- 
tinuous funct,ion need not send open sets to open sets or closed sets to 
closed sets. For example, the function j on 9 = R to R, defined by 

i:j continuous on R. [In fact, it was seen in Examples 15.5(a) and (c) 
that the functions 

fi(X) = 1, fi(X) = x2, x E R, 

are continuous at every point. From Theorem 15.6, it follows that 

h(x) = 1 + x2, x E R, 

itj continuous at every point and, since j3 never vanishes, this same 
theorem implies that the function j given above is continuous on R.] If 
G is the open set G = (-1, l), then 

f(G) = (3, 11, 
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which is not open in R. Similarly, if H is the closed set H = (1: E R: 
z 2 l}, then 

which is not closed in R. Similarly, the function f maps the set R, which 
is both open and closed in R, int’o t,he set S(R) = (0, 11, which is neither 
open nor closed in R. 

The moral of the preceding remarks is that the property of a set 
being open or closed is not necessarily preserved under mapping by a 
continuous function. However, there are important properties of a set 
which are preserved under continuous mnpping. For example, we shall 
now show that the properties of connectedness and compactness of sets 
have this character. 

Preservation of Connectedness 

We recall from Definition 8.14 that a set H in RP is disconnected if 
there exist open sets A, 13 in RP such that A n H and B n H are disjoint 
non-empty sets whose union is H. A set is connected if it is not 
disconnected. 

16.3 PRESERVATION OF CONNECTEDNESS. 1j H is connected and f is 
continuous on H, then f (H) is connecte& 

PROOF. Assume that f(H) is disconnected in RP, SO that there exist 
open sets A, B in Rq such that A nj(H) and B nf(H) are disjoint 
non-empty sets whose union is j(H). By the Global Continuity Theorem 
16.1, there exist open sets A,, B1 in RP such that 

Ain H = j-l(A), B,n H = f-l(B). 

These intersections are non-empty and their disjointness follows from 
the disjointness of the sets A nf(H) and B nf(H). The assumption 
that the union of A nf(H) and B nf(H) isS(H) implies that the union 
of A1 n H and B1 n H is H. Therefore, the disconnectedness of f(H) 
implies the disconnectedness of H. 

Q.E.D. 

The very word “continuous” suggests that there are no sudden 
“breaks” in the graph of the function; hence the next result is by no 
means unexpected. However, the reader is invited to attempt to provide 
a different proof of this theorem and he Will corne to appreciate its depth. 

16.4 BOLZANO'S Ix-TzRMEnIATE VALUE THEOREM. Let H be a con- 
nected subset oj RP and let j be bounded and continuous on H and with 
values in R. If k is any real number satisjying 

inf{f(z):zEW] <k<sup{.f(~):z~HJ, 

then there is ut least one point of H where f talces the value k. 
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PROOF. ht A = (tE R:t < k] and let B = (t E R:t > Ic) SO that 
A and B are disjoint open sets in R. By the Global Continuity Theorem 
16.1 there exist open subsets A1 and B1 of RP such that 

AlnH =f-‘(A), B~AH =f-‘(B). 

If’ f never takes the value k, then the sets A1 n H and B1 n H are non- 
empty disjoint sets whose union is H. But this implies that H is dis- 
connected, contrary to hypothesis. 

Q.E.D. 

Preservation of Compactness 

We now demonstrate that the important property of compactness is 
preserved under continuous mapping. In the discussion to follow, we 
do not assume a close familiarity with Section 9, and we shall offer two 
p:roofs of the main results to be presented here. We recall that it is a 
consequence of the important Heine-Bore1 Theorem 9.3 that a subset 
K’ of RP is compact if and only if it is both closed and bounded in RP. 
Thus the next result could be rephrased by saying that if K is closed 
and bounded in RP and if j is continuous on K and with range in Rq, 
then f(K) is closed and bounded in RP. 

16.5 PRESERVATION OF COMPACTNESS. 1f K is compact und f is 
ctmtinuous w K, then f(K) is compact. 

FIRST PROOF. We assume that K is closed and bounded in RP and 
shall show that f(K) is closed and bounded in RP. If f(K) is not bounded, 
for each n E N there exists a point zn in K with lj(z,)l 2 n. Since K is 
bounded, the sequence X = (z,) is bounded; hence it follows from the 
Bolzano-Weierstrass Theorem 12.4 that there is a subsequence of X 
which converges to an element x. Since x,, E K for n E N, the point x 
belongs to the closed set K. Hence f is continuous at 2, SO f is bounded 
by if(x)1 + 1 on a neighborhood of x. Since this contradicts the assump- 
tien that I~(X,)/ 2 n, the set f(K) is bounded. 

We shall prove that f(K) is closed by showing that any cluster point 
y of f(K) must be contained in this set. In fact, if n is a natural number, 
t!here is a point z,, in K such that 

If(4 - Y1 < w 

By the Bolzano-Weierstrass Theorem 12.4, the sequence 2 = (2,) has 
a subsequence 2’ = (z,(k)) h’ h w K converges to an element z. Since K 
is closed, then z E K and j is continuous at z. Therefore, 

f(z) = lim (fhk))) = Y, 
k 

which proves that y belongs to f(K). Hence f(K) is closed. 
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SECOND PROOF. We shall base this proof on Definition 9.1 of compact- 
ness and the Global Continuity Theorem 16.1. Let Ç = (G,] be a family 
of open subsets of RP whose union contains f(K). By Theorem 16.1, 
for each set G, in Ç there is an open subset C, of RP such that C, n D = 
f-‘(G,). The family e = (C,] consists of open subsets of RP; we claim ’ 
that the union of these sets contains K. For, if x E K, then f(x) is con- 
tained in f(K); hence f(x) belongs to some set G, and by construction 
x belongs to the corresponding set C,. Since K is compact, it is contained 
in the union of a finite number of sets in e and its image f(K) is con- 
tained in the union of the corresponding finite number of sets in Ç. 
Since this holds for an arbitrary family Ç of open sets covering f(K), 
the set f(K) is compact in Rq. 

Q.E.D. 

When the range of the function is R, the next theorem is sometimes 
reformulated by saying that a continuous function on a compact set 
attains its maximum and minimum values. 

16.6 MAXIMUMAND MINIMUMVALUETHEOREM. Letfbecontinuous 
on a compact set K in RP and with values in RP. Then there are points x* 
and x* in K such that 

If(x*)l = SUP {If(z>l:x E KJ, ]~<X*>I = inf (If(x>l:z E Kj. 

FIRST PROOF. Since f is continuous on K, its absolute value function 
Vi, which is defined for x E K to be If(x) 1, is also continuous on K. 
According to the preceding theorem, the set ( If(x) / :x E K) is a bounded 
set of real numbers. Let M be the supremum of this set and let X = (x,) 
be a sequence with 

If(x,dI 2 M - lb, n E N. 

As before, some subsequence of X converges to a limit x* which belongs 
to K. Since If1 is continuous at x* we must have If (x*)1 = M. The 
assertion about x* is proved in a similar way. 

SECOND PROOF. If there is no point x* with If (x*) 1 = M = sup 
(If(x)l:x E W, th en for each natural number n let G, = (u E R: 
u < M - l/n}. Since G, is open and If[ is continuous on K, it follows 
from Theorem 16.1 that there is an open set C, in RP such that C, n K = 
(x E K:If(x)( < M - lin}. N ow, if the value M is not attained, then 
it is plain that the union of the family e = (C,} of open sets contains 
a11 of K. Since K is compact and the family (C, n K) is increasing, 
there is a natural number T such that K c C,. But then we have 

If(x)1 < M - W, for a11 x E K, 

whence M = sup ( If(x) 1 :x E K) < M, a contradiction. 
Q.E.D. 
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16.7 COROLLARY. If j is ccmtinuous on a compact subset K of RP 
and has real values, then there exist points x* , x* in K such that 

f(x*) = sup {j(x) :x E K}, f(x*) = inf {f(x) :CC E K). 

As an application, we note that the set S in RP, defined by S = 
{rc E R~:IZ~ = l), is obviously bounded and is readily seen to be closed. 
Therefore, it follows that if f is continuous on S, then there are point.s 
x*, Z* in S as described above. In the special case where f is linear, we 
have the relation 

f(i)=; f(x) for 2 # 0; 

sitnce the norm of the vector X/~XI is 1, it follows that if M and m are 
t!he supremum and the infimum of If(u) 1 for u in S, then 

ml4 5 WI i Ml4 

for a11 x in RP. We have already seen in Theorem 15.11 that if f is linear 
on RP to R*, then there exists a positive constant M such that 

If(x)1 5 MM x E RP, 
and this provides an alternative proof. However, it is not always true 
t!hat there is a positive constant m such that 

4x1 I If(x>l, x E RP. 

In fact, if m is positive, then f(x) = 0 implies 2 = 0. We now prove 
that this necessary condition is also sufficient when f is linear. 

16.8 COROLLARY. I f  f is a omz-one Zinear function on RP to RQ, then 
there is a positive number m such that V(x) 1 2 mlxl for a11 x in RP. 

PROOF. We suppose that the linear function j is one-one. It follows 
that if x # 8, then f(x) # 8; otherwise, f maps some x # 0 and e into 
the zero element of RP. We assert that nz = inf (If(x)l: 1x1 = 1) > 0. 
For, if m = 0, then by the preceding results there exists an element x* 
vaith IX*/ = 1 such that 0 = m = I~(X*)/, whence f(x*) = 0, contrary 
to hypothesis. 

Q.E.D. 

We recall that if a function f is one-one, then the inverse function 
j-l exists and is the function whose domain is the range off, and which 
is such that 

f-‘(y) = x if and only if y = j(x). 

lt is easy to establish that the inverse of a one-one linear function from 
RP into RQ is also linear (except that its domain may not coincide with 
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a11 of R*). One could modify the argument in Theorem 15.11 to show 
that this inverse function is continuous. Such modification is not neces- 
sary, however, as the continuity of j-l follows from Corollary 16.8. 
For, if y], y2 belong to the domain of j-l (= the range off), then there 
exist unique elements zl, x2 in RP such that ~(XI) = y1 and f(z2) = ya; 
hence f(zl - x2) = $(x1) - p(zz) = y1 - yz. From Corollary 16.8, we 
infer that 

mla - 221 2 If& - a>1 = \y1 - yal. 

Since x1 = f-‘(Y~) and x2 = f-‘(y*), then 

If-‘(Yl) - f-‘(Ydl i (l/m)Iv1 - Y219 

from which the continuity of f-l is evident. 
We shall now show that the continuity of f-l cari also be established 

for non-linear functions with a compact domain. 

16.9 CONTINUITY OF THE INVERSE FUNCTION. Let K be a compact 

subset of RP and let f be a continuous one-om function with domain K and 
range f(K) in Rg. Then the inverse function is continuous with domain 
j(K) and range K. 

PROOF. We observe that since K is compact, then Theorem 16.5 on 
the preservation of compactness implies that f(K) is compact and hence 
closed. Since f is one-one by hypothesis, the inverse function g = j-l is 
defined. Let H be any closed set in R* and consider H P( K; since this 
set is bounded and closed [by Theorem 8.6 (c)l, the Heine-Bore1 Theorem 
assures that H n K is a compact subset of RP. By Theorem 16.5, we 
conclude that HI = f (H n K) is compact and hence closed in Rq. Now 
if g = f-l, then 

HI = f(H n K) = g-l(H). 

Since HI is a subset of f(K) = D(g), we cari Write this last equation as 

HIna, = g-l(H). 

From the Global Continuity Theorem 16.1(c), we infer that g = f-l 
is continuous. 

Q.E.D. 

Uniform Continuity 

If f is defined on a subset a> of RP and with range in Rq, then it is 
readily seen that the following statements are equivalent: 

(i) f is continuous on 9. 
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(ii) Given E > 0 and u E Q there is a 8(~, u) > 0 such that if x 
belongs to 3~ and 111: - ~1 < 6, then If(s) - f(u)\ < E. 

The thing that is to be noted here is that the 6 depends, in general, on 
both E and u. That 6 depends on u is a reflection of the fact that the 
function f may change its values rapidly in the neighborhood of certain 
points. 

Now it cari happen that a function is such that the number 6 cari be 
chosen to be independent of the point u in % and depending only on E. 
For example, if f (2) = 22, then 

If(x) - f (u)l = 2 III: - 4 
and SO we cari choose 8(~, U) = 42 for a11 values of U. 

On the other hand, if g(z) = l/z for z > 0, then 

g(z) - g(u) = y. 

If 6 < u and 12 - ~1 5 6, then a little juggling with inequalities shows 
that 

b(z) - S(U>I 5 ,(,L s) 

and this inequality cannot be improved, since equality actually holds 
for z = u - 6. If we want to make \g (2) - g(u) 1 2 E, then the largest 
value of 6 we cari Select is 

Thus if u > 0, t’hen g is continuous at u because we cari Select 6(~, U) = 
C~L~/ (1 + tu), and this is the largest value we cari choose. Since 

inf 
i 

EU2 
-:u>o =o, 
1 + EU 1 

we cannot obtain a positive 8(~, u) which is independent of the choice 
of u for a11 u > 0. 

We shall now restrict g to a smaller domain. In fact, let a > 0 and 
define h(z) = 1/x for z 2 a. Then the analysis just made shows that 
we cari use the same value of S(E, u). However, this time the domain 
is smaller and 

eu2 
inf - 

1 1 + EU 
:u>a = 

1 

ca2 
- > 0. 
1 + ca 

Hence if we define 8(c) = ta2/(1 + EU), then we cari use this number for 
a11 points u 2 a. 
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In order to help fix these ideas, the reader should look over Examples 
15.5 and determine in which examples the 6 was chosen to depend on 
the point in question and in which ones it was chosen independently 
of the point. 

With these preliminaries we now introduce the forma1 definition. 

16.10 DEFINITION. Let f have domain 9 in RP and range in R*. 
We say that f is uniformly continuous on % if for each positive real 
number E there is a positive number 6(e) such that if x and u belong to 
9 and 1x - uj < 6(e), then If(x) - f(u)/ < E. 

It is clear that if f is uniformly continuous on 9, then it is continuous 
at every point of 9. In general, however, the converse does not hold. 
It is useful to have in mind what is meant by saying that a function is 
not uniformly continuous, SO we state such a criterion, leaving its proof 
to the reader. 

16.11 LEMMA. A necessary und suficient condition that the function 
f is not uniformly continuous on ils domain is that there exisl a. positive 
number e. and two seguences X = (x,), Y = (y,) in 9 such that if n E N, 
then lx, - ynl < lin and If(xJ - f(yJ 1 2 ~0. 

As an exercise the reader should apply this criterion to show that 
g(s) = 1/x is not uniformly continuous on % = (5 : J: > 0). 

We now present a very useful result which assures that a continuous 
function with compact domain is automatically uniformly continuous 
on its domain. 

16.12 UNIFORM CONTINUITY THEOREM. Let fbe a continuousfunc- 
tion with domain K in RP and range in Ra. If K is compact then f is 
uniformly continuous on K. 

FIRST PROOF. Suppose that f is not uniformly continuous on K. 
By Lemma 16.11 there exists ~0 > 0 and two sequences X = (z,) and 
Y = (y,) in K such that if n E N, then 

(16.3) Ixn - Ynl < w, If (4 - f (Ydl 2 CO. 
Since K is compact in RP, the sequence X is bounded; by the Bolzano- 
Weierstrass Theorem 12.4, there is a subsequence X’ = (x,,(k)) of X 
which converges to an element z. Since K is closed, the limit z belongs 
to K and f is continuous at z. It is clear that the corresponding subse- 
quence Y’ = (y%(k)) of Y also converges to 2. 

It follows from Theorem 15.2(c) that both sequences (f (xno))) and 
(f(yn(k))) converge to f (2). Therefore, when k is sufficiently great, we 
bave If bd - f bd I < eo. But this contradicts the second relation 
in (16.3). 
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SECOND PROOF. (A short proof could be based on the Lebesgue 
Covering Theorem 9.5, but we prefer to use the definition of compact- 
ness.) Suppose that f is continuous at every point of the compact set 
K. According to Theorem 15.2(b), given r > 0 and u in K there is a 
positive number 6(e/2, u) such that if z E K and 1~ - ~1 < 8(~/2, u) 
then If(z) - f(u)1 < t/2. For each u in K, form the open set G(u) = 
(z E RP : Iz - ~1 < (3) 6(e/2, u) ) ; then the set K is certainly contained 
in the union of the family Ç = (G(u) : u E K } since to each point u in 
K there is an open set G(u) which contains it. Since K is compact, it is 
contained in the union of a finite number of sets in the family Ç, say 
G(UI), . . .> G(uN). We now define 

6 (c) = (3) inf {8(a/2, ul), . . ., 6(e/2, uiy) 1 

and we shall show that Ô(E) has the desired property. For, suppose that 
2, u belong to K and that Iz - ~1 < Ô(E). Then there exists a natural 
number k with 1 5 k 5 N such that x belongs to the set G(uk) ; that 
is, Iz - ukl < ($)b(e/2, uk). Since Ô(E) < (+)Ô(E/~, uk), it follows that 

lu - Ukl 5 lu - xl + Ix - Ukl < 6(E/2, Uk). 

Therefore, we have the relations 

If(x) - f(Udl < 44 V(u> - f(Udl < $4 
whence it follows that if(x) - f(u)1 < E. We have shown that if x, u are 
any two points of K for which Ix - u[ < s(e), then If(z) - f(u)/ < E. 

Q.E.D. 

In later sections we shall make use of the idea of uniform continuity 
on many occasions, SO we shall not give any applications here. However, 
we shall introduce here another property which is often available and 
is sufficient to guarantee uniform continuity. 

16.13 DEFINITION. If f has domain 9 contained in RP and range 
in RP, we say that f satisfies a Lipschitzt condition if there exists a 
positive constant A such that 

(16.4) If(4 - f(u)1 5 A lx - 4 

for a11 points x, u in D. In case the inequality (16.4) holds with a constant 
A < 1, the function is called a contraction. 

It is clear that if relation (16.4) holds, then on setting 8(e) = e/A 
one cari establish the uniform continuity of f on D. Therefore, if f 

t RUDOLPH LIPBCHITZ (1832-1903) was a profeaeor at Bonn. He made contributions 
to algebra, number theory, differential geometry, and analysis. 
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satisfies a Lipschitz condition, then j is uniformly continuous. The 
converse, however, is not true as may be seen by considering the func- 
tion defined for 9 = {X E R:O 5 2 < 1) byj(s) = &. If (16.4) holds, 
then setting u = 0 one must have \j(z)\ 5 A 1x1 for some constant A, 
but it is readily seen that the latter inequality cannot hold. 

By recslling Theorem 15.11, we cari see that a linear function with 
domain RP and range in RP satisfies a Lipschitz condition. Moreover, it 
will be seen in Section 19 that any real function with a bounded deriva- 
tive also satisfies a Lipschitz condition. 

Fixed Point Theorems 

If j is a function with domain 9 and range in the same space RP, 
then a point u in D is said to be a fixed point of j in case j(u) = u. A 
number of important results cari be proved on the basis of the existence 
of fixed points of functions SO it is of importance to have some affirma- 
tive criteria in this direction. The first theorem we give is elementary in 
character, yet it is often useful and has the important advantage that 
it provides a construction of the fixed point. For simplicity, we shall 
first. state the result when the domain of the function is the entire space. 

16.14. FIXED POINT THEOREM FOR CONTRACTIOIG. Letf be a cow 

traction with domain RP and range contained in RP. Then j has a unique 
fixed point. 

PROOF. We are supposing that there exists a constant C with 
0 < C < 1 such that 1 j(x) - j(y)1 < C 1~ - ?J[ for a11 2, y in RP. Let 
~1 be an arbitrary point in RP and set 22 = j(xl); inductively, set 

(16.5) G-1 = f (4, n E N. 

We shall show that the sequence (x,) converges to a unique fixed point 
u of j and estimate the rapidity of the convergence. 

TO do this, we observe that 

1x3 - 221 = /j-(x2) - f hd 5 c lx2 - x11, 

and, inductively, that 

(16.6) lx,+* - x,1 = If(s,) - f(Xd)l 5 c/xn - X?L-II I cn-’ 1x2 - 211. 

If m 2 n, then repeated use of (16.6) yields 

I%n - xnl 5 lxm - xm-11 $- IX??4 - xd + . . * + lxn+l - x,1 

5 (Cm-2 + c-3 + f * . + c”-‘) 1x2 - 511. 
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Hence it follows that, for m 2 7~, then 

1r1 

(16.7) Ixm - xnl I s 1x2 - XII. 

Since 0 < C < 1, the sequence (P-l) converges to zero. Therefore, 
(2,) is a Cauchy sequence. If u = lim (zr,,), then it is clear from (16.5) 
that u is a fixed point of f. From (16.7) and Lemma 11.16, we obtain 
the estimate 

(16.8) lu - x,1 I s lx2 - Xl1 
for the rapidity of the convergence. 

Finally, we show that there is only one fixed point for f. In fact, if 
u, v are two distinct fixed points of f, then 

lu - VI = If(u) - f(v>l 5 c lu - 4. 
Since u f a, then lu - VI # 0, SO this relation implies that 1 2 C, 
contrary to the hypothesis that C < 1. 

Q.E.D. 

It Will be observed that we have actually established the following 
result. 

16.15 COROLLARY. If f is a contraction with constant C < 1, if x1 
is un arbitrary point in RP, and if the sequence X = (x,,) is defined by 
equation (16.5), then X converges to the unique jîxed point u off with the 
rapidity estimated by (16.8). 

In case the function f is not defined on a11 of RP, then somewhat 
more tare needs to be exercised to assure that the iterative definition 
(16.5) of the sequence cari be carried out and that the points remain in 
the domain of f. Although some other formulations are possible, we 
shall content ourselves with the following one. 

16.16 THEOREM. Suppose that f is a contraction with constant C 
which is dejîned for D = [x E RP : 1x1 I B} and that If(O)1 5 B(1 - C). 
Then the sequence 

Xl = 8, x2 = f(x), . . .> xn+1 = f (x,), . . . 

converges to the unique fixed point off which lies in the set a>. 

PROOF. We shall check only that the sequence (x,) remains in 3. 
By hypothesis, 1~21 = 1 f (0) 1 5 B (1 - C) I B whence 22 E a. Thus 
x3 = f(xz) cari be defined and 

1x3 - X21 = If (x2) - f (XI)I I c lx* - el = c 1x21. 
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Therefore, 

1x31 5 1x21 + c 1x21 = (1 + C>I4 5 BU - cz>. 

This argument cari be continued inductively to prove that 1~,,+11 2 
,B (1 - 0). Hence the sequence (2,) lies in the set a> and the result 
follows as before. 

Q.E.D. 

The Contraction Theorem established above has certain advantages: 
it is constructive, the error of approximation cari be estimated, and it 
guarantees a unique fixed point. However, it has the disadvantage that 
the requirement that j be a contraction is a very severe restriction. It 
is a deep and important fact, first proved in 1910 by L. E. J. Brouwer,i 
that uny continuous function with domain XI = {Z E R*:IZ~ < B) and 
range contained in ZI must have at least one fixed point. 

16.17 BROUWER FIXED POINT THEOREM. Let B > 0 und kt 9 = 
[x E R*:jxj 5 BJ. Th en any continuous function with domain 3 and 
range contained in S has ut least one jîxed point. 

Since the proo of t’his result would take us too far afield, we shall 
not give it. For a proof based on elementary notions only, see the book 
of Dunford and Schwarte listed in the References. For a more system- 
atic account of fixed point and related theorems, consult the book of 
Lefschetz. 

Exercises 

16.A. Interpret the Global Continuity Theorem 16.1 for the real functions 
j(x) = x2 and g(x) = 1/x, x # 0. Take various open and closed sets and con- 
sider their inverse images under f  and g. 

16.B. Let h be defined on R by 

h(x) = 1, O<xll, 

= 0, otherwise. 

Exhibit an open set G such that h-l(G) is not open, and a closed set F such that 
h-l(F) is not closed. 

16.C. If  f  is defined and continuous on RP to R and if f(xo) > 0, then is f  
positive on some neighborhood of the point x0. ? Does the same conclusion follow 
if f  is merely continuous at the point x0? 

t L. E. J. BROUWER (1881- ) is professor at Amsterdam and dean of the Dutch 
school of mathematics. In addition to his early contributions to topology, he is 
noted for bis work on the foundations of mathematics and logic. 
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16.D. Let j and g be continuous functions on RP to R and let h, lc be defined 
for z in RP by 

h(x) = SUP (f(z), &)l, k(x) = inf (f(x), g(x) t. 

Show that h and k are continuous on RP. [Hint: use the relations sup (a, b) = 
3(a+b+la- bl), inf (a, b) = + (a + b - la - b[).] 

16.E. Letj be continuous on R2 to RP. Define the functions gl, go on R to Rg by 

e(t) = f@, (0, g&) = f@, 0. 

Show that g1 and g2 are continuous. 
16.F. Let j, gl, g2 be related by the formulas in the preceding exercise. Show 

that from the continuity of g1 and gz at t = 0 one cannot prove the continuity 
of j at (0,O). 

16.G. Give an example of a function on 1 = [0, l] to R which is not bounded. 
16.H. Give an example of a bounded function j on 1 to R which does not take 

on either of the numbers 

SUP (f(s) : 2 E 11, inf {j(z) :x E 1). 

16.1. Give an example of a bounded and continuous function g on R to R 
which does not take on either of the numbers 

SUP (g(Z) :x E RI, inf (g(z) :x E RI. 

16.J. Show that every polynomial of odd degree and real coefficients has a 
real root. Show that the polynomial p(s) = x4 + 723 - 9 has at least two 
real roots. 

16.K. If  c > 0 and n is a natural number, there exists a unique positive num- 
ber b such that bn = c. 

16.L. Let j be continuous on 1 to R with j(0) < 0 and j(1) > 0. If  N = 
(x E 1: j(x) < 0), and if c = sup N, show that j(c) = 0. 

16.M. Let j be a continuous function on R to R which is strictly increasing in 
the sense that if x’ < x” then j(x’) < j(x”). Prove that j is one-one and that its 
inverse function j-i is continuous and strictly increasing. 

16.N. Let j be a continuous function on R to R which does not take on any 
of its values twice. 1s it true that j must either be strictly increasing or strictly 
decreasing? 

16.0. Let g be a function on 1 to R. Prove that if g takes on each of its values 
exactly twice, then g cannot be continuous at every point of 1. 

16.P. Let j be continuous on the interval [0, 2~1 to R and such that j(0) = 
j(2~). Prove that there exists a point c in this interval such that j(c) = j(c +A). 
(Hint: consider g(z) = j(x) - j(x + r).) Conclude that there are, at any time, 
antipodal points on the equator of the earth which have the same temperature. 

16.Q. Consider each of the functions given in Example 15.5 and either show 
that the function is uniformly continuous or that it is not. 

16.R. Give a proof of the Uniform Continuity Theorem 16.12 by using the 
Lebesgue Covering Theorem 9.5. 
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16.S. If f is uniformly continuous on a bounded subset B of RP and haa values 
in RP, then must f be bounded on B? 

f; 
16.T. A function g on R to Rq is periodic if there exists a positive number p 

such that g(z + p) = g(z) for all z in R. Show that a continuous periodic func- 
’ tion is bounded and uniformly continuous on all of R. 

16.U. Suppose that f is uniformly continuous on (0,l) to R. Cari f be delined 
at z = 0 and x = 1 in such a way that it becomes continuous on [O, l]? 

16.V. Let 9 = (x E RP : ]z] < 1). 1s it true that a continuous function f on 
9 to Rq cari be extended to a continuous function on Di = (z E RP : ]z] 2 1 ] 
if and only if f is uniformly continuous on DD? 

Projects 

16.a. The purpose of this project is to show that many of the theorems of 
thii section hold for continuous functions whose domains and ranges are con- 
tained in metric spaces. In establishing these results, we must either observe that 
earlier definitions apply to met& spaces or cari be reformulated to do SO. 

(a) Show that Theorem 15.2 cari be reformulated for a function from one 
metric space to another. 

(b) Show that the Global Continuity Theorem 16.1 holds without change. 
(c) Prove that the Preservation of Connectedness Theorem 16.3 holds. 
(d) Show that the Preservation of Compactness Theorem 16.5 holds. 
(e) Show that the Uniform Continuity Theorem 16.12 cari be reformulated. 
16.8. Let g be a function on R to R which is not identically zen, and which 

satisfies the functional equation 

dz + Y) = &MY) for 2, II c R. 
The purpose of this project is to show that Q must be an exponential functiom 

(a) Show that g is continuous at every point of R if and only if it is continuous 
at one point of R. 

(b) Show that g does not vanish at any point. 
(c) Prove that g(0) = 1. If a = g(l), then a > 0 and g(r) = a’ for r E Q. 
(d) If g(z) > 1, 0 < z < 6, for some positive 6, then g is positive on a11 of R. 

In this case, g is strictly increasing and continuous on R. 
(e) If g is continuous on R, then g is positive on a11 of R. 
(f) Show that there exists at most one continuous function satisfying thés 

functional equation and such that g(1) = a for a > 0. 
(g) Referring to Project 6.4 show that there exists a unique continuous func- 

tion satisfying this functional equation and ‘kuch that g(1) = a for a > 0. 
16.7. Let h be a function on P = (z E R:i > 0) to R which is not identically 

sera and which satisfies the functional equation 

h(q) = h(x) + h(y) for 2,~ E P. 

The purpose of this project is to show that h must be a logarithmic function. 
(a) Show that h is continuous at every point of P if and only if it is continuous 

at one point of P. 
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(b) Show that h cannot be defined at CC = 0 to satisfy this functional equation 
for (z E R:z> 01. 

(c) Prove that h(1) = 0. If  z > 0 and r E Q, then h(~) = rh(z). 
(d) Show that, if h is positive on some interval in (z E R : z 2 1 ), then h is 

strictly increasing and continuous on P. 
(e) If  h is continuous on P, then h is positive for z > 1. 
(f) Show that there exists at most one continuous function satisfying this 

functional equation and such that h(b) = 1 for b > 1. 
(g) Referring to Project 6.7, show that there exists a unique continuous func- 

tion satisfying this functional equation and such that h(b) = 1 for 6 > 1. 

Section 17 Sequences of Continuous Functions 

There are many occasions when it is not enough to consider one or 
two continuous functions, but it is necessnry to consider a sequence of 
continuous functions. In this section we shall present several interesting 
and important results along this line. The most important one is Theorem 
17.1, which Will be used often in the following and is a key result. The 
remaining theorems in this section Will not be used in this text, but the 
reader should be familiar with the statement of these results, at least. 

In this section the importance of uniform convergence should become 
clearer. We recall that a sequence (fn) of functions on a subset 9 of 
RP to Rq is said to converge uniformly on ZD to f if for every t > 0 
there is an N(E) such that if n 2 N(E) and x E D, then Ifn(z) - f(z) j < E. 

Interchange of Limit and Continuity 

We observe that the limit of a sequence of continuous functions may 
not be continuous. It is very easy to see this; in fact, for each natural 
number n, let J;1 be defined on the unit intervul 1 = [0, l] to R by 

f%(Z) = cc”, 2 E 1. 

We have already seen, in Example 13.2(b), that the sequence (f,,) 
converges on 1 to the function f, defined by 

f(x) = 0, 0 < z < 1, 

= 1, x = 1. 

Thus despite the simple character of the continuous functions f,,, the 
limit function,f is net, continuous at the point J: = 1. 

Although the extent of discontinuity of the limit function in the 
example just given is not very great, it should be evident that more 
complicated examples cari be constructed which Will produce more 
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extensive discontinuity. It would be interesting to investigate exactly 
how discontinuous the limit of a sequence of continuous functions cari 
be, but this investigation would take us too far afield. Furthermore, 
for most applications it is more important to find additional conditions 
which Will guarantee that the limit function is continuous. 4 

We shah now establish the important fact that uniform convergence 
of a sequence of continuous functions is sufficient to guarantee t,he 
continuity of the limit function. 

17.1 THEOREM. Let F = (fn) be a sequence of continuous functions 
with domain D in RP and range in R* and let this sequenee converge uni- 
formly on a> to a junction j. Then f is continuous on a>. 

PROOF. Since (fn) converges uniformly on D to j, given c > 0 there 
is a natural number N = N(E/~) such that If~(z) - f(z)1 < 43 for a11 
x in D. TO show that f is continuous at a point a in ED, we note that 

Since fN is continuous, there exists a positive number, 6 = B(E/~, a, fi) 
such that if 12 - aJ < 6 and x E 9, then I~N(X) - Jo 1 < ~/3. (See 
Figure 17.1.) Therefore, for such x: we have If(x) - f(a)1 < E. This 
establishes the continuity of the limit function f at the arbitrary point 
a in a>. 

Q.E.D. 

We remark that, although the uniform convergence of the sequence 
of continuous functions is sufficient for the continuity of the limit func- 
tion, it is not necessary. Thus if (f,,) is a sequence of continuous functions 

Figure 17.1 
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which converges to a continuous function j, then it does not follow that 
the convergence is uniform (see Exercise 17.A). 

Approximation Theorems 

For many applications it is convenient to “approximate” continuous 
functions by functions of an elementary nature. Although there are 
several reasonable definitions that one cari use to make the word (‘approx- 
imate” more precise, one of the most natural as well as one of the most 
important is to require that at every point of the given domain the 
approximating function shall not differ from the given function by more 
than the preassigned error. This sense is sometimes referred to as 
“uniform approximation” and it is intimately connected with uniform 
convergence. We suppose that j is a given function with domain ‘CD con- 
tained in RP and range in RP. We say that a function g approximates j 

uniformly on 9 to within E > 0, if 

/g(z) - j(z)1 5 E for a11 2 E ZJ; 

or, what amounts to the same thing, if 

119 -fIla, = sup (lg(z) --f(x)1 : 2 E 91 56 

Here we have used the D-norm which was introduced in Definition 13.7. 
We say that the function f cari be uniformly approximated on OD by 
functions in a class Ç if, for each positive number e there is a function 
qc in Ç such that lige - f 1 ID < e; or, equivalently, if there exists a se- 
quence of functions in Ç which converges uniformly on XI to j. 

17.2 DEFINITION. A function g with domain RP and range in R* is 

called a step function if it assumes only a finite number of distinct 
values in R*, each non-zero value being taken on an interval in RP. 

For example, if p = q = 1, then the function g defined explicitly by 

g(x) = 0, x1-2 

= 4 -2<xIO, 

= 3, 0<2<1, 

= -5, 15 x 5 3, 

= 0, x>3 

is a step function. (See Figure 17.2 on the next page.) 
We now show that a continuous function whose domain is a compact 

interval cari be uniformly approximated by step functions. 
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c 1 

Figure 17.2. A step function. 

17.3 THEOREM. Let f be a continuous function whose domain B is a 
compact interval in RP and whose values belong to RQ. Then f cari be 
uniformly approximated on D by step functions. 

PROOF. Let t > 0 be given; since f is uniformly continuous (Theorem 
16.12), there is a number 8(c) > 0 such that if Z, y belong to a, and 
1~ - y1 < 6(e), then If(x) - f(y)] < C. Divide the domain D of f into 
disjoint intervals II, . . ., 1, such that if x, y belong to Ik, then 1.2: - y/ < 
S(E). Let xk be any point belonging to the interval Ik, k = 1, . . ., n and 
define g.(x) = f (xk) for x E Ik and gC(X) = 0 for 2 $ D. Then it is clear 
that Ig,(x) - f (s>l < e f or x E a> SO that gt approximates f uniformly 
on % to within C. (See Figure 17.3.) 

Q.E.D. 

It is natural to expect that a continuous function cari be uniformly 
approximated by simple functions which are also continuous (as the 
step functions are not). For simplicity, we shall establish the next result 
only in the case where p = p = 1 although there evidently is a general- 
ization for higher dimensions. 

We say that a function g defined on a compact interval J = [a, b] of 
R with values in R is piecewise linear if there are a finite number of 
points ck with a = cg < c1 < c2 < . . . < c,, = b and corresponding real 



SEC. 17 SEQUENCES OF CONTINUOUS FUNCTIONS 179 

Figure 17.3. Approximation by a step function. 

numbers Ah, Bk, k = 0, 1, . . ., n, such that when z satisfies the relation 
ck < x <ck+l, the function g has the form 

g(x) = k-c + Bk, k = 0, 1, . . ., n. 
If g is continuous on J, then the constants Ak, Bb must satisfy certain 
relations, of course. 

17.4 THEOREM. Let f be a continuous junction whose domain is a 
compact interval J in R. Then f cari be uniformly approximated on J by 
continuous piecewise linear functions. 

PROOF. As before, j is uniformly continuous on the compact set J. 

Therefore, given E > 0, we divide J = [a, b] into subintervals by adding 
intermediate points ck, k = 0, 1, . . ., n, with a = CO < cl < c2 < . . . < 
cn = b SO that ck - ck-1 < s(e). Connect the points (ck,&)) by line 
segments, and define the resulting continuous piecewise linear function 
gt. It is clear that g. approximates f uniformly on J within E. (Sec 
Figure 17.4.) 

Q.E.D. 

Figure 17.4. Approximation by a piecewise linear function. 
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We shah now prove a deeper, more useful, and more interesting result 
concerning the approximation by polynomials. First, we prove the Weier- 
strass Approximation Theorem for p = q = 1, by using the polynomials 
of S. Bernsteïn.t Next, we shah establish the RP case of M. H. Stone’s 
generalization of the Weierstrass Theorem. We shall then be able to 
obtain easily the general case of polynomial approximation. 

17.5 DEFINITION. Let f be a function with domain 1 = [0, l] and 
range in R. The nth Bernsteïn polynomial for f is defined to be 

(17.2) f&(x) = &(x;f) = k$of Q(ê) xk(l - xFk* 

These Bernsteïn polynomials are not as terrifying as they look at 
first glance. A reader with some experience with probability should see 
the Binomial Distribution lurking in the background. Even without 
such experience, the reader should note that the value B,(x; f) of the 
polynomial at the point x is calculated from the values f(O), f(l/n), 
f@ln>, * . .,fU>, with certain non-negative weight factors V~(X) = 

n 

0 k 
~“(1 - x)%-+ which may be seen to be very small for those values 

of k for which k/n is far from x. In fact, the function qk is non-negative 
on 1 and takes its maximum value at the point k/n. Moreover, as we 
shall see below, the sum of a11 the V~(X), k = 0, 1, . . ., n, is 1 for each 
x in 1. 

We recall that the Binomial Theorem asserts that 

(17.3) (s + t)” = 2 n SWk, 
0 k=O k 

where denotes the binomial coefficient 

n 

0 

?Z! 
k = k!(n - k)! * 

By direct inspection we observe that 

(17.4) 

(17.5) 

~SERGE N. BERNBTEïN (188@- ), dean of Rueeian mathematical analysis, haa 
made profound contributions to analysie, approximation theory, and probability. 
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Now let s = 2: and t = 1 - 2 in (17.3), to obtain 
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(17.6) l= k$o k 0 
zk(l - X)%-k. 

Writing (17.6) with n replaced by n - 1 and k by j, we have 

n-1 n - 1 
l=C 

( > 
xi(l - x)n-l-i 

j-0 j 

Multiply this last relation by 2 and apply the identity (17.4) to obtain 

n-‘j+l n 
x=x---- 

( > 
xi+l(l - x)n-Ci+l). 

j=O n j+l 

Now let k = j + 1, whence 

zk(l - 2)“~k. 

We also note that the term corresponding to k = 0 cari be included, 
since it vanishes. Hence we bave 

(17.7) 
“k n 

x=x- 
0 k=On k 

Xk(1 - x)n-k. 

A similar calculation, based on (17.6) with n replaced by n - 2 and 
identity (17.5), shows that 

@g - n)x2 = k$o (k2 - k) (k) ~~(1 - Z)“+. 

Therefore we conclude that 

(17.8) 
i 

Multiplying (17.6) by x2, (17.7) by -22, and adding them to (17.8), 
we obtain 

(17.9) (l/n)x(l - x) = go (x - k/n)2 c) ~“(1 - x)~-~, 

which is an estimate that Will be needed below. 
Examining Definition 17.5, formula (17.6) says that the nth Bernsteïn 

polynomial for the constant function f0 (z) = 1 coincides with SO. Formula 
(17.7) says the same thing for the function fi(z) = CL Formula (17.8) 
asserts that the nth Bernsteïn polynomial for the function fi(z) = x2 is 

&(z;f2) = (1 - l/n)x2 + (l/n)x, 
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which converges uniformly on 1 to j2. We shall now prove that if j is 
any continuous function on 1 to R, then the sequence of Bernsteïn 
polynomials has the property that it converges uniformly on 1 to j. 
This Will give us a constructive proof of the Weierstrass Approximation 
Theorem. In the process of proving this theorem we shah need formula 
(17.9). 

17.6 BERNSTEÏN APPROXIMATION THEOREM. Letjbe continuous on 
1 with values in R. Then the sequence of Bernsteïn polynomials for j, 
defined in equaiion (17.2), converges unijormly on 1 to j. 

PROOF. On multiplying formula (17.6) by j(z), we get 

j(x) = kG f (x> (y) xk(l - xFk* 

Therefore, we obtain the relation 

j(x) - B&) = go if(x) - f(k/n)) c) ~~(1 - dnVk 

from which it follows that 

(17.10) I~(X> - IL(41 I go If(x) - fWn)l (k> xk(l - xPkm 

Now j is bounded, say by M, and also uniformly continuous. Note that 
if k is such that k/n is near x, then the corresponding term in the sum 
(17.10) is small because of the continuity of j at 2; on the other hand, 
if k/n is far from x, the factor involving j cari only be said to be less 
than 2M and any smallness must arise from the other factors. We are 
led, therefore, to break (17.10) into two parts: those values of k where 
x - k/n is small and those for which x - k/n is large. 

Let, e > 0 and let s(e) be as in the definition of uniform continuity 
for j. It turns out to be convenient to choose n SO large that 

(17.11) n 2 SUP l @k>>-4,M2/~2), 

and break (17.10) into two sums. The sum taken over those k for which 
1x - k/nl < n-114 5 s(e) yields the estimate 

xk(l - x)“-~ = E. 

The sum taken over those k for which Ix - k/nl 2 n-114, that is, 
(z - k/m)2 2 n-112, cari be estimated by using formula (17.9). For this 
part of the sum in (17.10) we obtain the Upper bound 
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zk(l - r)n-k 

= 2M c (x - k/nT n 

0 k (X - k/n)’ hY 
X+(l - zE)n-k 

5 2M fi k$l (z - Ic/~)~ (3 xk(l - z)“-~ 

<2M4~x(l-x))<&~ 

since x(1 - x) < & on the interval 1. Recalling the determination 
(17.11) for n, we conclude that each of these two parts of (17.10) is 
bounded above by 6. Hence, for n chosen in (17.11) we have 

If(x) - h(x) I < 2% 

independently of the value of x. This shows that the sequence (B,) 
converges uniformly on 1 to j. 

Q.E.D. 

As a direct corollary of the theorem of Bernsteïn, we have the follow- 
ing important result. 

17.7 WEIERSTRASS APPROXIMATION THEOREM. Letfbe a continuous 
junction on a compact interval oj R and with values in R. Then f cari be 
unijormly approximated by polynomials. 

PROOF. If j is defined on [a, b], then the function g defined on 
1 = [0, 1] by 

s(t) = f((b - a)t + a), t E 1, 

is continuous. Hence g cari be uniformly approximated by Bernstem 
polynomials and a simple change of variable yields a polynomial 
approximation to f. 

Q.E.D. 

We have chosen to go through the details of the Bernsteïn Theorem 
17.6 because it gives a constructive method of finding a sequence of 
polynomials which converges uniformly on 1 to the given continuous 
function. Also, by using the relation (17.11)) the rapidity of the con- 
vergence cari be estimated. In addition, the method of proof of Theorem 
17.6 is characteristic of many analytic arguments and it is important 
to develop an understanding of such arguments. Finally, although we 
shah establish more general approximation results, in order to do SO we 
shah need to know that the absolute value function cari be uniformly 
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approximated on a compact interval by polynomials. Although it would 
be possible to establish this special case without the Bernsteïn poly- 
nomials, the required argument is not SO simple as to overbalance the 
considerations just mentioned for including Theorem 17.6. 

TO facilitate the statement of the next theorem, we introduce the 
following terminology. If f and g are functions with domain a in RP 
and with values in R, then the functions h and k defined for x in a> by 

h(x) = SUP (f(z), s(x)), ]C(x) = inf V(x>, ~X>I, 

are called the supremum and infimum, respectively, of the functions 
f and g. If j and g are continuous on a>, then both h and k are also 
continuous. This follows from Theorem 15.7 and the observation that 
if a, b are real numbers, then 

SUP {a, 6) = <$>{a + b + la - 611, 

inf {a, bf = (+){a + b - lu - bl}. 

We now state one form of Stone’st generalization of the Weierstrass 
Approximation Theorem. This result is the most recent theorem that 
appears in this text, having been first proved in 1937 in somewhat 
different form and given in this form in 1948. Despite its recent dis- 
covery it has already become “classical” and should be a part of the 
background of every student of mathematics. The reader should refer 
to the article by Stone listed in the References for extensions, applica- 
tions, and a much fuller discussion than is presented here. 

17.8 STONE APPROXIMATION TREOREM. Let K be a compact subset 
of RP und Zet C be a collection of continuous junctions on K to R with the 
properties: 

(a) If f, g belong to 2, then sup {f, g} and inf ff, g) belong to C. 
(b) If a, b E R and x # y E K, then there exists a function f in d: such 

that f(x) = a, f(y) = b. 
Then uny continuous function on K to R cun be uniformly approximated 

on K by functions in &. 
PROOF. Let F be a continuous function on K to R. If x, y belong to K, 

let gZu E d: be such that glu(x) = F(x) and gZ,(y) = F(y). Since the 
functions F, g,, are continuous and have the same value at y; given 
e > 0, there is an open neighborhood U(y) of y such that if z belongs to 
K A U(y), then 

(17.12) g,,,(z) > F(z) - e. 

t MARSHALL H. STONE (1903- ) studied at Harvard and is a professor at Chicago. 
The son of a chief justice, he has made basic contributions to modern analysis, 
especially to the theories of Hilbert space and Boolean algebras. 
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Hold x fixed and for each y E K, Select an open neighborhood U(y) 
with this property. From the compactness of K, it follows that K is 
contained in a finite number of such neighborhoods: U(yl), . . ., U(y,). 
If hz = SUP Isw,, . . ..gwJ. th en it follows from relation (17.12) that 

(17.13) h,(z) > F(z) - E for .z E K. 

Since g=,,(x) = F(z), it is seen that h,(x) = F(x) and hence there is an 
open neighborhood V(x) of z such that if z belongs to K n V(z), then 

(17.14) h,(z) < F(z) + E. 

Use the compactness of K once more to obtain a finite number of neigh- 
borhoods V(X~), . . ., V(x,) and set h = inf (h,,, . . ., h,,}. Then h be- 
longs to d: and it follows from (17.13) that 

h(z) > F(z) - e for z E K 

and from (17.14) that 

h(z) < F(z) + E for z E K. 

Combining these results, we have I~(Z) - F(z) 1 < E, z E K, which 
yields the desired approximation. 

Q.E.D. 

The reader Will have observed that the preceding result made no use 
of the Weierstrass Approximation Theorem. In the next result, we re- 
place condition (a) above by three algebraic conditions on the set of 
functions. Here we make use of the classical Weierstrass Theorem 17.7 
for the special case of the absolute value function (a defined for t in R by 
p(t) = (tl, to conclude that q cari be approximated by polynomials on 
every compact set of real numbers. 

17.9 STONE-WEIERSTRASS THEOREM. Let K be a compact subset of 
RP and Zet Q. be a collection of continuous functions on K to R with the 
properties: 

(a) The constant function e(x) = 1, x E K, belongs to a. 
(b) If f, g belong to a, then af + @g belongs to a. 
(c) Iff, g belong to ~2, thenfg belong to a. 
(d) If x # y are two poànts of K, there exists a function f in @. such that 

f(x) + f(Y). 
Then any continuous function on K to R cari be uniformly approximated 

on K by functions in a. 
PROOF. Let a, b E R and x # y belong to K. According to (d), there 

is a function f in C% such that f(x) #f(y). Since e(x) = 1 = e(y), it 
follows that there are real numbers (Y, /3 such that 

aftx) + Se(x) = a, af (y> + @(y> = b- 
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Therefore, by (b) there exists a function g in a such that g(z) = a and 
c/(Y) = b. 

Now let f be a continuous function on K to R. It follows that f is 
bounded on K and we suppose that If(z)\ 5 M for 2 E K. By the Weier- 
strass Approximation Theorem 17.7 applied to the absolute value func- 
tion q(t) = Itl on the interval lt( 5 M, we conclude that given e > 0 
there is a polynomial p such that 

Iltl - p(t)] < E for It( I M. 

Therefore, we infer that 

IlS( - ~Lfb~>ll < E for z E K. 
If f belongs to a, then by (b) and (c), the function p of also belongs to @ 
and the remark just made shows that we cari approximate the function 
[SI by functions in a. Since 

suPU> =~tf+c7+I.f-sll, 
infiS, =*If+s- If-si), 

any function that cari be uniformly approximated by linear combinations, 
suprema and infima of functions in @ cari also be uniformly approximated 
by polynomials of functions in CL Therefore, it follows from the preceding 
theorem that any continuous function on K cari be uniformly approxi- 
mated by functions in CL 

Q.E.D. 

We now obtain, as a special case of the Stone-Weierstrass Theorem, a 
strong form of Theorem 17.7. This result strengthens the latter result in 
two ways: (i) it permits the domain to be an arbitrary compact subset of 
RP and not just a compact interval in R, and (ii) it permits the range to 
lie in any space R*, and not just R. TO understand the statement, we 
recall that a function f with domain ZD in RP and range in Ru cari be 
regarded as q functions on F=D to R by the coordinate representation: 

(17.15) f(x) = (flbd, * . . ,f*(x)) for z E DD. 

If each coordinate function fi is a polynomial in the p coordinates 

(r;l, * . ., &,), then we say that f is a polynonzial function. 

17.10 POLYNOMIALAPPROXIMATION THEOIZEM. Letfbe a continuous 
function whose domain K is a compact subset of RP and whose range belongs 
to Rg and let 6 be a positive real number. Then there exists a polynomial 
function p on RP to R* such that 

If(x) - p(x) 1 < E for x E K. 
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PROOF. Represent f by its p coordinate functions, as in (17.15). Since 
fis continuous on K, each of the coordinate functions fi is continuous on 
K to R. The polynomial functions defined on RP to R evidently satisfy 
the properties of the Stone-Weierstrass Theorem. Hence the coordinate 
function fi cari be uniformly approximated on K within e/<q by a 
polynomial function pi. Letting p be defined by 

P(X) = (Plcd, * * ., Pd4>, 

we obtain a polynomial function from RP to Rq which yields the desired 
approximation on K to the given function f. 

Q.E.D. 

Extension of Continuous Functions 

Sometimes it is desirable to extend the domain of a continuous func- 
tion to a larger set without changing the values on the original domain. 
This cari always be done in a trivial way by defining the function to be 0 
outside the original domain, but in general this method of extension does 
not yield a continuous function. After some reflection, the reader should 
see that it is not always possible to obtain a continuous extension. For 
example, if D = {z E R:x z 0) and if f is defined for z E ZD to be 
f(x) = 1/x, then it is not possible to extend f in such a way as to obtain 
a continuous function on a11 of R. However, it is important to know that 
an extension is always possible when the domain is a closed set. Further- 
more, it is not necessary to increase the bound of the function. 

Before we prove this extension theorem, we observe that if A and B 
are two disjoint closed subsets of RP, then there exists a continuous 
function (D defined on RP with values in R such that 

V(X> = 0, x E A; (o(x) = 1, x E B; 0 5 v(x) 5 1, z E RP. 

In fact, if d(z, A) = inf (1x - yI:y E A) and d(z, B) = inf {Ix - yl: 
y E B ), then we cari define Q for x E RP by the equation 

(P(x) = db, -4) 
db, A) + d(x, B) ’ 

17.11 TIETZE~. EXTENSION THEOREM. Let f  be a bounded cuntinum 
function defïned on a closed subset D of RP arrd with values in R. Then there 
exists a cuntinuous function g un RP to R such that g(x) = f(x) for x in D 
and such that sup { Ig(x)l : x E RP} = sup { If(x)\ : r E OD]. 

t HEINRICH TIETZE (1880-1964), professor at Munich, bas contributed to topology, 
geometry, and algebra. This extension theorem goes back to 1914. 
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PROOF. Let M = sup {lf(z)l:x E a) and consider A1 = {CC E ZD: 
j(z) 5 M/3) and II1 = {s E D:~(X) > M/3). From the continuity of 
f and the fact that D is closed, it follows from Theorem 16.1 (c) that A, 
and B1 are closed subsets of RP. According to the observation preceding 
the statement of the theorem, there is a continuous function (ol on RP 
to R such that 

(01(x) = -M/3, x E Al; a(x) = M/3, x E BI; 

-M/3 5 91(x) 5 M/3, x E RP. 

We now set fi = j - p1 and note that fi is continuous on XI and that 
sup {Ifi(x)I:z E 9} I $M. 

Proceeding, we define AP = { 2 E ZD : fi(z) 2 - (+) ($)M} and B2 = 
(x E a>&(x) 2 ($)($)M) an o d bt ain a continuous function <pr on RP to 
R such that 

(02(x) = - (3 (+Of, x E AZ; e(x) = ($1 (Q)M, x E &; 

- (B) GM 5 cpz(x> I (5) (i)M, x: E RP. 

Having done this, we set f3 = fi - <pz and note that f3 = f - (pl -fi is 
continuous on 9 and that sup ( lf3(x) 1 :z E a>) 5 ($)2M. 

By proceeding in this manner, we obtain a sequence (CO,,) of functions 
defined on RP to R such that, for each n, 

(17.15) If&> - La(x) + m(x) + -. . + (~n(x>ll 15 (Wf, 

for a11 2 in a> and such that 

(17.16) Iqn(x)l 5 ($) ($)n-lM for 2 E RP. 

Let g,, be defined on RP to R by the equation 

gn = (01 + v-2 + * * * + (On, 

whence it follows that g,, is continuous. From inequality (17.16) we infer 
that if m 2 n and x E RP, then 

which proves that the sequence (g,J converges uniformly on RP to a 
function we shall denote by g. Since each g,, is continuous on RP, then 
Theorem 17.1 implies that g is continuous at every point of RP. Also, it 
is seen from the inequality (17.15) that 

If(s> - gn(x> I I ($)nM for x E 9. 
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We conclude, therefore, that j(x) = g (2) for 2 in ZD. Finally, inequality 
(17.16) implies that for any 2 in RP we have 

lgn(x>l I (wm + $ + *- * + (P>n-1l 2 M, 

which establishes the final statement of the theorem. 
Q.E.D. 

17.12 COROLLARY. Let j be a bounded contimous junction defined on 
a closed subset 5~ of RP and with values in Rq. Th,en there exists a continuous 
junction g on RP to RP with g(x) = j(x) for x in 9 and such that 

sup { lg(z)l : x E RP) = sup { Ij(~>l : 2 E ZD]. 

PROOF. This result has just been proved for p = 1. In the general 
case, we note that j defines 4 continuous real-valued coordinate functions 
013 33: 

f(x) = (h(x), fi(~), . . .,fdxç>>. 

Since each of the fi, 1 5 j 5 q, has a continuous extension gi on RP to 
Fi., we define g on RP to R* by 

g(x) = bd47 g&)* . * ‘, 9&))* 

The function g is seen to have the required properties. 
Q.E.D. 

Equicontinuity 

We have made frequent use of the Bolzano-Weierstrass Theorem 8.13 
for sets (which asserts that every bounded infinite subset of RP has a 
cluster point) and the corresponding Theorem 12.4 for sequences (which 
asserts that every bounded sequence in RP has a convergent subse- 
q.uence). We now present a theorem which is entirely analogous to the 
Bolzano-Weierstrass Theorem except that it pertains to sets of continuous 
junctions and not sets of points. For the sake of brevity and simplicity, 
we shall present here only the sequential form of this theorem, although it 
would be possible to define neighborhoods of a function, open and closed 
sets of functions, and cluster points of a set of functions. 

In what follows we let K be a fixed compact subset of RP, and we 
shall be concerned with functions which are continuous on K and have 
their range in R*. In view of Theorem 16.5, each such function is 
bounded, and we Write 

Ml = Ilfll~ = SUP IIfb>l : x 6 KI. 
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We say that a set 5 of continuous functions on K to Rq is bounded (or 
uniformly bounded) on K if there exists a constant M such that 

Ilfll I M, 

for a11 functions j in 5. It is clear that any finite set 5 of such functions is 
bounded; for if 5 = (fi, fi, . . ., jn], then we cari set 

M = SUP ~Ilfill, Ilhll,~~ .> Ilfnll~~ 
In general, an infinite set of continuous functions on K to Rq Will not be 
bounded. However, a uniformly convergent sequence of continuous 
functions is bounded, as we now show. (Compare this proof with Lemma 
11.6.) 

17.13 LEMMA. If 9 = (j,,) is a sequenxe of continuous junctions on 
the compact set K to RP which converges unijormly on K, then 5 is bounded 
on K. 

PROOF. If j is the limit of the sequence 5, there exists a natural num- 
ber N such that if n > N, then II jn - fil < 1. By using the Triangle 
Inequality 13.8(c) for the norm, we infer that 

Ilfnll 2 llfll + 1 for 72 2 N. 
If we let M = sup {llflll, Ilf2ll . . ., Ilf~-111, IlfIl + 11, we sec that M is 
a bound for the set 5. 

Q.E.D. 

If j is a continuous function on the compact set K of RP, then Theorem 
16.12 implies that it is uniformly continuous. Hence, if E > 0 there exists 
a positive number 8(c), such that if 2, y belong to K and Iz - y( < 6(c), 
then I~(Z) - j(y)1 < E. Of course, the value of 6 may depend on the 
function j as well as on c and SO we often Write a(~, j). (When we are 
dealing with more than one function it is well to indicate this dependence 
explicitly.) We notice that if F = (fi, . . ., jn) is a finite set of continuous 
functions on K, then, by setting 

~CE, S> = inf (~CE, fi>, . . ., 8(e,fn) 1, 

we obtain a 6 which “works” for a11 the functions in this finite set. 

17.14 DEFINITION. A set 5 of functions on K to RP is said to be 
equicontinuous on Kif, for each positive real number E there is a positive 
number 6(c) such that if z, y belong to K and Iz - y1 < 8(c) and j is a 
function in F, thcn /j(z) - j(y)\ < e. 

It has been seen that a finite set of continuous functions on K is 
equicontinuous. We shah now show that a sequence of continuous func- 
tions which converges uniformly on K is also equicontinuous. 
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17.15 LEMMA. If 5 = (fn) is a sequence of continuous functions on 
a compact set K to RQ which converges unifol’mly on K, then the set 3 is 
equicontinuous on K. 

PROOF. Let f be the uniform limit of the sequence 5 and let N(E/~) 
be such thst if n 2 N(E/~), then 

Ifn(z) - f(z) I 5 llfn - fl I < 43 for .z E K. 

I3y Theorem 17.1, the function f is continuous and hence uniformly 
continuous on the compact set K. Therefore, there exists a number 
6(~/3, f) such that if X, y E K and Iz - ~1 < 8(~/3, f), then we have 
If(z) - f(y)\ < 43. Thus if n 2 N(E/~), then 

lfnb) - fn(Y)I 5 Ifn(z) - fb>l + 
+ If(x) - f(Y) I + If(Y) -- fn(Y)I < E. 

As an abbreviation, let N = N (43), and set 

S(6) = inf (6(~,fJ, . . ., s(%fN-L)> 6(43,f)I. 

Therefore, if 2, y E K and 1~: - y\ < C?(E), then Ifn(z) - fn(y)\ < E for 
a.11 n E N. This shows that the sequence is equicontinuous on K. 

Q.E.D. 

It follows that, in order for a sequence of functions on K to RP t.o be 
uniformly convergent on K, it is necessary that the sequence be bounded 
and equicontinuous on K. We shall now show that these two properties 
are necessary and sufficient for a set 5 of continuous functions on K to 
have the property that every sequence of functions from 5 has a subse- 
quence which converges uniformly on K. This may be regarded as a 
generalization of the Bolzano-Weierstrass Theorem to sets of continuous 
functions and plays an important role in the theory of differential and 
integral equations. 

17.16 ARzELÀ-AscoLIt THEOREM. Let K be a compact subset of Hz’ 
and let 5 be a collection of functions which are continuous on K and have 
values in Rq. The following properties are equivalent : 

(a) The family F is bounded and equicontinuous on K. 
(b) Every sequence from F has a subsequence which is uniformly cow 

vergent on K. 

t CESARE ARZELÀ (1847-1912) was a professor at Bologna. He gave neccssary and 
sufficient conditions for the limit of a sequence of continuous functions on a closed 
interval to be continuous, and he studied related topics. 

GIULIO ASCOLI (1843-1896), a professor at Milan, formulated the definition of 
equicontinuity in a geometrical setting. He also made contributions to Fourier 
skxies. 
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PROOF. First, me shall show that if (a) fails, then SO does (b). If the 
family 5 is not bounded, there is a sequence (jn) of functions in 5 such 
that for each natural number n we have lij,J > n. In view of Lemma 
17.13 no subsequence of (jn) cari converge uniformly on K. Also, if the 
set 5 is not equicontinuous, then for some Q > 0 there is a sequence 
(j,J from 5 such that 6 (60, jn) > l/n. If this sequence (j,J has a uni- 
formly convergent subsequence, we obtain a contradiction to Lemma 
17.15. 

We now show that, if the set 9 satisfies (a), then given any sequence 
(jn) in 5 there is a subsequence which converges uniformly on K. TO do 
this we notice that it follows from Exercise 8.5 that there exists a count- 
able set C in K such that if y E K and E > 0, then there exists an element 
2 in C such that 1~ - y\ < E. If C = {x1, ~2, . . . ), then the sequence 
(jn(xl)) is bounded in R*. It follows from the Bolzano-Weierstrass 
Theorem 12.4 that there is a subsequence 

(.fx%),fi2(51), . . .,fin(Xl>, * . .> 

of (fnh)) h’ h w lc is convergent. Next we note that the sequence (jik&J : 
k E N) is bounded in Rq; hence it has a subsequence 

(f&2),$22(22), . . .,fin(X2), . . .> 

which is convergent. Again, the sequence (j2n(~3) :n E N) is bounded 
in RQ, SO some subsequence 

(f&&f32(23L . . .,f3n(Zd, . . .> 

is convergent. We proceed in this way and then set g,, = jnn SO that g, is 
the nth function in the nth subsequence. It is clear from the construction 
that the sequence (g,) converges at each point of C. 

We shall now prove that the sequence (g,) converges at each point of 
K and that the convergence is uniform. TO do this, let E > 0 and let 
S(C) be as in the definition of equicontinuity. Let C1 = {Y~, . . ., yk} be a 
finite subset of C such that every point in K is within 6(e) of some point 
in Cl. Since the sequences 

67n(Yd), bn(YdL * * ‘7 67B(Yk)) 

converge, there exists a natural number M such that if m, n 2 N, then 

Ig,(yi) - gn(yi)( < e for i = 1, 2, . . ., k. 

Given 2 E K, there exists a yi E C1 such that IX - y il < 8(c). Hence, by 
the equicontinuity, we have 

19nCz> - !7n(Yj)l < E 
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for a11 n E N; in particular, this inequality holds for n 2 M. Therefore, 
we have 

h(z) - !?m(~)I I lSn(S> - gncYr)l + lSn(Yi) - Sm(Yi)l 

+ Ig7n(y,) - gm(z)l < E + c + c = 35 

provided m, n > M. This shows that 

llgn - gmlIK I 3~ for m, n 2 M, 

SO the uniform convergence of the sequence (g,) on K follows from the 
Cauehy Criterion for uniform convergence, given in 13.11. 

Q.E.D. 

In the proof of this result, we constructed a sequence of subsequences 
of functions and then selected the “diagonal” sequence (g,), where 
y, = j,,,,. Such a construction is often called a “diagonal process” or 
‘LCantor’s diagonal method” and is frequently useful. The reader should 
recall that a similar type of argument was used in Section 3 to prove 
that the real numbers do not form a countable set. 

17.A. Give an example of a sequence of continuous functions which converges 
1;o a continuous function, but where the convergence is not uniform. 

17.B. Can a sequence of discontinuous functions converge uniformly to a 
continuous function? 

17.C. Give an example of a sequence of continuous functions which converges 
on a compact set to a function that has an infinite number of discontinuities. 

17.D. Suppose that j,, is continuous on 9 c 1~~ to Rg, that (jn) converges 
uniformly on 9 to j, and that a sequence (2,) of elements in 9 converges to z 
in DD. Does it follow that (jn(z)) converges to j(z)? 

17.E. Consider the sequences (j,,) defined on (z E R :z> 0) to R by the 
formulas 

(a) x 9 (c) --c-- > 
n + X” 

(e) -EL 7 
1 + x2n 

(b) 2” > 
1 + 2” 

(d) * > 
1 + 2” 

(f) ; &/n). 

:Discuss the convergence and the uniform convergence of these sequences (jn) 
and the continuity of the limit functions. Consider both the entire half-line and 
appropriately chosen intervals as the domains. 

17.F. Let (j,,) be a sequence of functions on D c RP to RP which converges 
on % to j, Suppose that each j,, is continuous at a point c in a> and that the 
;sequence converges uniformly on a neighborhood of c. Prove that j is continu- 
‘ous at c. 
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17.G. Let (j,,) be a sequence of continuous functions on D c RP to R which 
is monotone decreasing in the sense that if z E 9, then 

fi(X) 2 f?(X) 2 * f  .> fn(x) 2 fn+1(x) 2 . . . 

I f  (j,,(c)) converges to 0 and B > 0, then there exists a natural number M and 
a neighborhood U of c such that if n 2 M and x E U A 9 then j%(x) < 6. 

17.H. Using the preceding exercise, establish the following result of U. Dini.i 
I f  (j,,) is a monotone sequence of real-valued continuous functions which con- 
verges at each point of a compact subset K of RP to a continuous function j, 
then the convergence is uniform on K. 

17.1. Can Dini’s Theorem fail if the hypothesis that K is compact is dropped? 
Can it fail if the hypothesis that j is continuous is dropped? Can it fail if the 
hypothesis that the sequence is monotone is dropped? 

17.5. Prove the following result of G. P6lya.S If for each n E N, jn is a mono- 
tone increasing function on 1 to R, if j is continuous on 1 to R, and if j(x) = 
lim (j,,(x)) for a11 x E 1, then the convergence is uniform on 1. Observe that it 
need not be assumed that the jn are continuous. 

17.K. Let cfn) be a sequence of continuous functions on 9 c RP to RP and 
let j(z) = lim (j%(x)) f  or x E 9. Show that j is continuous at a point c in D if 
and only if for each e > 0 there exists a natural number m = m(e) and a neigh- 
borhood U = U(e) of c such that if x E D A U, then 

Ifen -f(x)1 < e. 

17.L. Consider the weight factors ~k that appear in the nth Bernsteïn poly- 
nomials. By using elementary calculus or other means, show that <P~C takes its 
supremum on 1 at the point k/n. Write out explicitly the functions <~k, k = 
0, 1, 2, when n = 2 and the functions corresponding to n = 3, and note that 
C p,,(x) = 1, for x E 1. Draw graphs of some of these functions. 

17.M. Carry out the details in the derivation of equation (17.8) and the 
equation immediately preceding this equation. 

17.N. Differentiate equation (17.3) twice with respect to s and then sub- 
stitute s = z, t = 1 - x. From what is obtained, give another derivation of 
equations (17.7) and (17.8). 

17.0. Let K be the circumference of the unit circle in Rz; hence K is the set 
{ (x, y) :x2 + y2 = 1) . Note that K cari be parametrized by the angle 0, where 
tan 8 = y/~. A trigonometric polynomial is a function p on K to R of the form 

p(B) = Ao + (A1 COS 0 + BI sin 0) + . . . + 

+(A,cosnd + B,sinne), 

t ~LISSE DINI (184.5-1918) studied and taught at Pisa. He worked on geometry and 
analysis, particularly Fourier series. 
$ GEORGE P~LYA (1887- ) was born in Budapest and taught at Zürich and 
Stanford. He is widely known for his work in complex analysis, probability, number 
theory, and the theory of inference. 
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where the Ai, Bj are real numbers. Use the Stone-Weierstrass Theorem and show 
that any continuous function on R to R cari be uniformly approximated by 
trigonometric polynomials. 

17.P. Let D be the unit circle in Rz; in polar coordinates, D is the set 
( (r COS 19, r sin 0) : 0 2 0 5 2~, 0 2 T 5 1). Show that any continuous function 
on D to R cari be uniformly approximated by functions of the form 

A0+r(Alcose+B~sin0)+...+~“(An~osm9+B,sinnB). 

17.Q. Let IZ denote the square I X 1 in R2. Show that any continuous function 
on II to R cari be uniformly approximated by functions having the form 

flcddY) + *  *  *  +fn(~M?J>, 

where fi, gi are continuous functions on 1 to R. 
17.R. Show that the Tietze Theorem 17.11 may fail if the domain 9 is not 

closed. 
17.5. Use the Tietze Theorem to show that if a> is a closed subset of RP and 

f is a (possibly unbounded) continuous function on 9 to R, then there existe a 
continuous extension of f which is defïned on all of RP. (Rint: consider the 
composition of <p of, where C~(Z) = Arc tan z or C~(Z) = ~/(l + lzl).) 

17.T. Let 5 be a family of functions with compact domain K in RP and with 
range in RP. Suppose that for each c E K and E > 0 there is a s(c, E) > 0 such 
that if z E K and 12 - c( < 6(c, E), then If(z) - f(c)! < r for all f E 5. Prove 
that the family 5 is equicontinuous in the sense of DeCnition 17.14. 

17.U. Show that the family 5 has the property stated in the preceding exercise 
at the point c if and only if for each sequence (z,) in K with c = lim (z,), then 
f(c) = lim (f&)) uniformly for f in 5. 

17.V. Let 5 be a bounded and equicontinuous set of functions with domain D 
contained in RP and with range in R. Let f* be defined on a to R by 

f*(z) = sup (f(z) : f E 5). 

Show that f” is continuous on 3~ to R. 
17.W. Show that the conclusion of the preceding exercise may fail if it is not 

assumed that 5 is an equicontinuous set. 
17.X. Let (f,,) be a sequence of continuous functions on R to R<I which con- 

verges at each point of the set Q of rationals. If the set 5 = (fn) is equicontinuous 
on R, show that the sequence is actually convergent at every point of R and 
that this convergence is uniform on R. 

17.Y. Show that the Arzelà-Ascoli Theorem 17.16 may fail if the hypothesis 
that the domain is compact is dropped. 

Section 18 Limits of Functions 

Although it is not easy to draw a definite borderline, it is fair to 
characterize analysis as that part of mathematics where systematic use 
is made of various limiting concepts. If tbis is a reasonably accurate 
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statement, it may seem odd to the reader that we have waited this long 

before inserting a section dealing with limits. There are several reasons 
for this delay, the main one being that elementary analysis deals with 
several different types of limit operat,ions. We have already discussed 
the convergence of sequences and the limiting implicit in the study of 
continuity. In the next chapters, we shah bring in the limiting operations 
connected with the derivative and the integral. Although a11 of these 
limit notions are special cases of a more general one, the general notion 
is of a rather abstract character. For that reason, we prefer to introduce 
and discuss the notions separately, rather than to develop the general 
limiting idea first and then specialize. Once the special cases are well 
understood it is not difficult to comprehend the abstract notion. For an 
excellent exposition of this abstract limit, see the expository article of 
E. J. McShane cited in the References. 

In this section we shall be concerned with the limit of a function at a 
point and some slight extensions of this idea. Often this idea is studied 
bejore continuity; in fact, the very definition of a continuous function is 
sometimes expressed in terms of this limit instead of using the definition 
we have given in Section 15. One of the reasons why we have chosen to 
study continuity separately from the limit is that we shah introduce 
two slightly different definitions of the limit of a function at a point. 
Since both definitions are widely used, we shah present them both and 
attempt to relate them to each other. 

Unless there is specific mention to the contrary, we shah let j be a 
function with domain 9 contained in RP and values in R* and we shall 
consider the limiting character of j at a cluster point c of 9. Therefore, 
every neighborhood of c contains infinitely many points of a>. 

18.1 DEFINITION. (i) An element b of RP is said to be the deleted 
limit of j at c if for every neighborhood V of b there is a neighborhood U 
of c such that if x belongs to Un a> and x # c, then j(x) belongs to V. 
In this case we write 

(18.1) b = lim j or b = lim j(x). 
c z-c 

(ii) An element b of RQ is said to be the non-deleted limit off at c if 
for every neighborhood V of b there is a neighborhood U of c such that 
if x belongs to U A OD, then j(x) belongs to V. In this case we Write 

(18.2) b = Lim j or b = Lim j(x). 
e Z’C 

It is important to observe that the difference between these two 
notions centers on whether the value j(c), when it exists, is considered 
or not. Note also the rather subtle notational distinction we have intro- 
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duced in equations (18.1) and (18.2). It should be realized that most 
authors introduce only one of these notions, in which case they refer to 
it merely as “the limit” and generally employ the notation in (18.1). 
Since the deleted limit is the most popular, we have chosen to preserve 
the conventional symbolism in referring to it. 

The uniqueness of either lin-rit, when it exists, is readily established. 
We content ourself with the following statement. 

18.2 LEMMA. (a) Ij either of the Zimits 

lkf, LW 
e e 

exist, then it is uniqueiy determined. 
(b) If the non-deleted limit exists, then the deleted limit exists and 

lim j = Lim j. 
c c 

(c) If c does not belong to the domain a> of j, then the deleted limit exists 
if and only if the non-deleted limit exists. 

Part (b) of the lemma just stated shows that the notion of the non- 
deleted lin-rit is somewhat more restrictive than that of the deleted limit. 
Part (c) shows that they cari be different only in the case where c belongs 
to ZD. TO give an example where these notions differ, consider the function 
j on R to R defined by 

(18.3) f(x) = 0, x # 0, 

= 1, x = 0. 

If c = 0, then the deleted limit of j at c = 0 exists and equals 0, while 
the non-deleted limit does not exist. 

We now state some necessary and sufficient conditions for the exist- 
ence of the limits, leaving their proof to the reader. It should be realized 
that in part (c) of both results the limit refers to the limit of a sequence, 
which was discussed in Section 11. 

18.3 THEOREM. The jollowing statements, pertaining to the deleted 
limit, are equivalent. 

(a) The deleted limit b = lim j exists. 

(b) If E > 0, there is a 6 >‘O such that if x E a> and 0 < IX - cl < 6, 
then If(x) - bl < E. 

(c) If (x,) is any sequence in D such that x, # c and c = lim (x,), 
then b = lim (j(x,,)) . 
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18.4 THEOREM. The following statements, pertaining to the non- 
deleted limit, are equivalent. 

(a) The nondeleted limit b = Lii f exists. 

(b) If e > 0, there is a 6 > 0 skh that if z E 9 and 1x - cl < 6, then 

If(x) - bl < 8. 
(c) If (5,) is any sequence in 9 such that c = Zim (x3, then we have 

b = lim (f(xn)). 

The next result yields an instructive connection between these two 
limita and continuity off at c. 

18.5 THEOREM. If c is a cluster point belonging to the domain D off, 
then the following statements are equivalent. 

(a) The function f is continuous at c. 
(b) The deleted limit lim f exists and equals f(c). 

c 
(c) The non-deleted limit Lim f exists. 

PROOF. If (a) holds, andcV is a neighborhood of f(c), then there 
exista a neighborhood U of c such that if x belongs to U n OD, then f(x) 
belongs to V. Clearly, this implies that Lim f exista at c and equals f(c). 
Similarly, f(x) belongs to V for a11 x # c for which x E U A 9, in which 
case lim f exista and equals f(c). Conversely, statements (b) and (c) 
are readily seen to imply (a). 

Q.E.D. 

If f and g are two functions which have deleted (respectively, non- 
deleted) limita at a cluster point c of S(f + g) = B(f) n a(g), then 
their sum f + g has a deleted (respectively, nondeleted) limit at c and 

lim(f+g)=limf+limg, 

(respectivily, L$n u + g) = L+ f + L$3 g). 

Similar results hold for other algebraic combmations of functions, as is 
easily seen. The following result, concerning the composition of two 
functions, is deeper and is a place where the nondeleted limit is simpler 
than the deleted limit. 

18.6 THEOREM. Suppose that f has domain S(f) in RP and range in 
Rq and that g has domain 3 (g) in RI anu! range in Rr. Let g 0 f be the com- 
position of g and f and let c be a cluster point of P (g 0 f). 

(a) If the deleted limits 

b=llmf, a = limg 
c b 
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both exist und if either g is continuous ut b or j(z) # b for x in a neighbor- 
hood of c, then the deleted limit of g 0 j exists ut c and 

a = limgo j. 
E 

(b) If the non-deleted limits 

b=Limj, a = Limg 
0 b 

both exist, then the non-deleted Emit of g 0 j exists ut c and 

a = Limgoj. 
c 

PROOF. (a) Let W be a neighborhood of a in R’; since a = lim g at b, 
there is a neighborhood V of b such that, if y belongs to V n a>(g) and 
y # b, then g(y) E W. Since b = lim j at c, there is a neighborhood U of 
c such that if x belongs to Un a>(j) and x # c, then j(x) E V. Hence, 
if x belongs to the possibly smaller set U n D(g 0 j), and x # c, then 
j(x) E V n a)(g). If j(x) # b on some neighborhood U1 of c, it follows 
thatforxfcin (U,nU)nD(g~j),then (goj)(x)EW,sothatais 
the deleted limit of g 0 j at c. If g is continuous at b, then (g 0 j)(x) E W 
forxinUn%)(gOj)andx#c. 

TO prove part (b), we note that the exceptions made in the proof of 
(a) are no longer necessary. Hence if x belongs to U n a> (g 0 j), then 
j(x) E V n a)(g) and, therefore, (g 0 j)(x) E IV. 

Q.E.D. 

The conclusion in part (a) of the preceding theorem may fail if we 
drop the condition that g is continuous at b or that j(x) # b on a neigh- 
borhood of c. TO substantiate this remark, let j be the function on R to 
R def?ned in formula (18.3) and let g = j and c = 0. Then g 0 fis given by 

k7”f)(X) = 1, 2 # 0, 

ZZZ 0, 5 == 0. 

Furthermore, we have 

lin-l j(x) = 0, 
Z-+0 

~mog<d = 0, 

whereas it is clear that 

!y0 (c/“f)(X) = 1. 

Note that the non-deleted limits do not exist for these functions. 



200 CH.IV CONTINUOUS FUNCTIONG 

Upper Limits at a Point 

For the remainder of the present section, we shall consider the case 
where 4 = 1. Thus f is a function with domain 3~ in RP and values in R 
and the point c in RP is a cluster point of 3. We shall define the limit 
superior or the Upper limit of f at c. Again there are two possibilities 
depending on whether deleted or non-deleted neighborhoods are con- 
sidered, and we shall discuss both possibilities. It is clear that we cari 
define the limit inferior in a similar fashion. One t,hing to be noted here 
is that, although the existence of the limit (deleted or not) is a relatively 
delicate matter, the limits superior to be defined have the virtue that (at 
least if f is bounded) their existence is guaranteed. 

The ideas in this part are parallel to the notion of the limit superior of 
a sequence in RP which was introduced in Section 14. However, we shall 
not assume familiarity with what was done there, except in some of 
the exercises. 

18.7 DEFINITION. Suppose that f is bounded on a neighborhood of 
the point c. If r > 0, define (o(r) and p(r) by 

(18.4a) p(r) = sup (S(X) : 0 < 12 - CI < T, z E DD), 

(18.4b) a+) = sup (f(X) : Ix: - c( < T, 2 E a>}. 

and set 

(18.5a) limsupf = inf {p(r) :r > O}, 
Z’C 

(18.5b) Limsupf = inf (a(~) : Y > 0). 
2’C 

These quantities are called the deleted limit superior and the non- 
deleted limit superior off at c, respectively. 

Since these quantities are defined as the infima of the image under f of 
ever-decreasing neighborhoods of c, it is probably not clear that they 
deserve the terms “limit superior.” The next lemma indicates a justifica- 
tion for the terminology. 

18.8 LEMMA. If p, @ are as defined in epuations (18.4), then 

(18.6a) lim sup f = lim ‘p(r), 
Z’C r-0 

(18.6b) Lim sup f = ~~o@(r). 
z-te 

PROOF. We observe that if 0 < r < s, then 

limswf I CD(~) I P(S). 
Z-v 
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Furthermore, by (18.5a), if e > 0 there exists an r. > 0 such that 

p (re) < lim sup f + 8. 
z-w 

Therefore, if r satisfies 0 < r < r,, we have 

Iv(r) - lim sup fi < C, 
2+c 

which proves (18.6a). The proof of (18.6b) is similar and Will be omitted. 
Q.E.D. 

18.9 LEMMA. (a) If il4 > lim sup f, then there exists a neighborhood 
U of c such that 2+c 

j(x) < M for c # x E 9 n u. 

(b) If M > Lim supf, then there exists a neighborhood U of c such that 
z-e 

f(x) < M for x E a> A U. 

PROOF. (a) By (18.5a), we have 

inf {&):T > 0) < dl. 

Hence there exists a real number rl > 0 such that C~(Q) < M and we cari 
take U = (x E RP : 1~ - CI < rl]. The proof of (b) is similar. 

Q.E.D. 

18.10 LEMMA. Let f and g be bounded on a neighborhood of c and 
suppose that c is a cluster point of D(f + g). Then 

(18.7a) lim sup (f + g) 5 lim supf + lim sup g, 
2-w z-e 2-c 

(18.7b) Lim sup (f + g) < Lim sup f + Lim sup g. 
z-w z--c z+e 

PROOF. In view of the relation 
sup {f(x) + g(x):x E A} i sup {f(x):2 E A] + sup {g(x):x E A], 

it is clear that, using notation as in Definition 18.7, we have 

caf+,(r) 5 w(r) + cpg(r>. 

Now use Lemma 18.8 and let r + 0 to obtain (18.7a). 
Q.E.D. 

Results concerning other algebraic combinations Will be found in 
Exerc&e 18.F. 
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Although we shall have no occasion to pursue these matters, in some 
areas of analysis it is useful to have the following generalization of the 
notion of continuity. 

18.11 DEFINITION. A function f on D to R is said to be Upper semi- 
continuous at a point c in 23 in case 

(18.8) j(c) = Lim sup f. 
2-)c 

It is said to be Upper semi-continuous on 3 if it is Upper semi-continuous 
at every point of FB. 

Instead of defining Upper semi-continuity by means of equation (18.8) 
we could require the equivalent, but less elegant, condition 

(18.9) j(c) 2 lim supf. 
Z’C 

One of the keys to the importance and the utility of Upper semi-continu- 
ous functions is suggested by the following lemma, which may be com- 
pared with the Global Continuity Theorem 16.1. 

18.12 LEMMA. Let f be an upper semi-continuous junction with 
domain 3~ in R* and let k be an arbitrary real number. Then there exists an 
open set G and a closed set F such that 

(18.10) Gna> = (X t D:~(X) <k], 

Fn33 = {XE a,:f(z) 2 k). 

PROOF. Suppose that c is a point in a> such that j(c) < k. According 
to Definition 18.11 and Lemma 18.9(b), there is a neighborhood ?Y(c) of 
c such that j(x) < k for a11 z in ZJ n U(c). Without loss of generality we 
cari Select U(c) to be an open neighborhood; sett’ing 

G=U{U(c):ccD), 

we have an open set with the property stated in (18.10). If F is the 
complement of G, then F is closed in RP and satisfies the stated condition. 

Q.E.D. 

It is possible to show, using the lemma just proved, (cf. Exercise 18.M) 
that if K is a compact subset of RP and f is Upper semi-continuous on K, 
then f is bounded above on K nnd there exists a point in K where f attains 
its supremum. Thus Upper semi-continuous functions on compact sets 
possess some of the properties we have established for continuous func- 
tions, even though an Upper semi-continuous function cari have many 
points of discontinuity. 
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Exercises 

18.A. Discuss the existence of both the deleted and the non-deleted limits of 
the following functions at the point x = 0. 

(4 f(x) = 1x1, 

(b) f(x) = 1/x, x # 0, 

(c) j(x) = xsin (1/x), x # 0, 

(d) j(x) = ; sin (“‘)’ x # 0, 

> x = 0, 

(4 f(x) = sin (Vx), x # 0, 

18.B. Prove Lemma 18.2. 
18.C. If j denotes the function defined in equation (18.3), show that the 

deleted limit at x = 0 equals 0 and that the non-deleted limit at x = 0 does not 
exist. Discuss the existence of these two limits for the composition jo j. 

18.D. Prove Lemma 18.4. 
18.E. Show that statements 18.5(b) and 18.5(c) imply statement 18.5(a). 
18.F. Show that if j and g have deleted limits at a cluster point c of the set 

3 (j) A D(g), then the sum j + g has a deleted limit at c and 

lim(j+g) =limj+limg. 
e c c 

Under the same hypotheses, the inner product j-g has a deleted limit at c and 

lim (j.g) = (lim j).(limg). 
e e c 

18.G. Let j be defined on a subset a>(j) of R into RT If c is a cluster point of 
the set 

V = (x E R:x E à, x > c), 

and if fi is the restriction of j to V [that is, if jr is defined for 2 E V by fi(x) = 
j(x)], then we define the right-hand (deleted) limit of j at c to be lim fi, when- 

ever this limit exists. Sometimes this limit is denoted by 1:~ j or b; j(c + 0). 

Formulate and establish a result analogous to Lemma 18.3 for the right-hand 
deleted limit. (A similar definition cari be given for the right-hand non-deleted 
limit and both left-hand limits at c.) 

18.H. Let j be defined on D = (x E R :x 2 0) to R. We say that a number L 
is the limit of j at + m if for each E > 0 there exists a real number m(e) such 
that if x 2 m(e), then 1 j(z) - LI < E. In this case we Write L = lim j. Formu- 

2-i+- 
late and prove a result analogous to Lemma 18.3 for this limit. 
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18.1. If f is defined on a set T.)((f) in R to R and if c is a cluster point of a>(f), 
then we say that f(z) --> + m as z + c, or that 

limf= + m 
z-w 

in case for each positive number M there exists a neighborhood U of c such that . 
if 2 E U n D((f), 2 # c, then f(z) > M. Formulate and establish a result 
analogous to Lemma 18.3 for this limit. 

18.5. In view of Exercises 18.H and 18.1, give a definition of what is meant 
by the expressions 

lim f= +m, limf = -CD. 
F++a z+c 

18.K. Establish Lemma 18.8 for the non-deleted limit superior. Give the 
proof of Lemma 18.9(b). 

18.L. Define what is meant by 

hm$llP f = L, liminff = -a. 
P++CC 

18.M. Show that if f is an Upper semi-continuous function on a compact subset 
K of RP with values in R, then f is bounded above and attains its supremum on K. 

18.N. Show that an Upper semi-continuous function on a compact set may 
not be bounded below and may not attain its infimum. 

18.0. Show that if A is an open subset of RP and if f is defined on RP to R by 

f(x) = 1, x E A, 

0, x $ A, 

then f is a lower semi-continuous function. If A is a closed subset of RP, show 
that f is Upper semi-continuous. 

18.P. Give an example of an Upper semi-continuous function which has an 
infinite number of points of discontinuity. 

18.Q. 1s it true that function on RP to R is continuous at a point if and only 
if it is both Upper and lower semi-continuous at this point? 

18.R. If (f,,) is a bounded sequence of continuous functions on RP to R and 
if f * is defined on RP by 

f*(x) = sup {fn(x):n E NJ, x E RP, 

then is it true that f* is Upper semi-continuous on RP? 
18.S. If (fn) is a bounded sequence of continuous functions on RP to R and 

if f* is defined on RP by 

f*(x) = inf {f,,(x):n E NJ, x E RP, 

then is it true that f* is Upper semi-continuous on RP? 
18.T. Let f be defined on a subset 9 of RP X RP and with values in R. LA 

(a, b) be a cluster point of a. By analogy with Definition 14.9, define the double 
and the two iterated limits off at (a, 6). Show that the existence of the double 
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and the iterated limits implies their equality. Show that the double limit cari 
exist without either iterated limit existing and that both iterated limits cari 
exist and be equal without the double limit existing. 

NU. Let f be as in the preceding exercise. By analogy with Definitions 13.4 
and 14.13, define what it means to say that 

dy) = lim fb, Y> 
z-w 

unifomdy for y in a set 9,. Formulate and prove a result analogous to Theorem 
14.15. 

18.V. Let f be as in Definition 18.1 and suppose that the deleted limit at c 
exists and that for some element A in RP and T > 0 the inequality If(s) - A( < r 
holds on some neighborhood of c. Prove that 

Ilimf - Al 5 T. 
z-e 

Does the same conclusion hold for the non-deleted limit? 



V 

Diff erentiation 

We shah now consider the important operation of differentiation and 
shah establish the basic theorems concerning this operation. Although 
we expect that the reader has had experience with differential calculus 
and that the ideas are somewhat familiar, we shah not require any 
explicit results to be known and shall establish the entire theory on a 
rigorous basis. 

For pedagogical reasons we shah first treat the main outlines of the 
theory of differentiation for functions with domain and range in R- 
our objective being to obtain the fundamental Mean Value Theorem 
and a few of its consequences. After this has been done, we turn to the 
theory for functions with domain and range in Cartesian spaces. In 
Section 20, we introduce the derivative of a function f on RP to RQ as a 
linear function approximating f at the given point. In Section 21, it is 
seen that the local character of the function is faithfully reflected by 
its derivative. Finally, the derivative is used to locate extreme points 
of a real valued function on RP. 

Section 19 The Derivative in R 

Since the reader is assumed to be already familiar with the connection 
between the derivative of a function and the slope of a curve and rate 
of change, we shah focus our attention entirely on the mathematical 
aspects of the derivative and not go into its many applications. In this 
section we shah consider a function f which has its domain 3 and range 
contained in R. Although we are primarily interested with the deriva- 
tive at a point which is interior to D, we shah define the derivative more 
generally. We shall require that the point at which the derivative is 

206 
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being defined belongs to a> ad that every neighborhoocl of the points 
contains other points of 0~. 

19.1 DEFINITION. If c is a cluster point of 3~ ad belongs to D, 
we say that a real number L is the derivative off at c if for every positive 
number E there is a positive number 8(e) such that if 2 belongs to OD ad 
if 0 < \CC - CI < 8(c), then 

(19.1) f(x) - f(c) _ L < ~. 
x-c 

In this case we Write f(c) for L. 

Alternatively, we coulcl clefine f(c) as the limit 

(19.2) limf(‘) - f(c) (x E ‘D) < . 
z+c x-c 

It is to be notecl that if c is an interior point of ZD, then in (19.1) we 
consicler the points x both to the left ad the right of the point c. On 
the other hancl, if D is an interval ad c is the left end point of 9, then 
in relation (19.1) we cari only take J: to the right of c. In this case we 
sometimes say that “L is the right-hard clerivative off at x = c.” How- 
ever, for our purposes it is not necessary to introcluce such terminology. 

Whenever the derivative off at c exists, we clenote its value by f’(c). 
In this way we obtain a function f’ whose clomain is a subset of the 
domain of f. We now show that continuity off at c is a necessary con- 
dition for the existence of the derivative at c. 

19.2 LEMMA. If f has a derivative ut c, then f is continuous there. 

PROOF. Let E = 1 ad take 6 = 6(l) such that 

f(x) -f(c) 
-f’(c) < 1, x-c 

for a11 CC E D satisfying 0 < 1x - CI < 6. From the Triangle Inequality, 
we infer that for these values of x we have 

If(x) -fb>I I lx - cl{If’(c>l + 11. 

The left de of this expression cari be macle less than e if we take z 
in SD with 

Q.E.D. 
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It is easily seen that continuity at c is not a sufficient condition for 
the derivative to exist at c. For example, if 9 = R and j(x) = 1x1, 
then j is continuous at every point of R but has a derivative at a point 
c if and only if c # 0. By taking simple algebraic combinations, it is 
easy to construct continuous functions which do not have a derivative 
at a finite or even a countable number of points. In 1872, Weierstrass 
shocked the mathematical world by giving an example of a jonction 
which is continuous at every point but whose derivative does not exist any- 
where. (In fact, the function defined by the series 

f (2) = g”; COS (39), 

cari be proved to have this property. We shall not go through the details, 
but refer the reader to the books of Titchmarsh and Boas for further 
details and references.) 

19.3 LEMMA. (a) If j has a derivative at c and j’(c) > 0, there 
exists a positive number 6 such that if x E D and c < x < c + 6, then 
f(c) <f(x). 

(b) If j’(c) < 0, there exists a positive number 6 such that if x E 33 
and c - 6 < x < c, then j(c) <j(x). 

PROOF. (a) Let e. be such that 0 < e. < j’(c) and let 6 = 8(cO) cor- 
respond to e. as in Definition 19.1. If x E ZD and c < x < c + 6, then 
we have 

-eo <f(X) -f(c) -f(c) 

x-c 

Since x - c > 0, this relation implies that 

0 < V’(c) - EOl(X - cl <f(x) --f(c), 
which proves the assertion in (a). The proof of (b) is similar. 

Q.E.D. 

We recall that the function j is said to have a relative maximum at 
a point c in a> if there exists a 6 > 0 such that j(x) 2 j(c) when x E D 
satisfies Ix - CI < 6. A similar definition applies to the term relative 
minimum. The next result provides the theoretical justification for the 
familiar process of finding points at which j has relative maxima and 
miniia by examining the zeros of the derivative. It is to be noted that 
this procedure applies only to interior points of the interval. In fact, 
if f(x) = x on D = [0, 11, then the end point x = 0 yields the unique 
relative minimum and the end point x = 1 yields the unique relative 
maximum of j, but neither is a root of the derivative. For simplicity, 
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we shall state this result only for relat:ive maxima, leaving the formu- 
la.tion of the corresponding result for relative minima to the reader. 

19.4 INTERIOR MAXIMUM THEOREM. Let c be un interior point of 
a3 ut which j has a relative maximum. If the derivative of j ut c exists, then 
it must be equal to zero. 

PROOB. If j’(c) > 0, then from Lemma 19.3(a) there is a 6 > 0 such 
that if c < z < c + 6 and 2 E D, then j(c) < j(z). This contradicts 
the assumption that j has a relative maximum at c. If j’(c) < 0, we use 
Lemma 19.3 (b). 

Q.E.D. 

19.5 ROLLE’S THEOREM.~ Suppose that j is continuous on a closed 
&terval J = [a, b], that the derivative j’ exists in the open interval (a, b), 
and that j(a) = j(b) = 0. Then there exists a point c in (a, b) such that 
f’(c) = 0. 

PROOB. If j vanishes identically on J, we cari take c = (a + b)/2. 
Hence we suppose that j does not vanish identically; replacing j by 
-.j, if necessary, we may suppose that j assumes some positive values. 
By Corollary 16.7, the function j attains the value sup {j(x) :z E J} at 
some point c of J. Since j(u) = j(b) = 0, the point c satisfies a < c < b. 

Figure 19.1 

(Sec Figure 19.1.) By hypothesis j’(c) exists and, since j has a relative 
maximum point at c, the Interior Maximum Theorem implies that 
f(c) = 0. 

Q.E.D. 

As a consequence of Rolle’s Theorem., we obtain the very important 
Mean Value Theorem. 

t ‘This theorem is generally attributed to MICHEL ROLLE (1652-1719), a member of 
the French Academy, who made contributions to analytic geometry and the early 
w’ork leading to calculus. 



210 CH.V DIFFERENTIATION 

I 
a x c b 

Figure 19.2. The mean value theorem. 

19.6 MEAN VALUE THEOREM. Suppose that j is continuous on a 
closed interval J = [a, b] and has a derivative in the open interval (a, b). 
Then there exists a point c in (a, b) such that 

f(b) - f (a> = f’(c) (b - a>- 

PROOF. Consider the function (o defined on J by 

(o(x) = j(x) -j(u) - fcb; 1 f-y (x - a). 

[It is easily seen that cp is the difference of j and the function whose 
graph consist of the line segment passing through the points (a, j(u)) 
and (b, j(b)); see Figure 19.2.1 It follows from the hypotheses that (o 
is continuous on J = [a, b] and it is easily checked that (O has a derivative 
in (a, b). Furthermore, we have q(a) = (p(b) = 0. Applying Rolle’s 
Theorem, there exists a point c inside J such that 

f(b) -f(a) 
o=d(c>=f’(‘)- bea 

from which the result follows. 
Q.E.D. 

19.7 COROLLARY. If j has a derivative on J = [a, 61, then there exists 
a point c in (a, b) such that 

f(b) - f (a> = f’(c) @ - a>. 

Sometimes it is convenient to have a more general version of the 
Mean Value Theorem involving two functions. 

19.8 CAUCHY MEAN VAL-JE THEOREM. Let j,g be continuous on 
J = [a, b] and have derivatives inside (a, b). Then there exists a point c 
in (a, b) such that 

f’(c>b@) - d41 = dWf@) -fb)l. 
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PROOF. When g(b) = g(a) the result is immediate if we take c SO 
that g’(c) = 0. If g(b) # g(u), consider the function Q defined on J by 

Applying Rolle’s Theorem to (p, we obtain the desired result. 
Q.E.D. 

Although the derivative of a function need not be continuous, there 
is an elementary but striking theorem due to Darbouxt asserting that 
the derivative j’ attains every value between j’(u) and j’(b) on the 
interval [a, b]. (See Exercise 19.N.) 

Suppose that the derivative j’ exists at every point of a set 3. We 
cari consider the existence of the derivative of j’ at a point c in 3~. In 
case the functionj’ has a derivative at c, we refer to the resulting number 
as the second derivative of j at c and ordinarily denote this number by 
j”(c). In a similar fashion we define the third derivative f”(c), . . . 
and the nth derivative j(“)(c) . . whenever these derivatives exist. 

Before we turn to some applfcations, we obtain the celebrated theorem 
of Brook TaylorS, which plays an important role in many investigations 
and is an extension of the Mean Value Theorem. 

19.9 TAYLOR’S THEOREM. Suppose that n is a natural number, thut j 
und its derivutives j’, f’, . . ., j+l) are defined und continuous on J = [a, b], 
and thut j(“) exists in (a, b). If (Y, B below to J, then there exists a number 
y between a! und /3 such that 

j(n-1) (a) fCn) (Y) 
+ - * * + (ni (a - aY-1 + 1 @ - a)". 

n. 

PROOF. Let P be the real number defined by the relation 

(19.3) @ --,+ P = j(B) - (f(a) + fg) (/3 - CY) 

+ . . . + P-l) (4 (n-1)p-a)-1 * 1 

t GASTON DARBOUX (1842-1917) wa8 a student of Hermite and a professor at the 
College de France. Although he is known primarily as a geometer, he made important 
contributions to analysis as well. 
$ BROOK TAYLOR (1685-1731) was an early English mathematician. In 1715 he gave 
the infinite series expansion, but - true to the apirit of the time - did not discuss 
questions of convergence. The remainder waa supphed by Lagrange. 
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and consider the function cp defined on J by 

$4) = f(P) - { 
f(x) + fy (0 - 2) 

+ *** + 
p-l) (z) 
(n - l)! (P - ZF + 5 (p - X>I * 

Clearly, (p is continuous on J and has a derivative on (a, b). It is 
evident that p(P) = 0 and it follows from the definition of P that 
yo = 0. By Rolle’s Theorem, there exists a point y between cr and fl 
such that (o’(y) = 0. On calculating the derivative 9’ (using the usual 
formula for the derivative of a sum and product of two functions), we 
obtain the telescoping sum 

(o’(x) = - 1 f’(x) -f’(z) +fy (P - x> + * *- 

+ (-1) :n-“l (p - Z)n-z + ,“y(?), (p - X)“-I 
n . 

p - 
(n - l)! 

(0 - +-l} = p(-r;)y’ (0 - x)n-lm 

Since ~‘(y) = 0, then P = f(“)(y), proving the assertion. 
Q.E.D. 

REMARK. The remainder term 

(19.4) R 
n 

= f’“‘(Y) 
--$- CB - aIn 

given above is often called the Lagrange form of the remainder. There 
are many other expressions for the remainder, but for the present, we 
mention only the Cauchy form which asserts that for some number 0 
with 0 < 0 < 1, then 

(19.5) R, = (1 _ ,)n-lf’“‘((l - e)a + eB) (p _ a),, 
(n - l)! 

This form cari be established as above, except that on the left side of 
equation (19.3) we put (/3 - a)Q/(n - l)! and we define (c as above 
except its last term is (B - z)Q/(n - 1) ! We leave the details as an 
exercise. (In Section 23 we shall obtain another form involving use of 
the integral to evaluate the remainder term.) 

19.10 CONSEQUENCES. We now mention some elementary conse- 
quences of the Mean Value Theorem which are frequently of use. As 
before, we assume that f is continuous on J = [a, b] and its derivative 
exists in (a, b). 
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(i) If j’(x) = 0 for a < J: < b, then f is constant on J. 
(ii) If f’(x) = g’(x) f or a < x < b, then j and g differ on J by a 

constant. 
(iii) If f(x) 2 0 for a < x < b and if x1 5 x2 belong to J, then 

fb-4 2 f(a). 
(iv) If f’(x) > 0 for a < z < b and if z1 < x2 belong to J, then 

fbl) < fbz>. 
(v) If f’(z) 2 0 f or a < x < a + 6, then a is a relative minimum 

point of f. 
(vi) If f’(x) 2 0 for b - 6 < x < b, then b is a relative maximum 

point of f. 
(vii) If If’(x)] 2 M f or a < x < b, then f satisfies the Lipschitz 

condition : 

If(xl> - f(xdl 2 M 1x1 - x21 for XI, x2 in J. 

Applications of the Mean Value Theorem 

It is hardly possible to overemphasize the importance of the Mean 
Value Theorem, for it plays a crucial role in many theoretical considera- 
tions. At the same time it is very useful in many practical matters. In 
19.10 we indicated some immediate consequences of the Mean Value 
Theorem which are often useful. We shall now suggest some other areas 
in which it cari be applied; in doing SO we shah draw more freely than 
before on the past experience of the reader and his knowledge concerning 
the derivatives of certain well-known functions. 

19.11 APPLICATIONS. (a) Rolle’s Theorem cari be used for the loca- 
tion of roots of a function. For, if a function g cari be identified as the 
derivative of a function j, then between any two roots of f there is at 
least one root of g. For example, let g(x) = COS x; then g is known to be 
the derivative of j(x) = sin x. Hence, between any two roots of sin x 
there is at least one root of COS x. On the other hand, g’(x) = - sin x = 
- f(z), SO another application of Rolle’s Theorem tells us that between 
any two roots of COS x there is at least one root of sin x. Therefore, we 
conclude that the roots of sin x and COS x interlace each other. This con- 
clusion is probably not news to the reader; however, the same type of 
argument cari be applied to Besselt junctiom J, of integral order by 
using the relations 

[xnJ,(x)]’ = xnJ,,-l(x), [x+J,,(x)] = -x-“Jn+l(x). 

t FRIEDRICH WILHELM BESSEL (1784-1846) was an astronomer and mathematician. 
A close friend of Gauss, he is best known for the differential equation which bears 
his name. 



214 CH. V DIFFERENTIATION 

The details of this argument should be supplied by the reader. 
(b) We cari apply the Mean Value Theorem for approximate calcu- 

lations and to obtain error estimates. For example, suppose it is desired 
to evaluate &%. We employ the Mean Value Theorem with f(z) = 
fi, a = 100, b = 105 to obtain 

for some number c with 100 < c < 105. Since 10 < fi < m < 
a = 11, we cari assert that 

5 

201) 
<m-10&-, 

2 (10) 

whence it follows that 10.22 < l/lo5 < 10.25. This estimate may not 
be as Sharp as desired. It is clear that the estimate fi < fl < 
a was wasteful and cari be improved by making use of our conclu- 
sion that +%$ < 10.25. Thus, z/c < 10.25 and we easily determine 
that 

5 

o*243 < 2(10.25) 
- < qm - 10. 

Our improved estimate is 10.243 < a < 10.250 and more accurate 
estimates cari be obtained in this way. 

(c) The Mean Value Theorem and its corollaries cari be used to 
establish inequalities and to extend inequalities that are known for 
integral or rational values to real values. 

For example, we recall that Bernoulli’s Inequality 5.E asserts that 
if 1 + x > 0 and n E N, then (1 + z)~ 2 1 + 72x. We shall show that 
this inequality holds for any real exponent r 1 1. TO do SO, let 

f(x) = (1 + xl’, 
SO that 

f(x) = r(1 + z)‘l. 

If - 1 < z < 0, then f(z) < T, while if z > 0, then j’(z) > r. If we 
apply the Mean Value Theorem to both of these cases, we obtain the 
result 

(1 + xl7 1 1 + TX, 

when 1 + 2 > 0 and T 2 1. Moreover, if T > 1, then the equality occurs 
if and only if z = 0. 

As a similar result, let CY be a real number satisfying 0 < a! < 1 and let 

g(x) =cYx-x” for x > 0. 



SEC. 19 THE DERIVATIVE IN R 816 

Then 

g’(x) = Ly(1 - 2-l), 

SO that g’(z) < 0 for 0 < z < 1 and g’(r) > 0 for x > 1. Consequently, 
if x 2 0, then g(r) 2 g(1) and g(z) = g(1) if and only if z = 1. There- 
fore, if z 2 0 and 0 < a! < 1, then we have 

xa 2 ax + (1 - a). 

If a, b are non-negative real numbers and if we let 5 = a/b and multiply 
by b, we obtain the inequality 

fYPa 5 aa + (1. - CI)~. 

where equality holds if and only if a = b. This inequality is often the 
starting point in establishing the important Holder Inequality (cf. 
Project 743). 

(d) Some of the familiar rules of L’Hospitalt on the evaluation of 
“indeterminant forms” cari be establiehed by means of the Cauchy 
Mean Value Theorem. For example, suppose that f, g are continuous 
on [a, b] and have derivatives in (a, b), that S(a) = g(u) = 0, but that 
g, g’ do not vanish for x # a. Then there: exists a point c with a < c < b 
such that 

f(b) f’(c) -=--. 
g(b) s’(c) 

It follows that if the limit 

exists, then 

lim f’ 

z-+0 g’ (2) 

limfo = limf)O. 
z-a 9 (xl 2-w g’ (x) 

The case where the functions become infinite at x = a, or where the 
point at which the limit is taken is infinite, or where we have an “indeter- 
minant” of some other form, cari often be treated by taking logarithms, 
exponentials or some similar manipulation. 

For example, if a = 0 and we wish ‘to evaluate the limit of h(x) = 
x log x as x --f 0, we cannot apply the above argument. We Write h(z) 

t GUILLAUME FRANCOIS L'HO~PITAL (1661-1704) was a studentof Johann Bernoulli 
(1667-1748). The Marquis de L’Hospital published his teacher’s lectures on differen- 
tial calculus in 1696, thereby presenting the first textbook on calculus to the world. 
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in the form j(z)/g(z) where j(z) = log z and g(z) = l/z, z > 0. It 
is seen that 

1 

jL@ ’ = -x-+0, as x+0. 
g’(x) = -1 

-z 

Let e > 0 and choose a fixed positive number x1 < 1 such that if 
0 < x < x1, then 

/ l 
f’(z> <E 
g’(x) . 

Applying the Cauchy Mean Value Theorem, we have 

f(x) - fh) f’(4 
g(x) - !J(Xl) II I = - <E 

g’bd ’ 

with x2 satisfying 0 < x < x2 < ~1. Since j(z) # 0 and g(2) # 0 for 
0 < x < x1, we cari Write the quantity appearing on the left side in the 
more convenient form 

f(x) 

g(x) 

1 fW 
f(x) 

1 g(x1) 
g(x) i 

. 

Holding x1 fixed, we let x -+ 0. Since the quantity in braces converges 
to 1, it exceeds 3 for x sufficiently small. We infer from the above that 

for x sufficiently near 0. Thus the limit of h at x = 0 is 0. 

Interchange of Limit and Derivative 

Let (j,,) be a sequence of functions defined on an interval J of R and 
with values in R. It is easy to give an example of a sequence of func- 
tions which have derivatives at every point of J and which converges 
on J to a function j which does not have a derivative at some points 
of J. (Do SO!) Moreover, the example of Weierstrass mentioned before 
cari be used to give an example of a sequence of functions possessing 
derivatives at every point of R and converging uniformly on R to a 
continuous function which has a derivative at no point. Thus it is not 
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permissible, in general, to differentiate the limit of a convergent sequence 
of functions possessing derivatives even when the convergence is uniform. 

We shall now show that if the sequence of derivatives is uniformly 
convergent, then a11 is well. If one adds the hypothesis t’hat the deriva- 
tives are continuous, then it is possible to give a short proof based on 
the Riemann integral. However, if the derivatives are not assumed to be 
continuous, a somewhat more delicate a.rgument is required. 

19.12 THEOREM. Let (f,,) be a sequence of junctions defined on an 
interval J of R and with values on R. Suppose that there is a point x0 in J 
a! which the sequence (fn(xo)) converges, that the derivatives fn’ exist on J, 
and that the sequence (f,,‘) converges unij’ormly on J to a junction g. Then 
th,e sequence (fn) converges unijormly on J to a function f which has a 
derivative ut every point of J and f’ = g. 

PROOF. Suppose the end points of J are a < b and let x be any point 
of J. If m, n are natural numbers, we apply the Mean Value Theorem to 
the difference f ,,, - jn on the interval with end points x0, x to conclude 
that there exists a point y (depending on m, n) such that 

fm(x> - fn(x> = fm(xo> - fn(xo> + (x - Xo)Lfm’(Y) - fn’(Y)l. 

Hence we infer that 

I Ifm - fnl I I Ifm(xo) - fn (x0) I + @ - a> I lfm’ - fn’l 1, 

SO the sequence (f,J converges uniformly on J to a function we shall 
denote by f. Since the jn are continuous and the convergence of (.fn) to 
f is uniform, then f is continuous on J. 

TO establish the existence of the derivative of j at a point c in J, we 
apply the Mean Value Theorem to the difference jm - j,, on an interval 
with end points c, x to infer that there exists a point z (depending on m, n) 
such that 

Ifm(x> - fn(x>l - lfm(c> - fn(c>l = (x - C>ffm’b> - in’). 

We infer that, when c # x, then 

In virtue of the uniform convergence of the sequence (f,,‘), the right hand 
side is dominated by É when m, n > M(E), Taking the lin-rit with respect 
to m, we infer from Lemma 11.16 that 

f(x) -f(c) fn(x) - ji(c> I E --- > 
x-c x-c 
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when n 2 M(E). Since g(c) = lim (f,,‘(c)), there exists an N (6) such that 
if n 2 N(e), then 

Ifn’(c> - g(c)1 < e. 

Now let K = sup (M(a), N(e)]. 1 n view of the existence of fx’ (c), if 
0 < 12 - CI < 6x(e), then 

Therefore, it follows 

f&ç> - fK(C> 
- fK’ (C) < E. 

x-c / 

that if 0 < [z - c( < 8x(e), then 

f(x) - f(c) - g(c) < 3e. 
x-c 

This shows that f’(c) exists and equals g(c). 
Q.E.D. 

Exercises 

19.A. Using the definition, calculate the derivative (when it exists) of the 
functions given by the expressions: 

(4 f(x) = x2, (b) dz) = x”, 
(cl 4x) = 6, 22 0 (4 J’(x) = 1/x, 2 # 0, 
Ce) G(x) = I4, (f) H(z) = 1/2*, 5 # 0. 

19.B. If f and g are real-valued functions defined on an interval J, and if they 
are differentiable at a point c, show that their product h, defined by h(x) = 
f(z)g(z), z E J, is diierentiable at c and 

h’(c) = f’(ckAc) + f(c)g’(c). 

19.C. Show that the function defined for z # 0 by 

f(x) = sin (l/z) 

is differentiable at each non-zero real number. Show that its derivative is not 
bounded on a neighborhood of x = 0. (You may make use of trigonometric 
identities, the continuity of the sine and cosine functions, and the elementary 
limiting relation 

sin u 
- + 1 as u-,0.) 

U 

19.D. Show that the function defined by 

g(x) = x2sin (1/x), x # 0, 
= 0, x = 0, 

is differentiable for ail real numbers, but that g’ is not continuous at x = 0. 
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19.E. The function defined on R by 

h(x) = x2, 2 rational, 
= 0, x irrational, 

is continuous at exactly one point. 1s it dserentiable there? 
19.F. Construct a continuous function which does not have a derivative at 

any rational number. 
19.G. If f’ exists on a neighborhood of x = 0 and iff’(z) -+ a as x + 0, then 

a = f’(0). 
19.H. Does there exist a continuous function with a unique relative maximum 

point but such that the derivative does not exist at this point? 
19.1. Justify the expression for Q’ that is stated in the proof of the Mean 

Value Theorem 19.6. 
19.J. Verify Rolle’s Theorem for the polynomial f(s) = xm(l - x)n on the 

interval 1 = [0, 11. 
19.K. If a < 6 are consecutive roots of a polynomial, there are an odd number 

(counting multiplicities) of roots of its derivative in [a, b]. 
19.L. If p is a polynomial whose roots are real, then the roots of p’ are real. 

If, in addition, the roots of p are simple, then the roots of p’ are simple. 
19.M. If f (2) = (2” - 1)” and if g is the nth derivative off, then g is a poly- 

nomial of degree n whose roots are simple and lie in the open interval (- 1,l). 
19.N. (Darboux) If f is diierentiable on [a, b], if f’(a) = A, f’(b) = B, and 

if C lies between A and B, then there exists a point c in (a, b) for whichf’(c) = C. 
(Hint: consider the lower bound of the function g(s) = f(z) - C(x - a).) 

19.0. Establish the Cauchy form of the remainder given in formula (19.5). 
19.P. Establish the statements listed in 19.10 (i-vii). 
19.Q. Show that the roots of the Bessel functions Jo and J1 interlace each 

other. (Hint: refer to 19.11(a).) 
19.R. If f (x) = sin x, show that the remainder term R, in Taylor’s Theorem 

approaches zero as n increases. 
19.S. If f(x) = (1 + x)~, where m is a rational number, the usual diierentia- 

tion formulas from calculus and Taylor’s Theorem lead to the expansion 

rvhere the remainder R, cari be given (in Lagrange’s form) by 

R, = $f”‘(Onz), 0 < e, < 1. 

Show that if 0 2 x < 1, then lim (R,) = 0. 
19.T. In the precedmg exercise, use Cauchy’s form of the remainder to obtain 

R, = 
m(m - 1) . * . (m - 71 + 1) (1 - &)%+xm 

1.2... (n - 1) (l+ &xP- ’ 
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where 0 < 0, < 1. When -1 < x < + 1, 

1 - e, I / - <l. 
1+ enx 

Show that if 1x1 < 1, then lim(R,) = 0. 
19.U. (a) If f’(u) exists, then 

f’(a) = k 
fb + h) - f(a - h) . 

2h 

(b) If f”(u) exista, then 

f”(u) = lim f(a + h) - V(a) + f(a - h) . 
h-0 h* 

19.V. (a) If f(x) + a and f’(x) -+ b as x + + m, then b = 0. 

(b) Iff’(x) -+a # 0 as x-,+m, then ‘z+l as x-t+=. 

(c) Iff’(x) +o a8 x-++m, then f(z)-+O as x+-l-m. 
2 

19.W. Give an example of a sequence of functions which are differentiable at 
each point and which converge to a function which fails to have a derivative at 
some points. 

19.X. Give an example of the situation described in the preceding exercise 
where the convergence is uniform. 

Projects 

19.01. In this project we consider the exponential function from the point of 
view of differential calculus. 

(a) Suppose that a function E on J = (a, b) to R has a derivative at every 
point of J and that E’(z) = E(x) for a11 x E J. Observe that E has derivatives 
of a11 orders on J and they a11 equal E. 

(b) If E(cu) = 0 for some CY E J, apply Taylor’s Theorem 19.9 and Exercise 
ll.N to show that E(x) = 0 for a11 x E J. 

(c) Show that there exista at most one function E on R to R which satisfies 

E’(z) = E(x) for x E R, E(0) = 1. 

(d) Prove that if E satisfies the conditions in part (c), then it also satisfies the 
functional equation 

E(x + Y) = E(x)Eh) for x,y E R. 
(Hint: if f(z) = E(x + y)/E(y), thenf’(x) = f(x) and f(0) = 1.) 

(e) Let (E,,) be the sequence of functions defined on R by 

R(x) = 1 + x, E,(x) = En-l(z) + xn/n!. 
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Let A be any positive number; if 1x1 5 A and if m > n > 2A, then 

221 

IE,(x) - E%(X)1 2 fi [ 1 + + + * * * + (:y-] 

2An+’ 
< -. 

(n + l>! 

Hence the sequence (En) converges uniformly for 1x1 5 A. 
(f) If (E,,) is the sequence of functions defined in part (e), then 

E,‘(z) = -K-1(2), x E R. 

Show that the sequence (E,) converges on R to a function E with the properties 
displayed in part (c). Therefore, E is the unique function with these properties. 

(g) Let E be the function with E’ = E and E(0) = 1. If we define e to be 
the number 

e = E(l), 

then e lies between 2% and 2%. (Hint: 1 + 1 + 8 + 6 < e < 1 + 1 i- 6 i- i -k 
A. More precisely, we cari show that 

2.708 < 2 + +Ti < e < 2 + j.+$ < 2.723.) 

19.p. In this project, you may use the results of the preceding one. Let E 
denote the unique function on R such that 

and let e = E(1). 

E’ = E and E(0) = 1 

(a) Show that E is strictly increasing and has range P = (x E R : x > 0). 
(b) Let L be the inverse function of E, SO that the domain of L is P and its 

range is a11 of R. Prove that L is strictly increasing on P, that L(1) = 0, and 
that L(e) = 1. 

(c) Show that L(X~) = L(x) + L(y) for a11 z, y in P. 
(d) If 0 < x < y, then 

1 
y (Y - x> < L(Y) - L(x) < ; (Y - xl. 

(Hint: apply the Mean Value Theorem to E.) 
(e) The function L has a derivative for x > 0 and L’(x) = 1/x. 
(f) The number e satisfies 

e=lim((l+ty)- 

(Hint: evaluate L’(1) by using the sequence ((1 + l/n)) and the continuity 
of E.) 
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19.r. In this project we shall introduce the sine and cosine. 
(a) Let h be deflned on an interval J = (a, b) to R and satisfy 

h”(X) + h(x) = 0 

for all x in J. Show that h has derivatives of all orders and that if there is a point 
a! in J such that h(a) = 0, h’(a) = 0, then h(z) = 0 for all z E J. (Bmt: use 
Taylor% Theorem 19.9.) 

(b) Show that there exists at most one function C on R satisfying the con- 
ditions 

C” + c = 0, C(0) = 1, C’(0) = 0, 

and at most one function S on R satisfying 

(cl 

LetA 

S” + s = 0, S(0) = 0, 

We defïne a sequence (C,) by 

S’(0) = 1. 

2” 
Cl(X) = 1 - x2/2, CL(x) = C?+*(z) + ( - “ ) “ (2n ) !  l 

be any positive number; if 1x1 5 A and if m 2 n > A, then 

Icdx) - C&)I 2 

-2 
0 

A2ni2 

3 (2n+2)!’ 

Hence the sequence (C,,) converges uniformly for 1x1 2 A. Show also that 
C”c -c ,,A, ad C,(O) = 1 and C,,‘(O) = 0. Prove that the limit C of the 
sequence (C,,) is the unique function with the properties in part (b). 

(d) Let (S,) be detied by 

Si(X) = 2, 

x2n-l 

S,(x) = SA(X) + t-l)“-’ (2n _ 1)1 l 

Show that (S,) converges uniformly for 1x1 5 A to the unique function S with 
the properties in part (b). 

(e) Prove that S’ = C and C’ = -S. 
(f) Establish the Pythagorean Identity 52 + Cz = 1. (Hint: calculate the 

derivative of S2 + Cz.) 
19.6. This project continues the discussion of the sine and cosine functions. 

Free use may be made of the properties established in the preceding project. 
(a) Suppose that h is a function on R which satisfies the equation 

h” + h = 0. 

Show that there exist constants (Y, /? such that h = aC + $3. (Hint: a = h(O), 
p = h’(O).) 

(b) The function C is even and S is odd in the sense that 

C(-x) = C(x), S(-2) = -S(x), for all x in R. 
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(c) Show that the “addition formulas” 

ccc + Y) = C(S)C(Y) - S(S)S(Yh 

S(x + Y) = S(X)C(Y) + CbW(Y), 

hold for a11 2, y in R. (Hint: let y be fixed, define h(z) = C(z + y), and show 
that h” + h = 0.) 

(d) Show that the “duplication formulas” 

C(2z) = 2[C(2)]2 - 1 = 2[S(2)12 + 1, 

S(22) = 2S(z)C(s), 

hold for a11 x in R. 
(e) Prove that C satisfies the inequality 

C,(x) = 1 - f 5 C(x) 5 1 - ; + $ = G(s). 

Therefore, the smallest positive root y of C lies between the positive root of 
x2 - 2 = 0 and the smallest positive root of x4 - 12x2 + 24 = 0. Using this, 
prove that fi < y < <3. 

(f) We define a to be the smallest positive root of S. Prove that ?r = 27 and 
hence that 22/2 < ?r < 2 4. 

(g) Prove that both C and S are periodic functions with period 27r in the 
sense that C(z + 2~) = C(s) and S(z + 27r) = S(z) for a11 2 in R. Also show 
that 

,,+c(;-+ -c(x+;)g 

C(z) = s(+) = ++;)> 
for a11 z in R. 

19.t. Following the mode1 of the preceding two exercises, introduce the hyper- 
bolic cosine and sine as functions satisfying 

c” = c > c(0) = 1, c’(0) = 0, 

s 9 ” ZZZ s s(0) = 0, s’(0) = 1, 

respectively. Establish the existence and the uniqueness of these functions and 
show that 

c2 - ,y2 = 1. 

Prove results similar to (a)-(d) of Project 19.6 and show that, if the exponential 
function is denoted by E, then 

4x1 = 3@(x) + Et-z)), 

s(x) = &(E(x) - E(-x)). 
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19.1;. A function (p on an interval J of R to R is said to be convex in case 

for each z, y in J. (In geometrical terms: the midpoint of any chord of the curve 
y = C~(Z), lies above or on the curve.) In this project we shall always suppose 
that p is a continuous convex function. 

(a) If n = 21” and if x1, . . ., x,, belong to J, then 

Xl ( + x2 + . . * + xn 
<p 

n > 
5 ; (Ph) + . . . + dz*)). 

(b) If n < 2m and if x1, . . ., x,, belong to J, let xi for j = n + 1, . . ., 2” be 
equal to 

z= 
( 

XI + x2 + . . * + 2, 

> 
. 

n 

Show that the same inequality holds as in part (a). 
(c) Since <p is continuous, show that if x, y belong to J and t E 1, then 

(P(c1 - Qx + tY> i (1 - GfJ(x) + k(Y). 
(In geometrical terms: the entire chord lies above or on the curve.) 

(d) Suppose that <p has a second derivative on J. Then a necessary and 
sufficient condition that <p be convex on J is that q”(x) 2 0 for x E J. (Hint: to 
prove the necessity, use Exercise 19.U. TO prove the sufficiency, use Taylor’s 
Theorem and expand about J = (x + y)/2.) 

(e) If <p is a continuous convex function on J and if x 5 y 5 z belong to J, 
show that 

P(Y) - <P(x) < a(z) - +4x) . 
y-x - z-x 

Therefore, if w 2 x 5 y 5 z belong to J, then 

<P(x) - dw) 5 dz) - P(Y) . 
x-w Z-Y 

(f) Prove that a continuous convex function <p on J has a left-hand derivative 
and a right-hand derivative at every point. Furthermore, the subset where <p’ 
does not exist is countable. 

Section 20 The Derivative in RP 

In the preceding section we considered the derivative of a function 
with domain and range in R. In the present section we shall consider a 
function defined on a subset of RP and with values in Rq. 

If the reader Will review Definition 19.1, he Will note that it applies 
equally well to a function defined on an interval J in R and with values 
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in the Cartesian space RP. Of course, in this case L is a vector in RP. The 
only change required for this extension is to replace the absolute value 
in equation (19.1) by the norm in the space RQ. Except for this, Defini- 
tion 19.1 applies verbatim to this more general situation. That this 
situation is worthy of study should be clear when it is realized that a 
flmction f on J to RQ cari be regarded as being a curve in the space RQ 
and that the derivative (when it exists) of this function at the point 
z = c yields a tangent vector to the curve at the point f(c). Alternatively, 
if we think of x as denoting time, then the function f is the trajectory of 
a point in RQ and the derivative f’(c) denotes the velocity vector of the 
point at time x = c. 

A fuller investigation of these lines of thought would take us farther 
into differential geometry and dynamics than is desirable at present. 
Our aims are more modest : we wish to organize the analytical machinery 
that would make a satisfactory investigation possible and to remove the 
restriction that the domain is in a one-dimensional space and allow the 
domain to belong to the Cartesian space RP. We shall now proceed to 
do this. 

An analysis of Definition 19.1 shows that the only place where it is 
necessary for the domain to consist of a subset of R is in equation (19.1), 
where a quotient appears. Since we have no meaning for the quotient of 
a vector in RP by a vector in RP, we cannot interpret equation (19.1) as 
it stands. We are led, therefore, to find reformulations of this equation. 
One possibility which is of considerable interest is to take one-dimensional 
“slices” passing through the point c in the domain. For simplicity it Will 
be supposed that c is an interior point of the domain 5~ of the function; 
then for any u in RP, the point c + tu belongs to a> for sufficiently small 
real numbers t. 

20.1 DEFINITION. Let f be defined on a subset 3 of RP and have 
values in RP, let c be an interior point of 9, and let u be any point in RP. 
A. vector L, in RP is said to be the directional derivative of j at c in the 
direction of u if for each positive real number E there is a positive number 
8(e) such that if 0 < Itl < s(e), then 

(20.1) j VCC + tu> - f(c) } - L, < é. 

It is readily seen that the directional deriva,tive L, defined in (20.1) is 
uniquely determined when it exists. Alternatively, we cari define L, as 
the limit 

fiy ; {f(c + tu) - f(c)). 
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We shall Write fU(c) for the directional derivative off at c in the direction 
u and use f,, for the resulting function with values in RP, which is defined 
for those interior points c in a> for which the required limit exists. 

It is clear that if f is real-valued (SO that p = 1) and if u is the vector 
el = (1, 0, . . ., 0) in RP, then the directional derivative off in the direc- 
tion el coincides with the partial derivative of j with respect to &, which 
is often denoted by 

In the same way, taking e2 = (0, 1, . . ., 0), . . ., ep = (0, 0, . . ., l), we 
obtain the partial derivatives with respect to C;z, . . ., Ep, denoted by 

Thus the notion of partial derivative is a special case of Definition 20.1. 
Observe that the directional derivative of a function at a point in one 

direction may exist, yet the derivative in another direction need not 
exist. It is also plain that, under appropriate hypotheses, there are 
algebraic relations between the directional derivatives of sums and 
products of functions, and SO forth. We shall not bother to obtain these 
relations, since they are either special cases of what we shall do below 
or cari be proved in a similar fashion. 

A word about terminology is in order. Some authors refer to fu(c) as 
“the derivative off at c with respect to the vector u” and use the term 
“directional derivative” only in the case where u is a unit vector. 

The Derivative 

In order to motivate the notion of the derivative, we shall consider a 
special example. Let f be the function defined for x = (&, t2) in R2 to 
R3 given by 

f(z) = f(Il, t21 = (lb t2, ‘cl2 + [2”>. 

Geometrically, the graph of f cari be represented by the surface of the 
paraboloid in R3 given by the equation 

53 = b2 + t22. 

Let c = (y~, 72) be a point in R2; we shall calculate the directional de- 
rivative off at c in the direction of an element w = (wl, 02) of R2. Since 

I(c + tw> = (71 + LJ 1, Y2 + tu2, (71 + id2 + (Y2 + tw2)2), 

f(c) = (-Il, 72, Y12 + Y22), 
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it follows that the directional derivative is given by 

Lu(c) = (w, m> 2YlM + hwa) 

from which it is seen that 

fw(c> = Wl(l, 0, 2n) + M(O, 1,2-d. 

From the formula just given it follows that the directional derivative 
off exists in any direction and that it depends linearly on w  in the sense 
that 

fa&) = afdc) for a E R, 

A+. Cc> = A&> + fi Cc> for w, z E R*. 

Thus the function which sends the element w  of R2 into the element 
fw(c) of R3 is a linear function. Moreover, it is readiiy seen that 

f(c + w> - f(c) - fdc) = (0, 0, 4 + 4, 

from which it follows that 

If@ + w> -f(c) - fdc>I = lw? + w21 = Iwl”. 

If we think of the directional derivatives fu, (c) as elements of R* 
depending on w  E R2, then the fact that fy(c) depends linearly on w  cari 
be interpreted geometrically as meaning that the vectors {fw (c) :w E R2) 
belong to a plane in R3 which passes through the origin. Adding the 
point f(c) of R3, we obtain the set 

P = (f(c) +A~(C) : w  E W, 

which is a plane in R3 which passes through f(c). In geometrical terms 
this latter plane is precisely the plane tangent to the surface ut the point f(c). 
(See Figure 20.1 on the next page.) 

Therefore, we are led to inquire if, given E > 0 and a general function 
fonRptoRq,d oes there exist a linear function L on RP to Rg such that 

If@ + w> - f(c) - L(w)1 I E 14 

for w  in RP which are such that IwI is sufhciently small. 

20.2 DEFINITION. Let f have domain ED in RP and range in R* and 
let c be an interior point of D. We say that f is differentiable at c if there 
exists a linear function L on RP to RP such that for every positive number 
E there exists a positive number 6(e) such that if 12 - CI < b(e), then 
x E ZD and 

(20.2) If(x) -f(c) - L(z - C>l 5 E Ix - CI. 



22S CH. 1’ DIFFERENTIATION 

Figure 20.1 

We shah see below that the linear function L is uniquely determined 
when it exists and that it enables us to calculate the directional deriva- 
tive very easily. This linear function is called the derivative off at c. 

Usually we shall denote the derivative of f at c by 

W(c) or f’(c), 

instead of L. When we Write D~(C) for L, we shall denote L,(x - c) by 
Df(c)(x - cl. 

Some authors refer to D~(C) as the &flerentCzZ off at c. However, the 
most conventional use of the term “differential” is for the function which 
takes the point (c, u) of R* X R* into the point D~(C)(U) of Rs 

20.3 LEMMA. A function has ut most one derivative ut a point. 

PROOF. Suppose that L, and Lz are linear functions on R* to RP which 
satisfy the inequality (20.2) when 1~ - CI < s(e). If h and Ltz are differ- 
ent, then there exists an element z E RP with IzI = 1 such that 

0 < IL(z) - Lz(z)l. 
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Let (Y be a non-zero real number with 1~~1 < 8(e) and set x = c + CYZ. 
It follows that 

0 < larI ILl(Z) - L&)I = IL(m) - Lb.z)I 
I If(x) - f(c) - L(x - c> I + If&> - f(c) 
2 26 lx - CI = 2E IazI = 2E la\. 

Therefore, for any E > 0, then 

0 < IL,(z) - J%(z)1 I2E, 

which is a contradiction. 
Q.E.D. 

20.4 LEMMA. If j is digerentiable ut a point c, then there exist positive 
real numbers 6, K such that if lx - cl < 6, then 

(20.3) If(x) - f Cc>l 5 K lx - 4. 

In particular, j is continuous ut x = c. 

PROOF. According to Definition 20.2, there exists a positive real 
number & such that if lx - CI < &, then x E Z) and relation (20.2) holds 
with É = 1. Using the Triangle Inequality, we have 

If(x) -f(c>I 5 IUZ - C)l + lx - 4. 
According to Theorem 15.11, there is a positive constant M such 

IL(x - C>I I M lx - cl, 

from which it follows that 

If(x) - f (c)l I CM + 1) 12 - cl 
provided that Ix - cl < &. 

Q.E.D. 

20.5 EXAMPLES. (a) Let p = p = 1 and let the domain ZD of j be 
a subset of R. Then j is differentiable at an interior point c of B if and 
only if the derivative j’(c) of j exists at c. In this case the derivative 
Uj(c) of fat c is the linear function on R to R which sends the real number 
u into the real number 

(20.4) f’(c)u 

obtained by multiplying by j’(c). Traditionally, instead of writing u for 
the real number on which this linear function operates, we Write the 
somewhat peculiar symbol dx; here the “8 plays the role of a prefix and 
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has no other significance. When this is done ad the Leibniz1 notation 
for the clerivative is used, the formula (20.4) becomes 

Df(c)(dx) = 2 (c) dx. 

(b) Let p = 1, q > 1, and let 53 be a subset of R. A functionf, defined 
on 9 to RP, cari be representecl by the “coorclinate functions”: 

(20.5) lb> = (fl(4,f2(X), * * .,f&>>, x E sJ* 

It cari be verifiecl that the function f is clifferentiable at an interior point 
c in ZD if and only if each of the real-valued coordinate functions fi, 
12, * . ., f, has a derivative at c. In this case, the derivative Df (c) is the 
linear function of R into RQ which sends the real number u into the vector 

(20.6) (fi’(C)% fi'(Ch-4 * * .,f,'(44 

of RP. It may be noted that Of(c) sends a real number u into the product 
of u ad a fixed vector in RQ. 

(c) Let p > 1, q = 1, ad let ED be a subset of RP. Then for 2 = 
ch . * ‘> &,) in D, we often write 

f(z) = fG1, * * -, LJ. 

It cari be verifiecl that if f is clifferentiable at a point c = (n, . . ., y=) of 
a>, then each of the partial clerivatives 

f&(C), * * *,ft,(c>. 
must exist at c. However, the existence of these partial derivatives is not 
sufficient, in general, for the differentiability off at c, as we shall show in 
the exercises. If f is differentiable at c, then the derivative Df is the linear 
function of RP into R which sends the point w = (w, . . ., w,) into the 
real number given by the sum 

(20.7) fe,(ch + * * * + ft,(c>%. 
Sometimes, insteacl of w we Write dx = (d&, d.5, . . ., d&,) for the point 
in R= on which the derivative is to act. When this notation is used ad 
when Leibniz’s notation is employecl for the partial clerivatives of f, 
then formula (20.7) becomes 

Df (c) (dx) = -$ (c)d& + - - . 
1 

+ $ (c)4,. 
P 

t GOTTFRIED WILHELM LEIBNIZ (1646-1716) is, with ISAAC NEWTON (1642-1727), 

one of the coinventors of calculus. Leibniz spent most of his life serving the dukes 
of Hanover and was a universal genius. He contributed greatly to mathematics, 
law, philosophy, theology, linguistics, and history. 
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(d) Let us consider the case p > 1, p > 1, but restrict our attention 
first to a Zinear function f on RP to R*. Then f(z) - f(c) = f(z - c), 
and hence 

If(4 - f(c) - fb - C>l = 0. 

This shows that when f is linear, then f is differentiable at every point 
and D~(C) = f for any point c in RP. 

(e) We now consider the case p > 1, q > 1, and do not restrict the 
f-unction f, defined on D in RP to R* to be linear. In this case we cari 
represent y = f(x) by system 

of q functions of p arguments. If f is differentiable at a point 
c = (71, . . ., yP) in D, then it follows that the partial derivatives of each 
of the f j with respect to the .z$ must exist at c. (Again this latter condition 
is not sufficient, in general, for the differentiability of f at c.) When 
Df(c) exists, it is the linear function which sends the point u = 
(Ul, . . .) u,) of RP into the point w of Rq whose coordinates (q, . . ., w,) 
are given by 

(20.9) . . . . . . . . . . . . . . . . . . . 

The derivative Df (c) is the linear function of RP into RP determined by 
the q X p matrix whose elements are 

(20.10) 

$ (c) 2 (c) . . . -$ (c) P 
g (c) g (c) . . . $ (c) P . . . . . . . . . * .. * 
ag (c) 2 (c) . . . -$ (c) P - 
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We have already remarked in Theorem 15.10 that such an array of real 
numbers determines a linear function on RP to RP. The matrix (20.10) is 
called the Jacobiant matrix of the system (20.8) at the point c. When 
p = Q, the determinant of the matrix (20.10) is called the Jacobian 
determinant (or simply, the Jacobian) of the system (20.8) at the point c. 
Frequently, this Jacobian determinant is denoted by 

s cc>, a(fl,f% * * ‘, J-P> 
l a(b,t2, . * ., t,> I=c 

or J,(c). 

The next result shows that if f is differentiable at c, then a11 the direc- 
tional derivatives off at c exist and cari be calculated by a very simple 
method. 

20.6 THEOREM. Let f be defined on TJ in RP ad have range in RP. 1j 
j is differentiable ut the point c in 3 and u is any point in RP, then the direc- 
tional derivative off ut c in the direction u exists and equals Df (c) (u). 

PROOF. Applying Definition 20.2 with x = c + tu, we have 

Ifb + tu) - f(c) - D~(C) (tu>1 S e ltul, 

when Itul < s(e). If u = 0, the directional derivative is clearly 8; hence 
we suppose that u # 8. If 0 < Itl < S(E)/[~[, then 

+ WC + tu> - f(c) 1 - D~(C) CU> I 6 14. 

This shows that D~(C) (u) is the directional derivative of f at c in the 
direction 24. 

Q.E.D. 

Existence of the Derivative 

It follows from Theorem 20.6 that the existence of the derivative at a 
point implies the existence of any directional derivative (and hence any 
partial derivative) at the point. Therefore, the existence of the partial 
derivatives is a necessary condition for the existence of the derivative. It 
is not a sufficient condition, however. In fact, if f is defined on R2 to R by 

t CARL (G. J.) JACOB~ (1804-1851) was professor at Konigsberg and Berlin. His main 
work was concerned with elliptic functions, but he is also known for his work in 
determinants. 
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then the partial derivatives 

both exist and equal zero and every directional derivative exists. How- 
ever, the function j is not even continuous at 0 = (0, 0), SO that j does 
not have a derivative at 0. 

Although the existence of the partial derivatives is not a sufficient 
condition for the existence of the derivative, the continuity of these 
partial derivatives is a sufficient condition. 

20.7 THEOREM. If the partial derivatives of j exist in a neighborhood 
of c and are continuous ut c, then j is differentiable ut c. 

PROOF. We shah treat the case p = 1 in detail. If e > 0, let s(e) > 0 
be such that if Iy - ci < 8(e) and j = 1, 2, . . ., p, then 

(20.11) $. (Y) - -$ 6) < E. I j 
If’ x = (.il, Ez, . . .> 5,) and c = (71, 72, . . ., yP), let ~1, ~2, . . ., zPvl denote 
the points 

x1 = (71, 52, * . ., (P), x2 = (71, Y2, E3, . . '> .tp>, 

* . '7 GI-1 = (71, 72, . * -,Yp-l> IP) 

and let x0 = x and x, = c. If 1x - CI < 8(c), then it is easily seen that 
[Xj - Cl < 8(E) for j = 0, 1, . . ., p. We Write the difference j(z) - j(c) 
in the telescoping sum 

f(X) - f CC> = j$l if (X+l> -- f (Xj) 1. 

Applying the Mean Value Theorem 19.6 to the jth term of this sum, we 
obtain a point Z j, lying on the line segment joining xi-1 and xi, such that 

f(Xi-1) - f(Xj) = (tj - Yj) $, Fj>* 
7 

Therefore, we obtain the expression 

Employing the inequality (20.11), each quantity appearing in braces in 
the last formula is dominated by E. Applying the C.-B.-S. Inequality to 
this last sum, we obtain the estimate 

whenever 1x - CI < S(E). 
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We have proved that j is differentiable at c and that its derivative 
D~(C) is the linear function from RP to R which takes the value 

Df CC> (2) = $11 lj $. CC> 
f 

at the point z = (ri, c2, . . ., lp) in RP. 
In the case where j takes values in R* with q > 1, we apply the same 

argument to the real-valued functions fi, i = 1, 2, . . ., q, which occur in 
the coordinate representation (20.8) of the mapping j. We shall omit the 
details of this argument. 

Q.E.D. 

Properties of the Derivative 

We now establish the basic algebraic relations concerning the 
derivative. 

20.8 THEOREM. (a) 1j j, g are di$erentiabZe ut a point c in RP 
and have values in RP and if QC, p are real numbers, then the junc- 
tion h = CX~ + /3g is diferentiable at c und D~(C) = cx D~(C) + /3 D~(C). 

(b) If j, g are as in (a), then the inner product k = j-g is diflerentiable 
ut c and 

Dk(c) (~1 = Qf (cl (~1 .g(c) + f Cc> .Ds(c> CU>- 

(c) If (p is digerentiable ut c in RP and has values in R, then the product 
<PS is digerentiable ut c and 

D(d) Cc> (~1 = WC> (~V(C) + &Pf Cc> CU>- 

PROOF. (a) If E > 0, then there exist S,(é) > 0 and S,(E) > 0 such 
that if Ix - CI < inf (CL(~), S,(t)), then 

If(~> - f Cc> - Qf (cl (x - C>I 5 E 12 - cl, 

b(z) - g(c) - Ds(c)(II: - C>I I t 12 - 4 

Thus if IX - CI < inf (ô1(e), L%(E)), then 

Ihb) - h(c) - i~Df(c>b - cl + PWc)(s - C>}I 

2 (14 + PI> E 12 - 4. 

Sime a Df Cc> + fi Dg( c is a linear function of RP into RP, it follows > 
that h is differentiable at c and that Dh (c) = LY D~(C) + /3 Dg(c). 

(b) From an inspection of both sides, we obtain the relation 

k(z) - k(c) - lDf(c)(z - c).g(c) +f(c).Dg(c)(J: - C>I 

= If (~1 - f (cl - Qf Cc> (x - c> 1 *g(x) 

+ Qf(c)(z - C).~(Z) - g(.c)l 

+f(c)-(g(z) -g(c) - Ds(c>b - C)I. 



SEC. 20 THE DERIVATIVE IN RC i?s5 

Since Dg(c) exists, we infer from Lemma 20.4 that g is continuous at c; 
hence there exists a constant M such that /g(z)1 < M for Iz - CI < 6. 
From this it is seen that a11 the terms on the right side of the last equation 
cari be made arbitrarily small by choosing IX - cl small enough. This 
establishes part (b). 

Statement (c) follows in exactly the same way as (b), SO its proof will 
be omitted. 

Q.E.D. 

The next result asserts that the derivative of the composition of two 
fimctions is the composition of their derivatives. 

20.9 CHAIN RULE. Let j be a junction with domain 9(j) in RP und 
range in Rq and let g have domain a>(g) in Rq and range in Rr. Suppose 
that j is diferentiable at c and that g is diferentiable at b = j(c). Then the 
compositirm h = g 0 j is differentiable ut c and 

(20.13) Db(c) = Dg(b) 0 Of(c). 

PROOF. The hypotheses imply that c is an interior point of a(j) and 
that b = j(c) is an interior point of s(g) whence it follows that c is an 
interior point of à. (Why?) Let E > 0 and let 8(~, j) and a(~, g) be as 
in Definition 20.2. It follows from Lemma 20.4 there exist positive 
numbers y, K such that if Iz - cl < y, then j(z) E a(g) and 

(20.14) If(z) - f(c>l 2 K Ix - 4. 
For simplicity, we let L/ = D~(C) and L, = Dg(b). By Theorem 15.11 
there is a constant M such that 

(20.15) IL,(u)l 5 M lu\, for u E RP. 

If 12 - cl < inf 17, (l/K)6(~, g)], then (20.14) implies that If(z) - j(c)1 
5; S(E, g), which means that 

(20.16) kW>1 - df(c>l - LAfb) - f(c>ll 
i E If b> - f (C>l I K e lz - cl. 

If we also require that 12 - cl < S(E, j), then we infer from (20.15) that 

I-W(~) - f Cc> - L& - c>ll i M é Ix - cl. 
If we combine this last relation with (20.16), we infer that if a1 = 
inf {y, (l/K)6(~, g), ô(e, j)} and if 1% - cl < &, then z E B(h) and 

Isk>l - Mc>l - L[-W - c>ll I (K + W E Ix - 4. 
Q.E.D. 
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Maintaining the notation of the proof of the theorem, L, = D~(C) is 
a linear function of RP into Rg and L, = Dg(b) is a linear function of 
RQ into R’. The composition L, 0 L, is a linear function of RP into Rr, as 
is required, since h = g 0 j is a function defined on part of RP with values 
in RI. We now consider some examples of this result. 

20.10 EXAMPLES. (a) Let p = q = T = 1; then the derivative 
D~(C) is the linear function which takes the real number u into j’(c)u, 
and similarly for Dg(6). It follows that the derivative of g 0 j sends the 
real number 24 into g’(b)j (c)u. 

(b) Let p > 1, q = r = 1. According to Example 20.5(c), the deriva- 
tive of j at c takes the point w = (~1, . . ., aP) of RP into the real number 

ft1(ch + * * * + .h,b>WP 

and SO the derivative of g 0 j at c takes this point of RP into the real 
number 

(20.17) g’(~)t.fEI(ch + * * * + fEpkbPl. 

(c) Let q > 1, p = T = 1. According to Examples 20.5(b), (c) the 
derivative D~(C) takes the real number u into the point 

D~(C)(U) = (SI’(C)U, . . ., f,‘<c>u) in RQ, 

and the derivative Dg(b) takes the point w = (wl, . . ., w,) in R* into the 
real number 

s%,@h + * * - + s?l,(bh. 

It follows that the derivative of h = g 0 j takes the real number u into 
the real number 

(20.18) Wc)u = 1g,,@)fi’(c) + -a - + g,,@lfq’(c) lu. 

The quantity in the braces is sometimes denoted by the less precise 
symbolism 

(20.19) ag dh + -- 
a7, dx 

. . . +$$. 
P 

In this connection, it must be understood that the derivatives are to be 
evaluated at appropriate points. 

(d) We consider the case where p = q = 2 and r = 3. For simplicity 
in notation, we denote the coordinate variables in RP by (2, y), in RP by 
(TN, z), and in RI by (ï, s, t). Then a function j on RP to RP cari be ex- 
pressed in the form 

w = W(xç, Y>, 2 = Z(x, Y> 
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and a function g on RP to RI cari be expressed in the form 

r = R(w, z), s = X(w, z), t = T(w, 2). 

The derivative D~(C) sends ([, q) into (0, {) according to the formulas 

(20.20) 
OJ = Wz(cE + W,(C)% 

f = ZZ(C)E + GJ(ch. 

Also the derivative Dg(b) sends (w, {) into (p, u, T) according to the 
relations 

p = RuJ(b)~ + R&k, 

(20.21) 0 = S,(b>w + &(bk, 

5- = T,(b)@ + Tz(b)T. 

il routine calculation shows that the derivative of g of sends (5,~) 
i-nto (p, u, T) by 

<:20.22> 

A more classical notation would be to write dx, dy instead of 5, q; dw, dz 
instead of w, [; and dr, ds, dt instead of p, u, T. If we denote the values 

o’f the partial derivative W, at the point c by 2, etc., then (20.20) 
becomes 

dw =zdx+;dy, 

dz=zdx+;dy; 

eimilarly, (20.21) becomes 

dr = E dw A- $ dz, 

ds = $ dw -12 dz, 

dt=zdw-t$dz; 
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and (20.22) is written in the form 

dt= 

In these last three sets of formulas it is important to realise that a11 of 
the indicated partial derivatives are to be evaluated at appropriate 
points. Hence the coefficients of dx, dy, and SO forth turn out to be 
real numbers. 

We cari express equation (20.20) in matrix terminology by saying that 
the mapping D~(C) of (5,~) into (w, {) is given by the 2 X 2 matrix 

(20.23) 

Similarly, (20.21) asserts that the mapping Dg(b) of (0, S) into (p, o, T) 
is given by the 3 X 2 matrix 

(20.24) 

Finally, relation (20.22) asserts that the mapping D(g of) (c) of (k V) 
into (p, U, T) is given by the 3 X 2 matrix 

[ 

R,(b)W,(c) + Rz(b)Zz(c) Rd~)~,(c) + %@P&) 

&(b)W,(c) + Sz(b)Zz(c) &L@)~,(c) + fL@PL(c) 

T,(b)W,(c) + T,(b)Zz(c) Tw(t)W,(c) + Ts@W,(c) 1 
which is the product of the matrix in (20.24) with the matrix in (20.23) 
in that order. 
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Mean Value Theorem 

We now turn to the problem of obtaining a generalization of the Mean 
Value Theorem 19.6 for differentiable functions on RP to Rq. It Will be 
seen that the direct analog of Theorem 19.6 does not hold when q > 1. 
It might be expected that if f is differentiable at every point of RP with 
values in R*, and if a, b belong to RP, then there exists a point c (lying 
between a, b) such that 

(‘20.25) f(b) - f(a) = W(c) @ - a>. 

This conclusion fails even when p = 1 and q = 2 as is seen by the func- 
tien f defined on R to R2 by the formula 

f(x) = (x-22,x-x3). 

Then D~(C) is the linear function on R to R2 which sends the real number 
u into the element 

Df(c)(u) = ((1 - 2c)u, (1 - 3c2)u). 

New f(0) = (0,O) and f(1) = (0, 0), but there is no point c such that 
I;?f(c)(u) = (0, 0) for any non-zero u in R. Hence the formula (20.25) 
cannot hold in general when q > 1, even when p = 1. However, for 
many applications it is sufficient to consider the case where q = 1 and 
hIere it is easy to extend the Mean Value Theorem. 

20.11 MEAN VALUE THEOREM. Let f be defined on a subset 3 of RP 
and have values in R. Suppose that the set D contains the points a, b and 
the line segment joining them and that f is diferentiable ut every point of 
this segment. Then there exists a point c on this line segment such that 

(20.25) f(b) - f(a) = D~(C) (b - a). 

PRO~F. Consider the function (a defined on 1 = [0, l] to R by 

p(t) = f((1 - t>a + tb), t E 1. 

Olbserve that p(O) = f(a), <p(l) = f(b) and that it follows from the 
Chain Rule that 

p’(t) = Of( (1 - t)a + tb) (b - a). 

F’rom the Mean Value Theorem 19.6, we conclude that there exists a 
point to with 0 < to < 1 such that 

(o(1) - $40) =: dOo). 

Letting c = (1 - &)a + tob, we obtain (20.25). 
Q.E.D. 
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Sometimes one of the following results cari be used in place of the 
Mean Value Theorem when q > 1. 

20.12 COROLLARY. Let j be dejîned on a subset D of RP and with 
values in Rq. Suppose that the set 9 contains the points a, b and the line 
segment joining them and that j is di$erentiable ut every point of this seg- 
ment. Ij y belongs to R*, then there exists a point c on this line segment 
such that 

PROOF. Let F be defmed on 5~ to R by F(x) = j(r). y. A.pplying the 
Mean Value Theorem 20.11, there exists a point c on this line segment 
such that F(b) - F(a) = DF(c) (b - a), from which the assertion of 
this corollary is immediate. 

Q.E.D. 

20.13 COROLLARY. Let j be dejked on a subset 3 of RP and with values 

in RP. Suppose that the set 9 contains the points a, b and the line segment 

joining them and that j is di$erentiable at every point of this segment. Then 

there exists a linear junction L of RP into Rq such that 

j(b) -j(u) = L(b - a). 

PROOF. ht Yl, Y% . . ., yp be the points y1 = (1, 0, . . ., 0), y~ = 
(0, 1, . . ., O), . . .> y* = (0, 0, . . ., l), lying in RP. We observe that the 
q functions fi, fi, . . ., j, on a> to R which give the coordinate representa- 
tion of the mapping j are obtained by 

fi(x) = j(x) -yi for i = 1, 2, . . ., q. 

Applying the preceding corollary to each of these functions, we obtain 
q points ci on the line segment joining a and b such that 

fi(b) - fi(a) = Qf (ci) (b - a> ‘yi. 

Smce the matrix representation of D~(C) is given by the q X p matrix 
with entries 

i$ cc>, i = 1, 2, . . ., q, j = 1, 2, . . ., p; 
i 

it is easily seen that the desired linear function L bas the matrix repre- 
sentation 

$, 3 (Ci), i = 1, 2, . . ., q, j = 1, 2, . . ., p. 

Q.E.D. \ 
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Vie remark that the proof yields more information about L than was 
a-nnounced in the stntement. Each of the q rows of the matrix for L is 
obtained by evaluating the partial derivatives offi = S.TJ~, i = 1, 2, . . ., q, 
a-t some point ci lying on the line segment joining a and b. However, as 
we have already seen, it is not always possible to use the same point c 
for different rows in this matrix. 

Interchange of the Order of Differentiation 

If f is a function with domain in RP and range in R, then j may have 
p (first) partial derivatives, which we denote by 

SC: or $ , i = 1, 2, . . ., p. 
t 

Each of the partial derivatives is a function with domain in RP and 
range in R and SO each of these p functions may have p partial deriva- 
ti-ves. Following the accepted American notation, we shall refer to the 
resulting p2 functions (or to such ones that exist) as the second partial 
derivatives of f and we shall denote them by 

;,j = 1, 2 > . . ‘> P* 

It should be observed that the partial derivative intended by either of 
th[e latter symbols is the partial derivative with respect to Ej of the 
partial derivative off with respect to ti. (In other words: first .$i, then 
Ej; however, note the difference in the order in the two symbols!) 

In like manner, we cari inquire into the existence of the third partial 
derivatives and those of still higher order. In principle, a function on 
RP to R cari have as many as p” nth partial dcrivatives. However, it is 
a considerable convenience that if the resulting derivatives are con- 
ti:nuous, then the order of differentiation is not significant. In addition 
to decreasing the number of (potentially distinct) higher partial deriva- 
tives, this result largely removcs the danger from the rather subtle 
notational distinction employed for different orders of differentiation. 

It is enough to consider the interchange of order for second derivatives. 
By holding a11 the other coordinates constant, we see that it is no loss of 
generality to consider a function on R2 to R. In order to simplify our 
notation we let (2, y) denote a point in R2 and we shall show that if 
jZ, f,, and fzV exist and if fzzl is continuous at a point, then the partial 
derivativef,, exists at this point and equalsf,,. It will be seen in Exercise 
20.U that it is possible that both fzy and fVz exists at a point and yet are 
not equal. 
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The device that will be used in this proof is to show that both of these 
mixed partial derivatives at the point (0,O) are the limit of the quotient 

m, k) - f(h 0) - f(O, k) + m, 0) , 
hk 

as (h, k) approaches (0,O). 

20.14 LEMMA. Suppose that j is clejined on a neighborhood U of the 
origin in R2 with values in R, that the partial derivatives fi and jzv exist in 
U, and that fi, is continuous at (0,O). If A is the mixed diflerence 

(20.26) A@, k) = f@, k) -Ah, 0) - fK’, k) + f@, 01, 

then we have 

jZ,(O, 0) = lim A * 
(h,k)-t(O,O) hk 

PROOF. Let E > 0 and let 6 > 0 be SO small that if Ihl < 6 and Ikl < 6, 
then the point (h, k) belongs to U and 

(20.27) If&, k) - fw(O> 011 < e. 

If Ikl < 6, we define B for Ihl < 6 by 

B(h) = f (4 k) - f Ch, 01, 

from which it follows that A (h, k) = B(h) - B(0). By hypothesis, the 
partial derivative jz exists in U and hence B has a derivative. Applying 
the Mean Value Theorem 19.6 to B, there exists a number ho with 
0 < /ho1 < Ihl such that 

(20.28) A(h, k) = B(h) - B(0) = hB’(ho). 

(It is noted that the value of ho depends on the value of k, but this Will 
not cause any difficulty.) Referring to the definition of B, we have 

B’(ho) = fdho, k) - fAho, 0). 

Applying the Mean Value Theorem to the right-hand side of the la& 
equation, there exists a number k. with 0 < Ik0l < Jkl such that 

(20.29) B’ (ho) = kif w  (ho, ko) 1 n 

Combining equations (20.28) and (20.29), we conclude that if 
0 < Ihl < 6 and 0 < Ikl < 6, then 

A Ch, k) 
- = fwh ko), 

hk 
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where 0 < Ihoj < jhl, 0 < IkOl < Ik[. It follows from inequality (20.27) 
and the preceding expression 

y - jiY(O> 0) < e 

whenever 0 < Ihl < 6 and 0 < Ikl < 6. 
Q.E.D. 

We cari now obtain a useful sufficient condition (due to H. A. Schwars) 
for the equality of the two mixed partial derivatives. 

20.15 THEOREM. Suppose that f is dejîned on a neighborhood U of a 
point (x, y) in R2 with values in R. Suppose that the partial derivatives 

fZ, .fy, and fz, exist in U and that fzu is continuous ut (x, y). Then the 
partial derivutive fus exists ut (x, y) and fVz(x, y) = fiy (x, y). 

PROOF. It is no loss of generality to suppose that (2, y) = (0,O) and 
we shall do SO. If A is the function defined in the preceding lemma, then 
it was seen that 

(20.30) 
A Ch, k) 

fiv(O, 0) = lim - 
(IL,I++(o,o) hk ’ 

the existence of this double limit being part of the conclusion. By hypoth- 
esis f, exists in U, SO that 

lim A Ch, k) 
- =;V&>O) -f,(O,O)l, 

k-0 hk 
h # 0. 

If c > 0, there exists a number 6(e) > 0 such that if 0 < Ihl < 6(e) and 
0 <: Ikl < 6(c), then 

qp - f&O, 0) < 6. 
I 

By taking the limit in this inequality with respect to k and using (20.31), 
we obtain 

; {fi&, 0) - f,(O, 0)) - fz,(O, 0) 5 ‘> 
I 

for all h satisfying 0 < Ihl < S(C). Therefore, f,.(O, 0) exists and equals 
fz& 0). 

Q.E.D. 
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Higher Derivatives 

If j is a function with domain in RP and range in R, then the derivative 
D~(C) of j at c is the linear function on RP to R such that 

If(c + 2) - f(c) - W(c) (41 i 6 I4, 

for sufficiently small z. This means that D~(C) is the lmear function which 
most closely approximates the differencej(c -t z) - j(c) when z is small. 
Any other linear function would lead to a less exact approximation for 
small z. From this defining property, it is seen that if D~(C) exists, then 
it is necessarily given by the formula 

where z = (lx, . . ., {,) in RP. 
Although linear approximations are particularly simple and are 

sufficiently exact for many purposes, it is sometimes desirable to obtain 
a finer degree of approximation than is possible by using linear functions. 
In such cases it is natural to turn to quadratic functions, cubic functions, 
etc., to effect closer approximations. Since our functions are to have 
their domains in RP, we would be led into the study of multilinear 
functions on RP to R for a thorough discussion of such functions. Al- 
though such a study is not particularly difficult, it would take us rather 
far afield in view of the limited applications we have in mind. 

For this reason we shall define the second derivative D~(C) of j at c 
to be the function on RP X RP to R such that if (y, x) belongs to this 
product and y = (sl, . . ,, qp) and x = (.Cl, . . ., {,), then 

In discussing the second derivative, we shall assume in the following 
that the second partial derivatives of f exist and are continuous on a 
neighborhood of c. Similarly, we define the third derivative D3j(c) of j 
at c to be the function of (y, z, w) in RP X RP X RP given by 

W(C) (Y, 2, W> = i~~=lf~i~,~~(e)~i~j~~. 
* , 

In discussing the third derivative, we shall assume that a11 of the third 
partial derivatives of j exist and are continuous in a neighborhood of c. 

By now the method of formation of the higher differentials should 
be clear. (In view of our preceding remarks concerning the interchange 
of order in differentiation, if the resulting mixed partial derivatives are 
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continuous, then they are independent of the order of differentiation.) 
One further notational device: we write 

D2f(c) (w>” for D2fk) (w, w>, 

D3f(c) (w? for D3f(c) (w, w, WL 

. . . . . . . . . . . . . . . . . 
D”~(C) (w)” for D”~(C) (w, w, . . ., w). 

If p = 2 and if we denote an element of R2 by ([, 7) and w = (h, k), 
then D~(C) (w)” equals the expression 

fEE( + Ydc)hk + ff&)k2; 
similarly, D~(C) (~0)~ equals 

fEE( + 3ft.&)h2k + 3.&,*(c)~~2 + fmdC>k3, 

and D~(C)(W)” equals the expression 

fE...E(CP + 0 ; fE...E,(c>hn-lk + ; fE...E&W2JC2 0 
+ * * * + f,...,(cW. 

Now that we have introduced this notation we shah establish an 
important generalixation of Taylor’s Theorem for functions on RP to R. 

20.16 TAYLOR'S THEOREM. Suppose that f is a function with domain 
%.I in RP and range in R, and suppose that f has continuous partial deriva- 
tives of order n in a neighborhood of every point on a bine segment joining 
two points u, v in a>. Then there exists a point ü on this line segment 
such that 

f(v) = f(u) + ; Of CU> (v - u> + ; W(u) b - u>” 
1 

+ . . . 
+ (n - l)! 

D-‘f(u) (v - up-l + $O”f (32) (v - U)n. 

PROOF. Let F be defined for t in 1 to R by 

F(t) = f(u + t(v - u)). 

In view of the assumed existence of the partial derivatives of f, it 
follows that 

F’(t) = Df(u + t(v - u)) (v - u), 

F”(t) = D2f(u + t(v - u)) (v - u)~, 

. . . . . . . . . . . . . . . . . 

F@‘(t) = D$u + t(v - u)) (v - u)~. 
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If we apply the onedimensional version of Taylor’s Theorem 19.9 t,o 
the function F on 1, we infer that there exists a real number $J in 1 
such that 

F(1) = F(0) + ; F’(O) + . . . + 
1 

(n - l)! 
F(“-l) (0) + -$ F(“) (q). 

If we set ü = u + +b(v - u), then the result follows. 
Q.B.D. 

Exercises 

20.A. If j is deEned for (f, 7, c) in R8 to R by the formula 

f(4,c r> = 2P - 7 + % - P + 3r, 

calculate the directional derivative of j at the origin ~9 = (0, 0,O) in the direction 
of the points 

2 = (LT 01, y = (2, 1, -3). 

2O.B..* Letj be defined for (6, 7) in R* to R by 

fc5 9) = Eh, rl z 0, 
= 0, rl = 0, 

Show that the partial derivativesj?, j,, exist for 0 = (0,O) but that if u = (a, 8) 
with afi # 0, then the directional derivative of j at tJ in the direction of u does 
not exist. Show also that j is not continuous at 0; in fact, j is not even bounded 
at tl. 

20.C. If j is defined on R* to R by 

f(5, 11) = 0, if [q = 0, 

= 1, otherwise, 

then j ha8 partial derivatives jt, j,, at 0 = (0, 0), but j does not have directional 
derivatives in the direction u = (a, /3) if (~fl # 0. The function fis not continuous 
at 8, but it is bounded. 

20.D. Let j be defined on R” to R by 

= 0, p = $2. 

Then j ha8 a directional derivative at 0 = (0,O) in every direction, but f is not 
continuous at 8. However, j is bounded on a neighborhood of 8. 

20.F. Let j be defined on R* to R by 

f(E, d = d&* > kd + (0, o>, 

= 0, k 7) = (O,W 
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Then f is continuous and has partial derivatives at 6 = (0, 0), but f ier net differ- 
entiable at 8. 

20.G. Let f be defined on R* to R by 

f(4,d = f2 + q2, both & r) rational, 

=o 1 otherwise. 

Then f is continuous only at the point e = (0, 0), but it is differentiable there. 
20.H. Let f be defined on R2 to R by 

f&, 4 = (E2 + q2) ah YCE2 + q2), (5, d # (0, Oh 
= 0, (t;, d = (0, 0). 

Then f is differentiable at 0, but its partial derivatives are not continuous (or 
even bounded) on a neighborhood of 8. 

20.1. Suppose the real-valued function f has a derivative at a point c in RP. 
Express the directional derivative of f at c in the direction of a unit vector 
w = (CO,, . . *, w,). Using the C.-B.-S. Inequality, show that there is a direction 
in which the derivative is maximum and this direction is uniquely determined if 
at least one of the partial derivatives is not zero. This direction is called the 
gradient direction off at c. Show that there exists a unique vector vc such that 
D~(C)(W) = v, .w for a11 unit vectors w. This vector vc is called the gradient of 
f at c and is often denoted by V,f or grad f(c). 

20.5. Suppose that f and g are real-valued functions which are differentiable 
at a point c in RP and that (Y is a real number. Show that the gradient off at c 
is given by 

Vf = (fEl(C>, . - .,fdc>>, 
and that 

O&f> = aV,f, 
V,(f + g) = VJ + vcg, 

Vc(fg) = (Vcf)g(c) + f Cc) (Vcg). 
20.K. If f is differentiable on an open subset 9 of RP and bas values in RP 

such that If (2) 1 = 1 for z E D, then 

f b) .Df b) CU) = 0 for z E D, u E RP. 

If p = 1, give a physical interpretation of this equation. 
2O.L. Suppose that f is defined for z = (g, &) in R2 to R by the formula 

f cz) - f (b, L2) = AU + BEd* + CEf. 

Calculate Df at the point y = (ql, 72). Show that 

(9 fk) = t*fb) for t E R, 3 E R2; 

6) Dfb)(y) = D~(Y)(L); 

(iii) D~(S)(S) = 2f(z); 

(iv) fb + Y) = f(x) + Df(s)(y) +~CV). 



fw CH. V DIFFERENTIATION 

20.M. Let f be defined on an open set 9 of RP into Rq and satisfy the relation 

(20.33) f(h) = tkf(z) for t E R, z E a>. 

In this case we say that f is homogeneous of degree k. If  this function f is 
dxerentiable at x, show that 

(20.34) of = ~fb). 
(Hint: dilferentiate equation (20.33) with respect to t and set t = 1.) Conclude 
that Euler’st Relation (20.34) holds even when f is positively homogeneous 
in the sense that (20.33) holds only for t 2. 0. I f  Q = 1 and x = ([i, . . ., &,), 
then Euler’s Relation becomes 

kf(x) = h--$(x) + . *. + E,$ (2). 
P 

20.N. Let f be a twice differentiable function on R to R. If  we define F on R2 
to R by 

(4 F(E, d = f(h), then 5 $ = 7 E ; 

(b) F(E, 7) = f (ut + bq), then b 5 = a 5 ; 

Cc) FG, 7) = f@ + ~9, then v $ = E z ; 

(d) F(E, 7) = f(t + cd +fG - cv), then c2$ = $. 

20.0. If  f is defined on an open subset a> of R2 to R and if the partial deriva- 
tives ft, fv exist on a, then is it true that f  is continuous on DD? 

20.P. Let f be defined on a neighborhood of a point c in R2 to R. Suppose that 
fe exists and is continuous on a neighborhood of c and that f,, exists at c. Then 
is f differentiable at c? 

20.Q. Let f be defined on a subset 9 of RP with values in RQ and suppose that 
f is differentiable at every point of a line segment L joining two points a, b in 9. 
If  [Of(c) (u)l < M\U~ for a11 u in RP and for a11 points c on this line segment L, 
then 

If@) -fW 5 ~4 lb - 4 
(This result cari often be used as a replacement for the Mean Value Theorem 
when p > 1.) 

t LEONARD EULER (1707-1783), a native of Basle, studied with Johann Bernoulli. 
He resided many years at the court in St. Petersburg, but this stay was interrupted 
by twenty-five years in Berlin. Despite the fact that he was the father of thirteen 
children and became totally blind, he was still able to Write over eight hundred 
papers and books and make fundamental contributions to a11 branches of 
mathematics. 
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20.R. Suppose that 9 is a connected open subset of RI~, thnt f is differentiable 
on D to RP, and thnt D~(Z) = 0 for a11 z in 3. Show thatf(z) = f(y) for a11 2, y  
in 33. 

20.6. The conclusion in the preceding esercise may fail if D is not connected. 
20.1’. Suppose that f  is diffcrcntiablc on an interval J in RP and has values in 

R. If  the partial derixttives ft, vnnishes on J, then f  does not depend on &. 
2O.U. Let f  be defined on R? to R by 

f(& 9) = h(E2 - q2) 
9 + v2 ’ 

((7 9) # (0, O), 

= 0, CE, ?Il = (0, 0). 

Show that the second partial derivatives fe?, fVt exist at 0 = (0,O) but that they 
are not equal. 

Section 21 Mapping Theorems and Extremum 
Problems 

Throughout the first part of this section we shall suppose that f is a 
function with domain D in RP and with range in RP. Unless there is 
special mention, it is not assumed that p = q. 

It Will be shown that if f is differentiable at a point c, then the local 
character of the mapping of f is indicatcd by the linear function D~(C). 
More precisely, if D~(C) is one-one, then f is locally one-one; if D~(C) 
maps onto R*, then f maps a neighborhood of c onto a neighborhood of 
f(c). As a by-product of these mapping theorems, we obtain some 
inversion theorems and the important Implicit Function Theorem. It 
is possible to give a slightly shorter proof of this theorem than is pre- 
sented here (see Project 21.a), but it is felt that t,he mapping t’heorems 
that are presented add sufficient insight to be worth the detour needed 
to est’ablish them. 

In the second part of this section we shall discuss extrema of a real- 
valued function on RP and present thc most frequently used results in 
this direction, including Lngrange’s Method of finding extreme points 
when constraints are imposed. 

We recall that a function f on a subset D of RP into Rq cari be expressed 
in the form of a system 

111 = fi(h> 62, * . ‘> Ed, 

(21.1) 772 = fZ(h> t2, . . .> Ed, 

. . . . . . . 

tln =S&, (2, * . .> 4,), 
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of q real-valued functions fi defined on D E RP. Each of the functions 
fi, i = 1, 2, . . .> q, cari be examined as to whether it bas partial deriva- 
tives with respect to each of the p coordinates in RP. We are interested 
in the case where each of the qp partial derivatives 

afi 

Zj 

(i = 1, 2, . . .> q:j = 1, 2, . . .> p) 

exists in a neighborhood of c and is continuous at c. It is convenient to 
have an abbreviation for this and closely related concepts and SO we 
shall introduce some terminology. 

21.1 DEFINITION. If the partial derivatives of f exist and are con- 
tinuous at a point c interior to SD, then we say that f belongs to Glass 
C’ at c. If a>o c a> and if f belongs to Class C’ at every point of ao, we 
say that f belongs to Class C’ on SJ~. 

It follows from Theorem 20.7 that if f belongs to Class C’ on an open 
set a), then f is differentiable at every point of a>. We shall now show 
that under this hypothesis, the derivative varies continuously, in a sense 
to be made precise. 

21.2 LEMMA. If f is in Glass C’ on a neighborhood of a point c and 
if e > 0, then there exists a I~(E) > 0 such that if 12 - CI < s(e), then 

(21.2) Pf (2) (2) - Of(c) (2) I I e 14, 
for a11 z in RP. 

PROOF. It follows from the continuity of the partial derivatives 
afi/a[j on a neighborhood of c that if e > 0, there exists S(r) > 0 such 
that if Iz - cl < 8(e), then 

-$ (x)  -  $ (c)  < -& l 

i i 

Applying the estimate (15.8), we infer that (21.2) holds for a11 z in RP. 
Q.E.D. 

It Will be seen in Exercise 21.1 that the conclusion of this lemma 
implies that the partial derivatives are continuous at c. 

The next result is a partial replacement for the Mean Value Theorem 
which (as we have seen) may fail when q > 1. This lemma provides 
the key for the mapping theorems to follow. 

21.3 APPROXIMATION LEMMA. If f is in Glass C’ on a neighborhood 
of a point c and if e > 0, then there exists a number Ô(E) > 0 such that if 
[xi - CI < 8(~), i = 1, 2, then 

(21.3) If (x1) - f(Q) - Of(c) ($1 - 41 I 6 Ix1 - QI. 
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PROOF. If E > 0, choose Ô(E) > 0 according to Lemma 21.2 SO that 
if Iz - CI < s(e), then 

lDf(x> (2) - Df(c) (z>l 5 6 14 

for a11 z in RP. If x1, x2 satisfy [ri - cl < s(e), we select w  E RP such that 
IwI = 1 and 

IfW - fbh) - QG) b-5 - dl 
= {f(n) - f(z2) - Df(c) (a - x2> 1 ‘W. 

If F is defïned on 1 to R by 

F(t) = (f[t(x~ - xz) + xzl - WC) (x1 - x2) } .w, 

then F is differentiable on 0 < t < 1 to R and 

F’(t) = (Df(t(xl - x2) + x2) (xl - 4) -w, 

F(O) = (f(xz> - D~(C) (XI - 22) 1 .w, 

F(1) = {~(XI) - D~(C) (xl - 22) } .w. 

According to the Mean Value Theorem 19.6, there is a real number $ 
with 0 < $ < 1 such that 

F(1) - F(0) = F’(g). 

Therefore, if z = #(Q - 22) + 572, then 

(f(n) - f(z2) - Df(c) (Xl - 22) 1 *w 
= (Df(3) (Xl - z2) - Df(c) (Xl - x2) } *w. 

Since IS - CI < S(e) and IwI = 1, we employ the C.-B.-S. Inequality to 
infer that 

Ifbd - fb2> - Df(c) (a - 2211 
a lDf@>(Xl - x2> - Df(C)(Xl - zz>l 5 E 1x1 - x21. 

Q.E.D. 

Local One-One Mapping 

It will now be seen that if f is in Class C? on a neighborhood of c and 
if the derivative D~(C) is one-one, then f is one-one on a suitably small 
neighborhood of c. We sometimes describe this by saying that f ia 
locally one-one at c. 

21.4 LOCALLY ONE-ONE MAPPING. If f is in Cluss C’ on a neighbor- 
hood of c and the derivative Df (c) is one-one, then there exists a positive 
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constunt 6 swh that the restriction of f to U = {x E RP: 12 - CI 5 6) 
is one-one. 

PROOF. Since Of(c) is a one-one linear function, it follows from 
Corollary 16.8 that there exists a constant T > 0 such that if z E RP, then 

(21.4) r 14 I Pf(c)(z)l. 
Applying the Approximation Lemma 21.3 to E = r/2, we infer that there 
exists a constant 6 > 0 such that if [xi - cl 5 6, i = 1,2, then 

If we apply the Triangle Inequality to the left side of this inequality, 
we obtain 

Combining this with inequality (21.4), we conclude that 

; Ix1 - X21 I Ifh> - f(xz)l. 

Since this inequality holds for any two points in U, the function f 
cannot take the same value at two different points in U. 

Q.E.D. 

It follows from the theorem that the restriction of f to U has an 
inverse function. We now see that this inverse function is automatically 
continuous. 

21.5 WEAK INVERSION THEOREM. If f is in Cluss C’ on a neighbor- 
hood of c and if Df (c) is one-one, then there exists a positive real number 6 
such that the restriction off to the compact neighborhood U = (x E RP: 
Ix - cl 2 6) of c has a continuous inverse function with domain f(U). 

PROOF. If 6 > 0 is as in the preceding theorem, then the restriction 
of f to U is a one-one function with compact domain. The conclusion 
then follows from Theorem 16.9. 

Q.E.D. 

We refer to this last result as the “ Weak” Inversion Theorem, because 
it has the drawback that the local inverse function g need not be defined 
on a neighborhood of f(c). Moreover, although we have assumed differ- 
entiability for f, we make no assertion concerning the differentiabiiity 
of the inverse function. A stronger inversion theorem Will be proved 
later under additional hypotheses. 
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Local Solvability 
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The next main result, the Local Solvability Theorem, is a companion 
to the Local One-One Mapping Theorem. It says that if f is in Class C’ 
on a neighborhood of c and if D~(C) maps RP onto a11 of R*, then f maps 
a neighborhood of c onto a neighborhood of f(c). Expressed differently, 
every point of Rq which is sufficiently close to f(c) is the image under f 
of a point close to c. In order to establish this result for the general case 
we first establish it for linear functions and then prove that it holds for 
functions that cari be approximated closely enough by linear functions. 

21.6 LEMMA. If L is a linear function of R.p onto a11 of R*, then there 
exists a positive constant m such that every element y in RP is the image 
under L of un element x in RP such that 1x1 5 m 1~1. 

PROOF. Consider the following vectors in RQ: 

C?l = (1, 0, . . .) O), e2 = (0, 1, . . ., 0), . . ., ep = (0, 0, . . ., 1). 

By hypothesis, there exist vectors uj in RP such that L(u& = ej, 
j = 1,2 7 * . ‘7 q. Let m be given by 

(21.5) m = 
1 1 

gl IUj/2 l". 

In view of the linearity of L, the vector x = i q]Uj is mapped into 
j-1 

the vector 

Y = 2 17iej = (171, 7l2 > * . .,?In > * 
j=l 

By using the Triangle and the C.-B.-S. Inequalities, we obtain the 
estimate 

21.7 LEMMA. Let g be continuous on a>(g) = (x E RP: 1x1 < a} with 
values in RP and such that g(0) = 0. Let L be linear and map RP onto a11 
of RP and let m > 0 be as in the preceding lemma. Suppose that 

(21.6) Is(4 - g(x2) - L(x1 - x2)1 5 & 1x1 - x21 

for IX~\ < a. Then any vector y in R* satisfying IyI < /3 = cz/2m is the 
image under g of an element in a(g). 
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PROOF. TO simpliiy later notation, let x0 = 13 and y0 = y and choose 
x1 in RP such that y0 = L(x1 - x0) and 1x1 - x01 < m \y\. According to 
the preceding lemma, this is possible. Since 

I Xl - ~01 5 m Id < 42, 
it follows that x1 E D(g). We define y1 by 

Y1 = Y0 + !ho) - S(d = - bh) - gbo) - UXl - zo)); 

using the relation (21.6), we have 

IYll I & 1x1 - x01 2 f IYI. 

Apply Lemma 21.6 again to obtain an element x2 in RP such that 

y1 = JQz - Xl), I x2 - 4 I m IV~. 

It follows that 19 - x11 2 (+)Ix11 and from the Triangle Inequality 
that lx21 < $Ix,\ < se, SO that x2 E a>(g). 

Proceeding inductively, suppose that 0 = x0, x1, . . ., x,, in a)(g) and 
Y = Yo, Ylt * - ‘, Yn in R* have been chosen to satisfy, for 1 2 k 5 n, 
the inequality 

(21.7) 1~~ - xkvll 5 m IYk-11 5 gI IYL 

and to satisfy the relations 

(21.8) yk-1 = L(xk - zk-l), 

(21.9) yk = yk-1 + 9 (xk-1) - 9 (xk). 

Then it is seen from (21.7) and the Triangle Inequality that 1x111 5 
2m \y\ < a. 

We now carry the induction one step farther by choosing x,,+* SO that 

yn = L(Xn+l - X?L>, IG+I - 4 I m 1~~1. 
As before, it is easily seen that Ix,,+~] < CY SO that x,,+~ E a)(g). We 
deiine Y,,+~ to be 

yn+1 = yn + gh> - s(x7l+d; 

by (21.6), we conclude that 

1 
IYn+d I g 1x7%+1 - xnl I &, IYI. 
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Another application of the Triangle Inequality shows that (2,) is a 
Cauchy sequence and hence converges to an element x in RP satisfying 
1x1 5 2m lyl < a. S ince Iynl 5 (l/2n)1yI, the sequence (y,) converges to 
the zero element 0 of RP. Adding the relations (21.9) for k = 1, 2, . . ., n, 
and recalling that x0 = 0 and y0 = y, we obtain 

Yn = Y - gbd, n E N. 

Since g is continuous and x = lim (x,), we infer that g(x) = y. This 
proves that every element y with 1~1 < /3 = a/2m is the image under g 
of some element 2 in D(g). 

Q.E.D. 

Since a11 the hard work has been done, we cari derive the next result 
by a t’ranslation. 

21.8 LOCAL SOLVABILITY THEOREM. Suppose that f is in Glass C’ 
on a neighborhood of c and that the derivative Df (c) maps RP onto a11 of 
Rq. There are positive numbers ~y, /3 such that if y E RP and 1 y - f(c) 1 < 0, 
then there is un element x in RP with lx - cl < <y such that f(x) = y. 

PROOF. By hypothesis, the linear function L = Df(c) maps onto RP 
and we let m be as in Lemma 21.6. By the Approximation Lemma 21.3 
there exists a number LY > 0 such that if /xi - CI < (Y, i = 1, 2, then 

(21.10) lf(Xl> - f (x2> - L(x1 - 2211 I & 1x1 - 521. 

Let g be defined on a)(g) = (z E RP : I.zI < (Y} to Rq by the formula 

g(z) = f(z + c) -f(c); 

then g is continuous and g (0) = f(c) - f(c) = 8. Moreover, if I.zil < cr, 
i = 1, 2, and if xi = zi + c, then x1 - x2 = z1 - x2 and 

g(a) - sb2> = fh) - fbz), 

whence it follows from inequality (21.10) that inequality (21.6) holds 
for g. 

If y E RP satisfies Iy - f(c) 1 < /3 = (r/2m and if w = y - f(c), then 
IwI < p. According to Lemma 21.7, there exists an element z E RP with 
Iz/ < (Y such that g(z) = w. If x = c + z, we have 

w = g(x) = f(z + c) - f(c) = f(x) - f(c), 

whence it follows that f(x) = w + f (c) = y. 
Q.E.D. 
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21.9 OPEN MAPPING THEOREM. Let a, be an open subset of R* and 
let f be in Glass C’(B). If, for each x in Q the derivative Df (x) maps RP 
onto Rq, then f (3) is open in R*. Moreover, if G is any open subset of D, 
then f(G) is open in RP. 

PROOF. If G is open and c E G, then the Local Solvability Theorem 
implies that some open neighborhood of c maps onto an open neighbor- 
hood of f(c), whence f(G) is open. 

Q.E.D. 

The Inversion Theorem 

We now combine our two mapping theorems in the case that p = q 
and the derivative Df (c) is both one-one and maps RP onto RP. TO be 
more explicit, if L is a linear function with domain RP and range in RP, 
then L is one-one if and only if the range of L is a11 of RP. Furthermore, 
the linear function L has these properties if and only if its matrix reprc- 
sentation has a non-vanishing determinant. 

When applied to the derivative of a function f mapping part of R* 
into RP, these latter remarks assert that Df(c) is one-one if and only if 
it maps RP onto a11 of RD and that this is the case if and only if the 
Jacobian determinant 

J,(c) = det 

2 (c) -$ (c) . . . -$ (c) 2 P 

g (c) g  (c) -$ (c) 

P 

. . . . . . . . . . . . . 

$ (c) z (c) . . g  (c) 
P 

is not zero. 

21.10 INVERSION THEOREM. Suppose that f is in Glass C’ on a 
neighborhood of c in RP with values in RP and that the derivative Df (c) is 
a one-one map of RP onto RP. Then there exists a neighborhood U of c 
such that V = f(U) is a neighborhood off(c), f is a one-one mapping of 
U onto V, and f has a continuous inverse function g de$ned on V to U. 
Moreover, g is in Glass C’ on V and if y E V and x = g(y) E U, then the 
linear function Dg(y) is the inverse of the linear function Df (x). 
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PROOF. By hypothesis D~(C) is one-one, SO Corollary 16.8 implies 
that there exists a positive number T such that 

2r IzI 5 [D~(C) (z)l for z E RP. 

By Lemma 21.2 there is a sufficiently small neighborhood of c on which 
j is in Glass C’ and Dj satisfies 

(21.11) T 1.~1 2 ID~(X) (z)] for z E RP. 

We further restrict our attention to a neighborhood U of c on which 
j is one-one and which is contained in the bal1 with tenter c and radius a! 
(as in Theorem 21.8). Then V = j(U) is a neighborhood of j(c) and 
we infer from Theorems 21.5 and 21.8 that the restriction of j to U has 
a continuous inverse function g, defined on V. 

In order to prove that g is differentiable at y = j(z) E V, let y1 E V 
be near y and let x1 be the unique element of U with j(xi) = ~1. Since 
j is differentiable at 2, then 

~(XI) -f(x) - Df(x>(x~ - x> = ~(XI)~X~ - xl, 

where lu(xl)I + 0 as x1 -+ 2. If M, is the inverse of the linear function 
D~(X), then 

x1 - x = M, 0 D~(X) (a - z) = M,[j(sJ - j(z) - ~(X~)/X~ - xl]. 

In view of the relations between x, y and x1, yl, this equation cari be 
written in the form 

g(yd - g(y) - Mdy, - Y> = - la - GLbWI. 
Since D~(X) is one-one, it follows as in the proof of Theorem 21.4 that 

IYI - Y1 = Ifcd -fb>l 2 ; 1x1 - xl, 

provided that y1 is chosen close enough to y. Moreover, it follows from 
(21.11) that IMz(u)l 5 (l/r)lul for a11 u E RP. Therefore, we have 

Idyd - g(y) - M=(~I - yIl I + 1x1 - xl lu(xd/ 5 {~lub~>l) (y1 - yl. 

Therefore, g is differentiable at y = j(x) and its derivative Dg(y) is the 
linear function M,, which is the inverse of D~(X). 

It remains to show that g is in Class C’ on V. Let z be any element 
of RP and let x, x1, y, y1 be as before; then it is seen directly from the 
fact that the linear function Dg is the inverse of the linear function 
Dj that 

D&)(z) - Ds(yd(z) = Dg(y> 0 Dh> - Qfb>l o Dsbd(z). 
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Since f is in Glass C’ at 2, then 

IQf(xJ(w) - Wx) (~11 i e Iwl for w E RP> 

when x1 is sufficiently close to 5. Moreover, it follows from (21.11) that 
if u E RP, then both lDg(yJ (u) 1 and lDg(y) (u) 1 are dominated by 
(l/r) [ul. Employing these estimates in the above expression, we infer 
that 

b(y)(z) - &(yd(z>I 5 : IzI for z E RP, 

when y1 is sufficiently close to y. If we take z to be the unit vector ej 
(displayed in the proof of Lemma 21.6) and take the inner product 
with the vector e;, we conclude that the partial derivative ag,/atj is 
continuous at y, 

Q.E.D. 

Implicit Functions 

Suppose that F is a function which is defined on a subset of RP X RP 
into RP. If we make the obvious identification of RP X R* with RP+*, 
then we do not need to redefine what it means to say that F is con- 
tinuous, or is differentiable, or is in Class C’ at a point. Suppose that 
F takes the point (20, y,,) into the xero vector of RP. The problem of 
implicit functions is to solve the equation F(z, y) = 0 for one argument 
(say X) in terms of the other in the sense that we find a function cp 
defined on a subset of RP with values in RP such that cp(yO) = x0 and 

FMYL ~1 = 4 

for a11 y in the domain of (o. Naturally, we expect to assume that F is 
continuous on a neighborhood of (x0, yo) and we hope to conclude that 
the solution function (p is continuous on a neighborhood of yo. It Will 
probably be no surprise to the reader that we shall assume that F is 
in Class C’ on a neighborhood of (x0, yo), but even this hypothesis is 
not enough to guarantee the existence and uniqueness of a continuous 
solution function defined on a neighborhood of yo. In the case p = q = 1, 
the function F(EZ, y) = x2 - y2 has two continuous solution functions 
~~(y) = y and ~~(y) = -y corresponding to the point (0, 0). It also 
has discontinuous solutions, such as 

v-a(Y) - y, y rational, 
= -y, y irrational. 
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The function G(x, y) = y - x2 bas two continuous solution functions 
corresponding to (0, 0), but neither of them is detied on a neighbor- 
hood of the point y = 0. TO give a more exotic example, the function 

H(z, Y> = 0, 2 = 0, 
= y - d sin (l/Z), x # 0, 

is in Glass C’ on a neighborhood of (0,O) but there is no continuous 
solution functions defîned on a neighborhood of y = 0. 

In all three of these examples, the partial derivative with respect to 
x vanishes at the point under consideration. In the case p = p = 1, 
the additional assumption needed to guarantee the existence and unique- 
ness of the solution functions is that this partial derivative be non-zero. 
In the general case, we observe that the derivative DF(Q, y0) is a linear 
function on RP X RQ into RP and induces a linear function ,% of RP 
into RP, defïned by 

L (4 = DF(xo, Yo) CU, 6) 

for all u in RP. In a very reasonable sense, L is the partial derivative of 
F with respect to x at the point (x0, yo). The additional hypothesis we 
shall impose is that L is a one-one linear function of RP onto all of RP. 

Before we proceed any further, we observe that it is no loss of gener- 
ality to assume that the points x0 and y0 are the zero vectors in the spaces 
RP and Rq, respectively, Indeed, this cari always be attained by a 
translation. Since it simplifies our notation somewhat, we shall make 
this assumption. 

We also wish to interpret this problem in terms of the coordinates. 
If x = (El, t2, . . ., t,) and y = (ql, q2, . . ., qq), the equation 

F(G Y> = 0 

takes the form of p equations in the p + q arguments &, . . ., tp, 
91, - * ‘, Iln: 

fi&, * 5 * *> P, t1, - * -, d = 0, 

(21.12) . . . . . . . . . . . . . 

fP(L . . ‘, 5P, 71, * * ‘> 79) = 0. 

Here it is understood that the system of equations is satisfied for 
‘$1 = 0, . . ., 7jq = 0, and it is desired to solve for the [i in terms of the 
vi, at least when the latter are sufficiently small. The hypotheses to be 
made amount to assuming that the partial derivatives of the functions 
fi, with respect to the p + q arguments, are continuuos near zero, and 
that the Jacobian of the fi with respect to the [i is not zero when ti = 0, 
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i=l . .> p. Under these hypotheses, we shah show that there are 
functi’ons (oi, i = 1, . . ., p, which are continuous near q1 = 0, . . ., qq = 0, 
and such that if we substitute 

41 = (Pl(%, * * *> d, 
(21.13) . . . . . . . . . 

t, = (PPhl, . . *, qn), 

into the system of equations (21.12), then we obtain an identity in 
the rl+ 

21.11 IMPLICIT FUNCTION THEOREM. Suppose that F is in Glass C’ 
on a neighborhood of (0,8) in RP X Rq und has values in RP. Suppose thut 
F(B, 0) = 0 und thut the lineur function L, defined by 

L(U) = DF(e, w-4 01, u E RP, 

is a me-one function of RP onto RP. Then there exists a function (o which is 
in Glass C’ on a neighborhood W of 0 in R* to RP such thut (p(O) = 0 und 

F[<p(y), y] = 0 for y E W. 

PROOF. Let H be the function defined on a neighborhood of (0,0) in 
RP x RP to RP x R* by 

(21.14) H(z, Y) = (Fb, Y>, Y>. 

Then H is in Class C’ on a neighborhood of (0, 0) and 

DH(e, 0) CU, 4 = (DF04 0) CU, 4,~). 

In view of the hypothesis that L is a one-one function of RP onto RP, 
then DH (0, 0) is a one-one function of R* X R* onto RP X RP. It follows 
from the Inversion Theorem 21.10 that there is a neighborhood U of 
(e, e) such that V = H(U) is a neighborhood of (0,0) and H is a one-one 
mapping of U onto V and has a continuous inverse function G. In addi- 
tion, the function G is in Class C’ on V and its derivative DG at a point 
in V is the inverse of the linear function DH at the corresponding point 
in U. In view of the formula (21.14) defining H, its inverse function G 
has the form 

Gb, Y> = (GI(T Y>, Y>, 

where G1 is in Class C’ on V to RP. 
Let W be a neighborhood of 0 in R* such that if y E W then (0, y) E V, 

and let (O be defined on W to RP by the formula 

AY> = GV, Y> for Y E W. 
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If (5, y) is in V, then we have 

b, Y> - Ho Gb, Y> = H@I~, Y), Y> 

= (F[G(~, Y>, ~1, Y>$. 
If we take z = 0 in this relation, we obtain 

(4 Y> = @%(Y), Yl, Y> for Y E IV- 

Therefore, we infer that 

G(Y), ~1 = 0 for Y c W. 

Since G1 is in Glass C’ on V to RP, it follows that (p is in Glass C’ on W 
to RP. 

Q.E.D. 

It is sometimes useful to have an explicit formula for the derivative 
of (o. In order to give this, it is convenient to introduce the partial deriva- 
tives of F. Indeed, if (a, b) is a point near (0,g) in RP X RP, then the 
partial derivative DP of F at (a, b) is the linear function on RP to RP 
detined by 

DP(a, b) (u) = DF(a, b) (u, 19) for u E RP. 

Similarly, the partial derivative D,F is the linear function on R* to RP 
defined by 

D,,F(a, b)(v) = DF(u, b) (0, V) for v E R? 

It may be noted that 

(21.15) DFb, b) CU, v) = W’b, b) CU> + D,F(a, b) Cv>. 

21.12 COROLLARY. With the hypotheses of the theorem and the notation 
ju.st introduced, the derivutive of (D ut a point y in W is the linear junction on 
RP to RP given by 
(21.16) Dq(y) = - (D,F)-’ 0 (D,F). 

Here it is understood that the partial clerivatives of F are evaluated ut the 

point CCP(Y), Y>. 

PROOF. We shall apply the Chain Rule 20.9 to the composite function 
which sends y in W into 

FMY), Y] = 0. 
For the sake of clarity, let K be defined for y E R* to RP X RP by 

K(Y) = b(Y), Y>; 

then F 0 K is identically equal to 0. Moreover, 

DK(y)(v) = (D<~(y)(v), v) for v E Rq. 
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Calculating DP 0 DK, and using (21.15), we obtain 

O=DPoDp+D,F, 

where the partial derivatives of F are evaluated at the point (q(y), y). 
Since D,F is invertible, the formula (21.16) results. 

Q.E.D. 

Extremum Problems 

The use of the derivative to determine the relative maximum and 
relative minimum points of a function on R to R is well-known to 
students of calculus. In the Interior Maximum Theorem 19.4, we bave 
presented the main tool in the case where the relative extreme is taken 
at an interior point. The question as to whether a critical point (that is, 
a point at which the derivative vanishes) is actually an extreme point 
is not always easily settled, but cari often be handled by use of Taylor% 
Theorem 19.9. The discussion of extreme points which belong to the 
boundary, often yields to application of the Mean Value Theorem 19.6. 

In the case of a function with domain in RP, p > 1, and range in R, 
the situation is more complicated and each function needs to be examined 
in its own right since there are few general statements that cari be made. 
However, the next result is a familiar and very useful necessary condition. 

21.13 THEOREM. Let f be a function with domain a> in RP and with 
range in R. If c is an interior point of a) at which f is diflerentiable and bas 
a relative extremum, then Df (c) = 0. 

PROOF. By hypothesis, the restriction off to any line passing through 
c Will have an extremum at c. Therefore, by the Interior Maximum 
Theorem 19.4, any directional derivative of f must vanish at c. In 
particular, 

(21.17) j$ (c) = 0, . . ., zp (c) = 0, 
whence it follows that Df (c) = 0. 

Q.E.D. 

A more elegant proof of the preceding result, under the hypothesis 
that f is in Class C’ on a neighborhood of c, cari be obtained from the 
Local Solvability Theorem 21.8. For, we notice that if w  = (wl, . . ., wP), 
then 

Df(c)(w) =-$(c)Ul+ **- +$<c>+ 
P 

It is clear that if one of these partial derivatives off at c is not zero, then 
Df (c) maps RP onto a11 of R. According to the Local Solvability Theorem 
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21.8, f maps a neighborhood of c onto a neighborhood of j(c) ; therefore 
the function f cannot have an extremum at c. Consequently, if j has an 
extremum at an interior point c of the domain of j, then D~(C) = 0. 

If c is a point at which D~(C) = 0, we say that c is a critical point of 
the function f on 9 G RP into R. It is well-known that not every critical 
point off is a relative extremum of j. For example, if f is defined on R* 
to R by f([, 7) = 17, then the origin (0,O) is a critical point off, but f 
takes on values larger thanf(0, 0) in the first and third quadrants, while 
it takes on values less than f(0, 0) in the second and fourth quadrants. 
Hence the origin is neither a relative maximum nor a relative minimum 
off; it is an example of a saddle point (i.e., a critical point which is not 
an extremum). In the example just cited, the function has a relative 
minimum at the origin along some lines 4 = at, 7 = Pt, and a relative 
maximim at the origin along other lines. This is not always the case for, 
as Will be seen in Exercise 21.W, it is possible that a function may have 
a relative minimum along every line passing through a saddle point. 
The adjoining figure provides a representation of such a function. (See 
Figure 21.1.) 

Figure 21 .l 

In view of these remarks, it is convenient to have a condition which 
is sufficient to guarantee that a critical point is an extremum or that it 
is a saddle point. The next result, which. is a direct analog of the “second 
derivative test,” gives such a sufhcient condition. 

21.14 THEOREM. Let the real-valued junction j have cmtinuous second 
partial derivatives on a neighborhood of a critical point c in RP, and consider 
t.b semnd derivative 
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(21.18) D2f(c) (w)" =i & 5 (C) WiW j> 
* j  

evaluated ut w = (~4, . . ., a,). 

(a) Ij D*~(C) (w)” > 0 for a11 w # 0 in RP, then j has a relative minimum 
ut c. 

(b) If Dzf(c) (w)~ < 0 for a11 w # 0 in RP, then f has a relative maximum 
ut c. 

(c) If D2j(c)(w)2 takes on both positive and negative values for w in 
RP, then c is a saddle point of j. 

PROOF. (a) If DZ~(C) (w)~ > 0 for points in the compact set (w E RP: 
IwI = l}, then th ere exists a constant m > 0 such that 

Dzf(c)(~)~ 2 m for (WI = 1. 

Since the second partial derivatives off are continuous at c, there exists 
a 6 > 0 such that if lu - ci < 6, then 

Dzf(u)(w)” 2 ml2 for IWI = 1. 

According to Taylor’s Theorem 20.16, if 0 5 t < 1, there exists a point 
E on the line segment joining c and c + tw such that 

f(c + tw> = j(c) + D~(C) (tw) + 3D2.f(C> (tw)‘. 

Since c is a critical point, it follows that if /WI = 1, and if 0 5 t < 6, then 

f(c + tw) - f(c) = ; Dzj(C) (w)” 2 ; t2 2 0. 

Hence j has a relative minimum at c. The proof of (b) is similar. 
TO prove part (c), let w1 and w2 be elements of unit length and such 

that 

D2f (c) (wJ2 > 0, DZ~(C) (~2)~ < 0. 

It is easily seen that if t is a sufficiently small positive number, then 

f(c + twl) > f(c), f(c + 2w2) < f(c). 

In this case the point c is a saddle point for j. 
Q.E.D. 

The preceding result indicates that the nature of the critical point c 
is determined by the quadratic function given in (21.18). In particular, 
it is of importance to know whether this function cari take on both 
positive and negative values or whether it is always of one sign. An 
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important and well-known result of algebra cari be used to determine 
this. For each j = 1, 2, . . ., p, let Aj be the determinant of the matrix 

If the numbers A1, AZ, . . ., AP are a11 positive, the second derivative 
(21.18) takes only positive values and hence .f has a relative minimum 
at c. If the numbers A,, A,, . . ., AP are a1 tcrnately negative and positive, 
this derivative takes only negative val.des and hence f bas a relative 
maximum at c. In other cases the point c is a saddle point. 

We shall establish this remark only for p = 2, where a less elaborate 
formulation is more convenient. Here \\.e need to examine a quadratic 
function 

If A = AC - B2 > 0, then ii # 0 and; we cari complete the square 
and Write 

Q = -j [(.4l + B?# + (AC - zP)$]. 

Hence the sign of Q is the same as the sign of A. On the other hand, if 
A = AC - R2 < 0, then we shall see that Q has both positive and 
negative values. This is obvious if A = C = 0. If A # 0, we cari com- 
plete the square in Q as above and observe that the quadratic function 
Q has opposite signs at the two points II[, 7) = (1,0) and (B, -A). If 
A = 0 but C # 0, a similar argument cari be given. 

We collect these remarks pertaining I;O a function on R* in a forma1 
statement. 

21.15 COROLLARY. Let the real-valued function j have continuous 
second partial derivatives in a neighborhood of a critical point c in R2, 
and let 

(a) If A > 0 and iffit > 0, then f has a relative minimum at c. 

(b) If A > 0 and if J”~E(C) < 0, then f has a relative maximum at c. 

(c) Z.,f A < 0, then the point c is a saddk point off. 



266 CH. Y  DIFFERENTIATION 

Extremum Problems with Constraints 

Until now we have been discussing the case where the extrema of the 
real-valued function f belong to the interior of its domain a> in RP. None 
of our remarks apply to the location of the extrema on the boundary. 
However, if the function is defined on the boundary of B and if this 
boundary of % cari be parametrized by a function (o, then the extremum 
problem is reduced to an examinntion of the extrema of the composition 
f” P. 

There is a related problem which leads to an interesting and elegant 
procedure. Suppose that S is a surface contained in the domain B of 
the real-valued function f. It is often desired to find the values of j that 
are maximum or minimum among a11 those attained on S. For example, 
if D =‘RP and f(s) = 1x1, then the problem we have posed is concerned 
with finding the points on the surface S which are closest to (or farthest 
from) the origin. If the surface S is given parametrically, then we cari 
treat this problem by considering the composition of f with the para- 
metric representation of S. However, it frequently is not convenient to 
express S in this fashion and another procedure is often more desirable. 

Suppose S cari be given as the points x in D satisfying a relation of 
the form 

g(z) = 0, 

for a function g defined on a> to R. We are attempting to find the relative 
extreme values of f for those points x in a satisfying the consfraint 
(or side condition) g(x) = 0. If we assume that f and g are in Class C’ 
in a neighborhood of a point c in 9 and that Dg (c) # 0, then a necessary 
condition that c be an extreme point of f relative to points x satisfying 
g(x) = 0, is that the derivative Dg (c) is a multiple of D~(C). In terms of 
partial derivatives, this condition is that there exists a real number X 
such that 

;; cc> = A 2 (c), 
1 

g (c) = x 5 (c). 
P 

In practice we wish to determine the p coordinates of the point c satisfy- 
ing this necessary condition. However the real number A, which is called 
the Lagrange multiplier, is not known either. The p equations given 
above, together with the equation 
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are then solved for the p + 1 unknown quantities, of which the co- 
ordinates of c are of primary interest. 

We shall now establish this result. 

21.16 LAGRANGE~ METHOD. Let f and g be in Glass C’ on a ncfgh- 
borhood of a point c in RP and with values in R. Suppose that there exists a 
neighborhood of c such that f(x) 1 f(c) CNT f(x) 5 f(c) for ail points x in 
this neighborhood which also satisfy the constraint g(x) = 0. If D~(C) # 0, 
then there exists a real number X such thaii 

Df(c) = AD~(C). 

PROOF. Let F be defined on ZD to R2 by 

F(x) = (f(x), g(x)). 

It is readily seen that F is in Class C’ on a neighborhood of c and that 

DF(x) (w> = (Df (x) (w), Dg(x) (w)> 

for each x in this neighborhood and for w  in RP. Moreover, an element x 
satisfies the constraint g(x) = 0 if and only if F(x) = (f(x), 0). 

Now suppose that c satisfies the constraint and is a relative extremum 
among such points. TO be explicit, assume that f (x) 5 f(c) for a11 points 
x in a neighborhood of c which also satisfy g(x) = 0. Then the derivative 
Df (c) does not map RP onto a11 of R2. For, if SO, then the Local Solva- 
bility Theorem 21.8 implies that for some e > 0 the points (E, 0) with 

> f(c) < t: <f(c) + E are images of points in a neighborhood of c, contrary 
to hypothesis. Therefore, DF (c) maps RP into a line in R2. By hypothesis 
D~(C) # 0, SO that DF(c) maps RP intoI a line R2 which passes through 
a point (A, 1). Therefore, we have Df (c) = X Dg (c). 

Q.E.D. 

The condition Df (c) = X Dg (c) cari be written in the form 

-$ (cl Wl + * - - + & (c) wp = x 

P [ 
;; (c)w1 + * * * + 

1 
$ cc> UP] 

P 

for each element w  = (wl, . . ., w,) in RP. By taking the elements 

(1, 0, . . ., O), . . ., (0, . . .> 0, l), 

for 20, we write this as a system 

z cc> = x -$ cc>, 
.,l 

. . . . . . . . 

g (c) = x if (c), 
SP 
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which is to be solved together with the equation 

g(c) = 0. 

TO give an elementary application of Lagrange’s Method, let us find 
the point on the plane with the equation 

2[ + 311 - r = 5, 

which is nearest the origin in R3. We shall minimize the function which 
gives the square of the distance of the point (i, 7, [) to the origin, namely 

f(5, 7, r> = P + v2 + T2> 

under the constraint 

g(E,71,~)=25+311-~-5=0. 

Thus we have the system 

2t = 2x, 

2q = 3x, 

25- = --A, 

2i + 37 - { - 5 = 0, 

which is to be solved for the unknowns E, 7, {, X. In this case the solution 
is simple and yields (5/7, 15/14, -5/14) as the point on the plane near- 
est the origin. 

Lagrange’s Method is a necessary condition only, and the points 
obtained by solving the equations may yield relative maxima, relative 
minima, or neither. In many applications, the determination of whether 
the points are actually extrema cari be based on geometrical or physical 
considerations; in other cases, it cari lead to considerable analytic 
difficulties. 

In conclusion, we observe that Lagrange’s Method cari readily be 
extended to handle the case where there is more than one constraint. In 
this case we must introduce one Lagrange multiplier for each constraint. 

Exercises 

21.A. Let f be the mapping of Rz into R* which sends the point (2, y) into the 
point (u, u) given by 

u=x+y, v = 2x + ay. 

Calculate the derivative Df. Show that Df is one-one if and only if it maps R2 
onto R*, and that this is the case if and only if a # 2. Examine the image of the 
unitsquare ((~,y):O~x~l,O~y~l) inthethreecasesa=l,a=2, 
a = 3. 
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21.B. Let f be the mapping of R2 into R2 which sends the point (2, y) into 
the point (u, u) given by 

u = x, Y == xy. 

Draw some curves u = constant, u = constant in the (x, y)-plane and some 
curves x = constant, y = constant in the (u, u)-plane. 1s this mapping one-one? 
Does f map onto a11 of R2? Show that if x # 0, thenf maps some neighborhood 
of (2, y) in a one-one fashion onto a neighborhood of (x, xy). Into what region 
in the (u, u)-plane does f map the rectangle ( (x, y): 1 5 x < 2, 0 5 y 5 2)? 
What points in the (x, y)-plane map underfinto the rectangle ( (u, u) : 1 5 u 5 2, 
0 < u 2 2]? 

21.C. Let f be the mapping of R2 into R2 which sends the point (x, y) into the 
point (u, u) given by 

u=39- Y27 i9 = 2xy. 

What curves in the (x, y)-plane map under f into the lines u = constant, u = 
constant? Into what curves in the (u, u),-plane do the lines x = constant, 
y = constant map? Show that each non-zero point (u, u) is the image under f 
of two points. Into what region does f map the square ( (x, y) : 0 < x 2 1, 
0 5 y 5 1 )? What region is mapped by f into the square ( (u, u) :O 5 u 2 1, 
0 < 2,s l)? 

21.D. Let f be the mapping in the preceding exercise. Show that f is locally 
one-one at every point except 0 = (0, 0), but f is not one-one on R2. 

21.E. Let f be in Class C’ on RP onto Rq and suppose that f has an inverse. 1s 
it true that for each 2 in RP, then D~(X) is a one-one linear function which maps 
RP onto RI? 

213. Letf be defined on R to R by 

f(x) = 2 + 2x2 sin (l/.r), x # 0, 
= 0, x = 0. 

Then Of(O) is one-one but f has no inverse near x = 0. 
21.G. Letf be a function on RP to RP which is differentiable on a neighborhood 

of a point c and such that D~(C) has an inverse. Then is it true that f has an 
inverse on a neighborhood of c? 

21.H. Let f be a function on RP to RP. If f is differentiable at c and has a 
differentiable inverse, then is it true that Glf(c) is one-one? 

21.1. Suppose that f is differentiable on a neighborhood of a point c and that 
if B > 0 then there exists 6(e) > 0 such that if 1x - CI < 8(c), then )D~(X)(Z) - 
Of(c) (z)l < elz\ for a11 z in RP. Prove that the partial derivatives off exist and 
are continuous at c. 

21.5. Suppose that L0 is a one-one linear function on RP to RP. Show that 
there exists a positive number <y such that if L is a linear function on RP to RP 
satisfying 

IL(z) - Lo(z)l 5 C+I for z E RP, 

then L is one-one. 



370 CH. V DIFFERENTIATION 

21.K. Suppose that Lo is a linear function on RP with range all of RP. Show 
that there exists a positive number 0 such that if L is a linear function on RP 
into Rg satisfying 

IL(z) - L&)l 2 81zl for z E RP, 

then the range of L is Rq. 
21.L. Letf be in Class C’ on a neighborhood of a point c in RP and with values 

in RP. If D~(C) is one-one and has range equal to RP, then there exists a positive 
number 6 such that if 12 - CI < 6, then D~(Z) is one-one and has range equal 
to RP. 

21.M. Let f be defined on RZ to R* by f(z, y) = (z COS y, x sin y). Show that 
if ~0 > 0, then there exists a neighborhood of (x0, y0) on which f is one-one, but 
that there are infinitely many points which are mapped into f(zo, y~). 

21.N. Let F be defined on R X R to R by F(s, y) = 9 - y. Show that F is 
in Class C’ on a neighborhood of (0,O) but there does not exist a continuous 
function cp defined on a neighborhood of 0 such that F [p(y), y] = 0. 

21.0. Suppose that, in addition to the hypotheses of the Implicit Function 
Theorem 21.11, the function F has continuous partial derivatives of order n. 
Show that the solution function (p has continuous partial derivatives of order n. 

21.P. Let F be the function on R2 X R2 to R2 defined for z = (El, 52) and 
y = (~1, qz) by the formula 

F(s, Y) = W + h + 72, hz + Ez3 - w). 

At what points (2, y) cari one solve the equation F(z, y) = 0 for z in terms of y. 
Calculate the derivative of this solution function, when it exists. In particular, 
calculate the partial derivatives of the coordinate functions of <p with respect to 
?l, 72. 

21.Q. Let f be defined and continuous on the set D = (2 E RP: 1x1 5 1} with 
values in R. Suppose that f is differentiable at every interior point of a> and that 
f(z) = 0 for a11 IzI = 1. Prove that there exists an interior point c of 9 and that 
D~(C) = 0 (This result may be regarded as a generaliaation of Rolle’s Theorem.) 

21.R. If we define f on Rz to R by 

f(E, 7) = 9 + 4E7r + v2> 
then the origin is not a relative extreme point but a saddle point off. 

21.S. (a) Letfi be defined on R2 to R by 

fi& 7) = t4 + T4, 
then the origin 0 = (0, 0) is a relative minimum of fi and A = 0 at 8. (Here 
A = fd,, - A,“.) 

(b) If fi = -fi, then the origin is a relative maximum of fi and A = 0 at 0. 
(c) If f3 is defined on R2 to R by 

f&, 1) = E4 - v’, 
then the origin e = (0,O) is a saddle point of fa and A = 0 at 8. (The moral of 
this exercise is that if A = 0, then anything cari happen.) 
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21.T. Letfbe defined on9 = ( (E, 7) E Rg: 5 > 0, f  > 0) to R by the formula 

f(E, d = ; + i + ch. 

Locate the critical points off and determine whether they yield relative maxima, 
relative minima, or saddle points. I f  c > 0 and we set 

then locate the relative extrema off on 9,. 
21.U. Suppose we are given n points ({j, qJ in R2 and desire to find the linear 

function F(z) = Az + B for which the quantity 

E [F(E?) - WI* 
j-1 

is minimized. Show that this leads to the equations 

for the numbers A, B. This linear function is referred to as the linear function 
which best fits the given 12 points in the sense of least squares. 

21.V. Let f  be defined and continuous on the set D = (z E RP : IzJ 5 1) 
with values in R. If  f  is differentiable at every interior point of 33 and if 

Z.fEiEi(x) == 0 
j=l 

for a11 1x1 < 1, thenf is said to be harmonie in D. Suppose that f  is not constant 
and that f  does not attain its supremum on C = {z : 1x1 = 1) but at a point c 
interior to a>. Then, if e > 0 is sufficiently small, the function g defined by 

g(x) = f(x) + elx - CI* 

does not attain its supremum on C but at some interior point c’. Since 

gEjEj(c’) = fEjEj(c’) + 2E, j  = 1, . . . > p, 

it follows that 

5 gEjEj(c’) = 2’Ep > 0, 
j=l 

SO that some gEjEj(c’) > 0, a contradiction. (Why?) Therefore, if f  is harmonie 
in D it attains its supremum (and also its infimum) on C. Show also that if 
f  and h are harmonie in D and f(z) = h(:s) for 2 E C, then f(z) = h(z) for 
x E 33. 
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21.W. Show that the function 

f(E, 7) = (7 - E2) (7 - 29) 

does not have a relative extremum at 0 = (0, 0) although it has a relative 
minimum along every line E = tut, 7 = Pt. 

21.X. Find the dimensions of the box of maximum volume which cari be 
fitted into the ellipsoid 

$+$+$=1, 

assuming that each edge of the box is parallel to a coordinate axis. 
21.Y. (a) Find the maximum of 

f(z1, 22, . . .> 5,) = (2122 . . . Llq2, 

subject to the constraint 

21*+222+ ..*+2,2= 1. 

(b) Show that the geometric mean of a collection of non-negative real numbers 
(a1, a2, . . ., o,,) does not exceed their arithmetic mean; that is, 

(cm * * * u,)“n < i (a1 + a2 + . . . + a,). - 
12 

21.2. (a) Let p > 1, g > 1, and L + .! = 1. Show that the minimum of 
P Q 

subject to the constraint t;q = 1, is 1. 
(b) From (a), show that if a, b are non-negative real numbers, then 

(c) Let (ai), (bj), j = 1,. . ., n, be non-negative real numbers, and obtain 
Holder’s Inequality: 

[Hint: let A = C ai ( P)“: B = (C bj*)“’ and apply the inequality in (b) 

t0 U = aj/A, b = bj/‘B.] 
(d) Note that 

lu + b/f> = lu + bj lu + bjp’* < lu] lu + blP’* + lb1 b + Wq. 
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Use Holder’s Inequality in (c) and derive the Minkowski Inequality 

Project 

21.a. This project yields a more direct proof of the Inversion Theorem 21.10 
(and hence of the Implicit Function Theorem) than given in the text. It uses 
ideas related to the Fixed Point Theorem for contractions given in 16.14. 

(a) If  F is a contraction in RP with constant C and if F(B) = 0, then for each 
element y  in RP there exists a unique element 5 in RP such that z + F(z) = y. 
Moreover, z cari be obtained as the limit of the sequence (2,) defined by 

a = y, z,,+I = y  - F(G,), n E N. 

(b) Let F be a contraction on {s E RP: 1x1 2 B) with constant C and let 
F(0) = 0. If  (y1 5 B(l - C), then there exists a unique solution of the equation 
z + F(z) = y  with ($1 5 B. 

(c) Iffis in Class C’ on a neighborhood of tl and if L = of(e), use the Approxi- 
mation Lemma 21.3 to prove that the function H defined by H(z) )= f(s) - ,5(z) 
is a contraction on a neighborhood of t?. 

(d) Suppose that f  is in Class C’ on a nejghborhood of 8, that f(0) = 8, and 
that L = Dl(e) is a one-one map of RP onto a11 of RP. If  iM = L-i, show that the 
function F defined by F (5) = M[~(Z) - L(z)] is a contraction on a neighborhood 
of 0. Show also that the equationf(s) = y  is equivalent to the equation 5 + F(z) 

= M(Y). 
(e) Show that, under the hypotheses in (d), there is a neighborhood U of e 

such that V = f(U) is a neighborhood of e == f(0), f  is a one-one mapping of U 
onto V, and f  has a continuous inverse function 9 defined on V to U. (This is the 
first assertion of Theorem 21.10.) 



VI 

Integration 

In this chapter, we shah develop a theory of integration. We assume 
that the reader is acquainted (informally at least) with the integral 
from a calculus course and shall not provide an extensive motivation 
for it. However, we shall not assume that the reader has seen a rigorous 
derivation of the properties of the integral. Instead, we shall define the 
integral and establish its most important properties without making 
appeal to geometrical or physical intuition. 

In Section 22, we shall consider bounded real-valued functions defined 
on closed intervals of R and define the Riemann-Stieltjest integral of 
one such function with respect to another. In the next section the con- 
nection between differentiation and integration is made and some other 
useful results are proved. In Section 24 we define a Riemann integral for 
functions with domain in RP and range in RP. Finally, we shall treat 
improper and infinite integrals and derive some important results per- 
taining to them. 

The reader who continues his study of mathematical analysis Will want 
to become familiar with the more general Lebesgue integral at an early 
date. However, since the Riemann and the Riemann-Stieltjes integrals 
are adequate for many purposes and are more familiar to the reader, 
we prefer to treat them here and leave the more advanced Lebesgue 
theory for a later course. 

t (GEORG FRIEDRICH) BERNHARD RIEMANN (1826-1866) was the son of a poor 
country minister and was bom near Hanover. He studied at Gottingen and Berlin 
and taught at Gottingen. He was one of the founders of the theory of analytic 
functions, but also made fundamental contributions to geometry, number theory, 
and mathematical physics. 

THOMAS JOANNES STIELTJES (18561894) was a Dutch astronomer and mathemati- 
cian. He studied in Paris with Hermite and obtained a professorship at Toulouse. 
His most famous work was a memoir on continued fractions, the moment problem, 
snd the Stieltjes integral, which was published in the last year of his short life. 

274 
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Section 22 Riemann-Stieltjes Integral 

We shall consider bounded real-valued functions on closed intervals 
of the real number system, define the integral of one such function with 
respect to another, and derive the main properties of this integral. The 
type of integration considered here is somewhat more general than that 
considered in earlier courses and the added generality makes it very 
useful in certain applications, especially in statistics. At the same time, 
there is little additional complication to the theoretical machinery that 
a rigorous discussion of the ordinary Riemann integral requires. There- 
fore, it is worthwhile to develop this type of integration theory as far 
as its most frequent applications require. 

Let f and g denote real-valued functions defined on a closed interval 
J = [a, b] of the real line. We shall suppose that both f and g are bounded 
on J; this standing hypothesis Will not be repeated. A partition of J is a 
finite collection of non-overlapping intervals whose union is J. Usually, 
we describe a partition P by specifying a finite set of real numbers 
(x0, 21, . . ‘> z,) such that 

a = x0 5 x1 < - . . 2 xn = b 

and such that the subintervals occurring in the partition P are the inter- 
vals [xk+ xk], k = 1, 2, . . ., n. More properly, we refer to the end points 
Xk, k = 0, 1, . . ., n as the partition points corresponding to P. How- 
ever, in practice it is often convenient and cari cause no confusion to use 
the word “partition” to denote either the collection of subintervals or 
the collection of end points of these subintervals. Hence we Write 
P = (x0, Xl, . . .> 2,). 

If P and Q are partitions of J, we say that Q is a refinement of P or 
that Q is finer than P in case every subinterval in Q is contained in some 
subinterval in P. This is equivalent to the requirement that every 
partition point in P is also a partition point in Q. For this reason, we 
Write P c Q when Q is a refinement of P. 

22.1 DEFINITION. If P is a partition of J, then a Riemann-Stieltjes 
sum of f with respect to g and corresponding to P = (x0, x1, . . ., x,) 
is a real number S(P;f, g) of the form 

(22.1) S(P;f, $7) = Cf(‘ik)(8(Xk) - g(xk4)). 
k-l 

Here we have selected numbers ,& satisfying 

Zbl 5 #k 2 xk for k = 1, 2, . . ., n. 
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Note that if the function g is given by g(z) = z, then the expression 
in equation (22.1) reduces to 

(22.2) k$lf(Ek) (Xk - mc-1). 
I 

The sum (22.2) is usually called a Riemann sum of f corresponding to 
the partition P and cari be interpreted as the area of the union of rec- 
tangles with sides [ZM, zk] and heights f(&). (See Figure 22.1.) Thus 
if the partition Pis very fine, it is expected that the Riemann sum (22.2) 
yields an approximation to the “ area under the graph of S.” For a general 
function g, the reader should interpret the Riemann-Stieltjes sum (22.1) 
as being simiIar to the Riemann sum (22.2)-except that, instead of 
considering the Zength xk - xk-.1 of the subinterval [&+ zk], we are con- 
sidering some other measure of magnitude of this subinterval; namely, 
the difference g (xk) - g(zk-J. Thus if g(x) is the total “mass” or 
“charge” on the interval [a, z], then g (x6) - g (xk-,) denotes the “mass” 
or “charge” on the subinterval [xk+ zk]. The idea is that we want to be 
able to consider measures of magnitude of an interval other than length, 
SO we allow for the slightly more general sums (22.1). 

It Will be noted that both of the sums (22.1) and (22.2) depend upon 
the choice of the “intermediate points”; that is, upon the numbers lk, 
1 5 k 5 n. Thus it might be thought advisable to introduce a notation 
displaying the choice of these numbers. However, by introducing a finer 
partition, it cari always be assumed that the intermediate points .$k are 
partition points. In fact, if we introduce the partition Q = (x0, &, x1, 
‘$2, . * -, Fn, 2,) and the sum S(Q;f, g) where we take the intermediate 
points to be alternately the right and the left end points of the subinter- 

=2 x3 %k- 1 Xk X,- 1 x,=b 

Figure 22.1. The Riemann sum as an area. 
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val, then the sum A’(Q;f, g) yields the same value BS the sum in (22.1). 
We could always assume that the partition divides -the interval into an 
even number of subintervals and the intermediate points are alterr@ely 
the right and left end points of these subintervals. However, we shall 
not fïnd it necessary to require this “standard” partitioning process, nor 
shall we find it necessary to display these intermediate points. 

22.2 DEFINITION. We say that f is integrable with respect to g on J 
if there exists a real number 1 such that for every positive number e 
there is a partition P. of J such that if P is any refinement of P, and 
S(P;f,g) is any Riemann-Stieltjes sum corresponding to P, then 

(22.3) IS(P;f, 9) - II < 6 

In this case the number I is uniquely determined and is denoted by 

it is called the Riemann-Stieltjes integral off with respect to g over 
J = [a, b]. We cal1 the function f the integrand, and g the integrator. 
In the special case g (2) = 2, if fis integrable with respect to g, we usually 
say that f is Riemann integrable. 

Before we develop any of the properties of the Riemann-Stieltjes 
integral, we shall consider some examples. In order to keep the calcula- 
tions simple, some of these examples are chosen to be extreme cases; 
more typical examples are found by combining the ones given below. 

22.3 EXAMPLES. (a) We have already noted that if g(z) = 2, then 
the integral reduces to the ordinary Riemann integral of elementary 
calculus. 

(b) If g is constant on the interval [a, 61, then any function f is inte- 
grable with respect to g and the value of the integral is 0. More generally, 
if g is constant on a subinterval J1 of J, then any function f which 
vanishes on J\J1 is integrable with respect to g and the value of the 
integral is 0. 

(c) Let g be defined on J = [a, b] by 

9(x> = 0, x=a > 
ZZZ 1, a<x<b. 

We leave it as an exercise to show that a function j is integrable with 
respect to g if and only if f is continuous at a and that in this case the 
value of the integral is f(a). 
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(d) Let c be an interior point of the interval J = [a, b] and l& g be 
defïned by 

go> = 0, aIx<c, 

= 4 c<xlb. 

It is an exercise to show that a function j is integrable with respect to g if 
and only if it is continuous at c from the right (in the sense that for 
every e > 0 there exists S(E) > 0 such that if c 5 2 < c + a(~) and 1: E J, 
then If(x) - j(c) [ < E). If j satisfies this condition, then the value of the 
integral is j(c). (Observe that the integrator function g is continuous at 
c from the left.) 

(e) Modifying the preceding example, let h be defined by 

h(x) = 0, a<x<c, 
= 1, clxlb. 

Then h is continuous at c from the right and a function j is integrable 
with respect to h if and only if f is continuous at c from the left. In this 
case the value of the integral is j(c). 

(f) Let cl < cz be interior points of J = [a, b] and let g be defined by 

g(x) = a17 a 5 x 5 Cl, 

= az> Cl < x i cz, 

= a3, cz < x 5 b. 

If j is continuous at the points cl, c2, then j is integrable with respect to g 
and 

/ 
bf dg = (a2 - (Yl)f(Cl) + (a3 - d(c2). 

a 

By taking more points we cari obtain a sum involving the values of j at 
points in J, tieighted by the values of the jumps of g at these points. 

(g) Let the function j be Dirichlet’s discontinuous function [cf. 
Example 15.5(g)] defined by 

f(x) = 1, if 2 is rational, 

= 0, if x is irrational, 

and let g(x) = X. Consider these functions on 1 = [0, 11. If a partition 
P consists of n equal subintervals, then by selecting k of the intermediate 
points in the sum S(P; f, g) to be rational and the remaining to be irra- 
tional, ,S(P;f, g) = k/n. It follows that f is net Riemann integrable. 

(h) Let j be the function defined on 1 by j(0) = 1, j(x) = 0 for x 

irrational, and j(m/n) = l/ n when m and n are natural numbers with 
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no common factors except 1. It was seen in Example 15.5(h) that j :is 
continuous at every irrational number and discontinuous at every ra- 
tional number. If g(z) = 2, then it is an exercise to show that j is inte- 
grable with respect to g and that the value of the integral is 0. 

22.4 CAUCHY CRITERION FOR INTEGRABILITY. The junction j ris 
integrable with respect to g over J = [a, b] if and only if for each positive 
real number É there is a partition Qz of J such that if P and Q are re$nements 
of Qc and if s(P;f, s> and S(Q;f, g> are any corresponding Riemann- 
Stieltjes sums, then 

(22.4) Is(P;f, s> - S(Q;f, s>l < E. 

PROOF. If j is integrable, there is a partition P, such that if P, Q are 
refinements of P,, then any corresponding Riemann-Stieltjes sums 
satisfy IS(P; j, g) - 11 < ~/2 and IS(Q; j, g) - 11 < ~/a. By using the 
Triangle Inequality, we obtain (22.4). 

Conversely, suppose the criterion is satisfied. TO show that j is inte- 
grable with respect to g, we need to produce the value of its integral and 
use Definition 22.2. Let Q1 be a partition of J such that if P and Q are 
refinements of Q1, then IS(P; j, g) - S(Q; j, g) 1 < 1. Inductively, we 
choose Qn to be a refinement of Qnml such that if P and Q are refkements 
of Qn, then 

(22.5) ISU’;f, s> - S(Q;f, s)l < Un. 

Consider a sequence (S(Q%; j, g)) f o real numbers obtained in this 
way. Since Qn is a refinement of Q,,, when n > m, this sequence of sums 
is a Cauchy sequence of real numbers, regardless of how the intermediate 
points are chosen. By Theorem 12.10, the sequence converges to some 
real number L. Hence, if e > 0, there is an integer N such that 2/N < e 
and 

ls(Q~;f, s> - 4 < $2. 

If P is a refinement of QN, then it follows from the construction of QN 
that 

lSU’;f, g> - s(Q~;f, 911 < I/N < 42. 

Hence, for any refinement P of QN and any corresponding Riemann- 
Stieltjes sum, we have 

(22.6) lS(P;f, s> - LI < % 

This shows that j is integrable with respect to g over J and that the 
value of this integral is L. 

Q.E.D. 
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The next property is sometimes referred to as the bilinearity of the 
Riemann-Stieltjes integral. 

22.5 THEOREM. (a) If fi, fi are integrable with respect to g on J and f 
(Y, fi are real numbers, then CY~~ + /3fi is integrable with respect to g on J and 

h 
J 

b (22.7) (41 + Sfi> dg = 
a 

ujrbfdg + a~bhdg. 

(b) If j is integrable with respect to g1 and g2 on J and cy, /3 are real num- 
bers, then j is integrable with respect to g = cxgl + flgs on J and 

(22.8) J,“jdg= a~bfdg,+B~bf&a. 
PROOF. (a) Let E > 0 and let P1 = (z,, xl, . . ., CC,,) and Pz = 

(Yo, !Il> . . ‘> ym) be partitions of J = [a, b] such that if Q is a refinement 
of both PI and PB, then for any corresponding Riemann-Stieltjes sums, 
we have 

III - S(Q;.fi, s)l < E, IJz - S(Q;f2, s>l < E. 

Let P, be a partition of J which is a refinement of both P, and Pz (for 
example, a11 the partition points in P1 and Pz are combined to form PL). 
If Q is a partition of J such that P, C_ Q, then both of the relations above 
still hold. When the same intermediate points are used, we evidently 
have 

SC&; 4 + M-2, 9) = aS(Q;fi, g> + PS(Q;fi, 9). 

It follows from this and the preceding inequalities that 

laIl + PIz - S(Q; 41 + Pfi, s)l = 

I~(II - S(Q;h, 9)) + P(I, - S(Q;.fz, g)ll I (14 + IBlk 
This proves that (~1~ + fil2 is the integral of CY~~ + flfz with respect to g. 
This establishes part (a) ; the proof of part (b) is similar and mil1 be left 
to the reader. 

Q.E.D. 

There is another useful additivity property possessed by the Riemann- 
Stielijes integral; namely, with respect to the interval over which the 
integral is extended. (It is in order to obtain the next result that we 
employed the type of limiting introduced in Definition 22.2. A more 
restrictive type of limiting would be to require inequality (22.3) for any 
Riemann-Stieltjes sum corresponding to a partition P = (x0, x1, . . ., CC,,) 
which is such that 

IlPlI = sup (21 - 50,x2 - SI,...,& - X,-l] < 6(c). 
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This type of limiting is generally used in defining the Riemann integra,l 
and sometimes used in defining the Riemann-Stieltjes integral. However, 
many authors employ the definition we introduced, which is due to 
S. Pollard, for it enlarges slightly the class of integrable functions. As a 
result of this enlargement, the next result is valid without any additional 
restriction. See Exercises 22.D-F.) 

22.6 THEOREM. (a) Suppose that a < c < b and that f is integrable 
with respect to g over both of the subintervals [a, c] und [c, b]. Then f is 
integrable with respect to g on the interval [a, b] and 

(22.9) LLjdg = lcfdg+[bfdg. 

(b) Let f be integrable with respect to g on the interval [a, b] and let c 
satisfy a < c < b. Then f is integrable with respect to g on the subintervals 
[a, c] und [c, b] and formula (22.9) holds. 

PROOF. (a) If E > 0, let P,’ be a partition of [a, c] such that if P’ is a 
refinement of P,‘, then inequality (22.3) holds for any Riemann-Stieltjes 
sum. Let P,” be a corresponding partition of [c, b]. If P, is the partition 
of [a, b] formed by using the partition points in both P,’ and P,“, and if 
P is a refinement of P,, then 

fl(P;f, 9) = fi(P’;f, 9) + fi(P”if, g), 

where P’, P” denote the partitions of [a, c], [c, b] induced by P and where 
the corresponding intermediate points are used. Therefore, we have 

Ii’fdg+jrh / f dg - SU’;f, g> 

I 
II 

‘f & - s(P’;f, g) + 
I 11 

b f dg - S(P”; f, g) < 2~. 
0 c 

It follows that f is integrable with respect to g over [a, b] and that tht: 
value of its integral is 

~cfdS+~bfdg. 

(b) We shall use the Cauchy Criterion 22.4 to prove that f is inte- 
grable over [a, c]. Since f is integrable over [a, b], given e > 0 there is a 
partition Q. of [a, b] such that if P, Q are refinements of Qt, then relation 
(22.4) holds for any corresponding Riemann-Stieltjes sums. It is clear 
that we may suppose that the point c belongs to Qe, and we let Q6’ be 
the partition of [a, c] consisting of those points of Qt which belong to 
[a, c]. Suppose that P’ and Q’ are partitions of [a, c] which are refine- 
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ments of Qc’ and extend them to partitions P and Q of [a, b] by using the 
points in Q6 which belong to [c, b]. Since P, Q are refinements of Qc, then 
relation (22.4) holds. However, it is clear from the fact that P, Q are 
identical on [c, b] that, if we use the same intermediate points, then 

P(P’;f, s> - s(Q’;f> s>l = lS(P;f, s> - S(Q;f, g)l < E. 
Therefore, the Cauchy Criterion establishes the integrability of j with 
respect to g over the subinterval [a, c] and a similar argument also applies 
to the interval [c, b]. Once this integrability is known, part (a) yields 
the validity of formula (22.9). 

Q.E.D. 

Thus far we have not interchanged the roles of the integrand j and 
the integrator g, and it may not have occurred to the reader that it 
might be possible to do SO. Although the next result is not exactly the 
same as the ‘(integration by parts formula” of calculus, the relation is 
close and this result is usually referred to by that name. 

22.7 INTEGRATION BY PARTS. A junction j is integrable with respect 
to g over [a, b] if und only if g is integrable with respect to j over [a, b]. 
In this case, 

(22.10) ~bfds+~b g df = f(b)g(b) - fb)sb>. 

PROOF. We shall suppose that j is integrable with respect to g. Let 
e > 0 and let P, be a partition of [a, 61 such that if Q is a refinement of 
P, and X(Q; j, g) is any corresponding Riemann-Stieltjes sum, then 

(22.11) IS(Q;f, g> - lbf dgl < e. 
a 

Now let P be a refinement of P, and consider a Riemann-Stieltjes sum 

SU’; g, f> @en by 

where xk-1 2 [k 5 xk. Let Q = (yo, yr, . . ., y*,,) be the partition of 
[a, b] obtained by using both the .& and xk as partition points; hence 
y2k = xk and ‘&k-1 = &. Add and SUbtI'aCt the terIUS j(yZk)g(yZk), k = 0, 
1 > * . ‘9 n, to S(P; g, j) and rearrange to obtain 

s(p;g, f) =f@)g@) -.fb>gb> -k+.dbbx) - g(?h-d)> 
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where the intermediate points qk are selected to be the points xi. Thus 
we have 

S(P; g,f> = f@Mb) - f(a)&> - S(Q;f, s>, 

where the partition Q = (yo, yl, . . ., yz,) is a retiement of P,. In view 
of formula (22.11), 

PV; s,f> - If@Mb) - f(a>sb> - ~bf47Jl < 6 
a 

provided P is a refinement of P,. This proves that g is integrable with 
respect to f over [a, b] and establishes formula (22.10). 

Q.E.D 

Integrability of Continuous Functions 

We now establish a theorem which guarantees that every continuous 
function f on a closed bounded interval J = [a, b] is integrable with 
respect to any monotone function g. This result is an existence theorem 
in that it asserts that the integral exists, but it does not yield information 
concerning the value of the integral or how to calculate this value. 

TO be explicit, we assume that g is monotone increasing on J; that is, 
we suppose that if zl, x2 are points in J and if x1 I x2, then g (x1) 2 g (x2). 
The case of a monotone decreasing function cari be handled similarly or 
reduced to a monotone increasing function by multiplying by - 1. 
Actually, the proof we give below yields the existence of the integral of a 
continuous function f with respect to a function g which has bounded 
variation on J in the sense that there exists a constant M such that, for 
any partition P = (x0, x1, . . ., x,) of J = [a, b] the inequality 

(22.12) 

holds. It is clear that, if g is monotone increasing, the sum in (22.12) 
telescopes and one cari take M = g(b) - g(u) SO that a monotone func- 
tion has bounded variation. Conversely, it cari be shown that a real- 
valued function has bounded variation if and only if it cari be expressed 
as the difference of two monotone increasing functions. 

22.8 INTEGRABILITY THEOREM. If f is continuous on J und g is 
monotone increasing, then f is integrable with respect to g over J. 

PROOF. Since f is uniformly continuous, given t > 0 there is a real 
number S(t) > 0 such that if x, y belong to J and Ix - y] < 6(e), then 
If(x) - f (y)1 < e. Let P. = (x0, x1, . . ., x,) be a partition such that 
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sup 132% - ~-11 < a(~) and let Q = (yo, yl, . . ., ym) be a refinement of 
P,; we shah estimate the difference S(P,;f, g) - S(Q;f, g). Since every 
point in P, appears in Q, we cari express these Riemann-Stieltjes sums 
in the form 

S(Pe;f, 9) = &f<a> b(Yk) - g(Yk-1) 1, 

In order to Write S(P,; f, g) in terms of the partition points in Q, we 
must permit repetitions for the intermediate points & and we do not 
require {k to be contained in [y,++ gk]. However, both .& and vk belong to 
some interval [xh+ xh] and, according to the choice of P,, we therefore 
have 

If&) - f(‘dl < 6 

If we Write the difference of the two Riemann-Stieltjes sums and em- 
ploying the preceding estimate, we have 

Is(p4.h 8) - S(Q;.f, 911 = Ik$ kf(tk) - f(‘?k) 1 (9 (!h) - g (Yk-1) 1 
l 

skgl 1%) - fh)lld!h) - gbk-111 < $Cl b(l/k) - dyk-I)i 

= 47(b) - g(a)). 

Therefore, if P and Q are partitions of J which are refinements of P, 
and if S(P;f, g) and S(Q;f, g) are any corresponding Riemann-Stieltjes 
sums, then 

Is(P;f, g> - S(Q;f, s>l 5 PV’;.f, g> - S(Pe;f, 911 
+ IS(Pc;.f, g> - S(Q;f, 911 2 Wg@) - gb)l. 

From the Cauchy Criterion 22.4, we conclude that f is integrable with 
respect to g. 

Q.E.D. 

The next result is an immediate result of the theorem just proved and 
Theorem 22.7. It implies that any monotone function is Riemann 
integrable. 

22.9 COROLLARY. If f is monotone and g is continuous on J, then j is 
integrable with respect to g over J. 

It is also convenient to have an estimate of the magnitude of the 
integral. For convenience, we use the notation IlfIl = sup (I~(X)[ :z E J) 
and If] for the function whose value at z is If(z)l. 
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22.10 LEMMA. Let j be continuous and let g be monotone increakq 
on J. Then we have the estimute 

(22.13) 
llbf4 5 1” 

Ifl& 2 Ilfllb@) - s(41. 

If m 5 j(x) 5 M for a11 x in J, then 

(22.14) m(g@) - s(a)) < 
/ 

‘f as 5 M{g@) - da>l. 
a 

PROOF. It follows from Theorems 15.7 and 22.8 that If1 is integrable 
with respect to g. If P = (x0, x1, . . ., x,) is a partition of J and (&J is a 
set of intermediate points, then for k = 1, 2, . . ., n, 

- Ilfll I - If&)l 5 f&!J 5 IfWl i Ilfll. 
Multiply by {g (x8) - g (xkJ } > 0 and sum to obtain the estimate 

- IIflIk7@) - sb>f i -SP; Ifl, s> 
I WV, 9) I WR Ifl, 9) 5 IlflIb@> - s(a>L 

whence it follows that 

PU% s>l I s(P; Ifl, s> 5 IIflIIdb) - f7b)J. 
From this ineqllnlity we obtain inequality (22.13). The formula (22.14) 
is obtained by a similar argument which Will be omitted. 

Q.E.D. 

NOTE. It will be seen in Exercise 22.H that, if j is integrable with 
respect to a monotone function g, then 1 jl is integrable with respect to y 
and (22.13) holds. Thus the continuity of j is sufficient, but not neces- 
sary, for the result. Similarly, inequality (22.14) holds when j is inte- 
grable. Both of these results Will be used in the following. 

Sequences of Integrable Functions 

Suppose that g is a monotone increasing function on J and that (j,J 
is a sequence of functions which are integrable with respect to g and 
which converge at every point of J to a function j. It is quite natural to 
expect that the limit function j is integrable and that 

(22.15) J b jdg = lim b j*dg. 
a s a 

However, this need not be the case even for very nice functions. 
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22.11 EXAMPLE. Let J = [0, 11, let g(s) = CC, and letf, be defined 
for n 2 2 by 

fn(x) = nf, 0 5 x 5 l/n, 

= -n2(x - 2/7x), l/n 5 5 5 2/n, 

= 0, 2/n i x I 1. 

I 
1 

Figure 22.2. Graph of jn. 

It is clear that for each n the function f,, is continuous on J, and hence it 
is integrable with respect to g. (See Figure 22.2.) Either by means of a 
direct calculation or referring to the significance of the integral as an 
area, we obtain 

/ 
ulf,Ax) dx = 1, n 2 2. 

In addition, the sequence (f,,) converges at every point of J to 0; hence 
the limit function f vanishes identically, is integrable, and 

/ 
o1 f(x) dx = 0. 

Therefore, equation (22.15) does not hold in this case even though both 
sides have a meaning. 

Since equation (22.15) is very convenient, we inquire if there are any 
simple additional conditions that Will imply it. We now show that, if 
the convergence is uniform, then this relation holds. 

22.12 THEOREM. Let g be a monotone increasing function on J and 
let (f,,) be a sequenee of functions which are integrable with respect to g over 
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J. Suppose that the sequence (f,,) converges uniformly on J to a limit function 
f. Then f is integrabk with respect to g and 

(22.15) 
/ 

bf dg = lim bfndg. 
a / a 

PROOF. Let E > 0 and let N be such that ljfN - f 11 < E. Now let PN 
be a partition of J such that if P, Q are refinements of PN, then 

lS(P;fN, s> - S(Q;fN> s>l < E, for any choice of the intermediate 
points. If we use the same intermediate points for f and f*, then 

ISRfN, SI - S(P;f, 911 Sk$ IlfN -fllM~d - sh-1)) 

= IlfN -fllb@) - g(a)) < 4db) - g(a)). 

Since a similar estimate holds for the partition Q, then for refinements 
P, Q of PN and corresponding Riemann-Stieltjes sums, we have 

ISU=;f, g> - S(Q;f, s>l I ISU=;f, g> - SV’;fzv> s>l 

+ Is(p;fN> 9) - s(Q;fN, s>t + IS(Q;fiv, 9) - S(Q;f, dl 

i 4 + 2b(b) - gb>l>. 

According to the Cauchy Criterion 22.4, the limit function f is integrable 
with respect to g. 

TO establish (22.15), we employ Lemma 22.10: 

ILii(dg - l’f.dg( = I[ (f - fn> & 2 Ilf - fnll{g(b> - g(a)]. 1 

Since lim I[f - f,Jl = 0, the desired conclusion follows. 
Q.E.D. 

The hypothesis made in Theorem 22.12, that the convergence of 
(f,J is uniform, is rather severe and restricts the utility of this result. 
There is another theorem which does not restrict the convergence SO 
heavily, but requires the integrability of the limit function. Although it 
cari be established for a monotone integrator, for the sake of simplicity 
in notation, we shall limit our attention to the Riemann integral. In 
order to prove this convergence theorem, the following lemma Will be 
used. This lemma says that if the integral is positive, then the function 
must be bounded away from zero on a reasonably large set. 

22.13 LEMMA. Let f be a non-negative Riemann integrable function on 
J = [O, l] und suppose that 

1 
a= 

/ 
j > 0. 

0 
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I’hen the set E = (x E J: j(z) 2 43) contains a Jinite number of intervals 
of total length exceediny CY/ (3 1 if/ j ). 

PROOF. Let P be a partition of J = [0, l] such that if S(P; j) is any 
Riemann sum corresponding to P, then JS(P; f) - cy\ < a/3. Hence 
2a/3 < S(P;f). New Select the intermediate points to makej(lj) < ~y/3 
whenever possible and break S(P; j) into a sum over (i) subintervals 
contained in E, and (ii) subintervals which are not contained in E. Let 
L denote the sum of the lengths of the subintervals (i) contained in E. 
Since the contribution to the Riemann sum made by subintervals (ii) is 
less than (~/3, it follows thst the contribution to the Riemann sum made 
by subintervals (i) is bounded below by a/3 and above by 1 If1 1 L. There- 
fore, L > a/(3/ljjI), as asserted. 

Q.E.D. 

22.14 BOUNDED CONVERGENCE THEOREM. Let cfn) be a sepuence of 
junctions which are Riemann integrable on J = [a, b] and such that 

(22.16) Ilfnll < B for n E N. 

If the sequence converges ut each point of J to a Riemann integrabk function 
f, then 

. Jybj = limibjn. 

PROOF. It is no loss of generality to suppose that J = [0, 11. More- 
over, by introducing g,, = If,, - fi, we may and shall assume that the 
jn are non-negative and the limit function f vanishes identically. It is 

1 
desired to show that lim 

(1 ) 
j,, = 0. If this is not the case, there 

0 

exists Q! > 0 and a subsequence such that 

By applying the lemma and the hypothesis (a2.16), we infer that for 
each k E N, the set Et = (zr E J:jnk(s) 2 (~/3) contains a finite number 
of intervals of total length exceeding a/3B. But this implies, although 
we omit the proof, that there exist points belonging to infinitely many 
of the sets Ek, which contradicts the supposition that the sequence (fn) 
converges to f at every point of J. 

Q.E.D. 

We have used the fact that Iji, - j\ is Riemann integrable if f,, nnd j 
are. This statement has been established if jn - j is continuous; for the 
general case, we employ Exercise 22.X Because of its importance, we 
shall state explicitly thc following special case of the Bounded Con- 
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vergence Theorem 22.14. This result cari be proved by using the same 
argument as in the proof of 22.14, only here it is not necessary to appeal 
to Exercise 22.H. 

22.15 MONOTONE CONVERGENCE THEOREM. Let (f,,) be a monotone 
sequence of Riemann integrable functions which converges ut each point 
of J = [a, b] to a Riemann integrable function f. Then 

[f = lim[fn. 

PROOF. Suppose that fi(z) 5 fi(z) < . - - I f (2) for 5 E J. Letting 
qn = f - f,,, we infer that qn is non-negative and integrable. Moreover, 

f or a11 n E N. The remainder of the proof is as in 

Q.E.D. 

The Riesz Representation Theorem 

We shall conclude this section with a very important theorem, but it 
is convenient first to collect some results which we have already demon- 
strated or which are direct consequences of what we have done. 

We denote the collection of a11 real-valued continuous functions dehned 
on J by CR(J) and Write 

IlfIl = sup Uf(~)I : 2 E J1. 

A linear functional on CR(J) is a real-valued function G defined for each 
function in CR(J) such that if fi, fi belong to CR(J) and (Y, ,f3 are real 
numbers, then 

Gbfl + Pfi) = d3.fd + PGCfi). 

The linear functional G on CR(J) is positive if, for each fin CR(J) such 
that f (z) 2 0 for z E J, then 

G(f) 2 0. 

The linear functional G on CR(J) is bounded if there exists a constant 
M such that 

IG(f)I i M IlfIl 
for a11 f in Cn (J). 

22.16 LEMMA. If g is a monotone increasing function and G is de- 
jined for f in CR(J) by 

G(f) = 
i 

*f Q, a 

then G is bounded positive linear functional on CR(J). 
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PROOF. It follows from Theorem 22.5 (a) and Theorem 22.8 that G is 
a linear function on C’R (J) and from Lemma 22.10 that G is bounded by 
M = g(b) - g(u). If f belongs to CR (J) and f(x) 2 0 for 5 E J, then 
taking m = 0 in formula (22.14) we conclude that G(j) 2 0. 

Q.E.D. 

We shall now show that, conversely, every bounded positive linear 
functional on CH(J) is generated by the Riemann-St.ieltjes integral with 
respect to some monotone increasing function g. This is a form of the 
celebrated “Riesz Representation Theorem,” which is one of the key- 
stones for the subject of “functional analysis” and has many far-reaching 
generalizations and applications. The theorem was proved by the great 
Hungarian mathematician Frederic Riesz.t 

22.17 RIESZ REPRESENTATION THEOREM. If G is a bounded positive 
linear functional on C,(J), then there exists a. monotone inweasing junction 
g on J such that 

(22.17) G(f) = 
/ 

bf dg, 
a 

for every f in C,(J). 
PROOF. We shall first define a monotone increasing function g and 

then show that (22.17) holds. 
There exists a constant M such that if 0 5 fi(x) 5 fi(x) for a11 x in J, 

then 0 5 G(fi) 5 G(fi) 5 M 11521[. If t is any real number such that 
a < t < b, and if n is a sufficiently large naturnl number, we let (il,,, 
be the function (see Figure 22.3), on CR(J) defined by 

%(Xl = 1, a<x<t, 

(22.18) = 1 - n(x - t), t < x 5 t + l/n, 

ZZZ 0, t + l/n < 2 5 b. 

It is readily seen that if n 5 m, then for each t with a < t < b, 

0 I cpt.m(x> I m.*(x) I 1, 

SO that the sequence (G(pt,,):n E N) is a bounded decreasing sequence 
of real numbers which converges to a renl number. We define g(t) to be 
equal to this limit. If a < t 5 s < b and n E N, then 

t FREDERIC RIES (1880-1955), a brilliant Hungarian mathematician, was one of the 
founders of topology and functional analysis. HC also made beautiful contributions 
to potential, ergodic, and integration theory. 
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I 
a 

I \ I 
t t+l/n b 

Figure 22.3. Graph of qt,“. 

whence it follows that g(t) 5 g(s). We define g(u) = 0 and if (pa,,, denotes 
the function G,,,(X) = 1, z E J, then we set g(b) = G(a,,). If a < t < b 
and 72 is sufficiently large, then for a11 z in J we have 

SO that g(u) = 0 5 G(pOf,,J 5 G(n,,,) = g(b). This shows that g(a) 5 
g(t) 5 g(b) and completes the construction of the monotone increasing 
function g. 

If f is continuous on J and E > 0, there is a s(e) > 0 such that if 
(2 - y/ < S(r) and 2, y E J, then If(z) - f(y)1 < E. Since f is integrable 
with respect to g, there exists a partition P, of J such that if Q is a refine- 
ment of P., then for any Riemann-Stieltjes sum, we have 

'f& - S(Q;f,g) < 8. 

Now let P = (to, tl, . . ., t,,,) be a partition of J into distinct points which 
is a refinement of P, such that sup (tk - tkmi} < (+)6(e) and let 12 be a 
natural number SO large that 

2/n < inf (tk - ta-J. 

Then only consecutive intervals 

(22.19) [to, 21 + I/n], . . .) [tk-1, h + WI, . . .) [Ll, t,1 
have any points in common. (See Figure 22.4.) For each lc = 1, . . ., m, 
the decreasing sequence (G(pt,, ,,)) converges to g(tk) and hence we may 
suppose that n is SO large that 

(22.20) dtd 2 Gh, A I dtd + Wm IlfIl>. 
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6 

Figure 22.4. Graph of cp+ - <Pal-,,,,. 

We now consider the function p defined on J by 

An element x in J either belongs to one or two intervals in (22.19). If it 
belongs to one interval, then we must have t. 5 2 < ti andf*(r) = f(tJ 
or we have t~+~ + (l/n) < 2 5 tk for some k = 1, 2, . . ., m in which 
case p(x) = f(tk). (See Figure 22.5.) Hence 

If(x) -f%>I < E* 

If the 2 belongs to two intervals in (22.19), then tk < zr 5 t + l/n for 
some k = 1, . . ., m - 1 and we infer that 

f*(x) = fwf%< n(x) + f&+l) i 1 - (Dtb< n(z) 1. 

If we refer to the definition of the p’s in (22.18), we have 

f*(x) = f(h)(l - n(rc - tk)) +f(tk+l)n(z - h). 

Since 15 - tkl < S(t) and Ix - tk+ll < s(e), we conclude that 

If(z) - f*(x)1 5 If(~) - f(b4(1 - nb - b,> 

+ If(s) - f(b+dId~ - h) 

< t(l - 72(x - ik) + a(z - tk)) = t. 

Consequently, we have the estimate 

Ilf-f*ll = SUP Wb> -S*b)I :XE J) I t. 
Since G is a bounded linear functionnl on CR(J), it follows that 

(22.22) KW) - GU*)I 5 Me. 
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Figure 22.5. Graphs off and $. 

In view of relation (22.20) we see that 

I IGbe, n > - Gbe-,.n)l - {s(hJ - s(Ldll <e/(mIlfll> 

for k = 2,3, . . ., m. Applying G to the function f* defined by equation 
(22.21) and recalling that g(to) = 0, we obtain 

GV*) - k$lf(WhJ - gL)l < e. 

But the second term on the left side is a Riemann-Stieltjes sum S(P;f, g) 
for f with respect to g corresponding to the partition P which is a refine- 
ment of P,. Hence we have 

*fds - S(P;f, 9) + ~W’;f, g> - GU*)I < 2~. 

Finally, using relation (22.22), we find that 

(22.23) ‘f dg - G(f) < (M + 2)~. 
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Since E is an arbitrary positive number and the left side of (22.23) does 
not depend on it, we conclude that 

G(f) = 
/ 

bf 47. 
a 

Q.E.D. 

For some purposes it is important to know that there is a one-one 
correspondence between bounded positive linear functionals on CR(J) 
and certain normalized monotone increasing functions. Our construction 
cari be cbecked to show that it yields an increasing function g such that 
g(u) = 0 and g is continuous from the right at every interior point of J. 
With these additional conditions, there is a one-one correspondence 
between positive functionals and increasing functions. (In some applica- 
tions it is useful to employ other normalizations, however.) 

Exercises 

22.A. Let g be defined on 1 = [0, l] by 

g(x) = 0, OIxSf, 
= 1, +<xs1. 

Show that a bounded function f is integrable with respect to g on 1 if and only 
if f is continuous at 4 from the right and in this case, then 

/ 

1 

f & = f(4). 
0 

22.B Show that the function f, given in Example 22.3(h) is Riemann inte- 
grable on I and that the value of its integral is 0. 

22.C. Show t.hat the function f, defined on 1 by 

f(x) = x, x rational, 
J 0, x irrational, 

is not Riemann integrable on 1. 
22.D. If P = (a,, ZI, . . .> 2,) is a partition of J = [a, b], let [IPII be defined 

to be 
I\P]j = sup {Si - Zj-1 : j = 1,2,. . .) n); 

w-e cal1 IjPII the norm of the partition P. Define f to be (*)-integrable with 
respect to g on J in case there exists a number A with the property: if E > 0 
then there is a 6(e) > 0 such that if ljP]j < 8(e) and if S(P; f, g) is any corre- 
sponding Riemann-Stieltjes sum, then IS(P; f, g) - Al < e. If this is satisfied 
the number A is called the (*)-integral off with respect to g on J. Show that if 
f is (*)-integrable with respect to g on J, then f is integrable with respect to g 
(in the sense of Definition 22.2) and that the values of these integrals are equal. 



5EC. 22 RIEMANN-STIELTJEE INTEGRAL $96 

22.E. Let g be defined on 1 as in Exercise 22.A. Show that a bounded function 
f  is (*)-integrable with respect to g in the sense of the preceding exercise if and 
only if f  is continuous at 2 when the value of the (*)-integral is f(Z). I f  h is 
defined by 

h(x) = 0, 05x<+, 

ZZZ 1, $<X<l, 

then h is (*)-integrable with respect to g on [0, #] and on [$,l] but it is not (*)- 
integrable with respect to g on [0, 11. Hence Theorem 22.6(a) may fail for the 
(*)-integral. 

22.F. Let g(x) = x for x E J. Show that for this integrator, a function f  is 
integrable in the sense of Definition 22.2 if and only if it is (*)-integrable in the 
sense of Exercise 22.D. 

22.G. Let g be monotone increasing on J (that is, if x 2 x’, then g(x) < g (x’)). 
Show that f  is integrable with respect to g if and only if for each E > 0 there is a 
partition P, of J and that if P = (x0, x1, . . ., x,) is a refinement of P, and if 
.$i and qi belong to [xi-r, xi], then 

Z If(Ei) -f(Vi)l(C7(Xj) - C7(Xj--l)) < 6 
j=l 

22.H. Let g be montone increasing on J and suppose that f  is integrable with 
respect to g. Prove that the function If] is integrable with respect to g. (Hint: 

IlfW - IfW 5 If(0 -fbJ)l.) 
22.1. Give an example of a function f  which is not Riemann integrable, but 

is such that If] is Riemann integrable. 
22.5. Let g be monotone increasing on J and suppose that f  is integrable with 

respect to g. Prove that the function f’, defined by f’(x) = [f(x)12 for x E J, is 
also integrable with respect to g. (Hint: if M is an Upper bound for If] on J, then 

IfW - fYT)l 5 2W(O - f(dl.) 

22.K. Give an example of a function f  which is not Riemann integrable, but 
which is such that f 2 is Riemann integrable. 

22.L. Let g be monotone increasing on J. If  f and h are integrable with respect 
to g on J, then their product fh is also integrable. (Hint: 2fh = (f + h)2 - 
f  - hz.) Iff andfh are known to be integrable, does it follow that h is integrable? 

22.M. Let f  be Riemann integrable on J and let f(z) 2 0 for x E J. I f  f is 
continuous at a point c E J and if f(c) > 0, then 

b 

f>O. 

22.N. Let f be Riemann integrable on J and let f (x) > 0 for x E J. Show that 

/ 
bf>O. 

a 
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(Hint: for each n E N, let H, be the closure of the set of points x in J such that 
j(x) > I/n and apply Baire’s Theorem 9.8.) 

22.0. If  j is Riemann integrable on 1 and if 

a, = i k$lj(k/n) for n E N, 

then the sequence (a,) converges and 

lim (a,) = 
/ 

If. 
0 

Show that if j is not Riemann integrable, then the sequence (a,) may not 
converge. 

22.P. (a) Show that a bounded function which has at most a finite number 
of discontinuities is Riemann integrable. 

(b) Show that if fi and fi are Riemann integrable on J and if fi(z) = fi(z) 
except for x in a finite subset of J, then their integrals over J are equal. 

22.Q. Show that the Integrability Theorem 22.8 holds for an integrator 
function g which has bounded variation. 

22.R. Let g be a fixed monotone increasing function on J = [a, b]. I f  j is any 
function which is integrable with respect to g on J, then we define 11 jlII by 

IlfIl1 = Jb Ifl 47. 
a 

Show that the following %orm properties” are satisfied: 

(4 IlfIl 2 0; 
(b) If  j(z) = 0 for a11 x E J, then j If111 = 0; 
Cc) If c E R, then llcfll~ = /cl Ilfll~; 
(8 I IlfIL - Il41 I 5 Ilf + 411 5 llflll + lbll~. 

However, it is possible to have 11 fIIl = 0 without having j(z) = 0 for a11 z E J. 
(Can this occur when g(z) = z?) 

22.S. If  g is monotone increasing on J, and if j and jn, n E N, are functions 
which are integrable with respect to g, then we say that the sequence (j,,) 
converges in mean (with respect to g) in case 

Ilfn - fIIl 0. 
(The notation here is the same as in the preceding exercise.) Show that if (j,,) 
converges in mean to j, then 

Prove that if a sequence (j,,) of integrable functions converges uniformly on J 
to j, then it also converges in mean to j. In fact, 

Il& --fil1 5 (g(b) - sk-41 Ilfn -fl1.r. 
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However, if fn denotes the function in Example 22.11, and if g,, = (l/n)f,,, then 
the sequence (g,,) converges in mean [with respect to g(z) = z] to the zero 
function, but the convergence is not uniform on 1. 

22.T. Let g(z) = x on J = [0, 21 and let (In) be a sequence of closed intervals 
in J such that (i) the length of 1, is l/n, (ii) Z, n Z,+l = fl, and (iii) every 
point z in J belongs to infinitely many of the I,. Let f,, be defined by 

fnb) = 1, x E In, 
= 0, x B In. 

Prove that the sequence (f,,) converges in mean [with respect to g(z) = zz] to 
the zero function on J, but that the sequence (fn) does not converge uniformly. 
Indeed, the sequence (f,,) does not converge at any point! 

22.U. Let g be monotone increasing on J = [a, b]. I f  f and h are integrable with 
respect to g on J to R, we define the inner product (f, h) off and h by the 
formula 

J 
b (f,h) = f(XYL(Z) @(z). 

a 

Verify that a11 of the properties of Theorem 7.5 are satisfied except (ii). I f  f = h 
is the zero function on J, then (f, f) = 0; however, it, may happen that (f, f) = 0 
for a function f  which does not vanish everywhere on J. 

22.V. Define 11 f  1 l2 to be 

SO that I\f/12 = df, f)l’“. Establish the C-13.43. Inequality 

I(f, /I)l 5 Ml2 IIN? 

(see Theorems 7.6 and 7.7). Show that the Norm I’roperties 7.8 hold, except 
that Ilfjlz = 0 does not imply that f(x) = 0 for a11 z in J. Show that IIflll 1 

ldb) - g(a) 11’zllfl12. 
22.W. Let f  and f%, n E ni, be integrable on J nith respect to an increasing 

function g. We say that the sequence (f,J converges in mean square (mit11 
respect to g on J) to f  if jjfn - fjl?-+0. 

(a) Show that if the sequence is uniformly convergent on J, then it also 
converges in mean square to the same function. 

(b) Show that if the scquence converges in mean square, then it converges 
in mean to the same function. 

(c) Show that Exercise 22.T proves that convergence in mean square does 
not imply convergence at any point of J. 

(d) If, in Exercise 22.T, pie take 1, to have length l/n2 and if we set h, = nf,,, 
then the sequence (h,) converges in mezn, but does not converge in mean square, 
to the zcro function. 
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22.X. Show that if we define Go, GI, G2 for f  in Gn (1) by 

Go(f) = f(O), Gdf) = 2 
/ 

oH f(z) dz, 

G(f) = 3MO) + f(l) 1; 

then Go, Gr, and Gz are bounded positive linear functionals on Gn (1). Give mono- 
tone increasing functions go, gl, g2 which represent these linear functionals as 
Riemann-Stieltjes integrals. Show that the choice of these gi is not uniquely 
determined unless one requires that gj(0) = 0 and that gi is continuous from 
the right at each interior point of 1. 

Projects 

22.a. The following outline is sometimes used as an approach to the Riemann- 
Stieltjes inte;ral when the integrator function g is monotone increasing on the 
interval J. [This development has the advantage that it permits the definition 
of Upper and lower integrals which always exists for a bounded functionf. How- 
ever, it has the disadvantage that it puts an additional restriction on g and tends 
to blemish somewhat the symmetry of the Riemann-Stieltjes integral given by 
the Integration of Parts Theorem 22.7.1 If P = (x0, x1, . . ., z,) is a partition of 
J = [a, b] and f  is a bounded function on J, let mj, Mi be defined to be the in- 
fimum and the supremum of {f(s) : Zj-1 5 2 5 zri), respectively. Corresponding 
to the partition P, define the lower and the upper sums off with respect to g 
to be 

n 
L(Pif7 9) = C %(gbj) - g(zj-l)), 

j=l 

UCp;.f, 9) = j$l Jf2l!J(zi) - g(Si-l))* 

(a) If  S(P;f, g) is any Riemann-Stieltjes sum corresponding to P, then 

L(P;f, 9) 5 S(P;f, 9) 2 U(P;f, 9). 

(b) If  e > 0 then there exists a Riemann-Stieltjes sum &(P;f, g) correspond- 
ing to P such that 

S1(P;f, 9) 5 L(P;f, 9) + t, 

and there exists a Riemann-Stieltjes sum &(P; f ,  g) corresponding to P such that 

U(P;f, 9) - E i WP;f, 9). 

(c) If  P and Q are partitions of J and if Q is a refinement of P (that is, P L Q), 
then 

LU’;f, 9) 5 L(Q;f, 9) 5 rj(Q;f, 9) i U(P;f, 9). 

(d) If  Pr and P2 are any partitions of J, then L(P1;f, g) 5 U(PQ;f, g). 
[Hint: let Q be a partition which is a refinement of both PI and Pz and apply (o).] 
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(e) Define the lower and the upper integral of j with respect to g to be, 
respectively 

w, 8) = sup (UP;j, !J)l, 

UV, 9) = inf 1 U(P;f, 8)); 

here the supremum and the infimum are taken over all partitions P of J. Show 
that W, 9) 5 VU, 9). 

(f) Prove that j is integrable with respect to the increasing function g if and 
only if the lower and Upper integrals introduced in (e) are equal. In this case the 
common value of those integrals equals 

(g) If jr and fi are bounded on J, then the lower and Upper integrals of jr + js 
satisfy 

Ufl +A, 8) 2 WI, B) + -wz, 8)> 

uul +fz,g) I uul, s> + UV27 SI. 

Show that strict inequality cari hold in these relations. 
22.~. This project develops the well-known Wallist product formula. Through.- 

out it we shall let 

/ 

x/2 
s, = (sin x)” dx. 

0 

(a) If n > 2, then S, = [(n - l)/n]S,z. (Hint: integrate by parts.) 
(b) Establish the formulas 

s =1.3.5-.-(2n-l)~ 
zn 

2.4.6. - * (2n) 2’ 

S 
2.4. - . (2n) 

-l= l-3.5. * .(2n+l)’ 

(c) Show that the sequence (S,) is monotone 
sinx 5 1.) 

(d) Let W, be defmed by 

decreasing. (Hint: 0 5Ç 

w, = 2-2.4.4.6.6. . . (2n)(2n) 

1.3.3.5.5.7 * . - (2n - 1)(2n + 1) 

Prove that lim (W,,) = ~/2. (This is Wallis’s product.) 
(e) Prove thst 

t JOHN WALLIS (1616-1703), the Savilian professor of geometry at Oxford for sixty 
years, was a precurser of Newton. He helped to lay the groundwork for the develop- 
ment of calculus. 
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22.7. This project develops the important Stirlingt formula, which estimates 
the magnitude of n! 

(a) By comparing the area under the hyperbola y = l/s and the area of a 
trapezoid inscribed in it, show that 

2 
2n + 1 

< log 1 +J l 

(  > 
n 

From this, show that 

e < (1 + ~/Tz)“+~‘? 
(b) Show that 

/ 
n log z dz = 12 log n - n + 1 = log (n/e)n + 1. 

1 

Consider the figure F made up of rectangles with bases [l, g], [n - +, n] and 
heights 2, log n, respectively, and with trapezoids with bases [k - +, k + # 
k = 2, 3, . . .> n - 1, and with slant heights passing through the points (k, log k). 
Show that the area of F is 

1 + log 2 + . . * +log(n-1)+~logn=1+log(n!)-log&L 

(c) Comparing the two areas in part (b), show that 

u n = (deY 6 < 1 
n! > n E N. 

(d) Show that the sequence (u,,) is monotone increasing. (Hint: consider 
&+1/%. ) 

(e) By considering u,,~/u~ and making use of the result of part (e) of the 
preceding project, show that lim (u,) = (27r)-r/*. 

(f) Obtain Stirling’s formula 

Section 23 The Main Theorems of Integral Calculus 

As in the preceding section, J = [a, b] denotes a compact interval of 
the real line and f and g denote bounded real-valued functions defined 
on J. In tbis section we shall be primarily concerned with the Riemann 
integral where the integrator function is g(x) = x, but there are a few 
results wbich we shall establish for the Riemann-Stieltjes integral. 

t JAMES STIRLING (1692-1770) was an English mathematician of the Newtonian 
school. The formula attributed to Stirling was actually established earlier by .~RA- 

HAM DE MOI~RE (1667-1754), a French Huguenot who settled in London and was 
a friend of Newton’s. 
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23.1 FIRST MEAN VALUE THEOREM. 1jg is increasing un J = [a,b] 
and f is continuous on J to R, then there exists a number c in J such thut 

(23.1) /” f dg = f(c) /” ds = f(c)tg@) - s(a)). 
a a 

PROOF. It follows from the Integrability Theorem 22.8 that f is in- 
tegrable with respect to g. If m = inf {~(X):X E J} and M = sup 
{f(x) :x E J}, it was seen in Lemma 22.10 that 

mb@) - s(a)} 2 
/ 

‘fdg I Mb@) - sb>l. 
a 

If g(b) = g(u), then the relation (23.1) is trivial; if g(b) > g(u), then it 
follows from Bolzano’s Intermediate Value Theorem 16.4 that there 
exists a number c in J such that 

Q.E.D. 

23.2 DIFFERENTIATION THEOREM. Suppose that f is continuous on 
J and that g is increasing on J and bas a derivative ut a point c in J. Then 
th.e function F, dejîned for x in J by 

(23.2) F(x) = 
/ 

=f & 
a 

has a derivative ut c und F’(c) = f  (c)g'(c). 

PROOF. If h > 0 is such that c + h belongs to J, then it follows from 
Theorem 22.6 and the preceding result that 

P(c + h) -F(c) = lc+hfdg - l’fdg 

/ 

C+h 
T= f dg = fh>Idc + h) - g(c)), 

c 

for some cl with c 5 c1 5 c + h. A similar relation holds if h < 0. Sime 
fis continuous and g has a derivative at c, then F’(c) exists and equals 
f (c)d(c). 

Q.E.D. 

Specializing this theorem to the Riemann case, we obtain the result 
which provides the basis for the familiar method of evaluating integrals 
in calculus. 
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23.3 FUNDAMJGNTAL THEOREM OF INTEGRAL CALCUL~S. Le.4 f  be 
continuous on J = [a, b]. A functicm F on J sati.sjies 

(23.3) F(x) - F(a) = I”f fm z E J, 1 

if and only if F’ = f on J. 
PROOF. If relation (23.3) holds and c E J, then it is seen from the 

preceding theorem that F’(c) = f(c). 
Conversely, let F. be defined for x in J by 

Fa(x) = 
/ 

If. 
a 

The preceding theorem asserts that F,’ = f on J. If Fis such that F’ = f, 
then it follows from the Mean Value Theorem 19.6 (in particular, 
Consequence lg.lO(ii)) that there exists a constant C such that 

F(x) = F,(x) + C, x E J. 

Since F,(a) = 0, then C = F(a) whence it follows that 

F(x) - F(a) = 
/ 

=f 
a 

whenever F’ = f on J. 
Q3l.D. 

NOTE. If F is a function defined on J such that F’ = f on J, then we 
sometimes say that F is an indefinite integral, an anti-derivative, or a 
primitive of f. In this terminology, the Differentiation Theorem 23.2 
asserts that every continuous function has a primitive. Sometimes the 
Fundamental Theorem of Integral Calculus is formulated in ways differ- 
ing from that given in 23.3, but it always includes the assertion that, 
under suitable hypotheses, the Riemann integral of f cari be calculated 
by evaluating any primitive off at the end points of the interval of in- 
tegration. We have given the above formulation, which yields a necessary 
and sufficient condition for a function to be a primitive of a continuous 
function. A somewhat more general result, not requiring the continuity 
of the integrand, Will be found in Exercise 23.E. 

It should not be supposed that the Fundamental Theorem asserts 
that if the derivative f of a function F exists at every point of J, then f 
is integrable and (23.3) holds. In fact, it may happen that f is not 
Riemann integrable (see Exercise 23.F). Similarly, a function f may 
be Riemann integrable but not have a primitive (see Exercise 23.G). 
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Modification of the Integral 

When the integrator function g has a continuous derivative, it is 
possible and often convenient to replace the Riemann-Stieltjes integra,l 
by a Riemann integral. We now establish the validity of this reduction. 

23.4 THEOREM. If the derivative g’ = h exists and is continuous on 
J and if j is integrable with respect to g, then the pro&& jh is Riemann 
integrable and 

(23.4) ~b/ds = lbfh. 

PROOF. The hypothesis implies that h = g’ is uniformly continuou,s 
on J. If E > 0, let P = (x0, x1, . . ., x,) be a partition of J such that if 
& and lk bdOng t0 [X&i, xk] then Ih(tk) - h(<k) 1 < E. We consider the 
difference of the Riemann-Stieltjes sum S(P; j, g) and the Riemann sum 
s(P; jh), using the same intermediate points &$. In doing SO we have a 
sum of terms of the form 

f@k)bbk> - hk-1)) -f(tk)h&){Xk - xk-1). 

If we apply the Mean Value Theorem 19.6 to g, we cari Write this differ- 
ence in the form 

f (tk) {h&k) - h(tk) } (xk - xk-~), 

where ck is some point in the interval [xk+ xk]. Since this term is domi- 
nated by E 1 If1 1 (zk - X!+i), we conclude that 

(23.5) ls(P;f, s> - ~(P;.fh)l < E IlfIl (b - a>, 

provided the partition P is sufficiently fine. Since the integral on the left 
side of (23.4) exists and is the limit of the Riemann-Stieltjes sums 
,S(P; j, g), we infer that the integral on the right side of (23.4) also 
exists and that the equality holds. 

Q.E.D'. 

As a consequence, we obtain the following variant of the First Mean 
Value Theorem 23.1, here stated for Riemann integrals. 

23.5 FIRST MEAN VALUE THEOREM. If j and h are continuous on J 
and h is non-negative, then there exists a point c in J such that 

(23.6) 
/ 

ab j(x) h(x) dx = j(c) /” h(x) dz. 
a 

PROOF. Let g be defined by 

g(x) = 
/ 

=h(t)dt for xEJ. 
. 
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Since h(s) 2 0, it is seen that g is increasing and it follows from the 
Differentiation Theorem 23.2 that g’ = h. By Theorem 23.4, we conclude 
that 

lbf& = l”fk 

and from the First Mean Value Theorem 23.1, we infer that for some c 
in J, then 

/)/dg = f(c) /“h. 
a 0 

Q.E.D. 

As a second application of Theorem 23.4 we shall reformulake Theorem 
22.7, which is concerned with integration by parts, in a more traditional 
form. The proof Will be left to the reader. 

23.6 INTEGRATION BY PARTS. If j and g have continuous derivatives 
on [a, b], then 

lbfd = f(b)g@) - f(a)sb) - lbYg. 

The next result is often useful. 

23.7 SECOND MEAN VALUE THEOREM. (a) Ijj is increasing and g 
is contimous on J = [a, b], then there exists a point c in J such that 

(23.7) lbf & = f(a) /’ & + f(b) /” dg. a a c 

(b) If j is increasing and h is continuous on J, then there exists a point 
c in J sueh that 

(23.8) lbfh =f(a) [h +f@) lbh. 

(c) If f is non-negative and increasing and h is continuous on J, thm 
there exists a point c in J such that 

I’fh =f@) lbh. 

PROOF. The hypotheses, together with the Integrability Theorem 
22.8 imply that g is intsgrable with respect to f on J. Furthermore, by 
the First Mean Value Theorem 23.1, 

/ 
b g df = g(c) (f(b) - f(a) 1. 

a 



SEC. 23 THE MAIN THEOREMS OF INTEGRAL CALCULUS 305 

After using Theorem 22.7 concerning integration by parts, we conclude 
that f is integrable with respect to g and 

s bf 47 = V(b)g(b) - fb>sb>l - g(c)U(b) - fb>l a 
= Sb>Mc> - g(a)} +f@){g@) - g(c)1 
= f(a) 1’ 4 + f(b) i” dg, 

a c 

which establishes part (a). TO prove (b) let g be defined on J by 

g(x) = 
/ 

=h 
a 

SO that g’ = h. The conclusion then follows from part (a) by using 
Theorem 23.4. TO prove (c) define F to be equal to S for z in (a, b] and 
define F(u) = 0. We now apply part (b) to F. 

Q.E.D. 

Part (c) of the preceding theorem is frequently called the Bonnet? form 
of the Second Mean Value Theorem. It is evident that there is a corre- 
sponding result for a decreasing function. 

Change of Variable 

We shall now establish a theorem justifying the familiar formula re- 
lating to the “change of variable” in a Riemann integral. 

23.8 CHANGEOFVARIABLETHEOREM. Letpbec!ejînedon unintervul 
[a, /3] to R with a contimous derivative und suppose thut a = (o(a) < 15 
= p(p). Iff is continuous on the range of (o, then 

(23.9) /bf(xl dx = /)iokr(l) dt. 

PROOF. Both integrals in (23.9) exist. Let F be defked by 

/ 

E 
F(f) = f(x) dz for a 2 f 5 b, 

a 

and consider the function H defined by 

H(t) = F[&)I for a! 5 t 5 B. 

t OSSIAN BONNET (1819-1892) is primarily known for bis work in differential gs- 
ometry. 
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Observe that H(cr) = J’(a) = 0. Differentiating with respect to t and 
using the fact that F’ = j, we obtain 

H’(t) = F’[co(Old(Q = fb(Old 0). 
Applying the Fundamental Theorem, we infer that 

/ a 
b j(x) dx = F(b) = H(P) = 1” j[p(t)]p’(t) dt. 

a 
Q.E.D. 

Integrals Depending on a Parameter 

It is often important to consider integrals in which the integrands 
depend on a parameter. In such cases one desires to have conditions 
assuring the continuity, the differentiability, and the integrahility of the 
resulting function. The next few results are useful in this connection. 

Let D be the rectangle in R X R given by 

D= ((x,t):alx<b,c<t<d}, 

and suppose that j is continuous on D to R. Then it is easily seen (cf. 
Exercise 16.E) that, for each fixed t in [c, d], the function which sends x 
into j(x, t) is continuous on [a, b] and, therefore, Riemann integrable. 
We define F for t in [c, d] by the formula 

(23.10) F(t) = 
/ 

b j(x, t) dx. 
0. 

It Will first be proved that F is continuous. 

23.9 THEOREM. If j is continuous on D to R and if F 2’s defined by 
(23.10), then F is continuous on [c, d] to R. 

PROOF. The Uniform Continuity Theorem 16.12 implies that if 
E > 0, then there exists a s(e) > 0 such that if t and to belong to [c, d] 
and It - toJ < 6(e), then 

If ht) - f (x, to)I < 5 

for a11 z in [a, b]. It follows from Lemma 22.10 that 

IF(t) - F@o)l = l/” if(x,t) -f(x,to)) d.1 
a 

i 
/ 

ab If (x, t) - f (5, to)I dx < c@ - a>, 

which establishes the continuity of F. 
Q.E.D. 
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23.10 THEOREM. If j and its partial derivative ft are cmtinuous an 
D to R, then the function F dejked by (23.10) ha.s a derivative on [c, d] a& 

(23.11) F’(t) - 
/ 

bft(x, t) dx. 
a 

PROOF. From the uniform continuity of jt on D we infer that if 
t > 0, then there is a 6(e) > 0 such that if It - tl < S(É), then 

If&, t> -Itb, GI < e 

for a11 x in [a, b]. Let 1, t. satisfy this condition and apply the Mean Value 
Theorem to obtain a tl (which may depend on I and lies between t and to) 
such that 

f(x, t> - $(x, h) = (t - toljth h>. 

Combining these two relations, we infer that if 0 < It - toi < S(É), then 

f(x, 1) - f(x, lo) _ ft(x 

t - 20 
J 

Q < E, 

for a11 x in [a, b]. By applying Lemma 22.10, we obtain the estimate 

F(t) - F(k) 
t - 20 

- ~bk(x, to) dxl 

I ‘(” ‘) - ‘(” “) - ft(x, to) 
t - to 

which establishes the differentiability of F. 
Q.E.D. 

Sometimes the parameter t enters in the limits of integration as well 
as in the integrand. The next result considers this possibility. 

23.11 LEIBNIZ'S FORMULA. Suppose that j and jl are continuous on 
D to R and that (Y and /3 are junctions which are differentiable on the interval 
[c, d] and have values in [a, b]. Ij (p is defined on [c, d] by 

B(t) 
(23.12) $4) = a(t) fb, t> dz, 

I 

then (p has a derivative for each t in [c, d] which is given by 

/ 

8(t) 
(23.13) v’(t) = fIfi( W(t) - fb(t>, W(t) + -(t) fth t> dz. 
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PROOF. Let H be defined for (u, v, t) by 

when U, v belong to [a, b] and t belongs to [c, d]. The function p defined 
on (23.12) is the composition given by v(t) = Hw(t), a(2), t]. Applying 
the Chain Rule 20.9, we have 

d(t) = K#(G, 4, m’(t) + HuW@), a(t), w(t) + Ht[BW, 40, 21. 
According to the Differentiation Theorem 23.2, 

Hu CU, v, t> = f(u, t> > Ho(u, v, t> = -f(v, 0, 

and from the preceding theorem, we have 

Ht (u, v, t> = 
J 

Uft(x, t) dx. 
0 

If we substitute u = fi(t) and v = a(t), then we obtain the formula 
(23.13). 

Q.E.D. 

If f is continuous on D to R and if F is defined by formula (23.11), 
then it was proved in Theorem 23.9 that F is continuous and hence 
Riemann integrable on the interval [c, d]. We now show that this hy- 
pothesis of continuity is sufficient to insure that we may interchange the 
order of integration. In formulas, this may be expressed as 

(23.14) ld{lbf(x, t) d+ = l’{il’f(x, t> d+. 

23.12 INTERCHANGE THEOREM. If f is continuous on D with values 
in R, then formula (23.14) is valid. 

PROOF. Theorem 23.9 and the Integrability Theorem 22.8 imply 
that both of the iterated integrals appearing in (23.14) exist; it remains 
only to establish their equality. Since f is uniformly continuous on D, 
if E > 0 there exists a S(E) > 0 such that if ]z - z’] < 6(e) and It - t'l 

< 8(e), then If(x, t) - f (z’, t')l < é. Let n be chosen SO large that 
(b - a)/n < S(E) and (d - c)/n < 8(e) and divide D into n2 equal 
rectangles by dividing [a, b] and [c, d] each into n equal parts. For 
j = 0, 1, . . ., 72, we let 

Z j = 02 + (b - U)j/n, t j = c + (d - c)j/n. 
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We cari Write the integral on the left of (23.14) in the form of the sum 

g1 g l;;, [y;*f(xJ Q dz] & 

Applying the First Mean Value Theorem 23.1 twice, we infer that there 
exists a number x/ in [xi-l, Zj] and a number tk’ in [tk+ t,J such that 

~~*{~~f(X,t)dX]dt=f(Xi’,t*‘)Dj-X~l)(tr- Ll). 

Hence we have 

ld{lbf(X7 t> dX]dt = gl $l.fCxI, tk’)(zj - Xi-J(tk - tk-l)- 

The same line of reasoning, applied to the integral on the right of 
(23.14), yields the existence of numbers 2;’ in [X+l, xi] and tk” in 
[tk+ tk] such that 

Since both z/ and z/’ belong to [CC+~, xi] and 6’, tb” belong to [k-r, tb], 
we conclude from the uniform continuity off that the two double sums, 
and therefore tb two iterated integrals, differ by at most E@ - a) (d - c). 
Since c is an arbitrary positive number, the equality of these integrals is 
confirmed. 

Q.E.D. 

Integral Form for the Remainder 

The reader Will recall Taylor% Theorem 19.9, which enables one to 
calculate the value f(b) in terms of the values f(a),f(a), . . .,f(n-l)(a) 
and a remainder term which involves f(“) evaluated at a point between 
a and b. For many applications it is more convenient to be able to express 
the remainder term as an integral involving f(*). 

23.13 TAYLOR~ THEOREM. Suppose thut f und its derivutives f, 
f”, . . .> f’“’ are continuous on [a, b] to R. Then 

j(b) = j(a) + +) (b - a) + . + . + :'";is', (b - u)~-I + Rn, 
n . 

where the remuinder is given by 

1 

Rn = (n - l)!,, I 
b (b - tp-1 j’“‘(t) ca. 
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PROOF. Integrate R, by parts to obtain 

1 t-b 

Rn = (n - l)! 
(b - t)yp-l)(t) 

t-a 

+ (n - 1) / 
b (6 - t)yf(“-1)(t) dt (I 1 

= - ~~):;),(b-u)_,+(n12),jb (b - typ-l’(t) ta. 
. a 

Continuing to integrate by parts in this way, we obtain the stated 
formula. 

Q.E.D. 

Instead of the formula (23.15), it is often convenient to make the 
change of variable t = (1 - s)a + sb, for s in [0, 11, and to obtain the 
formula 

(23.16) R, = (;n-sa;;;l /’ (1 - S)n-‘fyu + (b - U)S] as. 
. 0 

This form of the remainder cari be extended to the case where f has 
domain in RP and range in RP. 

Exercises 

23.A. Does the First Mean Value Theorem hold if j is not assumed to be 
continuous? 

23.B. Show that the Differentiation Theorem 23.2 holds if it is assumed that 
j is integrable on J with respect to an increasing function g, that j is continuous 
at c, and that g is differentiable at c. 

23.C. Suppose that j is integrable with respect to function g on J = [a, b] 
and let F be defined for x E J by 

F(x) = 
J 

h. 
0 

Prove that (a) if g is continuous at c, then F is continuous at c, and (b) if g is 
increasing and j is non-negative, then F is increasing. 

23.D. Give an example of a Riemann integrable function j on J such that the 
function F, defined for x E J by 

F(x) = 
/ 

If> 
a 

does not have a derivative at some points of J. Can you find an integrable func- 
tion f such that F is not continuous on J? 
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23.E. If  f  is Riemann integrable on J = [a, b] and if P’ = f  on J, then 

F(b) - F(u) = J bf. 
a 

Hint: if P = (x0, x1, . . ., zn) is a partition of J, Write 

23.F. Let F be defined by 

F(z) = z*sin (~/CC~), O<z<l, 

=o x = 0. 

Then F has a derivative at every point of 1. However F’ is not integrable on 1 
and SO F is not the integral of its derivative. 

23.G. Let f be defined by 

f(x) = 0, Oix<l, 

ZZZ 1, l<x<2. 

Then f is Riemann integrable on [0,2], but it is not the derivative of any func- 
tion. For a more dramatic example, consider the function in Example 22.3(h), 
which cannot be a derivative by Exercise 19.N. 

23.H. [A function f on J = [a, b] to R is piecewise continuous on J if (i) it 
is continuous on J except for at most a finite number of points; (ii) if c E (a, 5) 
is a point of discontinuity of f, then the rightr and left-hand (deleted) limits 
f (c + 0) and f (c - 0) off at c exist; and (iii) at x = a the right-hand limit off 
exists and at x = 6 the left-hand limit of J exists.] Show that a pieeewise con- 
tinuous function is Riemann integrable and that the value of the integral does 
not depend on the values off at the poi lts of discontinuity. 

23.1. If  f is piecewise continuous on J = [a, b], then 

F(x) = 
/ 

=f 
a 

is continuous on J. Moreover, F’(z) exists and equals f(x) except for at most a 
finite number of points in J. Show that F’ may exist at a point where f is dis- 
continuous. 

23.5. In the First Mean Value Theorem 23.5, assume that h is Riemann inte- 
grable (instead of that h is continuous). Show that the conclusion holds. 

23.K. Use the Fundamental Theorem 23.3 to show that if a sequence (f,,) of 
functions converges on J to a function f and if the derivatives (fn’) are continuous 
and converge uniformly on J to a function g, then f’ exists and equals g. (This 
result is less general than Theorem 1912, but it is casier to establish.) 
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23.L. Let f  be continuous on 1 = [0, 11, let fi = J, and let fn+i be defmed by 

fn+1(x) = 
/ 

zfn(t) fa for n E N, x E 1. 
0 

By induction, show that 

where M = sup ( if(x)\ :Z E 1). It follows that the sequence (f,J converges 
uniformly on 1 to the zero function. 

23.M. Let ( rl, rz, . . ., T,,, . . . ) be an enumeration of the rational numbers in 1. 
Let f,, be defined to be 1 if x E (T,, . . ., T,) and to be 0 otherwise. Then fn is 
Riemann integrable on 1 and the sequence (fn) converges monotonely to the 
Dirichlet discontinuous function f  (which equals 1 on 1 A Q and equals 0 on 
I\Q). Hence the monotone limit of a sequence of Riemann integrable functions 
does not need to be Riemann integrable. 

23.N. Let f be a non-negative continuous function on J = [a, b] and let 
M = sup (f(x) :x E J). Prove that if M, is defined by 

M, = {~bIf(x)]~dxjli’ for n E N, 

then M = lim (Mn). 
23.0. If  f  is integrable with respect to g on J = [a, b], if <p is continuous and 

strictly increasing on [c, d], and if (p(c) = a, (o(d) = b, then f  0 cp is integrable 
with respect to g 0 <p and 

23.P. If  J1 = [a, b], Je = [c, d], and if f  is continuous on J1 X JZ to R and g is 
Riemann integrable on JI, then the function ZT’, defined on Jz by 

/ 

b 

F(t) = fb, t)g(x) dx, 
a 

is continuous on Jz. 
23.Q. Let g be an increasing function on J1 = [a, b] to R and for each fixed t 

in Jz = [c, d], suppose that the integral 

/ 

b 

F(t) = fb, t) ddx) 
a 

exists. I f  the partial derivative fi is continuous on J1 X JP, then the derivative 
F’ exists on J2 and is given by 

J 

6 

F’(t) = ft(x, t) ddx). 
a 
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23.R. Let J, = [a, b] and Jz = [c, d]. Assume that the real valued function Q 
is monotone on J1, that h is monotone on J2, and that f  is continuous on JI X Jz. 
Define G on JZ and H on JI by 

b d 

G(t) = 
/ 

fh t) 47(x), H(x) = 
J 

fh t) cw . 
a c 

Show that G is integrable with respect to h on Jf, that H is integrable with re- 
spect to g on JI and that 

s 

d 

s 

b 

G(t) db(t) = II(x) 4?(x). 
c a 

We cari Write this last equation in the form, 

23.S. Show that, if the nth derivative f(“) is continuous on [a, b], then the 
Integral Form of Taylor’s Theorem 23.13 and the First Mean Value Theorem 
23.5 cari be used to obtain the Lagrange form of the remainder given in 19.9. 

23.T. Let f be continuous on 1 = [0, l] to R and define f,, on 1 to R by 

fo(z> =f(x), fn+l@) = $ oz (z - tPfn(t) ca. 
./ 

Show that the nth derivative off,, exists and equals f. By induction, show that 
the number of changes in sign off on 1 is not ess than the number of changes 
of sign in the ordered set 

fO(l),fl(l), . . .,fn(l). 

23.U. Let f, J1, and Jz be as in Exercise 23.R. If  <p is in Cn (J1) (that is, <p is a 
continuous function on J1 to R), let T (<p) be the function defined on Ja by the 
formula 

/ 

b 

T(P)@) = f h Qf+) &. 
a 

Show that T is a linear transformation of CR(J~) into CR(JZ) in the sense 
that if <p, $ belong to CR(Jl), then 

(a) T(v) belongs to CR(JZ), 
(b) T(cp + ti) = T(P) + T(q), 
(c) T(op) = CT(~) for c E R. 

If  M = sup ( If (5, t) ] : (2, t) E Jl x Jz) , then T is bounded in the sense that 

(4 IIT(~~>IIJ, 5 Ml<plI~, for P E CR(J& 
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23.V. Continuing the notation of the preceding exercise, show that if r > 0, 
then T sends the collection 

into an equicontinuous set of functions in CR(Jz) (see Definition 17.14). There- 
fore, if (p,,) is any sequence of functions in B,, there is a subsequence (<p,J such 
that the sequence (T(<P,,~)) converges uniformly on Jp. 

23.W. Let J1 and JZ be as before and let f be continuous on R X J1 into R. 
If y, is in Cn(J,), let S(a) be the function defined on Jz by the formula 

S(P)(t) = 
/ 

,) b(x), tl dcc. 

Show that S(q) belongs to CR(Jz), but that, in general, S is not a linear trans- 
formation in the sense of Exercise 23.U. However, show that S sends the collec- 
tion B, of Exercise 23.V into an equicontinuous set of functions in &(Jz). Also, 
if (ID,,) is any sequence in B,, there is a subsequence such that (S(<p,)) converges 
uniformly on Jz. (This result is important in the theory of non-linear integral 
equations.) 

Projects 

23.a. The purpose of this project is to develop the logarithm by using an 
integral as its definition. Let P = (x E R: z > 0). 

(a) If 2 E P, define L(z) to be 

L(x) = 

Hence L(1) = 0. Prove that L is differentiable and that L’(z) = 1/x. 
(b) Show that L(z) < 0 for 0 < x < 1 and L(s) > 0 for x > 1. In fact, 

1 - 1/X < L(x) < 5 - 1 for x > 0. 

(c) Prove that L(X~) = L(x) + L(y) for x, y in P. Hence L(~/X) = -L(x) 
for x in P. (Hint: if y E P, let L1 be defined on P by Ll(z) = L(X~) and show 
that L1’ = L’.) 

(d) Show that if n E N, then 

f+i+ *..+k<L(n)<l+;+ *..+A. 

(e) Prove that L is a one-one function mapping P onto all of R. Letting e 
denote the unique number such that L(e) = 1, and using the fact that L’(1) = 1, 
show that 
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(f) Let r be any positive rational number, then 

(g) Observe that 

Write (1 + t)-l as a finite geometric series to obtain 

(x) 
* . 

Show that I&,(z)\ 5 l/(n + 1) for 0 5 z 5 1 and 

(R&)I 5 ‘x’“+l 
(n + 1)(1 + x) 

for -1 <x<O. 
23.8. This project develops the trigonometric functions starting with an 

integral. 
(a) Let A be defined for z in R by 

Then A is an odd function (that is, A( -zc) = -A(z)), it is strictly increasing, 
and it is bounded by 2. Define a by the formula 

a/2 = sup (A(z):2 E R]. 

(b) Let T be the inverse of A, SO that T is a strictly increasing function with 
domain (-r/2, ~/2) and range R. Show that T has a derivative and that 

T’ = 1 + T2. 

(c) Define C and S on (-u/2, r/2) by the formulas 

1 T 
’ = (1 + T2)1/2’ ’ = (1 + T2)1/2’ 

Hence C is even and Sis odd on (-*/2, ?r/2). Show that C(0) = 1 and S(0) = 0 
and C(z) + 0 and S(z) + 1 as z + */2. 

(d) Prove that C’(z) = -S(z) and S’(s) = C(z) for z in (-7r/2, s/2). 
Therefore, both C and S satisfy the differential equation 

h” + h = 0 
on the interval ( -s/2, x/2). 
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(e) Define C(?r/2) = 0 and &‘(~/a) = 0 and define C, S, T outside the in- 
terval (-~/2, r/2) by the equations 

C(z + 7r) = -C(z), S(z + 7r) = -S(z), 

T(z + r) = T(z). 

If this is done successively, then C and S are defined for ail R and have period 2~. 
Similarly, T is defined except at odd multiples of 7r/2 and has period ?r. 

(f) Show that the functions C and S, as defined on R in the preceding part, 
are differentiable at every point of R and that they continue to satisfy the 
relations 

C’ = -s, S’ = c 
everywhere on R. 

Section 24 Integration in Cartesian Spaces 

In the preceding two sections, we have discussed the integral of a 
bounded real-valued function defined on a compact interval J in R. 
A reader with an eye for generalizations Will have noticed that a con- 
siderable part of what was done in those sections cari be carried out 
when the values of the functions lie in a Cartesian space RQ. Once the 
possibility of such generalizations has been recognized, it is not difficult 
to carry out the modifications necessary to obtain an integration theory 
for functions on J to RQ. 

It is also natural to ask whether we cari obtain an integration theory 
for functions whose domain is a subset of the space RP. The reader Will 
recall that this was done for real-valued functions defined in R2 and R3 
in cnlculus courses, where one considered “double” and “triple” inte- 
grals. In this section we shah present an exposition of the Riemann 
integral of a function defined on a suitable compact subset of RP. Most 
of the results permit the values to be in Rq, although some of the later 
theorems are given only for p = 1. 

Content in a Cartesian Space 

We shall preface our discussion of the integral by a few remarks 
concerning content in RP. Recall that a closed interval J in RP is the 
Cartesian product of p real intervals: 

(24.1) J = [al, bil x . . . x [up, b,]. 
If the sides of J a11 have equal lengths; that is, if 

bl - a1 = b2 - a2 = . . . = b, - up, 

then we shah sometimes refer to J as a cube. 
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We define the content of an interval J to be the product 

(24.2) A (J) = (bl - c-11) . . . (b, - a,). 

If p = 1, the usual term for content is length; if p = 2, it is area; if 
p = 3, it is volume. We shall employ the mord LLcontent,” because it is 
free from special connotations that these other words may have. 

It Will be observed that if ak = bk for some Ic = 1, . . ., p, then the 
interval J has content A (J) = 0. This dots not mean that J is empty, 
but merely that it has no thickness in the hth dimension. Although the 
intersection of two intervals is always an interval, the union of two 
intervals need not be an interval. 

If a set in RP cari be expressed as the union of a finite collection of 
non-overlapping intervals, then we define the content of the set to be 
the sum of the contents of the intervals. It is geometrically clear that 
this definition is not dependent on the part’icular collection of intervals 
selected. It is sometimes desirable to have thc notion of content for a 
larger class of subsets of RP than those that cari be expressed as the 
union of a fmite number of intervals. It is natural to proceed in extend- 
ing the notion of content to more general subsets by approximating 
them by finite unions of intervals; for example, by inscribing and circum- 
scribing the subset by finite unions of intervals and taking the supremum 
and infimum, respectively, over a11 such finite unions. Such a procedure 
is not difficult, but we shnll not carry it out as it is not necessary for 
our purposes. Instead, we shall use the integral to define the content 
of more general sets. However, we do need to have the notion of zero 
content in order to develop our theory of integration. 

24.1 DEFINITION. A subset 2 of RP hns zero content if, for each 
positive number E, there is a finite set { J1, Jt, . . ., ,J,) of closed intervals 
whose union cont’ains Z such t,hat 

A (Jl) + ;2 (Jz) + . . . + A (Jn) < c. 

24.2 EXAMPLES. (a) Any finite subset of RP evidently has zero 
content, for we cari enclose each of the points in an int,erval of arbitrarily 
small content. 

(b) A set whose elements are the terms of a convergent sequence in 
RP has zero content. TO see this, let Z = (2,) converge to the point z 
and let t > 0. Let Jo be a closed interval with tenter at z such that 
0 < A (Jo) < ~/2. Since z = lim (z,), a11 but a, finite number of the points 
in Z are cont,ained in an open interval contained in Jo and this finite 
number of points is contained in a finite number of closed intervals 
with total content less that ~/2. 
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(c) In R*, the segment S = ( (t, 0) :0 5 [ 5 1) bas zero content, In 
fact, if c > 0, the single interval 

J, = D, 11 x i-d4 44 
bas content e and contains S. 

(d) In the space R2, the diamond-shaped set S = { ([, 7) : I[l + \TJ\= 1) 
is seen to have zero content. For, if we introduce intervals (here squares) 
with diagonals along S and vertices at the points If] = )II = k/n, where 
k = 0, 1, . . ., n, then we easily see that we cari enclose S in 4n closed 

Figure 24.1. 

intervals, each having content l/n*. (See Figure 24.1.) Hence the total 
content of these intervals is 4/n which cari be made arbitrarily small. 

(e) The circle S = { (E, 7) :E2 + q2 = 1) in R* is seen to have zero 
content. This cari be proved by means of a modification of the argument 
in (d). 

(f) Let f be a continuons function on J = [a, b] to R. Then the graph 
of f; that is, the set 

G = i(S,fW) E R* : E E Jl, 
has zero content in R*. This assertion cari be proved by modifying the 
argument in (d). 

(g) The subset S of R2 which consists of a11 points (É, 7) where both 
5 and 7 are rational numbers satisfying 0 5 5 5 1, 0 < TJ 5 1 does not 
have zero content. Although this set is countable, any finite union of 
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intervals which contains S must also contain the interval [0, l] X [0, 11, 
which has content equal to 1. 

(h) The union of a finite number of sets with zero content has zero 
content. 

(i) In contrast to (f), we shall show that there are “continuous 
curves” in R2 which have positive content. We shall show that there 
exist continuous functions f, g defined on 1 to R such that the set 

has positive content. TO establish this, it is enough to prove that the set 
S cari contain the set 1 X 1 in RZ. Such a curve is called a space-filling 
curve or a Peano curve. We shall outline here the construction (due to 
1. J. Schoenberg?) of a Peano curve, but leave the details as exercises. 

Let cp be a continuous function on R to R which is even, has period 2, 
and is such that 

PW = 0, o<t<+, 
= 31 - 1, +<t<;, 
=l , $<ti1. 

(See Figure 24.2.) We define fn and gn for n E N by 

fi(i) = (k) ‘PG), fnW = fn-l(t) + (;) ‘P(32n-2t)> 

m(t) = 5 430, 
0 

qn(t) = g,-l(t) + $ (o(32”-‘t). 
0 

Since li<pl\ = 1, it is readily seen that the sequences (fn) and (g,) con- 
verge uniformly on 1 to functions f and g, which are therefore continuous. 

Figure 24.2. 

t ISAAC J. SCHOENBERG (1903- ) was horn in Roumania and educated there and in 
Germany. Long at the University of Pennsylvania, he has worked in number throry. 
real and complex analysis, and the calculus of variations. 
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TO see that every point (P, y*) with 0 5 x* < 1, 0 5 y* 5 1, belongs 
to the graph S of this curve, Write x and y in their binary expansions: 

x* = O.cYlazas . . ., y” = O.Pd32P3 . . .> 

where a,,, B,,, are either 0 or 1. Let t* be the real number whose ternary 
(base 3) expansion is 

t’ = 0. (24 (WI) (2%) GV,) * . * 

We leave it to the reader to show that f(t*) = J;* and g(t*) = y*. 

Definition of the Integral 

We shall now define the integral. In what follows, unless there is 
explicit mention to the contrary, we shall let D be a compact subset of 
R* and consider a function j with domain D and with values in Rq. 
We shall assume that f is bounded and shall define f to be the zero 
vector 8 outside of D. This extension Will be denoted by the same letterf. 

Since D is bounded, there exists an interval If in RP which contains 
D. Let the interval Zf be represented as a Cartesian product of p real 
intervals as given in equation (24.1) with ak < bk. For each k = 1, . . ., p, 
let Pe be a partition of [ae, bk] into a finite number of closed renl intervals. 
This induces a partition P of If into a finite number of closed intervals 
in RP. In the space R2 the geometrical picture is indicated in Figure 
24.3, where [al, bl] has been partitioned into four subintervals, resulting 
in a partitioning of If = [al, 011 X [a.~, b2] into 20 (= 4 X 5) closed inter- 
vals (here rectangles). If P and Q are partitions of If, we say that P 
is a refinement of Q if each subinterval in Pis contained in some subinter- 
val in Q. Alternatively, noting that a partition is determined by the 
vertices of its intervals, P is a refinement of Q if and only if a11 of the 
vertices contained in Q are also contained in P. 

24.3 DEFINITION. A Riemann sum S(P;f) corresponding to the 
partition P = {Jl, . . ., J,,} of If is given by 

(24.3) S(P;f) = k$lf(5hM (Jk), 

where x,$ is any point in the subinterval Jk, k = 1, . . ., n. An element 
L of Rq is defined to be the Riemann integral of j if, for every positive 
real number E there is a partition P, of If such that if P is a refinement 
of P, and S(P; f) is any Riemann sum corresponding to P, then 

(24.4) lS(P;f) - LI < 6. 

In case this integral exists, we say that f is integable over D. 
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Figure 24.3. 

It is routine to show that the value L of the integral of f is unique 
when it exists. It is also straightforward to show that the existence and 
the value of the integral does not depend on the interval If enclosing 
the original domain D of f. Therefore, we shall ordinarily denote the 
value of the integral by the symbol 

s f, 
D 

displaying only the function f and its domain. Sometimes, when p = 2, 
we denote the integral by one of the symbols 

(24.5) 

when p = 3, we may employ one of the symbols 

(24.6) //kf, or //kf(x, w)dxdydz. 

There is a convenient Cauchy Criterion for integrability. 

24.4 CAUCHY CRITERION. The function f is integrable on D if and 
.onlp if for every positive number E there is a partition QC of the inter-val 1, 
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such that ij P and Q are partitions of I, which are refinements of Qe and 
S(P; j) and X(Q; j) are corresponding Riemann sums, then 

(24.7) ISU’;B - S(Q;.f)l < c. 

Since the details are entirely similar to the proof of Theorem 22.4, 
we shall omit them. 

Properties of the Integral 

We shall now state some of the expected properties of the integral. 
It should be kept in mind that the value of the integral lies in the space 
Rq where the function has its range. 

24.5 THEOREM. Let j and g be junctions with domain D in RP and 
range in RP which are integrable over D and let a, b be real numbers. Then 
the junction af + bg is integrable over D and 

(24.8) / D Caf + bg) = aj)+bJ,g. 

PROOF. This result follows directly from the observation that the 
Riemann sums for a partition P of 1, satisfy the relation 

S(P; af + bg) = aS(P;f) + bS(P; g), 

when the same intermediate points are used. 
Q.E.D. 

24.6 LEMMA. Ij j is a non-negative junction which is integrable over 
D, then 

(24.9) 
/ 

f 20. 
D 

PROOF. Note that S(P; j) 2 0 for any partition P of I,. 
Q.E.D. 

24.7 LEMMA. Let j be a bounded junction on D to RP and suppose 
that D has content zero. Then j is integrable over D and 

(24.10) / j = e. 
D 

PROOF. If E > 0, let P. be a partition of 1, which is fine enough SO 
that those subintervals of P, which contain points of D have total 
eontent less than t. If P is a refinement of P,, then those subintervals 
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of P which contain points of D Will also have total content less than E. 
If M is a bound for j, then IS(P; j)] < Ma, whence we obtain formula 
(24.10). 

Q.E.D. 

24.8 LEMMA. Let j be integrable over D, let E be a subset of D which 
has zero content, ad suppose that j(x) = g(x) for a11 x in D\E. Then g 
is integrabk over D and 

(24.11) 
/ / D 

f= =Cl. 

PROOF. The hypotheses imply that the difference h = j - g equals 8 
except on E. According to the preceding lemma, h is integrable and the 
value of its integral is 8. Applying Theorem 24.5, we infer that g = j - h 
is integrable and 

Q.E.D 

Existence of the Integral 

It is to be expected that if f is continuous on an interval J, then f is 
integrable over J. We shall establish a stronger result that permits the 
function to have discontinuities on a set with zero content. 

24.9 FIRST INTEGRABILITY THEOREM. Suppose thatj is dejined on 
an interval J in R* and has values in Rg. If f is continuous except on a 
subset E of J which has zero content, then j is integrable over J. 

PROOF. Let M be a bound for j on J and let E be a positive number. 
Then there exists a partition P, of J with the property that the subinter- 
vals in P, which contain points of E have total content less than E. 
(See Figure 24.4.) The union C of the subintervals of P, which do not 
contain points of E is a compact subset of RP on which f is continuous. 
According to the Uniform Continuity Theorem 16.12, j is uniformly 
continuous on the set C. Replacing P, by a refinement, if necessary, we 
may suppose that if Jk is a subinterval of P, which is contained in C, 
and if x, y are any points of Jk, then [j(s) - j(y)\ < E. 

Now suppose that P and & are refinements of the partition P,. If 
S’(P; f) and S’(Q; j) denote the portion of the Riemann sums extended 
over the subintervals contained in C, then 

W(W) - S’(Q;f>l < e-4(J). 
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Figure 24.4. 

Similarly, if A”‘(P; f) and A”‘(Q; f) denote the remaining portion of the 
Riemann sums, then 

lS”(J’;f) - s"(Q;f)I I I~“(p;f)l + P"(Q;f)I < 2hf~. 

It therefore follows that 

PU’;.0 - X(Qi.01 < E(A(J) + 2W, 

whence f is integrable over J. 
Q.E.D. 

The theorem just established yields the integrability of f over an 
interval, provided the stated continuity condition is satisfied. We wish 
to obtain a theorem which will imply the integrability of a function over 
a subset more general than an interval. In order to obtain such a result, 
the notion of the boundary of a subset is needed. 

24.10 DEFINITION. If D is a subset of RP, then a point 5 of RP is 
said to be a boundary point of D if every neighborhood of x contains 
points both of D and its complement e(D). The boundary of D is the 
subset of RP consisting of a11 of the boundary points of D. 

We generally expect the boundary of a set to be small, but this is 
because we are accustomed to thinking about rectangles, circles, and 
such forms. Example 24.2(g) shows that a countable subset in R2 cari 
have its boundary equal to 1 X 1. 

24.11 SECONDINTEGRABILITYTHEOREM. LetD be a compact subset 
of RP and let f be continuous with domain D and range in RP. If the 
boundary of D has zero content, then f is integrable over D. 
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PROOF. As usual, let If be a closed interval containing D and extend 
j to a11 of RP by setting j(x) = 0 for x outside D. The extended function 
is cont.inuous at every point of If except, possibly, at the boundary of 
D. Since the boundary has zero content, the First Integrability Theorem 
implies that j is integrable over If and hence over D. 

Q.E.D. 
We shah now define the content of a subset of RP whose boundary 

has zero content. It turns out (see Exercise 24.N) that we obtain the 
same result as if we used the approximation procedure mentioned before 
Definition 24.1. 

24.12 DEFINITION. If a bounded subset D of RP is such that its 
boundary B has zero content, we say that the set D has content and 
define the content A(D) of D to be the integral over the compact set 
D u B of the function identically equal to the real number 1. 

24.13 LEMMA. Let D be a bounded subset of RP which has content 
and let B be the boundary of D, then the compact set D v B bas content 
and A(D) = A(DuB). 

PROOF. It is readily established that the set B contains the boundary 
of the set D u B. Hence D u B has content and its value A(D u B) is 
obtained in the same way as the value of A (D). 

Q.E.D. 

We have already introduced, in Definition 24.1, the concept of a set 
having zero content and it behooves us to relate this notion with Defi- 
nition 24.12. Suppose that a set D has zero content in the sense of Defi- 
nition 24.1. Thus, if e > 0, we cari enclose D in the union of a finite 
number of closed intervals with total content less than E. It is evident 
that this union also contains the boundary B of D; hence B and D u B 
have zero content. Therefore, D has content in the sense of Definition 
24.12 and A (0) is given by the integral of 1 over D U B. By Lemma 
24.7 it follows that A(D) = 0. Conversely, suppose the set D has con- 
tent and A(D) = 0. If e > 0, there is a partition P, of an interval con- 
taining D such that any Riemann sum corresponding to P, for the 
function defined by 

b(x) = 1, XEDUB, 
= 0, otherwise, 

is such that 0 5 S(P,; fD> < E. Taking the “intermediate” points to 
be in D u B when possible, we infer that D u B is enclosed in a finite 
number of intervals in P, with total content less than E. This proves 
that D has zero content in the sense of Definition 24.1. We conclude, 
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therefore, that a set D has zero content if and only if it bas content and 
A(D) = 0. This justifies the simultaneous use of DeCnitions 24.1 and 
24.12. 

24.14 LEMMA. If Dl and Dz have content, then their union and inter- 
section also have content and 

(24.12) A@I) + A@) = A(D1 u Dz) + A(D1 n Dz). 

In particular, if A (Dl n Dz) = 0, then 

(24.13) A(DluDz) = A@I) + A(Dz). 

PROOF. By hypothesis, the boundaries B1 and Bz of the sets Dl and 
Dz have zero content. Since it is readily established that the boundaries 
of Dl n 02 and Dl u Dz are contained in B1 u Bz, we infer from 24.2(h) 
that the sets Dl n Dz and Dl w Dz have content. In view of Lemma 
24.13, we shah suppose that Dl and Dz are closed sets; hence D, n Dz 
and Dl u Dz are also closed. Let fi, fi, fi and f,, be the functions which 
are equal to 1 on Dl, Dz, Dl n Dz and Dl v Dz, respectively, and equal 
to 0 elsewhere. Observe that each of these functions is integrable and 

fi + fi = fi + fw 

Integrating over an interval J containing Dl u D2 and using Theorem 
24.5, we have 

A(4) + A (Dz) = bfl + /Jf2 = /J (fi + fi) 

= 
l (fi -b fu> = k fi -l- /J fu = A (01 n DZ) + A (Dl u Dl). 

Q.E.D. 
We now show that the integral is additive with respect to the set 

over which the integral is extended. 

24.15 THEOREM. Let D be a compact set in RP which has content and 
let Dl and Dz be closed subsets of D with content such that D = Dl v D, 
and such that Dl n D2 bas zero content. If g is integrable over D with values 
in RQ, then g is integrable over Dl and Dz and 

(24.14) 

PROOF. Define g1 and g2 by 

n(x) = g(x), x E Dl dx) = g(x), x E Dz, 
= 

6 x a Dl = 
4 x 4 Dz. 



SEC. 24 INTEORATION IN CARTESIAN SPACES 327 

Since Dr has content, it may be shown as in the proof of Theorem 22.6(b), 
that g1 is integrable over the sets D and D, and that 

SimilarIy g2 is integrable over the sets D and DZ and 

j)72= j-*c72=~,9. 

Moreover, except for x in the set Dl n Dz, which has zero content, then 
g(s) = gl(z) + 92(z). By Lemma 24.8 and Theorem 24.5, it follows that 

/ / /= D 671 + 92) = D 91 + D PJ. 
/ I 

Combining this with the equations written above, we obtain (24.14). 
Q.E.D. 

The following result is often useful to estimate the magnitude of an 
integral. Since the proof is relatively straightforward, it Will be left as 
an exercise. 

24.16 THEOREM. Let D be a compact subset of RP which has content. 
Let f be integrable over D and such that If(x)1 5 M for x in D. Then 

(24.15) 

In particular, if j is real-valued and m 2 f(x) 5 M for x in D, then 

(24.16) 

As a consequence of this result, we obtain the following theorem, 
which is an extension of the First Mean Value Theorem 23.1. 

24.17 MEAN VALUE THEOREM. 1.f D is a compact and connected 
subset of RP with content and if j is continuous on D and has values in R, 
then there is a point p in D such that 

(24.17) 
/ 

f = f(p) A(D). 
D 

PROOF. The conclusion is immediate if A(D) = 0, SO we shall con- 
sider the contrary case. Let m = inf {f(z):z E D} and M = sup {f(x): 
z E D } ; according to the preceding theorem, 
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Since D is connected, it follows from Bolzano’s Intermediate Value 
Theorem 16.4 that there is a point p in D such that 

f(P) = -&jj / f, 
D 

proving the assertion. 
Q.E.D. 

The Integral as an Iterated Integral 

It is desirable to know that if f is integrable over a subset D of RP 
and has values in R, then the integral 

/ 
f 

D 

cari be calculated in terms of a p-fold iterated integral 

This is the method of evaluating double and triple integrals by means 
of iterated integrals that is familiar to the reader from elementary 
calculus. We intend to give a justification of this procedure of calcula- 
tion, but for the sake of simplicity, we shall consider the case where 
p = 2 only. It Will be clear that the results extend to higher dimension 
and that only notational complications are involved. First we shah 
treat the case where the domain D is an interval in R*. 

24.18 THEOREM. If f is a continuous function defined un the set 

D = i 6, o> : a I 5 i 4 c 5 77 I dl, 

and with values in R, then 

(24.18) 

PROOF. It was seen in the Interchange Theorem 23.12 that the two 
iterated integrals are equal. Therefore, it remains only to show that 
the integral of j over D is given by the first iterated integral. 
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Let F be defined for q in [c, d] by 

F(v) = 
J 

abf(l, 7) 4. 

Let c = qo < q1 5 * *- 5 7, = d be a partition of the interval [c, d]; 
let a = E. 5 & < . + . I ,$!a = b be a partition of [a, b]; and let P denote 
the partition of D obtained by using the rectangles 

h-1, WI x E-1, 44. 
Let lj* be any point in [~j-l, qj] and observe that 

According to the First Mean Value Theorem 23.1, for each value of 
j and k there exists a point [jk* in the interval [&, &] such that 

F(qj*) = k$lf(Ejk*, qj*) (b-E!+d* 

Multiply by (vi - vi-1) and sum to obtain 

l$ F(qj*) (qj - qj-1) = J. k$lfCtjh*, qj*) (Ea - LI) (qj - qj-1). 

The expression on the left side of this formula is an arbitrary Riemann 
sum for the integral 

/ 

d 
F(q) dq> 

c 

which is equal to the first iterated integral in (24.18). We have shown 
that this Riemann sum is equal to a particular (two-dimensional) 
Riemann sum corresponding to the partition P. Since f is integrable 
over D, the equality of these integrals is established. 

Q.E.D. 

A modification is the proof of the preceding theorem yields the 
following, slightly stronger, result. 

24.19 THEOREM. Let j be integrable over the rectangle D with values 
in R and suppose that, for each value of q in [c, d], the integral 

(24.19) F(q) = 
s 

abf Cl, 17) d2: 

exists. Then F is integrabb on [c, d] and 

s / J = c dF(d do - /d[lbf(é, 4 +q. ç 
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Figure 24.5. 

As a consequence of this theorem, we obtain a result which is often 
used in evaluating integrals over sets which are bounded by continuous 
curves. For the sake of convenience, we shah state the result in the case 
where the set has line segments as its boundary on the top and bottom 
and continuous curves as its lateral bounduries. (See Figure 24.5.) It is 
plain that a similar result holds in the case that the top and bottom 
boundaries are curves. A more complicuted set is handled by decomposing 
it into the union of subsets of one of these two types. 

24.20 COROLLARY. Let A be the set in R2 given by 

where cy and /3 are continuous functions on [c, d] with values in the interval 
[a, b]. If f is continuous on A and has values in R, then f is integrable 
on A and 

PROOF. We suppose that f is defined to be zero outside the set A. 
Employing the observation in Example 24.2 (f), it is easily seen that the 
boundary of A has zero content, whence it follows from the Second 
Integrability Theorem 24.11 that f is integrable over A. Moreover, 
for each fixed q, the integral (24.19) exists and equals 

Hence the conclusion follows from the preceding theorem, applied to 
D = [a, bl x [c, dl. 

Q.E.D. 
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Transformation of Integrals 

We shall conclude this section with an important theorem which is a 
generalization to RD of the Change of Variable Theorem 23.8. The latter 
result asserts that if cp is defined and has a continuous derivative on 
[Q, p] and if f is continuous on the range of Q, then 

LU)I = ~w4P~. 

The result we shall establish concerns a function lo defined on an open 
subset G of RP with values in RP. We shall assume that (p is in Class C’ 
on G in the sense of Definition 21.1 and that its Jacobian determinant 

(24.20) 
2 (2) . . . 2 (x) 

J,(x) = det . . . . . . . .’ . . 

$y (x) . . . 2 (x) 
P 

does not vanish on G. It Will be shown that if D is a compact subset of 
G which has content, and if f is continuous on Q(D) to R, then Q(D) 
has content and 

(24.21) 

It Will be observed that the hypotheses are somewhat more restrictive 
in the case p > 1; for example, we assume that J,(x) Z 0 for a11 x E G; 
hence the function (o is one-one. This hypothesis was not made in the 
case of Theorem 23.8. 

In order to establish this result, it is convenient to break it up into 
several steps. First, we shall limit ourselves to the case where the func- 
tion f is identically equal to 1 and relate the content of the set D with 
the content of the set Q(D). In carrying this out it is convenient first 
to consider the case where Q is a linear function. In this case the 
Jacobian determinant of Q is constant and equals the determinant of 
the matrix corresponding to Q. (Recall that an interval in which the 
sides have equal length is called a cube.) 

24.21 LEMMA. If Q is a linear transformation of RP into RP and if 
K is a cube in RD, then the set Q(K) bas content and A [Q(K)] = IJ,IA (K). 

PROOF. A linear transformation Will map a cube K into a subset of 
RP which is bounded by (p - 1)-dimensional planes; that is: sets of 
points 2 = (FI, . . ., [,) satisfying conditions of the form 

(24.22) a& + - - - + a& = c. 
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It is easily seen from this that the boundary of p(K) cari be enclosed in 
the union of a finite number of rectangles whose total content is arbitrar- 
ily small. Hence p(K) has content. 

It is a little difficult to give an entirely satisfactory proof of the 
remainder of this lemma, since we have not defined what is meant by 
the determinant of a p X p matrix. One possible definition of the 
absolute value of the determinant of a linear function is as the content 
of the figure into which the unit cube 

Ip= 1 x *.* x 1 

is transformed. If this definition is adopted, then the case of a general 
cube K is readily obtained from the result for 1~. 

If the reader prefers another definition for the determinant of a 
matrix, he cari verify this result by noting tha.t it holds in the case where 
p has the elementary form of multiplication of one coordinate: 

<Pl(El, . . *> 5k> * . .> F,) = (fl, . . .> ch, . f .) I,>, 

addition of one coordinnte with another: 

or interchanging two coordinat8es: 

Moreover, it cari be proved that every linear transformation cari be 
obtained as the composition of a finite number of elementary linear 
transformations of these types. Since the determinant of the composi- 
tion of linear transformations is the product of their determinants, the 
validity of this result for these elementary transformations implies its 
validity for general linear transformations. 

Q.E.D. 

24.22 LEMMA. Le2 9 belong to Glass C’ on an open set G in RP to RP. 
If D is a compact subset of G which has content zero, then p(D) has 
content zero. 

PROOF. Let E > 0 and enclose D in a finite number of balls (Bj) 
lying inside G such that the total content of the balls is less than é. 
Since p is in Class C’ and D is compact, there exists a constant M such 
that ID<~(Z) (2) I 5 M I I f z or a11 J: E D and z E RP. Therefore, if z and y 
are points in the same bal1 Bj, then I~(X) - <p(y)1 < M 1x - yl. If the 
radius of Bj is rj, then the set p(Bj) is contained in a bal1 with radius 
Mrj. Therefore, C~(D) is contained in a finite number of balls with total 
content less than M~E. 

Q.E.D. 



0EC. 24 INTEGRATION IN CARTESIAN SPACES 333 

24.23 LEMW. Let cp belong to Glass C’ on an open set G in RP to 
RP and suppose that its Jacobian J, does not vanish on G. If D is a compact 
subset of G which has content, then 9(D) is a compact set with content. 

PROOF. Since J, does not vanish on G, it follows from the Inversion 
Theorem 21.11 that 9 is one-one on G and maps each open subset of G 
into an open set. Consequently, if B is the set of boundary points of D, 
then (o(B) is the set of boundary points of p(D). Since B has content 
zero, it follows from the preceding lemma that 9(B) has content sera. 
Hence 9(D) has content. 

Q.E.D. 

We need to relate the content of a cube K with the content of its 
image <p(K). In order to do this, it is convenient to impose an additional 
condition that Will simplify the calculation and which Will be removed 
later. 

24.24 LEMMA. Let K be a cube in RP with the origin as tenter and 
let 1c, belong to Glass C’ on K to RP. Suppose that the Jacobian J+ does not 
vanish on K and that 

(24.23) IGb) - 4 5 Q! 1x1 for x E K, 

where a satisjîes 0 < Q: < l/<p. Then 

(24.24) i (1 + a dP>p. 

PROOF. In view of the hypotheses, + maps the boundary of K into 
the boundary of #(K). Hence, in order to find how #(K) is situated, 
it is enough to locate where + sends the boundary of K. If the sides of 
the cube K have length 2r, and if x is on the boundary of K, then it is 
seen from Theorem 7.11 that r 5 1x1 < r 45. Inequality (24.23) asserts 
that $(x) is within distance LY 1x1 5 crr v’p of the point x. Hence, if x 
is on the boundary of K, then #(x) lies outside a cube with side length 
2(1 - ~y. fi)r and inside a cube with side length 2(1 + 01 fi)r. The 
relation (24.24) follows from these inclusions. 

Q.E.D. 

We now return to the transformation 9 and shall show that the abso- 
lute value of the Jacobian IJ,(x)I approximates the ratio 

AbU 

A(K) 

for sufficiently small cubes K with tenter 2. 
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24.25 THE JACOBIAN THEOREM. Suppose that (o is in Glass C’ on 
an open set G and that J, does not vanish on G. If D is a compact subset 
of G and E > 0, there exists y > 0 such that if K is a cube with tenter x 
in D and side bngth less thun 27, then 

(24.25) IJ,(x)l(l - E)P 2 A:;;j” 5 IJ,(x)l(l + ~1~. 

PROOF. Let x E G, then the Jacobian of the linear function D~(X) 
is equal to J,(x). Since J,(s) # 0, then D~(X) has an inverse function 
X, whose Jacobian is the reciprocal of J,(x). Moreover, since the entries 
in the matrix representation of X, are continuous functions of 2, it 
follows from Theorem 15.11 and the compactness of D that there exists 
a constant M such that IX,(z)1 < M j.z.I for x E D and z E RP. 

It is also a consequence of the fact that (o is in Class C’ on the compact 
set D that if e > 0, then there exists 6 > 0 such that if x E D and 
IzI < 6, then 

I~X + 2) - (P(X) - Ds4x)(z)I I - z Mjp”’ 

We now fîx x and define # for 1.z < 6 by 

#(z) = LMX + 2) - (P(x)l. 

Since X,[Dq(x) (w) ] = w for a11 w E RP, the above inequality yields 

According to the preceding lemma with Q = ~/1/1;, we conclude that 
if K is a cube with tenter x and contained in the bal1 with radius 6, then 

(1 - E)P 5 Afgy1 5 (1 + E)P. 

It follows from the definition of # and from Lemma 24.21 that A[#(K)] 
equals the product of A (<p(K)) with the absolute value of the Jacobian 
of 1,. Hence 

A(#(K)) = #a 
.x 

Combining the last two formulas, we obtain the relation (24.23). 
Q.E.D. 

We are now prepared to establish the basic theorem on the transforma- 
tion of integrals. 
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24.26 TRANSFORMATION OF INTEGRAL~ THEOREM. Suppose that 9 
is in Glass C’ on an open subset G of RP with values in RP and that I!he 
Jacobian J, does not vanish on G. Ij’ D is a compact subset of G which h,as 
content and if f is continuous on q(D) to R, then (o(D) has content and 

(24.26) /,,,f = L (f”c41Jd 

PROOF. Since J, is continuous and non-zero, we shall assume th.at 
it is everywhere positive. Furthermore, we shah suppose that f is no’n- 
negative, since we cari break it into the difference of two non-negative 
continuous functions. It was seen in Lemma 24.23 t,hat q(D) has content. 
Since f is continuous on <p(D), and f 0 (o and J, are continuous on .D, 
then both of the integrals appearing in (24.26) exist. 

TO show that they are equal, let e > 0 and Select a partition of D 
into non-overlapping cubes Kj with centers xj such that if yj is any 
point in Kj, then 

(24.27) 
Il 

D Vo c~)Jq - C (f” (~1 (yj)Jq(xj>A (Kj) < e* 

It follows from the existence of the integral and the uniform continuity 
of f 0 ‘p on D that this cari be done (cf. Exercise 24.G). Moreover, 
applying the Jacobian Theorem 24.25, we may assume that each Kj is 
SO small that relation (24.25) holds. 

Since any two of the sets ( Kj} intersect in at most a face which h.as 
content zero, it follows from Theorem 24.15 that 

Since Kj is compact and connected, the set p(Kj) is compact and 
connected. Applying the Mean Value Theorem 24.17, we infer th.at 
there exists a point pj in q(Kj) such that 

/ 
f =fbj)A[~(Kj)l* 

CCKj) 

Because (p is one-one, there exists a unique point xi* in Kj such that 
pj = p(xj*), whence f (p,) = (f 0 ~0) (xi*). Therefore, we have 

/ 
f = C (f 0 pa> (xj*)A[~(K,)l. 

(P(D) j 
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In view of the relation 

we find, on multiplying by the non-negative number (f 0 9) (zj”) and 
summing over j, that the integral 

(24.28) . f  

lies between (1 - 6)~ and (1 + E)D times the sum 

C U” 9) (zj*>Jq(xj)A CK,). 

However, this sum was seen in (24.27) to be within E of the integral 

(24.29) 
/ 

D vo P>J,. 

Since E is arbitrary, it follows that the two integrals in (24.28) and 
(24.29) are equal. 

Q.E.D. 

It Will be seen, in Exercise 24.X, that the conclusion still holds if J, 
vanishes on a set which has content zero. 

Exercises 

24.A. If f is a continuous function on 1 to R, show that the graph G off; 
that is, 

G = I(&f(E)) E R* : 5 E Il, 
has zero content in Rz. 

24.B. Show that the sequences (fn) and (g,J in Example 24.2(i) are uniformly 
convergent on 1. Also show that every point (z*, y*) in 1 X I is in the graph S 
of the curve 

2 = f(t), Y = g(t), t E 1. 

24.C. Show that the integral of a function f on an interval J c RP to Rq is 
uniquely determined, when it exists. 

24.D. Let f be a function defined on D c RP with values in Rg. Let II and IZ 
be intervals in RP containing D and let fi and fi be the functions obtained by 
setting f(z) = 0 for 2 $ Dj. Prove that fi is integrable over 11 if and only if ft is 
integrable over 12, in which case 

/ / 
fi = f2. 

(Hint: reduce to the case II c 12.) 
24.E. Establish the Cauchy Criterion 24.4. 
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24.F. Let f be defined on an interval J c RP to RP and let ei, j = 1, . . ., q, 
be the vectors in RQ given by 

el = (1, 0, . . ., 0), e2 = (0, 1, . . ., O), . . ., e4 = (0, 0, . . ., 1). 

Prove that f is integrable over J to Rq, if and only if each fi = f ‘ej is integrable 
over J to R. 

24.G. If f, g are continuous over an interval J to R and if B > 0, then there 
exists a partition P. = (Jk) of J such that if .$ and ~k are any points in Jk, then 

fg - c f (EdddA (Jd < 6. 

24.H. If B is the boundary of a subset D of RP, then B contains the boundary 
of D u B. Can this inclusion be proper? 

24.1. Show that the boundaries of the sets Dl n Dz and Dl U Dz are contained 
in B1 W B2, where Bj is the boundary of Dj. 

24.5. 1s it true that the boundary of the intersection Dl n Dz is contained in 
Blr\ B2? 

24.K. Prove Theorem 24.16. 
24.L. Show that the Mean Value Theorem 24.17 may fail if Dis not connect#ed. 
24.M. Let D be a subset of RP which has content and let f be integrable over 

D with values in RP. If Dl is a compact subset of D with content, then f is in- 
tegrable over Dl. 

24.N. A figure in RP is the union of a finite number of non-overlapping in- 
tervals in RP. If D is a non-empty bounded subset of RP, let D* be the collection 
of a11 figures which contain D and let D* be the collection of a11 figures which are 
contained in D. Define 

A*(D) =inf {A(F) :FE D*), 

A*(D) = sup (A(F) :FE Dz+}. 

Prove that A*(D) 5 A*(D) and that D has zero content if and only if A*(D) = 
0. Also show that D has content if and only if A*(D) = A*(D) in which case the 
content A(D) is equal to this common value. 

24.0. In the notation of the preceding exercise, show that if Dl and Dz are 
disjoint subsets of RP, then 

A*D ~DZ) 5 A*(Dl) +A*(&). 

Give examples to show that (i) equality cari hold in this relation, and (ii) strict 
inequality cari hold. In fact, show there exist disjoint sets Dl and Dz such that 

0 # A*(Dl) = A*(Dz) =A*(D* uD2). 

24.P. Let f be defined on a subset A of RP with values in R. Suppose that :c, y 
and the line segment 

(z + t(y - 2) : t E 1) 
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joining z to y  belong to A and that a11 of the partial derivatives off of order 2 12 
exist and are continuous on this line segment. Establish Taylor% Theorem 

f(Y) = f(z) + W(Z)(Y - 2) + ; D”f(z)(y - 2)’ 

+ +& 
. . . D-j(z) (y .- zp-1 + rnr 

where the element r,, in RP is given by the Integral Formula 

1 

/ 

1 

r”=(n 0 
(1 - tp-‘D”f(z: + t(y - s))(y - Z)” at. 

24.Q. Let f  be defined on a subset A of R with values in RP. Suppose that the 
line segment joining two points 2, y  belongs to A and thatf is in Glass C’ at every 
point of this segment. Show that 

/ 

1 

f(Y) = f(z) + Dj(z + t(y - z)) (y - 2) dt. 
0 

and use this result to give another proof of the Approximation Lemma 21.4. 
[Hint: if w E RP and if F is lefined on 1 to R by F(t) = f(z + {!(y - 2)) .w, 
then F’(t) = D~(Z + t(y - z)) (y - z) .w.] 

24.R. Let f  be a real-valued continuous function on an interval J in RP con- 
taining 0 = (0,O) as an interior point. I f  (2, y) is in J, let F be defined on J 
to R by 

Show that 

5 (2, Y) = & (5 Y) = fb, Y). 

24.S. Let D be the compact subset of R* given by 

Break D into subsets to which Corollary 24.20 and the related result with E and 
t) interchanged apply. Show that the area (= content) of D is 16. Also introduce 
the transformation 

z=t+rl, Y=[-? 

a.nd use Theorem 24.25 or 24.26 to evaluate this area. 
24.T. Let p be a continuous, one-one, increasing function on ( [ E R : [ 2 0) 

to R with (O(O) = 0 and let 4 be its inverse function. Hence # is also continuous, 
one-one, increasing on (7 E R: 7 2 0) to R and $(O) = 0. Let (Y, 8 be non- 
negative real numbers and compare the area of the interval [0, a] :X [0, p] with 



SEC. % INTEGRATION IN CARTESIAN SPACES 389 

the areas bounded by the coordinate axes and the curves Q, 4 to obtain Youn;g’s 
Inequality 

(Note the special case +O(E) = E.) Let p, Q be real numbers exceeding 1 and 
satisfying (l/p) + (l/q) = 1. Hence p/p = p - 1 and Q/P = p - 1. If cp (E) = 
,@ and ~(7) = pqlp, use Young% Inequality to establish the inequality 

If ai and bj, j = 1, . . ., 7t, are real numbers, and if 

then let aj = lejl/A and pj = Ibj[/B. Employ the above inequality and derive 
Holder’s Inequality 

Z IajbjI 5 AB, 
j=l 

which was obtained in Exercise 21.X. (For p = q = 2, this reduces to the 
C.-B.-S. Inequality.) 

24.U. Let D be the set in R* given by 

D={(2,~)~R~:lIs53,2*5~~2*+1}. 

Show that the area of D is given by the integral 

/I”i ~;++&r = 2. 

Introduce the transformation 

E = x, q=y-x2 > 

and calculate the area of D. Justify each step. 
24.V. Using Theorem 24.26, determine the area of the region bounded by 

the hyperbolas 
xy = 1, xy=2 

and the parabolas 
y = x2, y = x*+ 1. 

24.W. Let f be a real-valued continuous function. Introducing the change of 
variables x = E + 7, y = [ - 7, show that 
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24.X. Suppose that <p is in Class C’ on an open set G c RP to RP and that the 
,Jacobian J, vanishes on a set E with content zero. Suppose that D is a compact 
subset of G, which has content, and i is continuous on p(D) to R. Show that 
p(D) has content and 

Lf = I D (f O Q)IJd 

(Hint: by Lemma 24.22, rp(E) has content zero. If  t > 0, we enclose E in the 
union of a finite number of open balls whose union U has total content less than E. 
Apply Theorem 24.26 to D\U.) 

24.Y. (a) If  <p is the transformation of the (r, Q-plane into the (5, y)-plane 
given by 

x = T COS 8, y  = r sin 0, 

show that J, = T. If  D is a compact subset of RZ and if D, is the Esubset of the 
#Ir, @-plane with 

r2 0, 0 5 e < 2n, 

such that p(D,) = D, then 

fh Y)~X 4 = // 
f(r COS 0, sin 0) T dr dB. 

D 4 

(b) Similarly, if $ is the transformation of the (r, 8, <p)-space into (x, y, z-) 
space given by 

2 = T COS e sin q, y  = r sine sin <p, z = r COS $0, 

then J# = r2 sin q If D is a compact subset of R3 and if D, is the subset of the 
((r, e, <p)-space with 

such that #(D,) = D, then 

f  (x, y, z)dx dy dz = 
/il 

f  (r COS e sin ‘p, r sin e sin <p, 

D D, 

r COS Q) r2 sin Q dr dB d<p. 

24.2. Show that if p = 2k is even, then the content wP of the closed unit bal1 
(jx E RP: 1x1 < 1) is ?rk/k!. Show that if p = 2k - 1 is odd, then the content 
wP of the closed unit bal1 is 

4kk! 
Tk-. 

(2k) ! 
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Hence it follows that lirn(w,) = 0; that is, the content of the unit bal1 in :RP 
converge8 to zero as p + =. (Hiit: use induction and the fact that 

J 
1 

C++l = 2w, (1 - ?)p’* dr.) 
0 

In terms of the Gamma function, we have 

W” = xn’Z/r((?z + 2)/2). 

Section 25 Improper and Infinite Integrals 

In the preceding three sections we have had two standing assumptions: 
we required the functions to be bounded and we required the domain of 
integration to be compact. If either of these hypotheses is dropped, the 
foregoing integration theory does not apply without some change. Since 
there are a number of important applications where it is desirable to 
permit one or both of these new phenomena, we shall indicate here the 
changes that are to be made. Most of the applications pertain to the 
case of real-valued functions and we shall restrict our attention to 
this case. 

Unbounded Functions 

Let J = [a, b] be an interval in R and let f be a real-valued function 
which is defined at least for x satisfying a < x 5 b. If f is Riemann 
integrable on the interval [c, b] for each c satisfying a < c I b, let 

(25.1) I, = 
s 

b f. 
c 

We shall define the improper integral of f over J = [a, b] to be the 
lin-& of 1, as c -+ a. 

25.1 DEFINITION. Suppose that the Riemann integral in (25.1) 
exists for each c in (a, b]. Suppose that there exists a real number 1 such 
that for every E > 0 there is a 8(e) > 0 such that if a < c < a + s(e) 
then 11, - 11 < E. In this case we say that 1 is the improper integral of 
f over J = [a, b] and we sometimes denote the value 1 of this improper 
integral by 

(25.2) / bf or by 
a+ 

although it is more usual not to Write the plus signs in the lower limlit. 
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25.2 EXAMPLES. (a) S pp u ose the function f is defined on (a, b] 
and is bounded on this interval. If f is Riemann integrable on every 
interval [c, b] with a < c 5 5, then it is easily seen (Exercise 25.A) 
that the improper integral (25.2) exists. Thus the function f(s) = 
sin (1/x) has an improper integral on the interval [0, 11. 

(b) If f(z) = l/ 5 f or z in (0, l] and if c is in (0, l] then it follows 
from the Fundamental Theorem 23.3 and the fact thatfis the derivative 
of the logarithm that 

I, = 
/ 

clf = log (1) - log (c) = - log (c), 

Since log (c) becomes unbounded as c -) 0, the improper integral of f 
on [0, l] does not exist. 

(c) Let f(z) = P for CC in (0, 11. If (Y < 0, the function is continuous 
but not bounded on (0, 11. If CY # - 1, then f is the derivative of 

g(x) = ---& xa+l, 

It follows from the Fundamental Theorem 23.3 that 

/ 

1 

x0 dx = 
c 

--& (1 - C”l). 

If CY satisfies - 1 < a! < 0, then c a+1 + 0 as c -+ 0, and f has an improper 
integral. On the other hand, if CY < - 1, then c”+l does not have a 
(finite) limit as c -+ 0, and hence f does not have an improper integral. 

The preceding discussion pertained to a function which is not defined 
or not bounded at the left end point of the interval. It is obvious how 
to treat analogous behavior at the right end point. Somewhat more 
interesting is the case where the function is not defined or not bounded 
at an interior point of the interval. Suppose that p is an interior point 
of [a, b] and that f is defined at every point of [a, b] except perhaps p. 
If both of the improper integrals 

exist, then we define the improper integral of f over [a, b] to be their 

sum. In the limit notation, we define the improper integral of f over 
[a, b] to be 

(25.3) 
P-e 

f(z) dx + lim a~o+ p;f(4 c-h. / 
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It is clear that if those two limits exist, then the single limit 

// 

P-6 

(25.4) lim 
r-o+ a 

fC+x+~+fbWx] 

also exists and has the same value. However, the existence of the limit 
(25.4) does not imply the existence of (25.3). For example, if fis defined 
for z E [ - 1, 11, 5 # 0, by f(z) = 1/x3, then it is easily seen that 

for a11 E satisfying 0 < e < 1. However, we have seen in Example 25.2 (c) 
that if CY = -3, then the improper integrals 

/ 

O- 1 
- ax, 

/ 

l 1 

-1 x3 
- as 

o+ x3 

do not exist. 
The preceding comments show that the limit in (25.4) may exist 

without the limit in (25.3) existing. We defined the improper integral 
(which is sometimes called the Cauchy integral) of f to be given by 
(25.3). The limit in (25.4) is also of interest and is called the Cauchy 
principal value of the integral and denoted by 

WV) 
J 

abfC4 dx. 

It is clear that a function which has a finite number of points where 
it is not defined or bounded cari be treated by breaking the interval 
into subintervals with these points as end points. 

Infinite Integrals 

It is important to extend the integral to certain functions which are 
defined on unbounded sets. For example, if f is defined on {x E R:x > a) 
to R and is Riemann integrable over [a, c] for every c > a, we let 1, be 
the partial integral given by 

(25.5) I, = 
/ 

cf. 
a 

We shall now define the “infinite integral” off for x > a to be the limit 
of I, as c increases. 

25.3 DEFINITION. If f is Riemann integrable over [a, c] for ea,ch 
c > a, let 1, be the partial integral given by (25.5). A real number 1 is 
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said to be the infinite integral of f over (2:~ 2 a} if for every E > 0, 
there exists a real number M(C) such that if c > M(E) then (1 - ICI < o. 
In this case we denote I by 

(25.6) l,+,f or Jfrn j(z) dz. 

It should be remarked that infinite integrals are sometJimes called 
“improper integrals of the first kind.” We prefer the present t,erminology, 
which is due to Hardy,t for it is both simpler and parallel to the termi- 
nology used in connection with infinite series. 

25.4 EXAMPLES. (a) If j(z) = l/z for zr > a > 0, then the partial 
integrals are 

I, = 
s 

cl 
- dz = log (c) - log (a). 

Qll: 

Since log(c) becomes unbounded as c -+ + ~0, the infinite integral 
off does not exist. 

(b) LetS(z) =z”forz>a>OandaZ -l.Then 

I,= c s xa dz = - l ( ca+1 - (yt’)* 
a CU+1 

If cx > -1, then o( + 1 > 0 and the infinite integral does not exist. 
However, if 01 < - 1, then 

i 

S- a”+’ 
xa,jx = - -. 

a a+1 

(c) Let f(x) = cz for zz 2 0. Then 

/ 

c 
e-2 dx = - (e-c - 1); 

0 

hence the infinite integral of j over {X:X 2 0) exists and equals 1. 
It is also possible to consider the integral of a function defïned on 

all of R. In this case we require that f be Riemann integrablc over every 
interval in R and consider the limits 

(25.7a) 
i‘ 

a 
-co f(z) dz = lim 

s 
‘f(z) ds, 

b-+-m b 

(25.7b) ‘f(r) dz. 

1 GEOFFREY H. HARDY (1877-1947) was professor at Cambridge and long-timc 
dean of British mathematics. He made frequent and deep contributions to mathc- 
matical anal. ;is. 
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It is easily seen that if both of these limits exist for one value of a, 
then they both exist for a11 values of a. In this case we define the infini-te 
integral off over R to be the sum of these two infinite integrals: 

(25.8) lim 
s b-t-m b 

= f (x) dx + Ctym acf(x) dx. 
J 

As in the case of the improper integral, the existence of both of the 
limits in (25.8) implies the existence of the limit 

(25.9) f(x>dx+ [f(x)dx}t 

and the equality of (25.8) and (25.9). The limit in (25.9), when it 
exists, is often called the Cauchy principal value of the infinite integr,al 
over R and is denoted by 

(25.10) WV> 
/ 

“f(x) dx. 

However, the existence of the Cauchy principal value does not imp1.y 
the existence of the infinite integral (25.8). This is seen by considering 
f(x) = x, whence 

/ 

c 
x dx = 4 (c” - c2) = 0 

-c 

for a11 c. Thus the Cauchy principal value of the infinite integral for 
f(x) = x exists and equals 0, but the infinite integral of this function 
does not exist, since neither of the infinite integrals in (25.7) exists. 

Existence of the Infinite Integral 

We now obtain a few conditions for the existence of the infinite integral 
over the set (x:x 2 a]. These results cari also be applied to give condi- 
tions for the infinite integral over R, since the latter involves considerab- 
tion of infinite integrals over the sets (x:x 5 a] and (x:x 2 a). First 
we state the Cauchy Criterion. 

25.5 CAUCHY CRITERION. Suppose that f is integrable over [a, c] for 
a11 c 2 a. Then the injkite integral 

I 

+m 
f 

a 

exists if and only if for every E > 0 there exists a K(E) such that if b > c 2 
K(E), then 

(25.11) 
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PROOF. The necessity of the condition is established in the usual 
manner. Suppose that the condition is satisfied and let I, be the partial 
integral defined for n E N by 

It is seen that (I,,) is a Cauchy sequence of real numbers. If 1 = lim (1,) 
and E > 0, then there exists N(e) such that if n > N(E), then 11 - I,,I < E. 
Let M(É) = sup (K(E), a + N(E) 1 and let c 2 M(c) ; then the partial 
integral I, is given by 

Ic = p = I+No/ + /,,,,,f, 

whence it follows that 11 - I,I < 2~. 
Q.E.D. 

In the important case where j(z) 2 0 for a11 2 1 a, the next result 
provides a useful test. 

25.6 THEOREM. Suppose that j(x) 2 0 for a11 x 2 a and that j is 
integrable over [a, c] for a11 c 1 a. Then the injînite integral of j exists if 
and only if the set (I, : c 2 a) is bounded. In this case 

/ a 
+-f =sup{/lf:c~a}. 

PROOF. If a 2 c < b, then the hypothesis that j(x) 2 0 implies that 
I, 5 Ib SO I, is a monotone increasing function of c. Therefore, the 
existence of lim I, is equivalent to the boundedness of (I, : c 2 a). 

Q.E.D. 

25.7 COMPARISON TEST. Suppose that j and g are integrable over 
[a, c] for aZZ c 2 a and that 0 < j(x) < g(z) for ail x 2 a. Ij the infinite 
integral of g exists, then the injbzite integral of j exisfs und 

o</+mf <~+s. 

PROOF. If c 2 a, then 

/ I 
cf 5 $9. 

<I a 

If the set of partial integrals of g is bounded, then the set of partial 
integrals off is also bounded. 

Q.E.D. 
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25.8 LIMIT COMPARISONTEST. Suppose that f and g are non-negative 
and integrable over [a, c] for a11 c 2 a and that 

(25.12) lb fof0 
*+a g(x) * 

+a 

/ / 

+m 
Then both or neither of the injînite integrals f, g exist. 

a a 

PROOF. In view of the relation (25.12) we infer that there exist 
positive numbers A < B and K 2 a such that 

&(Xl 5fb) 5 &b) for x > K. 

The Comparison Test 25.7 and this relation show that both or neither 
of the infinite integrals 

exist. Since both f and g are integrable on [a, K], the statement follows. 
Q.E.'D. 

25.9 DIRICHLET'S TEST. Suppose that f is cuntinuous for x 2 a, that 
the partial integrals 

I, = 
/ 

cf, c 2 a, 
a 

are bounded, and that (p is monotone decrecwing to zero as x + + 0~. 

Then the injînite integral 
/ 
a+- fq exists. 

PROOF. Let A be a bound for the set (II,1 :c 2 cd}. If B > 0, ht 
K(e) be such that if z 2 K(E), then 0 2 v(z) 5 É/2A. If b 2 c > K(B), 
then it follows from Bonnet?s form of the Second Mean Value Theorem 
23.7(c) that there exists a number [ in [c, b] such that 

In view of the estimate 

~jlEf~=~&-+2A, 

it follows that 
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when b 1 c both exceed K(E). We cari then apply the Cauchy Criterion 
25.5. 

Q.E.D. 
\ 

25.10 EXAMPLES. (a) If f(z) = l/(l + 9) and g(z) = 1/x* for 
2 2 a > 0, then 0 < f(z) 2 g (5). Since we have already seen in Elxample 
25.4(b) that the infinite integral 

J +@= 1 
-dx 

1 X2 

exists, it follows from the Compnrison Test 25.7 that the inhnite integral 

s Sa 1 
-dx 

1 1 + x2 

also exists. (This could be shown directly by noting that 

- dx = Arc tan (c) - Arc tan (1) 

and that Arc tan (c) + ir/2 as c + + 03 .) 

(b) If h(x) = e-+ and g (x1 = eez then 0 2 h(x) 2 g(s) for x 2 1. 

/ 

+m 
It was seen in Example 25.4(c) that the infinite integral em2 dx 

0 

exists, whence it follows from the Comparison Test 25.7 that the 
infinite integral 

/ 

+a 
1= e-+ dz 

0 

also exists. This time, a direct evaluation of the partial integrals is not 
possible, using elementary functions. However, there is an elegant artifice 
that cari be used to evaluate this important integral. Let I, denote the 
partial integral 

I, = 
/ 

’ e-” dx, 
0 

and consider the positive continuous function f(x, y) = e-(2+v*) on the 
first quadrant of the (x, y) plane. It follows from Theorem 24.18 that 
the integral of f over the square S, = [0, c] X [0, c] cari be evaluated 
as an iterated integral 
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It is clear that this iterated integral equals 

WenowletR,= {(x,y):0<x,0~y,x2+y2~~*)andnotethatthe 
sector R, is contained in the square S, and contains the square S<:I~. 
Since f is positive, its integral over R, lies between its integral over 
Sclz and S,. Therefore, it follows that 

(Id*)* < / f < UC)*. 
RC 

If we change to polar coordinates it is easy to evaluate this middle 
integral. In fact, 

In view of the inequalities above, 

sup (1,)2 = sup c c / RC 
f=i, 

and it follows from Theorem 25.6 that 

J 

+a 
(24.13) 

0 
emz2 dx = sup I, = + fi. 

c 

(c) Let p > 0 and consider the existence of the inflnite integral 

/ 

fm sin (x) 
- ax. 

1 XP 

If p > 1, then the integrand is dominated by l/xp, which was seen in 
Example 25.4(b) to be convergent. In this case the Comparison Test 
implies that the infinite integral converges. If 0 < p 5 1, this argument 
fails; however, if we set f (z) = sin (x) and (c(x) = l/zp, then Dirichlet’s 
Test 25.9 shows that the infinite integral exists. 

(d) Let f (x) = sin (x2) f or 2 2 0 and consider the Fresnelt Integral 

/-Cm 

I ’ sin (x2) dx. 
0 

It is clear that the integral over [0, 11 exists, SO we shall examine only 

t AUGUSTIN FRESNEL (1788-1827), a French mathematical physicist, helped to 
reestablish the undulatory theory of light which was introduced earlier by Huygens. 
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the integral over { z:z 2 1 ] . If we make the substitution t = 22 and 
apply the Change of Variable Theorem 23.8, we obtain 

/ 

c 

1 
sin (9) dx = l 

/ 

GI sin (t) 
- 

1 + dt* 

The preceding example shows that the integral on the right converges 
when c -+ + a ; hence it follows that the intite integral 

/ 

+m 
sin (x2) dx 

1 

exists. (It should be observed that the integrand does not converge to 
Oasx++ a.) 

(e) Suppose that (Y 2 1 and let I?(a) be detied by the integral 
+= 

(25.14) r(a) = 
/ 

eMzxel dz. 
0 

In order to see that this infinite integral exists, consider the function 
g(x) = 1/x2 for 2 2 1. Since 

e-Zx’“l 

lim - = 
xu+l 

lim -= 0, 
.-++- x-2 H+- ez 

it follows that if % > 0 then there exists K(c) such that 

0 < e-=x-’ 5 B xv2 for x 1 K(B). 

/ 

+-= 
Since the infmite integral x--~ dz exists, we infer that the integral 

(25.14) also converges. Thtimportant function defined for (Y > 1 by 
formula (25.14) is called the Gamma function. It will be quickly seen 
that if cy < 1, then the integrand e-=x-’ becomes unbounded near 
x = 0. However, if Q: satisfies 0 < (Y < 1, then we have seen in Example 
25.2(c) that the function z-l has an improper integral over the interval 
[0, 11. Since 0 < e-” < 1 for a11 z 1 0, it is readily established that the 
improper integral 

/ 

1 

edzxp-l dx 
o+ 

exists when 0 < 01 < 1. Hence we cari extend the definition of the 
Gamma function to be given for a11 (r > 0 by an integral, of the form of 
(25.14) provided it is interpreted as a sum 

J 

a +m 
ewzxel dx + 

o+ / 
eezxo-’ dx 

* 

of an improper integral and an infinite integral. 
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Absolute and Uniform Convergence 

361 

If f is Riemann integrable on [a, c] for every c 2 a, then it follows 
that If], the absolute value off, is also Riemann integrable on [a, c] for 
c 2 a. Since the inequality 

- If(x) I I f(x) 5 Ifb>l 
holds, it follows from the Comparison Test 25.7 that if the infinite 
integral 

(25.15) 
/ 
a+m If(s>l f3z 

exists, then the infinite integral 

(25.16) 
/ 

*+m f(x) dx 

also exists and is bounded in absolute value by (25.15). 

25.11 DEFINITION. If the infinite integral (25.15) exists, then we 
say that f is absolutely integrable over {X:X 2 a), or that the infinite 
integral (25.16) is absolutely convergent. 

We have remarked that if f is absolutely integrable over (x:x 1 a}, 
then the infinite integral (25.16) exists. The converse is not true, how- 
ever, as may be seen by considering the integral 

/ 

Srn sin (2) 
- ax. 

* X 

The convergence of this integral was established in Example 25.10(c). 
However, it is easily seen that in each interval [k?r, (k + l)a], k E N, 
there is a subinterval of length b > 0 on which 

Isin (X)I 2 +. 

(In fact, we cari take b = 2a/3.) Therefore, we have 

whence it follows that the function f(x) = sin(x)/x is not absolutely 
integrable over {x:x > ?r). 

In many applications it is important to consider infinite integrals in 
which the integrand depends on a parameter. In order to handle this 
situation easily, tjhe notion of uniform convergence of the int,egral relative 
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to the parameter is of prime importance. We shah first treat the case 
that the parameter belongs to an interval J = [CX, P]. 

25.12 DEFINITION. Let f be a real-valued function, defined for 
(CC, t) satisfying x > a and (Y 5 t 5 p. Suppose that for each t in 
J = [cq fi] the infinite integral 

(25.17) F(t) = 
/ 

+m f(x, t) dz 
a 

exists. We say that this convergence is uniform on J if for every E > 0 
there exists a number M(E) such that if c > M(E) and t E J, then 

(F(t) - lj(.i,t)dx/<i. 

The distinction between ordinary convergence of the infinite integrals 
given in (25.17) and uniform convergence is that M(C) cari be chosen 
to be independent of the value of t in J. We leave it to the reader to 
write out the definition of uniform convergence of the infinite integrals 
when the parameter t belongs to the set {t: t 2 a) or to the set N. 

It is useful to have some tests for uniform convergence of the infinite 
integral. 

25.13 CAUCHY CRITERION. Suppose that for each t E J, the infinite 
integral (25.17) exists. Then the convergence is uniform on J if and only 
if for each c > 0 there is a number K(e) such that if b 2 c 2 K(E) and 
t E J, then 

(25.18) /jIbiWd,l < 6. 

We leave the proof as an exercise. 

25.14 WEIERSTHASS M-TEST. Suppose that f is Riemann integrable 
over [a, c] for a11 c 2 a and a11 t E J. Suppose that there exists a positive 
function M dejked for x > a and such that 

I~(X, t>l 2 M(x) for x 2 a, t E J, 

/ 

+m 
and such that the in&ite integral M(x) dx exists. Then, for each 

D 
t E J, the integral 

F(t) = 
/ 

+O, f(x, t) dx 
a 

is (absolutely) convergent and thc convergence is anijorm on J. 



SEC.25 IMPROPERANDINFINITEINTEGRALS $53 

PROOF. The convergence of 

s 
a+m I~(X, t)l dx for t E J, 

is an immediate consequence of the Comparison Test and the hypotheses. 
Therefore, the integral yielding F(t) is absolutely convergent for t E J. 
If we use the Cauchy Criterion together with the estimate 

we cari readily establish the uniform convergence on J. 
Q.E.D. 

The Weierstrass M-test is useful when the convergence is absolute 
as well as uniform, but it is not quite delicate enough to handle the 
case of non-absolute uniform convergence. For this, we turn to an ana- 
logue of Dirichlet’s Test 25.9. 

25.15 DIRICHLET'S TEST. Letfbe contimous in (x, t)for z 2 a and 
t in J and suppose that there exists a constant A such that 

Ilf(x,t)dx/<A for cru, ~EJ. 

Suppose that for each t E J, the function <p(x, t) is monotone decreasing for 
x 2 a and converges to 0 as x -+ + 00 unijormly for t E J. Then the 
integral 

J 

S-J 
F(t) = f (2, t)cp(x, 0 dx 

a 

converges uniformly on J. 

PROOF. Let E > 0 and choose K(E) such that if x 2 K(E) and t E J, 
then (o(x, t) < C/~A. If b 2 c 2 K(c), then it follows from Bonnet?s 
form of the Second Mean Value Theorem 23.7(c) thnt, for each t E J, 
there exists a number f(t) in [c, b] such thnt 

s b 

/ 

E(t) 

fb, t>ab, 0 c-h = VJDC, t> f (2, t> dx. 
c c 

Therefore, if b 2 c > K(E) and t E J, we have 

IJ 
bf(3s, th(z, t> dx I 4, WA < e, 

E 

SO the uniformity of the convergence follows from the Cauchy Criterion 
25.13. 

Q.E.D. 
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25.16 EXAMPLES. (a) If f is given by 

x 2 0, t E R, 

and if we deflne M by M(x) = (1 + x2)-l, then I~(X, t) 1 I M(x). Since 
the infinite integral 

/ 

+m 

M(x) dx 
0 

exists, it follows from the Weierstrass M-test that the infinite integral 

J 

+m COS (tx) 
~ dx 

0 1 + 22 

converges uniformly for t E R. 
(b) Let f(x, t) = e-V for x 2 0, t 2 0. It is seen that the integral 

/ 

+m 
ewzxt dz 

0 

converges uniformly for t in an interval [0, @] for any fi > 0. However, 
it does not converge uniformly on (t E R: t 2 0) (See Exercise 25.K). 

(c) If f(x, t) = e--t2 sin (x) for x 2 0 and t 2 y > 0, then 

If we set M(x) = e-y=, then the Weierstrass M-test implies that the 
integral 

/ 

+m 
e-‘” sin (5) dz 

0 

converges uniformly for t 2 y > 0 and an elementary calculation shows 
that it converges to (1 + P-l. (Note that if t = 0, then the integral no 
longer converges.) 

(d) Consider the infinite integral 

+a e-tz sin (2) 
- dx for t 2 0, 

X 

where we interpret the integrand to be 1 for x = 0. Since the integrand 
is dominated by 1, it suffices to show that the integral over E 5 x con- 
verges uniformly for t 2 0. The Weierstrass M-test does not apply to 
this integrand. However, if we take f(x, t) = sin (x) and (~(x, t) = 
e-“/x, then th e h ypotheses of Dirichlet’s Test are satisfied. 
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Infinite Integrals Depending on a Parameter 

Suppose that j is a continuous function of (z, t) defined for z 2 a 
and for t in J = [CU, 81. Furthermore, suppose that the infinite integral 

(25.19) F(t) = 
/ 

+- fh, t> ObJ 
a 

exists for each t E J. We shall now show that if this convergence is 
uniform, then F is continuous on J and its integral cari be calculated by 
interchanging the order of integration. A stiar result will be established 
for the derivative. 

25.17 THEOREM. Suppose that f  is contkous in (z, t) for z 2 a 
and t in J = [(Y, p] and that the convergence in (25.19) 6 unijorm on 
J. Then F is continuous on J. 

PROOF. If n E N, let F, be defined on J by 

F,(t) = 
/ 

a-b f(z, t) 0%. 
a 

It follows from Theorem 23.9 that F, is continuous on J. Since the 
sequence (F,,) converges to F uniformly on J, it follows from Theorem 
17.1 that F is continuous on J. 

Q.E.D. 

25.18 THEOREM. Under the hypotheses of the preceding theorem, then 

/)‘(t)dt= l+,[ ~fkk+~, 

which cari be written in the jorm 

+m j(z, t) d z) dt = l+- { /)b, t> d,)dx. 

PROOF. If F, is defined as in the preceding proof, then it follows 
from Theorem 23.12 that 

J 

B 

a 
F,(t)dt = [+n{ rj(z,t)dt}dz. 

Since (F,,) converges to F uniformly on J, then Theorem 22.12 implies 
that 

/ 

B 

/ 

B 
F(t) dt = lim F,,(t) dt. 

<I n a 

Combining the last two relations, we obtain (25.20). 
Q.E.D. 
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25.19 THEOREM. Suppose that j and ite partial okrivative jt are con- 
tinuous in (x, t) for x 1 a ad t in J - [(u, fi]. Suppose that (25.19) 
exists for a11 t E J and that 

G(t) = 
J 

+m jt(x, 1) dx 
n 

is unijormly convergent on J. Then F is di#erentiable on J and F’ = G. 
In symbols: 

d +=J 

ii a / 
j(x, t) dx = 

J a 
+m & (x, t) dx. 

PROOF. If F, is defined for t E J to be 

F,(t) = 
J 

+ f (2, t> dz, 
a 

then it follows from Theorem 23.10 that F, is differentiable and that 

J 

a+n 
F,,‘(t) = ft(x, t) dz. 

a 

By hypothesis, the sequence (F,) converges on J to F nnd the sequence 
(F,‘) converges uniformly on J to G. It follows from Theorem 19.12 that 
F is differentiable on J and that F’ = G. 

Q.E.D. 

25.20 EXAMPLES. (a) We observe that if t > 0, then 

1 

-=/ 

+a 
emtz dx 

t 0 

and that the convergence is uniform for t 2 6 > 0. If we integrate both 
sides of this relation with respect to t over an interval [(u, B] where 
0 < cx < p, and use Theorem 25.18, we obtain the formula 

1% @/a) = [idt = /o’, { /be-“dt]dx 

/ 

+m e-nz - e-Bz 
ZZZ dx. 

0 2 

(Observe that the last integrand cari be defined to be continuous at 
5 = 0.) 

(b) Instead of integrating with respect to t, we differentiate and 
formally obtain 

1 

/ 

+= 
-= 
t2 

xewtz dz. 
0 
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Since this latter integral converges uniformly with respect to t, provided 
t 2 to > 0, the formula holds for t > 0. By induction we obtain 

n! 

/ 

+m 
-= p+1 xne-‘= dx. 

0 

Referring to the definition of the Gamma function, given in Example 
25.10(e), we see that 

r(n + 1) = n! 

(c) If (Y > 1 is a real number and x > 0, then xa-l = e(a-l)log(z). 
Hence f(a) = x-r is a continuous function of (a, x). Moreover, it is 
seen that there exists a neighborhood of <y on which the integral 

/ 

+a 
II(a) = x”-le-z dx 

0 

is uniformly convergent. It follows from Theorem 25.17 that the Gamma 
function is continuous at least for (Y > 1. (If 0 < a! 5 1, the same 
conclusion cari be drawn, but the fact that the integral is improper at 
x = 0 must be considered.) 

(d) Let t 2 0 and u 2 0 and let F be defined by 

+= 
F(u) = e-t” sin (ux) 

~ dx. 
2 

If t > 0, then this integral is uniformly convergent for u 2 0 and SO is 
the integral 

/ 

+m 
F’(u) = e-‘” COS (ux) dx. 

0 

Moreover, integration by parts shows that 

/ 

A eë’z[u sin (ux) - t cas (ur)] 1 z=A 
e-l” COS (ux) dx = , 

0 t2 + u2 z=o 
and as A -+ + 0~ we obtain the formula 

/ 

S-J 
F’(u) = eMfz COS (UX) dx = 

t 
- u 2 0. 

0 t2 + u* ’ 

Therefore, there exists a constant C such that 

F(u) = Arc tan (U/t) + C for u 2 0. 
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In order to evaluate the constant C, we use the fact that F(0) = 0 and 
Arc tan (0) = 0 and infer that C = 0. Hence, if 2 > 0 and u 2 0, then 

+m 
Arc tan (u/t) = 

sin (2~3~) p” - dx. 
2 

(e) Now hold u > 0 fïxed in the last formula and observe, as in 
Example 25.16(d) that the integral converges uniformly for 1 > 0 SO 
that the limit is continuous for t > 0. Letting t -+O+, we obtain the 
important formula 

(25.21) 
7r -= 

/ 2 0 

fm sin (~2) dx 
x ’ 

26 > 0. 

Infinite Integrals of Sequences 

Let (fn) be a sequence of real-valued functions which are defined for 
x 2 a. We shall suppose that the infinite integrals 

ail exist and that the limit 

f(x) = lim (fn(x>> 

exists for each x 2 a. We would like to be able to conclude that the 
in6nite integral off exists and that 

(25.22) 
/ 

=+-f = lim /+-jn. 
a 

In Theorem 22.12 it was proved that if a sequence (fn) of Riemann in- 
tegrable functions converges uniformly on an interval [a, c] to a function 
j, then f is Riemann integrable and the integral of f is the limit of the 
integrals of the j,,. The corresponding result is not necessarily true for 
infinite integrals; it Will be seen in Exercise 25.T that the limit function 
need not possess an infînite integral. Moreover, even if the infinite 
integral does exist and both sides of (25.22) have a meaning, the equality 
may fail (cf. Exercise 25.U). Similarly, the obvious extension of the 
Bounded Convergence Theorem 22.14 may fail for inlïnite integrals. 
However, there are two important and useful results which give condi- 
tions under which equation (25.22) holds. In proving them we shah 
make use of the Bounded Convergence Theorem 22.14. The first result 
is a special case of a celebrated theorem due to Lebesgue. (Since we are 
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dealing with infinite Riemann integrals, we need to add the hypothesis 
that the limit function is integrable. In the more general Lebesgue 
theory of integration, this additional hypothesis is not required.) 

25.21 DOMINATED CONVERGENCE THEOREM. Suppose that dfn) is a 

sequence of real-valued funcfions, that f(x) = lim (fn(x)) for ull x 2 a, 
und thut f und f,,, n E N, are Riemann integrable over [a, c] for cdl c > a. 
Suppose thut there exists a function A4 wh.ich has un integrul over x 2 a 
und thut 

Ifn( I M(z) for 1: 2 a, n E N. 

Then f hus un integrul over x > a und 

(25.22) l+-f = liml+mfn. 

PROOF. It follows from the Comparison Test 25.7 that the infinite 
integrals 

l+,f, i+,f-, n E N, 

exist. If E > 0, let K be chosen such that 

C+m 

I K 

from which it follows that 

E and 

M < E, 

n E N. 

Since f (2) = lim (fn(2)) f or a11 x E [a, K] it follows from the Bounded 
Convergence Theorem 22.14 that 

iKf = limlKfn. 

Therefore, we have 

which is less than 3e for sufficiently large n. 
Q.E.D. 
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25.22 MONOTONE CONVERGENCE THEOREM. Suppose that (f,,) is a 
bounded sequence of real-valued functions on {x:x 1 a) which is monotone 
increasing in the sense that f,,(x) 5 f,,+l(x) for n E N and x 1. a, and such 
that each fn has an integral over {x:x > a]. Then the limit function f  has 

-l-m 
an integral over {x:x 1 a} if and only if the set 

bounded. In this case 

fn 

PROOF. It is no loss of generality to assume that f,,(x) 2 0. Since the 
sequence (f,,) is monotone increasing, we infer from the Comparison 

+m 
Test 25.7, that the sequence fn : n E N is also monotone in- 

creasing. If f  has an integral over {x:x 2 a), then the Dominated Con- 
vergence Theorem (with M = f) shows that 

Conversely, suppose that the set of infinite integrals is bounded and 
let X be the supremum of this set. If c > a, t’hen the Monotone Con- 
vergence Theorem 22.15 implies that 

Since j,, 2 0, it follows that 

and hence that 

the stated relation holds. 
Q.E.D. 
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Iterated Infinite Integrals 

In Theorem 25.18 we obtained a result which justifies the interchange 
of the order of integration over the region { (2, t) : a 5 2, CY 2 t 2 fi). 
It is also desirable to be able to interchange the order of integration of 
an iterated infinite integral. That is, we wish to establish the equality 

(25.23) l+m { Jn +mf(x, t> dz) dt = L+a {l+= fb, t> d,) dz, 

under suitable hypotheses. It turns out that a simple condition cari be 
given which Will also imply absolute convergence of the integrals. How- 
ever, in order to treat iterated infinite integrals which are not necessarily 
absolutely convergent, a more complicated set of conditions is required. 

25.23 THEOREM. Suppose that f is a non-negative function dejked 
for (x, t) satisfying z 2 a, t 2 (Y. Suppose that 

(25.24) L+a {Lb& t> dx}dt = ~b{jr+mf(x, t> d,)dx 

for each b 2 a and that 

+m f(x, t) d x} dt = i+m {[/(x, t> dt)dx 

for tmh /3 > (Y. Then, if one of the iteTated integrals in equation (25.23) 
exists, the other also exists and they are equal. 

PROOF. Suppose that the integral on the left side of (25.23) exists. 
Since f is non-negative, 

s 

b 

f(x, t) dx 5 +m j-(x, t) dx 
a / a 

for each b 2 a and t 2 CL Therefore, it follows from the Comparison 
Test 25.7, thrt 

l+” [~bfb, t> +t 5 /-,‘m (/+-/(x, t> dx}dt. 

Employing relation (25.24), we conclude that 

for each b 2 a. An application of Theorem 25.6 shows that we cari take 
the limit as b + + a, SO the other iterated integral exists and 

+m f(x, t) dt dx 5 } l+, [ l+=kx, t> dx}dt. 
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If we repeat this argument and apply equation (25.25), we obtain the 
reverse inequality. Therefore, the equality must hold and we obtain 
(25.23). 

Q.E.D. ' 

25.24 COROLLARY. Suppose that f is defined for (x, t) with x 1 Û, 
t 2 CY, and that equations (25.24) and (25.25) hold. If the iterated integral 

/ iJ 

+a 
a +m I~(X, 0 !dx j dt 

a 

exists, then both of the integrals in (25.23) exist and are equal. 
PROOF. Break j into positive and negative parts in the following 

manner. Let fi and fi be defined by 

fi = SafI +.o, J-2 = +(If / - $1, 

then jl and fz are non-negative and j = j1 - j2. It is readily seen that 
equations (25.24) and (25.25) hold with j replaced by If\, and hence by 
j1 and fi. Since 0 < j1 5 If\ and 0 5 j2 5 ifi, the Comparison Test 
assures that the iterated integrals of f1, f2 exist. Hence the theorem cari 
be applied to fi, fi. Since j = fi - j2, the conclusion is obtained. 

Q.E.D. 

25.25 THEOREM. Suppose that j is continuous for x 2 a, t 2 (Y, and 
that there exist non-negative functions A4 and N such that the infinite 
integrals 

l+mJC l+-N 

exist. If the inequality 

(25.26) Ifb, t>l 5 M(x)N(t) 

holds, then the iteyated integrals in (25.23) both exist and are equal. 

PROOF. Since N is bounded on each interval [Q, p], it follows from 
the inequality (25.26) and the Weierstrass M-test 25.14 that the integral 

/ 
+m j(x, t) dz 

a 

exists uniformly for t in [Q, p]. By applying Theorem 25.18, we observe 
that the formula (25.25) holds for each fi 2 01. Similarly, (25.24) holds 
for each b 2 a. Moreover, the Comparison Test implies that the iterated 
limits exist Therefore, this cquality follows from Theorem 25.23. 

Q.E.D. 
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Al1 of these results deal with the case that the iterated integrals are 
absolutely convergent. We now present a result which treats the case 
of non-absolute convergence. 

25.26 THEOREM. Suppose that the real-valued function f is continuous 
in (x, t) for x 2 a and t 2 01 and that the infinite integrals 

+a 
(25.27) 

/ 
+- fG, t> dx, 

/ 
f (x, t> dt 

a a 

converge uniformly for t > <y and x > a, respectively. In addition, let F 
be dejîned by 

F(x, P> = 
/ 

@S(T t> dt 
a 

and suppose that the injînite integral 

/ 

+a 
(25.28) Fb, B> dx 

a 

converges uniformly for @ 1 <Y. Then both iterated infinite integrals exist 
and are equal. 

PROOF. Since the infinite integral (25.28) is uniformly convergent 
for /3 > CY, if E > 0 there exists a number A, 1 a such that if A 2 A.,, 
then 

(25.29) 
A 

F(x, P> dx - 
/ 

+m F(z, B) dx < e 
a 

for a11 /3 1 a. Also we observe that 

/ 

A 
(25.30) 

a 
FhP)dx = LA{ [&W}dx 

= [{ iAf<2, t> dz},,. 
From Theorem 25.18 and the uniform convergence of the second integral 
in (25.27), we infer that 

J 

A 
lim F(x,P)dx = 

b--1+, a 

Hence there exists a number B 2 a! such that if Dz 2 fll 2 B, then 
A A 

(25.31) F(x, Bd dx - F(x, PJ dx < E. 
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By combining (25.29) and (25.31), it is seen that if & 2 fll 2 B, then 

IJ 
+m F(x, 62) dx - 

I 

+a 
F(x, PI) dx < 3a, 

a a 

/ 

+m 
whence it follows that the limit of F(x,/?)dxexistsas@++ Q>. 

a 

After applying Theorem 25.18 to the uniform convergence of the first 
integral in (25.27) and using (25.30)> we have 

/ 

+a 
lim F(z, /3) dr = hm 

s-++m a 
‘+- J.‘̂ i /-)(z,W)d~ 

= lim 1” { l+m f(x, t) dz} dt = l+m { ~+-rc., t) dx} dt. 
s-+$-m a 

Since both terms on the left side of (25.29) have limits as fi + + CD we 
conclude, on passing to the limit, that 

If we let A --+ + ~0, we obtain the equality of the iterated improper 
integrals. 

Q.E.D. 

The theorems given above justifying the interchange of the order of 
integration are often useful, but they still leave ample room for ingenuity. 
Frequently they are used in conjunction with the Dominated or Mono- 
tone Convergence Theorems 25.21 and 25.22. 

25.27 EXAMPLES. (a) If f(x, t) = e-(*il) sin (xt), then we cari take 
M(z) = e-= and N(t) = eWt and apply Theorem 25.25 to infer that 

+- 

/ {S 

+m 

0 0 
e-(~~)sin(xl)dx}dl=~‘m{~+~e-(*Qsin(xt)d~}dz. 

(b) If g(x, t) = e-+, f or x 2 0 and t 2 0, then we are in trouble on 
the lines x = 0 and t = 0. However, if a > 0, CY > 0, and x 2 a and 
t 2 <y, then we observe that 

e-21 = e- (zwze-(zrw 5 e-ad2e-ot/2 
f 

If we set M(x) = eWaz12 and N(t) = e-“l’?, then Theorem 25.25 implies 
that 
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(c) Consider the function 

$65 

f(x, y) = .,41+u’> 

for 2 2 a > 0 and y 1 0. If we put M(z) = ze-2’ and N(y) = &~*, 
then we cari invert the order of integration over a 5 x and 0 5 y. 
Since we have 

/ 

+m 
xe-cl+u2) 2 dx = 

-,-o+yl,z’ -+m 

a 2(1 + Y”> z=a 

,-&1+sp> 

= 2(1 + y”) ’ 

it follows that 

e-a2 +m e-02Y’ 

70 / 
jy-+--+dy = l+m e-l{ Jo+m xe-2u2dy}dx. 

If we introduce the change of variable t = xy, we find that 

+a 
5e-z2u~ d e-l2 dt = I. 

It follows that 

/ 

+m e-a’u2 
~ dy = 2ea21 

+a 

0 1 + y2 / 
eez2 dx. 

a 

If we let a -+ 0, the expression on the right side converges to 2P. On the 
left hand side, we observe that the integrand is dominated by the in- 
tegrable function (1 + Y~)-‘. Applying the Dominated Convergence 
Theorem, we have 

+a e- ay 

- dy = 2P. 
1 + y2 

Therefore I2 = 7r/4, which yields a new derivation of the formula 

+a 6 e-z= dz = - . 
2 

(d) If we integrate by parts twice, we obtain the formula 

(25.32) +- 
/ 

e-“u sin (x) & = -!?- COS (a) + 
ye-0s 

- sin (a). 
a 1 + Y2 1 + Y2 
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If 2 2 a > 0 and y 2 (Y > 0, we cari argue as in Example (b) to show 
that 

/ 

+m e-~u COS (a) 
dy + 

+- ye-“u sin (a) 
dy 

a 1 + Y2 / a 1 + y2 
+a 

= 
J {/ 

+- 
e-‘u sin (2) dy 

a I 1 
dx 

J 

-km e-az sin (2) = dx. 
a 2 

We want to take the limit as a + 0. In the last integral this cari evi- 
dently be done, and we obtain 

/ 

Srn e-a= sin (2) 
dx. 

0 X 

In view of the fact that e-=y COS (a) is dominated by 1 for y > 0, and the 
integral 

fm 1 
- dy 
1 + Y2 

exists, we cari use the Dominated Convergence 
clude that 

Theorem 25.21 to con- 

/ 

+a 
lim 

e--au COS (a) += 
1 + Y2 

dy = dy . 
a-0 P / a 1 + y2 

The second integral is a bit more troublesorne as the same type of esti- 
mate shows that 

and the dominant function is not integrable; hence we must do better. 
Since u 5 eu and Isin (u)\ < u for u 2. 0, we infer that leFou sin (a)[ 5 
l/y, whence we obtain the sharper estimate 

We cari now employ the Dominated Convergence Theorem to take the 
limit under the integral sign, to obtain 

lim 
J 

+- ye-“v sin (a) 

1 + Y2 
dy = 0. 

a-0 a 

We have arrived at the formula 

a 
- - Arc tan (CX) = 

/ 

+m dy 
- = 

2 a / 1+y2 0 

trn e-a% sin (2) dz 
X 
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We now want to take the limit as <y --f 0. This time we cannot use the 

J 

+m 
Dominated Convergence Theorem, since x-l sin (3~) dz is rxot 

0 

absolutely convergent. Although the convergence of eeuO to 1 as a! -+ 0 
is monotone, the fact that sin (2) takes both signs implies that the con- 
vergence of the entire integrand is not monotone. Fortunately, we ha,ve 
already seen in Example 25.16(d) that the convergence of the integral 
is uniform for (Y 2 0. According to Theorem 25.17, the integral is con- 
tinuous for a 2 0 and hence we once more obtain the formula 

s 

+m sin (z) dz = 7r 

0 X z 

Exercises 

25.A. Suppose that f is a bounded real-valued function on J = [a, b] and that 
fis integrable over [c, b] for a11 c > a. Prove that the improper integral off over 
J exists. 

25.B. Suppose that f is integrable over [c, b] for a11 c > a and that the im- 

proper integral 
J 

b Ifl b exists. Shows that the improper integral 
s 

j exists, but 
a+ a+ 

that the converse may not be true. 
25.C. Suppose that f  and g are integrable on [c, b] for a11 c > a. If  If (2) 1 5 g(z) 

for z E J = [a, b] and if g has an improper integral on J, then SO does f. 
25.D. Discuss the convergence or the divergence of the following improper 

integrals: 

(a) l 
/ 

dx 
0 (z + x2) ?4 ’ 

(c, 
/ 

* sdx 
o(1’ 

Ce) - , J 
1hd4 &. 

0 l-22 

l ldx) (jx (4 o 7 
/ 

> 
2 

25.E. Determine the values of p and q for which the following integrals 
converge: 

(4 
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25.F. Discuss the convergence or the divergence of the following integrals. 
Which are absolutely convergent? 

(a) +m 
I 

dx 
1 x(1 + A)’ 

Cc) J - +OD sin(l/x) dx 
2 

1 X 

lb) 
+mX+2dz 

- 9 
x2 + 1 

(0 
/ 

+m sin(x)sin(2x) dz, 
0 2 

25.G. For what values of p and p are the following integrals convergent? For 
what values are they absolutely convergent? 

(a) +m&h 
/ 1 

(b) +a sin(x) dz 
-y--’ 

(dl Srn 1 - COS(X) dx 
XQ * 

25.H. If f is integrable on any interval [0, c] for c > 0, show that the infinite 

integral 
/ 

4-m 
f exists if and only if the infinite integral 

0 J 

+a 
f exists. 

5 

25.1. Give an example where the infinite integral 
I 

+a 
j exists but wheref 

0 

is not bounded on the set (x:x 2 0). 

25.5. If f is monotone and the infinite integral 
I 

+a 
f exists, then xf (x) -3 0 

0 

asx-,+ a. 
+m 

25.K. Show that the integral 
/ 

xle-% dx converges uniformly for t in an 
0 

interval [0, fi] but that it does not converge uniformly for t > 0. 
25.L. Show that the integral 

/ 
t-m sin(tx) dz 

0 X 

is uniformly convergent for t > 1, but that it is not absolutely convergent for 
any of these values of t. 

25.M. For what values of t do the following infinite integrals converge uni- 
formly? 
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e-%Os (tir) dx, 
J 

-l-m 
(d) x~e-z2cos (tx) dx, 

0 

te) +m 
/ 

e-z'-t=lz' dx, 

0 

25.N. Use formula (25.13) to show that I’(4) = 6. 

+m 
25.0. Use formula (25.13) to show that e -d dx = 4 1/3 for t > 0. 

Justify the dxerentiation and show that 

/ 

+a x2ne-%‘dx = i’3”‘(2n - l) & 
0 Qn+1 

25.P. Establish the existence of the integral 
/ 

+m 1 - e-“2 dx 
(Note that 

0 -Jr-’ 
the integrand cari be defined to be continuous at x = 0.) Evaluate this integral by 

(a) replacing eez2 by e+’ and differentiating with respect to t; 

(b) integrating 
/ 

+ e+’ dx with respect to t. Justify a11 of the steps. 
1 

25.Q. Let F be given for t E R by 

s 

+m 
F(t) = e-2’ cas (tx) dx. 

0 

Differentiate with respect to t and integrate by parts to prove that F’(t) = 
(-1/2)t F(t). Then find F(t) and, after a change of variable, establish the 
formula 

s 
+m 

eeczz cas (tx) dx = L 
J 

37 -t9/4c c > 0. 
0 2 ce > 

25.R. Let G be defined for t > 0 by 

/ 

S- 
G(t) = e-2’-t*/z* dx. 

0 

Differentiate and change variables to show that G’(t) = - 2G(t). Then find 
G(t) and, after a change of variables, establish the formula 

e-~z-t*l~2 dz = - e-21t1.. & 

2 
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25.S. Use formula (25.21), elementary trigonometric formulas, and manipu- 
lations to show that 

+m (a) 2 s - sin(m) dz = 1 

0’ 

a > 0, 
3r 0 X = 7 a = 0, 

=- 1, a < 0. 

(b) 2 i 
+m sin(z)cos(az) dx = 1 

> 14 < 1, 
7r 0 X = 3, lai = 1, 

=o > la\ > 1. 

+” (cl 2 / sin(z)sin&) dz = -1 
> a < -1, 

A 0 X = a, -llal+l, 

= +1, a>+l. 

(d) 2 - sin(x) /l- 1 2dx = 1. r 2 

25.T. For n E N letf,, be defined by 

fn(x) = 1/x, l<z<n, 
= 0, 5 > n. 

Each fn has a.n integral for x 2 1 and the sequence (f,J is bounded, monotone 
increasing, and converges uniformly to a continuous function which is not 
integrable over {x E R:x 1 1). 

25.U. Let g,, be defined by 

qn(x) = w, 0 2 2 5 n2, 
= 0, x > n2. 

Each qn has an integral over 2 2 0 and the sequence (g,,) is bounded and con- 
verges to a function g which has an integral over x 2 0, but it is net truc that 

Iim/o+mgn = L+=g. 

1s the convergence monotone? 
25.V. If  f(x, t) = (x - t)/(x + t)“, show that 

LA{ /lfmj(x, t)dx)dt > 0 for each A > 1; 

Hence, show that 

k+-{ ~+mj(x,t)dx}dti~+m{ ~+m~(2;od+a# 
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25.W. Using an argument similar to that in Example 25.27 (c) and formul.as 
from Exercises 25.Q and 25.R, show that 

/ 
+- cos(ty) 

0 

- dy = f& 
1 + y2 

25.X. By considering the iterated integrals of e-c a++ sin(y) over the quadrant 
z 2 0, y 2 0, establish the formula 

-ta 
e-““& = +m sidy) dy 

-9 a > 0. 
1 + x2 a+Y 

Projects 

25.~~. This project treats the Gamma function, which was introduced in 
Example 25.10(e). Recall that r is defined for z in P = {x E R:x > 0) by the 
integral 

/ 

+m 
I?(x) = e-* P-l dt. 

o+ 

We have already seen that this integral converges for z E P and that 
r(a) = fi. 

(a) Show that I is continuous on P. 
(b) Prove that I(x + 1) = xl?(s) for 2 E P. (Hi&: integrate by parts on 

the interval [e, c].) 
(c) Show that I(n + 1) = n! for n E N. 
(d) Show that z+ zI’(z) = 1. Hence it follows that I’ is not. bounded to 

the right of x = 0. 
(e) Show that I is differentiable on P and that the second derivative is always 

positive. (Hence l? is a convex function on P.) 
(f) By changing the variable t, show that 

+m +a 
r(x) = 2 

/ 
e-s’ s22-l & = uz e-u* p-1 & 

o+ / o+ 

25~3. We introduce the Beta function of Euler. Let B(x, y) be defined for 
z,yinP= (xER:x>O)by 

B(X,Y) = 
/ 

l- 
P-1 (1 - t)‘+ dt. 

0-t 

If z 2 1 and y 1 1, this integral is proper, but if 0 < z < 1 or 0 < y < 1, the 
integral is improper. 

(a) Establish the convergence of the integral for x, y in P. 
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(b) Prove that B(x, y) = B(y, x). 
(c) Show that if x, y  belong to P, then 

and 

B(x, Y) = 2 
/ 

+m (sin 1)**+ (COS t)*+ dt 
o+ 

/ 
+a 

m Y) = 
UC-1 

du. 
o+ (1 + u)z+y 

(d) By integrating the non-negative function 
f(& u) = e-tw p-1 ,$y-1 

over ( (t, U) : t2 + u2 = R2, t > 0, u 2 0) and comparing this integral with the 
integral over inscribed and circumscribed squares (as in Example 25.10(b)), 
derive the important formula 

B(x,y) = $y$. 

(e) Establish the integration formulas 

/ 

r/2 
(sinx)2”dx= z/“(n+4) = “3’5”‘(2n- l)-, 

0 2rcn + 1) 2+4.6..+(2n) 2 

s 

*/2 
(sin 2) 2,,+ldx = dr(n + 1) = 2.4*6...(2n) . 

0 2 I?(n+$) 1.3.5.7.. .(2n + 1) 

25.7. This and the next project present a few of the properties of the Laplacet 
transform, which is important both for theoretical and applied mathematics. TO 
simplify the discussion, we shall restrict our attention to continuous functions f  
defined on {t E R:t > 0) to R. The Laplace transform off is the function 7 
defined at the real number s by the formula 

f(s) = 
s 

+ e-“‘f(t) dt, 
0 

whenever this integral converges. Sometimes we denote f  by 6: (f). 
(a) Suppose there exists a real number c such that /f(t)1 5 ect for sufficiently 

large t. Then the integral defining the Laplace transform f^ converges for s > c. 
Moreover, it converges uniformly for s 2 c + 6 if 6 > 0. 

(b) If  f  satisfies the boundedness condition in part (a), then f”is continuous 
and has a derivative for s > c given by the formula 

ycs> = 
/ 

+O, eeat (-t)f(t) dt. 
0 

t PIERRE-SIMON LAPLACE (1749-1827), the son of a Norman farmer, became profen- 
sor at the Military School in Paris and was elected to the Academy of Sciences. 
He is famous for his work on celestial mechanics and probability. 
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[Thus the derivative of the Laplace transform of j is the Laplace transform of 
the function g(t) = -v(t).] 

(c) By induction, show that under the boundedness condition in (a), the.n 3 
bas derivatives of a11 orders for s > c and that 

P”‘(S) zr. 

/  

+=- e-Ut (-t)nj(t) dt. 
0 

(d) Suppose j and g are continuous functions whose Laplace transforms f and 
3 converge for s > SO, and if a and b are real numbers then the function uj + bg 
bas a Laplace transform converging for s > SO and which equals a? + b& 

(e) If a > 0 and g(t) = j(at), then 3 converges for s > aso and 

G(s) = ‘y s * 
0 a a 

Similarly, if h(t) = 1 j 4 , then ̂ h converges for s > S~/U and 
0 a a 

h(s) = f (us). 

(f) Suppose that the Laplace transform f of j exists for s > s. and let j be 
defined for t < 0 to be equal to 0. If b > 0 and if g(t) = j(t - b), then 3 con- 
verges for s > s. and 

G(s) = emb* f(s). 

Similarly, if h(t) = e”tf(t) for any real b, then i converges for s > s. + b and. 

i(s) = j(s - b). 

25.6. This project continues the preceding one and makes use of its results. 
(a) Establish the following short table of Laplace transforms. 

f(t) f(s) Interval of Convergence 

1 l/s s > 0, 

t” ~!/S”+I s > 0, 

est (s - a)-’ s > a, 

Fea’ n!,‘(s - a)“+’ s > a, 

sin ut 

COS at 

sinh ut 

cash ut 

a 

s2 + a2 

S 

s2 + a2 

a 
sz - a2 

S 

sz - a2 

a11 s, 

a11 s, 

s > a, 

s > a, 

sin t 
t 

Arc tan(l/s) s > 0. 
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(b) Suppose that j and j’ are continuous for t 2 0, thatf^ converges for s > SO 
and that e+j(t) --) 0 as t -) + 03 for a11 s > sO. Thcn the Laplace transform of 
j’ exists for s > SO and 

A 
P(s) = sj(s) -f(O). 

(Hint: integrate by parts.) 
(c) Suppose that j, j’ and j” are continuous for t 2 0 and that f converges for 

s > sa. In addition, suppose that e-“tf(t) and e@j’(t) approach 0 as t --f + m 
for a11 s > SO. Then the Laplace transform of j” exists for s > s0 and 

fi 
j+(s) = szf(s) - sj(0) -f’(O). 

(d) When a11 or part of an integrand is seen to be a Laplace transform, the 
integral cari sometimes be evaluated by changing the order of integration. Use 
this method to evaluate the integral 

/ 

+m . 

0 -=i* S 

(e) It is desired to solve the differential equation 

y’(t) + 2y(t) = 3 sin t, y(0) = 1. 

Assume that this equation has a solution y such that the Laplace transforms of 
y and y’ exists for sufficiently large s. In this case the transform of y must satisfy 
the equation 

si&) - Y(0) + 2;(s) = 4/(s - 11, s > 1, 

from which it follows that 

i-h> = 
s+3 

(s + 2)(s - 1) * 

Use partial fractions and the table in (a) to obtain y(t) = Q)c’ - (+)e+, 
which cari be directly verified to be a solution. 

(f) Find the solution of the equation 

y” + y’ = 0, 

by using the Laplace transform. 

Y@) = a, Y’@) = b, 

(g) Show that a linear homogeneous differential equation with constant co- 
efficients cari be solved by using the Laplace transform and the technique of 
decomposing a rational function into partial fractions. 



VII 

Infinite Series 

This chapter is concerned with establishing the most important 
theorems in the theory of infinite series. Although a few peripheral 
results are included here, our attention is directed to the basic proposi- 
tions. The reader is referred to more extensive treatises for advanced 
results and applications. 

In the first section we shall present. the main theorems concerning the 
convergence of infinite series in R P. We shall obtain some results of a 
general nature which serve to establish the convergence of series and 
justify certain manipulations with series. 

In Section 27 we shall give some familiar “tests” for the convergence 
of series. In addition to guaranteeing the convergence of the series to 
which the tests are applicable, each of these tests yields a quantitative 
estimate concerning the rapidity of the convergence. 

The final section discusses series of functions, with special attention 
being paid to power series. Although this discussion is not lengthy, it 
presents the results that are of greatest utility in real analysis. 

Section 26 Convergence of Infinite Series 

In elementary texts, an infinite series is sometimes “defined” to be 
“an expression of the form 

(26.1) x1 + x2 + * * * + xn + * * *.” 

This “definition” lacks clarity, however, since there is no particular 
value that we cari attach a priori to this array of symbols which ca’lls 
for an infinite number of additions to be performed. Although there are 
other definitions that are suitable, we shall take an infinite series to ‘be 
the same a.s the sequence of part’ial sums. 

375 
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26.1 DEFINITION. If X = (z,) is a sequence in RP, then the infinite 
series (or simply the series) generated by X is the sequence S = (sk) 
defined by 

81 = 21, 

sz = 81 + rz(= 21 + 221, 

. . . . . . . . . . . . 

sk = 8k-1 + zk( = 21 + 52 + ’ * . + zk), 

If S converges, we refer to lim S as the sum of the infinite series. The 
elements zn are called the terms and the elements sk are called the partial 
sums of this infinite series. 

It is conventional to use the expression (26.1) or one of the symbols 

(26.2) c (GJ, izl +A> filxn 

both to denote the infinite series generated by the sequence X = (x,,) 
and also to denote lim S in the case that this infinite series is convergent. 
In actual practice, the double use of these notations does not lead to 
confusion, provided it is understood that the convergence of the series 
must be established. 

The reader should guard against confusing the mords “sequence” and 
“series.” In non-mathematical language, these words are interchange- 
able; in mathematics, however, they are not synonyms. According to our 
definition, an infinite series is a sequence S obtained from a given se- 
quence X according to a special procedure thnt was stated above. There 
are many other ways of generating new sequences and attaching “sums” 
to the given sequence X. The reader should consult books on divergent 
series, asymptotic series, and the summability of series for examples of 
such theories. 

A final word on notational matters. Although we generally index the 
elements of the series by natural numbers, it is sometimes more con- 
venient to start with n = 0, with n = 5, or with n = k. When such is the 
case, we shall denote the resulting series or their sums by notations 
such as 

In Definition 11.2, we defîned the sum and difference of two sequences 
X, Y in RP. Similarly, if c is a real number and if w is an element in RP, 
we defined the sequences CX = (cx,) and (u) . x,) in RP and R, respec- 
tively. We now examine the series generated by these sequences. 
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26.2 THEOREM. (a) 1j the series C (z,) und C (y,,) converge, thsn 
the series C (x, + yn) converges and the sums are related by the formula 

c (X?I + YnI = c CL) + c (Yn). 

A similar result holds for the series generated by X - Y. 
(b) If the series C (x,) is convergent, c is a real number, and w is a 

fïxed element of RP, then the series C (cx,) and C (w .x,) converge and 

c (cx,> = cc (x,>, c (w.x,) = w * c (2,). 

PROOF. This result follows directly from Theorem 11.14 and Defi- 
nition 26.1. 

Q.E.D. 

It might be expected that if the sequences X = (2,) and Y = (yn) 
generate convergent series, then the sequence Xe Y = (z,. y,J also 
generates a convergent series. That this is not always true may be seen 
by taking X = Y = ((-l)n/v’$ in R. 

We now present a very simple necessary condition for convergence of 
a series. It is far from sufficient, however. 

26.3 LEMMA. If C (x,) converges in RP, then lim (r,) = 8. 

PROOF. By definition, the convergence of C (2,) means that lim (:J~) 
exists. But, since 

xk = sk - sk-1, 

then lim (x6) = lim (sk) - lim (sk-J = 8. 
Q.E.D. 

The next result, although limited in scope, is of great importance. 

26.4 THEOREM. Let (x,) be a sequence oj non-negative real numbers. 
Then c (x,) converges if and only if the sequence 8 = (sk) of partial sutns 
is bounded. In this case, 

c x,, = lim (sk) = sup { sk). 

PROOF. Since x,, 2 0, the sequence of partial sums is monotone 
increasing : 

According to the Monotone Convergence Theorem 12.1, the sequence X 
converges if and only if it is bounded. 

Q.E.D. 

Since the following Cauchy Criterion is precisely a reformulation of 
Theorem 12.10, we shall omit its proof. 
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26.5 CAUCHY CRITERION FOR SERIES. The series C (2,) in RP con- 
verges if and only if for each positive number e there is a natural number 
M(E) such that if m 2 n 2 M(C), then 

(26.3) I&n - &I = I%I+1 + &+2 + '-* + Gll < E. 

The notion of absolute convergence is often of great importance in 
treating series, as we shall show later. 

26.6 DEFINITION. Let X = (2,) be a sequence in RP. We say that 
the series C (z,) is absolutely convergent if the series C (lz,l) is con- 
vergent in R. A series is said to be conditionally convergent if it is con- 
vergent but not absolutely convergent. 

It is stressed that for series whose elements are non-negative real 
numbers, there is no distinction between ordinary convergence and 
absolute convergence. However, for other series there is a difference. 

26.7 THEOREM. If a series in RP is absolutely convergent, then it is 
convergent. 

PROOF. By hypothesis, the series C (lx,\) converges. Therefore, it 
follows from the necessity of the Cauchy Criterion 26.5 that given E > 0 
there is a natural number M(E) such that if m 1 n 2 M(E), then 

lZn+ll + (xn+z[ + -. . + (zml < E. 

According to the Triangle Inequality, the left-hand side of this relation 
dominates 

lXn+l + x7x+2 + * - * + zml. 

We apply the sufficiency of the Cauchy Criterion to conclude that the 
C (5,) must converge. 

Q.E.D. 

26.8 EXAMPLES. (a) We consider the real sequence X = (an), 
which generates the geometric series 

(26.4) a + a2 + . . . + an + . - - 

A necessary condition for convergence is that lim (an) = 0, which 
requires that la\ < 1. If m 1 n, then 

(26.5) a”+1 + an+2 + . . . + am = 
an+l - am+l 

l-a ’ 

as cari be verified by multiplying both sides by 1 - a and noticing the 
telescoping on the left side. Hence the partial sums satisfy 



SEC. 26 CONVERGENCE OF INFINITE SERIES 5r9 

If la1 < 1, then la n+l --f 0 SO the Cauchy Criterion imphes that the 1 
geometric series (26.4) converges if and only if la1 < 1. Letting n = 0 
in (26.5) and passing to the limit with respect to m we find that (26.4) 
converges to the limit a/(1 - a) when lu1 < 1. 

(b) Consider the harmonie series C (l/n), which is weII-known to 
diverge. Since lim (l/n) = 0, we cannot use Lemma 26.3 to establish 
this divergence, but must carry out a more delicate argument, which we 
shall base on Theorem 26.4. We shall show that a subsequence of the 
partial sums is not bounded. In fact, if k1 = 2, then 

1 1 
s,=-+-a 

1 2 

and if kz = 22, then 

By mathematical induction, we establish that if k, = 2’, then 

= S&e, + $ = 1 + ;  l 

Therefore, the subsequence (sq) is not bounded and the harmonie series 
does not converge. 

(c) We now treat the p-series C (l/np) where 0 < p 5 1 and use 
the elementary inequality np 5 n, for n E N. From this it follows that, 
when 0 < p 5 1, then 

A<-, 
1 

n - np 
n E N. 

Since the partial sums of the harmonie series are not bounded, this in- 
equality shows that the partial sums of C (l/np) are not bounded for 
0 < p 5 1. Hence the series diverges for these values of p. 

(d) Consider the p-series for p > 1. Since the partial sums are mono- 
tone, it is sufficient to show that some subsequence remains bounded in 
order to establish the convergence of the series. If k1 = 2l - 1 =: 1, 
then skl = 1. If kz = 22 - 1 = 3, we have 
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let a = 1/2~‘; since p > 1, it is seen that 0 < a < 1. By mathematical 
induction, we find that if k, = 2’ - 1, then 

0 < sk, < 1 + a + a2 + ’ ’ - + a”. 

Hence the number l/(l - a) is an Upper bound for the partial sums of 
the p-series when 1 < p. From Theorem 26.4 it follows that for such 
values of p, the p-series converges. 

(e) Consider the series C (1,’ (n2 + n)). By using partial fractions, 
we cari Write 

1 1 1 1 - zz ---. 
k2 + k k(k + 1) =k k+l 

This expression shows that the partial sums are telescoping and hence 

1 1 
S”=G . 

l +A+...+ l ---* 
n(n + 1) = 1 n+l 

It follows that the sequence (s,) is convergent to 1. 

Rearrangements of Series 

Loosely speaking, a rearrangement of a series is another series which is 
obtained from the given one by using a11 of the terms exactly once, but 
scrambling the order in which the terms are taken. For example, the 
harmonie series 

i+i+f+ . . . +;+ . . . 

has rearrangements 

;+$+a+$+ . . . +$+A+ .“, 

++;+i+;+;+;+ . . . 

The first rearrangement is obtained by interchanging the first and second 
terms, the third and fourth terms, and SO forth. The second rearrange- 
ment is obtained from the harmonie series by taking one “odd t,erm,” 
two “even terms,” three “odd terms,” and SO on. It is evident that there 
are infinitely many other possible rearrangements of the harmonie series. 

26.9 DEFINITION. A series C (y,) in RP is a rearrangement of a 
series C (z,) if there exists a one-one function f of N onto a11 of N such 
that ym = zfcrn) for a11 m E N. 
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There is a remarkable observation due to Riemann, that if C (2,) is, a 
series in R which is conditionally convergent (that is, it is convergent 
but not absolutely convergent) and if c is an arbitrary real number, thjen 
there exists a rearrangement of C (z,) which converges to c. The idea 
of the proof of this assertion is very elementary : we take positive terms 
until we obtain a partial sum exceeding c, then we take negative tenms 
from the given series until we obtain a partial sum of terms less than c, 
etc. Since lim (x,) = 0, it is not difficult to see that a rearrangement 
which converges to c cari be constructed. 

In our manipulations with series, we generally find it convenient to be 
sure that rearrangements Will not affect the convergence or the value of 
the limit. 

26.10 REARRANGEMENT THEOREM. Let 2 (z,) be un. ubsolutely 

convergent series in RP. Then any rearrangement of C (x,,) converges 
absolutely to the same value. 

PROOF. Let C (y,) be a rearrangement of C (2,). Let K be an Upper 
bound for the partial sums of the series C (1x,1); if t, = y1 + y~ + 
. . * + yr is a partial sum of C (Y~), then we have It,.l < K. It fohows 
that the series C (y,) is absolutely convergent to an element y of RP. 
Let z = C (2,); we wish to show that 2 = y. If r > 0, let N(E) be such 
that if m > n > N(E), then 1x - s,\ < E and 

Choose a partial sum t, of C (y,) such that \y - t71 < E and such that 
each x1, x2, . . .., x,, occurs in t,. After hnving done this, choose m > n SO 
large that every yk appearing in t, also appears in sna. Therefore, 

Ix - Y1 5 lx - sml + Ism - tri + Itr - y1 < E + $ IXkl + 82 < :3é. 

Since E is any positive real number, we infer that x = y. 
Q.E.D. 

Double Series 

Sometimes it is necessary to consider infinite sums depending on two 
integral indices. The theory of such double series is developed by reduc- 
ing them to double sequences; thus a11 of the results in Section 14 d,ealing 
with double sequences cari be interpreted for double series. However, we 
shall not draw from the results of Section 14; instead, we shall restrict 
our attention to absolutely convergent double series, since those are the 
type of double series that arise most often. 
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Suppose that to every pair (i, j) in N X N one has an element zii in 
RP. One defines the (m, n)th partial sum s,,,,, to be 

By analogy with Definition 26.1, we shall say that the double series 
C (xij) converges to an element x in RP if for every E > 0 there exists 
a natural number M(E) such that if m 2 M(E) and n 2 M(E) then 

[x - Smnl < E. 

By analogy with Definition 26.6, we shall say that the double series 
C (xii) is absolutely convergent if the double series C (\Xiii) in R is 
convergent. 

It is an exercise to show that if a double series is absolutely convergent, 
then it is convergent. Moreover, a double series is absolutely convergent 
if and only if the set 

is a bounded set of real numbers. 
We wish to relate double series with iterated series, but we shah discuss 

only absolutely convergent series. The next result is very elementary, 
but it gives a useful criterion for the absolute convergence of the double 
series. 

26.11 LEMMA. Suppose that the iterated series C;l Cg1 (Ixijl) 
converges. Then the double series C (xij) is absolutely convergent. 

PROOF. By hypothesis each series CtEi (Ix;jl) converges to a non- 
negative real number ai, j E N. Moreover, the series C (ai) converges 
to a real number A. It is clear that A is an Upper bound for the set (26.6). 

Q.E.D. 

26.12 THEOREM. Suppose thut the double series C (xii) converges 
ubsolutely to x in RP. Then both of the iteruted series 

(26.7) 

also converge to 2. 
PROOF. By hypothesis there exists a positive real number A which 

is an Upper bound for the set in (26.6). If n is fixed, we observe that 

for each m in N. It thus follows that, for each n E N, the single series 
C*E1 (xi,,) is absolutely convergent to an element y,, in RP. 



SEC. 26 CONVERGENCE OF INFINITE SERIES 583 

If E > 0, let M(C) be such that if m, 7~ 2. M(E), then 

(26.8) \Smn - xl < E. 

In view of the relation 

Snn = jg xi1 + &2 + * . . + SI Xi,> 

we infer that 

If we pass to the limit in (26.8) with respect to m, we obtain the relation 

/jgYj-+ é 

when n 2 M(C). This proves that the first iterated sum in (26.7) exists 
and equals x. An analogous proof applies to the second iterated sum. 

Q.E.D. 

There is one additional method of summing doubie series that we 
shah consider, namely along the diagonals i + j = n. 

26.13 THEOREM. Suppose that the double series C (xij) converges 
absolutely to x in RP. If we dejhe 

h= c Xij=Xl>k-l+XZ,k-2+ “’ +Zk-1~19 
i+j =Ic 

then the series C (tk) converges absolutely to x. 

PBOOF. Let A be the supremum of the set in (26.6). We observe that 

Hence the series C (tk) is absolutely convergent ; it remains to show that 
it converges to x. Let t > 0 and let M be such that 

A- e < 2 2 1xijl < A. 
J=l i=l 

If m, n 2 M, then it follows that Ismn - .sIKMI is no greater than the sum 
C (Ixijl> t d d ex en e over a11 pairs (2’, j) satisfying either M < i < m or 
M < j i. n. Hence Ismn - SMMI < E, when m, n 2 M. It folle-ws from 
this that 
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A similar argument shows that if n 2 2M, then 

1 kz tk - ~MM 1 < 6, 

whence it follows that x = c tk. 

Q.E.D. 

Cauchy Multiplication 

In the process of multiplying two power series and collecting the 
terms according to the powers, there nrises very naturally a new method 
of generating a series from two given ones. In this connection it is nota- 
tionally useful to have the terms of the series indexed by 0, 1, 2, . . . . 

26.11 DEFINITION. If ZZZ0 (yi) and C&, (zj) are infinite series 
in RP, their Cauchy product is the series Ckm,e (Q), where 

xk = yO’& + L/l’Zk-1 + “* + yk’z,,. 

Here the dot denotes the inner product in RP. In like manner we cari 
define the Cauchy product of a series in R and a series in RP. 

It is perhaps a bit surprising that the Cauchy product of two con- 
vergent series may fail to converge. However, it is seen that the series 

5 (-l)” II=0 VG-TT 

is convergent, but the ?lth term of the Caucahy product, of this series with 
itself is 

1 1 

(-l)n[&T + 42 dF2 + ... + &TT fi 1 * 

Since there are ré + 1 terms in thc bracket and each term exceeds 
l/(n + 2), the terms in the Cauchy product do net! converge to zero. 
Hence this Cauchy product cnnnot converge. 

26.15 THEOREM. If the series 

tg Yil ,g zj 

converge absolutely to y, z in RP, then their Cauchy product converges abso- 
lutely to y.2. 

PROOF. If i, j = 0, 1, 2, . . .> let zij = yi*zj. The hypotheses imply 
that the iterated series 



SEC. 26 CONVERGENCE OF INFINITE SERIES 385 

converges. By Lemma 26.11, the double series C (s<j) is absolutely 
convergent to a real number 2. By applying Theorems 26.12 and 26.13, 
we infer that both of the series 

& go xijj go i&z, xij 
converge to x. It is readily checked that the iterated series converges to 
y.2 and that the diagonal series is the Cauchy product of C (y;) and 
C (zj>- 

Q.E:.D. 

In the case p = 1, it was proved by Mertenst that the absolute con- 
vergence of one of the series is sufficient to imply the convergence of .the 
CauchJ product. In addition, Cesàro showed that the arithmetic means 
of the partial sums of the Cauchy product converge to yz. (See Exercises 
26.W, X.) 

Exercises 

26.A. Let c (G) be a given series and let c (b,) be one in which the terms 
are the same as those in c (a,), except those for which a,, = 0 have bseen 
omitted. Show that c (a,) converges to a number A if and only if C (b,) 
converges to A. 

26.B. Show that the convergence of a series is not affected by changing a 
finite number of its terms. (Of course, the sum may well be changed.) 

26.C. Show that grouping the terms of a convergent series by introducing 
parentheses containing a finite number terms does not destroy the convergence 
or the value of the limit. However, grouping terms in a divergent series can 
produce convergence. 

26.D. Show that if a convergent series of real numbers contains only a finite 
number of negative terms, then it is absolutely convergent. 

26.E. Show that if a series of real numbers is conditionally convergent, then 
the series of positive terms is divergent and the series of negative terms is 
divergent. 

26.F. By using partial fractions, show that 

(a) .$ (a + n)(ul+ n + 1) = a 
if <Y > 0, 

lb) $ln(n+li(n+zj =i* 

t FRANZ (C. J.) MERTENS (1940-1927) studied at Berlin and taught at Cracow and 
Vienna. He contributed primarily to geometry, number theory, and algebra. 
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26.G. If  c (a,) is a convergent series of real numbers, then is c (u,~) always 
convergent? If a,, 2 0, then is it true that C (dz) is always convergent? 

26.H. If  c (a,) is convergent and a, 2 0, then is c (6) convergent? 
26.1. Let c (a,) be a series of positive real numbers and let b,, n E N, be 

defined to be 

b, = 
a1 + a2 + . . * + un . 

n 

Show that 1 (6,) always diverges. 
26.5. Let c (a,) be convergent and let cm, n E N, be ciefined to be the 

weighted means 

c _ a1 + 2~2 + . . . + nc, 
II- 

’ n(n+ 1) 

Then c (c,) converges and equals c (a,). 
26.K. Let c (a,) be a series of monotone decreasing positive numbers. Prove 

that C:=l (a,) converges if and only if the series 

5 2*ar 
n=l 

converges. This result is often called the Cauchy Condensation Test. (Hint: 
group the terms into blocks as in Examples 26.8(b, d).) 

26.L. Use the Cauchy Condensation Test to discuss the convergence of the 
p-series C (l/W). 

26.M. Use the Cauchy Condensation Test to show that the series 

are divergent. 

’ L ’ nlogn ’ n(log n)(iog log n) ’ 

c 
1 

n(log n) (log log n) (log log log n) 

26.N. Show that if c > 1, the series 

EL, c 1 

n(log n)c n(log n) (log log n)c 

are convergent. 
26.0. Suppose that (a,) is a monotone decreasing sequence of positive num- 

bers. Show that if the series C (a,) converges, then lim(nu,) = 0. 1s the con- 
verse true? 

26.P. If  lim (a,) = 0, then c (a,) and C (a, + 2u,,+,) are both convergent 
or both divergent. 

26.Q. Let c (a,,) be the double series given by 

U nrn = +1, if m-n=l, 
=- 1, if m-n= -1, 
ZZZ 0, otherwise. 



SEC. 27 TESTS FOR CONVERGENCE 387 

Show that both iterated sums exist, but are unequal, and the double sum does 
not exist. However, if (a,,,) denote the partial sums, then lim(s,,,,) exists. 

26.R. Show that if the double and the iterated series of c (a,,,,) exist, then 
they are a11 equal. Show that the existence of the double series does not imply 
the existence of the iterated series; in fact the existence of the double series does 
not even imply that lim(a,,) = 0 for each m. 

26.S. Show that if p > 1 and q > 1, then the double series 

and 

are convergent. 
26.T. By separating c (l/n”) into odd and even parts, show that 

26.U. If la1 < 1 and lb] < 1, prove that the series a + b + a2 + b* + a8 ,+ 
b3+ . . . converges. What is the limit? 

26.V. If c (u,,~) and c (bn2) are convergent, then c (Gb,,) is absolut+ 
convergent and 

Ca,&, 2 (C a,211’2 (C bn2)1’2. 

In addition, c (a, + b,J2 converges and 

(c (un + bn)2)1’2 5 {C u.,,~)~‘~ + {C b,2)1’2. 

26.W. Prove Mertens’ Theorem: If c (a,) converges absolutely to A and 
c (6,) converges to B, then their Cauchy product converges to A.B. 
(Hint: Let the partial sums be denoteib; )-ojCn, respectively. Show that 
lim(C2, - A,B,) = 0 and hm(C2,,+l - II ,, - . 

26.X. Prove Cesàro’s Theorem: LetE (u,,) converge toA andx (b,,) converge 
to B, and let c (c,) be their Cauchy product. If (C,,) is the sequence of partial 
sums of C (c,), then 

; (Cl + c2 + w . . + C,,) -f AB. 

(Hint: Write C, + . . . + C,, = AIB, + . . . + A,Bl; break this sum inte three 
parts; and use the fact that A,, --) A and B, -+ B.) 

Section 27 Tests for Convergence 

In the preceding section we obtained some results concerning the 
manipulation of infinite series, especially in the important case where 
the series are absolutely convergent. However, except for the Cauctty 
Criterion and the fact that the terms of a convergent series converge to 
zero, we did not establish any necessary or sufficient conditions for con- 

vergence of inhnite series. 
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We shall now gire some results which cari be used to establish the 
convergence or divergence of infinite series. In view of its importance, 
we shah pay special attention to absolute convergence. Since the absolute 
convergence of the series C (z,) in RP is equivalent with the convergence 
of the series C (1x,\) f o non-negative elements of R, it is clear that 
results establishing the convergence of non-negative real series have 
particular interest. 

Our first test shows that if the terms of a non-negative real series are 
dominated by the corresponding terms of a convergent series, then the 
first series is convergent. It yields a test for absolute convergence that 
the reader should formulate. 

27.1 COMPARISON TEST. Let X = (x,) und Y = (y,) be non-negative 
real sequences and suppose that for some natural number K, 

(27.1) x,, 5 y,, for n 2 K. 

Then the convergence of c (y,,) implies the convergence of C( x,). 

PROOF. If m 2 n > sup (K, M(e) }, then 

GI+1 + * - * + xm I yn+1 + * - * + ym < E, 

from which the assertion is evident. 
Q.E.D. 

27.2 LIMIT COMPARISON TEST. Suppose that X = (x,) and Y = (y,) 
are non-negative real sequkmces. 

(a) Ij the relation 

(27.2) lim CG&> Z 0 

holds, then C (x,) is convergent if and only if C (y,,) is convergent. 
(b) If the Emit in (27.2) is zero and C(yn) is convergent, then C(.c,) is 

convergent. 

PROOF. It follows from (27.2) that for some real number c > 1 and 
some natural number K, then 

(l/c)y,, 2 x,, 2 cy, for n 2 K. 

If we apply the Comparison Test 27.1 twice, we obtain the assertion in 
part (a). The details of the proof of (b) are similar and Will be omitted. 

Q.E.D. 
We now give an important test due to Cauchy. 

27.3 ROOT TEST. (a) Ij X = (x,) is a sequence in R* und there 
exists a non-negative number r < 1 and a natural number K such that 

(27.3) Ix,,[~/~ 5 r for n 2 K, 

then the series C (x,) is absolutely convergent. 
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(b) If there exists a number r > 1 and a natural number K such thail 

(27.4) Ix,J~‘~ 2 r for n 2 K, 

then the series x(x,,) is divergent. 

PROOF. (a) If (27.3) holds, then we have [x,1 2 r”. Now for 
0 5 r < 1, the series C(V) is convergent, as was seen in Example 
26.8(a). Hence it follows from the Comparison Test that x(x,) is 
absolutely convergent. 

(b) If (24.4) holds, then lx,,\ 2 rn. However, since r 2 1, it is false 
that lim (lx,l) = 0. 

QE1.D. 

In addition to establishing the convergence of x(x,), the root test 
cari be used to obtain an estimate of the rapidity of convergence. This 
estimate is useful in numerical computations and in some theoretical 
estimates as well. 

27.4 COROLLARY. If r salisfies 0 < r < 1 and if the sequence X = 
(x,) satisjîes (27.3), then the partial sums s,,, n 2 K, approximate the sum 
s = C (x,,) according to the estimate 

(27.5) 1s - S%I 5 E for n 2 K. 

PROOF. If m 2 n 2 K, we have 

I&n - S*I = lxn+l + *** + x?nl 5 lG+ll + * * * + lxml 

2 p+l + . . . + p < g. 

Now take the limit with respect to m to obtain (27.5). 
Q.E.D. 

It is often convenient to make use of the following variant of the 
root test. 

27.5 COROLLARY. Let X = (x,) be a sequence in RP and set 

(27.6) r = lim (Ix$‘n), 

whenever this limit exists. Then C (x,) is absolutely convergent when r <: 1 
and is divergent when r > 1. 

PROOF. It follows that if the limit in (27.6) exists and is les8 than 1, 
then there is a real number rl with r < r1 < 1 and a natural number K 
such that 

/X~I”~ 5 r1 for n 1 K. 
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In this case the series is absolutely convergent. If this limit exceeds 1, 
then there is a real number r2 > 1 and a natural number K such that 

in which case series is divergent. 
Q.E.D. 

This corollary cari be generalieed by using the limit superior instead 
of the limit. We leave the details as an exercise. The next test is due to 
D’Alembert.? 

27.6 RATIOTEST. (a) IjX = (cc,) . as a sequence of non-zero elements 
of RP and there is a positive number r < 1 and a natural number K such that 

(27.7) lXn+ll m 5 r for n 2 K, 

then the series C (x,) is absolutely convergent. 
(b) If there exists a number r > 1 and a natural number K such that 

(27.8) 
lXn+ll m 2 r for n 2 K, 

then the series C (x,,) is divergent. 
PROOF. (a) If (27.7) holds, then an elementary induction argument 

shows that Ixx+,J I rm 15~1 for m 1 1. It follows that for n 1 K the 
terms of C (x,) are dominated by a fixed multiple of the terms of the 
geometric series C (r”) with 0 I r < 1. From the Comparison Test 
27.1, we infer that C (x,) is absolutely convergent. 

(b) If (27.8) holds, then an elementary induction argument shows 
that Ix~+~1 2 rm Ix~1 f or m 2 1. Since r 2 1, it is impossible to have 
lim (lx,,\) = 0, SO the series cannot converge. 

Q.E.D. 

27.7 COROLLARY. If r satisjîes 0 5 r < 1 and if the sequence X = 
(x,) satisfies (27.7) for n 2 K, then the partial sums approximate the sum 
s = C (x,) according to the estimate 

(27.9) 1s - S?&I 5 k lxnl for n 1 K. 

t JEAN LE ROND D’ALEMBERT (1717-1783) was a son of the Chevalier Destouches. 
He became the secretary of the French Academy and the leading mathematician of 
the Encyclopedists. He contributed to dynamics and differential equations. 



SEC. 27 TESTSFORCONVERGENCE 3511 

PROOF. The relation (27.7) implies that lz,+kl 5 rk \x,,[ when n 2 EL. 
Therefore, if m 2 n 2 K, we have 

Isnl - Snl = 12n+1 + * * - + Ll I /xn+ll + * * * + (Zm( 

I (r + r2 + * * * + r-) IX%\ < L- 
1 _ r lxnl. 

Again we take the limit with respect to m to obtain (27.9). 
Q.E.D. 

27.8 COROLLARY. Let X = (x,) be a sequence in RP and set 

(27.10) /Xn+ll r = lim ~ ( > 14 ) 
whenever the limit exists. Then the series C (5,) is absolutely convergent 
when r < 1 and divergent when r > 1. 

PROOF. Suppose that the limit exists and r < 1. If r1 satisfies r <: 
r1 < 1, then there is a natural number K such that 

lxn+11 
- < r1 for n 2 K. 
14 

In this case Theorem 27.6 establishes the absolute convergence of the 
series. If r > 1, and if r2 satisfies 1 < r2 < r, then there is a natural 
number K such that 

lxn+11 
- > rz for n 2 K, 
14 

and in this case there is divergence. 
Q.E.D. 

Although the Root Test is stronger than the Ratio Test, it is some- 
times easier to apply the latter. If r = 1, both of these tests fail and either 
convergence or divergence may take place. (See Example 27.13(d):). 
For some purposes it is useful to have a more delicate form of the Ratio 
Test for the case when r = 1. The next result, which is attributed t,o 
Raabet, is usually adequate. 

27.9 RAABE'S TEST. (a) Ij X = (2,) is a sequence of non-zero 
elements of RP and there is a real number a > 1 and a natural number K 
such that 

IZn+ll 
,xn, 5 1 - t for n 2 K, 

then the series C (x,) is absolutely convergent. 

t JOSEPH L. RAABE (1801-1859) was born in Galacia and taught at Zürich. He 
worked in both geometry and analysis. 



392 CH. VII INFINITE SERIES 

(b) If there is a real number a I 1 ad a natural number K such that 

(27.12) 

then the series C (x,) is not absolutely convergent. 

PROOF. (a) Assuming that relation (27.11) holds, we have 

k IX~+~[ < (k - 1) lxkl - (a - 1) jxkl for k > K. 

Sincea> l,thena- 1 >Oand 

(27.13) (k - 1) [X~I - k Ix~+~I 2. (a - 1) jxkl > 0 for k 2 K, 

from which it follows that the sequence (k ~X~+~I) is decreasing for k 2 K. 
On adding the relation (27.13) for k = K, . . ., n and noting that the 
left side telescopes, we find that 

(K - 1) IXKI - n IX~+~[ 2 (a - l>(lx~l + . - . + 1~~1). 

This shows that the partial sums of C (1x,1) are bounded and establishes 
the absolute convergence of C (x,). 

(b) If the relation (27.12) holds for n 2 K then, since a < 1, 

n ~+II 2 (n - a) 14 2 (n - 1) 1~1. 

Therefore, the sequence (n Ix,,+~]) is increasing for n 2 K, and there 
exists a positive number c such that 

lxn+ll > ch, n 2 K. 

Since the harmonie series C (l/n) diverges, then C (x,) cannot be 
absolutely convergent. 

Q.E.D. 

We cari also use Raabe’s Test to obtain information on the rapidity of 
the convergence. 

27.10 COROLLARY. Ij a > 1 ad if the sequence X = (x,) satisjies 
(27.11), then the partial sums approximate the sum s of C (xk) according 
to the estimate 

(27.14) lxn+ll for n 2 K. 

PROOF. Let m 2 n 2 K and add the inequalities obtained from 
(27.13) for k = n + 1, . . ., m to obtain 

n ~X~+II - m Ixm+ll 2 (a - l)(l~+~l + *** + bd>. 
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Hence we have 

taking the limit with respect to m, we obtain (27.14). 
Q.E.D. 

In the application of Raabe’s Test, it may be convenient to use the 
following less Sharp limiting fox-m. 

27.11 COROLLARY. (a) Let X = (x,J be a sequence of non-.zero 
dements of RP and set 

(27.15) a=lim(n(l. -F)), 

whenever this limit exists. Then C (x,,) is absolutely convergent when 
a > 1 und is not absolutely convergent when a < 1. 

PROOF. Suppose the limit (27.15) exists and satisfies a > 1. If all is 
any number with a > a1 > 1, then there exists a natural number K 
such that 

a,<n(l-y) for n>K. 

Therefore, it follows that 

1x4 
lxn( < ’ n 

- - for n 1 K 

and Theorem 27.9 assures the absolute convergence of the series. The 
case where a < 1 is handled similarly and Will be omitted. 

Q.E.D. 

We now present a powerful test, due to Maclaurint, for a series of 
positive numbers. 

27.12 INTEGRAL TEST. Let f be a positive, non-increasing continuous 
function on (t : t 2 1). Then the series C (f(n)) converges if and only if 

the injinits integral 

/ 

+m 

1 
f(t)dt =lip(/Inj(odt) 

exists. In the case of convergence, the partial sum s,, = C~=I (f(k)) and 
the sum s of Ckm,l (f(k)) satisjy the estimate 

(27.16) 
/ 

+m 
f(t) dt < s - s,, 2 

n+1 / 

+- 
f (0 dt. 

n 

t COLIN MACLAURIN (1698-1746) was a student of Newton’s and professor at EUin- 
burgh. He was the leading British mathematician of his time and contributed bath 
to geometry and mathematical physics. 
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PRooF. Since f is positive, continuous, and non-increasing on the 
interval [k - 1, ICI, it follows that 

k (27.17) f(k) I 
/ 

f(t) dt 5 f(k - 1). 
k-l 

By summing this inequality for k = 2, 3, . . ., n, we obtain the relation 

sn -j’(l) I 
/ 

“f(t) dt I sn-1, 
1 

which shows that both or neither of the limits 

lim (s,), lim (~nfCt) dt) 

exist. If they exist, we obtain on summing relation (27.17) for k = 
n + 1, . . ., m, that 

snl - s, I 
s 

mf(t) dt I sm-1 - sn-1, 
n 

whence it follows that 

/ 

m+1 
f(t) dt 5 sm - sn 5 

J 
m j(t) dt. 

n+1 ?z 

If we take the limit with respect to m in this last inequality, we obtain 
(27.16). 

Q.E.D. 

We shall show how the results in Theorems 27.1-27.12 cari be applied 
to the p-series, which were introduced in Example 26.8(c). 

27.13 EXAMPLES. (a) First we shall apply the Comparison Test. 
Knowing that the harmonie series C (l/n) diverges, it is seen that if 
p 5 1, then np < n and hence 

I<L. 
n - np 

After using the Comparison Test 27.1, we conclude that the p-series 
C (l/np) diverges for p 5 1. 

(b) New consider the case p = 2; that is, t,he series C (il+). We 

compare the series with the convergent series C 
(n(n Y 1)) Of Exam- 

ple 26.8(e). Since the relation 

1 
<’ 

n(n + 1) n2 
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holds and the terms on the left form a convergent series, we cannot app1.y 
the Comparison Theorem directly. However, we could apply this 

theorem if we compared the nth term of C 
(n(n: 1)) whh ‘he 

(n + 1)st term of C (l/n*). Instead, we choose to apply the Limit 
Comparison Test 27.2 and note that 

1 1 n2 n 
n(n+l)+G=n(n+l)=-’ n+l 

Since the limit of this quotient is 1 and C converges, then 

SO does the series C (l/n”). 
(c) Now consider the case p 2 2. If we note that np 2 n2 for p 2 2, 

then 

a direct application of the Comparison Test assures that C (l/np) con- 
verges for p 2 2. Alternatively, we could apply the Limit Comparison 
Test and note that 

1 1 n2 1 . - -. 
;p T  n2 = np == np-2 

If p > 2, this expression converges to 0, whence it follows from Corollary 
27.2(b) that the series C (l/nP) converges for p 2 2. 

By using the Comparison Test, we cannot gain any information con- 
cerning the p-series for 1 < p < 2 unless we cari find a series whose con- 
vergence character is known and which cari be compared to the series 
in this range. 

(d) We demonstrate the Root and the Ratio Tests as applied to the 
p-series. Note that 

1 I/n 

0 
- 
np 

= (n-P)lln = (nlln)-P. 

Now it is known (see Exercise ll.P) that the sequence (nIIn) converges 
to 1. Hence we have 

1 un 
lim np = 1, 

(( > > 

SO that the Root Test (in the form of Corollary 27.5) does not apply. 



896 CH. VII INFINITE SERIES 

In the same way, since 

1 1 

(n+ 1)” ’ np (n;I’l)p= 

1 A-= 
(1 + l/n>” 

and since the sequence ((1 + l/n)P) converges to 1, the Ratio Test (in 
the form of Corollary 27.8) does not apply. 

(e) In desperation, we apply Raabe’s Test to the p-series for integral 
values of p. First, we attempt to use Corollary 27.11. Observe that 

n 
( 
1 _ (n + 11-p 

> ( =n l- 
n-p (n T’l)p > 

= n 
( 

1 _ (n + 1 - llP 
(n+l)P )=n(l-(l-&ï)P)’ 

If p is an integer, then we cari use the Binomial Theorem to obtain an 
estimate for the Iast term. In fact, 

If we take the limit with respect to n, we obtain p. Hence this corollary 
to Raabe’s Test shows that the series converges for integral values of 
p 2 2 (and, if the Binomial Theorem is known for non-integral values 
of p, this could be improved). The case p = 1 is not settled by Corollary 
27.11, but it cari be treated by Theorem 27.9. In fact, 

1 1 1 pi-=- 
n+l n 72 + l/n 

11-;, 

and SO Raabe’s Test shows that we have divergence for p = 1, 
(f) Finally, we apply the Integral Test to the p-series. Let f(t) = t-p 

and recall that 

/ 

“1 
- dt = log (n) - log (l), 

1 t 

/ 
“‘& = 

1 tp 
& (d-p - 1) for p # 1. 

From these relations we see that the p-series converges if p > 1 and 
diverges if p 2 1. 

Conditional Convergence 

The tests given in Theorems 27.1-27.12 a11 have the character that 
they guarantee that, if certain hypotheses are fulfilled, then the series 
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C (z,) is absolutely convergent. Now it is known that absolute con- 
vergence implies ordinary convergence, but it is readily seen from an 
examination of special series, such as 

c C-1)” 

n ' 
c (-1)” 

fi' 
that convergence may take place even though absolute convergence fatils. 
It is desired, therefore, to have a test which yields information about 
ordinary convergence. There are many such tests which apply to special 
types of series. Perhaps the ones with most general applicability are 
those due to Abelt and Dirichlet. 

TO establish these tests, we need a lemma which is sometimes called 
the partial summation formula, since it corresponds to the familiar in- 
tegration by parts formula. In most applications, the sequences X and 
Y are both sequences in R, but the results hold when X and Y are 
sequences in RP and the inner product is used or when one of X artd Y 
is a real sequence and the other is in RP. 

27.14 ABEL'S LEMMA. Let X = I(CC,) und Y = (y,,) be sequences and 
kt the partial sums of C (y,J be denoted by (sk). If m 2 n, then 

PROOF. A proof of this result may be given by noting that yj = sj - 
si-1 and by matching the terms on each side of the equality. We shah 
leave the details to the reader. 

Q.E.D. 
We apply Abel% Lemma to conclude that the series C (~,y,,) is, con- 

vergent in a case where both of the series C (2,) and C (y,) may be 
divergent. 

27.15 DIRICHLET'S TEST. Suppose the partial sums of C (y,) are 
bounded. (a) 1f the sequence X = (x,,) converges to zero, and if 

(27.19) 

is convergent, then the series C (~,,y,,) is convergent. 
(b) In particular, if X = (x,,) is a decreasing sequence of positive real 

numbers which converges to zero, then the series C (~,,y,,) is convergent. 

f  NIELS HENRIK ABEL (1802-1829) was the son of a poor Normegian minister. When 
only twenty-two he proved the impossibility of solving the general quintic equation 
by radicals. This self-taught genius also did outstanding work on series and elliptic 
functions before his early death of tuberculosis. 
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PROOF. (a) Suppose 
the estimate 

(27.20) 

that 1.~~1 < B for a11 j. Using (27.18), we have 

If lim (x,,) = 0, the first two terms on the right side cari be made arbi- 
trarily small by taking m and n sufficiently large. Also if the series (27.19) 
converges, then the Cauchy Criterion assures that the final term on this 
side cari be made less than c by taking m 2 n 2 M (6). Hence the Cauchy 
Criterion implies that the series C (x,,y,J is convergent. 

(b) If x1 2 x2 2 . . ., then the series in (27.19) is telescoping and 
convergent. 

Q.E.D. 

27.16 COROLLARY. In part (b), we bave the errer estimute 

where B is an upper bound for the partial sums of C (yj). 

PROOF. This is readily obtained from relation (27.20). 
Q.E.D. 

The next test strengthens the hypothesis on C (y,,), but it relaxes the 
one on the real sequence (x,). 

27.17 ABEL'S TEST. Suppose that the series C (y,,) is convergent in 
RP and that X = (3,) is a convergent monotone sequence in R. Then the 
series C (xnyn) is convergent. 

PROOF. TO be explicit, we shall suppose that X = (x,) is an increas- 
ing sequence and converges to x. Since the partial sums sk of c (y,) 
converge to an element s in RP, given E > 0 there is a N(E) such that if 
m 2 n > N(E), then 

lxm+lSm - X&+ll I Ix*lsm - ml + 12s - XnSn-11 < 26 

In addition, if B is a bound for {]Ski :k E NJ then 

By using these two estimates and Abel’s Lemma, we conclude that the 
series C (xny,) is convergent in RP. 

Q.E.D. 
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If we use the same type of argument, we cari establish the following 
error estimate. 

27.18 COROLLARY. With the notation of the preceding proof, we have 
the estimate 

There is a particularly important cl.ass of conditionally convergent 
real series, namely those whose terms are alternately positive and 
negative. 

27.19 DEFINITION. A sequence X = (5,) of non-zero real numbers 
is alternating if the terms (- l)?,,, n =: 1, 2, . . ., are a11 positive (or a11 
negative) real numbers. If a sequence X = (z,) is alternating, we say 
that the series C (2,) it generates is an alternating series. 

It is useful to set zn = (- l)%, and require that z, > 0 (or z, < 0) 
for a11 n = 1,2, . . . . The convergence of alternating series is easily 
treated when the next result, proved by Leibniz, cari be applied. 

27.20 ALTERNATING SERIES TEST. Let 2 = (2,) be a non-increasing 
sequence of positive numbers with lim (2,) = 0. Then the alternating sel’2’es 
C (( - l)%,) is convergent. Moreover, ij s is the sum of this series and s,, 
is the nth partial sum, then we have the estimate 

(27.21) 1s - SnI I %+1 

for the rapidity of convergence. 
PROOF. This follows immediately from Dirichlet’s Test 27.15(b) if 

we take ZJ,, = (-l)“, but the error estimate given in Corollary 27.16 is 
not as Sharp as (27.21). We cari also proceed directly and show by 
mathematical induction that if m 2 n, then 

Is7n - snl = I&+l - &+z + * * * -t (-l)m-n-lZml i IL+ll. 

This yields both the convergence and the estimate (27.21). 
Q.E.D. 

27.21 EXAMPLES. (a) The series x; (( - l)“/n), which is sometimes 
called the alternating harmonie series, is not absolutcly convergent. 
However, it follows from the Alternating Series Test that it is convergent. 

(b) Similarly, the series C is convergent, but not absolutely 

convergent. 
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(c) Let x be any real number which is different from 2rk, where k is 
a positive or negative integer. Then, since 

2 COS (kx) sin (x/2) = sin (k - &)x - sin (k + +)x, 

it follows that 

2 sin (x/2) [cas (x) + s.. + cas (nx)] = sin (+)x - sin (n + $)x, 

SO that 

COS 2 + . - . + COS nx = 
sin (4)x - sin ((n + +)x) . 

2 sin (x/2) 
Therefore, we have the bound 

Icos 5 + - * - + Cos 71x1 < 
Isin ;/2)j 

for the parCa sums of the series C (COS nx). Dirichlet’s Test shows that 
even though the series C (COS ns) does not converge, the series 

COS Tzx 
=T- 

does converge for x # 2kn, k E Z. 
(d) Let x # 2k?r, k E 2. Since 

2 sin (kx) sin (4)~ = COS (k - +)x - COS (k + 2)x, 

it follows that 

2 sin (3)x [sin x + *. e + sin ns] = COS (*)x - cas (n + +)x. 

Therefore, we have the bound 

Isinx + ... + sinnxl 5 
(sin :/2)\ 

for the partial sums of the series C (sin nx). As before, Dirichlet’s Test 
yields the convergence of the series 

,p) 

when x is not an integral multiple of 27r. 
(e) Let Y = (y,) be the sequence in R2 whose elements are 

Y1 = (1, o>, Y2 = (0, l>, Y3 = (-401, 

y4 = (0, -11, . . ., Yn+4 = y?&,. . . . 

It is readily seen that the series C (y,) does not converge, but its partial 
sums sk are bounded; in fact, we have \sk] 5 fi. Dirichlet’s Test shows 

that the series C is convergent in R2. 
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Exercises 

27.A. Suppose that c (a,) is a convergent series of real numbers. Either 
prove that C (b,,) converges or give a counter-example, when we define b, by 

(4 udn, (b) v%,/n (~2 O), 
(c) a, sin n, (dl di& (an> ‘3, 
(e) nlhn, (f) a*/(1 + I%l>. 
27.B. Establish the convergence or the divergence of the series whose nth 

term is given by 

(4 
1 

(n + U(n + 2) ’ 
(b) 

(n -l- l;l<n + 2) ’ 
(c) 2-‘/n, (dl nP, 
le) Mn + l)l-‘/*, (f) Mn + 1)1-1/2, 
M n!/n*, (h) (-l)“n/(n + 1). 
27.C. For each of the series in Exercise 27.B which converge, estimate the 

remainder if only four terms are taken. If me wish to determine the sum within 
l/lOOO, how many terms should we take? 

27.D. Discuss the convergence or the divergence of the series with nth term 
(for sufficiently large n) given by 

(4 bg 4-p, (b) bg nlP, 
(c) [log n]-log n, (d) [log n]-log loi2 *, 
te) In log 4-‘, (f) [n (log n) (log log n)*]+. 
27.E. Discuss the convergence or the divergence of the series with nth term 
(a) 2” e-n, (b) nn eVn, 
(c) e-*Og n, (d) (log n) e-&, 
(e) n! e*, (:f) n! e-n*. 
27.F. Show that the series 

is convergent, but that both the Ratio and the Root Tests fail. 
27.G. If a and b are positive numbers, then 

x1- 
(un + b)P 

converges if p > 1 and diverges if p 5 1. 
27.H. If p and q are positive numbers, then 

c (-1)” Pg nP 
nq 

is a convergent series. 
27.1. Discuss the series whose nth term is 

(4 t-1)” (% J;jn+l, 

(c) (-l).J+q 
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27.5. Discuss the series whose nth term is 

I 
(4 3.5.7. .n;zn + 1) ’ 

(cl 
2.4. . .(Zn) 

3.5. . .(2n + 1) ’ 

27X. The series given by 

(d) 
2.4. . +(2n) 

5.7. . .(2n + 3) ’ 

(i)“+ ($y+ (gy + . . . 
converges for p > 2 and diverges for p 5 2. 

27.L. Let X = (z,) be a sequence in RP and let r be given by 

r = lim sup (12$ln). 

Then c (L%) is absolutely convergent if r < 1 and divergent if r > 1. [The limit 
superior u = lim sup (b,) of a bounded sequence of real numbers was defined in 
Section 14. It is the unique number u u-ith the properties that (i) if u < v  then 
b, 5 v  for a11 sufficiently large n t N9 and (ii) if w < u, then w 5 b, for in- 
finitely many n E N.] 

27.M. Let X = (CC,) be a sequence of non-zero elements of RP and let r be 
given by 

r = lim sup bz+I/ 
( > ~. ,zn, 

Show that if r < 1, thep the series c (2,) is absolutely convergent and if r > 1, 
then the series is divergent. 

27.N. Let X = (CE,) be a sequence of non-zero elements in RP and let a be 
given by 

a=limsup(n(l-y))* 

If  a > 1 the series c (x,) is absolutcly convergent, and if a < 1 the series is not 
absolutcly convergent. 

27.0. If  p, q are positive, then the scrics 

c (P + 1). . .(P + 2)(P + n) 

(q + 1). * ‘(9 + 2.J 62 + n) 

converges for 2 > p + 1 and divcxges for q 5 p + 1. 
27.P. Let a, > 0 and let r be given by 

log a, 
r = lim sup - ~ . ( > log n 

Show that c (G) converges if r > 1 and diverges if r < 1. 
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27.Q. Suppose that none of the numben a, b, c is a negative integer or zero. 
Prove that the hypergeometric series 

) a(a + l)(a + 2Mb + l)(b + 2) + . . . 

B! C(C + l)(c + 2) 

is absolutely convergent for c > a + b and divergent for c 2 a + b. 
27.R. Consider the series 

where the signs corne in groups of two. Does it converge? 
27.S. Let a, be real (but not necessarily positive) and let p < Q, If the series 

C (a,n-p) is convergent, then C (a,,%-*) is also convergent. 
27.T. For n E N, let c,, be defined by 

c, = c (l/k;) - log 72, 
k=l 

Show that (c,) is a monotone decreasing sequence of positive numbers. The 
limit C of this sequence is called Euler’s constant (and is approximately equal 
to 0.577). Show that if we put b, = 1 -- 1/2 + 1/3 - . . . - 1/2n, then the 
sequence (b,) converges to log 2. (Hint: b, = czn - c,, + log 2.) Show that 
the series 

diverges. 
27.U. Let a, > 0 and suppose that c ( a, converges. Construct a convergent ) 

series c (b,) with b, > 0 such that lim (a,/b,) = 0; hence C (b,) converges 
less rapidly than c (a,). (Hint: let (A,) be the partial sums of C (a,J and A 
its limit. Define TO = A, r,, = A - A,, and b, = z/rn-1 - fi.) 

27.V. Let a,, > 0 and suppose that c (a,,) diverges. Construct a divergent 
series c (6,) with b, > 0 such that lim (&/a,) = 0; hence C (b,) diverges less 
rapidly than c (a,). (Hint: Let bl = 4; and b, = 6 - <G, n > ~1.) 

27.W. If the quotient a,+l/a, has the form P(n)/&(n) where P, & are poly- 
nomials in n of degree at most nk, and if the highest term in &(n) - P(n) equals 
A&I, then the series c (a,,) converges for A > 1 and diverges for A 5 1. 

27.X. Let ( nl, nz, . . . ) denote the collection of natural numbers that do not 
use the digit 6 in their decimal expansion. Show that the series C (l/nk) con- 
verges to a number less than 90. If (ml, mz, . . . ) is the collection that ends in 6, 
then c (l/mk) diverges. 

Project 

27~ Although infinite products do net occur as frequently as infinite series, 
they are of importance in many investigations and applications. For simplkity, 
we shall restrict attention here to infinit,e products with positive terms a,. If 
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A = (a,) is a sequence of positive real numbers, then the infinite product, or 
the sequence of partial products, generated by A is the sequence P = (p,) 
defined by 

p1 = Ul, p2 = plan (= ala?), . . ., 

p, = pndan (= a1a2 . . . G&J, . . . . 

I f  the sequence P is convergent to a non-zero number, then we call lim P the 
product of the infinite product generated by A. In this case we say that the 
infinite product is convergent and Write either 

3 
& or UlU2U3”.&.** 

to denote both P and lim P. 
(Note: the requirement that lim P # 0 is not essential but is conventional, since 
it insures that certain properties of finite products carry over to infinite products.) 

(a) Show that a necessary condition for the convergence of the infinite product 
is that lim (a,) = 1. 

(b) Prove that a necessary and sufficient condition for the convergence of the 
infinite product 

is the convergence of the infinite series 

(c) Infinite products often have terms of the form a, = 1 + u,,. In keeping 
with our standing restriction, we suppose u,, > - 1 for a11 n E N. If  u,, 2 0, 
show that a necessary and sufficient condition for the convergence of the infinite 
product is the convergence of the infinite series 

(Hint: use the Limit Comparison Test, 27.2.) 
(d) Let un > - 1. Show that if the infinite series 

z un 
n=l 

is absolutely convergent, then the infinite product 

is convergent. 
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(e) Suppose that u,, > - 1 and that the series c (u,) is convergent. Then a 
necessary and sufficient condition for the convergence of the infinite product 
II (1 + u,,) is the convergence of the infinite series 

(Hint: use Taylor’s Theorem and show that there exist positive constants A 
and B such that if 1~1 < 3, then AU* < u - log (1 + U) 2 BU*.) 

Section 28 Series of Functions 

Because of their frequent appearance and importance, we shall con- 
clude this chapter with a discussion of infinite series of functions. Since 
the convergence of an infinite series is handled by examining the sequence 
of partial sums, questions concerning series of functions are answered by 
examining corresponding questions for sequences of functions. For this 
reason, a portion of the present section is merely a translation of facts 
already established for sequences of functions into series terminology. 
This is the case, for example, for the portion of the section dealing with 
series of general functions. However, in the second part of the section, 
where we discuss power series, some new features arise merely because 
of the special character of the functions involved. 

28.1 DEFINITION. If (fJ is a sequence of functions defined on a 
subset D of RP with values in RP, the sequence of partial sums (8,) of 
the infinite series C (fn) is defined for x in D by 

Si(X) = fi(X), 
sz(2) = e(x) +fi(x) [= fi@) + fib>l, 
. . . . . . . . . . . . . . . . . . . . . . . 

Sn+l(X) = &L(x) +fn+I(x> [=: fi(X) + - . * + fnb) + fn+lb>l, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . ~. 

In case the sequence (s,) converges on. D to a function f, we say that the 
infinite series of functions C (in) converges to f on D. We shall often 
Write 

to denote either the series or the limit function, when it exists. 
If the series C (If,,(x)/) converges for each x in D, then we say that 

C dfn) is absolutely convergent on D. If the sequence (a,) is uniformly 
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convergent on D to f, then we say that C (f,,) is uniformly convergent 
on D, or that it converges to f uniformly on D. 

One of the main reasons for the interest in uniformly convergent series 
of functions is the validity of the following results which give conditions 
justifying the change of order of the summation and other limiting 
operations. 

28.2 THEOREM. ijj,, is continuous on D c RP to Rqjor eu& n c: N 
and if C (j,,) converges to j unijormly on D, then j is continuous on D. 

This is a direct translation of Theorem 17.1 for series. The next result 
is a translation of Theorem 22.12. 

28.3 THEOREM. Suppose that the real-valued junctions j,, are Rie- 
mann-Stieltjes integrable with respect to g on the interval J = [a, b] for each 
n E N. If the series C (j ,, ) converges to f uniformly on D, then j is Riemann- 
Stieltjes integrabk with respect to g and 

(28.1) 

We now recast the Monotone Convergence Theorem 22.14 into series 
form. 

28.4 THEOREM. If the j,, are non-negative Riemann integrable junc- 
tiens on J = [a, b] and if their sum j = C (j,,) is Riemann integrabk, then 

(28.2) 

Next we turn to the corresponding theorem pertaining to differentia- 
tion. Here we assume the uniform convergence of the series obtained 
after term-by-term differentiation of the given series. This result is an 
immediate consequence of Theorem 19.12. 

28.5 THEOREM. For each n E N, let j,, be a real-valued junction on 
J = [a, b] which has a derivative j,,’ on J. Suppose that the infinite series 
C (j,,) conuerges for ut least one point of J and that the series of derivatives 
C (j,,‘) converges unijormly on J. Then there exists a real-valued junction 
f on J sud thaf C (.fn) converges unijormly on J to j. In addition, j has a 
derivative on J and 

(28.3) P = CA’. 

Tests for Uniform Convergence 

Since we have stated some consequences of uniform convergence of 
series, we shall now present a few tests which cari be used to establish 
uniform convergence. 
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28.6 CAUCHY CRITERION. Let (jn) be a sequence of function~ on 

D c RP to R*. The infinite series C (,fn) is uniformly convergent on D if 
and only if for every E > 0 there exists an M(e) such that ijm 2 n 2 M(E), 
then 

(28.4) Ilfn +f%+l + *** +fmllD < E. 

Here we have used the D-norm, which was introduced in Definition 
13.7. The proof of this result is immediate from 13.11, which is the corre- 
sponding Cauchy Criterion for the uniform convergence of sequences. 

28.7 WEIERSTRASS M-TEST. Let (Al,) be a sequence of non-negative 
real numbers such that /IfnI 1~ 5 M, f or each n E N. If the injînite St;ries 
C (M,) is convergent, then C (fn) is uniformly convergent on D. 

PROOF. If m > n, we have the relation 

Ilfn + *** -tfmIID I llfnlb + . . * + llfmlb 5 Mn + *. * + Mm. 

The assertion follows from the Cauchy Criteria 26.5 and 28.6 and the 
convergence of C (M,). 

Q.E.D. 

The next two results are very useful in establishing uniform conver- 
gence, even when the convergence is not absolute. Their proofs are 
obtained by modifying the proofs of 217.15 and 27.16 and will be left as 
exercises. 

28.8 DIRICHLET'S TEST. Let (j,,) be a sequence of functions on 
D c RP to Rq such that the partial sums 

Sn = Cfj, n E N, 
j=l 

are a11 bounded in D-norm. Let ((p,) be a clecreasing sequence of functions 
on D to R which converges uniformly on D to zero. Then the series 1 (co,,f,,) 
converges uniformly on D. 

28.9 ABEL'S TEST. Let C (fn) be a series of functions on D Ç RP to 
Rq which is uniformly convergent on D. .Let (CO,,) be a bounded and monotone 
sequence of real-valued functions on D. Then the series C (p,,f,,) converges 
uniformly on D. 

28.10 EXAMPLES. (a) Consider the series C:=l (xn/n2). If 1x1 2: 1, 
then 1z”/n21 2 l/n2. Since the series :c (l/n”) is convergent, it follows 
from the Weierstrass M-test that the given series is uniformly convergent, 
on the interval [ - 1, 11. 
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(b) The series obtained after term-by-term differentiation of the 
series in (a) is CzX1 (Y’--I/n). The Weierstrass M-test does not apply 
on the interval [-1, l] SO we cannot apply Theorem 28.5. In fact, it is 
clear that this series of derivatives is not convergent for 2 = 1. However, 
if 0 < r < 1, then the geometric series C (P-~) converges. Since 

for 1x1 2 r, it follows from the M-test that the differentiated series is 
uniformly convergent on the interva t-r, r]. 

(c) A direct application of the M-test (with M, = l/nz) shows that 

> 
is uniformly convergent for a11 x in R. 

(d) Since the harmonie series C (l/n) diverges, we cannot apply 
the M-test to 

(28.5) 
m sin (nr) 

CT. 
n=l 

However, it follows from the discussion in Example 26.21 (d) that if the 
interval J = [a, b] is contained in the open interval (0,2a), then the 
partial sums s*(z) = C:=i (sin (kz)) are uniformly bounded on J. 
Since the sequence (l/n) decreases to zero, Dirichlet’s Test 28.8 implies 
that the series (28.5) is uniformly convergent on J. 

(e) Consider $i (F eVnZ) on the interval 1 = [0, 11. Since the 

norm of the nth term on 1 is l/n, we cannot apply the Weierstrass Test. 
Dirichlet’s Test cari be applied if we cari show that the partial sums of 
C ((- l)ne-nz) are bounded. Alternatively, Abel’s Test applies since 
C (( - l)“/n)) is convergent and the bounded sequence (ewnZ) is mono- 
tone decreasing on 1 (but not uniformly convergent to zero). 

Power Series 

We shall now turn to a discussion of power series. This is an important 
class of series of functions and enjoys properties that are not valid for 
general series of functions. 

28.11 DEFINITION. A series of real functions C (1%) is said to be a 
power series around x = c if the function f,, has the form 

fn(x> = an(z - cl”, 

where a,, and c belong to R and where n = 0, 1, 2, . . . 
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For the sake of simplicity of our notation, we shah treat only the case 
where c = 0. This is no loss of generality, however, since the translation 
x’ = x - c reduces a power series around c to a power series around 0. 
Thus whenever we refer to a power series, we shall mean a series of the 
form 

Even though the functions appearing in (28.6) are defined over a11 of 
R, it is not to be expected that the series (28.6) Will converge for a11 x in 
R. For example, by using the Ratio ‘Test 26.8, we cari show that the 
series 

2 n!xn, goxi goxw, 
n=O 

converge for x in the sets 

IO), Ix E R:I4 < 11, R, 

respectively. Thus the set on which a power series converges may be 
small, medium, or large. However, an arbitrary subset of R cannot be 
the precise set on which a power series converges, as we shall show. 

If (b,) is a bounded sequence of non-negative real numbers, then we 
define the limit superior of (b,) to be the infimum of those numbers v 
such that b, 5 v for a11 sufficiently large n E N. This infimum is uniquely 
determined and is denoted by 

lim sup (‘b,). 

Some other characterixations and pro;perties of the limit superior of a 
sequence were given in Section 14, but, the only thing we need to know 
is (i) that if v > lim sup (b,J, then b, ‘2 v for a11 sufficiently large n E N, 
and (ii) that if w < lim sup (b,), then :MJ 5 b, for infinitely many n E N. 

28.12 DEFINITION. Let C (a,~) be a power series. If the sequence 
(l~,,l~‘~) is bounded, we set p = lim sup (l~,,ll’~); if this sequence is not 
bounded we set p = + ~0. We define the radius of convergence of 
C (a,xn) to be given by 

R = 0, if p= +m, 
= UP, if o<p<+~, 

= +a, if p=O. 

The interval of convergence is the open interval (-R, R). 

We &a11 now justify the term “radius of convergence.” 
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28.13 CAUCHY-HADAMARD~ THEOREM. If R is the radius of cm- 
vergence of the power series C (a,,~“), then the series is absolutely convergent 
if 1x1 < R and divergent if 1x1 > R. 

PROOF. We shall treat only the case where 0 < R < + 00, leaving 
t.he cases R = 0, R = + 03, as exercises. If 0 < 1x1 < R, then there 
exists a positive number c < 1 such that 1x1 < cR. Therefore p < c/lxl 
and SO it follows that if n is sufficiently large, then 

This is equivalent to the statement that 

(28.7) lcLx”I I cn 

for a11 sufficiently large 12. Since c < 1, the absolute convergence of 
C (a,~) follows from the Comparison Test 27.1. 

If 1x1 > R = l/p, then there are infinitely many n E N for which 

Therefore, /a,,~/ > 1 for infinitely many n, SO that the sequence (a,~~) 
does not converge to zero. 

Q.E.D. 

It Will be noted that the Cauchy-Hadamard Theorem makes no state- 
ment as to whether the power series converges when 1~1 = R. Indeed, 
anything cari happen, as the examples 

show. Since lim (nlln) = 1 (cf. Exercise ll.P), each of these power 
series has radius of convergence equal to 1. The first power series con- 
verges at’ neither of the points x = - 1 and x = + 1; the second series 
converges at x = - 1 but diverges at x = $1; and the third power 
series converges at both x = - 1 and x = + 1. (Find a power series with 
R = 1 which converges at z = + 1 but diverges at x = - 1.) 

t JAC~UBX HADAMARD (1865-1963), long-time dean of French mathematicians, was 
admittrd to the &ole Polytechnique mith the highest score attained during its 
first Century. He was Henri Poincaré’s successorin the Academy of Sciences and proved 
the Prime Kumber Theorem in 1896, although this theorem had been conjectured by 
Gauss many years hefore. Hadamard made other contributions to number theory, 
complex analysis, partial differential equations, and even psychology. 
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It is an exercise to show that the radius of convergence of C (a:,,~“) 
is also given by 

(28.9) 

provided this limit exists. Frequently, it is more convenient to use (28.9) 
than Definition 28.12. 

The argument used in the proof of the Cauchy-Hadamard Theorem 
yields the uniform convergence of the power series on any fixed compact 
subset in the interval of convergence (-R, R). 

28.14 THEOREM. Let R be the rti!ius of convergence of C (a,,~~) and 
Zet K be a compact subset of the interval of convergence (-R, R). Then the 
power series converges unijormly on K. 

PROOF. The compactness of K E (-R, R) implies tbat there exists 
a positive constant c < 1 such that 1~1 < c R for a11 z E K. (Why?) By 
the argument in 28.13, we infer that for sufficiently large n, the estimate 
(28.7) holds for a11 x E K. Since c < 1, the uniform convergenc’e of 
C (a,~“) on K is a direct consequence of the Weierstrass M-test with 
M, = cn. 

Q.E.D. 

28.15 THEOREM. The limit of a power series is continuous on the 
interval of convergence. A power series cari be integrated term-by-term over 
any compact interval contained in the interval of convergence. 

PROOF. If (x01 < R, then the preceding result asserts that C (a,@) 
converges uniformly on any compact neighborhood of x0 containeld in 
(-R, R). The continuity at x0 then follows from Theorem 28.2. Simi- 
larly, the term-by-term integration is justified by Theorem 28.3. 

Q.E.D. 

We now show that a power series cari be differentiated term-by-term. 
Unlike the situation for general series, we do not need to assume that, the 
differentiated series is uniformly convergent. Hence this result is stronger 
than the corresponding result for the differentiation of infinite series. 

28.16 DIFFERENTIATION THEoREna. A power series cun be d$er- 
entiated term-by-term within the interval of convergence. In jact, if 

f(x) = jto (~3, then f’(x) = n$l @w’-‘1. 

Both series have the same radius of convergence. 
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PR~OF. Since lim (n”“) = 1, the sequence (Ina$‘“) is bounded if 
and only if the sequence (lc~,,j~‘~) is bounded. Moreover, it is easily 
seen that 

lim sup (Ina,l”“) = lim sup (la,j”“). 

Therefore, the radius of convergence of the two series is the same, SO the 
formally differentiated series is uniformly convergent on each compact 
subset of the interval of convergence. We cari then apply Theorem 28.5 
to conclude that the formally differentiated series converges to the 
derivative of the given series. 

Q.E.D. 
It is to be observed that the theorem makes no assertion about the end 

points of the interval of convergence. If a series is convergent at an end 
point, then the differentiated series may or may not be convergent at 
this point. For example, the eeries C~=O (zn/n2) converges at both end 
points x = - 1 and 5 = + 1. However, the differentiated series 

converges at z = - 1 but diverges at 1: = +l. 
By repeated application of the preceding result, we conclude that if Ic 

is any natural number, then the power series C:=a (a,,~) cari be differ- 
entiated term-by-term k times to obtain 

(28.10) 

Moreover, this series converges absolutely to jck) for 1x1 < R and uni- 
formly over any compact subset of the interval of convergence. 

If we substitute z = 0 in (28.10), we obtain the important formula 

(28.11) fck) (0) = k! uk. 

28.17 UNIQUENESS THEOREM. 1j 2 (a,,~) und C (b,z") cqnverge 
on some interval (-r, r), r > 0, to the same junction j, then 

a,, = b, for dl n E N. 

PROOF. Our preceding remarks show that n! a,, = j(“)(O) = n! b, for 
n E PC. 

Q.E.D. 

There are a number of results concerning various algebraic combina- 
tions of power series, but those involving substitution and inversion are 
more naturally proved by using arguments from complex analysis. For 
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this reason we shah not go into these questions but content ourselves 
with one result in this direction. Fortunately, it is one of the most useful. 

28.18 MULTIPLICATION THEOREM. If f and g are given on the interval 
(-r, r) by the power series 

then their product is given on this interval by the series C (c,,xn), where the 
coefkients (c,) are 

C, = k$o a&-k for n = 0, l,? . . .a 

PROOF. We have seen in 28.13 that if 1x1 < r, then the series giving 
f(x) and g(z) are absolutely convergent. If we apply Theorem 26.15, we 
obtain the desired conclusion. 

Q.:E.D. 

The Multiplication Theorem asserts that the radius of convergencle of 
the product is at least r. It cari be larger, however, as is easily shown. 

We have seen that, in order for a function j to be given by a power 
series on an interval (-r, r), r > 0, it is necessary that a11 of the deriva- 
tives off exist on this interval. It migh.t be suspected that this Condit!ion 
is also sufficient; however, things are not quite SO simple. For example, 
the function j, given by 

(28.12) f(x) = em112, 2 # 0, 

= 0, 5 = 0, 

cari be shown (see Exercise 28.N) to possess derivatives of a11 orders and 
that fcn) (0) = 0 for n = 0, 1, 2, . . . If j cari be given on an interval 
(-r, r) by a power series around x = 0, then it follows from the Unique- 
ness Theorem 28.17 that the series must vanish identically, contrary to 
the fact that j(x) # 0 for x # 0. 

Nevertheless, there are some useful sufficient conditions that cari be 
given in order to guarantee that f cari be given by a power series. As an 
example, we observe that it follows from Taylor’s Theorem 19.9 that if 
there exists a constant B > 0 such tha.t 

(28.13) If’“‘(x>l :5 B 

for a11 1x1 < r and n = 0, 1,2, . . ., then the power series 

2 f'"'(O) -- x" 
n=~ n! 
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converges to f(r) for 1x1 < r. Similar (but less stringent) conditions on 
the magnitude of the derivatives cari be given which yield the same 
conclusion. 

As an example, we present an elegant and useful result due to Serge 
Bernst,eïn concerning the one-sided expansion of a function in a power 
series. 

28.19 BERNSTEÏN'S THEOREM. Let f be dejîned and possess deriva- 
tives of a11 orders on an interval [0, T] and suppose that f and a11 of its 
derivat,ives are non-negative on the interval [0, r]. I f  0 < x < r, then f (x) 
is given by the expansion 

f(x) = g- fDxn. 
n=~ n! 

PROOF. We shall make use of the integral form for the remainder in 
Taylor’s Theorem given by the relation (23.16). If 0 5 x 2 r, then 

(28.14) f(x) = 2 fF xk + R,, 

where we have the formula 

’ (1 - s)~‘~‘(sx) ds. 

Since a11 the terms in the sum in (28.14) are non-negative, 

(28.15) 
rn-’ 

’ f(r) ’ (n - l)! (1 - ~)~-tf(“) (sr) ds. 

Since f cn+l) is non-negative , f(n) is increasing on [0, r]; therefore, if x is in 
this interval, then 

’ (28.16) 
xn-l 

Rn ’ (n - l)! 0 / 
(1 - s)n-lf(sr) ds. 

By combining (28.15) and (28.16), we have 

RnI - 
0 

x “-If(r). 
r 

Hence, if 0 5 x < r, then lim (R,) = 0. 
Q.E.D. 

We have seen in Theorem 28.14 that a power series converges uni- 
formly on every compact subset of its interval of convergence. However, 
there is no a priori reason to believe that this result cari be extended to 
the end points of the interval of convergence. However, there is a re- 
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markable theorem of the great Abel thLat, if convergence does take place 
at one of the end points, then the series converges uniformly out to this 
end point. We shall present two proofs of this result: the first one is a 
direct application of Abel’s Test 28.9 and is over too soon; the second 
one is, perhaps, more interesting. 

In order to simplify our notation, we shall suppose that the radius of 
convergence of the series is equal to 1.. This is no loss of generality and 
cari always be attained by letting x’ =2 x/R, which is merely a change of 
scale. 

28.20 ABEL'S THEOREM. Suppose that the power series Cz=o ((1,~“) 
converges to f(x) for 1x1 < 1 and that ‘~~=o (a,) converges to A. Then the 
power series converges uniformly in 1 = [0, 1] and 

(28.17) lim f(r) = A. 
2+1- 

FLRST PROOF. Abel’s Test 28.9, with fn(z) = a,, and (P%(X) := V, 
applies to give the uniform convergence of C (u~x”) on 1. Hence the 
limit is continuous on 1; since it agrees with f(x) for 0 5 x < 1, the 
limit relation (28.17) follows. 

SECOND PROOF. The function g(s) = (1 - x)-r is given for 1x1 < 1 by 
the geometric series 

2 5”. 
n=O 

According to the Multiplication Theorem 28.18, the product off and g 
is given for 1x1 < 1 by 

fb)Q(X> - niL-ocnxn, 

where the coefficient c,, is 

cn = 2 ak. 
k=O 

By hypothesis A = lim (c,). It is clear that if 0 < 2 < 1, then 

f(x) - A = (1 - x)ifb>gb> - &(X)l. 

It follows from this that 

(28.18) f(x) - A = (1 - 2:) 2 C,CP - 
n=O 

= (1 - - A)s”. 
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If É > 0, let, N be such that if 7~ 2 N, then Icn - Al < e. Furthermore, 
choose 5 SO close to 1 that. 

(1 - x) n$o cc, / 
It follows from (28.18) that if z is sufficiently near 1, then 

If(x) - Al 2 (1 - s) & (c, - WI + (1 - 2) &cn - A\s” 

< E + (1 - s) E < 2E. 

This establishes formula (28.17). 
Q.E.D. 

One of the moet interesting things about this result is that it suggest a 
method of attaching a limit to series which may not be convergent. Thus, 
if C:=l (b,) is an infînite series, we cari form the corresponding power 
series C (b,z”). If the b, do not increase too rapidly, this power series 
converges to a function B (3) for 121 < 1. If B(z) -3 8 as x 3 1 -, we 
say that the series C (b,) is Abel summable to 0. This type of summation 
is similar to (but more powerful than) the Cesàro method of arithmetic 
means mentioned in Section 14 and has deep and interesting conse- 
quences. The content of Abel’s Theorem 28.20 is similar to Theorem 
14.8; it asserts that if a series is already convergent, then it is Abel sum- 
mable to the same limit. The converse is not true, however, for the series 
C:G0 (- 1)” is not convergent but since 

& = e. (-lb”, 
it follows that C (- 1)” is Abel summable to 3. 

It sometimes happens that if a series is known to be Abel summable, 
and if certain other conditions are satisfied, then it cari be proved that 
the series is actually convergent. Theorems of this nature are called 
Tauberian theorems and are often very deep and difficult to prove. 
They are also useful because they enable one to go from a weaker type 
of convergence to a stronger type, provided certain additional hypotheses 
are satisfied. 

Our final theorem is the first result of this type and was proved by 
A. Taubert in 1897. It provides a partial converse to Abel’s Theorem. 

t ALFRED TAUBER (1866-circa 1947) was a professor at Vienna. He contributed 
primarily to analysis. 
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28.21 TAUBER'S THEOREM. Suppose that the power series C (a,~) 
converges to f(z) for 1x1 < 1 und that 1i.m (na,) = 0. 1j limj(z) = A as 
z-+1 -, then the series C (a,) converges to A. 

PROOF. It is desired to estimate differences such as 5 (a,) - A. TO 
do this, we write 

Since 0 < z < 1, we have 1 - zn =- (1 - 2) (1 + z + . . * + P+) < 
n(1 - x), SO we cari dominate the first term on the right side by the 
expression (1 - 5) x:=0 na,. 

By hypothesis lim (nu,) = 0; hence Theorem 14.8 implies that 

lim 
( 

1 9 nun 
m + 1 .=O > 

= 0. 

In addition, we have the relation A = lim f(z). 
Now let E > 0 be given and choolse a fixed natural number N which 

is SO large that 

(il In$mnI < (N + 1)~; 

(ii) la,,\ < & for a11 n 2 N; 

(iii) If(x0) - A[ < E for za = 1 - & . 

We shall assess the magnitude of (28.20) for this value of N snd 50. 
From (i), (ii), (iii) and the fact that (1 - 50) (N + 1) = 1, we derive 
the estimate 

Since this cari be done for each E :> 0, the convergence of C (a,) to A is 
established. 

Q.E.D. 
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Exercises 

284. Discuss the convergence and the uniform convergence of the series 
c (f,,), wheref,(z) is given by 

(a) (x2 + n2F1, (b) (n~)-~, 1: # 0, 
(c) sin (z/n2), (d) (2” + 1)-l, z r 0, 
(e) X~(X% + 1)-i, 2 2 0, (f) (-l)“(% + z)-1, 2 2 0. 
28.B. If  c (a,) is an absolutely convergent series, then the series c (a, sin ns) 

is absolutely and uniformly convergent. 
28.C. Let (c,) be a decreasing sequence of positive numbers. If  c (c, sin nz) 

is uniformly convergent, then lim (nc,) = 0. 
28.D. Give the details of the proof of Dirichlet’s Test 28.8. 
28.E. Give the details of the proof of Abel’s Test 28.9. 
28.F. Discuss the cases R = 0, R = + m in the Cauchy-Hadamard Theorem 

28.13. 
28.G. Show that the radius of convergence R of the power series c (a,,~*) is 

given by 

( > 

la,l 
lim lU,,ll 

whenever this limit exists. Give an example of a power series where this limit 
does not exist. 

28.H. Determine the radius of convergence of the series c (unzn), where a, is 
given by 

(a> Un”, (b) na/n!, 
(c) n*/n!, Cd) 6x n)-‘, n2 2, 
te) (n92/(2n)f (f) n-&. 
28.1. If  a, = I”when n is the square of a natural number and a, = 0 other- 

wise, find trie radius of convergence of c (a,~~). I f  b, = 1 when n = m! for 
m E N and 6, = 0 otherwise, find the radius of convergence of C (b,z”). 

28.5. Prove in detail that. 
lim sup (\na,\lin) = lim sup (\u,llin). 

28.K. If  0 < p 5 lu,,\ < q for a11 n E N, find the radius of convergence of 
c (U,X~). 

28.L. Let f(z) = c (a,~~) for 1x1 < R. If  f(z) = f( -2) for a11 1x1 < R, 
show that a, = 0 for a11 odd n. 

28.M. Prove that if f  is defined for 1x1 < T and if there exists a constant B 
such that If@)(z) 1 5 B for a11 1x1 < r and n E N, then the Taylor series expansion 

5 fc”‘(o) - xv 
n=O n! 

converges tof(z) for 121 < r. 
28.N. Prove by induction that the function given in formula (28.12) has 

derivatives of a11 orders at every point and that a11 of these derivatives vanish 
at z = 0. Hence this function is not given by its Taylor expansion about z = 0. 

28.0. Given an example of a function which is equal to its Taylor series expan- 
sion about x = 0 for x 2 0, but which is not equal to this expansion for x < 0. 
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28.P. The argument outlined in Exercise 19.S shows that the Lagrange form 
of the remainder cari be used to justify the general Binomial Expansion 

when x is in the interval 0 5 x < 1. Similarly Exercise 19.T validates this 
expansion for -1 < x 2 0, but the argument is based on the Cauchy form of 
the remainder and is somewhat more involved. TO obtain an alternative proof 
of this second case, apply BernsteWs Theorem to g(z) = (1 - 2)” for 0 5 z < 1. 

28.Q. Consider the Binomial Expansion at the end points x = f 1. Show that 
if x = -1, then the series converges absolutely for m 2 0 and diverges for 
m < 0. At x = +l, the series converges absolutely for m 10, converges condi- 
tionally for -1 < m < 0, and diverges for m 5 -1. 

28.R. Let f(x) = tan(x) for 1x1 < s/2. Use the fact that f is odd and Bern- 
steïn’s Theorem to show that f is given on this interval by its Taylor series 
expansion about x = 0. 

28.S. Use Abel’s Theorem to prove that if f(x) = c (a,,~“) for Ix[ < R, then 

/ 

R 

o f(x) dz = ;zo* Ba+l, 

provided that the series on the right side is convergent even though the original 
series ma,y not converge at x = R. Hence it follows that 

log(2) = 5 0,+1, 
n=l n 

; = go $$. 
28.T. By using Abel’s Theorem, prove that if the series C (a,) and C (a,,) 

converge and if their Cauchy product C (c,) converges, then we have C (c,) = 
c (G-C PAL). 

28.U. Suppose that a, 2 0 and that ;T(x) = C (u&‘) has radius of converg- 
ence 1. If c (a,) diverges, prove that f(z) --f + m as x -f 1 -. Use this result to 
prove the elementary Tauberian theorem: If a, 2 0 and if 

A = lim c anxn, 
z-*1- 

then C (a,) converges to A. 
28.V. Let czXo(p,) be a divergent series of positive numbers such that the 

radius of convergence of c (p,,P) is 1. Prove Appell’st Theorem: If 
s = lim (a,,/&), then the radius of convergence of C (a,~~) is also 1 and 

t PAUL APPELL (1855-1930) was a stud.ent of Hermite at the Sorbonne. He did 
research in complex analysk 
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(Hint: it is sufficient to treat the case s = 0. Also use the fact that 
lim [C (pnzn)]-l = 0.) 

z-1 - 

28.W. Apply Appell’s Theorem with p(z) = C:=c (a?) to obtain Abel’s 
Theorem. 

28.X. If  (a,) is a sequence of real numbers and ao = 0, let s,, = a1 + . . . + a, 
and let on = (sl + . . . + s,)/n. Prove Frobenius’t Theorem: If s = lim (u,) 
then 

m 
s = lim C unzn. 

z+l- n=O 

REMAXK. In the terminology of summability theory, this result says that if a 
sequence (a,) is Cesàro summable to s, then it is also Abel summable to s. 
(Hint : apply Appell’s Theorem to p(s) = (1 - z)+ = C:=c (nzn+) and note 
that C (n.a,,zn) = p(s) C (a&).) 

Projects 

28.~~. The theory of power series presented in the text extends to complex 
power series. 

(a) In view of the observations in Section 10, a11 of the definitions and 
theorems that are meaningful and valid for series in R* are also valid for series 
with elements in C. In particular the results pertaining to absolute convergence 
extend readily. 

(b) Examine the results of Section 26 pertaining to rearrangements and the 
Cauchy product to see if they extend to C. 

(c) Show that the Comparison, Root, and Ratio Tests of Section 27 extend 
to c. 

(d) Let R be the radius of convergence of a complex power series 

g U,Z”. 
n=O 

Prove that the series converges absolutely for ]z[ < R and uniformly on any 
compact subset of (z E C : IzI < R). 

(e) Let f  and g be functions defined for D = (z E C : [z\ < T) with values in 
C which are the limits on D of two power series. Show that if f  and g agree on 
D A R, then they agree on a11 of D. 

(f) Show that two power series in C cari be multiplied together within their 
common circle of convergence. 

28~3. In this project we define the exponential function in terms of power 
series. In doing SO, we shah define it for complex numbers as well as real. 

(a) Let E be defined for z E C by the series 

t GEORG FROBENIUS (184’&1917) was professor at Berlin. He is known for his 
work both in algebra and analysis. 
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Show that the series is absolutely convergent for a11 z E C and that it is uni- 
formly con.vergent on any bounded subset of C. 

(b) Prove that E is a continuous function on C to C, that E (0) = 1, and that 

E(z + w) = E(Z)E(W) 

for z, w in C. (Hint: the Binomial Theorem for (z + w)% holds when z, w E C 
and n E N.) 

(c) If z and y are real numbers, define J !& and Et by El(s) = E(z), Et(y) = 
E(iy); hence E(z + iy) = El(z)&(y). Show that El takes on only real values 
but that En has some non-real values. Deline C and S on R ta R by 

C(Y) = Re WY), S(y) = Im WY) 

for y E R, and show that 

C(Y1 + Yz) = C(YJC(Y2) - OS, 

S(y1 + y2) = S(ydC(y2) + C(ydS(y2). 

(d) Prove that C and S, as defined in (c), have the series expansions 

(e) Show that C’ = -8 and S’ = C. Hence [C2 + S2]’ = 2 CC’ + 2 SS’ = 0 
which implies that C2 + S2 is identically equal to 1. In particular, this implies 
that both C and S are bounded in absolute value by 1. 

(f) Infer that the function E2 on R to C satisfies E2(0) = 1, E2(y1 + y~) = 
E2(yl)E4y2). Hence Et(-y) = l/E2(y) an.d lEi( = 1 for a11 y in R. 
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Hints for Selected Exercises 

The reader is urged not to look at these hints unless he is stymied. Most of 
the exercises cal1 for proofs, and there is no single way that is correct; even if 
the reader has given a totally different argument, his may be entirely correct. 
However, in order to help the reader learn the material and to develop his 
technical skill, some hints and a few solutions are offered. It Will be observed 
that m.ore detail is presented for the early material. 

Section 1 

l.B. By definition A n B c A. I f  A c B, then A n B Z? A SO that A n B 
= A. Conversely, if A n B = A, then A n B 2 A whence it follows that 
B3 A. 

l.C, D. The symmetric difference of A and B is the union of (2:~ E A and 
z $ B) and (2:~ $ A and z E B). 

l.G. If  1: belongs to E n lJ A,, then 2 E E and z E IJ Ai. Therefore, z E E 
and 1: 1: Aj for at least one j. This implies that 5 E E n Ai for at least onej, 
SO that, 

EnUAjGlJ(EnAj). 

The opposite inclusion is proved by reversing these steps. The other equality is 
handbd similarly. 

1.J. I f  1: E e (n(Aj:j E J)), then z $ n(Aj:j E J). This implies that there 
exists a k E J such that 1: $ Ak. Therefore, L E C?(A~), and hence z c lJ( (?(Ai) : 
j E J] . This proves that (3 (fl Ai) 5 U (3 (Ai). The opposite inclusion is proved 
by reversing these steps. The other equality is similar. 

Section 2 

2.A. If  (a, c) and (a, c’) belong to g 0 f, then there exist b, b’ in B such that 
(a, b), (a, b’) belong to f and (6, c), (b’, c’) belong to g. Since f is a function, 
b = b’; since g is a function, c = c’. 

2.B. No. Both (0, 1) and (0, -1) belong to C. 
2.D. Let f(s) = 2x, g(x) = 32. 
2.E. If  (b, a), (b, a’) belong to f-l, then (a, b), (a’, b) belong to f. Since f is 

one-one, then a = a’. Hence f-l is a function. 

424 
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2.G. If ,f(zl) = f(& then 51 = g of(zl) = g of(zz) = x2. Hence f is one-one. 
If z = g Of(z) for a11 z in a>(f), then R(f) c 9(g). 

2.H. Apply Exercise 2.G twice. 

Section 3 

3-A. Let fi(n) = n/2, n E E; fi(n) = (n + 1)/2, n E 0. 
3.B. Let f(n) = n + 1, n E N. 
3.C. If A is infinite and B = (b,,:n E N) is a subset of A, then the function 

defined by 
f(x) = b+l, x = b, E B, 

= 2, x E A\B, 

is one-one and maps A onto A\{ bl) . 
3.D. See Theorem 3.1. 
3.E. Let A,, = {n), n E N. Then each set A,, has a single point, but 

N = U(&:n E NJ is infinite. 
3.F. If jf is a one-one map of A onto B and g is a one-one map of B onto C, 

then g 0 f is a one-one map of A onto C. 

Section 4 

4.A. Ac’cording to (A4), e # 0. 
4.C. No, since inverses do not always exist. 
4.G. Since uz = 0, the element a does net have an inverse, SO Gq is not a lield. 

Section 5 

5.A. If a field F has n elements, then at least two of the elements ke, k = 0, 
1 > * . .Y n, must be equal. Hence there exists a natural number p such that pe = 0. 

5.B. Since a2 2 0 and b2 > 0, then a2 + b2 = 0 implies that a2 = b2 = 0. 
5.C. Apply Theorem 5.5(a). 
5.F. If c = 1 + a with a > 0, then cn = (1 + a)n 2 1 + nu > 1 + a := c. 
5.H. Observe that 1 < 2’ = 2. If k X: 2k for k 2 1, then k + 1 5 2k < 

2.2k = 2k+1. Therefore, n < 2” for a11 n E N. 
5.1. Note that bn - an = (b - a) (bn--l + *. . + anel) = (b - a)p, where 

p > 0. 
5.K. If p(t) = t, then p(t) - n > 0 and hence p(t) > n for a11 n E N. 
5.L. It ‘was seen in Exercise 5.H that n < 2”, whence 1/2” < l/n for n E N. 
5.Q. If x # y are common points of the intervals 1, = (a,, b,,], n E N, then 

since 12 - y] > 0 there exists an M such that 
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Now ‘aM 5 x 5 bM and aM 5 y  5 bM, from which 

1 
- = bM - aM 2 1x - ?JI. 
2M 

Section 6 

6.A. If  x > 0, the Archimedean property implies that there is a natural 
number m such that 0 < l/m < x. 

6.C. If  A = (x1), then xi = inf A = sup A. If  A = (XI, . . ., x,,, x,,+~) and if 
u = sup 1x1, . . ., x,,), then sup (u, xn+l) is the supremum of A. 

6.E. Let S = (x E Q:z? < 2), then sup S is irrational. For, if x2 < 2, then 
for sufficiently large 72, [x(1 + l/n)]” < 2. 

6.H. Let A,, = { l/n); then U(A,:n E N} is bounded. If  B, = {n), then 
U(B,:n E NJ = N is not bounded. 

6.J. Let x E F and let A = (n E N:n < x]. I f  A = fl, then every natural 
number n satisfies x 2 n. If  A # 0, then by hypothesis, there exists y  = sup A. 
Since y  - f  < sup A, there exists n E A such that y  - 4 5 n. Therefore 
n + 1 does not belong to A. 

6.K:. I f  m 2 n, then I, E I, and hence a, 5 b,. Therefore, b, is an Upper 
boum1 for the set (a,), SO that a = sup (a,) 5 b,. Since this inequality holds 
for each n E N, then a is a lower bound for the set {b,) , and a 5 b = inf ( b,}. 
I f  c satisfies a 5 c 5 6, then a,, 5 c 5 b, from which c E 1, for each n E N. 
Conversely, if c E 1, for each n E N, then a,, 5 c 5 b, for each n E N. There- 
fore a = sup {a, J < c and c 5 inf ( b,) = b. 

6.L. Clearly A and B are non-void and A u B = Q. If  y  E A r\ B then 
y  > CI and both y2 < 2 and y2 > 2, a contradiction showing that A n B = @ 
Observe that if x E A, then x(1 + l/n) E A for sufficiently large n. Hence if 
c E Q is such that a < c for a11 a E A, then, according to the observation just 
made, we must have c é A, SO that c E B. A similar argument shows that if 
c~Qissuchthatc<bforallb~B,thenc~A.ButAnB=@ 

6.M. Every element in FI has a ternary expansion whose first digit is either 
0 or 2. The points in the four subintervals of Fz have ternary expansions beginning 

and s’o forth. 

0.00. . ., 0.02 . . ., 0.20. . .> 0.22 . . .< 

6.N. The “right-hand” end points of F are the elements with ternary expan- 
sion consisting of a11 2’s after a certain place. There are denumerably many such 
elements. If  x E F and is not a “right-hand” end point, then let y  be the point 
in [0, 1) whose binary expansion is obtained by replacing the 2’s in the ternary 
expansion of x by 1’s. Show that this gives a one-one correspondence of this part 
of F and a11 of [0, 1). 

6.0. If  n is sufficiently large, then 1/3” < b - a. 
6.F’. The length cari be made as close to 1 as desired by removing intervals of 

positive length at each stage of the construction. 
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S.Q. If F contains a non-empty interval [a, b], then a = b. Hence the union 
of a countable collection of subintervals of F is a countable subset of F. 

6.S. If S = sup {f(x, y): (x, y) E X X Y}, then since f(x, y) 5 S for a11 
x in X and y in Y, it follows that fi(x) (2 S for a11 x in X; hence sup (fi(x) : 
x E X} 5 S. Conversely, if E > 0 there exiots (~0, yo) such that 8 - c < f(zo, yo). 
Hence S - e < fi(xO), and therefore S - B < sup (fi(x) :x E X). 

6.U. Sincef(x) 5 sup (f(z) :z E X), it follows that 

f(x) + g(x) 5 sup (f(z).:z E X1 + sup Ig(z):z E X1 

SO that sup (f(x) + g(x):x E X} 2 supl (f(z):2 E X} + sup (g(z):z E X). 
Similarly, if x E X, then 

inf (f(z) :z E X) 5 f(x), 
whence it follows that 

inf If(z) :z E Xl + g(x) 5 f(x) + g(x). 

Ifwenotethatsup(c+g(x):xEX) =c+sup(g(x):x~X),itfollowsfrom 
the preceding inequality (with c = inff) that 

inff + sup g I s’up (f + g). 

The other assertions are proved in the same way (or follow from these inequalities). 

Section 7 

7.A. Add -z to both sides of w + z = z to conclude that w = 8. 
7.B. Direct calculation. TO see that the I’arallelogram Identity is not satisfied, 

take x = (1,O) and y = (0, 1) in Rz. 
7.D. S1 is the interior of the square with vertices (0, f l), (f 1,O). Sz is the 

interior of the circle with tenter at origin and radius 1. S, is the interior of the 
square with vertices (1, f l), (f 1, 1). 

7.E. Take a = 1/1/p, b = 1. 
7.F. Take a = l/p, b = 1. 
7-G. IX.~( 5 2 I5jIIVjI I (2 IlAI suP IlrjI I 1xli]Vll* But Ix*~1 I ~IxImlgIm, 

and if x = y = (1, 1, . . ., l), then equality is attained. 
7.H. The stated relation implies that 

1x1* + 2X-Y + lY12 = lx + Y12 = (lxl + IYI)” = lx12 + 44lYl + IYl2. 
Hence x. y = ]xllyl and the condition for equality in 7.6 applies, provided x and 
y are non-zero. 

7.1. If x = cy or y = cx with c 2 0 then 

Ix + Ylm = Ixlm + IYlm. 

Conversely, we always have Ix + ylm 2 lxlm + Iyl=, but when equality holds 
we cannot conclude that x and y are proportional. 

7.5. Since Ix + y12 = /xl2 + 2x-y + [Y]~,, the stated relation holds if and only 
if 2-y = 0. 
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7.K. A set K is convex if and only if it contains the line segment joining any 
two points in K. I f  5, y  E K1, then Itz + (1 - t)yl 5 tlzl + (l- t)lyl 5 t + 
(1 - t) = 1 SO tz + (1 - t)y E K1 for 0 5 t 5 1. The points (kl, 0) belong 
to K4, but their midpoint (0,O) does not belong to K4. 

7.L. If  z, y  belong to IlK,, then z, y  E K, for a11 CY. Hence tz + (1 - t)y E K, 
for a11 ‘Y; whence it follows that nKa is convex. Consider the union of two dis- 
joint intervals. 

7.M. Every point 1x1 = 1 is an extreme point of K1. There are no extreme 
points in KS. Every point on the three bounding lines is an extreme point of KS. 

Section 8 

8.A. If  2 E G, let T = inf (r, 1 - z). Then, if (y - 21 < T, we have 1: - r < 
y  < x + T whence 

O<X-T<Y<x+T~~, 

SO that y  E G. If  z = 0, then there does not exist a positive real number T such 
that every point y  in R satisfying (y1 < T belongs to F. Similarly for z = 1. 

8.B. If  x = (4, 7) E G, take T = 1 - 1x1. If  z E H, take T = inf { 1x1, 1 - [xl]. 
I f  z = (1, 0), then for any T > 0, there is a point y  in e(F) such that Iy - z\ < T. 

S.E. If  z = 0, then for any T > 0, there is a point y  in e(A) such that Iy - zI 
< T. Hence A is not open. If  w = 1, then for any T > 0, there is a point u in A 
such that lu - WI < T. Hence e(A) is not open SO thnt A is not closed. 

8.H. Let F, = (x E RP: Ix( 5 1 - I/n) for n E N. 
8.1. Let G be open in RP and let A be the subset of G consisting of the elements 

of G whose coordinates are a11 rational numbers. By Theorem 3.2, the set A is 
countable. For each x in A there is a smallest natural number n2 such that if 
n 2 naY then the set F,,, = (y E RP: Iy - xl 5 I/n] is contained in G. Show 
that G equals U { F,,,:x E A, n = n,). 

8.5. Take complements of sets in 8.1. Alternatively, if F is closed in RP, let 
G, = (y E RP: ly - ZI > l/n for a11 z E F) for n E N. Show that G, is open 
and that F = fl (G,:n E N). 

8.K. If  A- = n (F: F closed and F 2 A), then A- is closed, by Theorem 
8.6(c). A- is the intersection of sets containing A, SO A c A-. It follows that 
A- z (A-)-. Since A- is closed and (A-)- is the intersection of ail closed sets 
containing A-, it follows that (A-)- c A-, whence A- = (A-)-. I f  F is closed 
and A U B z F, then A c F and B G F, A- c F and B- c F SO that A- U 
B- c .F. Therefore, A- U B- c (A u B)-. Conversely A c A- and B c B-, 
whence it follows that A U B c A- u B-. Since the latter set is closed it follows 
that (11 w B)- E A- U B-. Clearly $!l c @, and since $3 is closed, it follows that 
@- E Il 

8.L. True for closed sets, false in general. 
8.M.. Either argue by analogy with 8.K or use the fact that the complement 

of closed sets is open. 
8.N. Let I/ = 1, and let A = Q. 
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8.P. Argue as in Exercise 8.1, but use open halls G,,, = (y E RP: (y - a:/ < 
l/n), z E A, n 2 n,, instead of the closed balls F,,,. 

8.R. If  A X B is closed in R2 and 2 = (&, &) does not belong to A X B, then 
there exists T > 0 such that (y E R2: (y - zi < r) is disjoint from A ;< B. 
Thereforc, if G = {y E R: (v - 411 < T), then G n A = @ Hcnce A is closed 
in R. Conversely, if A, B are closed and 3: = (h, fz) E A X B, then there exists 
s > 0 such that (vi E R: 1~ - &l < s} is (disjoint from A, B, respectively. Hence 
the set {y E R2:jz - y\ < s] does not intcrsect A X B. 

8.5. If  r is a positive rational number, and if y  is a point in RP with rational 
coordinates such that the bal1 (5 E RP: 12 - y\ < r] intersects A, then choose 
one point in this intersection. Doing thie for each r, y, we obtain C. 

8.T. If  x is a cluster point of A and U is a neighborhood of zz containing only 
a finite number of points of A, then there exists a neighborhood of z which con- 
tains no points of A except, perhaps, the point x. 

8.V. If  G is open and y  E G, then some neighborhood V of y  is contained in G, 
SO y  cannot be a boundary point. I f  G is not open, there exists a point x E G, 
every neighborhood of which contains a point of e(G) . Hence, if G is net, open, 
it contains at least one boundary point. 

8.X. Suppose that A, B are open sets in R2 which form a disconnection for 
C1XCz.LetA1=(zER:(2,y)EAforsomeyERIandletB1=(zER: 
(2, y) E B for some y  E R) . Then A1 an.d B1 are non-void open sets in R (why?) 
and their union contains Cl. Since CL is connected, there exists an element 
u1 E A, n B1 belonging to Ci. Now let AL = (y E R: (u,, y) E A), and Bz = 
(y E R: (~1, y) E B) . Again, A2 and BZ are non-void open subsets of R and their 
union contains Cs. Since Cz is connected, there exists an element u2 in A2 n Bz 
belonging to Cs. Since ~1 E A1 and uz CC AP, then (ul, uz) E A; similarly (ui, u2) 
E B, which contradicts the supposition that A n B = fii 

8.Y. No line segment cari lie in A and terminate at the origin. 

Section 9 

9.A. Let G, = 1 (.z, y) :x2 + y2 < 1 - l/n] for n E N. 
9.B. Let G, = ( (z, y) :x2 + y2 < n2) for n E N. 
9.C. Let Ç = (G,} be an open covering for F and let G = e(F), SO that G is 

open in RP. If  Çl = Ç U {G), then Çl is an open covering for K; hence K has a 
finite subcovering (G, G,, GB, . . ., G”}. Then (G,, GB, . . ., GW) forms a sub- 
covering of Ç for the set P. 

9.D. Observe that if G is open in R, then there exists an open subset Gi of R2 
such that G = G1 n R. .Uternatively, use the Heine-Bore1 Theorem. 

9.E. Let Ç = (G,] be an open covering of the closed unit interval J in R2. 
Consider those real numbers 2 such thst the square [0, x) X [0, x] is contained 
in the union of a finite number of sets in g and let z* be their supremum. 

9.G. Let L, c Ii’,, n E N. If  there are only a finite number of points in lx,: 
n E N ) , then at least one of them occurs infinitely often and is a comlmon point. 
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If them are infinitely many points in the bounded set (z,} , then there is a cluster 
point 2:. Since z,,, E F,, for m 2 n and since F, is closed, then x E F, for a11 n E N. 

9.H. If d(z, F) = 0, then z is a cluster point of the closed set F. 
9.J. No. Let F = (y E RP: /y - zI = r), then every point of F has the same 

distance to z. 
9-K. LetGbeanopensetandletxERp.IfH= (y-s:y~G),thenH is 

an ope.n set in RP. 
9.L. Apply 83(b) and 8.18. 
9.M. Follow the argument in 9.7, except use open intervals instead of open 

balls. 
9.N. If the point (z,,, y,,) lies on the line ux + by = c, then the point (~0 + ut, 

yo + bt), t # 0, does not lie on this line and the distance between these points is 
Itl (a” $- b2)“2. 

9.0. Yes. Let A = Q A 1. 
9.P. Not necessarily. 
9.Q. Suppose that Q = f-l (G,,:n E N), where G, is open in R. The comple- 

ment F,, of G,, is a closed set which does not contain any non-empt,y open subset, 
by Theorem 5.16. Hence the set of irrationals is the union of a countable family 
of closed sets not one of which contains a non-empty open set but this contradicts 
Corollary 9.10. 

9.S. If F is a closed set containing the dense set D, then it follows from 
Theorem 8.10 that F must contain every cluster point of D and hence F = RP, 
SO that D- = RP. If D is not dense in RP, let x be a point in RP which is not a 
cluster point of D, and let V be an open neighborhood of x which contains no 
point of D except (perhaps) 2. Then H = e(V) u {x) is a closed set containing 
D such that H # RP. 

9.T. Of course, the entire space RP is open and dense in RP. Alternatively, let 
p = 1 and take G = R\Z, then G is open and dense in R, The only dense closed 
subset of RP is RP. 

9.U. By Exercise 8.K, (A U B)- = A- U B- SO it follows that the union of 
any subset with a subset which is dense, is also dense. According to Exercise 9.R, 
an open set is dense in RP if and only if its complement does not contain a non- 
void open set in RP. Apply Baire’s Theorem (or the first two steps in its proof), 
to find that the closed set C?(D, n Dz) = (?(Dl) U C?(D~) cannot contain a 
non-vo:id open subset of RP. 

9.V. The set Dl u Dz is dense, but it may happen that DI n Dz is not dense. 
9.W. As in the second part of Exercise 9.U, we consider the complements 

C?(D,). The result follows from Baire’s Theorem. 

Section 10 

lO.A,. Examine the geometrical position of iz = (-y, x) in terms of z = (x, y). 
10.B.. Note that cz = (x COS 0 - y sin 0, x sin 0 + y COS 0), and this corre- 

sponds to a counter-clockwise rotation of ~9 radians about the origin. 
10.C.. The circle Iz - ci = r is mapped into the circle Iw - (UC + b)l = lalr. 

We cari Write z = a% - a-lb and calculate x = Re z, y = Im z in terms of 
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u = Re W, u = Im w. Doing SO we easily see that the equation uz + by = c 
transforms into an equation of the form A.u + Bu = C. 

10.D. A circle is left fixed by g if and only if its tenter lies on the real axis. 
The only lines left fixed by g are the real and the imaginary axis. 

10.E. Circles passing through the origin are sent into lines by h. Al1 lines not 
passing through the origin are sent into circles passing through the origin; a11 
lines passing through the origin are sent into lines passing through the origin. 

10.F. Every point of C, except the origin, is the image under g of two elements 
of C. If  Re g(z) = k, then x* - y2 = k. I f  Im g(z) = k, then 2xy = k. I f  jg(z)I 
= k, then k 2 0 and Iz( = 4. 

Section 11 

ll.A. Consider z,, = y,, - x,, and apply Example 11.13(c) and Theorem 
11.14(a). 

ll.C. (a) Converges to 1. (b) Diverges. (f) Diverges. 
11.D. Let Y = - X. 
ll.F. I f  X converges to 2, then Y converges to 1x1. If  Y converges to 0, then 

X converges to 0. If  lim Y # 0, it does not follow that X converges. 
ll.G. Consider two cases: z = 0 and x > 0. 
ll.H. Yes. 
11.1. Use the hint in Exercise ll.G. 
ll.L. Consider (l/n) and (n). 
ll.M, N, 0. Apply the preceding exerciises. 
ll.P. Apply Exercise ll.H. 
ll.T. Show that lim (l/qa) = 0 by comparing n! with (n/2)“‘“. 
ll.U. Observe that a < z,, 5 a 2l’“. 

Section 12 

12.A. Either multiply by -1 and use Theorem 12.1, or argue as in the proof 
of 12.1. 

12.B. By induction 1 < 5, < 2 for n 2 2. Since z++~ - x,, = (2, - x1,-r). 
(x,, x,,-&l, then (2,) is monotone. 

12.D. The sequence (an) is decreasing. 
12.E. If  (x,) does not have an increasing subsequence, each xn is exceeded by 

at most a finite number of x,,, with m > n. Let kl = 1 and take kz > lcl such that 
if m 2 kz, then x,,, 5 xk,. Choose k3 > kz such that if m 1 kt, then x,,, 5 x& etc. 

12.H. The sequence (x,) is increasing and x,, 2 n/(n + 1) < 1. 
12.1. Yes. 
12.L. If  t > 0 there exists K = K(t) such that (L - e)x, < x,,+i < (L + 6)x,, 

for n 2. K. By an argument similar to the one in Exercise ll.J, there exist A, B 
with the stated property. 

12.N. Yes. 
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12.P. Note that (x,,*) is a subsequence of ((1 + l/n)n) and that (y,,) is in- 
creasing. Either argue as in Example 12.3(d) to show that (y*) is bounded or 
consider (yzk1j2). 

12.Q. The sequence (a,) is increasing and (b,) is decreasing. Moreover, 
a, 5 b, for a11 n E N. 

12.V. Let yn E F be such that \Z - ynI < d + l/n. I f  y  = lim (y,&, then 
1x - y1 = d. 

12.X:. The set K is bounded. TO show that it is closed, let z be a cluster point 
of K. Use Exercise 12.T to obtain z = lim (2, + y,,) and use the Bolzano- 
Weierstrass Theorem 12.4 twice. 

Section 13 

13.A. All. 
13.C. If  x E Z, the limit is 1; if x $ Z, the limit is 0. 
13.E. If  x = 0, the limit is 1; if x # 0, the limit is 0. 
13.G. If  x > 0 and 0 < E < 7r/2, then tan (?r/2 - e) > 0. Therefore 

ni 2 tan (x/2 - e) for a11 n 2 nZ, from which 

?r/2 - B 5 f*(x) < lr/2. 

13.H. If  x > 0, then eeZ < 1. 
13.5. Not necessarily. 
13.M:. Consider the sequence (l/n) or note that jIf,JI > 4, 
13.P. Let y  = nx and estimate Ilf,,ll. 

Section 14 

14.A.. (a) lim inf(x,) = -1; lim sup(x,) = 1. (b) 0, 2. (c) The sequence is 
neither bounded below nor above. 

14.B. See the first part of the proof of Lemma 14.5. 
14.C. Let y  = lim inf (x,). Let nl be such that znl < y  + 1; let n2 > nl be 

such that x,,* < y  + a, etc. 
14.D. (i) I f  x* = lim sup (z,) and E > 0, then there are only a finite number of 

n E N such that x* + E < xn. However, by the definition of x*, there must be an 
infinite number of n E N such that x* - e < xIL. Hence 14.3(a) implies 14.3(b). 
(ii) I f  Z* satisfies the condition in 14.3(b), then for m sufficiently large we have 
um 5 xik + E. Hence inf (v,) 5 x* + E and SO inf (v,) 5 x*. Since there are in- 
finitely many n E N with x* - E < x,, then x* - c 5 a, for a11 m. Hence Z* - 
E 5 inf (v,) for arbitrary E > 0 and SO Z* < inf (v,). Therefore 14.3(b) implies 
14.3(c). (iii) Since (v,) is a monotone decreasing sequence, then inf (v,) = 
lim (v,), SO 14.3(c) implies 14.3(d). (iv) I f  X’ = (x,,) is a convergent subse- 
quence of X = (x,), then since nk 2 k, we have xnr 5 vk and hence lim X’ 5 
lim (&) - z*. Conversely, there exists a natural number n, such that u1 - 1 < 

1 
x,,, 5 vl. Inductively, choose nk+l > nk such that vm - - k + 1 < xn,k+1 2 Un~. 
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Since (u,) converges to z*, it follows that z* = lim (z,,). Therefore, 14.3(d) 
implies 14.3(e). (v) Finally, if u, = sup V and if e > 0, then there cari be at 
most a finite number of n E N with 21~ + c 2 z,,. Therefore, lim sup (z,) 5 
UI + t for all e > 0, whence lim sup (z,) 5 w. Conversely, if E > 0, then there 
are an infinite number of n E N such that w - e 5 x,,. Hence w - E < lim 
sup (z,) for c > 0, and therefore w 2 lim sup (5,). 

14.F. If u < lim inf (z,,) and u < lim inf (y,,), then there are only a finite 
number of n E N such that u > z,, and. a finite number of m t N such that 
u > y,,,. Hence there cari be only a finite number of n E N such that u + u > 
zk + yk, SO it follows that v + u 5 lim inf (z, + y,). As an alternate proof, we 
let X1 = (-1)X, Y1 = (- 1) Y and use part (b’) and (d) of Theorem 14.4. 

14.G (i) Note that um(z + y) = sup {:z,, + y,:n > m) 2 sup (z,:n 2 m) 
+ sup (yn:n 2 m) = V~(S) + u,(y), so 

(z + y)* = inf (~~(1: + y):m E N} 5 V~(Z) + V~(Y) I V~(Z) + U,(Y) 

for p 5 m. Hence (z + y)* 5 V~(Z) + y* for a11 p E N and SO (z + y)* 5 
x* + y*. 

(ii) Since u,(z + y) 5 u,(z) + u,(y) and since the sequences un are con- 
vergent, we have, using Theorem 11.14, 

(x + y)* = lim ((um(z + Y)> I lim (vm(z) + u,(Y)> 

= lim (um(5)) + lim (u,(y)) = z* + y*. 

(iii) There is a subsequence of X + Y converging to lim sup (X + Y), say 
(znk + y&. If the subsequence (z,,) does converge, then SO does (y,,) and hence 
lim sup (X + Y) 5 lim sup X + lim sup Y. If the subsequeuce (z,,) does not 
converge, then, by the Bolzano-Weierstrass Theorem 12.4, some further subse- 
quence of (z,,) and (Y,,~) Will converge to limits which are no greater than 
lim sup X and lim sup Y, respectively. 

14.H. Recall Exercise 1l.J. 

14.K. (a) If X1 = (5,) and Xz = (u,) satisfy 

14 I WYnl, I%d 5 GIYnl 

for R 2 no, then lzn f ~1 5 (& + &)[:y,,[ for n 1 no. 
14.M. If j < n + 1, then xj 5 z n+l and Zj(l + l/n) < 2j + (I/~)&+I. 

Adding, we get u, < owl. 
14.R. Yes. If X is increasing and not convergent, then X is not bounded. 

Show that (a,,) is not bounded. 
14.T. (a) None of the three limits exist. (b, c) All three are equal. (d) The 

iterated limits are different and the double limit does not exist. (e) The double 
limit and one iterated limit exist and are equal. (f) The iterated limits are 
equal, but the double limit does not exist. 
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14-U. Let zmn = n if m = 1 and let zm,, = 0 if m > 1. 
14.W. In (b, c, e). 
14.X. Let z = sup (z,“: m, n E N) and apply CoroIlary 14.12. 
14.Y. Let rmn = 0 for m < n and let x,,,,, = (- l)“/n for m 1 n. 

Section 15 

15.A. If a = 0, take 6(e) = 9. If a > 0, use the estimatr 

15.B. Apply Example 15.5(b) and Theorcm 15.6. 
15.C. Apply Exercise 15.B and Theorem 15.6. 
15.E. Show that If(z) - f(f)1 = 15 - fi. 
15.F. Every real number is a limit of a sequence of rational numbers. 
15.J. There exist sequences (z,), (y,) such that lim (h(.r,)) = 1, lim (A(&) 

= -1. 
15.K. If x < c 5 y, then f(r) 5 f(y). Hence f(z) < r(c) for a11 z < c, and 

therefore Z(c) 5 r(c). Let A = j(b) -f(a); then there are at most n points c 
for which j(c) 2 A/n. 

15.L. Show that f(a + h) - f(a) = f(h) - f(0). If f is monotone on R, then 
it is continuous at some point. 

15.M. Show thatf(0) = 0 andf(n) = nc for n E N. AIsof +f( -n) = 0, 
SO f(n) = îu: for n E Z. Since f(m/n) = mf(l/n), it follows on taking m = n 
that f(l/n) = c/n, whence f(m/n) = c(m/n). Now use the continuity off. 

15.N. Either g(0) = 0, in which case g(z) = 0 for a11 z in R, or g(0) = 1, 
in which case 

s(a + h) - s(a) = g(a)(g(h) - g(O)l. 

15.R. f(l,l) = (3,1, -l),f(l, 3) = (5,1, -3). 
15.S. A vector (a, b, c) is in the range off if and only if a - 2b + c = 0. 
15.V. If A = 0, then f( -b, a) = (0, 0). If A # 0, then the only solution of 

is (2, y) = (0,O). 
az + by = 0, cx + dy = 0 

15.X. Note that g(z) = g(y), if and only if g(z - y) = 8. 

Section 16 

16.C. If f&) > 0, then V = (y E R: y > 0) is a neighborhood of f(a). 
16.F. Let f(s, t) = 0 if sl = 0 and f(s, t) = 1 if st # 0. 
16.G, H. These functions cannot be continuous. 
16.J. Suppose the coefficient of the highest power is positive. Show that there 

exist 51 < 0 < 52 such thatf&) < 0 < f(sz). 
16.K. Letf(s) = z*. If c > 1, thenf(0) = 0 < c < f(c). 



HINTS FOR SELRCTED EXERCIBEB m 

16.L. If f(c) > 0, there is a neighborhlood of c on which f is positive, whence 
c # sup N. Similarly if f(c) < 0. 

16.M. Since f is strictly increasing, it is easily seen that f is one-one and f1 is 
strictly increasing. Moreover, if a < b, then f maps the open interval (a, b) in a 
one-one fashion onto the open interval (f(a), f(b)), from which it follows that 
f-l is continuous. 

16.N. Yes. Let a < b be fixed and suppose that f (a) < f(b). If c is such that 
a < c < b, then either (i) f(c) = f(a), (ii) f(c) < f(a), or (iii) f(a) < f(c). 
Case (i) is excluded by hypothesis. If (ii), then there exists a1 in (c, b) such that 
f  (al) = f(a), a contradiction. Hence (iii) must hold. Similarly, f(c) < f(b) and 
fis strictly increasing. 

16.0. Assume that g is continuous and let cl < c2 be the two points in 1 where 
g attains its supremum. If 0 < cl, choose numbers al, q such that 0 < a1 < cl 
< az < c2 and let k satisfy g(a<) < k < g(ci). Then there exist three numbers 
bi such that 

a1 < bl < CI < bz < az < ba < cz 

and where k = g(bi), a contradiction. Therefore, we must have cl = 0 and 
c2 = 1. Now appiy the same type of argument to the points where g attains its 
timum to obtain a. contradiction. 

16.Q. The functions in Example 15.5 (a, b, i) are uniformly continuous. 
16.S. Yes. 
16.U. Show that there exists a number L such that if (z,,) is any sequence in 

(0,l) which converges to 0, then L = lim (f(z%)). 

Section 17 

17.B. Yes. 
17.C. Obtain the function in Example 15.5(h) as the limit of a sequence of 

continuous functions. 
17.D. Yes. 
17.E. (a) The convergence is uniform for 0 5 2 5 1. (b) The convergence 

is uniform on any closed set not containing z = 1. (c) The convergence is 
uniform for 0 2 z < 1 or for z 1 c, where c > 1. 

17.1. (Yes)J. Give examples. 
17.J. It follows that f is monotone increasing. By hypothesis, f is uniformly 

continuous. If e > 0, let 0 = z0 < 21 <: * . . < xk = 1 be such that f(Xj) - 
f(z+1) < B and let N(%i) be such that if n 2 N(zj), then If(zj) - fn(Zj)l < t. 
If n 2 sup {N(z,), . . ., N(Zk)), show that IIf - f,,ll < 3~. 

17.0. Observe that if 01 # 02 are two points in the interval [0,23r], then either 
sin & # sin & or COS e1 # COS e2. Since the functions 

sin (ti) sin (me), sin (ne) COS (me), COS (ne) COS (me) 

are given by linear combinations of the functions 

sin (n f m)e, COS (n f m)e, 
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it follows that the collection of trigonometric polynomials satisfies the hypo- 
theses of the Stone-Weierstrass Theorem. 

17.R. The function f(z) = l/z is continuous for 2 # 0, but there is no way 
to extend it to a continuous function on R. 

17.T. Use the Heine-Bore1 Theorem or the Lebesgue Covering Theorem as in 
the proof of the Uniform Continuity Theorem. 

, 

Section 18 

18.G. (b) If t > 0, there exists 6(e) > 0 suc11 that if c < z < c + 8(c), 
z E a(f), then If(z) - bl < t. (c) If (2,) is any sequence in a(j) such that 
c < z,, and c = lim (z,), then b = lim (j(z,,)). 

18.5. (a) If M > 0, there exists m > 0 such that if z 2 m and 2 E D(f), 
thenf(z) 2 M. (b) If M < 0, there exists 6 > 0 such that if 0 < 12 - CI < 6, 
thenf(z) < M. 

18.L. (a) Let (p(r) = sup {f(z):2 > r) and set L = lim <p(r). Alterna- 
+-+=- 

tively, if é > 0 there exists m(e) such that if z 2 m(É), then Isup {f(z) :z > r] 
- LI < c. 

18.M. Apply Lemma 18.12. 
18.N. Consider the function f(z) = - l/lzj for 1: # 0 and f(0) = 0. 
18.P. Consider Example 15.5(h). 
18.R. Not necessarily. Consider fn(s) = - 5” for z E 1. 
18.S. Yes. 

Section 19 

19.D. Observe that g’(0) = 0 and that g’(z) = 22 sin (l/z) - COS (l/z) for 
z # 0. 

19.E. Yes. 
19.F. Let (r,) be an enumeration of the rational numbers in 1 and consider 

c 2-12 - Tnl. 
19.H. Yes. 
19.K. If a and b are not multiple roots off, thenf’(a)f’(b) < 0. The general 

case cari be reduced to this one. 
19.M. The function f has n-fold roots at z = f 1. Hence f’ bas (n - 1)-fold 

roots at z = f 1 and a root in the interval (- 1, l), etc. 
19.U. (a) Since f’(a) exists, if e > 0, then f(a tr h) - f(a) = &~Y’(U) f 

he+(h), where I~((h)1 < c for h sufficiently small. Hence f(a + h) - f(a - h) 
= 2hf’(a) + Me+(h) + t-@)l. 

19.V. Use the Mean Value Theorem. 
19.X. That such examples exist is an immediate consequence of the Weier- 

strass Approximation Theorem. 
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20.F. The partial derivatives ft, f, at 0 are both 0. By Theorem 20.6, if f is 
differentiable at 0, then of(e) sends the vector (a, b) into 0. However, this 

possibility for of(e) does not satisfy equation (20.2). 
20.1. By Theorem 20.6, the directional derivative off at c in the direction of 

the unit vector w = (wl, . . ., uP) is given by 

fw(c) = fh(C)W +, * * - + fi,(c)%. 
By the C.-B.-S. Inequality 7.6, we have 

fdc) I (C I,k,(CN*l”*. 
If at least, one partial derivative is non-zero, the equality cari hold if and only 
if w is a multiple of the vector ue = &(c), . . .,&(c)). 

20.K. If f(z) *f(z) = 1 for z E D, then applying Theorem 20.8(b), WC obtain 
2f(c). D~(C) (u) = 0 for a11 u. 

2O.L. Df(n, d (b, Ed = @A711 + W.5 + (&I + 2Cd52. 

20.0. Consider the function defined just before Theorem 20.7. 
20.P. Consider the function f(.$ 1) = q2 sin ([/v) for 7 # 0 and f([, 0) = 0. 
20.R. It follows from Theorem 8.20 that any two points in D cari be joined 

by a polygonal curve lying inside D. 
2O.U. Infact&(O,O) = -1 andfd(O,sO) = +l. 

Section 21 

21.E. Considerf(z) = ~3. 
21.F. Sbow that f is not one-one near x = 0. 
21.G. Reconsider 21.F. 
21.H. Apply the Chain Rule 20.9. 
21.5. Examine the proof of 21.4. 
21.K. Apply Lemma 21.7. 
21.P. If ii = <pj(ql, 1/2), then 

21.R. Observe that f(t, t) > 0, f(t, -t) < 0 for t # 0. 
21.X. Take a box with dimensions in t,he ratio a:b:c. 
21.Y. (a) l/nn. 

Section 22 

22.D. If llP[l < 6 and if & is a refinement of P, then 11&11 < 6. 
22.F. If e > 0, let P, = (Q, x1, . . ., x,) be a partition of J such that if P 2 P. 

b 

and S(P;,f) is any corresponding Riemann sum, then jS(P; f) - 
/ 

fl cc* 
0 
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Let M 1 [If]] and let 6 = e/4Mn. If Q = (y,, yl, . . ., y,,,) is a partition with 
norm ]1Q]] < 6, let Q* = Q U P, SO that Q* 2 P and has at most n - 1 more 
points than Q- Show that s(@;fi - s(Q;f) reduces to at most 2(n - 1) terms 
of the form f (f(t) - f(q) ] (Zj - ~k) tith ]Xi - l/k] < 6. 

22.G. Observe that the displayed inequality asserts that if Sj(P;f, g),j = 1,2, 
are two Riemann-Stieltjes sums corresponding to the partition P, then 
I&(P;f: g) - &(P;f, g)] < e. In proving the sufficiency of this condition, it 
may be convenient to Select $j and qj such that f(Ej) and f(qj) are close to the 
supremum and the infimum, respectively, off on the interval [zj-1, si]. 

22.H. Apply Exercise 22.G. 
22.X. Let gl(0) = 0, gr(z) = f for 0 < z < 1 and gi(1) = 1. 

Section 23 

23.C.. If m 5 f(x) < M for c 5 x 5 d, then there exists a constant A with 
m 5 A < M such that 

/ 

d 
F(d) - F(c) = f & = A M4 - g(c)). 

c 

23.D. Consider f (z) = -1 for 2 < 0 and f (2) = 1 for z 1 0, then F(z) = 121. 
23.E,, Apply the Mean Value Theorem 19.6 to obtain F(b) - F(a) as a Rie- 

mann sum for the integral off. 
23.5. If m 5 f(z) 2 M for 5 E J, then 

Now use Bolzano’s Theorem 16.4. 

23.K. Since fn(s) -f,,(c) = 
/ 

ffnt, we cari apply Theorem 22.12 to obtain 
c 

z f(z) -f(c) = 
/ 

g for a11 z E J. Show that g = f’. 

23.N. Direct lstimation shows that M, 5 M(b - u)“~. Conversely, f(z) 2 
M - t on some subinterval of J. 

23.0. The functions <p, <p-i are one-one and continuous. The partitions of 
[c, d] are in one-one correspondence with the partitions of [a, b] and the Riemann- 
Stieltjes sums off 0 g with respect to g 0 (o are in one-one correspondence with the 
Riemann-Stieltjes sums off with respect to g. 

23.R. Prove that the functions G and H are continuous. The remainder of 
the proof is as in 23.12. 

23.S. Apply Theorem 23.5 to (23.15) with h(t) = (5 - t)n-l. 
23.V. The function f  is uniformly continuous on J1 X J2. 
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24.A. Since f is uniformly continuous, if e > 0, one cari divide I into a finite 
number of subintervals Ij such that if z, y E Zj, then If(z) -f(y)\ < E. Hence 
G cari be enclosed in a finite number of rectangles with total content less than t. 

24.F. Apply Theorem 7.11. 
24.G. Since f is uniformly continuous, if the partition P is sufficiently fine 

and if il! 2 l(gl(, then 

Cf(b)g(a)A(Jd = eMA(J) + s(P;fg). 
24.H. If x is a boundary point of D \J B, then every neighborhood V of x 

contains a point in D U B and a point in e(D U B) c e(D). Since B is the 
boundary of D, it follows that V contains a point of D. Hence 2 is in B. Consider 
Example 24.2(g). 

24.P. Apply Taylor’s Theorem 23.13 to the function F on 1 to R defined by 
F(t) = f(z + t(y - 2)). Then F’(t) = Df(x + t(y - ~))(y - x), etc. 

Section 25 

25.D. (a), (b), (d) are convergent. 
25.E. (a) is convergent for p, q > -1.. (b) is convergent for p + p > -1. 
25.F. (a) and (c) are absolutely convergent. (b) is divergent. 
25.G. l(a) The integral is absolutely convergent if p > p + 1. (b) The in- 

tegral is convergent if q > 0 and absolutely convergent if q > 1. 
25.K. :If 0 5 t 5 8, then zfe-2 < x@e7. 
25.L. Apply Dirichlet’s Test 25.15. 
25.M. (a), (c), (e) converge uniformly for a11 t. 
25.P. -6. 
25.Q. P(t) = (&/2)emf’/‘. 
25.R. G(t) = (&/2)e-*:. 

Section 26 

26.C. Group the terms in the series I::=i (- 1)” to produce convergence to 
-1andl;oO. 

26.G. Consider c (( -l)%-1/2). However, consider also the case where 
a, 2 0. 

26.H. If a, b 2 0, then 2(ab)*/2 2 a + b. 
26.1. Show that b, + b2 + + - - + b, > al(l + 1/2 + . . . + l/n). 
26.5. IJse Exercise 26.F(a). 
26.K. Show that a1 + a2 + . . . + w is bounded below by $( a1 + 2az + 

. . . + 2”ap) and above by a1 + 2a2 + . . . + 2n-1a2n-l + W. 
26.0. Consider the partial sums 8k with n/2 2 k 2 n and apply the Cauchy 

Criterion. 
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26.Q. If  m > n, then s,,,,, = + 1; if m = n, then a,,,, = 0; if m < n, then 
S mn = -1. 

26.5. Note that 2mn 2 m2 + n2. 

Section 27 

27.A. (c) If  c (a,) is absoiutely convergent, then c (a,,) is too. If  a, = 0 
except when sin(n) is near + 1, we cari obtain a counter-example. (d) Consider 
a, = [n(logn)z]-l. 

27.D. (a) and (e) are divergent. (b) is convergent. 
27.E. (b), (c), and (e) are divergent. 
27.1. (a) is convergent. (b) is divergent. 
27.5. (a) is convergent. (c) is divergent. 
27.R. Apply Dirichlet’s Test. 

Section 28 

28.A. (a) and (c) converge uniformly for a11 2. (b) converges for z f  0 and 
uniformly for z in the complement of any neighborhood of z = 0. (d) converges 
for z >b 1 and uniformly for z 2 a, where a > 1. 

28.C. If  the series is uniformly convergent, then 

Icn sin 722 + . . . + cqn sin 2nz] < e, 

provided n is sufficiently large. Now restrict attention to 2 in an interval such 
that sin lcx > 4 for n 5 k 2 2n. 

28.H. (a) Q), (c) l/e, (f) 1. 
28.L. Apply the Uniqueness Theorem 28.17. 
28.N. Show that if n E N, then there exists a polynomial P, such that if 

2 z 0, thenf(“)(z) = e-l~z*P,(l/z). 
28.T. The series A(s) = c (a,,~), B(z) = c (b,,~~), and C(z) = c (WY’) 

converge to continuous functions on 1. By the Multiplication Theorem 28.8, 
C(z) =: A(s)B(z) for 0 5 2 < 1, and by continuity C(1) = A(l)B(l). 

28.U. The sequence of partial sums is increasing on the interval [O, 11. 
28.V. If  e > 0, then [a,] 5 ep, for n > N. Break the sum c (a,,~“) into a 

sum over n = 1,. . ., N and a sum over n > N. 
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Cauchy, A. L., 61 
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Class C’, 250 
Closed set, 71-72 
Cluster point, 73 
Collection, 1 
Compact set, 84 
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of a set, 325 
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397 
for uniform convergence, 353,407 

Discrete metric, 67 
Disjoint sets, 5 
Divergence, of a sequence, 100 
Domain, of a function, 13 
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Dot product, 61 
Double limit, 139 
Double sequences, 139 f f .  
Double series, 381 f f .  

Element, of a set, 1 
Equicontinuity, 190 
Euler, L., 248 
Exponential function, 56,174,220,420 
Extension, of a continuous function, 187 
Extreme point, 66 

Fejér, L., 138 
Field, 28-34, especially 28 

Archimedean, 40 
ordered, 34-45, especially 34 

Figure, 337 
Finite set, 23 
First Mean Value Theorem, 301,363 
Fixed points, 170-172 
Flyswatter Principle, 109 
Fresnel, A., 349 
Fresnel integral, 349 
Frobenius, G., 420 
Function, 11-22, especially 13 

absolute value of, 38 
additive, 158 
Beta, 371 
bounded variation, 283 
Glass c’, 250 
composition of, 16 
continuous, 146 
convex, 224 
derivat:ive of, 207,228 
differentiable, 227 
direct image of, 19 
domain of, 13 
exponential, 56, 174,220,426 
Gamma, 350,371 
harmonie, 271 
homogeneous, 248 
hyperbolic, 223 
inverse, 17-18 
inverse image of, 20 
Laplace transform of, 372 
linear, 154 
logarithm, 56,221,314 
non-differentiable, 208 

Function (cent.) 
piecewise linear, 178 
polynomial, 186 
positively homogeneous, 248 
range of, 13 
semi-continuous, 202 
step, 177 
trigonometric, 222,315,420 

Fundamental Theorem, of nlgebra, 96 
of integral calculus, 302 

Gamma Function, 350,371 
Gauss, C. F., 96 
Geometric mean, 67,272 
Geometric series, 378 
Global Continuity Theorem, 166 
Gradient, 247 

Hadamard, J., 410 
Half-closed interval, 39 
Half-open interval, 39 
Hardy, G. H., 344 
Harmonie function, 271 
Harmonie series, 119,379 
Heine, E., 85 
Heme-Bore1 Theorem, 84-94 
Holder, O., 68 
Holder’s Inequality, 68-69,215,272 
Homogeneous function, 248 
Hyperbolic function, 223 
Hypergeometric series, 403 

Identity element, of a field, 28 
Imaginary part, of a complex number, 

94 
Implicit Function Theorem, 260,273 
Improper integrals, 341 f f .  
Inequalities, basic properties of, 34-37 
Inequality, arithmetic-geometric, 67,272 

Bernoulli, 44 
C.-B.-S. (Cauchy-Bunyakovskiï- 

Schwarz), 6162,297 
Chebyshev, 69 
Holder, 6%69,215,272 
Minkowski, 69, 273 
Triangle, 38, 64 

Infimum, 47 
I&mite integral, 344 f f .  

product, 403-405 
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Infinite (coflt.) 
series, 

sets, 23 
Iuner product, 01,297 
Integrability theorems, 283,323324 
Integral, 274-374 

infinite, 344 f f .  
iterated, 328 f f .  
lower, 298299 
partial, 343 
transformation of, 331 f f .  
Upper, 298-299 

Integral Test, for series, 393 
Integrand, 277 
Integration, by parts, 282, 304 
Integrator, 277 
Interchange theorems, relating to con- 

tinuity, 176176, 306,355,406 
relating to differentiation, 217, 243, 

307,356,406,411 
relating to infinite integrals, 355-356, 

358-367 
relating to integration, 285-289, 306- 

308,355, 406 
relating to sequences, 175-176, 217, 

285-289,358-360 
relating to series, 406, 411 

Interior maximum, 209 
Interior point, 73 
Intermediate Value Theorem, 162 
Intersection of sets, 4, 7 
Interval, in an ordered field, 39 

in a. Cartesian space, 74 
of convergence of a series, 409 
unit, 4 

Inverse function, 17-19, 166 
Inverse image, 20 
Inversion mapping, 97 
Inversion theorems, 252, 256 
Irrational elements, of a field, 33 
Irrational powers, of a real number, 56 
Isomorphism, 46 
Iterated integrals, 328 f f .  

limita 140, 143 
suprema, 54 

Jacobi, C. G. J., 232 
Jacobsian determinant, 232 
Jacobian Theorem, 334 

Jerrard’s series, 378 

Bronecker, L., 46 

Lagrange, J.-L., 68 
Lagrange identity, 68 
Lagrange method, 267 
Lagrange multiplier, 266 
Landau, E., 135 
Laplace, P.-S., 372 
Laplace transform, 372 
Least squares, 271 
Lebesgue, H., 89 
Lebesgue Covering Theorem, 89 
Lebesgue integral, 274 
Lebesgue number, 89 
Leibniz, G. W., 230 
Leibniz% Alternating Stries Test, 399 
Leibniz’s formula, 230 
Length of a vector, 61 
L’Hospital, G. F., 215 
Limit, deleted, 196 

inferior, 133 
non-deleted, 196 
of a double sequence, 139 
of a function, 195-205 
of a sequence, 100 
of a series, 376 
right-hand, 203 
superior, 133 
Upper, 290 

Linear function, 154 
Linear functional, 289 
Linear space, 110 
Lipschitz, R., 169 
Lipschitz condition, 169 
Local Solvability Theorem, 255 
Locally One-One Mapping Theorem, 

251 
Logarithm, 56, 174,221,314 
Lower bound, 47 
Lower integral, 298-299 

Machine, 15 
Maclaurin, C., 393 
Mapping, 13 
Matrix, 156 
Maximum Value Theorem, 164 
Mean convergence, 296 
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Mean square convergence, 29ï 
Mean Value Theorem, for derivatives 

in R, 209 
for derivatives in RP, 239-240 
for integrals in R, 301-304 
for integrals in RP, 327 

Member of a set, 1 
Mertens, F., 385 
Metric, 67 
Metric space, 83 
Minkowski, H., 69 
Minkowski’s Inequality, 69,273 
Monkey, viii 
Monotone Convergence Theorem, for 

functions, 289 
for infinite integrals, 360 
for sequences, 111 

Multiplication, of power series, 413 
Multiplier, Lagrange, 266 

Nearest Point Theorem, 89 
Neighborhood, 73 
Nested intervals, in an Archimedean 

field, 42 
in a Cartesian space, 75 

Neuman, A. E., 327 
Norm, of a function, 127,296 

of a partition, 294 
of a vector, 61-62 

Normed linear space, 110 
Numbers, complex, 4 

natural, 3 
rational, 4 
real, 4 

0, o, 136 (sec also 14) 
Open Mapping Theorem, 256 
Open set, 70 
Operation, binary, 28 
Ordered fields, 34-45 
Ordered pair, 9 
Orders of magnitude, 136 
Origin in a Cartesian space, 59 
Orthogonal vectors, 66 

Pair, ordered, 9 
Parallelpiped, 74 
Parallelogram Identity, 64 
Partial derivative, 226,261 

Part,ial integral, 343 
Partial product, 404 
Partial sum, 376 
Partition, 275,320 
Peano curve, 319 
Perpendicular vectors, 66 
Piecewise continuous function, 311 
Point, accumulation, 73 

boundary, 83,324 
cluster, 73 
critical, 262 
interior, 73 
saddle, 263 

Polya, G., 194 
Polygonal curve, SO 
Polynominal, Bernsteïn, 180 
Positive class, 34 
Power, of a real number, 55-56 
Power series, 408 f f .  
Preservation, of Compactness, 162 

of Connectedness, 163 
Product, Cauchy, 384 

dot, 61 
infinite, 403405 
inner, 61 
of functions, 153 
of a real number and a vector, 59 
of sequences, 100 

Property, 3 

Quotient, of functions, 153 
of sequences, 100 

Raabe, J. L., 391 
Raabe’s Test, 391 
Radius of convergence, 409 
Range of a function, 13 
Ratio Test, 390 
Rational elements of a field, 33 
Rational numbers, 4,29,34 
‘Rational powers of a real number, 55 
Rearrangements of series, 381 
Real numbers, 27-57, especially in 45-57 
Real part of a complex number, 94 
Rectangle, 74 
:Remainder in Taylor’s Theorem, 

Cauchy’s form, 212 
integral form, 309 
Lagrange’s form, 212 
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Riemann, B., 274 
Riemann integral, of a function m R, 

277 f f .  
of a function in RP, 316-341 

Riemann-Stieltjes integral, 275-306 
Riess, F., 290 
Rolle’s Theorem, 388 
Root Test, 388 
Rosenberg, A., 46,64 
Rota, G.-C., 446 

Saddle point, 263 
Scalar product, 61 
Schoenberg, 1. J., 319 
Schwarz, H. A., 61 
Second Mean Value Theorem, 304 
Semi-continuity, 202 
Sequence and sequences, 98-145 

Cauchy, 115 
convergent, 100 
double, 139 
difference of, 99 
divergent, 100 
in a Cartesian space, 98 
in a metric space, 110 
iterated, 140 
limit of, 100 
monotone, 111 
of arithmetic means, 137 
of fmrctions, 121-131 
product, 100 
quotient, 100 

Series, 375421 
absolutely convergent, 378 
alternating, 399 
conditionally convergent, 378 
double, 381 
geometric, 378 
harm.onic, 378 
hypergeometric, 403 
of functions, 405,421 
pseries, 379 
power, 408 f f .  
rearrangements of, 380 

Set or sets, l-11 
accumulation point of, 73 
boundary point of, 83 
bounded, 71 
Cantor, 52 

Set or sets (CO&.) 
Cartesian product of, 9 
closed, 71 
closure of, 82 
cluster point of, 73 
compact, 84 
complement of, 7 
connected, 77 
countable, 23 
denumerable, 23 
disconnected, 77 
disjoint, 5 
empty, 5 
enumerable, 23 
equality of, 3 
finite, 23 
infinite, 23 
interior point of, 73 
intersection of, 4 
non-intersecting, 5 
open, 70 
relative complement of, 7 
symmetric difference of, 10 
union of, 4 
void, 5 

Shuffled sequence, 119 
Side condition, 266 
Space, linear, 110 

metric, 83 
normed linear, 110 
topological, 83 
vector, 110 

Space-filling curve, 319 
Sphere in a Cartesian space, 64 
Stieltjes, T. J., 274 
Stirling, J., 300 
Stirling’s formula, 300 
Strne, M. H., 184 
Stone-Weierstrass Theorem, 185 
Subsequence, 104 
Subset, 2 
Sum, of two functions, 153 

of two sequences, 99 
of two vectors, 59 
partial, 376 
Riemann, 276 
Riemann-Stieltjes, 275 

Summability of sequences, Abel, 41b 
Cesàro,l37 



Supremum, definition, 47 
iterated., 54 
Principle, 49 
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Union of sets, 4, 7 
Uniqueness Theorem for power series, 

412 

Tauber, A., 416 
Upper bound, 47 
Upper integral, 298 

Tauber’s Theorem, 417 
Taylor, B., 211 
Taylor% Theorem, 211,245,309,338 
Tests for Iconvergence of series, 387-405 
Tietae, H , 187 
Tietze Extension Theorem, 187 
Topology, 83 
Transformation, 15 

of integrals, 331336 
Triangle 1 nequality, 38,64 
Trichotomy Property, 34 
Trigonometric functions, 222, 315,420 
Trigonometric polynomial, 194 

Vector, in a Cartesian space, 59 
Vector space, 60,110 

Wallis, J., 299 
Wallis product, 299 
Weierstrass, K., 75 
Weierstrass Approximation Theorem, 

183ff. 
Weierstrass M-Test, for infinite inte- 

grals, 352 
for series, 407 

Uniform continuity, 166 ff. 
Uniform convergence, of a sequence of 

functions, 126131 
of an infmite integral, 352 
of a sequence of sequences, 142 
of a series of functions, 405-407 

Well-Ordering Property, 23 

Zero, characteristic, 32 
content, 317 
element of a field, 28 
vector in a cartesian space, 59 




