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Preface

This volume discusses the processes that
operate during the deformation and meta-
morphism of rocks in the crust of the earth
with the goal of understanding how these
processes control or influence the structures
that we observe in deformed metamorphic
rocks. The deformation and metamorphism
of rocks involves structural rearrangements
of elements of the rock by processes such
as mass diffusion, dislocation slip and climb,
disclination and disconnection motion,
grain-boundary migration and fracturing at
the same time as chemical reactions proceed.
In some instances infiltrating fluids intro-
duce or remove chemical components and
may influence mechanical properties
through changes in volume, fluid pressure
or temperature. At the same time, heat is
added or removed from the system depend-
ing on the surrounding tectonic environment
and the processes operating within the
deforming rock mass. The intent is to con-
sider these processes within a framework
set by both the individual mechanisms of
deformation and the fundamental mechan-
ics that describe and relate these mecha-
nisms. Such mechanisms do not operate
independently of each other but are strongly
coupled so that each process has strong feed-
back influences on the other leading to struc-
tures and mineral assemblages that do not
develop in the uncoupled environment.
This leads to nonlinear behaviour and so a
goal of this book is to treat deforming
metamorphic systems as nonlinear dynamic
systems. The general system we consider
in this book is a deforming, chemically
reactive system in which fluid and thermal

transports play significant roles. The volume
concentrates on the principles that govern the
development of deformed metamorphic
rocks. A second volume deals with applica-
tions of these principles.

Over the past 30 years there have been
dramatic developments in structural
geology, metamorphic petrology, physical
metallurgy, nonlinear chemical dynamics,
continuum mechanics, nonlinear dynamics
and thermodynamics that are relevant to
processes that operate within the Earth; but
these developments have largely evolved
independently of each other and many
have not been incorporated into mainstream
metamorphic geology. This book attempts to
integrate aspects of these developments into
a common framework that couples the
various processes together.

In this volume we first develop the basic
groundwork in Mechanics where thermody-
namics plays a fundamental role and then
move to apply these principles to rocks
where deformation, fluid flow, thermal
transport, mineral reactions, damage and
microstructural evolution contribute to the
evolution of the fabric of the rock mass,
and produce the structures we observe.

The processes that operate fall into five
inter-related categories: (1) mechanical pro-
cesses, (2) mineral reactions, (3) fluid flow,
(4) transport of heat and (5) microstructural
adjustments. A goal of this book is to treat
all five of these categories under the same
umbrella and integrate these processes
within a single framework. The basis of
this framework lies in thermodynamics.
This is not a book about thermodynamics
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but it uses thermodynamics as an important
tool. What do we mean by thermodynamics?
By thermodynamicswe mean: the study of the
flow of physical and chemical quantities
through a system under the influence of
thermodynamic forces. The physical and
chemical quantities involve momentum
(per unit area), fluids, heat and mass; the
corresponding thermodynamic forces (an
unfortunate but useful term) are gradients
in deformation, the inverse of the tempera-
ture, hydraulic and chemical potentials.

This volume is arranged into two parts.
Both parts begin with an overview of the sec-
tion. Part A is a discussion of modern
mechanics and includes chapters devoted
to the geometry, kinematics, nonlinear
dynamics and thermodynamics of deform-
ing systems. We follow with a consideration
of common constitutive relations including
non-steady state evolutionary processes
such as hardening and softening and the
development of anisotropy. In particular, in
Section A we introduce the basic principles
that govern the nonlinear behaviour of
deforming, chemically reactive systems.
This represents a significant departure from
current treatments of the mechanics of
geological materials.

Part B considers the common processes
involved in the development of geological
structures including brittle and visco-plastic
flow, heat and fluid flow, damage evolution,
microstructural rearrangements such as sub-
grain formation and rotation and the nonlin-
ear kinetics of mineral reactions. We take the
opportunity to introduce the concepts of dis-
clinations and disconnections which, along
with dislocations, are now recognised as
playing important roles in deformation and
grain growth/reduction processes during
the deformation of polycrystalline materials.
Of greater importance is the concept of
coupled grain-boundary migration in which
grain- (or subgrain) boundary migration is

coupled to a shearing deformation parallel
to the moving boundary. This process has a
profound influence on the development of
metamorphic fabrics and the concept has a
great unifying influence on understanding
their evolution.

Of particular importance is the notion of
critical systems of various kinds where the
Helmholtz energy passes from being a con-
vex to a nonconvex function as a function
of some critical parameter or forcing. In order
for a deforming system to minimise such
energy functions and remain compatible
with the imposed deformation, the system
cannot remain homogeneous and forms
structure at finer and finer scales. This behav-
iour is fundamental to rock deformation and
is responsible for most geological fabrics
including jointing, localised folding and bou-
dinage and rotation recrystallisation.

Volume II considers the common geologi-
cal structures such as foliations, lineations,
folds and fracture systems and extends the
discussion both to the regional scale and to
open flow systems such as hydrothermal
systems. In particular, the concept of local-
ised structure development is emphasised
in the light of progress in nonlinear mechan-
ics over the past 30 years; this enables the
fundamental work of Biot to be seen within
a generalised framework. We regard Biot as
the father of the application of thermody-
namics to deforming, chemically reacting
systems.

Both volumes assume a basic knowledge
of structural geology and metamorphic pet-
rology and so some familiarity with the
books quoted below is necessary. A short
list of useful additional references for in-
depth reading is given at the end of each
chapter. Although there is an emphasis on
a mathematical treatment, the mathematics
is kept to an elementary level and a basic
knowledge of differential calculus and ten-
sor algebra suffices to understand the book.
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Short appendices on both these subjects are
included. The volume is meant to be read
by graduate students and research workers
in metamorphic geology. The intent also is
to supply a vocabulary to enable readers to
follow some of the more involved papers
on the mechanics of deforming, metamor-
phic rocks that are appearing with greater
frequency.

In an interdisciplinary book such as this,
we have found it too demanding to stick to
a unique mathematical notation throughout.
We have attempted to standardise on com-
monly used quantities (Appendix A) but for
individual examples have mainly used the
notation of the original authors of the
example considered. Such terms are always
defined where they are first used. Equally,
for didactic reasons, we have introduced
concepts and principles where they are of
the greatest use and not where they would
be introduced in a standard treatment of the
subject. This leads to some repetition and
sometimes an ordering of material that is
not sequential. Each chapter is largely self-
contained. We trust that readers will report
errors to one or both of us at bruce.hobbs@
csiro.au and alison.ord@uwa.edu.au.

Much of the content is very much in pro-
gress and many questions remain open but
we hope it will inspire researchers, espe-
cially the younger breed, who more

commonly already have a grasp of the con-
cepts involved, to question and revisit
entrenched wisdom and especially revisit
natural examples in the field and at the
microscale where most of the fascinating
and interesting problems are yet to be
solved.

Bruce Hobbs
Alison Ord

Fremantle, Western Australia,
August, 2014.
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General Statement. The aim of this book is to discuss the processes that operate during the
deformation andmetamorphism of rocks in the crust and upper lithosphere of the Earth with
the goal of understanding how these processes control or influence the structures that we
observe in the field. The intent is to consider these processes within a framework set both
by the individual mechanisms of deformation and the fundamental mechanics that describe
and relate these mechanisms. Such mechanisms do not necessarily operate independently of
each other but may be strongly coupled so that each process has strong feedback influences
on the others leading to structures and mineral assemblages that do not develop in the
uncoupled environment. The general system we consider in this book is a deforming chem-
ically reactive system in which fluid and thermal transport play significant roles.

Over the past 30 years there have been dramatic developments in structural geology, meta-
morphic petrology, physical metallurgy, nonlinear chemical dynamics, continuum me-
chanics, nonlinear dynamics and non-equilibrium thermodynamics that are relevant to
processes that operate within the Earth but these developments have largely evolved inde-
pendently of each other andmany have not been incorporated into mainstreammetamorphic
geology. This book attempts to integrate aspects of these developments into a common frame-
work that couples the various processes together.

Although there is a tendency to separate structural geology from metamorphic petrology in
text books, we attempt to bring these two subjects together in this book under the namemeta-
morphic geology. We are not too concerned with mineral phase equilibria but treat the
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processes that give rise to mineral assemblages and fabrics from the viewpoint that such pro-
cesses commonly contribute to the production of the structures and patterns we see in
deformed metamorphic rocks. We use the term fabric to mean the internal spatial ordering of
geometrical, physical and mineralogical elements in deformed metamorphic rocks (Cf., Turner and
Weiss, 1963, p. 19; Vernon, 2004, p. 7). The term structuremeans the assemblage of folds, bou-
dins, foliations, lineations, grain shapes, mineral phases and so on that make up such rocks.
At a microscopic scale the microfabric consists of the grain shapes, grain arrangements and
spatial orientations and patterns of grain distributions. We use the term crystallographic
preferred orientation (or just CPO) to describe the patterns of lattice orientations of grains.
An important additional concept is that of patterns. We will see that the behaviour of
nonlinear systems is characterised by the formation of patterns of various kinds (Cross
and Greenside, 2009). These patterns are typified by metamorphic differentiation, the distri-
bution of porphyroblasts and mineral lineations defined by mineral segregations to name a
few. Just as important as the patterns are defects in the patterns and we will discuss such fea-
tures in Chapter 7.

At least while these processes are operating, the system dissipates energy and hence is
not at equilibrium. Thus, the overarching concepts that unify these various processes are
grounded in the thermodynamics of systems not at equilibrium. The traditional approach
in metamorphic geology is strongly influenced by the work of Gibbs where, for the most
part, equilibrium is assumed and so approaches based on departures from equilibrium
have been largely neglected or even dismissed as irrelevant in the Earth Sciences, the
argument being that geological processes are so slow that equilibrium can be assumed.
There has been an additional important deterrent to progress in that developments in
non-equilibrium thermodynamics have been dispersed across a large number of disci-
plines and languages, with apparently conflicting propositions put forward and sterile
discussions devoted to the relative merits of minimum and maximum entropy production
principles and the so-called Curie principle (Truesdell, 1966). The result has been diffi-
culty in bringing forward a unified approach to the subject as far as Earth scientists
are concerned.

In this book we first develop the basic groundwork in mechanics where thermodynamics
plays a fundamental role and then move to apply these principles to rocks where deforma-
tion, fluid flow, thermal transport, mineral reactions, damage and microstructural evolution
contribute to the evolution of the rock mass and produce the structures we observe. The pro-
cesses that operate fall into five interrelated categories: (i) mechanical processes such as diffu-
sion, dislocation motion, twinning, grain-boundary sliding and fracturing that contribute
directly to the deformation of the material; (ii) chemical reactions that produce changes in
mineralogy, volume changes and grain-rearrangements and consume or produce heat; these
processes influence the mechanical properties both by the generation of heat and of new
weak or strong mineral phases and the ways in which these phases are spatially related to
each other; moreover chemical reactions can act as a deformation mechanism in their own
right; (iii) fluid flow which not only introduces or removes chemical components such as
(OH)�, Hþ and CO2 but can also be an agent for dissolution and deposition e processes
that also contribute to the deformation; (iv) transport of heat by conduction or by advection
in a moving fluid that leads to temperature changes that in turn can influence the rates of
mineral reactions and of deformation; (v) structural adjustments such as subgrain formation,
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recrystallisation, preferred orientation development (in the form of both crystallographic
axes and grain-shape), metamorphic differentiation, the development of foliations and line-
ations, folding, boudinage and localised shear zones.

A goal of this book is to treat all five of these categories under the same umbrella and inte-
grate these processes within a single framework. The basis of this framework lies in thermo-
dynamics. This is not a book about thermodynamics but it uses thermodynamics as an
important tool. What do wemean by thermodynamics? By thermodynamicswemean the study
of the flow of physical and chemical quantities through a system under the influence of thermodynamic
forces. The dominant physical and chemical quantities of interest to metamorphic geologists
are momentum (per unit area), heat, fluids and mass; the corresponding thermodynamic
forces are gradients in the deformation, the inverse of the temperature, hydraulic potential
and chemical potential. If there are no flows the system is at equilibrium.

All of the processes mentioned above produce or consume entropy while they operate. So
thermodynamics can also be defined as the study of the production of entropy. We use the
concept of entropy in a very simple manner. By entropy we mean the amount of heat produced
at an instant at a point in the body divided by the current absolute temperature at that point. Most
deformation processes such as plastic flow or fracturing produce entropy, whereas chemical
reactions may produce or consume entropy. Even the flow of fluids through fractures or
porous media produces entropy. The second law of thermodynamics tells us that for a given
system the sum of all the individual entropy production rates is greater than zero (or equal to
zero at equilibrium). This means that the processes that operate to constitute a deforming
chemically reacting system do not occur independently of each other but are coupled
through the second law of thermodynamics to ensure that the total entropy production is
greater than zero. Such a simple overarching law forms the basis for the unifying framework
we seek for deformed metamorphic rocks.

In this book we introduce the basic principles that govern the nonlinear behaviour of
deforming chemically reactive systems. This represents a significant departure from current
treatments of the mechanics of geological materials. Of particular importance here is the
notion of critical systems where the Helmholtz energy passes from being a convex to a non-
convex function as a function of some critical parameter. This behaviour is responsible for
a large number of geological structures including localised folding and boudinage and rota-
tion recrystallisation. In particular the concept of localised structure development is emphas-
ised in the light of progress in nonlinear mechanics over the past 30 years; this represents an
extension of the fundamental work of Biot who we regard as the father of the application of
thermodynamics to deforming chemically reactive systems through publication of two sem-
inal papers: Biot (1955, 1984).

This introductory chapter discusses a number of concepts that may be unfamiliar to some
metamorphic geologists but which are fundamental tenets of the approach adopted in this
book:

• The multiscale nature of metamorphic geology.
• The coupled nature of most processes that operate during deformation and

metamorphism.
• The need to describe and analyse the processes involved and their interactions in terms of

non-equilibrium concepts.
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• The distinction between linear and nonlinear systems and the implications of these two
different modes of behaviour for the development of the structures and metamorphic
fabrics observed in deformed metamorphic rocks.

• The use of wavelets as an overarching technique that enables structures and patterns in
deformed rocks to be quantified across a range of length scales and characterised in terms
of fractal geometrical concepts.

1.1 THE MULTISCALE NATURE OF DEFORMATION
AND METAMORPHISM

This book is concerned with the processes that operate during the deformation and meta-
morphism of rocks in the crust and upper lithosphere of the Earth. The deformation and
metamorphism of rocks involves structural rearrangements of elements of the rock at the
microscale by processes such as mass diffusion, dislocation slip and climb, grain-boundary
migration and fracturing at the same time as chemical reactions proceed. In some instances
infiltrating fluids introduce or remove chemical components and may influence mechanical
properties through changes in mineralogical composition, fluid pressure or temperature. At
the same time, heat is added to or removed from the system depending on the surrounding
tectonic environment. Such mechanisms do not operate independently of each other but are
coupled so that each process has feedback influences on the others leading to structures and
mineral assemblages that do not develop in the uncoupled environment. Some of the inter-
relations between these processes are illustrated in Figure 1.1.

FIGURE 1.1 Coupling and feedback relations for some of the processes that operate during the development of
deformed metamorphic rocks.
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For instance deformation can induce a pore volume change which in turn produces a
change in fluid pressure which alters the effective stress that then influences the deformation.
As another example, a chemical reaction can produce fluid and/or a change in temperature
both of which induce changes in pore fluid pressure with a consequent change in the defor-
mation. Again, changes in temperature arising from deformation and/or chemical reactions
can influence physical properties such as the viscosity or coefficient of friction which in turn
influences the deformation. Many feedback relations exist in deforming chemically reacting
rock masses and our aim in this book is to discuss the mechanics of these feedback relations
and integrate them within a unified framework that describes the formation of the common
structures and mineral fabrics we see in deformed metamorphic rocks.

One of the outstanding characteristics of metamorphic processes is the vast range of
spatial and temporal scales involved (Figure 1.2). Thus at the atomic scale the forces between
atoms need to be modelled with length scales of 10�9 m involving timescales for atomic vi-
brations of 10�15 s. Such modelling is becoming common for understanding dislocation dy-
namics at geological strain rates (Cordier et al., 2012) and some progress has been made in
understandingmetamorphic mineral reactions (Lasaga and Gibbs, 1990; Gale et al., 2010). To-
wards the other end of the spectrum is the timescale for regional metamorphism and melting
which can be z100 my (Brown, 2010; Smithies et al., 2011) and involve length scales of
1000 km. The length scales involved in metamorphic geology spanz15 orders of magnitude
and the timescales span z32 orders of magnitude.

Such huge spans in length and timescales have advantages and disadvantages. The advan-
tages lie in the opportunity to uncouple processes operating at different scales thus simpli-
fying the mathematical treatment of the processes involved. For instance we will show
in Volume II that for a shear zone 1 km thick deforming at a slow shear strain rate
of 10�13 s�1 the heat dissipated by deformation does not have time to be conducted out of
the system and the shear zone heats up thus influencing the deformation and the rates of
mineral reactions within the shear zone. For these conditions the thermal, chemical and
deformation processes cannot be considered to be independent. On the other hand if the
shear zone is 1 m thick then the heat can diffuse out of the shear zone and the deformation
can be considered isothermal. Here the thermal and deformation processes can be uncoupled
and considered independently of each other. On the other hand if the deformation is fast, say
10�1 s�1 corresponding to a slow aseismic event, then the thin shear zone also heats up and
thermal, chemical and deformation processes need to be coupled.

The disadvantages arising from the huge spans in spatial and timescales involved lie in the
present limitations of modern computers and the ways we use them. If we want to model,
using finite elements, the deformation of the lithosphere say 150 km thick and 1000 km
wide in two dimensions with a resolution of 10 m we need z1.5� 109 finite elements.
This is very close to what is possible with a modern computer. If we needed to do the compu-
tation in three dimensions the problem is not possible today. However, 10 m is still large
compared to the processes such as diffusion and dislocation motion that take place at the
atomic to micron scales. The solution adopted is called a multiscale or homogenisation approach
(Tadmor and Miller, 2011) wherein the results of modelling particular processes at one scale
are used to develop a mathematical description of that process which effectively homoge-
nises the details of the processes operating at that scale. This description is then used to
model detailed behaviour at the next scale up and so on. Thus dislocation dynamics
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FIGURE 1.2 Spatial and temporal scales associated with deformation and metamorphism in the upper litho-
sphere of the Earth. (a) Spatial scale variation leading to a multiscale approach to modelling such systems. Images in

order clockwise from lower left are from Zhu et al., (2005), Patrick Cordier, Ron Vernon, Bruce Hobbs, Jean-Pierre Burg,

Catherine Spaggiari and Weronika Gorczyk. (b) Timescales associated with some metamorphic processes.
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modelled at the micron scale can be used to develop a mathematical constitutive relation that
links the strain rate to the applied stresses. This relation can then be used to model details of
processes at the metre scale and above (Cordier et al., 2012). This upscaling approach is shown
in Figure 1.2(a) by the blue arrows. On the other hand conditions established by geological
observations at a large length scale can be used as boundary conditions for processes oper-
ating at smaller length scales. This downscaling procedure is shown by the red arrows in
Figure 1.2(a).

While these various processes are operating, the system dissipates energy (that is, the sys-
tem produces or consumes heat) and hence is not at equilibrium. This statement is true no
matter what the length and timescales are. As long as dissipative chemical and physical pro-
cesses are operating the system, by definition, is not at equilibrium. We will show in Chapter
5 and Volume II that for some important metamorphic systems equilibrium is never attained
no matter how slow the processes are. We will see that this is particularly true if the system is
open so that fluids are entering or leaving the system; examples of such situations are H2O or
Hþ entering a retrograding shear zone, SiO2 bearing fluids leaving a schist undergoing meta-
morphic differentiation or melt leaving an anatexite. Thus, the overarching concepts that
unify these various processes are grounded in the thermodynamics of systems not at
equilibrium.

In this book we first develop the basic groundwork in mechanics where thermodynamics
plays a fundamental role and then move to apply these principles to rocks where deforma-
tion, fluid flow, thermal transport, mineral reactions, damage and microstructural evolution
contribute to the evolution of the rockmass and produce the structures we observe. The over-
arching principle that unites all these process is the second law of thermodynamics which, in a
formwhere the mathematical detail of the processes involved is spelt out, is commonly called
the ClausiuseDuhem relation (Truesdell, 1966).

1.2 MECHANICS, PROCESSES AND MECHANISMS

Mechanics is the study of the ways in which physical and chemical systems respond to
imposed forces or displacements at the boundaries of the system; it forms the content of sec-
tion A: The Mechanics of Deforming Solids of this book. The response is strongly influenced
by the nature of thematerial, the chemical reactions taking place and the physical environment
defined by the temperature, deformation rate and whether the deforming system is open or
closed with respect to transport of mass including fluids. Deformed metamorphic rocks
display a vast array of structures such as dislocations, subgrains, recrystallised microstruc-
tures, folds, foliations, mineral lineations, boudins, metamorphic layering, porphyroblasts,
leucosomes, localised shear zones and fractures. The characteristic of most of these structures
is that they formed during the deformation of a chemically reacting polycrystalline solid. In fact
the fundamental common characteristic of all of these structures is that the material com-
prises grains with well-defined crystal structures for most if not all of its evolution. Thus
the material resembles a deformingmetal rather than a viscous syrup that possesses no struc-
ture or a viscous polymer that may develop some of these structures but with no inherent
granular structure where the grains have well-defined crystal structures. Thus the response
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of deforming metamorphic rocks is more akin to that of a solid rather than that of a fluid.
From the point of view of mechanics, what do we mean by a solid rather than a fluid?

The common response to this question (Rice, 1993) is that a solid can support a shear stress
over finite periods of time, whereas a fluid cannot. A fluid will flow under the influence of shear
stresses but a solid may remain undeformed (except for elastic deformations) for periods of
time that are long compared to the time involved in the observations or experiments being
conducted. We discuss other important differences in Chapter 6. This difference has lead
to the development of two different streams of mechanics known as solid and fluid mechanics.
These two streams utilise different mathematical tool boxes and have different conceptual
approaches. It has been, and still is, common for deforming rocks to be treated as fluids
because often the concepts involved and the mathematical treatments are simpler than
dealing with solids. Thus the dominant part of the theory of folding in the geological litera-
ture is based on fluid mechanics (Johnson and Fletcher, 1994; Ramberg, 1963; Smith, 1977) as
are also almost all models of convection within the mantle of the Earth (Davies, 2011). How-
ever, the fact that the concepts and mathematics of fluids (especially that of ideal gases or
linear fluids) are commonly simpler than dealing with solids is no excuse for proposing
that metamorphic rocks actually are fluids or ideal gases. In this book we treat metamorphic
rocks as solids and develop the theory of metamorphism within the context of solid
mechanics.

The fundamental differences between a fluid and a solid are illustrated in Figure 1.3.
Figure 1.3(a) shows a fluid with both viscosity and elasticity subjected to forces on its bound-
ary. No matter what these external forces are the fluid, given a relatively short time, experi-
ences only the forces normal to the boundary and these forces generate a hydrostatic
pressure, P, within the fluid; P depends on the density of the fluid so that if the material is

FIGURE 1.3 The difference between a fluid (a) and a solid (b). In both (a) and (b) the external force field is
identical with normal forces NF1 and NF2 and shear forces SF1 and SF2. For any orientation of a fluid element in (a)
the element feels only the hydrostatic pressure P. For a particular orientation of the solid element in (b) the element
feels unequal normal stresses s1 and s2 and the pressure within the element is defined as the mean of these normal
stresses.
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compressible, P will be different for different values of the elastic bulk modulus. No matter
what the orientation of a volume element within the fluid it feels only this hydrostatic pres-
sure on its faces and themagnitude of P is fixed by the magnitudes of the normal forces on the
boundaries of the fluid and, once equilibrium has been achieved, is independent of the fluid
viscosity. We will see how to calculate P in Chapter 6. Figure 1.3(b) shows an identical situ-
ation for a solid. The solid feels both shear forces and normal forces and the stress state within
the body reflects this situation. For a particular orientation of an element within the solid the
hydrostatic pressure is now replaced by unequal normal stresses (forces per unit area)
labelled s1 and s2. The orientations and magnitudes of s1 and s2 are defined by the mechan-
ical properties of the solid and are different for different solids. The pressure within the
element is the mean of the stresses, � 1

2 ðs1 þ s2Þ, and so also depends on the mechanical
properties of the solid, being different for different solids. For the solid in Figure 1.3(b) defor-
mation is driven locally by the stress difference, (s1� s2). Elastic solids and fluids always
deform elastically even for small boundary forces but elasticeplastic solids only deform
inelastically (that is, permanently) once a critical stress (the yield stress) is exceeded. Thus
for a fluid the pressure within the fluid is imposed by the external normal forces; for a solid
the pressure is defined internally by the mean stress.

Processes of deformation: As we have seen the processes that operate during deformation and
metamorphism fall into five interrelated categories: (i) mechanical processes; (ii) chemical re-
actions; (iii) fluid flow; (iv) transport of heat by conduction or by advection; and (v) structural
adjustments at the subgrain or grain scale.

Mechanisms of deformation: The term mechanism is used here as a subset of the term process
and the distinction between the terms is to some extent scale dependent. As an example, a
deformation process may be solid state diffusion but the mechanisms involved may be vacancy
motion, interstitial motion or some more complicated set of cooperative atomic motions.
Similarly the deformation process might be dislocation creep but the mechanisms involved
may be dislocation glide, athermal kink drift, climb, interaction of individual dislocations
with the forest dislocations or more complicated dislocation, dislocation array, impurity or
vacancy interactions. Or the deformation process may be crack propagation where the defor-
mation mechanism is diffusion of impurity atoms to the crack tip and the accumulation of
dislocations. The term deformation process is a more general term than deformation mechanism
and a number of deformation mechanisms may act together to produce a given deformation
process. The deformation process generally operates at larger length scales than the contrib-
uting deformation mechanisms. Similarly a chemical reaction may be written as a process,
Aþ B/C, but may consist of a number of coupled mechanisms such as A/ X, B/ 2Y,
Xþ 2Y/C. Again, at a length scale large with respect to the pore scale, fluid flow in a
porous mediummay be described by a process governed by Darcy’s law but at the pore scale
the mechanism is described by Stokes’ law (Coussy, 2010; Phillips, 1990).

For the most part little direct knowledge is available on the mechanisms that operate dur-
ing the deformation and metamorphism of rocks. Analogues are continuously drawn with
what is known in metals and physical chemistry but the necessity for experiments at elevated
temperatures and pressures makes experimental observations on mechanisms within min-
eral systems very difficult. If one adds the additional complexity of making observations
at geological strain rates then the problem becomes intractable. We can of course make exper-
imental observations on the processes involved and try to extrapolate this information to
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geological conditions but in general the direct establishment of mechanisms is very difficult.
Away forward that is growing in momentum is the computer simulation of mechanisms and
the establishment of the energy necessary for that mechanism to operate under geological
conditions. Examples include pioneer work by Lasaga (Xiao and Lasaga, 1996) on the disso-
lution of quartz, models of the molecular structure of water at quartzequartz grain bound-
aries (Adeagbo et al., 2008), models of the dislocation structure of olivine (Castelnau et al.,
2010), models of the dissolution of carbonates (Gale et al., 2010), models of the influence of
water on the stress solubility of quartz (Zhu et al., 2005) and models of ‘power-law creep’
of MgO at geological strain rates and mantle pressureetemperature (PeT) conditions
(Amodeo et al., 2011; Cordier et al., 2012). These studies are shedding new light on the mech-
anisms of deformation and metamorphism. We present two examples here, namely, that of
the stress solubility of quartz in the presence of H2O (Zhu et al., 2005; Figure 1.4) and the
development of dislocation structures associated with crack development in a face-centred
cubic (FCC) crystal (Abraham, 2003; Figure 1.5)

1.3 LINEAR AND NONLINEAR PROCESSES

A stroll through any deformed metamorphic terrain will soon convince an observer that
there is a bewildering array of structures developed in such rocks ranging from folds with
an endless variety of shapes and sizes to layering and lineations developed solely by meta-
morphic processes to fractures and veins that pre- and postdate the metamorphism
(Figure 1.6).

In addition a large array of different metamorphic mineral fabrics exists including simple
foliations, crenulated foliations, porphyroblasts and foliations/lineations defined by melting
processes. Relevant questions are: Are there guiding principles behind all this complexity or does
each structure form independently of each other? If there are guiding principles what are they and what
causes the complexity? The aim of this book is to explore these questions and to propose a sys-
tematic basis for the complexity. Part of the answer to these questions lies in the nonlinear
response of deforming chemically reacting solids to the deformation conditions and it is
important from the outset to understand the implications of such nonlinear behaviour.

A linear system is one that behaves in such a way that the response is proportional to the
input. This means that small changes to the input result in small changes to the response. Ex-
amples are linear (Hookean) springs that extend in proportion to the load on the spring,
linear (Newtonian) fluids that flow at a rate that is proportional to the instantaneous fluid
pressure gradient and simple uncoupled isothermal chemical reactions such as A/Bwhere
the reaction rate is proportional to the affinity or driving force for the reaction. One of the
characteristics of such linear systems is stability which means that if we perturb the system
by a small amount from its current position it will return to its initial configuration, although
it may undergo some oscillatory motion as it returns. Thus if we pull on the weight at the end
of a linear spring and then release the weight the system will oscillate but return to its initial
position. This initial position is an equilibrium state where no motion occurs. Such systems
possess only one equilibrium state and that state is stable.

For linear systems the mathematical principle of superposition holds (Boyce and DiPrima,
2005). The system involved may be a deforming mechanical system or a chemical system
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undergoing a simple uncoupled reaction. This principle says that if functions f1 and f2 are two
possible solutions describing the behaviour of such a system then af1þ bf2 is also a solution
where a and b are arbitrary constants. Thus if f1¼ sin (x) and f2¼ sin (2x) then the principle of
superposition says that another solution describing the behaviour is f3¼ sin (x)þ 2sin (2x) as
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FIGURE 1.4 Molecular simulation of the mechanisms involved in the stress solubility of quartz corresponding
to a stress s/scr¼ 0.58 where scr is the maximum stress at fracture for a pure quartz rod (After Zhu et al. (2005)). (a)
A rod of a-quartz in the absence of H2O. Medium-sized spheres are oxygen and large spheres are silicon. An H2O
molecule is nearby with hydrogen atoms denoted by the small spheres. Corresponding energy is shown in (e). (b)
The H2O molecule approaches the SiO2 rod. Corresponding energy is shown in (e). (c) Saddle point configuration
where the energy is a maximum. Corresponding energy is shown in (e). (d) Final chemisorbed state. Corresponding
energy is shown in (e). (e) Energy versus the reaction coordinate at high and low stresses measured by the ratio s/
scr. Atoms are colour coded by charge variation relative to the initial configuration (a).

1.3 LINEAR AND NONLINEAR PROCESSES 11



FIGURE 1.5 Computer simulated time sequence of the propagation of dislocations from opposing crack tips.
From Abraham (2003).

FIGURE 1.6 Typical structures in deformed rocks. (a) Single layer localised folding in schists from Cap de
Creus, Spain. (b) Mineral lineation approximately parallel to bedding/foliation intersection in banded iron for-
mations, Tropicana, Western Australia. (c) Folding in Chewings Range quartzites, Alice Springs, Australia. (d)
Quartz veins in deformed turbidites, Bermagui, Australia.
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shown in Figure 1.7(c); this behaviour is periodic. If the ratio b/a is irrational then the behav-
iour is quasi-periodic as shown in Figure 1.7(e) where b

a ¼ ffiffiffi
2

p
. This means that in a linear sys-

tem solutions describing the behaviour of the system evolve independently of each other
with no mechanical or chemical interference between each other and the final solution can
be expressed as a Fourier series of the various independent solutions. One might expect
that this could lead to quite complicated geometrical or chemical patterns but for many me-
chanical and chemical systems of interest it turns out that one solution grows much faster
than all others so that a dominant solution appears finally as the only (sinusoidal) solution.
This is the process that operates in the classical Biot theory of folding (Biot, 1965) which is
rigorously true in two dimensions for a layer composed of any material embedded in a linear
matrix. An infinite number of wavelengths start to grow but one grows fastest to become the
dominant sinusoidal wavelength.

The behaviour of nonlinear systems, however, is quite complicated and at present there is
no comprehensive overarching theory that enables general principles to be stated. We will
explore many aspects of nonlinear behaviour in the remainder of this book. However, as
an example the buckling behaviour of a single layer embedded in nonlinear material is sum-
marised in Figure 1.8. Here we see that the response may be homogeneous, with no buckling
behaviour, or a range of buckling behaviours depending sensitively on initial conditions, on
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FIGURE 1.7 The principle of superposition. If f1¼ sin (x) shown in (a) is a function that describes the evolution
of some linear system and so also is f2¼ sin (2x) shown in (b), then another solution is a linear combination of these
two solutions: f3¼ sin (x)þ 2sin (2x) shown in (c); this solution is periodic but not sinusoidal. A quasi-periodic
solution is shown in (e) which is given by f5 ¼ sin ðxÞ þ sinð ffiffiffi

2
p

xÞ. f4 ¼ sinð ffiffiffi
2

p
xÞ is shown in (d). A quasi-

periodic function is close to periodic but never repeats itself.
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the boundary conditions and on the evolution of geometry andmechanical properties of both
the layer and the embedding material during buckling. The inhomogeneous responses may
be sinusoidal, periodic but nonlocalised, localised and periodic, localised and non-periodic
and quasi-periodic or chaotic. The localised packages are also referred to as solitary waves.
These various forms of buckling behaviour are discussed in Volume II.

The responses illustrated here are characteristic of many nonlinear systems including
nonlinear chemical systems, shear zone localisation and the development of more permeable
pathways in a reacting porous medium with fluid flow. The development of homogeneous,
sinusoidal and nonlocalised periodic behaviour is characteristic of many linear systems. We
discuss the details of these behaviours in later sections of this book. The essential differences
in behaviour between linear and nonlinear systems are summarised in Table 1.1. It is impor-
tant to note that the responses for both linear and nonlinear systems are characteristic of sit-
uations where there is an initial random distribution of small-amplitude geometrical,
physical or chemical heterogeneities. Larger heterogeneities influence the final result for
nonlinear systems but are not necessary to produce localised or aperiodic behaviour. The in-
fluence of initial imperfections is discussed in Volume II. The localised and chaotic response
of nonlinear systems derives solely from nonlinear geometrical, physical and/or chemical
interactions.

The nonlinear behaviour may be material or geometrical in nature and in this introductory
discussion we concentrate on geometrical nonlinearity and give two examples to emphasise
that even the simplest of mechanical behaviour coupled with simple geometrical nonline-
arity can lead to localised and nonintuitive behaviour. A more extensive discussion is

FIGURE 1.8 The various
responses to the deformation of
a layer embedded in a
nonlinear material. The homo-
geneous and sinusoidal re-
sponses are characteristic of
linear embedding materials.
The periodic unlocalised
response is characteristic of
linear embedding materials for
very small deformations; such
structures ultimately evolve to
a sinusoidal response. See Vol-
ume II for detailed discussions.
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presented in Chapter 7. As a first example, slight complications in the geometrical arrange-
ments of systems of linear springs can soon lead to complexity. Consider the system shown in
Figure 1.9 where two linear springs are arranged initially as shown in Figure 1.9(a). A
displacement under the influence of a vertical force leads to the configuration shown in
Figure 1.9(b). In doing so the force increases as shown in Figure 1.9(d) from O through D
to A. However, this configuration is unstable; a further small displacement results in a
jump to the configuration shown in Figure 1.9(c). In doing so the displacement jumps
from A to B in Figure 1.9(d). This behaviour is referred to as snap-through instability.
Continued downward displacement continues on the path indicated by the black arrow
from B. In reverse, indicated by the blue arrows in Figure 1.9(d) the system unloads to C
and then jumps to D to continue unloading back to the initial configuration.

In the forceedisplacement diagram in Figure 1.9(d) the branches OA and BC represent sta-
ble configurations such that a small increase or decrease in force results in a small change in

TABLE 1.1 The Different Behaviours of Linear and Nonlinear Systems

Linear Systems Nonlinear Systems

Linear systems obey the superposition principle. Nonlinear systems do not obey the superposition
principle.

Response is homogeneous or sinusoidal or a linear
combination of sinusoidal responses.

Response can be homogeneous, sinusoidal, periodic,
localised, quasi-periodic, aperiodic or chaotic.

Individual wavelengths grow independently of each
other with no physical or chemical interference.

Individual wavelengths interfere with each other
physically and/or chemically.

Spatial patterns grow simultaneously throughout
the system.

Spatial patterns can be localised both in space and
time and develop sequentially; some system
responses may be chaotic.

There is a wavelength selection process so that a
limited number of wavelengths (commonly just one)
eventually grow to dominate the spatial pattern. In
many systems there is a single dominant
wavelength characterising the final pattern.

No wavelength selection process operates and
localised responses grow and/or decay at various
places during the evolution of the system. In some
systems the response is a sequential development of
elements of the pattern. The concept of a dominant
wavelength does not exist.

The dominant ultimate spatial pattern is sinusoidal
or, for some systems, periodic with two
wavelengths.

The system may evolve through a series of different
spatial responses. In some systems the initial
response is sinusoidal only to be replaced with ever
more localised or chaotic patterns; in other systems
the initial response may be localised only to grow
into a sinusoidal pattern.

In general there is only one solution that describes
the evolution of the system. This can commonly be
obtained by a linear perturbation analysis. An
analytical solution commonly exists.

In general there are many, if not an infinite, number
of solutions that describe the evolution of the
system. Analytical solutions commonly do not exist.
A sinusoidal solution might be obtained by
linearization procedures but it is not unique and
commonly is not stable. Chaotic and fractal
geometries are commonplace.
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displacement. The branch AC is unstable in that a small change in force can result in a large
displacement. The system behaves differently under loading and unloading conditions
resulting in what is called hysteresis. This behaviour results in an otherwise linear system
becoming unstable when a critical geometrical configuration is reached. Hysteresis is typical
of many systems, particularly mechanical systemswhere somemechanical parameter softens
due to thermal or chemical feedback, of many chemical reactions such as a simple exothermic
reaction, A/B, and of many chemically reacting systems with open fluid flow. One should
appreciate that the above scenario is true for force boundary conditions. If the system is
loaded at constant velocity the complete forceedisplacement curve is followed including
the unstable branch with no snap-through instability.

As a second example consider a number of balls arranged in layers and connected by
linear springs as shown in Figure 1.10. The packing of the balls is initially close. The nonlin-
earity in this system is geometrical and results solely from the fact that, during deformation,
balls need to ride over each other, producing a dilation, especially as the rotation of an

FIGURE 1.9 A simple system of linear springs that displays nonlinear behaviour arising from changes in ge-
ometry under force-controlled loading. (a) Initial unloaded condition. This corresponds to the point O in (d). (b) An
unstable configuration corresponding to point A in (d). (c) A new stable configuration that the system jumps to after
(b). This corresponds to point B in (d). (d) Forceedisplacement diagram showing a stable loading path from O to A,
an unstable path which is never accessed from A to C and a stable path corresponding to a loading path past B and
an unloading path BC. On loading the system follows the path OAB and beyond represented by the black arrows
and on unloading follows the path BCDO represented by the blue arrows. The fact that the loading and unloading
paths are different is referred to as hysteresis. If the same system is subjected to constant displacement rate loading
conditions the system follows the complete forceedisplacement curve. That is, it follows the unstable branch as well
as the stable branches.
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individual chain of balls increases. In the two panels shown in Figure 1.10 no energy is asso-
ciated with the dilation in the left-hand panel, whereas an energy penalty is associated with
dilation in the right-hand panel. By penaltywemean that some work needs to be done for the
material to dilate. The initial length of the system before deformation in both cases is
100 units.

For the left-hand panel of Figure 1.10 even the initial response is complex in that at least
two initial solutions are possible. The first shown in (a) is sinusoidal but progresses to strong
aperiodic localisation shown in (e). A second solution is shown in (b) which occurs at a
slightly lower initial stress than (a), and consists of weak localisation which intensifies by
(c) and progressively becomes aperiodic, (d), as deformation proceeds. The lack of any pen-
alty for the formation of voids means that local departures from the initial close packing are
common. This enables a roundedwaveform to develop so that the fold style could be labelled
concentric. Differences in the pattern of dilation are responsible for the two different initial
responses shown in (a) and (b) in the right and left panels.

In the right-hand panel of Figure 1.10, the response is localised from the start of deforma-
tion and the fold style is kink or chevron like. Again there are two initial solutions (a) and (b).
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FIGURE 1.10 A three-layer system consisting of initially close packed balls connected by linear springs. The
nonlinearity in the system arises from large rotations of groups of balls. In the left-hand panel no work is done
against dilation as the balls slide over each other. In the right-hand panel work is done against dilation and hence
dilation is minimised and the initial close packing tends to be preserved. Dilation sites are represented by small
white circles. (a) One of the two initial solutions which evolves to become (e). (b) The second kind of initial solution
which evolves to become (c) and (d). From Hunt and Hammond (2012).
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Solution (a) evolves to become (e), whereas (b) evolves through the stages (c) and (d). The
penalty imposed by introducing the work due to dilation forces the packing to remain close
packed even for large rotations and any necessary dilation is localised. The result is kink or
chevron styles of folds. There is an added element of complexity here in that the width of kink
bands can evolve from even numbers of balls to odd numbers of balls or vice versa in quite a
complex manner (Hunt and Hammond, 2012). Such behaviour is a common feature of
nonlinear systems and will be discussed in greater detail in Chapter 7.

1.4 WAVELET ANALYSIS

Since many deformed rocks have structures that are developed over a range of length
scales and (we will show) fractal geometries are ubiquitous, it is natural to use a technology
that takes such characteristics into account when attempting to quantify the fabrics of
deformed rocks and the associated patterns (and defects in the patterns) that are character-
istic of these fabrics. In this book and Volume II we use wavelet transforms as a convenient
tool to achieve quantification of all deformation/metamorphic fabrics and patterns including
the distribution of mineral phases, the CPOs developed during deformation, the shapes of
folds at all scales and the geometry of fracture and vein networks. Awavelet transform con-
sists of two parts. The so-called mother wavelet is a mathematical function, usually of a wave
shape, that is commonly localised in space and designed in order to emphasise some aspect
of the pattern being quantified. The second part of the transform consists of scanning the
pattern with this function as it is stretched or compressed to become daughter wavelets. The
amount of stretch or compression is the scaling factor. At each point in the fabric the degree
of match between some measure of the fabric with the stretched or compressed wavelet is
recorded in the form of a series of coefficients.

Thewavelet transform can be viewed as amicroscope that enables one to probe a pattern at
various scales and hence has a close relationship with fractal analysis methods such as box
counting (Feder, 1988) since one can think of the wavelet acting as a ‘generalised box’
(Arneodo et al., 1995). The advantages of wavelet analysis over other forms of analysis are
that details of the pattern distribution are available at every point in the data set and one
can interrogate the wavelet transform to see if the pattern is fractal or multifractal (Ott,
1993) and characterise the fractal dimension or themultifractal spectrumof the fabric. The con-
struction of the mother wavelet can be put on a thermodynamic basis (Arneodo et al., 1995)
and so designed with the physical and/or chemical processes responsible for the pattern in
mind. It is also possible to use the wavelet analysis to solve the inverse fractal problem that
gives insight into any multiplicative process that was responsible for the pattern formation.

We leave detailed discussions of the use of wavelets to Chapters 7 and 13 and especially
Volume II where the technique is used to characterise a number of fabrics in deformed meta-
morphic rocks. For the moment we present an example of the application of a wavelet trans-
form to a spatial CPOpattern in a deformed quartzite given in Figure 1.11. Amap of the spatial
distribution of c-axes in quartz is shown in Figure 1.11(a); also shown are traverse lines to be
analysed across the map parallel and normal to the main foliation. Figure 1.11(b and c, upper)
show the data extracted from these traverses which consist of the colour at each pixel
expressed as a spectrum ranging from 1 to 255. These data sets now contain all of the
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FIGURE 1.11 Wavelet analysis of a deformed quartzite from Rensenspitze, Bozen, Austria. (a) Map of c-axis
orientations in quartz. From Sander (1950). Wavelet analyses are presented along the traverses AeB (normal to the
lineation and to the foliation) and CeD (parallel to the foliation and lineation). (b) Wavelet scalogram (below) with
raw data above. Traverse line is CeD. (c) Wavelet scalogram (below) with raw data above. Traverse line is AeB.
(d) Three-dimensional representation of the scalogram in (b). (e) Three-dimensional representation of the
scalogram in (c).
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informationongrainboundarypositions and c-axis distributionswithin the selected traverses.
Figure 1.11(b and c, lower) showwhat are called scalograms for these traverses and express the
degree of match between the wavelet at various scales. Figure 1.11(d and e) are three-
dimensional renditions of the scalograms.

One can see that patterns of correlation exist at scales far larger than the grain size
(z10�1 mm). For the traverse normal to the foliation this can be related to the foliation but
for the traverse parallel to the foliation correlations at wavelengths of 1e1.5 mm are unex-
pected. We revisit this example and others in Chapter 13 and Volume II but for now we
can see that wavelet analysis is a convenient (and fast) way of quantifying fabric geometry.

1.5 NOTATION, CONVENTIONS AND UNITS

We define symbols that are commonly used in this book in Table A1 in Appendix A and
when first introduced in the text. Appendix B contains a brief introduction to vectors and
tensors. Cartesian coordinates are used throughout and are represented by italic symbols;
both the bold tensor notation x is used as well as the component notation xi. We use the
convention that scalar quantities are represented in non-bold font: a, T, J; vectors, tensors
and matrices are represented by bold font: J, s, A (the direct notation) or where convenient
by component (or indicial) notation, Ji, sij, Aij. Vector, tensor and matrix Cartesian compo-
nents are represented using indices ranging from 1 to 3: Ji for vectors and sij for second-
order tensors. The Einstein summation convention (Nye, 1957, p. 7) is used so that repeated
indices mean summation on that index unless otherwise stated. The various tensor opera-
tions are as follows: (i) a,b is the scalar product of two vectors a and b; (ii) a� b is the vector
product of two vectors a and b; (iii) a:b is the scalar product of two second-order tensors aij
and bij and is equivalent to aijbij; (iv) a5b is the tensor product of two vectors a and b so that

a5b ¼
2
4
a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

3
75 (1.1)

The tensor product of two vectors is also known as the dyadic product; the result of the5
operation involving two vectors is a rank-1 matrix that transforms as a second-order tensor.
This product is important in discussions of crystal plasticity and particularly in establishing
compatibility of deformations between two adjacent domains deformed in differentmanners.
Chemical components are distinguished by Arial font: SiO2, A, B, etc. We refer to figures by
the total reference ‘Figure 1.6’, whereas equations are referred to simply by the relevant num-
ber in parentheses ‘(1.6)’; renumbering of both figures and equations begins at the start of
each chapter. Sections in the text are referred to as ‘Section 1.6’. SI units are used throughout.
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S E C T I O N A

The Mechanics of Deforming Solids:
Overview of Section A

The subject called mechanics is the study of the response of materials to applied forces or
applied displacements on the boundaries of the material. Traditionally mechanics has been
divided into the mechanics of fluids and the mechanics of solids with somewhat different mathe-
matical treatments and concepts involved in both. We delay the discussion of the features that
distinguish a solid from a fluid to Chapter 6 but our emphasis in this book is on solid mechanics.
The response referred to is commonly called deformation and depends onmany environmental
factors such as temperature, the rate at which the boundaries of the solid are loaded or dis-
placed, the chemical composition and structure of the solid and its fluid content, and the nature
of any chemical reactions that are in progress during the deformation. This book attempts to
integrate all of these factors but in Section A, we discuss mostly the physical, as opposed to
the chemical, factors involved in the deformation of metamorphic rocks.

Section A of this book is intended to provide the concepts and language of mechanics used
to describe the processes involved in deformation and the consequent development of
metamorphic fabrics. The language is one of mathematics and our intent is not to emphasise
mathematical rigour but to concentrate on giving the various concepts physical meaning of
use to metamorphic geologists. Reference is made throughout to more detailed mathematical
treatments of the material if the reader intends to delve deeper into the subject.

The fundamental assumptions made in the mechanics of solids and important definitions
arising from these assumptions are sixfold:

1. A body of rock, B, exists that is the subject of interest. It may be a micron or many
kilometres in size and consists of material particles whose Cartesian coordinates in some
reference state are Xi and in a deformed state are xi where i takes on the values 1, 2 and 3.
A deformation is described by the geometrical transformation that links Xi and xi.

2. The body B has a mass m and is subjected to external forces (tractions), T, and/or
displacements, u, on its boundary, S. These boundary conditions induce a system of forces
within the body that cannot be established without extra information that is discussed
below. The system of forces at each point in the body is measured by a quantity called the
stress, s, which has the units force per unit area. Also an amount of heat, q, can be
generated within the body by deformation, chemical reactions or other processes such as
microstructural rearrangements. In addition an amount of heat qe can be added or
removed from the body by external processes. These processes that produce heat are
called dissipative processes, and the process of producing heat is called dissipation. By
definition, if the deformation involves dissipation, the system is not at equilibrium.



3. The laws of thermodynamics are assumed to apply to dissipative processes in keeping
with day-to-day experience. These laws are as follows:

4. The zeroth law of thermodynamics is expressed as: the concept of an absolute temperature
scale exists where the absolute temperature is T and T is always greater than zero. Once the
temperature is defined another useful quantity, the entropy, s, is defined at each point
within B. The entropy production is defined as the ratio of the rate of heat production
at that point divided by the local temperature at that point. The entropy production at a
point times the temperature at that point is the dissipation at that point. The units of
entropy production are Joules per Kelvin per second.

5. The first law of thermodynamics is expressed as: the body B possesses an internal energy, e,
which is comprised of the sum of all the energies (dissipative and non-dissipative) derived from the
work done by processes operating in B.

6. The second law of thermodynamics is expressed as: The total dissipation in the body
comprises the sum of the dissipations arising from the individual processes operating within and
upon the body. This total dissipation is greater or equal to zero. If the total dissipation is equal to
zero the body is at equilibrium.

These six assumptions and the associated quantities that arise from these assumptions are
sufficient to describe the evolution of geological bodies as they are deformed (by all mecha-
nisms including plastic flow and fracturing), subjected to fluid infiltration and undergo
chemical reactions. The assumptions amount to proposing that the entities mass, force,
heat, temperature, entropy and internal energy exist for a given body and need no further
definition. In addition the second law of thermodynamics proposes that the dissipation is
always greater than zero for a body not at equilibrium.

However one other piece of information is required which is not an assumption and is
based on the observation that bodies comprised of different materials, when subjected to
identical boundary conditions, behave in different manners. The extra information consists
of a description of the relation between the history of deformation and the stress developed
within the body and depends on the material and the structure of the material making up B.
This description is called a constitutive relation. It is also observed that the same materials
when subjected to different boundary conditions behave in different manners even though
the final deformed shape of the body may be identical. Thus the stresses that develop in a
particular material depend not only on the constitutive relation for that material but also
on the history of the motions that it has experienced.

In order to flesh out these concepts in greater depth we first in Chapter 2 discuss the
changes in the geometry of a body as it is subjected to external influences. These changes
are called deformations. The concept of a deformation does not consider the history of the
particle movements or how the body evolves from one shape to another during the deforma-
tion history. For many situations of interest, it is convenient to select some reference state and
refer the deformed geometry to that reference state. A deformation involves only the geomet-
rical relation or transformation between the reference state and the deformed state. In Chap-
ter 3 the motions involved during the deformation history are considered. This constitutes
the subject called kinematics. In Chapter 4 the system of forces developed within the deform-
ing body are considered. This constitutes the subject known as dynamics. In Chapter 5 the
energy and energy transfers involved in a deformation and associated processes are

SECTION A: THE MECHANICS OF DEFORMING SOLIDS24



considered. This constitutes the subject called thermodynamics. An important aspect here is
the notion that many structures we observe in deformed rocks originate to minimise the
deformation induced energy of the system. In Chapter 6 some common constitutive relations
for deforming solids are considered. This involves considerations of solids whose mechanical
properties are strongly influenced by the rate of deformation as well as those insensitive to
the rate of deformation. Chapter 7 considers the different behaviours that result from
nonlinear as opposed to linear systems. This constitutes an introduction to the nonlinear
dynamics of metamorphic rocks and considers the principles behind the development of
the complex structural geometries and fabrics that characterise metamorphic rocks and
that make such rocks such fascinating objects to study.
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2.1 DEFORMATIONS

The deformation of rocks involves the relative motion of elements of the rock so that new
arrangements of these elements develop. The motions comprise rigid rotations, rigid transla-
tions and distortions (changes in shape) of the elements. The motions are a function of time
but it is convenient as a first step to neglect time and consider only the deformed configura-
tion relative to what we imagine to be the undeformed or some reference configuration. The
relation between these two configurations is called deformation. If the deformation is the same
everywhere (that is, homogeneous) then it does not really matter if one considers the rotations
and translations since they make little difference to what we observe within the rock in the
deformed state. However, if the deformation varies from place to place (that is, the deforma-
tion is inhomogeneous) as in folded rocks or rocks with localised shear zones then the local ro-
tations and translations need to be considered since these local adjustments enable variously
distorted regions to fit together with no gaps. In much of the geological literature to date the
discussion has concerned homogeneous deformations and so the emphasis has been on just
the distortional part of the deformation. This is commonly called strain.

Thus the study of strain in deformed rocks has occupied much of the literature on geolog-
ical deformations over the past 45 years or so since the publication of Ramsay’s classical book
in 1967 (Ramsay, 1967). In emphasising the mechanics of metamorphic rocks it will become
apparent that the total deformation picture as described by local rotations, displacements and
strains becomes important. For instance, in describing the motions that are developed in
rocks by imposed forces the strain plays little role. To paraphrase Truesdell and Toupin
(1960, p 233) regarding the behaviours involved in some familiar constitutive relations:

• If the distances between particles do not change this is a rigid body.
• If the stress is hydrostatic this is a perfect fluid.
• If the stress may be obtained from the rate of stretch alone this is a viscous fluid or a perfectly

plastic body.
• If the stress may be obtained from the strain alone this is a perfectly elastic body.

Thus, as far as the mechanics of deformation is concerned, it is only in elastic theory that
the strain becomes important. For the constitutive relations that describe the behaviour of
deforming rocks (combinations of elasticity, plasticity and viscosity) some measure of the
rate of deformation (not the rate of strain) becomes important and much of the development
in that area is based on what is defined below as the deformation gradient. The strain is a quan-
tity that accumulates during the deformation history; it is not a quantity that controls the
behaviour of materials (other than perfectly elastic materials). Hence in this chapter we
assume that much of the development in the analysis of strain in deformed rocks is already
covered by books such as Ramsay (1967), Means (1976) and Ramsay and Huber (1983) and
we concentrate on the subject of deformation.

It is also commonplace in the geological literature to begin the study of deformation with
infinitesimal strain theory and work progressively towards finite strain theory (Hobbs et al.,
1976; Jaeger, 1969; Means, 1976; Ramsay, 1967). There are two aspects to this approach: (1)
The interest in infinitesimal strain theory is based on classical engineering approaches where
small deformations of elastic materials were once the common-place application. (2) The
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approach attempts to progress from the particular to the general situation. First, the inter-
esting deformations in geology are finite in scale and the relations that describe how a mate-
rial behaves under the influence of imposed forces or displacements involve quantities
related to the deformation rather than to the strain so we begin our approach with this in
mind. Second, it sometimes is difficult to generalise from the particular to the general; this
we will see is particularly relevant in thermodynamics (Chapter 5) where equilibrium ther-
modynamics appears as a special case of generalised thermodynamics. Interesting deforma-
tions in geology are commonly finite and it turns out that a logarithmic measure of
deformation is more useful and rigorous than classical infinitesimal measures of strain,
although more difficult to calculate. In this chapter infinitesimal strain theory appears as a
final approximation only sometimes relevant to the behaviour of geological materials and
in some cases (as in the theory of buckling) does not incorporate the geometry of the deform-
ing process.

We consider a body of rock B, with a bounding surface S, and seek to describe the defor-
mation of this body as S is loaded by forces or is displaced in some manner (Figure 2.1). The
subject of deformation is commonly dealt with under the heading of kinematics in the me-
chanics literature even though the word kinematics carries with it the connotation ofmovement
or motion. To a structural geologist the distinction between geometry and movement is para-
mount since the geometry of the deformed state is commonly the only feature that can be
directly observed. Hence we prefer to divide the subject into two distinct areas of study,
namely, deformation, the subject of this chapter and concerned with the geometrical features
that can be observed in deformed rocks, and kinematics (the subject of Chapter 3), to do
with the movements that a rock mass has experienced. As so defined we emphasise that the
subject of deformation is concerned only with the geometrical relations between a deformed

FIGURE 2.1 Reference and deformed states. (a) Reference state for the body B with bounding surface S. The
coordinate axes are X1, X2, X3 and we consider a layer L. (b) The deformed state with coordinate axes, x1, x2, x3. The
body has been inhomogeneously deformed to become Bd with bounding surface Sd. P is deformed to become p, dL
is deformed to become dl, the surface area dAwith normal bN is deformed to become da with normal bn, the volume
element, dV is deformed to dv and the layer to Ld.
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body and some reference state. It has nothing necessarily to do with the movements and
stresses that the body has experienced and the histories of these quantities. In general
much more than just the geometry is required in order to establish these relationships as
discussed in Chapters 3 and 4. It is important to understand that simply because one can pre-
scribe a particular deformation does not mean that this deformation can actually be achieved
for a particular material and still satisfy the boundary conditions. In other words, the defor-
mation may be geometrically admissible but not necessarily dynamically admissible (Tadmor
et al., 2012, pp. 247e248).

Figure 2.1 shows a deformation where an initially planar layer, L, is distorted to form a
fold system defined by Ld. In the reference state we identify an initial material point, P, an
initial line element, dL, an initial surface element, dA, with unit normal, bN, and an initial vol-
ume element, dV. In the deformed state these elements become p, dl, da, bn, and dv, respec-
tively. We define surface vectors in the reference and deformed states as dA and da with
magnitudes, respectively, of dA and da but oriented in the directions of their unit normals,
bN and bn. Clearly material lines initially coincident with bN do not remain coincident with bn.

A relevant geometrical question is: How dowe calculate the deformed equivalents of these
features, p, dl, da, bn and dv for a given deformation? The answer to this question is the topic
of this chapter. The chapter provides a toolbox whereby (1) the strain can be calculated from
prescribed deformations or from three independent measurements in two dimensions or six
in three dimensions; (2) the deformation due to a specified deformation mechanism can be
calculated; and (3) the conditions for compatibility of deformation across a boundary can be
calculated. Such considerations of compatibility are different from the discussion presented
by Ramsay (1967) and Jaeger (1969) for compatibility of strain (see Section 2.10). We adopt the
convention that upper case symbols such as X, dVand bN refer to the reference configuration,
whereas lower case symbols such as x, dv and bn refer to the deformed configuration.

A deformation is a geometrical transformation that links the coordinates of material points in a
reference state to those of these same material points in a deformed state; commonly the
reference state is the undeformed state. Such transformations may be such as to keep all
initially straight lines straight, in which case the deformation is an affine transformation. Other-
wise it is a non-affine transformation. From now on we use the terms deformation and transfor-
mation interchangeably. Clearly many deformations in nature are non-affine and some
examples are shown in Figure 2.2.

A general deformation is defined by the set of equations:

x ¼ fðXÞ (2.1)

where x and X are the coordinates of a material point in the deformed and undeformed (or
reference) states (Figure 2.1). If f is a linear function of X the deformation is an affine transfor-
mation and is said to be homogeneous; such a deformation is shown in Figure 2.3(a, c and e). In
Figure 2.3(b, d and f) we show representations of the displacements, u¼ x�X, that are
responsible for the deformations in Figure 2.3(a, c and d). These figures and subsequent
similar figures are prepared in Mathematica (2011) using the line integral convolution plot
(Cabral and Leedom, 1993) which is a graphical representation of the dispersion of a virtual
tracer in the vector field of interest. Such figures show the details (especially when the dis-
placements are small) of the map of the displacement field with arrows, which are tangents
to the lines, showing the magnitude and direction of the displacements. The map
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corresponds to the material reference framewith coordinates X. These plots resemble phase por-
traits that are widely used in dynamical systems to describe the trajectories that the system
may pass through as the system evolves (Wiggins, 2003). Phase portraits are useful in
describing the evolution of many nonlinear dynamical systems including evolving deform-
ing systems (Chapter 3), many nonlinear pattern forming systems (Chapter 7), nonlinear
chemical systems (Chapter 14), buckling systems involving nonlinear behaviour (Volume
II) and open flow systems (Volume II). Strictly, a phase portrait can only be defined for the
evolution of a system with time and figures such as Figure 2.3(b) in this chapter refer
to the displacement field at an instant of time. Nevertheless the resemblance to true phase
portraits is strong and the principles that govern their geometry are very similar to true
dynamical systems. Hence it is instructive to introduce them here and follow with true phase
portraits in later chapters.

Figure 2.3(a) shows a general isochoric (that is, constant volume), affine transformation in
which a rigid body rotation and translation are involved as well as shortening and shearing
deformations. If no rigid body rotation is involved the deformation is commonly called a
pure shear (although pure stretch would be a better term) and an example is shown in
Figure 2.3(c and d). If the deformation involves only shearing with no deformation normal

(a) (b)

(d)(c)

FIGURE 2.2 Some examples of non-affine deformations in metamorphic rocks. (a) Folded quartz veins crossing
folded bedding from Cornwall, UK. Image approximately 0.2 m across. (b) Angular folds from Cornwall, UK. (c)
Folded multi-layers from Harveys Retreat, Kangaroo Island, Australia. Scale: Outcrop is about 1 m across. (d)
Folded bedding in slates from Cornwall, UK. Scale: approximately 1 m across. (Photo: Tim Dodwell.)
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FIGURE 2.3 Undeformed and deformed states for some affine transformations. The way in which the co-
ordinates of a material point [x1, x2]

T in the deformed state are related to the coordinates of this same point in the
undeformed state, [X1, X2]

T, defines the deformation gradient in (2.3). The deformation, namely, the complete
configuration of the deformed state, including the strains and rotations at each point, is defined by the deformation
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to the shear planes then the deformation is a simple shear and is shown in Figure 2.3(e and f).
We will see in Sections 2.3 and 2.5 that this deformation involves a rigid body rotation.

In general f is a nonlinear function of X and the deformation is a non-affine transformation;
such a deformation is shown in Figure 2.4(a and b) and is said to be inhomogeneous. Clearly
most natural deformations are inhomogeneous.

From (2.1), using the chain rule of differentiation (see Appendix C), we can derive expres-
sions for the line element, dx, in terms of the undeformed line element, dX;

dx1 ¼ vx1
vX1

dX1 þ vx1
vX2

dX2 þ vx1
vX3

dX3

dx2 ¼ vx2
vX1

dX1 þ vx2
vX2

dX2 þ vx2
vX3

dX3

dx3 ¼ vx3
vX1

dX1 þ vx3
vX2

dX2 þ vx3
vX3

dX3

which can be written as

dx ¼ ðVXxÞ$dX (2.2)

This says that the vector dx in the deformed state is produced by the gradient ðVXxÞ oper-
ating on the vector dX in the reference or undeformed state. Thus it is convenient to define
the deformation gradient as

F ¼

2
66666664

vx1
vX1

vx1
vX2

vx1
vX3

vx2
vX1

vx2
vX2

vx2
vX3

vx3
vX1

vx3
vX2

vx3
vX3

3
77777775
hVXx (2.3)

In (2.1) and (2.3), x1, x2, x3 are the Cartesian coordinates of a material point in the deformed
state and X1, X2, X3 are the coordinates of this same material point in the undeformed state as
shown in Figures 2.1 and 2.3. Notice that for a general deformation the deformation gradient

is not symmetric, so that vxi
vXj

s
vxj
vXi

and F has nine independent components instead of the six

independent components of the strain tensor (Means, 1976). This has important implications

gradient, F, as in (2.3). (a) The deformation is x1¼1.5X1þ 0.5X2þ 1.25, x2¼X1þX2þ 1; this deformation is isochoric
and consists of a rigid translation through a vector [1.25, 1]T and an anticlockwise rotation through 11.3� which can
be calculated using (2.15). The principal stretches are 2.17 and 0.46. (b) A representation (a pseudo phase portrait) of
the displacement field for (a). (c) A pure shear (or better, pure stretch) deformation given by x1¼ 2X1þ1.33,
x2¼ 0.5X2þ 0.67; this deformation is isochoric and consists of an elongation parallel to x1 of 200% and a shortening
parallel to x2 of 50%. There is no rigid body rotation but a rigid body translation through a vector [1.33, 0.67]T is
involved. (d) A representation of the displacement field for (c). (e) A simple shear deformation given by
x1 ¼ X1 þ

ffiffiffi
3

p
X2 þ 1:1, x2¼X2þ 0.6. This represents a shear through 60� and a rigid body rotation through 40.9� as

is discussed in Section 2.5 or can be calculated from (2.15); also involved is a rigid translation through the vector [1.1,
0.6]T. (f) A representation of the displacement field for (e).

=
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for microfabric development in deforming polycrystals where the deformation field is
commonly inhomogeneous. Thus if the strain in an aggregate is homogeneous then (Chapter
9) six independent deformation mechanismsmust operate in each grain in order to match the
six independent components of strain; this number reduces to five if an extra constraint such
as isochoric deformation is introduced. However, if the deformation is inhomogeneous from
one grain to another or within a single grain, then the number of independent deformation

FIGURE 2.4 A non-affine isochoric transformation producing an inhomogeneous deformation. The deformation
is expressed by x1¼ 2X1þ sin (X2), x2¼ 0.5X2. (b) A representation of the displacement field in (a) where
�10�X1�10 and �10�X2� 10. This represents a Lagrangian or material view of the deformation. An Eulerian or
spatial view of the phase portrait is given in (c) for �10� x1�10 and �10� x2� 10 and in (d) which shows the grid
in the reference or undeformed state that becomes a square in the deformed state and represents the inverse
transformation X1¼ 0.5x1� 0.5 sin (2x2), X2¼ 2x2.
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mechanisms must increase to nine for a general deformation so that an individual grain, or
parts of a grain, can match the imposed deformation with no gaps or overlaps with adjacent,
differently deformed parts of the aggregate. We look at this issue again in Section 2.10 and in
Chapter 13.

The volume change associated with the deformation is measured by J, the value of the
determinant of F (see Appendix B and Table 2.1); the deformation defined by (2.1) is isochoric
for J¼ detF¼ 1. The condition J> 0 ensures that material does not interpenetrate at the local
scale. The condition that an inverse to F, F�1, exists is the condition that the material does not
interpenetrate at a global scale. The significance of the deformation gradient is that it
completely defines the deformation, including the stretch and rotation, of all line, surface
and volume elements at each point within the body that it applies to (Bhattacharya, 2003;
Tadmor et al., 2012), whereas various measures of the strain give a subset of this information.
If one knows the deformation gradient, F, then the strain may be calculated. However, the
converse is not true. For affine deformations it is a matter of convenience from a purely
geometrical point of viewwhether one describes the deformation in terms of the deformation

TABLE 2.1 Expressions for Matrix Operations for Rank Two Matrices

Quantity Expression

Matrix A
A[

�
A11 A12

A21 A22

�

Determinant of A detA[

����
A11 A12

A21 A22

���� ¼ ðA11A22 �A12A21Þ

Trace of A TrA¼A11þA22

Cofactor of A cofA ¼
�

A22 �A12

�A21 A11

�

Expression for eigenvalues, l, ofA

����
A11 � l A12

A21 A22 � l

���� ¼ 0 or l2 � l$TrAþ detA ¼ 0

Eigenvalues of A

l1 ¼
TrAD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrAÞ2 � 4detA

q

2
¼ TrAþ ffiffiffiffi

D
p

2
;

l2 ¼
TrA�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrAÞ2 � 4detA

q

2
¼ TrA� ffiffiffiffi

D
p

2
;

l1 þ l2 ¼ TrA; l1l2 ¼ detA; D ¼ ðTrAÞ2 � 4detA

Eigenvectors of A v1f½A12; l1 �A11�; v2f½A12; l2 �A11�; kvk ¼ 1

A in terms of the eigenvalues, li,
and eigenvectors, Li, of A

A ¼ l1L15L1 þ l2L25L2

Angle between v1 and x1 tan�1l1 �A11

A12

Inverse of A A�1 [
1

detA
cofA[

1

detA

�
A22 �A12

�A21 A11

�

In Table 2.1 kvk is the Euclidean norm of v : kvk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jv1j2 þ jv2j2

q
. This is used by some authors to normalise the magnitudes of the

eigenvectors. Such a procedure is not universal and others propose that one component of the eigenvector is of unit length. This is the

convention adopted in Mathematica.
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gradient or by some measure of the strain since the rigid body rotation is commonly not of
concern. However, for non-affine deformations the deformation gradient is fundamental
since it carries all the information on local rotations and rigid body displacements as well
as the strains. Specifically the deformation at a point x in the deformed body in terms of
the deformation gradient is given by

x ¼ FX þ d (2.4)

which says that each vector X in the undeformed state is distorted and rotated by the defor-
mation gradient F and translated via a rigid motion by the vector d to become the vector x.
Both (2.1) and (2.4) are referred to as a deformation. The quantity F has also been called the
position gradient tensor (Means, 1982). In such usage the term position refers to the spatial
coordinates of a material point relative to the coordinates of this same material point in
some reference configuration and hence is synonymous with what we have called deforma-
tion. We continue with the term deformation gradient to preserve consistency with the
mechanics literature. It is also clear from (2.2) that the deformation gradient defines the defor-
mation of an infinitesimal line length at X.

The deformation expressed by (2.1) and (2.4) constitutes what is known as a Lagrangian or
material description of deformation where coordinates of material particles in the deformed
state are related to the coordinates of these same particles in the reference state. This is the
natural way of approaching the subject from the viewpoint of a structural geologist who
only has the deformed state to study but has in mind what the undeformed state may
have been. However, if instead of x¼ f(X); x¼ F(X), we were to write the following:

X ¼ f
^ðxÞ; X ¼ F�1x

where

F�1 ¼ 1

detF
ðcofFÞT (2.5)

then the coordinates of material points in the deformed state are used to derive the positions
of these same points in the reference state. In (2.5), the superscripts T,�1 stand for the trans-
pose and the inverse of the relevant matrix and f

^
is the spatial description of the deforma-

tion; cofFmeans the cofactor of the matrix F e see Appendix B and Table 2.1. This constitutes
what is called an Eulerian or spatial description of the deformation; such a description is
commonly used in fluid dynamics since for a fluid the concept of a reference or undeformed
state has little significance. When we come to discuss the thermodynamics of deforming,
chemically reacting systems with fluid flow (Chapters 5, 10, 11 and 14) it is convenient to
use a spatial description so that quantities such as chemical concentration are expressed in
terms of the deformed volume and heat or fluid flow is measured in terms of the deformed
area or pore volume. An example of the differences between the Lagrangian and Eulerian
descriptions of a deformation is given in Figure 2.4.

2.1.1 Deformation of a Surface Element

Consider two material vectors in the reference state,V1 andV2. Then the area of the paral-
lelogram bounded by these vectors is A¼V1�V2. Here � is the cross or vector product of
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two vectors e see Appendix B. For a deformation with deformation gradient, F, the two vec-
tors become v1¼ FV1 and v2¼ FV2 so that the surface vector A becomes a in the deformed
state and is given by a¼ (FV1)� (FV2). This can be written as (see Appendix C)

a ¼ cofFðV1 �V2Þ
or

a ¼ cofFðAÞ ¼ ðdetFÞF�TðAÞ
Thus a¼ cofF(A)¼ JF�T(A). This latter expression is called Nanson’s relation.
As a summary we see that for the deformation of line, surface and volume elements we

have

dx ¼ FdX

a ¼ cofFðAÞ
v ¼ detFðVÞ ¼ JV

(2.6)

Thus, line elements are deformed by the deformation gradient, F, surface elements are
deformed by the cofactor of F, cofF, and volume elements are deformed by the determinant
of F, detF. These are convenient ways of thinking about the physical meanings of the gradient
of the deformation and the cofactor and determinant of the deformation gradient matrix. The
distinction between dA and da becomes particularly important when we come to discus the
concept of stress (Chapter 4) or force per unit area since we can adopt a material or spatial view
for the area across which the force acts. If the area in the undeformed or reference state is
selected then the stress is known as the Piola-Kirchhoff stress, whereas if the area in the
deformed state is selected then the stress is known as the Cauchy stress.

2.2 DISTORTION AND ROTATION

Two fundamental quantities that can be derived from the deformation gradient are what
are called the right and left CauchyeGreen tensors, C and B, given by

C ¼ FTF and B ¼ FFT (2.7)

The importance of B is that at each point in the deformed state it can be expressed as an
ellipsoid that has principal axes parallel to those of another ellipsoid that was a unit sphere at
the equivalent material point in the reference state; the lengths of the principal axes of B are
the squares of those of the deformed unit sphere. Both B and C are readily calculated and
hence are convenient representations of the distortion associated with the deformation.
The angle between the principal axes of B and C is given by the rigid body rotation, R, asso-
ciated with the deformation so that B¼RCRT. Both B andC are symmetrical tensors meaning
that Bij¼ Bji and Cij¼Cji.

Important properties of both B and C are their respective eigenvalues and eigenvectors. The
term eigen is German for self. An eigenvector of a (square) matrix is such that when that matrix
operates upon the eigenvector, the orientation of that vector is preserved, although its magni-
tude and direction-sensemay change. In three dimensions amatrixmay have one, two or three
eigenvectors. If one begins with a unit vector parallel to an eigenvector then the magnitude of
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that vector becomes the eigenvalue of the matrix. The eigenvalues may be real or imaginary.
As an example, it follows that the eigenvectors of C; LC, have the characteristic that

CLC ¼ lLC5CijL
C
j ¼ lLC

i (2.8)

which means that when the tensor C operates on the vectors LC it only changes their mag-
nitudes (by l) and not their directions. (2.8) can be rewritten

ðC� lIÞ L ¼ 0 5
�
Cij � ldij

�
Lj ¼ 0 (2.9)

where I is the identity matrix (see Appendix B). (2.9) in turn can be rewritten:
������
C11 � l C12 C13

C21 C22 � l C23

C31 C32 C33 � l

�������
¼ 0 (2.10)

Or, since Cij¼Cji,

�l3 þ I1ðCÞl2 � I2ðCÞlþ I3ðCÞ ¼ 0 (2.11)

where I1, I2 and I3 are the principal invariants of C:

I1ðCÞ ¼ Cii ¼ TrC[C11 þ C22 þ C33

I2
�
C
	 ¼ 1

2

�
CiiCjj � CijCji

�
¼ 1

2

�
ðtrCÞ2 � trC2

�
[ trC�1detC

I3
�
C
	 ¼ εijkC1iC2jC3k ¼ detC

(2.12)

Equations (2.10) and (2.11) are known as the characteristic equations for C. TrC means the
trace of the matrix C and εijk is the permutation symbol e see Appendix B.

In general the deformation (2.1) consists, at each point, of a distortion, a rigid body rotation
and a rigid body translation. The right finite stretch tensor, U, and the finite rotation matrix, R,
are given (Bhattacharya, 2003; Tadmor et al., 2012) by

U ¼
ffiffiffiffiffiffiffiffi
FTF

p
¼

ffiffiffiffi
C

p
and R ¼ FU�1 (2.13)

U has the same eigenvectors as FTF but the eigenvalues ofU are the square roots of those of
FTF. If the x3 axis is the axis of rotation and 4 is the angle of rotation then the matrix R is given
by (Nye, 1957, pp. 9 and 43)

R ¼

2
4
cos 4 �sin 4 0

sin 4 cos 4 0

0 0 1

3
75 (2.14)

The displacement field for R is shown in Figure 2.5(a).
In Appendix B we show that for a two-dimensional deformation, R can be calculated from

Rij ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF11 þ F22Þ2 þ ðF12 � F21Þ2

q
�
F11 þ F22 F12 � F21

F21 � F12 F11 þ F22

�
(2.151)
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Thus, from (2.14),

cos 4 ¼ F11 þ F22ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF11 þ F22Þ2 þ ðF12 � F21Þ2

q or; tan 4 ¼ F12 � F21
F11 þ F22

(2.152)

2.3 DEFORMATION AND STRAIN TENSORS AND MEASURES

The deformation at a point can be conveniently represented by a set of measures that de-
fines the changes in the lengths of lines, the angles between lines and the deformed shapes of
initial spheres. If a line of initial length L0 is deformed to become length L then the elongation
or axial strain is defined as

ε ¼ L� L0

L0

The stretch is l ¼ L
L0

while the quadratic elongation is l
2 ¼

�
L
L0

�2
. The Hencky or natural or

logarithmic strain is l
H ¼ lnl ¼ ln

�
L
L0

�
. All three of these measures of distortion, ε, l

H
and l

are members of a spectrum of strain measures, ε, known as the SetheHill family of measures
given in terms of a parameter, k, by

ε ¼ 1

k

�
l
k � 1

�

For k¼ 1, ε ¼ ε ¼ l� 1; for k¼�1, ε ¼ 1� 1
l
; for k¼ 2, εL ¼ 1

2 ðl
2 � 1Þ where ε

L is

known as the Lagrangian strain. As k/ 0, ε/l
H
. The SetheHill family is shown in

FIGURE 2.5 Representations of deformation. (a) Displacement field for the rigid body rotation, R. (b) The
SetheHill family of strain measures.
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Figure 2.5(b) where one can see that for small stretches ðlz1Þ it makes little difference which
measure of strain is used. However, we will see (especially in Chapter 3) that for large strains
the Hencky strain has special advantages.

Changes in orientations of lines are defined by shear strains. If two lines initially at right
angles are deformed so that the angle between them becomes j then the shear strain, g, is
defined as

g ¼ tan j (2.16)

If we begin with a unit sphere at a point in the reference state this becomes an ellipsoid
(known as the strain ellipsoid) in the deformed state. The principal axes of this ellipsoid are
the principal stretches and we refer to the magnitudes of these axes (in keeping with geolog-
ical usage) as X, Y and Z with X� Y� Z. An example is given in Figure 2.6 for a two-
dimensional deformation involving a shear through 60�. This deformation is given by

x1 ¼ X1 þ tan 60�X2

x2 ¼ X2

and we calculate the various measures of strain for this deformation in a worked example in
Section 2.5. In Figure 2.6(a) the undeformed circle P1P

=
2P

=
1P2 is deformed to become the strain

ellipse p1p
=
2p

=
1p2. The principal axes of strain in the deformed state, p1p

=
1 and p2p

=
2, are

deformed versions of the principal axes of strain in the undeformed state, P1P
=
1 and P2P

=
2.

The two sets of axes are related by a rigid body rotation, 4, defined by R in (2.14). The
axes P1P

=
1 and P2P

=
2 are parallel to the principal axes of C, U, C�1 and U�1. The principal

axes of strain, p1p
/
1 and p2p

/
2, are parallel to the principal axes of B, V, B�1 and V�1 as

can be seen by comparing Figure 2.6(a,b and c).
We have seen that a deformation can be represented by a square matrix, F, that in general,

is asymmetrical. The polar decomposition theorem (see Appendix B) states that any square
matrix F with detF> 0 can be expressed as a rotation, R, and a symmetric matrix U or V
such that

F ¼ RU ¼ VR (2.17)

Both U and V are representations of the distortion or strain resulting from the deformation
and are called the right and left stretch tensors, respectively. Since both U and V are symmet-
rical second order tensors they can be expressed as representation ellipsoids. V is known as
the strain ellipsoid and is the shape that a unit sphere in the reference state adopts in the
deformed state. This means that the semiaxes of V are the principal stretches, X, Y and Z.
U�1 is the reciprocal strain ellipsoid; this is the ellipsoid in the reference state that becomes a
unit sphere in the deformed state.

The other convenient tensors, the right and left Cauchy-Green tensors C and B, are given,
respectively, by

C ¼ U2 and B ¼ V2

The lengths of the principal axes of C and B are the principal quadratic elongations X2, Y2

and Z2. The principal axes of B are parallel to those of V. Summaries of these various tensors
are given in Table 2.2 and in Figure 2.6 for a simple shear through 60�.
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For the non-affine deformation shown in Figure 2.4 given by

x1 ¼ 2X1 þ sin ðX2Þ
x2 ¼ 0:5X2

F ¼
�
2 cos ðX2Þ
0 0:5

�
and J¼ detF¼ 1 so that the deformation is everywhere isochoric. In Section

2.7.1 we calculate the various strain tensors for this deformation and present in Figure 2.7(b)
the strain ellipse at a number of places in the deformation. Figure 2.7(a) shows this same defor-
mation but with 33.3% shortening. Calculations of the strain distribution in non-affine

FIGURE 2.6 The various deformation and strain tensors associated with a deformation gradient F. (a) A simple
shear deformation of a square with an embedded circle. The shear angle in this case is 60�. The square is deformed
to become a parallelogram and the circle becomes an ellipse, the strain ellipse. The points on the long axis of the
ellipse, p1 and p=1, originated at P1 and P=1 which define a principal axis of strain in the undeformed state. Similarly
p2 and p=2 originated at P2 and P=2 which define another principal axis in the undeformed state. The principal axes of
strain in the deformed and undeformed states are related by a rigid body rotation, 4, defined by R in (2.14) and
(2.15). (b) The ellipses which represent the tensors C�1, B�1, U�1 and V�1. (c) The ellipses which represent the
tensors C, B, U and V. In both (b) and (c) the ellipses are referred to the same coordinate axes as in (a).
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deformations are given by Jaeger (1969, pp. 245e251), Ramsay and Graham (1970), Hobbs
(1971) and Hirsinger and Hobbs (1983).

2.3.1 Physical Significance of C

Consider the deformation of a line element dX in the reference state to become dx in the
deformed state as shown in Figure 2.8(a).

The squares of the lengths of these two lines are

dS2 ¼ dXIdXI

FIGURE 2.7 Strain ellipses for the deformation x1¼ aX1þ sin (X2), x2¼X2/a. (a) Deformation plus strain el-
lipses for a¼ 1.33 (33.3% shortening). (b) Deformation plus strain ellipses for a¼ 2.0 (50% shortening).

TABLE 2.2 Strain Tensors and Their Significance

Tensor Expression Significance

Right Cauchy-Green, C C¼ FTF Same eigenvectors asU andU�1 but eigenvalues are principal
quadratic elongations

Left Cauchy-Green, B B¼ FFT

B¼RCRT
Same eigenvectors asVandV�1 but eigenvalues are principal
quadratic elongations

Right stretch, U U ¼
ffiffiffiffiffiffiffiffi
FTF

p
Same eigenvectors as C and U�1. Eigenvalues are the
principal stretches X, Y and Z

Left stretch, V V ¼
ffiffiffiffiffiffiffiffi
FFT

p
Strain ellipsoid with eigenvalues equal to the principal
stretches, X, Y and Z; eigenvectors same as B and V�1

Rotation, R R¼ FU�1

R¼V�1F

Rotation matrix

Reciprocal of U, U�1 U�1 ¼ 1

detU
cofU Reciprocal strain ellipsoid; same eigenvectors as C and U

Reciprocal of V, V
�1

V�1 ¼ 1

detV
cofV Same eigenvectors as B and V

Green’s finite strain, E E ¼ 1

2
ðC� IÞ

Almansi’s finite strain, A A ¼ 1

2
ðI� B�1Þ
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ds2 ¼ dxidxi ¼ ðFiIdXIÞ
�
FiJdXJ

	 ¼ �
FiIFiJ

	
dXIdXJ ¼ CIJdXIdXJ

It is convenient to define the Lagrangian strain tensor E (Table 2.2) as EIJ ¼ 1
2 ðCIJ � dIJÞ

where dIJ is the Kronecker delta (see Appendix B). Then,

ds2 � dS2 ¼ 2EIJdXIdXJ

Consider now that dX is parallel to X1 so that it is given by [dX]¼ [dX1, 0, 0]
T, then the

lengths of this line in the reference and deformed states are

dS2 ¼ dXIdXI ¼ ðdXIÞ2

ds2 ¼ CIJdXIdXJ ¼ C11ðdXIÞ2

The stretch along the X1 direction is therefore

l
ð1Þ ¼

ffiffiffiffiffiffiffiffi
C11

p

For the X2 and X3 directions,

l
ð2Þ ¼

ffiffiffiffiffiffiffiffi
C22

p
and l

ð3Þ ¼
ffiffiffiffiffiffiffiffi
C33

p

Thus the diagonal components of C are the squares of the stretches of material lines initially parallel
to the undeformed or reference coordinate axes.

Now consider two material lines initially parallel to the X1 and X2 directions so that these
two initially orthogonal vectors are defined by

½dX� ¼ ½dX1; 0; 0�T and ½dY� ¼ ½0; dX2; 0�T

These two vectors become dx and dy in the deformed state and the angle between them
becomes q12 as shown in Figure 2.8(b) and is given by

FIGURE 2.8 Deformation of line elements. (a) dX is deformed to become dx. (b) dX and dY in the reference state
are perpendicular to each other and are deformed to become dx and dy with an angle q12 between them in the
deformed state.
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cos q12 ¼ dx$dy

jdxjjdyj ¼
CIJdXIdXJ

½CKLdXKdXL�
1
2½CMNdXMdXN�

1
2

¼ C12dX1dX2ffiffiffiffiffiffiffiffi
C11

p
dX1

ffiffiffiffiffiffiffiffi
C22

p
dX2

¼ C12ffiffiffiffiffiffiffiffi
C11

p ffiffiffiffiffiffiffiffi
C22

p

Thus the off-diagonal components of C are related to the change in angles between vectors initially
parallel to the reference axes in the reference or undeformed state.

If we return to the SetheHill family of strain measures, we can define the spatial and ma-
terial tensor members, respectively, as

ε
spatial ¼ 1

k

�
Uk � 1

�
and ε

material ¼ 1

k

�
Vk � 1

�

If the deformation is a pure stretch deformation then there is no difference between these
two measures. However, if a material rotation is involved then

ε
spatial ¼ RεmaterialRT

As a summary, the operations required to derive the various tensors discussed above
for the two-dimensional situation are given in Table 2.1. The same operations in three di-
mensions are more extended, cumbersome and error-prone but mathematical symbolic
languages such as Mathematica and MATLAB have routines that enable such operations
to be carried out with relative ease. An extensive tabulation of useful expressions for a
large number of matrix operations and relationships is given in Petersen and Pedersen
(2008).

2.4 DISTORTION AND VOLUME CHANGE

Many deformed rocks consist of localised regions of volume loss and/or gain. Examples
include ‘spots’ (porphyroblasts), linear regions (lineations) and layers (foliations) where
locally the metamorphic mineral reactions have been dominantly volume increasing or
decreasing, zones where material has been removed due to ‘pressure solution’, metamorphic
differentiation during the formation of crenulation cleavage (Figure 2.9(a)) and leucosomes
where melt has left the system (Figure 2.9(b)). We will discuss the processes involved in these
volume changes in Chapter 14 and Volume II but for now we present an example of defor-
mations that might reproduce some of these situations. These consist of inhomogeneous
shears with periodic distributions of volume changes (Figure 2.9(c)):

x1 ¼ X1 þ sin X2

x2 ¼ 0:05 sin
�
X2
2

	þ 0:9X2

Various representations of the displacement field for this deformation are given in
Figure 2.9(d, e and f) which are to be compared and contrasted with Figure 2.4. The
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(a) (b)

FIGURE 2.9 Non-affine deformations associated with volume changes. (a) Differentiated crenulation cleavage
from the Picuris Range, New Mexico, USA. (Photo: Ron Vernon.) View about 1.8 mm across. In some models for the
formation of this structure, it is proposed that quartz is removed from the muscovite (Mu) rich layers and either
removed from the system or added to the quartz (Q) rich layers (Vernon, 2004, pp. 393e389). (b) Differentiated
foliation in granulite facies rocks from Round Hill, Broken Hill, Australia. Scale: view about 0.5 m across. Models for
the development of this foliation involve removal of melt from the lighter coloured garnet bearing areas (Powell &
Downes, 1990). (c) A non-affine deformation with periodic distribution of volume change. (d) The displacement
field associated with the deformation in (c). (e) Zoom into part of (d). (f) Divergence of the displacement vector field
superimposed on the vector field. On the left hand side the Jacobian of the deformation gradient is plotted as an
indication of the volume change.
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deformation in Figure 2.4 is a modification of an isochoric pure shear, whereas that in
Figure 2.9 is a modification of a pure shear with local volume changes. Both produce de-
formations that are superficially similar in appearance yet the displacement fields are
quite different. For the deformation in Figure 2.9 the volume change is given by the
Jacobian:

J ¼
����
1 cos X2

0 0:1X2 cos
�
X2
2

	þ 0:9

���� ¼ 0:1X2 cos
�
X2
2

	þ 0:9

The value of the Jacobian is plotted on the right side of Figure 2.9(f) which represents the
divergence of the displacement field; the volume change ranges from 0.4 to 1.4 times the initial
volume. We discuss the concept of the divergence of a vector field in Chapter 3 but for the
moment it is sufficient to grasp that zero divergence means that there are no sources or sinks
for the vector field, whereas positive or negative values for the divergence mean that there
are sources or sinks, respectively. Other examples of non-affine deformations involving vol-
ume changes are given in Sections 2.7.2 and 2.7.3.

We note that for finite deformations the Hencky strain tensor is the only strain measure
whose trace gives the volumetric strain:

TrεH ¼ lnl1 þ lnl2 þ lnl3 ¼ ln
�
l1l2l3

	 ¼ lnJ

and so the Hencky tensor is particularly useful for deformations involving a volume
change.

2.5 EXAMPLE 1: THE GEOMETRY OF A SIMPLE SHEAR
DEFORMATION

As a worked example we derive the various strain measures and tensors and rotation for a
simple shear deformation. Consider the deformation shown in Figure 2.10(a).

The deformation may be written as

x1 ¼ X1 þ gX2

x2 ¼ X2

The deformation gradient and its transpose are

F ¼
�
1 g

0 1

�
and FT ¼

"
1 0

g 1

#

One can confirm that the deformation is isochoric since J ¼ detF[

����
1 g

0 1

���� ¼ 1. Thus the

right CauchyeGreen tensor is C ¼ FTF ¼
�
1 0

g 1

�" 1 g

0 1

#
¼
"
1 g

g 1þ g2

#
.
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The two eigenvalues, lC1 and lC2 , of C are given by the solution of

����
1� l g

g 1þ g2 � l

���� ¼ 0

Or, lC1 ¼ 1� gb� and lC2 ¼ 1þ gbþ where b� ¼ 1
2 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ g2

p
� gÞ � 1. Notice that

b�þ g¼ bþ. One of the eigenvectors, LC
1 , may be found by solving either of the two

equations

CijL
ð1Þ
j ¼ lC1L

ð1Þ
i

with a similar set of equations forLC
2 . HereL

ð1Þ
1 andL

ð1Þ
2 are the components ofLC

1 . There are
always two equivalent answers for each eigenvector one corresponding to i¼ 1 and another
corresponding to i¼ 2. We choose i¼ 2 and obtain the equation

C21L
ð1Þ
1 þ C22L

ð1Þ
2 ¼ lð1ÞLð1Þ

2

Or, gL
ð1Þ
1 þ ð1þ g2ÞLð1Þ

2 ¼ ð1� gb�ÞLð1Þ
2

Thus, since b�þ g¼ bþ we obtain

L
ð1Þ
1 ¼ ��b� þ g

	
L

ð1Þ
2 ¼ �bþLð1Þ

2

Now since ðLð1Þ
1 Þ2 þ ðLð1Þ

2 Þ2 ¼ 1 we finally obtain

L
ð1Þ
1 ¼ � bþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �bþ	2
q and L

ð1Þ
2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �bþ	2
q

FIGURE 2.10 A simple shear deformation. (a) The angle of shear is tan�1 g. (b) Plot of the angle q, between the
maximum principal axis of strain in the deformed state and the shear plane for various values of g.
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A similar calculation gives LC
2 so that the two eigenvectors can be written as

LC
1 ¼


�bþ; 1
�T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �bþ	2

q and LC
2 ¼



b�; 1

�T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �b�	2

q

The orientations of the eigenvectors are

tan qð1Þ ¼ 1

b�
and tan qð2Þ ¼ � 1

bþ

where q is the angle between the x1-axis and the eigenvector of C. The right stretch
tensor is

U ¼
ffiffiffiffiffi
l1

p
L15L1 þ

ffiffiffiffiffi
l2

p
L25L2

and hence can be written as

U[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� gb�

p

1þ �bþ	2
" �

bþ
	2 �bþ

�bþ 1

#
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gbþ

p

1þ �b�	2

" �
b�
	2

b�

b� 1

3
5

Notice that U for simple shear is singular since detU¼ 0 and so it is not straightforward to
calculate the rotation matrix R from R¼ FU�1. Away forward is to assume that R is given by
a standard matrix (Nye, 1957) in terms of the rigid body rotation angle, 4:

R[

�
cos 4 �sin 4

sin 4 cos 4

�

Then since U ¼ RTF; U ¼
�

cos 4 sin 4

�sin 4 cos 4

�" 1 g

0 1

#
¼
"

cos 4 g cos 4þ sin 4

�sin 4 cos 4� g sin 4

#

But since U is symmetrical, �sin 4¼ g cos 4þ sin 4 or tan 4 ¼ �g
2. Thus the rigid body

rotation associated with a simple shear is that angle whose tangent is minus one half the
shear strain. This can also be calculated using (2.152).

As a direct application, consider a simple shear through 60� as shown in Figure 2.6. We

have bþ ¼ 2.1889, b�¼ 0.4569 so that lC1 ¼ 1� gb� ¼ 0:2087 and lC2 ¼ 1þ gb� ¼ 4:7913.

Note that lC1 ¼ 1
lC2

since the deformation is isochoric. We also have q(1)¼ 65.4� and

q(2)¼�24.6� as plotted for the undeformed state in Figure 2.6. The rigid body rotation is

tan�1ð ffiffiffi
3

p
=2Þ ¼ 40:9�; this can also be calculated using (2.15).

By a similar argument we obtain

B ¼ FFT ¼
�
1þ g2 g

g 1

#
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with eigenvectors LB
1 ¼ ½bþ;1�Tffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðbþÞ2
p , LB

2 ¼ ½�b�;1�Tffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðb�Þ2

p and tan qð1Þ ¼ 1
bþ, tan qð2Þ ¼ � 1

b� where

the q’s now are the angles between the principal axes of strain and the x1 axis in the deformed
state.

We can now plot various items of interest such as the angle between the major principal
axis of strain in the deformed state and the shear plane. This is given by

q ¼ tan�1 1�
1
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ g2

p
þ g

��

and is plotted in Figure 2.10(b). It can be seen that shear strains of 19 (shear angles of 87�) or
so are necessary before a principal axis of strain becomes within 3� of the shear plane.

2.5.1 Deformation of an Arbitrary Line Element in Simple Shear

Consider an arbitrary line element dL in the undeformed state that is deformed to become

FdL so that dl¼ FdL. For a simple shear the line [A, B]T becomes

�
1 g

0 1

�
½A; B�T or

[Aþ gB, B]T in the deformed state. This allows us to calculate the rotations of all initial lines
during the deformation. The angle of rotation, 4, of an arbitrary initial line is given by

cos 4 ¼ dL,dl

jdLjjdlj ¼
AðAþ gBÞ þ B2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2 þ B2Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðAþ gBÞ2 þ B2

q

This means that tan 4 ¼ gB2

AðAþgBÞþB2

We ask: what lines in the undeformed state are rotated through the rigid body rotation angle? This
is true for tan 4 ¼ tan 4 which means that

gB2

AðAþ gBÞ þ B2
¼ g

2

or,

A2 þ gAB� B2 ¼ 0

This means that A ¼ B
2 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 4

p
� gÞ ¼ Bb� or that B

A ¼ 1
b�

Hence the only two lines in the undeformed state that suffer the rigid body rotation in a
simple shear are the principal axes of strain in the undeformed state; all other lines suffer
smaller or larger rotations.

2.5.2 Deformation of an Arbitrary Volume Element

An arbitrary volume element dV at the point P in the undeformed state is deformed ac-
cording to detF to become dv in the deformed state so that dv¼ (detF(P))dV. For a simple
shear detF¼ 1 so all volumes are preserved.
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2.6 PSEUDO PHASE PORTRAITS FOR AFFINE DEFORMATIONS

In this chapter we have presented quite a diversity of material representations of displace-
ment fields for two-dimensional deformations. As we indicated these resemble phase por-
traits to be discussed in the next chapter and should be called pseudo phase portraits since
they represent static displacement fields. However, as with dynamical systems, the system-
atics behind this diversity is best analysed in terms of the eigenvectors of the deformation
gradient matrix. As a reminder, the eigenvalues, l1 and l2, of the matrix F given by

F ¼
�
F11 F12

F21 F22

�

are obtained as the roots of the quadratic equation (F11� l) (F22� l)� F12F21¼ 0. These roots

are l1 ¼ TrFþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrFÞ2�4detF

p
2 and l2 ¼ TrF�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrFÞ2�4detF

p
2 or l1 ¼ TrFþ ffiffiffi

D
p

2 and l1 ¼ TrF� ffiffiffi
D

p
2 where

D¼ (TrF)2� 4detF is called the discriminant of the quadratic equation. If D> 0 both roots are
real, if D¼ 0 there is one real root and if D< 0 both roots are imaginary. In two dimensions an
example of a deformation with two real eigenvectors is a pure shear; the eigenvectors are par-
allel to the principal axes of strain. An example of a deformation with D¼ 0 and hence one
real eigenvector is a simple shear; the eigenvector is parallel to the shear direction. An
example of a deformation with imaginary eigenvectors is a pure rotation. The condition

D¼ 0 can be written as detF[ 1
4ðTrFÞ2. This is a parabola and is plotted in Figure 2.11(a).

FIGURE 2.11 ‘Phase portraits’ for affine displacement fields. (a) The space TrFe detF. The parabola
detF[ 1

4ðTrFÞ2 divides the space into deformations with imaginary eigenvectors inside the parabola and real
eigenvectors on and outside the parabola. Isochoric deformations are for detF¼ 1; volume decrease deformations lie
below this line and volume increase deformations above. (b) The space TrðVXuÞ � detðVXuÞ. The parabola
detðVXuÞ[ 1

4ðTrðVXuÞÞ2 divides the space into deformations with imaginary eigenvectors inside the parabola and
real eigenvectors on and outside the parabola. Isochoric deformations are for detðVXuÞ ¼ �TrðVXuÞ with volume
increase deformations above that line and volume decrease deformations below. (c) Plots of pseudo phase portraits
for various isochoric and volume increase deformations in TrFe detF space. (d) Plots of phase portraits for
deformations involving a 50% decrease in volume. Each insert in (c) and (d) is a plot of displacement vectors in a
material representation, (X1, X2). Note that the range of volume changes in (c) is unrealistic for geological
deformations but is presented to illustrate the trends in pattern development.

2. GEOMETRY: THE CONCEPT OF DEFORMATION50

A. THE MECHANICS OF DEFORMED ROCKS



FIGURE 2.11 (continued).
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The diagram can be divided into a number of regions: D< 0 inside the parabola, D¼ 0 on the
parabola and D> 0 outside the parabola. In addition the deformations involve a volume in-
crease for detF> 1, are isochoric for detF¼ 1 and involve a volume decrease for detF< 1. No
physically realistic deformations exist for detF� 0.

Instead of a plot of detF against TrF as in Figure 2.11(a) an argument similar to the above
indicates that we could use the displacement gradient matrix derived from u¼ xeX and
represent these same relations on a plot of detðVXuÞ against TrðVXuÞ as shown in

Figure 2.11(b). Since VXu ¼
�
F11 � 1 F12

F21 F22 � 1

�
, Figure 2.11(b) follows from the relations

detðVXuÞ ¼ detF� TrFþ 1 and TrðVXuÞ ¼ TrF� 2

The condition for an isochoric deformation is detðVXuÞ ¼ �TrðVXuÞ. Physically realistic
deformations do not exist below the line detðVXuÞ ¼ �TrðVXuÞ � 1. Clearly the represen-
tation of these various fields using the displacement gradient (Figure 2.11(b)) is more
complicated than using the deformation gradient (Figure 2.11(a)) so we opt to use the latter
below.

Various kinds of patterns are shown in Figure 2.11(c and d) depending on the value of D
and of detF and in the study of nonlinear dynamics these are given various labels. For iso-
choric deformations (detF¼ 1) the behaviour is either a saddle or a shear. For both detF> 1
and detF< 1 spiral sinks, sources or centres develop. For D> 0 other patterns called nodes
can form. The outstanding issue that remains is:What is the range of types of patterns that typify
natural deformations, especially those that involve volume changes? So far this question is open.
Perhaps some constraints can be placed on the answer to this question by examining non-
affine deformations where we will see that more than one kind of pattern can develop within
a single phase portrait.

2.7 EXAMPLE 2: NON-AFFINE DEFORMATIONS

In this section we give some examples of non-affine deformations. First an isochoric defor-
mation is considered, then a non-isochoric deformation which resembles crenulation cleav-
age with a volume decrease in the strongly sheared zones. This is followed by examples of
Type 1C folds of Ramsay (1967), with and without volume changes. Finally we present an
example of an isochoric localised shear zone.

2.7.1 Isochoric Non-affine Deformations

Let us first consider the deformation shown in Figure 2.4 and given by

x1 ¼ 2X1 þ sin ðX2Þ
x2 ¼ 0:5 sin ðX2Þ

We have F ¼
�
2 cos X2

0 0:5

�
and FT ¼

�
2 0

cos X2 0:5

�
.
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Therefore B ¼ FFT ¼
�
4þ cos2 X2 0:5 cos X2

0:5 cos X2 0:25

#
and TrB¼�4.75� 0.5 cos (2X2),

detB¼ 1.

Hence, l1 ¼ 1
2

�
4:75þ 0:5 cos

�
2X2

	�bÞ and l2 ¼ 1
2

�
4:75þ 0:5 cos

�
2X2

	þ bÞ where

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4þ ð0:5 cos ð2X2Þ þ 4:75Þ2

q
.

We see that J¼ 1 and so the deformation is isochoric. The eigenvectors of B are

v1 ¼
�
2f2:125þ 0:25 cos ð2X2Þ � 0:5bg sec ðX2Þ

1

�

and

v2 ¼
�
2f2:125þ 0:25 cos ð2X2Þ þ 0:5bg sec ðX2Þ

1

�

The eigenvectors of the strain ellipse, U, are those of B and the eigenvalues of U are
ffiffiffiffiffi
l1

p
and

ffiffiffiffiffi
l2

p
. The distribution of strain ellipses is shown in Figure 2.7(a and b).

2.7.2 Non-affine Deformations with Volume Change

Next we consider a non-isochoric, non-affine transformation where the volume change is
periodically distributed. The transformation is

x1 ¼ X1 þ sin ðX2Þ
x2 ¼ X1 þ 1:25X2 þ 0:05 sin

�
X2
2

	

and is shown in Figure 2.12. The deformation gradient and its transpose are

F ¼
�
1 cos ðX2Þ
1 0:1X2 cos

�
X2
2

	þ 1:25

�
; FT ¼

�
1 1

cos ðX2Þ 0:1X2 cos
�
X2
2

	þ 1:25

#

and J ¼ defF ¼ 0:1X2 cos ðX2
2Þ þ 1:25� cos ðX2Þ so the deformation is not isochoric; the vol-

ume change is plotted to the left of Figure 2.12(d) which is a plot of the divergence of the
displacement field. The displacement plots in Figure 2.12(c and d) comprise saddles alter-
nating with spiral sinks embedded in a shear and emphasise that the deformation comprises
essentially regions of pure shear with relatively little strain alternating with regions of shear
plus rotation, both embedded in a dominant shear deformation with volume change.

If we explore the range of deformations characterised by

x1 ¼ X1 þ sin ðX2Þ
x2 ¼ X1 þ aX2 þ 0:05 sin

�
X2
2

	 (2.18)
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where a varies in the range 1� a� 1.5 the ‘phase portraits’ vary as shown in Figure 2.13. This
variation reflects the increasing role of a in controlling the shear parallel to X2 together with
the increasing volume changes which are given by

J ¼ aþ0:1X2 cos
�
X2
2

	� cos ðX2Þ

FIGURE 2.12 A nonlinear transformation given by x1¼X1þ sin (X2) and x2 ¼ X1 þ 1:25X2 þ 0:05 sin ðX2
2Þ. (a)

Deformed grid. (b) Plot of initial lines defined by X1¼ constant to emphasise the resemblance to crenulation
cleavage. (c) Displacement field for �20�X1� 20 and �20�X2� 20. (d) Divergence of the displacement field with
displacement field superimposed. The dark areas represent volume decreases in the material representation,
�5�X1 � 5 and �5�X2� 5. On the left-hand side the Jacobian of the deformation gradient is plotted as an
indication of the volume change. High volume changes correspond to the boundaries between gold and grey
colours for the divergence, whereas low volume changes correspond to the boundaries between grey and light blue
for the divergence.
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and hence influenced by a. Figure 2.13(a) represents a deformation comprising a pure shear
(a saddle) alternating with regions of almost pure rotation embedded in a simple shear. As a
increases from 1 to 1.5 there is a transition pictured in Figure 2.13 from a periodic distribution
of close to pure shear saddles alternating with regions of almost pure rotation embedded in a
shear deformation (Figure 2.13(a)) to saddles alternating with spiral sources embedded in a
shear deformation (Figure 2.13(c)).

We leave as an exercise for the reader the task of calculating the volume changes and plot-
ting the deformed grids and the strain ellipses for parts of these and subsequent

FIGURE 2.13 Pseudo phase portraits for the deformation (2.18) for various values of a. (a) a¼ 1 (b) a¼ 1.25; this
is a zoom into Figure 2.12(c) (c) a¼ 1.5.
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portrait for the deformation in (d). (f) Plot of divergence of the displacement field superimposed on the phase portrait.
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deformations. It is to be noted that some of these deformations are restricted in the range of
X2 that ensures J> 0.

2.7.3 Type IC Folds

Next we examine the following non-affine transformation that produces the Type IC folds
of Ramsay (1967):

x1 ¼ a cos ðCX2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2AX1 þ B

p
; x2 ¼ b sin ðCX2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2AX1 þ B

p

This is plotted for a¼ 2, b¼ 0.5, C¼ 0.5,A¼ 2 and B¼ 0 in Figure 2.14 (a). The deformation
is isochoric for a¼ 1/b.

The deformed spatial representation is shown in Figure 2.14(a) where the shapes of the
deformed initially square grid elements indicate that the principal axes of strain form a
convergent fan as proposed by Ramsay (1967). The displacement field is shown in
Figure 2.14(b and c).

In Figure 2.14(d, e and f) another deformation is shown for

x1 ¼ 4 cos ð0:5X2Þ
ffiffiffiffiffiffi
X1

p
þ 0:8X2; x2 ¼ 0:05X1 þ sin ð0:5X2Þ

ffiffiffiffiffiffi
X1

p

The deformation consists of a shear of Figure 2.14(a) and volume loss which depends on
both X1 and X2 as shown by the divergence field in Figure 2.14(f). The divergence field is
quite different from those shown in Figures 2.9(f) and 2.12(d). Notice that in Figure 2.14(a)
lines that were initially straight and parallel to X2 remain straight in the deformed state,
whereas in Figure 2.14(d) they become curved in parts of the fold. Distinctions of this type
become important when we come to consider folding mechanisms in Volume II.

2.7.4 Localised Shearing

In many deformed rocks the deformation is localised into narrow zones commonly
referred to as shear zoneswhere the deformation is intense and not necessarily homogeneous.
The surrounding rocks in many instances are undeformed. An expression that describes such
a deformation is

x1 ¼ X1 þ Re

�
2
exp½ið2X1 � 1Þ�
cosh½2ðX1 þ 3Þ�

�
; x2 ¼ X2; ih

ffiffiffiffiffiffiffi
�1

p

where Re stands for the real part of the expression in square brackets and i is defined as the
square root of (�1). This expression is a simplified version of a more general expression for
solitons given by Bronshtein et al. (2007, p. 549). The deformation is shown in Figure 2.15(a)
and the phase portrait in Figure 2.15(b) where the localised nature of the deformation is
emphasised.

In this section we have presented a number of examples of phase portraits associated with
non-affine deformations. The important point regarding these phase portraits as opposed to
phase portraits for affine deformations (Section 2.6) is that two or more attractors such as
sinks or saddles can exist for non-affine portraits, whereas only one is ever developed for
an affine deformation. This coexistence of two or more attractors in phase portraits from
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nonlinear dynamical systems is common and we will examine many throughout this book.
Figures 2.13 and 2.14 also illustrate some of the ways in which phase portraits can vary as
the deformation changes with different combinations of saddles and sinks arranged in
various patterns all embedded in a shear.

2.8 THE DEFORMATION ARISING FROM SLIP ON A SINGLE PLANE

As a simple example of a deformation gradient that arises from plastic slip within a single
crystal we consider slip in a direction defined by a unit vector, s, on a single plane whose
normal is m. We take the situation shown in Figure 2.16(a) where s is the vector [1 0]T and

m is the vector [0 1]T. Then the displacement gradient is gs5m¼
�
0 g

0 0

�
and

F ¼ Iþ gs5m¼
�
1 g

0 1

�
. Here 5 represents the tensor product (see Appendix B). The

deformation is given by x1¼X1þ gX2 and x2¼X2 and so is a simple shear with a shear of

g. Thus FTF¼
�
1 g

g 1þ g2

�
and the deformation is isochoric since the determinant of F

equals 1. The eigenvalues of FTF are 1
2 fð2þ g2Þ � g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ g2

p
g and the rotation is anticlockwise

through an angle tan�1
�
g
2

�
. Thus if g¼ 1 the principal stretches are 1.618 and 0.618 and the

rotation is 26.57�. The total deformation, F, is shown in Figure 2.15(b) and comprises a plastic
deformation, UP, with principal stretches given above and an anticlockwise lattice rotation,
RL, through 26.57� such that F¼RLUP.

In addition a general deformation may also involve an overall rigid rotation R so that the
complete general deformation gradient that arises from single slip is F ¼ RðIþ gs5mÞ.

FIGURE 2.15 Localised shearing. (a) Plot of localised, non-affine shearing packet. (b) Phase portrait for (a).
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This discussion can be extended to include multiple slip within a crystal (Asaro and Rice,
1977; Asaro, 1979; Gurtin et al., 2010, pp. 583e661), climb of dislocations (Groves and Kelly,
1969) and diffusion effects (Wheeler, 2010; Gurtin et al., 2010, pp. 361e414). For instance, if
there are a slip systems in a crystal with slip systems defined by s(a) and m(a) then the defor-
mation gradient is

F ¼
X
a

RðaÞðIþ gðaÞsðaÞ5mðaÞÞ

If the deformation is by climb of dislocations then the deformation gradient is

F ¼
X
a

ðIþ gðaÞsðaÞ5sðaÞÞ

where g(a) is now interpreted as the dilation introduced by the downward climb of an extra
half plane associated with the dislocation. If grain boundary sliding occurs the displacement
vector in (2.4) needs to be included in F. We explore these areas in Chapter 13 and Volume II.

2.9 INCREMENTAL STRAIN MEASURES

The discussion thus far in this chapter has concerned measures of finite deformations and
strains and finds its prime use in describing and exploring large deformations. The main in-
terest in mechanics lies in solving problems where the deformation of the body results from
tractions or displacements applied to the boundaries of the deforming body. In some rare
instances analytical solutions to these problems are available but for the most part the
behaviour of the system has to be explored using some form of computational tool such
as the finite element method (Tadmor et al., 2012). In such cases it is necessary to deform
the body of interest in suitably small increments and hence it becomes important to under-
stand the incremental forms of the tensors and matrices we have discussed above.

FIGURE 2.16 The deformation of a crystal by slip on a plane whose normal is m with a direction of slip, s. (a)
Initial state. (b) Deformed state. The deformation defined by F ¼ ðIþ gs5mÞ can be divided into a plastic strain,
UP, and a lattice rotation RL.
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The standard way of proceeding is to deform the body by a small amount and then
expand the resulting tensor of interest using a Taylor expansion (see Appendix C); high-
order terms that are small in the context of the problem being solved are neglected. Thus
if the coordinates of a point, p, are x in a deformed state and p undergoes a further small
displacement, u, to become p/ (Figure 2.17) then a tensor of interest, 4(x) becomes
4(xþ u). If G is a function of 4(x) then G as a function of 4(xþ u) can be written in a Taylor
expansion:

G½4þ u� ¼ G½4� þ V4GðuÞ$uþ/

where V4GðuÞ is the gradient of G(4) with respect to 4(x).
We give expressions for the incremental forms of some of the quantities discussed above in

terms of the incremental displacement, u, in Table 2.3. Note the use of both upper and lower
case indices. Derivations of these expressions may be found in Tadmor et al. (2012, p. 92). In
this table ε is the small strain tensor. If the undeformed reference configuration (Bd in this case)
is considered to be close to coincident with the deformed configuration (dotted red in
Figure 2.17), then FiJ¼ diJ and we obtain

εij ¼ 1

2

 
vui
vxj

þ vuj
vxi

!
5 ε[

1

2

h
Vuþ ðVuÞT

i

which is the classical expression for the small strain tensor.
An important issue arises in the expression of the small strain version of the strain tensor

for special deformations. In particular wewill see in Volume II wherewe consider the general
theory of buckling, that the complete geometry of the problem, namely, the incorporation of
curvature, even though the displacements are small, is not addressed unless one considers

FIGURE 2.17 The initial square, B undergoes a non-affine transformation to become Bd so that the point P with
coordinates X in the undeformed state becomes the point p in the deformed state with coordinates x. The body Bd is
then deformed incrementally to become the dotted red body and p is displaced incrementally through the vector u
to p/with coordinates (xþ u).
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second-order terms in vui

vxj
. The Lagrangian-Green strain tensor is used for small amplitude

buckling and has the following components (Fung, 1965, p. 465):

E11 ¼ vu1
vx1

þ 1

2

"�
vu1
vx1

2

þ
�
vu2
vx1

2

þ
�
vu3
vx1

2
#

E22 ¼ vu2
vx2

þ 1

2

"�
vu1
vx2

2

þ
�
vu2
vx2

2

þ
�
vu3
vx2

2
#

E12 ¼ 1

2

�
vu1
vx2

þ vu2
vx1

þ
�
vu1
vx1

vu1
vx2


þ
�
vu2
vx1

vu2
vx2


þ
�
vu3
vx1

vu3
vx2

�

These components differ from the classical components of the small strain tensor by the
addition of second-order terms in vui

vxj
.

2.10 COMPATIBILITY OF DEFORMATIONS

Deformation in rock masses is commonly heterogeneous in that the deformation in one
part of the rock mass is quite different from other parts. Yet the parts fit together after defor-
mation with no gaps between them. One therefore needs to understand the conditions that
enable such compatibility of deformations to be achieved. The issue is not to be confused
with discussions of strain compatibility (see Jaeger, 1969; Ramsay, 1967, 1980). Such discus-
sions concern relationships between the infinitesimal strain components in a deformation
arising from the fact that six components of strain are derived from just three components
of displacement and there are conditions on the strains that define continuity and smooth-
ness of the displacement field in order for this to be possible. Means (1983) addressed the
issue of compatibility of deformations across a boundary using off-axis Mohr circle construc-
tions; such a procedure is relevant to two dimensions but there seems to be no equivalent
construction available for three dimensions.

TABLE 2.3 Incremental Forms of Deformation and Strain Measures

Measure Incremental Form

Deformation gradient, F
vui
vXJ

hFiJ

Right Cauchy-Green tensor, C
vui
vXI

FiJ þ vui
vXJ

FiI

Left Cauchy-Green tensor, B vui
vXI

FjI þ
vuj
vXI

FiI

Lagrangian strain tensor, E 1
2 ½FTV0uþ ðFTV0uÞT�

Jacobian, J Trε (commonly called the dilation)

In Table 2.3 the symbol V0 emphasises that the gradient is calculated in the incremental

deformation represented by the right-hand side of Figure 2.17.
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The problem becomes relevant to polycrystalline aggregates where the deformation in
each grain is different but the issue is pertinent at all scales up to the lithospheric scale.
Thus in the deformed polycrystalline aggregate shown in Figure 2.18 comprised of biotite,
muscovite, quartz and plagioclase, each grain has different strengths and deformation mech-
anisms and the overall deformation is inhomogeneous yet the grains fit together with no
open spaces between grains (at least at the scale of microscopic observation). The issue
here is: What are the mathematical conditions that allow the aggregate to maintain compatibility
with no gaps or overlaps between grains? Below we concentrate on the compatibility of deforma-
tion across boundaries between adjacent rock masses or mineral grains. In Volume II a model
is presented whereby grain shape foliations such as pictured in Figure 2.18(a) develop by a
combination of crystal slip processes, disconnection motion and minimisation of the energy
of the surfaces generated between grains. The competition between these processes is respon-
sible for the grain size and shape but the crystal slip process leads to a crystallographic preferred
orientation (CPO) such as depicted in Figure 2.18(b) along with a deformation prescribed for
each grain. The shape orientation arises from a combination of the necessity for deformation
compatibility across each grain boundary and the fact that CPO’s have developed in some or
all minerals.

There are two aspects to deformation compatibility in an inhomogeneous deformation.
One is local compatibility between deformations in adjacent domains and the other is global
compatibility of the array of deformed domains with the imposed deformation. In both
instances we require the rock structure to developwith no gaps or overlaps. This requirement
also eliminates any local stress concentrations and long-range stresses. The general situation
is shown in Figure 2.19 where two initial regions, BðþÞ and Bð�Þ, in contact across a surface

FIGURE 2.18 Grain shape foliation from crenulation cleavage zone. (a) Foliation defined by grain boundaries
between biotite, muscovite, quartz and plagioclase. (b) Crystallographic preferred orientations for muscovite, biotite
and quartz. From Naus-Thijssen et al. (2011).
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S are both inhomogeneously deformed but remain intact across a deformed surface Sd. This
means the deformations across Sd given by

x ¼ Fð�ÞX þ dð�Þ

are continuous but the deformation gradients, Fþ and F�, are discontinuous.
We consider two domains labelled (þ) and (�) in Figure 2.20(a) separated by a surface, S.

x2 is parallel to bN and x1 is tangent to S at P. Deformations defined by x¼ FþXþ dþ and
x¼ F�Xþ d� occur in the two domains at P where dþ and d� are constant displacement vec-
tors. We are interested in the conditions under which the deformation is continuous across S
at P but the deformation gradients are discontinuous.

For compatibility between two domains characterised by two deformation gradients, Fþ

and F�, the tangent to the boundary surface separating the two domains before deformation
must be equally distorted and rotated by both Fþ and F� during the deformation. This is a
way of saying that the boundary surface must be an invariant surface in both deformations.
Hence, on the boundary

FþX þ dþ ¼ F�X þ d�

or,

ðFþ � F�
	
X ¼ dþ � d�

ForX to be continuous across the boundary dþ¼ d� and hence if l is a line in the boundary

Fþl ¼ F�l

or
�
Fþ � F�

	
l ¼ 0

FIGURE 2.19 Two different reference bodies BðþÞ and Bð�Þ separated by a surface S with normal at P of bN suffer
two different deformations defined by F(þ) and F(�) to become BðþÞd and Bð�Þd separated by a surface Sd with
normal at p of bn. d(þ) and d(�) are the displacement vectors relevant to either side of the boundary. The de-
formations across Sd are continuous but the deformation gradients are not. The question we ask is: What are the
conditions that the deformations should be continuous across Sd?
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which says that Fþ deforms l in the same way that F� does and hence S is an invariant surface
in the bulk deformation.

If X is continuous across the boundary then the following relations hold (see
Figure 1.20(b)):

�
vx1
vX1

þ
¼
�
vx1
vX1

�
and

�
vx2
vX1

þ
¼
�
vx2
vX1

�

There are no restrictions on
�
vx1
vX2

��
or
�
vx2
vX2

��
. Hence (Fþ�F�) must be of the form

�
Fþ � F�

	 ¼
�
0 a

0 b

�

where a ¼
�
vx1
vX2

�þ
�
�
vx1
vX2

��
and b ¼

�
vx2
vX2

�þ
�
�
vx2
vX2

��
.

In order to proceed we make use of the identity (Appendix B)

ða5 bNÞl ¼ aðl, bNÞ
where a is a vector yet to be determined. Now l is normal to bN and so ðl, bNÞ ¼ 0. Hence
compatibility is ensured if we can find a vector a such that

�
Fþ � F�

	 ¼ a5 bN

FIGURE 2.20 Compatibility of two deformations across an arbitrary boundary. (a) A curved boundary, S,
between two deformations Fþ and F�. We seek the conditions that the deformation across S with normal bN at P
should be continuous. (b) Two domains outlined by dotted lines in the undeformed state either side of a surface
represented by the horizontal full line. These domains are deformed to become the grey boxes. In order for the
deformations to be compatible the boundaries of the grey boxes must match across the boundary. vx1

vX1
and vx2

vX1
must

match either side of the boundary while vx1
vX2

and vx2
vX2

are unconstrained.
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This follows since

Fþl� F�l ¼
�
a5 bN

�
l ¼ a

�
l, bN

�
¼ 0

and hence

Fþl ¼ F�l

whichmeans that both Fþ and F� deform an arbitrary vector l in the boundary equally. Hence
the compatibility condition is

Fþ � F� ¼ a5 bN (2.17)

and a is the vector [a,b]T.
These same arguments apply in three dimensions. This relation is known as the Hadamard

jump condition (Vardoulakis and Sulem, 1995, pp. 39e41); it represents a discontinuity or
jump in the deformation gradient but ensures continuity of the deformation across the
boundary.

As an example consider the following three-dimensional situation. A grain is divided into
two domains Aþ and A� by a boundary S which is parallel to the x1x3 plane and with a

normal bN parallel to x2. These could be two grains undergoing different deformations in

an aggregate. The deformation gradients in Aþ and A� are given by Fþ ¼

2
4
1 g 0

0 1 0

0 0 1

3
75

and F� ¼

2
4
1 �g 0

0 1 0

0 0 1

3
75 so that Fþ � F� ¼

2
4
0 2g 0

0 0 0

0 0 0

3
75 ¼ 2g

2
64
1

0

0

3
7755

2
664

0

1

0

3
775 ¼ 2ga5 bN

where it emerges that a is a vector parallel to the x1 coordinate axis and the region undergoes
a simple shear through the combined deformations in Aþ and A�.

This completes our tour through the geometry of deformation. Next we turn our attention
to the movements that produce such deformations.
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3.1 THE MOVEMENT PICTURE AND THE MATERIAL DERIVATIVE

When a body of rock is subjected to forces or displacements on its boundary the particles
that comprise the body undergo motions that ultimately result in deformation. It is the his-
tory of these motions, especially relative motions between elements of the rock, that results in
the deformation fabrics that we observe at all scales in deformed metamorphic rocks and
in the patterns of accumulated strain, rotation and displacement that are developed. The
map of these motions was called das Teilbewegung or the movement picture by Sander (1911)
who took his inspiration from the extensive treatment of mechanics by Thomson and Tait
(1872) and the classic paper by Becker (1893). Thus for nearly 120 years structural geologists
have recognised that the motions or flow involved in deformation are important for under-
standing the development of rock structures. Moreover, we will see in Chapter 6 that the be-
haviours of most materials of interest when subjected to boundary forces or displacements
are related to these internal motions and not to the deformation or strain. As Truesdell
(1966, p. 4) observes: “The stress in a body is determined by the history of the motion of the
body”. Thus the study of deformation history is of fundamental importance. In keeping
with geological usage we call this area of study that involves internal motions of a deforming
body kinematics. The subject of kinematics is a geometrical description of the flows involved in
deformation. Even though one can prescribe a velocity field, there is no guarantee that a
particular material can follow these motions and that these motions will be compatible
with some set of imposed boundary conditions. This chapter is concerned with some pre-
scribed motions involved in the deformation of rocks and the fundamental features of the
flow fields that control the development of deformation fabrics. Of particular importance
are the eigenvectors of the flow field. The characteristic of a flow eigenvector is that its orien-
tation is not changed by continuation of the flow, although the eigenvector may be stretched
or may change sense. Thus once material lines or planes become close to or parallel to an
eigenvector, that orientation tends to be preserved or reinforced so long as the flow does
not change. Hence eigenvectors of the flow play a fundamental role in fabric development.

The deformation history is given in terms of the undeformed or reference coordinates, X, as:

x ¼ fðX; tÞ (3.1)

where f can be a linear or nonlinear function and t is the time; this is a material or Lagrangian
description of the motion in that it maps the time history of material particles initially at X to
the spatial positions, x, of these same material particles at time t. If convenient, one can write
the deformation history in terms of the deformed coordinates:

X ¼ f
^ðx; tÞ (3.2)

where f
^ðx; tÞ is the inverse of f(X,t). (3.2) is a spatial or Eulerian description of the deformation

history. For f
^ðx; tÞ to exist we require, for all values of t, that the Jacobian of the deformation

gradient, F, is greater than zero:

J ¼ detF ¼
�����
vxi
vXj

����� > 0
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In Figure 3.1 we show some examples of features that are commonly used to infer some-
thing about the movement pictures for deformed rocks.

When one observes a deformed rock, one is looking at a spatial or Eulerian representation of
material points that defines a deformation. However, a structural geologist has in mind what
these rocks looked like in some reference or undeformed state and this is a material or
Lagrangian way of viewing the deformation. Put in another way, a Lagrangian view concen-
trates on individual material particles that have been deformed relative to some reference
state; this is the way structural geologists view the world. An Eulerian view concentrates
on the particular volume of space that contains the deformed material. This is the way meta-
morphic petrologists view the world; concentrations are discussed in terms of the deformed
volume at x and metamorphic reactions are considered to have occurred at xwith no depen-
dence on the material configuration at X. The various matrices and tensors discussed in
Chapter 2 and others that describe the kinematics can be classified as mixed, spatial or

FIGURE 3.1 Some structures in deformed rocks used to say something about the kinematics or movement
picture. (a) Deformed granite gneiss from Spencers Gorge in the Chewings Range, Central Australia. The deformed
K-feldspars and the asymmetric relation between a horizontal foliation and cross-cutting foliation indicate dextral
shearing. (b) Early isoclinal folds deformed by a later zone of intense dextral shearing; Cap de Creus, Spain. (c)
Garnet aggregate deformed by dextral shearing; Irindina Gneiss, Lizzy Creek, Central Australia. (d) Porphyroclast
of K-feldspar deformed by dextral shearing; Bruna Gneiss, beneath the Mt Ruby Massif, Central Australia.
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material fields as indicated in Table 3.1. The deformation gradient, F, for instance is a mixed
tensor field that maps material vectors to spatial vectors.

However, the Lagrangian viewpoint carries with it some complications when one needs to
consider other physical quantities, such as density, temperature and chemical concentrations,
that may be identified with a material particle in the undeformed state and that move
(or advect) with the particle during deformation. For example, if the spatial description of
the temperature is

T ¼ Tðx; tÞ
the material description is

T ¼ TðXðx; tÞ; tÞ
The material derivative of T is defined by

DT

Dt
h

vT

vt

����
X

and represents the change in temperature with time while following the particle initially atX.
The spatial derivative of T is

vT

vt
¼ vT

vt

����
x

TABLE 3.1 A Summary of the Operations of Tensors and Matrices Used in Describing Deformation and Flow

Tensor Name Type Operation

F, F�T Deformation gradient, inverse
transpose of F

Mixed Mapmaterial to spatial vectors

F�1, FT Inverse and transpose of F Mixed Map spatial to material vectors

R Rotation matrix Mixed Maps material to spatial
vectors

B Left CauchyeGreen tensor Spatial tensor field Maps spatial to spatial vectors

V Left stretch tensor; strain ellipsoid Spatial tensor field Maps spatial to spatial vectors

C Right CauchyeGreen tensor Material tensor field Maps material to material
vectors

U Right stretch tensor; reciprocal strain
ellipsoid

Material tensor field Maps material to material
vectors

l Spatial velocity gradient tensor Spatial tensor field Maps spatial to spatial vectors

d Spatial stretching tensor Spatial tensor field Maps spatial to spatial vectors

w Spatial spin tensor Spatial tensor field Maps spatial to spatial vectors
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and represents the change in the temperature at the spatial position x as the material particles
move through x. Hence by the chain rule of differentiation the relationship between the two
can be found as:

DT

Dt
¼ vT

vt
þ vT

vx

dx

dt

¼ vT

vt
þ ðv,VxTÞ (3.3)

where v is the velocity of the material point at x. The ðv,VxTÞ term in (3.3) arises because the
material particles are moving through the spatial coordinates. This term is called the convec-
tive rate of change of T, whereas the vT

vt term is called the local rate of change of T. DT
Dt , the ma-

terial derivative of T, is also known as the substantial, advective or convective derivative of T. The
material derivative may be viewed as the time rate of change of a quantity associated with a
material particle that would be observed by someone travelling with the material particle.

3.2 VELOCITY AND VELOCITY (OR FLOW) FIELDS

We define the displacement, u, of a material particle as

u ¼ x� X

Then, since X is independent of time v ¼ dx
dt ¼ dðuþXÞ

dt ¼ du
dt .

Most of the velocity fields considered in the geological literature produce affine deforma-
tions. For such deformations it is convenient to distinguish between those histories where the
principal axes of strain remain parallel from one increment to the next and those where the
principal axes are not parallel from one increment to the next. These are known, respectively,
as coaxial and non-coaxial histories. Ramberg (1975) considered the following three classes of
two-dimensional affine deformation histories (see also Means et al., 1980):

3.2.1 Type 1 Deformation Histories: Non-pulsating

The deformation history is given by:

x1 ¼ ½Ab11 þ expð�atÞ�X1 þ Ab12X2

x2 ¼ �Ab21X1 þ ½expðatÞ � Ab11�X2

(3.4)

where A¼ exp(at)� exp(�at) and for isochoric deformation histories b12b21¼ b11(b11� 1).
The velocity field in spatial coordinates is

v1 ¼ a½2b11 � 1�x1 þ 2ab12x2

v2 ¼ �2ab21x1 þ a½1� 2b11�x2
(3.5)

Such deformation histories may be coaxial or non-coaxial and are characterised by situa-
tions where lines that were extended in the past always continue to be extended in future
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increments of deformation but there may also exist lines that were shortened in the past that
will be extended in future increments.

3.2.2 Type 2 Deformation Histories: Pulsating

The deformation history is given by:

x1 ¼
�
cos ðbt�þ a11

b
sin
�
bt
��
X1 þ a12

b
sin
�
bt
�
X2

x2 ¼ a21
b

sin
�
bt
�
X1 þ

�
cos

�
bt
�þ a22

b
sin
�
bt
��
X2

(3.6)

where for isochoric deformation histories a11¼�a22 and a11a22¼ a12a21� b2. The velocity field
in spatial coordinates is

v1 ¼ a11x1 þ a12x2

v2 ¼ a21x1 þ a22x2
(3.7)

These deformation histories are always non-coaxial and are characterised by situations
where lines that were shortened in the past are extended in future increments of deformation.
These deformations may correspond to those associated with rotating porphyroclasts.
Ramberg (1975) and McKenzie (1979) have proposed such histories for packages of rock
involved in mantle convection.

3.2.3 Type 3 Deformation Histories: Simple Shearing

The deformation history corresponds to simple shearing and is given by:

x1 ¼ ½1þ b11t�X1 þ b12tX2

x2 ¼ b21tX1 þ ½1þ b22t�X2

(3.8)

where for isochoric deformation histories b11¼�b22 and b12b21 ¼ �b211. The velocity field in
spatial coordinates is

v1 ¼ b11x1 þ b12x2

v2 ¼ b21x1 � b11x2
(3.9)

Type 3 deformation histories are always non-coaxial.
An important feature of all these spatial velocity fields is that they are independent of

time; such vector fields are said to be autonomous (Wiggins, 2003). The velocity fields can
be plotted in spatial coordinates, x, and the patterns illustrate the way in which the
velocity field is distributed in space. One can consider the velocity vectors or the curves
that are tangent to the velocity vector at each point in the flow. These curves are known
as streamlines and the maps of the streamlines and of the velocity vectors are called phase
portraits.
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The most general affine, two dimensional, autonomous, isochoric deformation history is
given by

v1 ¼ bx2; v2 ¼ Kbx1 for �1 < K < 1 (3.10)

For K< 0 the streamlines are ellipses given by x22 � Kx21 ¼ constant (Figure 3.2(a)); these
correspond to pulsating histories (Type 2 above). For K> 0 the streamlines are hyperbolas
with an extension axis inclined at q ¼ tan�1ð1=KÞ1=2 to the x2 axis (Figure 3.2(b)); these corre-
spond to Type 1 histories. For K¼ 0 the streamlines are straight and correspond to simple
shearing (Type 3 histories; Figure 3.2(c)).

As well as the velocity field we can define a curve in spatial coordinates that is the trajec-
tory followed by a material particle with initial coordinates, X. This is known as the path line.
Streamlines and path lines are coincident only for autonomous flows. Otherwise they are
generally different. Now, in contrast to similar plots in Chapter 2, diagrams such as Figure 3.2
represent the true trajectories of particles in time so long as the velocity field is autonomous.
A range of streamline plots for autonomous flows is shown in Figure 3.3 and further discus-
sion is presented by Passchier (1997). Classification of this range of patterns can be made on
the basis of the nature of the eigenvectors of the spatial velocity gradient tensor. We define the
spatial velocity gradient tensor as:

l ¼

2
6666666664

vv1
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vx2
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vx3
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vv3
vx3

3
7777777775

hðVxvÞ (3.11)

Following the arguments presented in Chapter 2, the eigenvalues, l�, for a two dimen-
sional velocity field are given by the solutions to the characteristic equation:

l2 � ðTrlÞlþ ðdetlÞ ¼ 0
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FIGURE 3.2 Phase portraits for the three types of two dimensional, affine, isochoric, autonomous flows. The
lines correspond to streamlines which have the velocity vectors (in red) at each point as tangents. (a) K< 0, cor-
responding to Type 2 deformation histories. (b) K> 0, corresponding to Type 1 deformation histories. (c) K¼ 0,
corresponding to Type 3 deformation histories. K is defined in (3.10).
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and the discriminant for this quadratic equation is

D ¼ ðTrlÞ2 � 4ðdetlÞ
with eigenvalues l� ¼ 1

2

h
Trl � D

1
2

i

Thus D> 0 corresponds to real eigenvalues, D¼ 0 corresponds to one real eigenvalue and
D< 0 corresponds to imaginary eigenvalues. The possibilities are as follows (Ottino, 1989)
and can be represented on a diagram (Figure 3.3) similar to Figure 2.11. The parabola
D¼ 0 defines four fields of behaviour:

1. All real eigenvalues of different signs.

l ¼
�
l 0

0 m

�
with l< 0< m or with l> 0> m. These correspond to saddles.

2. All eigenvalues have negative real parts.

l ¼
�
l 0

0 l

�
with l< 0; this corresponds to a focus.

l ¼
�
l 0

0 m

�
with l< m< 0; this corresponds to a stable node.

FIGURE 3.3 Classification of two-dimensional, autonomous flow fields. The parabola detl ¼ 1
4ðTrlÞ2 defines

fields for which D¼ 0 on the parabola, D< 0 inside the parabola and D> 0 outside the parabola. These fields define
the type of flow pattern.
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l ¼
�
l 0

1 l

�
with l< 0; this corresponds to an improper node.

l ¼
�
a �b

b a

�
with a< 0; this corresponds to a spiral sink.

3. All eigenvalues have positive real parts.
Same as 2 but with all arrows in Figure 3.3 reversed.

l ¼
�
l 0

0 l

�
with l> 0; this corresponds to a focus.

l ¼
�
l 0

0 m

�
with l> m> 0; this corresponds to an unstable node.

l ¼
�
l 0

1 l

�
with l> 0; this corresponds to an improper node.

l ¼
�
a �b

b a

�
with a> 0; this corresponds to a spiral source.

4. All eigenvalues are pure imaginary.

l ¼
�
0 �b

b 0

�
and l ¼

�
0 b

�b 0

�
correspond to a centre.

l ¼
�
0 �b

0 0

�
and l ¼

�
0 0

�b 0

�
correspond to a simple shearing.

This classification of flow patterns has been considered by a number of authors including
de Paor (1983), Passchier (1988, 1997), Weijermars (1991, 1993) and Weijermars and Poliakov
(1993).

In three dimensions the situation is somewhat more complicated (Chella and Ottino,
1985; Iacopini et al., 2010; Olbricht et al., 1982) and we discuss this situation in Section 3.3.3
below.

3.3 OTHER MEASURES OF THE KINEMATICS

Other than the velocity gradient l it is convenient to define a number of quantities that
are measures of the deformation rates, the rates of reorientation of lines and of the relative
magnitudes of these quantities.
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3.3.1 The Stretching and Spin Tensors

The velocity gradient tensors, L and l, are defined as the material and spatial gradients of the
instantaneous velocity field:

L ¼

2
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l ¼

2
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As with the deformation gradient tensor, L and l are asymmetrical but can be split into
symmetrical and skew symmetrical parts:

D ¼ 1

2
ðvVX þ VXvÞ and W ¼ 1

2
ðvVX � VXvÞ

d ¼ 1

2
ðvVx þ VxvÞ and w ¼ 1

2
ðvVx � VxvÞ

(3.12)

so that L ¼ DþW and l ¼ dþw. D and d are called the material and spatial rate of defor-
mation tensors or more commonly the stretching tensors and W and w are the material and
spatial spin tensors. Note that D and d are not strain-rate tensors. In indicial notation these
tensors are:

Dij ¼ Dji ¼ 1

2

 
vvi
vXj

þ vvj

vXi

!
Wij ¼ �Wji ¼ 1

2

 
vvi
vXj

� vvj

vXi

!

dij ¼ dji ¼ 1

2

 
vvi
vxj

þ vvj

vxi

!
wij ¼ �wji ¼ 1

2

 
vvi
vxj

� vvj

vxi

! (3.13)

Both D and d are second order symmetrical tensors and so can be represented by ellip-
soids with principal axes equal to the principal logarithmic rates of stretch as indicated in
(3.24). w represents the instantaneous rotation experienced by the principal axes of d.
Two other tensors that measure strain-rates are sometimes useful. These are the material
derivatives of the Lagrangian and Euler-Almansi strain tensors given (Tadmor et al.,
2012, pp. 98, 99), respectively, by:

_E ¼ FTd F and _e ¼ 1

2

h
lTB�1 þ B�1l

i
(3.14)

Note that d in general is not a true rate for a general deformation history but it is for a
deformation history that involves no rotation of the principal stretching directions. The
stretching tensor and the Lagrangian strain-rate tensor are approximately equal for infinites-
imal deformations. The Eulerian strain-rate tensor is approximately equal to the stretching
tensor only for infinitesimal deformations with small spins (Eringen, 1962, p. 80). The prin-
cipal axes of the Lagrangian strain-rate tensor are parallel to the principal axes of the
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stretching tensor (Eringen, 1962, p. 79). We use the convention that the word termination -ing
denotes a kinematic quantity. Thus stretch and simple shear are distortions and are geometric
terms independent of the deformation history; stretching and simple shearing are kinematic
terms and imply an evolution of the flow with time.

It is important to relate d and w to the rate of change of the stretch tensor U and of R, the
rigid body rotation associated with an instantaneous deformation gradient, F. Gurtin et al.
(2010, p. 90) show that

d ¼ R
�
sym

�
_UU�1

��
RT and w ¼ _RRT þ R

�
skw
�
_UU�1

��
RT (3.15)

where sym and skw refer to the symmetrical and skew symmetrical parts of the relevant
matrix. This means, from (3.15)2, that the spin is the sum of two terms. The first is the rota-
tional spin wrot arising from the rotation R, and the second is a stretch spin, wstr arising
from the stretch U:

w ¼ wrot þwstr (3.16)

wrot ¼ _RRT and wstr ¼ R
�
skw
�
_UU�1

��
RT

This expresses the statements commonly made in the structural geology literature
(Iacopini et al., 2007; Jiang, 2010; Means et al., 1980) that the spin can be expressed as
an ‘external’ and ‘internal’ rotation. (3.15) and (3.16) are true for all deformation histories,
whereas many of the arguments in the structural geology literature are for specific defor-
mation histories such as the combined simple shearing and rotation discussed by Means
et al. (1980). The common interpretation of (3.16) is that wrot represents a rotation of the
fabric with respect to external coordinates, and hence has no influence on fabric evolution,
whereas wstr represents rotation of material lines relative to the stretching axes and hence
has a fundamental influence on fabric development (Means et al., 1980). It is important to
note that such statements are true for affine deformation histories but do not hold for non-
affine deformation histories where the local rotations represented by wrot are an integral
part of the deformation at each point in the material and hence also contribute to fabric
development (Chapter 11). It is the array of local deformations represented by wrot(x) in
a non-affine deformation history that contributes to the deformed material remaining
intact with no gaps throughout the deformation history.

3.3.2 Spin and Vorticity

The vorticity, u, associated with a velocity field, v, is defined as the vector:

u ¼ curlvhV� v (3.17)

It can be shown (Truesdell, 1954, pp. 3 and 58) that

Vv ¼ d� I�u=2

and

V,u ¼ V,V� v ¼ 0
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Just as the streamlines are lines tangent to the velocity vectors in a flow, the vortex lines are
tangent to the local vorticity vectors in the flow.

Another measure widely used to classify flow fields is the kinematic vorticity number, WK,
given (Truesdell, 1954; Means et al., 1980) by

WK ¼ jujh
2
	
d2
1 þ d2

2 þ d2
3


i1=2 (3.18)

where d1, d2 and d3 are the principal stretchings of d and juj is the magnitude of the
vorticity. An important concept that arises here is that of objectivity. A quantity is said
to be objective if its description is independent of the coordinate frame of reference used
(Gurtin et al., 2010, Chapter 20). If we want to compare different flows we want the
measuring system to be independent of the reference frame. One can show that the stretch-
ing tensor, d, is objective but the vorticity, u, is not except for special flows (Astarita, 1979;
Gurtin et al., 2010; Truesdell, 1977). Thus WK is not an objective measure of a flow and dif-
fers from one flow to another depending not only on the nature of the flow but also on the
reference frame. A simple example illustrating the non-objectivity of WK is that of a simple
shearing referred to two different sets of coordinate axes. If the coordinate axes x1 and x2 are
parallel and normal, respectively, to the shearing plane a possible velocity field is v1¼ x2
and v2¼ 0; the curl of this velocity field is 1 and WK¼ 1. However, if we refer this same
velocity field to new axes inclined at 4 to the field, the vorticity is cos 4 and WK varies
from 1 to 0 as 4 varies from 0 to p/2.

Astarita (1979) defined another measure of a flow that is objective and a version of this is
also defined by Jiang (2010). Various other forms of a quantity resembling the kinematic
vorticity number have been defined by various authors (Jiang, 2010; Passchier, 1988, 1990,
1991, 1997; Robin and Cruden, 1994). For example, Passchier (1988) defines a quantity Wn

called the sectional kinematic vorticity number so called because it is relevant to two
dimensional flows and depends on the principal instantaneous stretchings in a section which
is the plane of flow (defined as that containing the eigenvectors corresponding to d2 and d3)
so that

Wn ¼ juj
d2 � d3

(3.19)

Also defined are the sectional kinematic dilatancy number, An; a number Tn that measures the
magnitude of the out-of-plane stretching to the in-plane stretchings; and Vn, a number that is
a measure of relative volume change:

An ¼ d2 þ d3

d2 � d3
; Tn ¼ d1

d2 � d3
and Vn ¼ Tn þAn

This means that Wn ¼ WK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2T2

n þA2
n þ 1

q
.

These measures of the flow are not objective since they either use the vorticity or do not
employ invariants of d. In describing or classifying different flows it is fundamental that
objective measures are used. One needs to be very careful in using published analyses of
flows that use WK or sectional kinematic numbers. In order to use these kinds of measures
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to describe or compare different flows three criteria must be met: (1) the measure used
must be objective or the coordinate axes must be selected to take the non-objective nature
of the velocity field into account in any analysis of the flow; (2) the flows must be autono-
mous; and (3) the flows must be spatially homogeneous. These criteria are not met for
many published studies.

3.3.3 Classification of Three Dimensional Flows

The situation for three dimensional (3D) flows is considered by Iacopini et al. (2007, 2010)
who point out that if the discriminant of the characteristic equation for a three dimensional
flow is positive then three real eigenvalues exist for the flow. However, if this discriminant is
negative there is only one real eigenvalue and the other two are complex-conjugate. Their
analysis indicates that although some flowsmay start as a pulsating flow, they will ultimately
evolve into a non-pulsating flow dominated by the real eigenvalue at higher strains as shown
in Figure 3.4. Such flow evolution has important ramifications for fabric development and we
return to this subject in Section 3.6.2.

Different approaches to the classification of three dimensional flow fields are presented by
Tanner and Huilgol (1975), Tanner (1976), Astarita (1979), Olbricht et al. (1982) and Chella
and Ottino (1985); these classifications are motivated by attempts to define so called strong
flows that can be responsible for some kinds of microfabric development. The following
discussion is based largely on Olbricht et al. (1982), although their discussion is more general
as we will see in Section 3.6.2.

Stable path
dominated by
the real eigenvector Transient pulsating

deformation path
(b)

Planar view of a pulsating component
within a 3D “transient” complex flow

Extruding direction

(a)

FIGURE 3.4 Illustration of a possible evolution for a three dimensional flow beginning with a transient pul-
sating history of deformation as shown in (a) and progressing to a stable stretching deformation aligned parallel to a
single real eigenvector at later times in the flow (b). From Iacopini et al. (2010).
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If we orient the spatial coordinate axes parallel to the principal axes of d we can write for
the most general isochoric, affine three dimensional flow:

d ¼

2
64
a 0 0

0 b 0

0 0 �ðaþ bÞ

3
75 and w ¼

2
664

0 g �h

�g 0 j

h �j 0

3
775

where a, b, g, h, and j are constants. The magnitude of the vorticity vector is

juj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ h2 þ j2

p
.

The velocity gradient is normalised by dividing by its magnitude and is given by Olbricht
et al. (1982) as:

~l ¼ 1

ð2MÞ12

2
64

a g �h

�g b j

h �j �ðaþ bÞ

3
75 where M ¼

ffiffiffiffiffiffiffiffi
l : l

p
¼ a2 þ b2 þ abþ u2:

The eigenvalues for the flow are given by the roots of the characteristic equation:

l3 �
�
1

2
tr~l

2

l� det~l ¼ 0; (3.20)

namely,

l1 ¼ s1 þ s2

l2 ¼ �1

2
ðs1 þ s2Þ þ

ffiffiffi
3

p

2
iðs1 � s2Þ

l3 ¼ �1

2
ðs1 þ s2Þ �

ffiffiffi
3

p

2
iðs1 � s2Þ

where s1h
h
det~l
2 þ ffiffiffiffi

D
p i13

, s2h
h
det~l
2 � ffiffiffiffi

D
p i13

and ih
ffiffiffiffiffiffiffi�1

p
. Thus one eigenvector is always real and

the other two are complex-conjugate as discussed by Iacopini et al. (2010).
The invariants of ~l are:

I~l ¼ 0

II~l ¼ Tr~l
2 ¼ 1

M

�
a2 þ b2 þ ab� u2

�

III~l ¼ det~l ¼ � 1

ð2MÞ32
�
ab½aþ b� þ �g2ðaþ bÞ�� j2 aþ h2b

�

This means that �1 � Tr~l
2 � 1 with the minimum of Tr~l

2
corresponding to purely rota-

tional flow (a¼ b¼ 0) and the maximum corresponding to pure straining with u2¼ 0.
Olbricht et al. (1982) show that for each value of Tr~l

2
, the maximum and minimum values

of det~l are given by

det~l
���
max=min

¼ �sgnðbÞ2ð1þ 3KÞ
½6ð1þ KÞ�32

with K ¼ 1� Tr~l
2

1þ Tr~l
2

(3.21)
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Thus, any three dimensional, affine flow field can be represented by a point within the
region ABCD in Figure 3.5 where the blue line, ABC, is given by (3.21), The black line,

CDA, represents the maximum value of the trace of ~l
2
, Tr~l

2 ¼ 1, and the red line, COA, is
the condition that the discriminant of the characteristic equation for the flow field is zero:

D ¼
�	

det~l

2 �

	
Tr~l

2

3.

54

�
¼ 0

The region ABCD maps out what is called the admissible domain that contains all possible
three dimensional isochoric affine flows. The various flow fields represented in Figure 3.5 are:

1. All two dimensional flows are represented by the line BOD ðdet~l ¼ 0Þ with simple

shearing at Tr~l
2 ¼ 0, pure rotation at Tr~l

2 ¼ �1 and plane extension at Tr~l
2 ¼ 1.

2. The point A corresponds to uniaxial 3D extension and C corresponds to biaxial 3D
extension (pure flattening).

3. The line Tr~l
2 ¼ 1 represents all flows with no vorticity.

4. If the stretching, d, is defined, the value of det~l defines the orientation of the vorticity vector
(or vortex lines) relative to the principal axis of stretching. This angle varies across the
diagrams being parallel to the principal axis of stretching on the right hand side of the
admissible domain, to 45� to the principal axis of stretching at det~l ¼ 0, to being normal to
the principal axis of extension on the left hand margin of the admissible domain. The
positions defined by ABC correspond to various forms of monoclinic flow (Iacopini et al.,
2007; Jiang, 2010; Jiang and Williams, 1998). For 0 < det~l < det~lmax and det~lmin < det~l < 0
within the admissible domain the flows are triclinic.

5. Within the region OCDA, D > 0 and there are three real roots to the characteristic equation
(3.20). Outside of this region D > 0 and there is one real root and there are two complex
conjugate roots.

We return to this diagram in Section 3.6.2 where we consider some aspects of the develop-
ment of microfabric driven by the flow field and the concept of weak and strong flows.

FIGURE 3.5 Classification of three dimensional, affine, isochoric flows. The region ABCD defines the admissible

domain that contains all possible three dimensional affine isochoric flows. (a) The admissible region ABCD. The red
curve COA represents the condition D¼ 0. (b) Characteristics of various parts of the admissible region. (c) The three
fundamental parts of the admissible region characterised by D > 0, D ¼ 0 and D < 0. ~l in these diagrams is the
normalised velocity gradient tensor.

3.3 OTHER MEASURES OF THE KINEMATICS 81

A. THE MECHANICS OF DEFORMED ROCKS



3.4 RATE OF CHANGE OF DEFORMATION MEASURES

The following section discusses the time rate of change of various measures of
deformation.

3.4.1 Rate of Change of Deformation Gradient

We write (2.2) again:

dx ¼ ðVXxÞ,dX
and so

dx
$

¼ FdX
$

¼ _FdX

where the overbar means that the material derivative is taken of everything under the bar.
Now,

_FiJ ¼ vvi
vxj

vxj
vXJ

¼ lijFjJ

Thus

_F ¼ lF (3.22)

From which one may obtain

dxi

$

¼ lijFjJdXJ ¼ lijdxj (3.23)

3.4.2 Rate of Change of Stretch

The stretch, l, of an initial line element, dS, is l ¼ ds
dS where ds ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dxidxi
p

and

dS ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dXIdXI

p
. Using (3.23) the material time derivative of ds is

ds
$

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxidxi

p $

¼ dijdxidxi
ds

If bm is a unit vector along dx then dxi ¼ bmids and

1

ds
ds
$

¼ dij bmi bmj

Now l ¼ ds
dS and l

$

¼ ðds
$

Þ=dS and so

lnl

$

¼ dijd bmid bmj (3.24)

This is a relation between the rate of change of the Hencky strain and the stretching tensor
and can be used to show that the principal axes of d are the principal logarithmic rates of
stretching (Tadmor et al., 2012, pp. 97, 98).
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3.4.3 Rate of Change of Volume

In appendix C we show that

vðdetAÞ
vA

¼ A�TdetA

Hence

_J ¼ detF
$

¼ vðdetFÞ
vF

: _F ¼ JF�T : _F (3.25)

Using the identity A:(BC)¼ (BTA):C we obtain

_J ¼ JI : l

Now I : l ¼ I : Vv ¼ divv and I : l ¼ Trl ¼ Trd since trw¼ 0.
Hence the useful result:

_J ¼ Jdivv ¼ JTrl ¼ JTrd (3.26)

If the motion is to be isochoric then _J ¼ 0 which means that divv¼ 0. For incompressible
flows a convenient relation from (3.25) for isochoric flow is

F�T : _F ¼ 0 (3.27)

3.4.4 Rate of Change of Area

We have from Nanson’s formula in Section 2.1 that

da
$

¼
�
_JF�T þ JF�T

$ �
dA

Since from (3.26) we have _J ¼ Jdivv and from (3.22), F�1
Ij

$

¼ �F�1
Ii lij

we obtain

da
$

¼ �ðdivvÞI� lT
�
da (3.28)

3.5 AN EXAMPLE OF A NON-AFFINE FLOW

Most examples of flows in the literature are affine.As an example of a non-affine flowand the
use of the kinematic vorticity number for non-autonomous flows, consider the velocity field:

v1 ¼ 1

t
½x1 � sin ðtx2Þ�

v2 ¼ �x2
t

(3.29)
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FIGURE 3.6 Deformation, velocity and vorticity fields for the non-affine deformation (3.29). (a), (b) and (c)
Deformed grids for the deformation history given in (3.29) for times t¼ 1, 2, 3. (d), (e) and (f) Material represen-
tations of the displacement fields for times t¼ 1, 2, 3. (g), (h) and (i) Spatial representations of the velocity fields for
times t¼ 1, 2, 3. (j) Distribution of vorticity in spatial coordinates, t¼ 1. (k) The kinematic vorticity number in spatial
coordinates, t¼ 1. (l) Time and space variation of kinematic vorticity number. In the plots for WK the value of the
vorticity is used and not its magnitude as in (3.18).
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This produces the isochoric deformations shown in Figure 3.6 (a, b, c) for times t¼ 1, 2 and
3 and given by:

x1 ¼ tX1 þ sin ðX2Þ and x2 ¼ X2

t

The deformations at three times t¼ 1, 2, 3 are shown in Figure 3.6(a,b,c) and consist of non-
affine deformations with 0, 50 and 66.7% shortening normal to the axial planes, respectively.
The material description of the displacement is shown in Figure 3.6(d,e,f) and emphasises
that the deformation in (a) is an inhomogeneous simple shear, whereas subsequent frames
(b) and (c) approach pure shear. The spatial description of the velocity field is shown in
Figures 3.6(g,h,i). The spatial distribution of vorticity is shown for t¼ 1 in Figure 3.6(j), whilst
(k) shows the spatial distribution ofWK also for t¼ 1. The coordinate axes used are the spatial
coordinates, x. The basic flow is essentially an inhomogeneous pure shearing as indicated by
the mean value ofWKwhich is zero; departures arising from the non-affine parts of the defor-
mation give maximum and minimum values of WK ¼ � 1ffiffi

6
p ¼ �0:406. Notice that the value

of the vorticity has been used here rather than the magnitude as is commonly done for affine
deformations. The spatial and temporal variation of WK is shown in Figure 3.6(l) illustrating
that at any specified spatial position in a non-affine deformation, WK varies with time. It
hence is meaningless to define a single value for WK at a particular spatial position.

3.6 KINEMATIC INDICATORS AND FLOW FIELDS

3.6.1 The Development of Microfabric due to Flow

A large number of publications describe structures that indicate a sense of shear move-
ment in deformed rocks. These include Sander (1930, 1950), Simpson and Schmid (1983),
Lister and Snoke (1984), Passchier and Simpson (1986), Hammer and Passchier (1991), Olson
and Pollard (1991), Passchier and Trouw (1996), Goscombe and Trouw (1999), Goscombe
et al. (2004), Cosgrove (2007), and Wagner et al. (2010). Some examples of such indicators
are given in Figure 3.1. These kinematic indicators rely for their interpretation on the symme-
try principle of Sander (1911) according to which the symmetry of the fabric reflects the symmetry of
the movements that produced the fabric. Many of these indicators show that there is a shear strain
parallel to foliation planes (ten Grotenhuis et al., 2003) and to ‘stretching’ lineations. In fact in
many deformed rocks the asymmetry revealed by these kinematic indicators is only
exhibited in sections parallel to a ‘stretching’ lineation or normal to an inferred vorticity vec-
tor (Passchier and Simpson, 1986).

Over the past 100 years or so there have been three approaches by structural geologists to
linking features of the flow field to the structures observed in deformed rocks. Sander (1911)
proposed that the symmetry of fabric was all important and that this symmetry reflects that of
the movement picture or kinematics (see Paterson and Weiss, 1961; Turner and Weiss, 1963).
Sander proposed that for monoclinic deformation fabrics one could define three mutually
perpendicular axes that were reflections of the kinematics: the a-axis parallels the direction
of ‘tectonic transport’, the b-axis is the single symmetry axis of the fabric and is commonly
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an axis of rotation and the c-axis is normal to the ab-plane. This approach led to considerable
controversy (for reasons we will discuss in Volume II) and ultimately fell into disrepute.

The next approach proposed that all structures are related to patterns of strain and so the
measurement or estimation of strain in deformed rocks is paramount (Ramsay, 1967; Ramsay
and Huber, 1983). This area of research was emphasised in the period 1967e1987 and is
commonly rooted in assumptions or propositions that many foliations and lineations form,
respectively, parallel to principal planes and axes of strain. Because the existence of the
required number of independently distorted objects is rarely available in order to make
unique estimates of the magnitudes and orientations of the principal axes of strain without
making additional assumptions, most of this work provides some kind of (commonly un-
specified) bound on what the strain actually is. Although this approach provides important
information on such bounds and what the states of strain are, there remain important issues
such as (1) many foliations, although proposed as principal planes of strain, show wide-
spread evidence of shear displacements and shear strains parallel to the foliation so that in
their present state they cannot be principal planes of strain since by definition a principal
plane of strain is a plane of zero shear strain. There are widespread justifications of such ob-
servations in order to protect the initial premise. (2) Many ‘stretching lineations’ postulated
to be parallel to a principal axis of strain show shear parallel to the lineation in the form of
rotated porphyroclasts, ‘mica fish’ or small-scale asymmetric folds (ten Grotenhuis et al.,
2003; Passchier and Simpson, 1986; Passchier and Trouw, 1996). Again, by definition, in their
present state such lineations cannot represent principal axes of strain.

The third approach is basically a reversion to that of Sander but dressed up in a different
terminology. The emphasis is on description and quantification of the kinematics (or move-
ment picture of Sander). One branch of this approach involves describing the nature of the
flow field responsible for the deformation by developing criteria for estimation of the kine-
matic vorticity number, WK, of Truesdell (1952, 1953) or some set of related numbers (Jiang,
2010; Passchier, 1997). WK was introduced into structural geology by Means et al. (1980)
and is given by (3.18); it is a non-objective measure of the relative intensity of vorticity and
stretching. Since Means et al. (1980) there have been a number of developments including
Passchier and Urai (1988), Passchier (1991, 1994, 1997), Fossen and Tikoff (1993), Robin
and Cruden (1994), Jiang and Williams (1998) and Jiang (2010).

From the point of view of this kinematic approach, a direct question that one could ask in
trying to understand the nature of the flow responsible for geological deformations is: What
are the eigenvectors for the flow field? One asks this question initially because the nature of the
eigenvectors defines the various classes of flow fields that exist; these distinctions are
shown in Figures 3.3 and 3.5 for two- and three-dimensional homogeneous flows. However,
a second reason for asking such a question is based on the proposal of Passchier (1997)
(see also Iacopini et al., 2007) that the nature of the flow field acts as an attractor for passive
fabric elements. This means that many fabric elements are advected in the flow to align in
some manner with the eigenvectors of the flow. This is particularly relevant to simple
shearing deformation histories where there is but one eigenvector (parallel to the shearing
direction) and the proposal is that fabric elements tend to align parallel to this direction.
In our view the attractor concept represents a fundamental advance in understanding defor-
mation fabrics and we summarise the essential features of the attractor concept below.
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1. One way of characterising flow fields is to look at the pattern of streamlines as in Figures
3.2 and 3.3. The parameters that enable a classification of these patterns are the
eigenvectors of the spatial gradient, l, of the velocity field as we have seen in Figure 3.3.

2. The classical approach in continuum mechanics is to study the nature of the stretching
tensor, d, and the vorticity tensor, w, which are derived as the symmetrical and skew
symmetrical parts of the velocity gradient, l. The eigenvectors of d define the principal
stretchings at each point and are directly related to the stresses through the relevant
constitutive model for the material (Chapters 4 and 6). Thus the tensor d plays centre stage
in much of continuum mechanics. The same kinds of problems arise in relating d to
deformation fabrics as have been discussed for the strain tensor: for instance, ‘stretching
lineations’ are commonly proposed to form parallel to a principal axis of strain or of
straining yet kinematic indicators indicate shear parallel to the lineation.

3. The major advance (Passchier, 1997) has been to propose that the fabric elements are
controlled in their orientations by the eigenvectors of the flow. The eigenvectors of the stretching
tensor, d, in general are not parallel to those of the flow gradient, l. Thus the lineations can
reorient to become approximately parallel to an eigenvector of the flow but because they
are oblique to the principal axes of d they still experience shearing parallel to the lineation.
This is particularly evident in simple shearing flows where the single eigenvector of the
flow is always at 45� to the principal axes of stretching.

4. As we have indicated in Chapter 2 the strain is a geometrical feature of deformation that
accumulates as the deformation history proceeds. Except for purely elastic materials it
plays no single role in controlling the stress or the deformation history. Yet stretches
parallel to the principal axes of strain progressively accumulate and at least one of these
axes rotates towards an eigenvector of the flow. It is wrong to propose that the flow
eigenvector is an attractor for material lines parallel to the principal planes and axes of
strain since the asymptotic approach of a principal axis of strain towards a flow
eigenvector is purely a geometrical necessity. In general, there is a different line of material
particles defining a principal axis of strain at each moment of a (rotational) deformation
history and so the asymptotic alignment of a principal axis of strain with a flow
eigenvector does not necessarily correspond to the advection of a single line of material
particles.

5. In hindsight the a-axis of Sander is to be identified with an eigenvector of a monoclinic
flow field and the b-axis with the vorticity vector, u, defined as curlv.

We illustrate the importance of these points in an example below. Figure 3.7 shows maps of
the two eigenvectors of d for the flow (3.29) at times t¼ 1, 2, 3. Passchier (1997) introduces the
concept of flow eigenvector grids that can be imagined to be embedded in the deforming rock
mass at any particular instant. The diagrams in Figure 3.8(a,b) represent these grids for the
flow (3.29) at time t¼ 1, 3. The flow eigenvector pairs are not orthogonal. Nevertheless, in
this example, one eigenvector remains constant in orientation throughout the deformation his-
tory, as emphasised in Figure 3.8(c), and this is the one parallel to the axial planes of the folds.
Thus throughout the deformation history, the principal axes of strain rotate as shown by the
deformed grids in Figure 3.6(a,b,c) but one flow eigenvector remains constant in orientation.
Throughout the deformation history the principal axes of the stretching tensor are orthogonal
but in general are oblique to the eigenvectors of the flow as indicated by comparing
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FIGURE 3.7 Examples of stretching eigenvector grids for the non-affine flow (3.29). The lines and arrows
represent the orientations of the principal axes of d at each point in the spatial representation. t¼ 1 for (a), (b); t¼ 2
for (c), (d); and t¼ 3 for (e), (f). Frames (a), (c), (e) represent the maximum (extensional) eigenvectors for d and
frames (b), (d), (f) represent the minimum (shortening) eigenvectors for d.
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FIGURE 3.8 Comparison between flow eigenvector grids (Passchier, 1997) and a stretching eigenvector grid for
the flow (3.29). (a), (b) Plots of the maximum (extensional) flow eigenvector (red) and minimum (shortening) flow
eigenvector (blue) for t¼ 1 and 3, respectively. (c), (d) Maps of the flow eigenvectors for t¼ 3. (e), (f), Maps of the
eigenvectors for d at t¼ 3. (e) Map of extensional eigenvector for d at t¼ 3. (f) Map of the shortening eigenvector for
d at t¼ 3. Notice that (c) and (d) are zooms into the area covered by (b) above and figures (e), (f) are zooms into
Figure 3.7(e,f).
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Figure 3.8(c,d) with Figure 3.8(e,f). Thus the axial planes of the folds are always aligned parallel
to one eigenvector of the flow and although one principal axis of strain approaches parallelism
with this eigenvector at high strains, the axial plane always has shearing deformations parallel
to it except at positions where the local straining is irrotational.

3.6.2 Microfabric Development and the Concepts of Weak and Strong Flows

The concept of a fabric attractor is made more precise if one is able to propose a model for
the rate at which the length scale and/or intensity of a fabric accumulates with different flow
fields. Flow fields of sufficient strength (as measured by the form and magnitude of the
velocity gradient tensor) that result in significant growth of the spatial scale and/or intensity
of the fabric on some specified timescale are said to be strong, whereas flow fields that lead to
small growth rates are said to be weak. The concept has been explored by Tanner and Huilgol
(1975), Tanner (1976), Astarita (1979), Olbricht et al. (1982) and Chella and Ottino (1985).
Models for the development of microfabric in this context were proposed by Hinch and
Leal (1975, 1976) and Leal (2007). The incorporation of such models alters the details of the
diagrams in Figure 3.5 depending on the geometrical nature of the microstructure and the
constitutive framework (Olbricht et al., 1982) but does not alter the general principles.

It is important to define the growth rate for a microfabric in terms of its tensorial nature.
Thus the alignment of a string of non-deforming feldspar porphyroclasts in a flowing matrix
may be defined in terms of a vector field, whereas the distortion of initially spherical pebbles
to become ellipsoids requires a second-order tensor (Hinch and Leal, 1975, 1976; Leal, 2007).
Again if one represents damage as a fabric tensor (Voyiadjis and Kattan, 2006) and links the
evolution of that tensor to the velocity gradient or stretching tensor then the growth of the
damage microstructure can be described in terms of evolution of the strength of the flow.
The distinction is important because those microfabrics that require a vector field to describe
their growth can be discussed solely in terms of Figure 3.5, whereas those that depend on a
higher order tensor need more specific discussion.

Olbricht et al. (1982) point out that the characteristic equation (3.20) enables contours of the
maximum eigenvalue, lþ, to be plotted within the admissible domain in Figure 3.9(a) as
straight lines. These lines have the equations:

Tr~l
2 ¼

2
h
det~l � �lþ�3

i

lþ
within ACOB in Figure 3:5

and Tr~l
2 ¼ det~l þ 8

�
lþ
�3

lþ
within COB in Figure 3:5 (3.30)

where, as in Section 3.3.3, ~l is the normalised velocity gradient tensor.
A flow is said to be strongwhen the maximum eigenvalue, lþ, exceeds some critical value

so that for lþ � lþcritical the growth of the microfabric is significant on some timescale. The
growth is strong and steady (monotonic) to the right of the line lþ ¼ lþcritical and weak but
oscillating to the left (Figure 3.9(b)). For a given value of Tr~l

2
the strongest flows occur on

the right boundary of the admissible domain where the vorticity vector is aligned parallel
to the principal axis of stretching (extension).
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If the fabric evolution requires a tensor of higher order than a vector to describe its evolu-
tion then the possibility exists that components of the flow field need to be coupled in order to
generate a strong flow. For instance, for an evolution equation that involves a second order
tensor, A, and with the additional constraint that the fabric evolution is isochoric, the situa-
tion can become much simpler than for an evolution described by a vector. For instance, in
irrotational flows, all elongational flows are of equal strength for such fabric evolution
(Olbricht et al., 1982). This arises because the rate of extension in any direction is coupled
to the rate of shortening at right angles through TrA¼ 0.

Thus in the eigenvector grids shown in Figures 3.7 and 3.8 one expects that microfabric
will grow once one of the flow eigenvalues exceeds some critical value that results in a strong
flow which drives the increasing length scale or intensity of the fabric. The precise way in
which such a fabric evolves depends on the nature of the fabric evolutionary law and the
way in which the eigenvectors evolve in orientation and magnitude with time. Such evolu-
tionary laws have not so far been developed for metamorphic fabrics.

3.7 SOME IMPORTANT RELATIONS AND THEOREMS

3.7.1 The Divergence (or Gauss’) Theorem

There are many situations in deforming metamorphic rocks where we need to discuss
the integral of some vector field over the domain of the deformed body. Examples are
establishing the total flux of fluid or heat through a deforming rock mass. If chemical

FIGURE 3.9 Flow eigenvalue contours (in grey) and the concept of strong flows. (a) Eigenvalue contours given
by [3.30]1 and [3.30]2. (b) The region of strong flows for a critical eigenvalue taken to be 0.4. Strong flows occur to the
right of this contour within the admissible domain and weak flows to the left. In these diagrams ~l is the normalised
velocity gradient tensor.
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reactions are proceeding within the rock mass during deformation the individual reac-
tion sites may act as sources or sinks for fluid and heat depending on whether the min-
eral reactions are exothermic or endothermic and whether the reactions release or
consume the fluid phases. Thus it is useful to have a relationship between the total
flow into and out of the domain along with details of the sources and sinks within the
domain. The divergence theorem supplies this information in that it relates the diver-
gence of the relevant vector field within the body, Bd, at time, t, to the vector field on
the boundaries, Sd, of the body.

3.7.1.1 The Divergence of a Vector Field

Consider Figure 3.10(a) where a volume element, dV, at x within the body with total vol-
ume, V, has a flux, v, through the body. The discussion is general so that v may represent a
flux of material (fluid, chemical components) or of heat. The flux v(x, t) is prescribed
throughout the body. Let v1 be the magnitude of the component of the flux across one surface
dS of the volume with unit normal bn1 parallel to x1. If the elemental volume has a length par-
allel to x1 of Dx1 then the outward flux in the x1 direction is
½v1ðx1; x2; x3Þ þ v1ðx1 þ Dx1; x2; x3Þ�Dx2Dx3 where Dx2 and Dx3 are the edges of the box in
the x2 and x3 directions.

Similar arguments apply to the x2 and x3 directions with associated unit vectors bn2 and bn3

parallel to x2 and x3. Thus the net flux of v across the volume is

1

DV

Z

S

v,ndA ¼ ½v1ðx1 þ Dx1; x2; x3Þ � v1ðx1; x2; x3Þ�
Dx1

þ ½v2ðx1; x2 þ Dx2; x3Þ � v2ðx1; x2; x3Þ�
Dx2

þ ½v3ðx1; x2; x3 þ Dx3Þ � v3ðx1; x2; x3Þ�
Dx3

FIGURE 3.10 The concept of divergence and Gauss’ theorem. (a) The inflow of a vector, v, becomes the outflow
v1 þ vv1

vx1
Dx1. (b) Gauss’ theorem.
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In the limit as Dxi/0 the right-hand terms become partial derivatives so that

lim
Dxi/0

1

V

Z

S

v,ndA ¼ vv1
vx1

þ vv2
vx2

þ vv3
vx3

h divv (3.31)

Now consider Figure 3.10(b) where a smoothly varying vector field f(x) within a closed body
Bd has a bounding surface Sd with an outward pointing unit normal, bnðxÞ, at an element of
surface area, dA. If dV is an element of volume within Bd the divergence theorem states that

Z

S

f,bndA ¼
Z

B

divfdV (3.32)

The surface integral is a measure of the flux of f out of the surface, whereas the volume
integral is a measure of the sources and sinks for f within the body. The divergence theorem
says that if we can observe the sum of the components of vector flux normal to the boundary
everywhere then we know the divergence of fwithin the body. If, for instance, f corresponds

to the displacement or fluid velocity fields thenmeasurement of the surface integral,
R
S
f,bndA,

constrains the volume change or the sources and sinks for fluid within the body. If f is the flux

of a chemical component, then measurement of
R
S
f,bndA constrains the sources or sinks of

that component arising from chemical reactions within the body. An important point to
note is that given the integral

R
S
f,bndAwe can say something about the divergence of fwithin

the body but not about the distribution of f within the body. Thus in Figure 3.11 if the red
arrows indicate fluid flux and we measure the total flux on the outside surface of the body

FIGURE 3.11 An example of Gauss’ theorem. (a) shows a ‘black box’ where measurement of the normal flux
across the boundary, S, says that more fluid enters the box than leaves. Gauss’ theorem simply says there must be a
sink or system of sinks within the body, Bd. It says nothing about what the distribution of sinks is as is revealed in
(b). This structure may, for instance, be a layer of sillimanite converting to muscovite and acting as a sink for H2O.
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normal to the surface as in Figure 3.11(a) we see that more material enters the body than
leaves. Gauss’ theorem simply states that there must be sinks of fluid within the body but
says nothing about the distribution of these sinks (Figure 3.11(b)) that may, for instance,
represent a layer of sillimanite being converted to muscovite or may be more complicated
consisting of many layers.

The divergence theorem applies to tensors of any rank. Thus for a second-order tensor, s,
we have

Z

S

sbndA ¼
Z

B

divsdV (3.33)

For a scalar, r, we have
Z

S

rbndA ¼
Z

B

gradrdV (3.34)

3.7.2 Reynold’s Transport Relation

The Reynold’s transport relation is a fundamental relationship in continuum mechanics that
enables the rate of change of some integral quantity in the reference state to be specified as the
body is deformed by the flow, v, and as sources or sinks of that quantity evolve within
the body. An example is the rate of change of density within a deforming chemically reacting
body where chemical reactions are locally changing the density within the body as it flows
and dissolved material is being removed. Our question would be: How does the time rate of
change of mass evolve as the chemical reactions proceed?

Consider a scalar field whose material and spatial descriptions are 4
^ ¼ 4

^ðX; tÞ and
4¼4(x, t). The element of volume in the undeformed state is dV and in the deformed

state dv. Then the time rate of change of 4 integrated over the deformed body is
R
Bd

4dv
$

.

We want to express this integral in terms of the rate of change of 4 and of any contributions
to this rate of change arising from sources and sinks within the body. Now since dv¼ JdVand
B is constant in time,

Z

Bd

4dv

$

¼
Z

B

4
^
J

$

dV

¼
Z

B

	
_
4
^
Jþ 4

^ _J


dV

¼
Z

B

�
_
4
^ þ 4

^
	
divv

^

�

JdV
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or

Z

Bd

4dv

$

¼
Z

Bd

½ _4þ 4ðdivvÞ�dv (3.35)

This is known as Reynold’s transport relation. An alternative and more intuitive form
(Tadmor et al., 2012, p. 101) is:

D4

Dt
¼
Z

Bd

v4

vt
dvþ

Z

S

4v,nda (3.36)

which says that the rate of change of 4 is equal to the production of 4 inside the deformed
body, Bd, plus the net transport of 4 across the boundary S.
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4.1 GENERAL STATEMENT

In the previous two chapters we have discussed the rules that govern the geometrical
transformations and the movements (flows) that are involved in the deformation of rocks.
These are both geometrical concepts; one involves the geometrical transformations that
constitute deformation and the other the geometry of the flows that result in deformation.
These concepts do not require that the causes of the deformation and motion are consid-
ered. We now consider the ways in which bodies of rock react to forces or displacements
that are applied to the surfaces of the bodies by adjacent parts of the Earth. In order
to understand the various responses that may arise due to surface tractions or displace-
ments we need to formulate a set of laws that govern the balance of various quantities of
interest. For a metamorphic geologist, there are just four quantities of interest, namely,
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mass, linear and angular momentum, and energy and hence we need to deal with four
laws:

1. The conservation of mass.
2. The balance of linear momentum.
3. The balance of angular momentum.
4. The balance of energy; this is commonly known as the first law of thermodynamics.

This chapter is concerned with the first three balance laws on the list. Chapter 5 considers
the balance of energy.

4.2 CONSERVATION OF MASS

Let us consider a body of deforming rock where the density, r, varies both with the spatial
position within the body and with time. This might correspond to a deforming/reacting rock
where a metamorphic reaction produces denser or less dense phases or where local temper-
ature fluctuations arising from the heat of reaction change the density. Thus we write for the
material derivative of the density:

Dr

Dt
¼ vr

vt
þ vr

vx

dx

dt
(4.1)

and the mass, m, of the body with volume, V, is

m ¼
Z

V

rðx; tÞdV (4.2)

For mass to be conserved, the Reynold’s transport relation gives

Z

V

rðx; tÞdV
$

¼
Z

V

½ _rþ rdivv�dv ¼ 0 (4.3)

Since (4.3) is to hold for any volume, V, the quantity within the square brackets must be
zero so that

_rþ rdivv ¼ 0 (4.4)

An alternative is

vr

vt
þ divðrvÞ ¼ 0 (4.5)

Both (4.4) and (4.5) are known as the spatial form of the continuity equation.
The material form of the continuity equation is

Jr ¼ r0 (4.6)

where J is the Jacobian of the deformation and r0, r are the densities in the reference and
deformed states, respectively (Tadmor et al., 2012).
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4.3 BALANCE OF LINEAR MOMENTUM

In this section we are concerned with the causes of deformation in the sense that we want
to understand what happens on the boundaries of a body that results in flow being generated
within the body. There are two end member ways of loading the surface of a body. One is to
apply a system of forces and the other is to displace the surface in some manner. These two
loading methods are illustrated in Figure 4.1. In Figure 4.1(a) a dead weight of 100 kg is
placed upon the body and this induces a system of forces within the body that are essentially
reaction forces in response to the accelerations generated by application of the dead weight.
The deformation of the body is a direct response to these forces. If the material is ideally lin-
early elastic the displacements are linearly related to the forces through the elastic constants. If
the material is ideally linearly viscous then the displacement rates are linearly related to the
forces through the viscosity.

In Figure 4.1(b) the body is deformed by the application of a constant velocity at the bound-
ary. By Newton’s second law of motion there is no acceleration at the boundary of the body
and hence no applied force. However, a system of forces is generated in the body arising from
the deformation. If the material is ideally linearly elastic the forces generated in the material
are linearly related to the current displacement through the elastic constants. If the material is
ideally linearly viscous the forces in the material are related to the velocity by the viscosity.

If conducted in a laboratory the first of these experiments is called a creep experiment,
whereas the second corresponds to a displacement controlled experiment in an infinitely stiff
loading frame. The two loading regimes produce dual responses within the body. In the dead
load case the applied force controls the displacements and/or the displacement rates. In the
constant velocity case the displacement or the displacement rates control the forces within
the material. It is important to distinguish between the two end member loading regimes

FIGURE 4.1 The two end member ways of loading a body. (a) Dead weight loading. This corresponds to the
application of a constant force. (b) Constant velocity loading. This corresponds to loading by an infinitely stiff
loading frame.
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because entirely different deformation responses arise in the two cases, for instance with
respect to buckling of layers (Volume II) and fracture pattern formation (Chapter 8). These
two loading regimes are end members of a spectrum of possibilities including mixed
force/displacement combinations as well as constant stress and constant strain rate combi-
nations. It is an interesting exercise to speculate what the loading conditions are within the
lithosphere of the Earth. Mechanisms of generating a constant force on the boundaries of a
body of rock seem more difficult to contemplate except for the dead weight exerted by rocks
overlying a system of interest. This contrasts with velocity boundary conditions generated by
Plate motions.

However, the result of all loading regimes is the development of a system of forces, T,
within the deforming material and it is convenient to introduce the concept of stress at a point.
Stress is the force per unit area at a point in the material. Immediately, given the discussions in
Chapters 2 and 3 the question arises:Which area do you mean; the spatial or the material represen-
tation? The answer is that both representations are important for different problems. If one
uses the spatial (or current, or deformed) area then the stress is called the Cauchy stress, s.
If the material (or reference or undeformed) area is used the stress is called the first Piola-
Kirchhoff stress, P. There is a second Piola-Kirchhoff stress which is formed by transforming T
using the same affine transformation that links the undeformed (or reference) coordinates
to the spatial (or deformed) coordinates and dividing by the material representation of the
area (Fung, 1965, Section 16.2). These concepts are illustrated in Figures 4.2 and 4.3. The first
and second Piola-Kirchhoff stresses are also known as Lagrangian and Kirchhoff stresses,
respectively. It makes sense to refer to the Cauchy stress as an Eulerian stress and this occurs
sometimes. The second Piola-Kirchhoff stress is used in discussions of the general three
dimensional buckling of a layer in Volume II; unless otherwise specified we use the Cauchy
stress.

The dimensions of stress are [ML�1T�2] which is the same as the dimensions of momentum
flux per unit area. Thus one can consider the application of stress to a plane within a body as
the result of a momentum flux across that plane. This is the reason that the study of stress is
related to the balance of momentum. The diffusion of momentum (per unit area) is commonly

FIGURE 4.2 The first Piola-Kirchhoff and Cauchy stresses. The force, T, defined in the deformed state, acts
across the area da in the deformed state to define the Cauchy stress. This identical force acts across the equivalent
area dA in the undeformed state to define the first Piola-Kirchhoff stress.
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referred to as stress diffusion. For metamorphic systems the concept becomes important at
large length scales (say of the order of 10’s of kilometres) and we consider this in Volume II.

It is also convenient to define the normal stress and the shear stress across a surface
(Figure 4.4). The force T acting on a surface is resolved normal and parallel to the surface
of area Da to produce the normal force Tn and the shear force Ts. The quantities sn¼ Tn/
Da and ss¼ Ts/Da are called the normal stress and the shear stress.

These concepts can be extended to a general case of a cube at a point P in the body sub-
jected to a set of forces across its faces (Figure 4.5) so that on each face there are two shear

FIGURE 4.3 The first and second Piola-Kirchhoff stresses. (a) The first Kirchhoff stress is defined by the force T,
which is a spatial concept defined in the deformed state, acting across the equivalent area in the undeformed state.
(b) The force T is transformed by the same affine transformation that links the material coordinates to the spatial
coordinates to generate the Kirchhoff force TK. This force acts across the deformed area to define the second Piola-
Kirchhoff stress.

FIGURE 4.4 The concepts of normal and shear stresses. (a) A force applied to the surface (with area Da) of a
body is resolved into two components, one normal to the surface called the normal force and the other parallel to
the surface called the shear force. (b) The normal force and the shear force are both divided by the area of the surface
to form the normal stress, sn, and the shear stress, ss. If the area Da is the material (or reference) representation of
the area then the stresses are known as the Piola stresses. If the area is the spatial (or current or deformed) repre-
sentation of the area the stresses are known as the Cauchy stresses.
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stresses and one normal stress. We do not include a detailed mathematical analysis of the
concepts presented above. One can access such discussions in many text books including
Tadmor et al. (2012, pp. 113e118) and Gurtin et al. (2010, Chapter 19). The outcome is that
both the Cauchy and the two Piola-Kirchhoff stresses are second order tensors. The Cauchy
stress is symmetrical if body torques (as would arise from a magnetic material in a magnetic
field) do not exist and can be written as

s ¼ sij ¼

2
64
s11 s12 s13

s21 s22 s23

s31 s32 s33

3
75 (4.7)

with sij¼ sji. The first Piola-Kirchhoff stress is asymmetrical while the second Piola-
Kirchhoff stress is symmetrical (Tadmor et al., 2012, pp. 123e126).

Since the Cauchy stress, s, is symmetrical it can be expressed as a representation ellipsoid
(Nye, 1957)e the stress ellipsoidewith principal axes (eigenvectors) given by the roots (eigen-
values) of

�������

s11 � l s12 s13

s21 s22 � l s23

s31 s32 s33 � l

�������
¼ 0

FIGURE 4.5 The concept of stress at a point. (a) A small box with centroid at P (not shown) is subjected to forces
on its boundaries. (Forces on the hidden boundaries are not shown). These forces can be resolved into shear forces
parallel to the bounding surfaces and normal forces normal to the bounding surfaces. (b) The normal and shear
forces divided by the areas of the bounding surfaces give rise to six components of shear stress and three com-
ponents of normal stress. (Forces on the hidden bounding surfaces are not shown). Each component of stress is
labelled in the following manner: s[direction of surface normal, direction of action of the stress]. The stresses are shown as
positive stresses. They would be negative in the opposite directions. When the box shrinks to a point we have the
components of stress at P.
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or,
�l3 þ Isl2 � IIslþ IIIs ¼ 0

where Is, IIs, IIIs are the first three stress invariants of s given by

Is ¼ s11 þ s22 þ s33 ¼ s1 þ s2 þ s3

IIs ¼
�����
s22 s23

s32 s33

�����þ
�����
s11 s13

s31 s33

�����þ
������
s11 s12

s21 s22

������
¼ s1s2 þ s2s3 þ s3s1

IIIs ¼

��������

s11 s12 s13

s21 s22 s23

s31 s32 s33

��������
¼ s1s2s3

(4.8)

and s1, s2, and s3 are the principal stresses or eigenvalues of s.
If the stress is referred to the coordinate axes parallel to the principal axes of stress then

(4.7) becomes

s ¼

2
64
s1 0 0

0 s2 0

0 0 s3

3
75

4.3.1 Shear and Normal Stresses on an Arbitrary Plane

Some problems arise where we need to calculate the normal and/or shear stresses across
an arbitrary plane and in an arbitrary direction in that plane, given a stress referred to arbi-
trary axes. This problem arises, for instance, in calculating the shear stresses across planes of
slip in a crystal during crystallographic preferred orientation (CPO) development (Chapter
13). Away of addressing this problem is to express the components of s in terms of another
coordinate frame that has two axes parallel to the plane of interest and one axis parallel to the
direction of interest.

In Figure 4.6 we show two sets of Cartesian coordinate axes that are related to each other
by the direction cosines shown in Table 4.1. The rotation matrix describing the coordinate
transformation is R so that x ¼ Rx and

R ¼
2
4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3
75 (4.9)

A vector v referred to the coordinates x becomes the vector v ¼ Rv when referred to the
axes x. This transformation is used widely in problems related to crystal reorientation during
CPO development (Chapter 13).

A stress tensor s referred to the coordinates x becomes the tensor s when referred to the
axes x and is given by

s ¼ RsRT

4.3 BALANCE OF LINEAR MOMENTUM 103

A. THE MECHANICS OF DEFORMED ROCKS



We illustrate the problem in two dimensions. Consider an arbitrary stress s referred to a
set of axes x1 and x2 and suppose we want to calculate the stresses s relative to a set of axes,
xi, inclined at 4 to x1 (Figure 4.7).

The rotation is described by a rotation matrix:

R ¼
�

cos 4 sin 4

�sin 4 cos 4

�
(4.10)

The new tensor s is obtained as

s ¼ RsRT ¼
�

cos 4 sin 4

�sin 4 cos 4

�"
s11 s12

s12 s22

#"
cos 4 �sin 4

sin 4 cos 4

#
(4.11)

FIGURE 4.6 Two sets of coordinate axes, x (black) and x (red) related by a rotation. The rotation is defined by
the direction cosines aij in Table 4.1 and the matrix (4.9).

TABLE 4.1 The Matrix of Direction Cosines Relating a New Set of
Coordinates, xi, to Another Set, xi

x1 x2 x3

x1 a11 a12 a13

x2 a21 a22 a23

x3 a31 a32 a33

The aij form the components of R in (4.9).
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This gives

sxx ¼ sxx cos
2 4þ syy sin

2 4þ 2sxy sin 4 cos 4

syy ¼ sxx sin
2 4þ syy cos

2 4� 2sxy sin 4 cos 4

sxy ¼ �� sxx þ syy

�
sin 4 cos 4þ sxy

�
cos2 4� sin2 4

�

If we use the identities sin2 4 ¼ 1
2 ð1� cos 24Þ and cos2 4 ¼ 1

2 ð1þ cos 24Þ we obtain

sxx ¼ sxx þ syy

2
þ sxx � syy

2
cos 24þ sxy sin 24

syy ¼ sxx þ syy

2
� sxx � syy

2
cos 24� sxy sin 24

sxy ¼ �sxx � syy

2
sin 24þ sxy cos 24

(4.12)

These expressions are for stress fields referred to general coordinates. The equations
reduce to the familiar ones that appear in texts such as Jaeger (1969) and Means (1976)
when s is referred to the principal axes of strain so that sxx and syy are principal stresses
and sxy¼ 0; they are the basis of the Mohr circle construction for stress.

One can also note that

tan 24 ¼ 2sxy

sxx � syy
when sxy ¼ 0 (4.13)

This value of 4 gives the orientations of the principal axes of s.

FIGURE 4.7 Transformation of stress in two dimensions. The coordinate axes x are related to x by a rotation
through 4. The stress s referred to the coordinate axes x is related to the stress referred to the coordinate axes x by
the transformation (4.11) where the rotation matrix is given by (4.10).
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4.3.2 Stress Deviator and Invariants, the Octahedral Stress

Any tensor can be divided into a deviatoric and a spherical part (Gurtin et al., 2010, Section
2.7). By definition the deviatoric part of a tensor A is traceless which means that TrA¼ 0 for
the deviator. The deviator is constructed by the rule

A0
ij ¼ Aij � 1

3
IAdij (4.14)

The spherical part is 1
3I
Adij. The deviator of the Cauchy stress, the deviatoric stress, is

s0 ¼

2
64
s11 � ðIs=3Þ s12 s13

s21 s22 � ðIs=3Þ s23

s31 s32 s33 � ðIs=3Þ

3
75

or,

s0
ij ¼ sij � 1

3
Isdij (4.15)

The spherical part of s is 1
3 ðs1 þ s2 þ s3Þ, which is themean stress. It is common to identify

this quantity with the hydrostatic pressure.
The deviatoric stress contains only information on shear stresses and is important because

there aremanymaterials where the deformation process depends on the deviatoric stress and
is relatively insensitive to the spherical part of the stress (Chapter 6).

4.3.2.1 Invariants of the Deviatoric Stress

The invariants of the deviatoric stress are conventionally labelled J1, J2 and J3; J2 features
prominently in plasticity theory. These invariants are given by

J1 ¼ 0

J2 ¼ 1

3
Is2 � IIs ¼ 1

2
s0
ijs

0
ij

J3 ¼ IIIs � 1

3
IsIIs þ 2

27
Is3 ¼ 1

3
s0
ijs

0
jks

0
ki

(4.16)

4.3.2.2 The Octahedral Stress

The octahedral stress, soct is an important concept in plasticity theory and is represented
using Figure 4.8 which shows, in s1es2es3 space, planes equally inclined to the principal

stress axes. The direction cosines of these eight planes are � 1ffiffi
3

p . They are known as the octa-

hedral planes. The resultant shear stresses on these planes are the octahedral shear stresses and
are given by

soct ¼ 1

9

h
ðs1 � s2Þ2 þ ðs2 � s3Þ2 þ ðs3 � s1Þ2

i
(4.17)

The octahedral shear stress can be expressed in terms of the stress invariants as

soct ¼ 1

9

�
2Is2 � 6IIs

	
(4.18)
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Also,

FIGURE 4.8 The octahedral stress. (a) The octahedral planes in principal stress space. (b) Construction on an
octahedral plane to find the magnitude and orientation of the octahedral shear stress given the values of the
principal stresses. After Nadai (1950), Figure 10e18.

J2 ¼ 3

2
s2oct (4.19)

This last relation, introduced by Nadai (1950) plays an important role in plasticity theory
(Chapter 6). A useful construction to find soct on an octahedral plane (Nadai, 1950,
Figure 10e18) is shown in Figure 4.8(b).

4.3.3 Equilibrium Conditions

Many problems require knowledge of the conditions for equilibrium of a deforming body
under the influence of a general stress field that is varying with position within the body. By
equilibrium here we mean mechanical equilibrium where the body is stationary or moving
with constant velocity. In Figure 4.9 we show such an infinitesimal cube with faces parallel
to the coordinate axes. All the components of stress that exist in the x1 direction are shown
including that arising from the x1 component of a body force B per unit volume. The other
components comprise, for instance, the stress s11 and its variation through the body,
s11 þ vs11

vx1
dx1. Similar expressions can be written for the variation of s21 and s31 through

the body. In addition there is the component of the body force B1dx1dx2dx3.
For mechanical equilibrium in the x1 direction all the forces in the x1 direction must

balance:
�
s11 þ vs11

vx1
dx1

�
dx2dx3 � s11dx2dx3þ

�
s21 þ vs21

vx2
dx2

�
dx3dx1 � s21dx3dx1þ

�
s31 þ vs31

vx3
dx3

�
dx1dx2 � s31dx1dx2 þ B1dx1dx2dx3 ¼ 0
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If we divide by dx1 dx2 dx3 we obtain

vs11

vx1
þ vs21

vx1
þ vs31

vx1
þ B1 ¼ 0

Identical arguments hold for the x2 and x3 directions so that the complete set of equations
for mechanical equilibrium is

vs11

vx1
þ vs21

vx1
þ vs31

vx1
þ B1 ¼ 0

vs12

vx2
þ vs22

vx2
þ vs32

vx2
þ B2 ¼ 0

vs13

vx3
þ vs23

vx3
þ vs33

vx3
þ B3 ¼ 0

(4.20)

This set of equations can be obtained more elegantly using the Gauss divergence theorem
andwe refer the reader to Fung (1965, Section 5.5), Tadmor et al. (2012, pp. 119e120) and Gur-
tin et al. (2010, Section 19.6). Similar derivations arrive also at the Eulerian form of the equa-
tions of motion or the balance of linear momentum:

divsþ rB ¼ ra (4.21)

which reduces to (4.20) at mechanical equilibrium when Dvi

Dt ¼ 0. (4.21) is also known as
Cauchy’s first law and is important because it says that given the forces on a body, one can
only determine the divergence of the stress not the stress itself (Truesdell, 1966). In order
to determine the stress one needs extra information concerning the material that makes up
the body in the form of constitutive laws for the material.

FIGURE 4.9 Components of stress in the x1 direction for an infinitesimal cube. These components are s11, s21

and s31 together with the variations of these stresses through the cube. Also involved is the x1 component of the
body force per unit volume, B1.
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One can perform the same exercise as above with respect to the moments of the shear
stresses about the centroid of the cube. The result is that

sij ¼ sji (4.22)

which states that the Cauchy stress tensor is symmetrical. This result is known as the balance
of angular momentum and derives from Cauchy’s second law (Truesdell, 1966).
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5.1 WHAT IS THERMODYNAMICS?

Thermodynamics is a contentious subject because it means different things to different
people. Some quotes http://en.wikiquote.org/wiki/Thermodynamics from prominent
scientists and mathematicians make the point:

Einstein (1903): ‘A law is more impressive the greater the simplicity of its premises, the more different are
the kinds of things it relates, and the more extended its range of applicability.It is the only physical theory of
universal content, which I am convinced, that within the framework of applicability of its basic concepts will
never be overthrown.’

111
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Eddington (1915): ‘The law that entropy always increases holds, I think, the supreme position among the
laws of Nature. If someone points out to you that your pet theory of the universe is in disagreement with
Maxwell’s equations d then so much the worse for Maxwell’s equations. If it is found to be contradicted by
observation d well, these experimentalists do bungle things sometimes. But if your theory is found to be
against the second law of thermodynamics I can give you no hope; there is nothing for it but to collapse in
deepest humiliation.’

These opinions contrast with Truesdell (1969): ‘.thermodynamics never grew up’.

‘Thermodynamics.began out of steam tables, venous bleeding and speculations about the universe and
has always had a hard time striking a mean between these extremes. While its claims are often grandiose, its
applications are often trivial’.

And with respect to some poor soul trying to understand the subject (that many will
identify with): he is told that dS is a differential but not of what variables S is a function; that
dQ is a small quantity but not normally a differential; he is expected to believe that not only can
one differential be bigger than another but even that a differential can be bigger than something
that is not a differential. He is loaded with an arsenal of words like piston, boiler, condenser, heat
bath, reservoir, ideal engine, perfect gas, quasi-static, cyclic, nearly in equilibrium, isolated, univer-
se.The mathematical structure.is slight.The examples or exercises consist in no more than
calculating partial derivatives or integrals of given functions or their inverses and plugging numbers
into the results.

With such a diverse range of views available we proceed with some trepidation and follow
a path that originated with writers such as Bridgman (1943, 1950) and Biot (1955) and was
further developed by Truesdell and Toupin (1960), Coleman and Noll (1963), Ziegler
(1963), Truesdell (1966, 1969), Kestin (1968), Kestin and Rice (1970), and Rice (1970, 1971,
1975). The issues involved in developing a framework for deforming chemically reacting
solids have slowly evolved mainly through the work of the above group of authors.

With this background literature in mind we define thermodynamics as the study of the flow of
physical and chemical quantities through or within a system driven by thermodynamic forces. The
primary quantities of interest to us are momentum (per unit area), heat, fluid and chemical com-
ponents. The thermodynamic forces (or affinities) that drive these flows are gradients in the
deformation, in the inverse of the temperature, in hydraulic potential and in chemical potentials. Sys-
tems are driven away from equilibrium by thermodynamic forces and tend to be driven to-
wards equilibrium by thermodynamic flows (which dissipate energy).

At times the forcing can balance the flow so that one or more non-equilibrium stationary
states develop. These states may be stable or unstable and can continue to exist or evolve
as long as the thermodynamic forcing exists. If there is no thermodynamic forcing the system
is at equilibrium which is also a stationary state for the system.

Three issues arise in attempting to develop a thermodynamic theory for crystalline solids
(such as metals, ceramics and rocks) applicable to non-equilibrium systems. The first issue is
to define variables for non-equilibrium systems such as temperature and energy that specify
the state of the system and are clearly defined for systems at equilibrium.

The second issue is that the distribution of deformation, temperature, strain rate and
chemical reaction rates is commonly non-uniform in a system not at equilibrium so that
any overarching theory must take such non-uniformity into account. In many fluids and
certainly within the framework of classical chemical equilibrium thermodynamics the
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temperature, pressure and chemical potential fields are uniform so that such difficulties do
not arise.

The third issue concerns the non-uniqueness of the stress that develops in crystalline
solids during deformation for given values of temperature and strain. Thus for given condi-
tions of strain and temperature, quite different stresses might develop in a given solid mate-
rial depending on how fast the deformation is imposed and on the types of microstructural
processes that evolve during the deformation. This arises because solids are characterised by
internal microstructural adjustments that are history and rate dependent. This is not the case
for ideally elastic solids or for ideally inviscid or viscous fluids. It is true for some compli-
cated fluids such as polymers that possess internal structure and might show yield phenom-
ena (Barnes, 1999). Thus a useful theory of non-equilibrium behaviour must address these
issues involving the definition and non-uniformity of variables and the rate sensitivity of
the behaviour of crystalline solids arising from internal microstructural processes.

The first issue, namely, the definition of variables such as temperature and internal energy,
is handled in two ways. One way (due to Truesdell, 1966) is to declare that such variables are
primitive quantities that exist for any system and need no justification in the same way that
concepts such as space, mass, force and time exist for any system with no need for justifica-
tion. The second way (see Kestin, 1990, 1992 for discussions) is to appeal to the principle of
local action which postulates that, in a system not at equilibrium, ‘all relations between thermo-
dynamic properties which are valid for uniform systems continue to be valid locally at a point and
instantaneously, even if the processes occur at finite rates’ (Kestin, 1968). This principle is also
commonly (and erroneously, Kestin, 1992) referred to as the principle of local equilibrium but
because of the use of this concept in a completely different context in metamorphic petrology
we prefer local state rather than local equilibrium.

The second issue, namely, the non-uniformity of the system, is addressed by casting the
subject in a continuum framework. The word continuum implies that quantities such as tem-
perature, pressure and so on are defined at each point in the system and are allowed to vary
from point to point. The term continuum does not imply that discontinuities such as fractures
and grain boundaries do not exist within the system. We adopt a spatial representation of the
system of interest so that all quantities are referred to the current or deformed state. Quan-
tities such as energy, temperature, pressure, strain, strain rate and chemical potential are
defined at a point and are functions of both the spatial coordinates, x, and time, t. This con-
trasts with treatments of the thermodynamics of systems at equilibrium where such quanti-
ties are taken to be homogeneous throughout the system so that no gradients are present, and
there is no dependence on spatial coordinates or time. The approach adopted here is consis-
tent with experience where, for instance, one may experience different temperatures in one
room and the temperature may change at each point in the room with time.

The third issue, namely, the non-uniqueness of system response, is addressed by allowing
a much wider array of variables to define the state of a system than is used in systems at equi-
librium. Thus the array of equilibrium state variables such as temperature, pressure and chem-
ical potential is expanded to an array of generalised state variables. These include kinematic state
variables such as the plastic strain and internal variables that may include, for instance, vari-
ables that describe the state of the microstructure such as dislocation or microcrack densities.
Such generalised state variables must relax to equilibrium values as the system approaches
equilibrium.
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The thermodynamics literature that pervades the geosciences is almost exclusively
devoted to equilibrium chemical thermodynamics developed initially by Gibbs (1906); such an
approach is widely used by metamorphic petrologists to calculate mineral phase stability
fields (Connolly, 1990, 2005; Powell et al., 1998). The approach as it is widely developed
(Kern and Weisbrod, 1967; Powell, 1978; Yardley, 1989; Vernon and Clarke, 2008) is based
on the following principles: (1) The system of interest is closed and at equilibrium. This
means, as we will see below, that all processes have been driven to completion and hence
there is no current dissipation of energy in the system. (2) Following directly from this asser-
tion, the system must be free of all driving forces such as gradients in temperature, pressure
or chemical potentials. This means that the system is homogeneous with respect to such vari-
ables. (3) The system can be treated as a fluid at rest which means that the only stress in the
material is a hydrostatic pressure that can be calculated from the boundary conditions (which
essentially means the force due to gravity arising from the overlying rock mass).

From a process point of view there is little interest in examining systems where all processes
havebeendriven to completion.Weare interested in theprocesses that operateduring thedefor-
mation andmetamorphism of the lithosphere and the inter-relationships between them. Hence
the emphasis must be on systems not at equilibrium. This does not detract from or threaten the
vast amount of effort that has been devoted to the development of chemical equilibrium ther-
modynamics applied tomineral systems. That body ofwork forms the fundamental foundation
for developments in the thermodynamics of deforming mineral systems far from equilibrium.

5.2 METAMORPHIC SYSTEMS

A metamorphic system is that part of the lithosphere whose behaviour we happen to be
interested in. The rest of the Earth provides an environment for the system and may exert
forces or displacements on the system as well as add or subtract mass and entropy. The sys-
tem may be weakly coupled with the environment in which case an approximation is an iso-
lated system or the systemmay have strong interactions with the environment in which case it
is called an open system.

The concept of a metamorphic system resembles that of a control volume in the fluid dy-
namics and engineering literature (Law, 2006, pp. 157e163). A control volume is a convenient
spatial (or Eulerian) region of interest, open or closed, in which the state of the control vol-
ume is specified by two sets of quantities: (1) variables that describe the state of the control
volume and may include the temperature, the pressure, the fluid pressure, a set of chemical
potentials, the volume, the rates of chemical reactions, the stress and the strain; (2) constraints
that prescribe the mass flux and heat flux through the control volume together with the forces
and/or displacements (and their rates) imposed on the boundaries of the control volume. To
a large extent a metamorphic system is defined by the constraints imposed by the external environ-
ment. These constraints control the entropy production in the control volume and whether
the system is able to evolve towards equilibrium.

We give two examples of metamorphic systems to illustrate the controls on system
evolution. The first is at the lithospheric scale (Figure 5.1(a)) and comprises a system between
theMoho and the upper crust outlined by the region ABCD in Figure 5.1(a). The environment
consists of the upper mantle, the upper crust and the mid crust that surrounds ABCD. Both
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heat and fluids (perhaps CO2, H2O and mafic melts) are added from the upper mantle and
heat, together with fluids (perhaps H2O and granitic melts), are removed from the top of
the system and the surrounding mid crust. The presence of a large mountain range intro-
duces horizontal gradients in hydraulic potential (see Chapter 12) that are capable of driving
meteoric fluids into the lower crust given a favourable permeability structure, such as might
be supplied by steeply dipping shear zones, and also introduces a horizontal component of
fluid flow both for aqueous fluids and melts in the mid to lower crust. If we are to examine
this system from a thermodynamic point of view the control volume is ABCD and we are
interested in the variables that define the non-equilibrium thermodynamic state inside the
control volume together with the constraints imposed on the control volume both by fluxes
in heat and fluid and by imposed forces or displacement rates on the boundaries of the con-
trol volume. These constraints govern whether the system reaches one or more non-
equilibrium stationary states, the time scale at which it approaches an equilibrium stationary
state and the evolution of entropy production in the control volume.

The second example is at the microscale (Figure 5.1(b)) and is motivated by the model for
crenulation cleavage development presented by Worley et al. (1997). We define a control vol-
ume ABCD as shown in Figure 5.1(b) which is adiabatic; displacements are applied to the
boundaries of the control volume by the surrounding material resulting in localised

FIGURE 5.1 Examples of metamorphic systems. (a) Lithospheric scale system. The region ABCD is a spatial
control volume that remains fixed relative to spatial coordinates. Heat and fluids flow through the boundaries of
this control volume so that while the metamorphic processes are operating the system is open. Buoyancy drives
fluids (aqueous fluids and melts) upwards. A horizontal component of fluid flow in the mid crust (both for aqueous
fluids and melts) is introduced by a topographic induced hydraulic potential gradient (see Chapter 12). Topo-
graphically induced gradients in hydraulic potential also allow meteoric fluids to be driven into the upper crust
given a favourable permeability structure (see Chapter 12). (b) Thin section scale system. A control volume ABCD
has a volumetric influx, q, at the base of the system bearing a SiO2 concentration, a0. The outflow is also q bearing a
SiO2 concentration a. Chemical reactions take place to dissolve SiO2 in the fluid while the control volume is
deforming. The rate of dissolution of SiO2 is controlled by the deformation. After Worley et al. (1997).
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deformations in the form of crenulation cleavages. A volumetric flow, q (in cubic metres per
square metre per second), is applied across the boundary BC and leaves through DA. The
input concentration of SiO2 in the fluid is a0 and the output concentration is a. Chemical re-
actions take place in the control volume resulting in the dissolution of quartz. The rate of
change of SiO2 concentration is given by

�
Rate of change of

concentration of SiO2

�
¼

2
64
Influx of SiO2

minus outflux of SiO2

¼ qða0 � aÞ

3
775þ

"
Rate of dissolution

of SiO2

#

This system can evolve to one or more non-equilibrium stationary states for
�
Rate of change of

concentration of SiO2

�
¼ 0

This means that
2
4
Influx of SiO2

minus outflux of SiO2

¼ qða0 � aÞ

3
75 ¼ �

�
Rate of dissolution

of SiO2

#

We will see that the behaviour of this non-equilibrium system depends on the form of the
rate equation for the dissolution of quartz, which in this case depends on the deformation. If
this equation is linear there is just one non-equilibrium stationary state. If the equation is non-
linear, multiple non-equilibrium stationary states can exist some of which are stable while
others are unstable.

5.3 THERMODYNAMIC SYSTEMS

Four types of thermodynamic systems are distinguished (Niven, 2009; Niven and Andre-
sen, 2010).

(a) Isolated systems. The first is an isolated system where extensive variables such as the
internal energy density, E, the volume, V, and the number of moles of k chemical components,
nk, are kept constant. The system is isolated from other systems and from its environment by
an impermeable wall (Figure 5.2(a)). This is also called a closed system. The only evolutionary
path such systems can adopt is to evolve to equilibrium and the equilibrium state is described
byminimising an energy function such as the Helmholtz energy or bymaximising an entropy
function. If the system is perturbed from equilibrium or begins far from equilibrium the path
to equilibrium may be tracked using geometrical methods developed by Gibbs (1906) and
elaborated upon by numerous authors including Weinhold (1975a, 1975b, 1975c, 1975d,
1976); for a review see Niven and Andresen (2010). The path from one state to the equilibrium
state need not necessarily be steady.Wewill see in Chapter 14 that in an isolated system even a
simple exothermic reaction of the type A/B can produce oscillations in the concentration of
A and in the temperature (Gray and Scott, 1994) as the system proceeds to equilibrium. Never-
theless, an isolated system must ultimately proceed smoothly to equilibrium.
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(b) Diffusive systems. The second type of system, a diffusive system (Figure 5.2(b)) is also a
closed system. The system is embedded in another medium which acts as a bath and which
itself is isolated from all other systems and its environment by an impermeable wall. Inten-
sive variables such as T and P are held constant in the bath and the diffusive system can
interact with the bath by interchange of mass and heat with the bath. Diffusive systems
must always evolve to equilibrium and follow the same rules for doing so as do isolated sys-
tems. Clearly most considerations of metamorphic mineral reactions assume the system is
isolated or diffusive, although the distinction is not commonly well defined or emphasized.

A completely different class of behaviour is that of an open flow system (Figure 5.2(c and d))
where the system comprises an open configuration that can communicate with the surround-
ing environment with constraints on mass and heat flow.

(c) Flow controlled systems. One of these systems, the third type of system, is an open flow
controlled system (Figure 5.2(c)) and is the type of relevance to devolatilising and melting sys-
tems and to hydrothermal mineralising systems where the fluid input rate is constrained by
the rate of production of the fluid (Phillips, 1991). This is also the case in Figure 5.1 where

FIGURE 5.2 The four types of thermodynamic systems. (a) Isolated system. Extensive variables are kept
constant. The system is isolated from any other system. (b) Diffusive system. The system can communicate with the
surrounding bath where intensive variables are kept constant. The bath is isolated from any other system. (c) Flow-
controlled system where flows of extensive variables are kept constant within a region known as the control vol-
ume. (d) Hydraulic potential, H, control system where the flows of extensive variables are controlled by a gradient
in hydraulic potential such as the large mountain range sketched in Figure 5.1(a). Both (c) and (d) can communicate
with other systems but the evolution of (c) and (d) is controlled only by flows into and out of the control volume and
processes that operate within the control volume. From Ord et al. (2012) motivated by Niven (2009).
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both metamorphic systems are portrayed as open flow controlled systems. This we propose
also is the case for orogenic gold deposits and iron oxide copper-gold (IOCG) deposits
(Volume II). The boundaries of the control volume may be fixed spatially or migrate with
time. It is important to note that if the flow rate is held constant, the initial porosity and
permeability of the system, in general, needs to adjust to new values by mechanical and/
or chemical means to accommodate the flow as the system evolves (Chapter 13). The system
is characterised by flows of mass and heat through the system and the simplest of such sys-
tems is where these flows remain constant in time. These systems evolve to one or more non-
equilibrium stationary states so long as the flows are maintained.

The system can be held far from equilibrium for the duration of the flows. Consider the

simple open flow system shown in Figure 5.3 where the chemical reaction A/
k
B is progress-

ing inside the control volume. We adopt the convention that chemical components are writ-
ten as Arial upper case: A, B, while their concentrations are written as Arial lower case: a, b. If
qa0 is the volumetric flow of A into the control volume and qa is the volumetric flow out of the
control volume then the total rate of change of A is

va
vt

¼ qða0 � aÞ � kVa

¼ qa0x� ka0Vð1� xÞ
(5.1)

where a0 is the initial input concentration of A, k is the rate constant for the reaction producing

B, V is the volume of the system and x ¼ a0�a
a0

is the extent of the reaction that produces B;

0� x� 1. The system is at a stationary state when va
vt ¼ 0, that is, when x ¼ kV

qssþkV

(Figure 5.3(b)) where qss is the imposed volumetric flow rate. One can show that this particular
non-equilibrium stationary state is stable against small perturbations in q and a0 so that the
system remains at this non-equilibrium state indefinitely as long as A is added to the system.
This simple argument is relevant to the situation portrayed in Figure 5.1(b). The reaction in that
example, however, is more complicated since it is exothermic and is a heterogeneous reaction

FIGURE 5.3 An open flow controlled system in which the chemical reaction A/
k
B is progressing. (a) The input

flow of A is qa0 where q is a volumetric flow rate and the output flow of A is qa. (b) A flow diagram (Gray and Scott,
1994) showing the non-equilibrium stationary state (for the system shown in Figure 5.3(a)) defined by a balance
between the net flow rate and the reaction rate. V is the volume of the system.
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taking place at the surfaces of quartz grains: SiOsolid
2 /SiOaqueous

2 . More complicated versions of

the argument presented above exist when other processes operate such as thermal feedback
from the heat supplied by the reaction. We examine these cases in greater detail in Chapter 14.

Expressions such as (5.1) are used in Chapter 14 and particularly in Volume II to discuss
the behaviour of various types of chemical reactions in flow controlled systems and have
been used extensively by Gray and Scott (1994) to produce flow diagrams (see Figure 5.3(b))
which are convenient graphic representations of the stationary states of chemical reactions
in flow controlled systems.

(d) Hydraulic potential controlled systems. The fourth type of system, a hydraulic potential
controlled flow system (Figure 5.2(d)) is similar to a flow controlled system except that the volu-
metric flow rate is imposed by a gradient in the hydraulic potential such as the large moun-
tain range sketched in Figure 5.1(a). These systems evolve in a similar manner to flow
controlled systems except that if the hydraulic head is kept constant, the fluid velocity within
the control volume changes as the permeability within the system changes due to chemical
precipitation and/or dissolution (Merino and Canals, 2011). The thermodynamics of such
permeability evolution is considered by Coussy (1995) and by Merino and Canals (2011).
In order to achieve a stationary state the rates of chemical precipitation and/or dissolution

must evolve in order to satisfy vð4ciÞ
vt ¼ 0. These kinds of systems are typical of Mississippi

Valley-Type (MVT) and Irish lead/zinc deposits as well as uranium unconformity deposits
(Anderson and Garven, 1987; Appold and Garven, 2000; Appold et al., 2007; Garven, 1985;
Garven and Freeze, 1984a,b; Murphy et al., 2008; Raffensperger and Garven, 1995a,b). Such
systems are also characteristic of many upper crustal shear zones where retrograde metamor-
phic reactions take place involving the influx of meteoric H2O (Cartwright et al., 1997).

In themechanics literature, flow controlled systemswith constant input flow correspond to
what are calledNeumann boundary conditions, whereas hydraulic potential controlled flow sys-
tems correspond to Dirichlet boundary conditions. It is of course possible to have mixed (Robin)
boundary conditions. These latter conditions are relevant to situations such as those shown in
Figure 5.1(a) where the flux from the mantle constitutes a flux controlled boundary condition,
whereas the topographic gradient constitutes a pressure gradient boundary condition.

5.4 FOUR DIFFERENT STRANDS OF THE DEVELOPMENT
FOR THERMODYNAMICS

Over the past 100 years or so, four major lines of thought regarding systems not at equi-
librium have developed. These are all compatible (except for some important details) and
are converging on a common treatment of nonlinear systems not at equilibrium. These lines
of development are summarised below:

1. Linear thermodynamics. Onsager (1931a,b), along with Machlup (Onsager and Machlup
(1953)), developed a thermodynamically linear theory of non-equilibrium systems with the
intent that such systems are ‘close’ to equilibrium. The treatment was elaborated upon by
Prigogine (1955) andDeGroot andMazur (1984) to encompassmainly chemical systems. By
thermodynamically linear it is meant that the thermodynamic forces such as chemical affinity,
and gradients in deformation and chemical potential must be linear functions of the
thermodynamic fluxes such as chemical reaction rate, momentum flux and diffusive flux. The
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Onsager approach is widely used but Ross and co-workers (Hunt et al., 1987, 1988; Ross,
2008; Ross et al., 1988; Ross and Villaverde, 2010; Ross and Vlad, 2005; Villaverde et al., 2011)
have pointed out that for any isolated or diffusive chemical system (even the simplest
and no matter how close to equilibrium) the chemical affinity is never a linear function
of the chemical reaction rate (see Table 5.1) so that Onsager principles are never
applicable to chemical reactions no matter how close the system is to equilibrium (see
Chapter 14).

2. Generalised thermodynamics. The application of thermodynamics to deforming reacting
systems was developed from a non-Onsager (that is, nonlinear) point of view by
Truesdell (1966) based on work by Coleman and Noll (1963). This involved the definition
of state functions which in turn are functionals of internal variables that define the
non-equilibrium state of the system. Truesdell referred to these developments as rational
thermodynamics. Somewhat similar strands of this development were initiated by
Bridgman (1943, 1950) and Biot (1955, 1984) who used the concept of the Helmholtz
energy for a stressed solid, a concept that had been introduced much earlier by Gibbs
(1906), together with the concept of a dissipation function. That strand was further
developed by Ziegler (1963), Kestin (1968), Kestin and Rice (1970), Rice (1971), Coussy
(1995, 2004, 2010), Collins and Houlsby (1997), Collins and Hilder (2002), and Houlsby
and Puzrin (2006a). This approach is now commonly known as generalised
thermodynamics.

3. Nonlinear chemical thermodynamics. A completely different line of activity developed
independently of the above approaches in nonlinear chemistry (Epstein and Pojman,
1998) and chemical engineering (Gray and Scott, 1994; Liljenroth, 1918; Van Heerden,
1953) with parallel activity in biology (Strogatz, 2001). The concepts involve isolated,

TABLE 5.1 Thermodynamic Fluxes and Forces for Some Common Processes.

Process Thermodynamic Flux Thermodynamic Force

Deformation of Newtonian
viscous material

Momentum flux per
unit area

Gradient in
deformation

Deformation of non-Newtonian
viscous material

Momentum flux per
unit area

Gradient in
deformation

Thermal conduction Thermal flux, Jthermal

Jthermal¼�kthermalVT
VT�1

Chemical diffusion Mass flux, Jmass

Jmass¼�DVm

Vm
T

Fluid flow Darcy velocity, u
u¼�KfluidVPfluid

VPfluid

Chemical reaction Reaction rate, _x
_x ¼ ½rþ � r��

Chemical affinity
kT ln

�
rþ
r�
�

kthermal is a thermal conductivity, D is a diffusion coefficient, m is a chemical potential, Kfluid is a permeability

and rþ, r� are the forward and reverse rate constants for a chemical reaction.
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diffusive and flow controlled systems and are based on determining the stationary
states for chemical reactions that are coupled. The term coupled means that the
concentration of a particular component is produced or consumed in more than one
reaction (as proposed by Carmichael (1969) for metamorphic reactions) and/or
feedback mechanisms exist for the rate of production of that component due to thermal
effects (that is, heat production or consumption during the chemical reaction), flow
(in the form of diffusion and fluid advection) or deformation. Both coupling and
feedback commonly lead to multiple stationary states and the procedure then is to
establish which states are stable or unstable. A state is said to be stable if a small
perturbation from that state results in the system returning to that state. Unstable
states are those where the perturbation continues to grow so that the system moves
to another state. The stationary states are further analysed using methods well
established in nonlinear dynamics (Epstein and Pojman, 1998; Gray and Scott, 1994;
Guckenheimer and Holmes, 1986; Wiggins, 2003) to describe the details of the path or
paths the system will follow once perturbed (by a small or large amount). A diverse
range of behaviours is possible including oscillatory behaviour in both space or time,
travelling compositional waves and chaotic behaviour both in space and time (Epstein
and Pojman, 1998; Gray and Scott, 1994; Murray, 1989; Ortoleva et al., 1987a,b;
Prigogine, 1955; Ross, 2008; Scott, 1994; Turing, 1952). These processes are fundamental
for understanding the development of metamorphic differentiation and the evolution
of mineralising systems both from the point of view of spatial pattern formation
(compositional zoning, pH and redox fronts) and of temporal oscillatory behaviour
(oscillations in redox and pH in time at a given place in mineralising systems). These
issues are considered in detail in Chapters 7 and 14 and in Volume II.

4. Entropy production-based thermodynamics. The fourth approach derives largely from the
work of Jaynes (1963, 2003) and, although its basis is in the statistical physics of systems
at equilibrium, it has evolved into general non-equilibrium thermodynamic arguments
(Niven, 2009, 2010b; Niven and Andresen, 2010). The approach is characterised by the
search for extrema in functions (or functionals) that represent the entropy or the entropy
production or that represent some measure of the energy or of the energy dissipation.
The correspondence in principle with the search for extrema in the entropy or the Gibbs
energy in classical chemical equilibrium thermodynamics (Callen, 1960; Gibbs, 1906)
is clear. In equilibrium thermodynamics the use of extremum principles is to predict
the equilibrium state under constraints imposed by intensive or extensive variables. In
non-equilibrium thermodynamics the use of extremum principles is to predict the
stationary states of a flow system under constraints imposed by thermodynamic fluxes or
thermodynamics forces. For details see Niven (2009, 2010a), Niven and Andresen (2010).
The great potential of this approach is that it will reveal some general rules for how
nonlinear systems evolve with time without investigating all the details of the individual
processes involved in the evolution. For metamorphic and mineralising systems this is
particularly relevant. The approach at present for mineralising systems is to add more
and more detail to models of mineralising systems in an attempt to reproduce and
couple all of the processes in Figures 1.1 and 5.4. The result is that one is forced to make
simplifying assumptions such as local equilibrium or a lack of coupling between
chemical reactions or of mechanicalethermalechemicalefluid processes in order to
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examine models that are tractable on large, modern computers. The situation has its
parallel in modern general circulation models of the climate of the Earth where more and
more detailed mechanisms with associated feedback effects are incorporated into the
models. The spectacular successes of extrema methods in this case are the results of
Paltridge and others (Niven, 2009; Ozawa and Ohmura, 1997; Ozawa et al., 2003;
Paltridge, 1975, 1978, 1981, 2001; Paltridge et al, 2007; Shimokawa and Ozawa, 2001,
2002) who reproduce details of the Earth’s climate including detailed distributions of
temperature and cloud cover with a very simple model and the assumption that the
entropy production for the system is a maximum. A similar goal for describing the
evolution of metamorphic and mineralising systems with the bare minimum of detail
and some extremum principle should be the goal of future work. We elaborate upon
these concepts in Section 5.11 and Volume II.

5.5 SUMMARY OF THE NON-EQUILIBRIUM FRAMEWORK

This chapter considers the subject that has come to be known as Generalised Thermody-
namics (Houlsby and Puzrin, 2006a). This area of study provides a convenient framework
for formulating relationships between coupled processes in a manner that is not ad hoc, in
that it ensures compatibility with the laws of thermodynamics, and is applicable to systems
at equilibrium as well as far from equilibrium. Moreover, the framework is a means of inte-
grating and synthesising apparently diverse subjects and approaches. We also consider some
aspects of entropy production. This chapter is more an introduction to the subject than a re-
view of the associated literature and it is intended to provide the basis for future chapters and
as a stepping stone for those who want to delve deeper.

FIGURE 5.4 Some of the feed-
back processes operating in a
deforming chemically reacting solid
with fluid flow. From Hobbs, Ord,

and Regenauer-Lieb (2011).

5. ENERGY FLOW e THERMODYNAMICS122

A. THE MECHANICS OF DEFORMED ROCKS



Figure 5.4 shows some of the coupled processes that operate in a deforming rock mass
undergoing metamorphism. A thermodynamic approach emphasises that these processes
do not operate independently of each other but are strongly coupled through the second
law of thermodynamics. Each process dissipates or absorbs energy, that is, it produces or
consumes entropy, and so the coupling is dictated by the ways in which the entropy pro-
duction is partitioned between the processes. By entropy production we mean the heat
produced at each point in the system per unit time divided by the current temperature at
that point (Truesdell, 1966). If _s is the specific entropy production at a particular point
then the specific total dissipation function is defined at that point as F ¼ T _s where T is
the absolute temperature; the dissipation function, F, is a scalar and has the units joules
per kilogram per second; the overdot represents differentiation with respect to time. The
total dissipation rate at each point, F, is the sum of the individual dissipation rates arising
from each dissipative process operating at that point. The dissipation rates that concern
us are those arising from plastic deformation, Fplastic, mass transfer (by diffusion or by
advection in a moving fluid), Fmass transfer, chemical reactions, Fchemical, and thermal trans-
port, Fthermal transport and so

F ¼ T _s ¼ Fplastic þ Fmass transfer þFchemical þ Fthermal transport � 0 (5.2)

where the inequality is a direct expression of the second law of thermodynamics for a sys-
tem not at equilibrium; the equality holds for equilibrium. (5.2) is the fundamental equation
that enables various processes to be coupled in a thermodynamically admissible manner
(such that the laws of thermodynamics are obeyed); when the individual dissipation func-
tions are expressed in an explicit manner (5.2) is often called the ClausiuseDuhem inequality
(Truesdell and Toupin, 1960). If necessary, additional dissipation functions could be added
to (5.2) to represent other dissipative processes such as fracturing, grain size reduction,
crystallographic preferred orientation development or microstructural evolution. (5.2) is
true independently of the material properties of the material; it is true for homogeneous
and inhomogeneous materials and for isotropic and anisotropic materials. Complicated in-
teractions can be incorporated into (5.2) by introducing relations (determined by experi-
ments) between various dissipation functions. Thus chemical softening arising from the
formation of weak mineral phases during a metamorphic reaction can be incorporated
by writing evolutionary relations between Fplastic and Fchemical.

It turns out that the manner in which the partitioning expressed by (5.2) is achieved across
the various processes is dependent on the length and timescales involved; this not only in-
troduces some simplifying aspects but is also the basis of a general principle of scale invari-
ance that emerges from such work; different processes dominate in producing entropy at different
scales but similar structures develop at each scale. By similar here wemean that structures of iden-
tical geometrical appearance are developed at a range of length scales.

Scale issues arise because of the following relations. Many processes that operate during
the deformation of rocks can be expressed as diffusion equations. Thus diffusion of mo-
mentum, heat, of chemical components and of fluid pressure is governed by equations of

the form vc
vt ¼ kprocess v

2c
vx2 involving a diffusivity for the process, kprocess. c represents the degree

of deformation, temperature, chemical potential or fluid pressure. If this process is coupled
with deformation then the length scale, lprocess, over which feedback is important is given by
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the standard diffusion relationship (Carslaw and Jaeger, 1959), lprocess ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kprocesss

p
, where s is

a timescale associated with the deformation. We take s ¼ ð _εÞ�1 where _ε is the strain rate; then

lprocess ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kprocess= _ε

p
. Values of lprocess are given in Table 5.2 which shows that the length scale

likely to characterise a particular coupled process varies from kilometres to microns depend-
ing on the process and the rate of deformation. For thermalemechanical coupling at tectonic
strain rates (say 10�12 s�1) the length scale is the kilometre scale (Hobbs et al., 2008;
Regenauer-Lieb and Yuen, 2004). Other scales have been considered in Regenauer-Lieb
et al. (2009) and Hobbs et al. (2011) where it is shown that the same fold mechanism (namely,
viscosity strain rate softening) operates at outcrop and thin-section scales as does at regional
scales, although different physical and chemical processes are involved at the different scales.

As an example, consider a shear zone of thickness h. Then the heat dissipated by mechan-
ical processes at a strain rate _ε will be conducted out of the shear zone on a characteristic
time scale s¼ h2/kthermal where kthermal has a value for most rocks of 10�6 m2s�1. For a shear
zone 1 km thick s¼ 1012 s, whereas for a shear zone 1 m thick s¼ 106 s (note that
1 yeary 3.1536� 107 s). If the shear zones deform at a shear strain rate of 10�13 s�1 then

TABLE 5.2 Length Scales Associated with Various Processes When Coupled to Deformation

Process

Diffusivity,

m2 sL1
Strain

Rate, sL1
Length Scale

for Process, m References

Heat conduction;
slow deformations
(tectonic
deformations)

10�6 10�12 1000 Hobbs et al. (2008)

Heat conduction;
fast deformations
(slow to fast
seismic)

10�6 10�2 to 102 10�2 to 10�4 Veveakis et al. (2010)

Chemical diffusion;
slow deformations
(tectonic
deformations)

Say 10�10 to 10�16 10�12 10 to 10�2 Regenauer-Lieb
et al. (2009)

Chemical diffusion;
fast deformations
(slow to fast
seismic)

Say 10�10 to 10�16 10�2 to 102 10�4 to 10�7 Veveakis et al. (2010)

Fluid diffusion
under a pressure
gradient

Depends on
permeability

10�12 to 10�2 Any value from 103

to 10�4 depending
on permeability

Phillips (1991), p. 81.

Chemical reactions No diffusivity.
Coupling depends
on chemical
dissipation

All scales from
103 to 10�4

Hobbs et al. (2009),
Regenauer-Lieb et al.
(2009), Veveakis et al.
(2010)

Diffusion of stress 10�4 to 10�7 All strain rates All length scales Patton and Watkinson
(2010)
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the time taken to reach 20% shear strain is 2� 1012 s. Thus the thick shear zone has the
potential to heat up, whereas the thin shear zone remains isothermal. Note that if other endo-
thermic processes such as endothermic mineral reactions occur within the thick shear zone
then any heat generated by deformation may be used to enhance reaction rates and the thick
zone may remain close to isothermal. If on the other hand the strain rate is 10�2 s�1 (represent-
ing a slow seismic event) then both the thick and thin shear zones heat up. Further discussion
on this matter is presented by Burg and Gerya (2005) who point out that for a shear strain rate
of 10�12 s�1 and a shear stress of 10 MPa the resulting dissipation compares in value with
radiogenic dissipation in crustal rocks. Another example involving rock pulverisation in fault
zones is discussed by Ben-Zion and Sammis (2013). We consider these aspects in Volume II.

The overall outcome is that different processes have strong feedback influences on others
at different length scales leading to the scale invariance of structures and to the mineral as-
semblages that we observe in the crust of the Earth. The general system we consider in this
chapter is a deforming, chemically reactive system in which microstructural/mineralogical
evolution and mass and thermal transport play significant roles. Some examples of the feed-
back relations that can exist in such systems are illustrated in Figures 1.1 and 5.4.

While the various processes mentioned above are operating, the system dissipates energy
and hence is not at equilibrium. Thus, the overarching concepts that unify these various pro-
cesses are grounded in the thermodynamics of systems not at equilibrium. The traditional
approach within geology as far as thermodynamics is concerned is strongly influenced by
the work of Gibbs (1906) where, for the most part, equilibrium is assumed. The outcome is
that non-equilibrium approaches have been largely neglected or even dismissed as irrelevant
in the Earth Sciences, the argument being twofold: (1) geological processes are so slow that
equilibrium can be assumed and (2) within a small enough region we can assume that equi-
librium is attained (Korzhinskii, 1959; Thompson, 1959). Although both these points may be
excellent approximations in some cases, the important point is that all of the processes
mentioned above dissipate energy while they operate no matter how slow the process, or
how small the system, and the resulting dissipation must be expressed in some manner.

The subject that is now called Generalised Thermodynamics (Houlsby and Puzrin, 2006a) is
concerned with the ways in which dissipated energy (entropy production) is partitioned
across the various processes operating in a deforming chemically reacting system. However,
the system does not need to be far from equilibrium to be treated by generalised thermody-
namics. In an adiabatic, homogeneously deforming hyperelastic solid (see Section 6.5) the
deformation is reversible (McLellan, 1980); the entropy production for a closed cycle is
zero (the processes are isentropic) and the system is an equilibrium system. This is still
part of generalised thermodynamics. In this particular case the stresses are non-
hydrostatic but the processes are reversible; non-hydrostatic thermodynamics is not synonymous
with non-equilibrium thermodynamics. Discussions of non-hydrostatic thermodynamics in
reversible systems are given by Nye (1957), Paterson (1973) and McLellan (1980). A deterrent
to progress in applying non-equilibrium thermodynamics to deforming rocks is that devel-
opments in the subject have been dispersed across a large number of disciplines and lan-
guages, with conflicting or paradoxical propositions put forward, so that it has been
difficult to produce a unified approach to the subject as far as geoscientists are concerned.
An important example is the proposition that the entropy production (or the dissipation
rate) is a minimum in non-equilibrium systems (Biot, 1955, 1958; Kondepudi & Prigogine,
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1998; Onsager, 1931a, 1931b; Prigogine, 1955). In an apparent paradox, others, in particular
(Ziegler, 1963, 1983a), have proposed exactly the opposite, that the entropy production is a
maximum. We explore these and related concepts in Section 5.11. The outcome is that
many of these apparently conflicting views turn out to be an expression of Ziegler’s principle
(Table 5.3); whether the entropy production is a maximum or a minimum depends on the
constraints imposed on the system by its environment (Niven, 2010a). However, neither
proposition need be relevant (Ross, 2008; Ross et al., 2012); for instance, in closed chemical
systems the only extremum in entropy production is zero which means such systems always
evolve to an equilibrium state (Chapter 14 and Ross, 2008).

TABLE 5.3 A Summary of Various Extremum Principles Proposed in Non-equilibrium Thermodynamics

Extremum Principle Statement of Principle Status

Ziegler’s principle of maximum
entropy production rate (Ziegler,
1963)

If the stress is prescribed the actual
strain rate maximises the entropy
production rate

True for many deforming systems; see
Ziegler (1963, 1983b), Rajagopal and
Srinivasa (2004).

Onsager’s reciprocity relations
and principle of least dissipation
of energy (Onsager, 1931a,b)

Once the thermodynamic forces are
fixed the actual thermodynamic
fluxes maximise the dissipation. This
is a consequence of the classical
Onsager reciprocity relations. See
(Ziegler, 1963)

Same as Ziegler’s principle.
Restricted to thermodynamically
linear systems

Biot’s principle of minimum
entropy production rate (Biot,
1955)

If the stress and the rate of stress are
prescribed the actual strain rate
minimises the dissipation function

Same as Ziegler’s principle but was
obtained from Onsager’s principle

Prigogine’s principle of minimum
entropy production rate.
(Prigogine, 1955)

If there are n thermodynamic forces
and j of these are prescribed then the
dissipation function is minimised by
equating the k thermodynamic
fluxes to zero for k¼ jþ1,., n

Conceptually of completely different
form to Ziegler’s principle but follows
from Ziegler’s principle; relies on the
imposition of constraints; see Ziegler
(1963) and Rajagopal and Srinivasa
(2004). For chemical and thermal
conduction processes the minimum
entropy production principle does
not exist (Ross, 2008)

Taylor’s minimum internal work
principle (Taylor, 1938)

For a prescribed deformation
increment imposed on a polycrystal
and a given set of critical resolved
shear stresses the shears on the
operating slip systems minimise the
work

Same as Ziegler’s principle

BishopeHill maximum external
work principle (Bishop and Hill,
1951a,b)

For a prescribed deformation
increment imposed on a polycrystal,
the stress state that develops is such
that the operating slip systems
maximise the work. This is the linear
programming dual of the Taylor
principle

Same as Ziegler’s principle
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In this book we first develop a groundwork in generalised thermodynamics and then move to
apply these principles to rocks where deformation, thermal and fluid transport, chemical re-
actions, damage and microstructural evolution contribute to the evolution of the structure of
rock masses. It becomes clear that the principle of minimising the Helmholtz energy is an
important principle at all scales. This principle is useful for both equilibrium and non-
equilibrium systems and governs the formation of subdomains within the system character-
ised by differing chemical compositions and/or fabric. Such sub-domains play the roles of
energy minimisers and can take on fractal geometries in order to achieve overall compati-
bility with an imposed deformation.

5.5.1 A Note on the ‘Curie Principle’

The dissipation function, F, in (5.2) is a scalar quantity given by F ¼ T _s but comprises the
sum of other quantities that involve tensor quantities of higher order. Thus

Fplastic ¼ 1
r sij _ε

plastic
ij , where r is the density, and so involves the second-order tensors, the

Cauchy stress, sij, and the plastic strain rate, _ε
plastic
ij . Misconceptions concerning the veracity

of coupling various processes through the use of (5.2) arise from the work of De Groot (1952)
and Prigogine (1955) who proposed a ‘principle’ which they labelled ‘the Curie principle or
theorem’ that says ‘Quantities of different tensorial character cannot interact with each other.’
Truesdell (1966, 1969) points out that there is nothing in the original works of Curie (1894,
1908), that resembles such a statement. Since a general tensor has no symmetry ascribed to
it (other than the trivial property of symmetry or lack thereof about the leading diagonal)
the De Groot ‘Curie principle or theorem’ has nothing to do with symmetry. The so-called
‘Curie principle’ is nothing more nor less than a statement of the most elementary rule of
(Cartesian) tensor algebra which says that tensors of the same order may be added to produce a
tensor of the same order (Eringen, 1962, p. 435). Otherwise an expression which adds Cartesian
tensors of different orders makes no sense mathematically, physically or chemically. In (5.2)

all of the terms such as Fplastic ¼ 1
r sij _ε

plastic
ij are scalars with units J kg�1 s�1 as is the total

dissipation. Unfortunately, the De Groot statement is commonly taken to mean processes
involving quantities of different tensorial order cannot be coupled. This is clearly wrong. Nye
(1957, Chapter 10) gives many well documented examples of the equilibrium properties of
crystals where properties of different tensorial order are coupled or interact. An example
is the elastic strain, εij, produced in a piezoelectric crystal such as a-quartz, under the influ-
ence of a stress, sij, and electric field, Ei, and also subjected to a temperature change, DT:

εij ¼ Sijklskl þ dkijEk þ aijDT

This expression represents a coupling between a scalar, DT, a vector, Ei, three second order
tensors, εij, sij and the thermal expansion tensor, aij, a third order tensor, the piezoelectric
moduli tensor, dijk, and the fourth order elastic compliance tensor, Sijkl. Such a relationship
is well established both theoretically and experimentally (Nye, 1957).

Part of the misconception here seems to arise from the fact that many authors did not
understand that quantities such as sij _ε

plastic
ij are scalars. After all, the quantity

s : _εplastichsij _ε
plastic
ij is, by definition, the scalar product of two second order tensors.

5.5 SUMMARY OF THE NON-EQUILIBRIUM FRAMEWORK 127

A. THE MECHANICS OF DEFORMED ROCKS



All of the couplings described by (5.2) are scalars. The De Groot ‘Curie theorem’ has been
called the ‘non-existent theorem in algebra’ by Truesdell (1966) since it is merely an expression
of an elementary rule in tensor algebra and it certainly has no association with the Curie Prin-
ciple as enunciated by Curie (1894, 1908) and discussed by Paterson and Weiss (1961).

5.6 STATE VARIABLES AND INTERNAL VARIABLES

A state variable is some kind of measure of a system that describes its state. An equilib-
rium state variable is an independent, observable (and hence experimentally controllable)
measure of a system at thermodynamic equilibrium. Typical measures are the tempera-
ture, pressure and number of moles of a particular chemical component. For systems
not at equilibrium independent, observable measures that are relevant to a description
of the behaviour of the system are kinematic state variables. Typical measures are the stress,
the strain and the volume. There are other measures relevant to the behaviour of solids not
at equilibrium; these are frequently difficult to monitor during their evolution but have a
direct influence on system behaviour. These are internal variables; typical examples are the
plastic strain, the density of microfractures, the extent of a chemical reaction, the degree
and nature of crystallographic preferred orientation and the degree of alignment of grain
boundaries. Some examples of state variables of various kinds of use in understanding the
evolution of metamorphic rocks are given in Table 5.4 together with what are known as

TABLE 5.4 State or Internal Variables and Conjugate Variables Used in Continuum
Thermodynamics Relevant to Metamorphic Systems

State, Kinematic or

Internal Variable

Conjugate

Variable Descriptions

ε
elastic
ij sij Elastic strain; Stress

ε
plastic
ij cij Plastic strain; Generalised stress (Houlsby and Puzrin, 2006a)

T s Absolute temperature; Specific entropy

x A Extent of chemical reaction; Affinity of chemical reaction
(Kondepudi and Prigogine, 1998)

dij Yij Tensor measure of damage; Generalised damage stress
(Lyakhovsky et al., 1997, Karrech et al., 2011a)

mK mK Concentration of Kth chemical component; Chemical potential
of Kth chemical component (Coussy, 1995, 2004)

d cdij Grain size; Generalised stress associated with grain size
evolution

z Pfluid Variation of fluid content; Pore pressure of fluid (Coussy, 1995;
Detournay and Cheng, 1993)

bCPOij Bij Tensor measure of crystallographic preferred orientation;
Generalised stress driving crystallographic preferred
orientation development (Faria, 2006a,b, Faria et al., 2006)
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conjugate variables. These are variables that when multiplied by their equivalent state var-
iable in the adjacent column in Table 5.4 give the work done by that process. For this
reason they are often called work conjugate. Some pairs of variables such as stress and
strain rate are said to be power conjugate because when multiplied they give the power pro-
duced during deformation.

It is convenient in what follows to retain the concepts of extensive and intensive
variables inherited from equilibrium thermodynamics. We use fk as the set of additive
quantities such as volume and entropy density, known as extensive variables. The set of
quantities, lk, are non-additive quantities such as pressure, temperature and specific
entropy and are known as intensive variables. Some of these quantities are given in
Table 5.5.

5.7 THE LAWS OF THERMODYNAMICS

We begin, in the spirit of Truesdell (1969), by asserting that quantities such as the internal
energy density (the internal energy per unit volume), E, the absolute temperature, T, the
entropy density, S, the heat flux vector, q, with magnitude, q, the entropy supply, j (units:
joules per unit volume per kelvin per second) and the entropy flux, J (units: joules per
unit volume per kelvin per second), are primitive quantities (Truesdell, 1966) and need no defi-
nition in the same way that time, mass and force are adopted as primitive quantities in
mechanics. Further we have the following definition and relations:

T � 0 by definition (5.3)

J ¼ q

T
(5.4)

j ¼ q

T
(5.5)

The laws of thermodynamics are assumed to hold for systems not at equilibrium just as
they do for systems at equilibrium. The exception is the so called Zeroth lawwhich is relevant

TABLE 5.5 Intensive and Extensive Variables

Intensive Variables Extensive Variables

Specific internal energy, e Internal energy density, E

Mass, m

Chemical potential, m Number of moles, n

Pressure, P Volume, V

Temperature, T Entropy, s

Elastic part of the second
PiolaeKirchhoff stress

(Lagrangian) volume
strain
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only to systems at thermal equilibrium. This states that two bodies in thermal equilibrium with a
third body are in equilibrium with each other.

The first law of thermodynamics is an expression of energy balance and states that there
exists a quantity called the internal energy density, E, such that the rate of change of inter-
nal energy density in the body is equal to the sum of all the sources of power, namely,
heat flux per unit volume into the system, _Q, and mechanical power input per unit vol-
ume, _W :

_E ¼ _Qþ _W (5.6)

If we write the mechanical power input as _W ¼ sij _εij and _Q ¼ �vqi

vxi
then the first law is

written

r _e ¼ sij _εij �
vqi
vxi

(5.7)

where e is the specific internal energy and r is the density in the deformed state.
Just as the first law proposes that a quantity called internal energy exists, the second law of

thermodynamics says there is another quantity, the entropy density, S, such that the total rate
of change of entropy density of a system is greater than or equal to the sum of all the rates
of heat input from various sources divided by the current temperature of those sources
and is greater than or equal to zero.

We consider a spatial region, B, that convects with the deforming body, Bd, and that has a
bounding surface, S, with outward pointing normal, n, at each point on S (Figure 5.5). Then
we define a net internal entropy, SðBÞ and an entropy flow, JðBÞ, the rate at which entropy flows
into B. Let ℍðBÞ be the net entropy production in B. Then the second law of thermodynamics says
that

ℍ � 0 (5.8)

FIGURE 5.5 A spatial region, B, that convects with a deforming body, Bd, is bounded by a surface, S, and has a
unit normal, n, at each point on S. S and H are the net entropy and net entropy production within B. The entropy
flow into B from the rest of the deforming body is J.
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It follows that

ℍ ¼ _S� J � 0 (5.9)

Or, rearranging (5.9), we have

_S ¼ ℍþ J � 0 (5.10)

which says that the rate at which the net entropy of B changes is equal to the rate at which net
entropy is produced in B plus the rate at which entropy flows into B.

We assume that there exists a scalar, s, the specific entropy such that

S ¼
Z

B

rsdv (5.11)

We also assume that the entropy flow is comprised of an entropy flux, J, and an entropy
supply, j, such that

J ¼ �
Z

S

J,ndaþ
Z

B

jdv (5.12)

Using (5.9) and (5.11) in (5.12) we obtain

Z

B

rsdv

,

� �
Z

S

J,ndaþ
Z

B

jdv (5.13)

Now using (5.4) and (5.5) we arrive at

Z

B

rsdv

,

� �
Z

S

q

T
,ndaþ

Z

B

q

T
dv (5.14)

which is one form of the ClausiuseDuhem inequality.
From (5.4), (5.5), (5.9), (5.11) and (5.12) we obtain

ℍ ¼
Z

B

�
r _sþ div

�q
T

�
� q

T

�
dv (5.15)

and if we define T as the net entropy production density at each point in B:

ℍ ¼
Z

B

Tdv � 0 (5.16)

Then

T ¼ r _sþ div
�q
T

�
� q

T
� 0 (5.17)

(5.17) is another, and commonly used, form of the ClausiuseDuhem inequality.
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5.7.1 Dissipation

The conversion of mechanical work to heat is called dissipation and it is convenient to
define a quantity, F, called the dissipation function such that

F ¼ T _s (5.18)

This means that the second law can be written

T _s ¼
Xn

i¼ 1

Fi � 0 (5.19)

where the Fi are the dissipations arising from the n different processes that are operating.
This is also an expression of the ClausiuseDuhem inequality. (5.19) is the same as (5.2). Both
expressions are simply expressions of the second law of thermodynamics.

5.7.2 Equilibrium or Not?

Most treatments of metasomatism and mineralising processes adopt the concept intro-
duced by Korzhinskii (1959) of mosaic equilibriumwhich has come to be known in the geolog-
ical literature as local equilibrium (Thompson, 1959, 1970). The proposal is that even though
the system is not at equilibrium one can identify a large-enough region for the system that
can be considered to be at equilibrium. The evolution of the system can then be built up
by considering the interaction between these regions. The notion of equilibrium is pervasive
in metamorphic and metasomatic petrology, to the extent that the concept is commonly
treated as self evident for most geological systems. By definition, however, systems are not
at equilibrium during their evolution and there are many situations, which we will discuss,
where even the smallest region, in which concepts such as temperature and internal energy
can be defined by some kind of averaging of molecular motions, is not at equilibrium. A self
evident form of this statement is that mineral reactions cannot be at equilibrium while the
mineral reactions are in progress and minerals are growing. There must be chemical affinities
driving the reactions and hence by definition the system is not at equilibrium; at equilibrium
these affinities drop to zero. The issue is: In Nature how far from equilibrium are most mineral
systems? This question is not meant as a threat to the vast amount of work that has been
devoted to defining mineral systems at equilibrium. If we knew how to handle systems
not at equilibrium it would give us an extra toolbox that enables us to investigate the pro-
cesses that operate during deformation and metamorphism. We return to this question in
Chapter 14.

5.8 THE POTENTIALS: HELMHOLTZ AND GIBBS ENERGY
FOR DEFORMING SOLIDS

In applying the concepts of equilibrium chemical thermodynamics for small strains to
deforming chemically reacting solids, one replaces the mechanical role of the pressure, P,
by the Cauchy stress tensor, sij, and the mechanical role arising from small changes in
the specific volume,bV, by the small strain tensor, εij (Houlsby and Puzrin, 2006a).
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The restriction to small strains is not an undue limitation since one is commonly concerned
with developing incremental approaches that can be implemented in finite element or finite
difference codes.

Taking tensile stresses as positive, the pressure, P, and specific volume,bV, are now given by

P ¼ �1

3
skk and bV ¼ bV0ð1þ εkkÞ ¼ 1

r
(5.20)

where bV0 is the initial specific volume and r is the current density. The initial density, r0, is
1
bV0

.

In a conceptual mapping of the quantities used in equilibrium chemical thermodynamics, P

is replaced by (�skk/3) and V by bV0

�
1
3 dij þ εij

�
where dij is the Kronecker delta. Thus the

term, (PV), is replaced by

�sij
bV0

	
1

3
dij þ εij




¼ �bV0

	
1

3
skk þ sijεij



:

¼ PbV0 � bV0sijεij

The expressions for the specific internal energy, e, the specific Helmholtz energy, J, the
specific enthalpy, H, and the specific Gibbs energy, G, are then given as in Table 5.6. Also
given in Table 5.6 are expressions for the conjugate variables {sij,εij} and {s,T} in terms of e,
J, H and G.

Gibbs (1906) discussed the solubility of a chemical component, A, in a fluid in contact with
a stressed solid comprised of A. In discussing this problem the conclusion of Kamb (1961) is
‘it is not possible to usefully associate a Gibbs free energy with a non-hydrostatically stressed solid.’
We discuss this particular problem in Chapter 14 but note that Kamb did not propose that
the Gibbs energy could not be defined for a stressed solid. He simply indicated that the
concept of a Gibbs energy is not useful for the problem he considered. Similar sentiments
are presented by (Paterson, 1973) who discusses the issue in some detail.

TABLE 5.6 Thermodynamic Quantities Used in the Small Strain Formulation of Generalised
Thermodynamics

Specific Internal

Energy

Specific Helmholtz

Energy Specific Enthalpy

Specific Gibbs

Energy

Potential e¼ e(εij,s) J¼J(εij,T)
J¼ e� sT

H¼H(sij,s)

H ¼ e� 1
r0
sijεij

G¼G(sij,T)
G¼H� sT

G ¼ J� 1
r0
sijεij

sij ¼ r0
ve
vεij

T ¼ ve
vs

sij ¼ r0
vJ
vεij

s ¼ �vJ
vT

εij ¼ �r0
vH
vsij

T ¼ vH
vs

εij ¼ �r0
vG
vsij

s ¼ �vG
vT

After Houlsby and Puzrin (2006).
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It is important to realise that the Gibbs energy for a stressed solid has been defined and
used by a number of authors over the past 100 years or so. Gibbs (1906, pages 86, 87 and
195e214) himself defines a quantity which is the enthalpy per unit volume for a stressed solid.
This is equivalent to what we would now call the Gibbs energy per unit volume. Similar
quantities have been defined for stressed solids by Truesdell and Toupin (1960, p. 627: the
free enthalpy), Truesdell (1969, p. 33: the free enthalpy), Kestin (1968, p. 180 the Gibbs function
or free enthalpy), Rice (1971, p. 437: the complementary energy or the Legendre transform of the
Helmholtz energy), Rice (1975, p. 32: the dual potential to the Helmholtz energy), Shimizu
(1997), Ulm and Coussy (2003; the complementary energy in many parts of the book), Houlsby
and Puzrin (2006a, p. 47 and in many parts of the book), and Plohr (2011) who considers the
Gibbs energy for two adjacent elastoplastic solids together with issues involved in defining
the Gibbs energy for large deformations. Plohr also considers the differences that arise in
defining the Gibbs energy for an elastoplastic solid as opposed to an inviscid fluid. A gener-
alised treatment of this issue is given by Frolov and Mishin (2012).

5.8.1 The Legendre Transform

Many physical and chemical quantities are considered in the deformation of chemically
reacting systems and it is useful both conceptually and pragmatically to understand the
ways in which some of these quantities are related. Particularly important in this regard is
the Legendre transform which is useful in expressing the relations between thermodynamic
potentials (this chapter), between the yield surface and the dissipation surface in plasticity
(Chapter 6) and between the singularity spectrum and a measure of the scaling exponent
for the generalised fractal dimension (Arneodo et al., 1995) in the wavelet transformmodulus
maxima (WTMM) method in wavelet analysis (Chapter 7).

The Legendre transform of a function y¼ f(x) at the point (x, y) is illustrated in Figure 5.6
and consists of the intercept of the tangent to y¼ f(x) at (x, y) on the y-axis. For a function
y¼ f(x) the Legendre transform of f(x) at x is given by

FIGURE 5.6 The Legendre
transform.
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y ¼ fðxÞ � x
vfðxÞ
vx

(5.21)

As an example we take f(x)hJ(εij,T), then f 0ðx;TÞh vJ
vεij

¼ 1
r sij. Thus the Legendre trans-

form of J is

y ¼ J� 1

r
sijεij hG

Hence the Legendre transform of the Helmholtz energy is the Gibbs energy.

5.9 THE DISSIPATION FOR A MATERIAL WITH INTERNAL
VARIABLES

The fundamental difference between the thermodynamics of relatively simple fluids such
as those described by Newtonian viscosity or power-law viscosity (Chapter 6) and solids is
that the state of stress in fluids is described by variables such as the velocity gradient, the tem-
perature and the pressure, whereas in solids the stress state is also a function of the history
(see comment by Kestin (1968), p. 200) of deformation as reflected in microstructural evolu-
tion such as the degree and character of crystallographic preferred orientation, the alignment
of grain boundaries and the degree and geometry of microfracturing. As pointed out by
Kestin (1968, p. 200), the use of the term history does not imply that the material has amemory
of its past; the important point is that the stress is dependent on the evolution of microstruc-
tural adjustments. Thus extra variables are required to define the state of the body. These
additional variables are called internal variables. Complicated fluids, such as polymers, which
possess internal microstructure also require internal variables to define the state during
deformation.

We introduce a tensor internal variable as aij. Then the internal energy is

e ¼ e
�
εij;aij; s

�
(5.22)

so that

_e ¼ ve

vεij
_εij þ ve

vaij
_aij þ ve

vs
_s (5.23)

We write the second law of thermodynamics as

_sþ 1

r

v

vxi

�qi
T

�
¼ F

T
� 0 (5.24)

where F is the total dissipation. The first law of thermodynamics is written as

r _e ¼ sij _εij �
vqi
vxi

(5.25)

so that combination with the second law, (5.24) gives

r _e ¼ sij _εij þ rT _s� qi
T

vT

vxi
� F (5.26)
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Using (5.26) with (5.23) gives

 
1

r
sij � ve

vεij

!
_εij þ

	
T� ve

vs



_s� ve

vaij
_aij

Mechanical dissipation

� F
Total dissipation

� 1

r

qi
T

vT

vxi

Thermal dissipation

¼ 0 (5.27)

As indicated, (5.27) may be divided into terms that represent mechanical dissipation
and thermal dissipation. Although the second law requires that the total dissipation be
non-negative the assumption is made that the processes involved in thermal dissipation
are independent of the processes involved in mechanical dissipation so that we can
write

 
1

r
sij � ve

vεij

!
_εij þ

	
T� ve

vs



_s� ve

vaij
_aij � Fmechanical ¼ 0 (5.28)

where Fmechanical¼ total dissipation� thermal dissipation� 0. We see from Table 5.6 that
sij ¼ r ve

vεij
and T ¼ ve

vs so that

� ve

vaij
_aij ¼ Fmechanical � 0 (5.29)

A common situation arises where aij is the plastic strain in which case, as expected, (5.29)
states that the mechanical dissipation arises solely from the plastic and not the elastic strain
rate. In other applications there may be more than one internal variable in addition to the
plastic strain (arising from dislocation motion) such as the strain arising from microfractur-
ing in which case the mechanical dissipation consists of the sum of the dissipations arising
from the various processes.

5.10 THE THERMO-MECHANICAL HEAT BALANCE EQUATION

It is important in many applications to define the temperature evolution of a system
arising from all the dissipative processes that are operating. The equation that describes
the rate of change of temperature with time is called the thermo-mechanical heat balance equa-
tion. As a summary of many points that have been raised in this chapter it is instructive,
in deriving this equation, to begin with the first law of thermodynamics, (5.25), written as

r _e ¼ sij _εij � vqi

vxi
(where _εij is the total strain rate; internal heat sources have been neglected)

and the specific Helmholtz energy (Table 5.6): J¼ e� Ts. Then

_J ¼ _e� T _s� _Ts (5.30)

Substitution of the first law into (5.30) gives

r
�
_Jþ T _sþ _Ts

�� sij _εij þ
vqi
vxi

¼ 0 (5.31)
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For materials where contributions to the entropy production arise from processes involved

in the dissipative strain rate, _ε
dissipative
ij (such as dislocation motion and diffusion), and also

from k other processes (such as fluid flow) characterised by the array of scalar, vector and
tensor quantities ak, the Helmholtz energy can also be written

J ¼ J
�
ε
elastic
ij ;ak;T

�
(5.32)

Hence, by the chain rule of differentiation,

_J ¼ vJ

vεelasticij

_εelasticij þ
X
k

	
vJ

vak
_ak



þ vJ

vT
_T (5.33)

Or, since (Table 5.6)

s ¼ �vJ

vT
(5.34)

_J ¼ 1

r
sij _ε

elastic
ij þ 1

r

X
k

	
vJ

vak
_ak



� s _T (5.35)

Assuming that the behaviour of the material is such that (see Chapter 6)

_εij ¼ _εelasticij þ _ε
dissipative
ij (5.36)

substitution of (5.35) and (5.36) into (5.31) gives

rT _s ¼ sij _ε
dissipative
ij �

X
k

	
vJ

vak
_ak



� vqi

vxi
(5.37)

Now since

qi ¼ �kij
vT

vxj
(5.38)

(5.37) can be rewritten as

rT _s ¼ sij _ε
dissipative
ij �

X
k

	
vJ

vak
_ak



þ kijV

2T (5.39)

From (5.34) we have

_s ¼ �v2J

vT2
_T�
X
k

 
v2J

vTvak
_ak

!
� v2J

vTvεelasticij

_εelasticij (5.40)

We write

cp ¼ �T
v2J

vT2
;
v2J

vTvak
¼ v

vT

vJ

vak
¼ vck

vT
; and bij ¼ � v2J

vTvεelasticij

¼ vs

vεelasticij

¼ �vsij

vT
(5.41)
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where cp is the specific heat at constant pressure, ck is an array of generalised stresses con-
jugate to the ak and bij is a material coefficient that describes how the entropy varies with the
elastic strain; it is a measure of the thermoelastic effect (Nye, 1957, pp. 173e176). Therefore,

rT _s ¼ �rcp _T� T
X
k

	
vck

vT



_ak þ Tbij _ε

elastic
ij (5.42)

and hence

rcp _T ¼ bcsij _εdissipativeij þ
X
k

	
vck

vT
T� ck



_ak � Tbij _ε

elastic
ij þ kijV

2T (5.43)

where bc is the TayloreQuinney coefficient (Stainier and Ortiz, 2010; Taylor and Quinney,
1934) that is the proportion of heat that is stored as energy (in the form of dislocations or other
defects) in the deformed material; bc commonly is of the order of 0.9. (5.43) is the thermo-
mechanical heat balance equation. This equation, in many different forms, is used to calculate
the temperature rise due to various dissipative processes that occur in a deforming chemi-
cally reacting body.

Equation (5.43) says that the change in temperature arises from the various dissipative
processes that operate in the body to produce the permanent deformation (the first term
on the right-hand side), the dissipation arising from other internal processes such as chemical
reactions and fluid flow (the second term on the right-hand side), modified by a thermoelas-
tic effect (the third term on the right-hand side), and thermal dissipation (the fourth term on
the right-hand side). In its most general usage the equation is highly nonlinear since both the
density and the specific heat are temperature dependent. Various approximations are
commonly made such as temperature-independent density and specific heat, bc ¼ 1 and
neglect of the thermo-elastic effects.

In practice, it is sometimes possible to simplify (5.43) by considering the time and length
scales associated with various processes that operate simultaneously. Thus if the strain rate is
slow (say 10�12 s�1) and the system is 1 km3 in size then Table 5.2 indicates that the system
may be considered isothermal as far as mechanical dissipation is concerned so that _T ¼ 0
and VT¼ 0 in (5.43).

5.11 ENTROPY PRODUCTION AND SYSTEM CONSTRAINTS

The extremum principle universally used in equilibrium chemical thermodynamics is
that the Gibbs energy is a minimum at equilibrium. This principle has proved very power-
ful and has allowed exceptional progress in the construction of mineral phase equilibrium
diagrams for quite complicated metamorphic reactions and bulk chemical compositions
(Powell, 1978; Powell et al., 1998). However, for systems not at equilibrium some other
principle, or set of principles, would be useful in describing the evolution of the system
as it proceeds towards equilibrium or is maintained far from equilibrium by fluxes of
energy and/or mass. The extremum principles that have evolved over the past 30 years
all involve a statement concerning the entropy production, the most general of which is
the ClausiuseDuhem relation.
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A well-known example in structural geology is represented by the Taylor (1938) and
BishopeHill (Bishop and Hill, 1951a,b) extremum principles used in calculating the evolu-
tion of crystallographic preferred orientations (Lister et al., 1978). The Taylor principle says:
In a deforming polycrystal, for a given imposed strain-increment, the energy dissipation by the shear
strains on the slip systems (with specified critical resolved shear stresses) needed to accomplish that
strain-increment is a minimum. The BishopeHill principle is the linear programming dual of
the Taylor principle and says that: In a deforming polycrystal, for a given imposed strain-
increment, the stress state that actually exists within the deforming crystal is that which maximises
the energy dissipation. We will see that the TayloreBishopeHill principles are equivalent to
the (Ziegler, 1963, 1983a) principle of maximum entropy production. The BishopeHill
maximum work principle chooses that stress (represented by a vector in stress space) in
the deforming crystal which is as close as possible parallel to the imposed strain rate vector
subject to the constraint that the imposed strain increment must be achieved only by slip
systems that define the yield surface.

For many systems the commonly quoted extremum principle is that the entropy produc-
tion is minimised (Biot, 1958; Prigogine, 1955). Examples of such systems that are widely
quoted are steady heat conduction in a material with constant thermal conductivity
(Kondepudi and Prigogine, 1998) and simple, uncoupled chemical reactions (Kondepudi
and Prigogine, 1998). However, Ross and Vlad (2005 and references therein) and Ross
(2008, his Chapter 12) show that, for these two classical systems, the only extremum in the
entropy production corresponds to _s ¼ 0. It is only for systems where the relationship
between thermodynamic fluxes and forces is linear that a maximum exists for the entropy
production and this corresponds to a stationary state that is not an equilibrium state. If the
relationship between thermodynamic fluxes and forces is nonlinear then only one extremum
in the entropy production exists and that corresponds to an equilibrium state. The linear
situation is that commonly quoted and discussed by Prigogine (1955), Kondepudi and
Prigogine (1998) and a host of others. However, reference to Table 5.1 shows that at least
for thermal conduction and chemical reactions the thermodynamic fluxes are not linear
functions of the thermodynamic forces. For mass diffusive processes the thermodynamic
flux is a linear function of the thermodynamic force only for isothermal situations. For further
discussion and clarification of what is meant by ‘close’ and ‘far’ from equilibrium reference
should be made to the interchange between Hunt, Hunt, Ross, Vlad and Kondepudi (Hunt
et al., 1987, 1988; Kondepudi, 1988; Ross, 2008; Ross and Vlad, 2005). We return to this subject
in Chapter 14 and Volume II.

For some systems (and this involves many mechanical systems; Houlsby and
Puzrin, 2006a,b; Rajagopal and Srinivasa, 2004) the entropy production is maximised.
Ziegler (1963 and references therein) seems to have been the first to propose this
principle, although we will see that the principle of maximum work proposed by Bishop
and Hill (1951a,b) is identical to that of Ziegler; Ziegler (1963) gives a good summary
of other related principles. The Ziegler principle is a powerful tool for defining the
evolution of simple plastic deformations (Houlsby and Puzrin, 2006a,b). In order to
understand Ziegler’s arguments it is instructive to examine two ways in which the
relationship between stress and dissipative strain rate can be graphically represented.
The first way, the yield surface, is well known and widely used. This surface was
discussed in relation to localisation in rate-independent materials by Hobbs et al.
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(1990) and is shown in Figure 5.7(a). Detailed discussions of the yield surface are
given in Chapter 6. The yield surface is drawn in stress space and stress states within
the surface correspond to elastic deformations while stress states on the yield surface
correspond to plastic deformations. If the yield surface corresponds to a function f(sij)
then the condition for plastic yield is f¼ 0 while f< 0 corresponds to elastic deforma-
tions. Stress states corresponding to f> 0 are physically unrealistic. If no volume change

accompanies plastic deformation then the increment of plastic strain rate, _ε
dissipative
ij , asso-

ciated with the stress, sij, is normal to the yield surface at the end point of the stress

vector (Figure 5.7(a)) and is given by _εij ¼ l
vf
vsij

where l is a constant known as a plastic

multiplier. The dissipation is the scalar product of the stress and the incremental strain

rate: T _s ¼ F ¼ 1
r sij _ε

dissipative
ij . One can see from Figure 5.7(a) that F is always positive

in accordance with the second law of thermodynamics. This arises from the assumption
that the yield surface is convex.

One can also plot another surface, the dissipation surface in strain rate space
(Figure 5.7(b)) for a particular value of the dissipation function, F¼F0. Ziegler (1963,
1983b) showed that for uncoupled deformations the stress corresponding to a particular
strain rate increment is orthogonal to the dissipation surface at the end point of the strain

rate vector (Figure 5.7(b)) and is given by sij ¼ n vF

v _ε
dissipative
ij

where n is a constant. Thus the

yield surface and the dissipation surface are complementary to each other (Collins and
Houlsby, 1997; Houlsby and Puzrin, 2006a) and in fact, just as the Gibbs energy can be
obtained from the Helmholtz energy through a Legendre transformation (Callen, 1960;
Houlsby and Puzrin, 2006a; Powell et al., 2005) and vice versa, the yield surface can be ob-
tained from the dissipation surface through a Legendre transformation (Collins and
Houlsby, 1997; Houlsby and Puzrin, 2006a) and vice versa.

FIGURE 5.7 Yield and dissipation surfaces. One is the Legendre transform of the other. For the yield surface,
(a), the incremental strain rate vector is normal to the yield surface where the imposed stress vector touches the
yield surface. For the dissipation surface, (b), the stress vector is normal to the dissipation surface where the in-
cremental strain rate vector touches the dissipation surface.
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The importance of the Ziegler orthogonality relation is better seen by redrawing Figure 5.7(b)
as in Figure 5.8(a). In this figure the strain rate vector touches the dissipation surface, F¼F0

at P where the tangent TPT0 is drawn. The Zeigler orthogonality relation says that the stress
vector associated with the strain rate is normal to this tangent. The dissipation (and hence the
entropy production at a given temperature) is the scalar product of the strain rate with the
stress (or the projection of the strain rate vector on to the stress vector). One can see from
Figure 5.8(a) that, because of the convexity of the dissipation surface, this scalar product is
a maximum for the stress and incremental strain rate that obey the orthogonality relation.
For all other strain rate vectors the scalar product with the stress is smaller. This is a graphical
demonstration of the Ziegler principle of maximum entropy production which says that of all
possible stress states, the stress that is actually associated with a particular strain rate produces a
maximum in the entropy production. Although this argument depends on the convexity of
the dissipation surface, Houlsby and Puzrin (2000) point out that the Ziegler principle holds
also for weakly non-convex yield surfaces and for non-associated flow (where the incremen-
tal strain rate vector is not normal to the yield surface).

The BishopeHill theory of crystal plasticity is illustrated in Figure 5.8(b) where a section
through the dissipation surface for a crystal undergoing rate-insensitive deformation onmul-
tiple slip systems is shown. The same arguments that apply to Figure 5.8(a) hold except
now, for rate-insensitive plasticity, there is an ambiguity in the orientation of the tangent
to the dissipation surface at a corner. Nevertheless the overall argument concerning entropy
production rate holds as in Figure 5.8(a). The ambiguity is removed by the introduction of
rate sensitivity into the constitutive equations for slip (Chapter 6, Rice (1970); see also

FIGURE 5.8 Illustration of Ziegler’s principle of maximum entropy production rate. The dissipation surface is
drawn in incremental strain rate space. (a) The stress associated with the imposed strain rate is normal to the
dissipation surface at P. Of all other possible strain rate vectors, for example d _εA and d_εB, the projection of the strain
rate vector on to the stress vector is smaller than the projection of the imposed strain rate vector. This means that the
dissipation arising from the stress and the imposed strain rate is a maximum. The distance of the tangent plane TPT0
from the origin, O, is the work done by the stress during the imposed strain rate increment. (b) The equivalent of (a)
drawn for multiple slip single crystal rate insensitive plasticity. The argument for (a) follows but there is ambiguity
with respect to the orientation of the tangent at the corner of the yield surface. This ambiguity is removed with the
introduction of rate sensitivity (Chapter 6). From Hobbs et al. (2011).
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Lin and Ito (1966) who also discuss the rounding of corners on a yield surface during
deformation).

The differences between the Ziegler maximum entropy production principle and the Pri-
gogine minimum entropy production principle are illustrated in Figure 5.9. For a process
where the thermodynamic affinity, A, is a linear function of the thermodynamic flux, J, the
entropy production, _s, is a quadratic function of the thermodynamic fluxes. A simple example
is Newtonian viscosity where the stress is given in terms of the viscosity, h, as s ¼ h _ε. The
entropy production is r _s ¼ s _ε ¼ h _ε2. Thus a two-dimensional plot of entropy production
versus the fluxes is a paraboloid as shown in Figure 5.9(a) This paraboloid passes through

FIGURE 5.9 Effect of various constraints and system behaviour on entropy production. (a) A parabolic dissi-
pation surface where the entropy production is constrained by a planar surface corresponding to the power. This is
a linear system where the intersection of the two surfaces corresponds to a maximum in entropy production. This is
the Ziegler model. (b) The same system as (a) but constrained by the imposition of steady state conditions. The
entropy production is a minimum. This is the Prigogine model. (c) and (d) Sections through (a) and (b) for a
deforming Newtonian viscous material. Motivated by Rajagopal and Srinivasa (2004).
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the origin at _s ¼ 0which corresponds to equilibrium. The power for a fixedA is given byA,J
which is represented by a plane that passes through the origin in Figure 5.9(a) This plane rep-
resents the constraint on entropy production; it intersects the paraboloid in an ellipse and the
highest point on the ellipse represents maximum entropy production for that particular
constraint. This illustrates the Ziegler principle. If on the other hand both A and J are fixed
so that the system is at steady state the situation is represented by Figure 5.9(b). Now the
constraint is such that the entropy production is a minimum. This is the Prigogine argument.
Sections through these two different constraint models for a Newtonian viscous material are
given in Figure 5.9(c,d).

5.12 CONVEX AND NON-CONVEX POTENTIALS:
MINIMISATION OF ENERGY

In chemical systems it is common for the Gibbs energy to be expressed as a convex function
with a single minimum at equilibrium (Kondepudi and Prigogine, 1998; Powell, 1978). At a
phase change the function may become non-convex with two minima corresponding to the
Gibbs energies of the two phases at equilibrium (Kondepudi and Prigogine, 1998; Powell,
1978). The same situation arises in mechanical (and other) systems where more than one equi-
librium or non-equilibrium state exists (Chapter 7; Ortiz and Repetto, 1999; Thompson, 1982).

Deforming nonlinear elastic systems represent perhaps the simplest manifestation of
systems with multiple stationary states and we include a brief description to highlight that
even in such systems the evolution of the system can be complex, even chaotic. In linear
elastic systems undergoing deformation one equilibrium stationary state exists and that is
the one that maximises the stored elastic energy (McLellan, 1980, pp. 313e314). This is the
only stationary state that can exist for an adiabatically deforming linear elastic system. How-
ever, for nonlinear elastic systems where the nonlinearity is introduced via a softening of the
elastic modulus arising from some form of elastic damage or from geometrical softening
arising from large rotations, multiple equilibrium stationary states commonly exist (Budd
et al., 2001; Ericksen, 1998; Hunt, 2006; Hunt et al., 1997a,b; Hunt et al., 2000a; Hunt and
Wadee, 1991) and correspond to non-convex forms of the Helmholtz energy function. By
non-convex here we mean that a plot of the Helmholtz energy against some measure of
the deformation or deformation gradient has a number of ‘bumps’ or discontinuities in it
(see Chapter 7).

The extremum principle involves the development of minima in the stored elastic energy
and corresponds to points where the stored elastic energy matches the energy required to
drive some form of deformation in the system. Such a principle corresponds to the Maxwell
construction common in chemical systems involving two or more phases (Kondepudi and
Prigogine, 1998; Powell, 1978) and also represents a lower bound for the force required for
the initiation of deformation. Such behaviour is common in buckling systems. However,
the first bifurcation in the system occurs after the peak stress is attained (Tvergaard and
Needleman, 1980 for plastic buckling; Hunt andWadee, 1991 for elastic buckling). Sequential
bifurcations occur as the system jumps from one equilibrium stationary state to another,
although complexity can arise due to mode locking (Everall and Hunt, 1999; Hunt and Ever-
all, 1999). All such behaviour in an adiabatically deformed elastic system represents a
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progression through a series of equilibrium states and a full description of the system evolu-
tion relies on nonlinear bifurcation theory (Guckenheimer and Holmes, 1986; Wiggins, 2003).
In addition, softening behaviour can lead to localisation of fold packets in layered materials
and a progression to chaos with fractal geometries (Hunt andWadee, 1991). Multiple station-
ary states are also well known in the study of microstructural development in martensitic
transformations (Ericksen, 1998). Stationary states arising from thermalemechanical feed-
back in mantle deformations are discussed by Yuen and Schubert (1979). In nonlinear chem-
ical systems multiple stationary states are common (Epstein and Pojman, 1998; Ross, 2008)
and are considered in detail in Chapter 14. The fundamental principle involved in under-
standing the evolution of these kinds of mechanical and chemical systems is that the
Helmholtz energy is no longer convex and the system evolves to minimise the Helmholtz
energy by forming a series of finer structures or chemical domains that lead to compatibility
with the imposed deformation (Ball, 1977; Ball and James, 1987; Ortiz and Repetto, 1999). We
explore such behaviour in detail in Section 7.7 and in Chapter 8. The transition from convex
to non-convex Helmholtz energy functions is the hallmark of critical phenomena (Ben-Zion,
2008; Sornette, 2000) so that such behaviour seems to be a fundamental and universal aspect
of deforming- reacting systems.
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6.1 WHAT IS A CONSTITUTIVE RELATION?

When a solid is loadedmechanically and thermally it behaves in different ways depending
on environmental factors such as the temperature, the confining pressure, the deformation
rate and, if fluids are present, the fluid pressure. Also solids comprising different materials
behave in different ways even if the environmental factors are identical. An example is
shown in Figure 6.1 where two different materials, a laminated elastic-viscous material in
Figure 6.1(c and d) and a laminated elastic-plastic material in Figure 6.1(e and f) are deformed
in sinistral simple shearing, both to the same strain, as shown in Figure 6.1(b). The two ma-
terials behave in completely different manners. The elastic-viscous material forms gentle
folds with axial planes at a high angle to the shearing direction, whereas the elastic-plastic ma-
terial forms localised folds with somewhat sharper hinges and with axial planes parallel to the
shearing direction. Moreover, the fine scale structure is different for the two materials
(Figure 6.1(d and f)). This makes it clear that the material behaviour is paramount in control-
ling the types of structures that form and also gives some confidence that we may be able to
test particular constitutive relations by informed inspection of natural examples.

A constitutive relation is a mathematical expression, relevant to a particular material, that
relates the stress, the deformation gradient, the stretching tensor and the heat flow during
deformation. Such a relation is commonly only useful over a restricted range of environ-
mental factors. These relations are usually greatly idealised and describe materials such as
those with ideal elasticity, viscosity and plasticity. Nevertheless, considerable detail can be
built into these relations, in the form of internal variables, in order to depict the influence
of material heterogeneities, anisotropy, geometrical imperfections, fluid flow, chemical reac-
tions and so on. A constitutive relation takes the same place in mechanics as does an equation
of state in chemical equilibrium thermodynamics. In this chapter we explore only thermal-
mechanical constitutive relations and extend the arguments to materials with greater varia-
tions in behaviour in later chapters. The outcome of developing these relations is that we
must be able to explain what we see in the field or in the microscope based on what these
relations predict. The field and the microscope are our ultimate laboratory in which these
constitutive relations can be tested.

There are three aspects to the development of a constitutive relation and these must be
mutually compatible and should be carried out hand in hand. First, laboratory experiments
give direct information on the form of the constitutive relation for a given material and on
what environmental factors are important and the range of variation in these factors where
the relation is relevant. For instance, is the relation sensitive to variations in confining pres-
sure, temperature or deformation rate? If so are the relations linear or nonlinear? Such exper-
iments give direct data on constitutive parameters such as activation energy, activation
volume, frictional and dilatancy measures and details of any rate dependence. There is
now a considerable literature devoted to this approach and reviews and compilations of
data can be found in many publications including Ranalli (1995), Evans and Kohlstedt
(1995), papers in Karato and Wenk (2002), Paterson and Wong (2005), Karato (2008) and
Kohlstedt and Mackwell (2009).

Second, the proposed relations that are derived from experiments must be compatible
with the laws of thermodynamics and obey certain simple rules that we will discuss in detail
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(a) (b)

(c) (d)

(e) (f)

FIGURE 6.1 Control of constitutive behaviour on the development of structures. A laminated material shown in
(a) undergoes sinistral simple shearing, (b), through 8.5�. A zoom into the undeformed computational grid (white
lines) is shown in the inset. Figures (c) and (e) are zooms into the area outlined in (b). (c) and (d) Elastic-viscous
material with identical elastic properties throughout but viscosity varies by a factor of 100 between adjacent
layers (red and cream). (d) is a zoom into (c) and shows details of the deformed computational grid. (e) and (f)
Elastic-plastic material with identical elastic properties throughout but yield stress varies by a factor of 10 between
adjacent layers (red and cream). (f) is a zoom into (e) showing details of the deformed grid.
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in Section 6.4. The outcome of the experimental development of a constitutive relation may
be a simple mathematical relation that fits all the experimental data but which does not obey
the laws of thermodynamics or that changes its form when the material reference coordinate
frame is changed. Some rules that ensure experimentally derived constitutive relations are
thermodynamically admissible are given in Section 6.4.8 and result in the Coleman-Noll pro-
cedure. Surprisingly even the simplest of constitutive relations, that for ideal (Cauchy) elastic-
ity, does not obey the laws of thermodynamics for some situations (see Section 6.5) and
therefore cannot be a general relation. A classic example of an experimentally produced
constitutive relation that is thermodynamically inadmissible is the original formulation of
the Cam Clay model for fluid bearing clays (Collins and Kelly, 2002). A third example is the
commonly used form of the Mohr-Coulomb relation. We look at this relation in Section 6.6.4
and show that for certain combinations of constitutive parameters no plastic work is done
or even negative plastic work is done during deformation thus violating the first law of
thermodynamics.

The rules that constitutive relations must obey are discussed in Section 6.4; an important
one is that the relation must be independent of the material coordinate frame that is used to
express the relation. Simple outcomes of this are that the relation must involve objective mea-
sures of the deformation, deformation rate and stress rate. Thus variables such as the stretch-
ing tensor, d, must be used rather than the commonly used strain rate. These considerations
become particularly important as research workers increasingly have access to computer
codes that are capable of producing results at large deformations that may involve large ro-
tations. Unless the constitutive relations that are used in these codes, and the codes them-
selves, are expressed in ways to obey the rules laid out in Section 6.4 the results of
computer simulations at large deformations must be suspect (see Karrech et al., 2011c).

Third, it is becoming feasible to develop constitutive relations starting at the quantum or
molecular level and upscaling such relations to coarser scales (Amodeo et al., 2011; Tadmor
and Miller, 2011). This approach is now commonplace in biology and physical metallurgy
and new developments for mantle mineralogies and conditions are given by Cordier et al.
(2012). Again, constitutive relations developed by molecular or dislocation dynamics model-
ling must be thermodynamically admissible and obey the rules for the development of consti-
tutive relations. Fundamentally they must also predict what we see in experiments under
laboratory conditions. This approach is particularly important in the geoscienceswhere geolog-
ically realistic deformation rates are not accessible in the laboratory. We address this particular
issue in Section 6.7.3 and in Chapters 9 and 13 with some thought provoking repercussions.

Finally, in the geosciences we face an important dilemma, as do biologists, in formulating
constitutive relations for open flow systems and for systems that involve chemical reactions.
Most thermodynamically admissible constitutive laws for solids are based on the concept of a
material reference state fromwhich deformations aremeasured. The procedure is to mapma-
terial points in the reference state to new spatial coordinates in the deformed state so that the
approach is Lagrangian. Conceptually this is straight forward in a closed thermal-mechanical
system with no internal physical or chemical rearrangements during the deformation. The
situation becomes blurred in open systems with fluid flow-through and the possible addition
or removal of material particles during deformation. In such systems and in chemically react-
ing deforming systems the definition of a material particle needs careful attention when the
nature (or even the existence) of this material particle may change during deformation.
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The solutions to these problems may lie in the development of an Eulerian approach to
constitutive relation development. Attempts in this direction are considered by Rajagopal
and Srinivasa (2007). The development of constitutive relations for such systems is an impor-
tant area of future research.

6.2 WHY ARE CONSTITUTIVE RELATIONS IMPORTANT?

This chapter completes the toolbox that we need to explore the ways in which various
bodies deform when subjected to boundary forces and/or displacements. In Chapter 2 we
looked at various forms of deformation followed by Chapter 3 with a description of themotions
or flows that result in deformation. Chapter 4 provided us with the driving force for flow,
namely, the internal stress field that is generated in a body by external loadings or displace-
ments. However, we noted in Chapter 4 that Cauchy’s first law (4.21) says that all we can
discover about the stress field given a set of external loadings is the divergence of the stress;
we need more information about the material itself to go the last step and define the stress
field. That is, bodies made of different materials with identical loads or displacements on their bound-
aries will have different internal stress fields. All of the principles developed in Chapters 2
through 5 are applicable to any material. We need extra information and that is supplied
in the form of constitutive relations (or response functions) which are equations that link the
response or flow of a body comprising a specific material to mechanical and thermal loads
placed on the body. We do, however, have two constraints on what the stress field may be:
first, Cauchy’s second law says that in the absence of internal torques, s¼sT, that is, the
stress tensor is symmetrical. Also Chapter 5 supplies us with the Clausius-Duhem equation
(a specific form of the second law of thermodynamics) that places constraints on anymaterial
behaviour that results in the internal stress, namely, the behaviour must obey the laws of
thermodynamics.

The need for constitutive relations is made clear by considering the information we have
available to us from previous chapters and the way in which this information is put together
to solve a problem in mechanics. In this chapter we consider the simplest of systems, namely,
thermo-mechanical systems with no internal fluid flow or chemical reactions. Such features
are left to Section B. As such, the problems we are interested in mainly comprise an initial
undeformed body of a given material in which the undeformed or reference coordinates,
X, of each material point are known along with the initial temperature, T, at each point.
The body is loaded or displaced at its boundary where the temperature is known. The ques-
tion is: What are the coordinates, x, and the temperature of each material point after time, t?
We assume that the rate, r, of any internal heat production, arising say from radiogenic sour-
ces, is known along with the body force, B, per unit volume. In Table 6.1 we list the various
equations available to us from previous chapters together with the number of unknown vari-
ables that appear in these equations for problems where the initial and/or boundary condi-
tions are prescribed. As we have seen these may be in the form of prescribed forces or
displacement rates or combinations of these. There are eight equations (all balance laws)
that govern the behaviour of a thermo-mechanical system, namely, one for the conservation
of mass, (4.4 or 4.5), three equations for the balance of linear momentum, (4.21), three for the
balance of angular momentum, (4.22), and one, (5.7), for the conservation of energy (which is
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an expression of the first law of thermodynamics). However, there are 19 independent un-
knowns, namely, the density (1), the spatial position (3), the stress (9), the internal energy
(1), the temperature (1), the heat flux (3) and the specific entropy (1). All other quantities
are related through equations in Table 6.1. The time is prescribed. The extra 11 equations
required to solve a problem for a given material are supplied by the mechanical and thermal
constitutive equations for that material and by the second law of thermodynamics expressed as
the Clausius-Duhem equation, (5.17). These constitutive relations are for

• Internal energy, e (1 equation)
• Stress, s (6 equations)
• Temperature, T (1 equation)
• Heat flow, q (3 equations)

TABLE 6.1 Governing Equations for Boundary Value Problems; Knowns and Unknowns

Name of Governing

Equation Equation

Number of

Independent

Equations

Unknown

Dependent

Variables

Number of

Unknown

Dependent

Variables

Conservation of mass _rþ rðdivvÞ ¼ 0 (4.4) 1 Scalar density, r 1

Balance of linear
momentum

divsþ rB ¼ ra (4.21) 3 Components of
stress tensor, sij

9

Balance of angular
momentum

s ¼ sT (4.22) 3 0 0

Conservation of
energy (first law)

s : dþ rr� divq ¼ r _e
(5.7)

1 Heat flux vector, q;
Specific internal
energy, e

3
1

GEOMETRIC AND KINEMATIC RELATIONS

Deformation gradient
Spatial velocity
Spatial acceleration

F¼VXx

v ¼ _x
a ¼ _v

0
0
0

Components of
position vector, xi

3

Stretching tensor d ¼ 1
2 ðV _xþ ½V _x�TÞ (3.12)3 0 Components of

stretching tensor, dij

0

OTHER THERMODYNAMIC RELATIONS

ClausiuseDuhem
inequality (second
law)

_s � r
T � 1

r div
q
T � 0 (5.17) 0 Temperature, T;

Specific entropy, s
1
1

Total 8 19

Known independent

variables

Material coordinates, X
Time, t
Internal heat production
rate, r
Body force, B

0
0
0
0
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In addition, some quantities are readily derived from the spatial coordinates, x, as dis-
cussed in Chapters 2 and 3. Thus the deformation gradient, F (and hence the strain), the ve-
locity, v, the acceleration, a, and the stretching tensor, d, are given by the geometric and
kinematic relations:

F ¼ VXx; v ¼ _x; a ¼ _v and d ¼ 1

2

�
V _xþ ½V _x�T

�

There is a tradition in much of the literature, particularly the engineering geomechanics liter-
ature, to invent constitutive relations based on empirical curve fitting to experimental data.
However, constitutive relations must conform to certain rules not the least of which is that
they should be compatible with the laws of thermodynamics as expressed, for instance, by
the Clausius-Duhem relation; Chapter 5 gives us the tools to proceed in that direction.

6.3 THE FOUR BASIC FORMS OF CONSTITUTIVE BEHAVIOUR

There are four fundamental forms of constitutive behaviour for thermo-mechanical defor-
mation. One relates the heat flow in a material to the thermal properties of the material and
the other three relate the mechanical response of a given material to the stress imposed on
that material. We discuss heat flow in Chapter 11, although some constraints on this consti-
tutive relation are discussed in Section 6.4.8 (6.13). This chapter is concerned essentially with
the three forms of mechanical response, namely:

1. Materials where the stress is solely a function of the deformation gradient and the
temperature and has no dependence on deformation rate; these materials do not dissipate
energy (however, see Figure 6.4(b)). These are elastic materials, although the only class of
the family of elastic materials that is always thermodynamically admissible is the
hyperelastic or Green elastic material.

2. Materials where the stress is insensitive to the deformation rate and that dissipate energy.
These are plastic materials. We are interested in a hyperplastic formulation for such
materials, that is, where the stress is defined in terms of a potential, namely, the Helmholtz
energy. Plastic materials may or may not show a strong dependence of the deviatoric
stress on the confining pressure.

3. Materials where the stress is sensitive to the deformation rate and dissipate energy. These
are viscousmaterials. Viscous materials commonly show only a weak dependence of stress
on the confining pressure and a strong dependence on temperature.

Combinations of these three types of behaviour are the common situation.

6.4 THE RULES FOR CONSTRUCTING CONSTITUTIVE RELATIONS

For the materials we will consider in this book there are seven rules that ensure any pro-
posed constitutive relation is robust. Details of these rules may be found in Truesdell (1966,
1969), Gurtin et al. (2010) and Tadmor et al. (2012).
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6.4.1 Determinism

This principle says that: The stress in a body is determined by the history of the motion of
the body (Truesdell, 1966). For many materials the stress in the system is defined by
constitutive equations that depend on the initial configuration of the material, that is,
on X and for some materials, on the history of states since deformation began. This
means that heterogeneous systems can be fully described by an array of constitutive
equations that may be different for every point, X. In addition, a constitutive equation
at each material point may depend on time so that the material has a memory of past
configurations or stress states. The obvious application of this part of the principle is
the dependence of stress on some reference state that the material ‘remembers’. As indi-
cated below we do not consider materials where the current stress state depends on the
history of stress states.

6.4.2 Local Action

This principle states that the behaviour of a material depends solely on events that occur
spatially close toX and that events far fromX have no influence on the stress. This principle is
followed in this book but relatively recently many constitutive relations that involve gradi-
ents in X have been developed. These are part of a wider group of nonlocal constitutive rela-
tions and are known as gradient constitutive relations (Aifantis, 1984, 1987, 1999). The
advantage of nonlocal relations is that they automatically involve a length scale such as
the grain size or a layer thickness, whereas classical constitutive relations that strictly follow
the principle of local action involve no intrinsic length scale. The lack of an internal length
scale in some of the constitutive relations we discuss in this book has its disadvantage in
that when one models deformation using finite element or finite difference computer codes,
the only length scale introduced is that of the computational grid. Thus the results of such
modelling (such as the width and spacing of shear zones) are commonly sensitive to the
grid size. This effect is known as mesh sensitivity.

6.4.3 Thermodynamic Admissibility

This means that any proposed constitutive relation must obey the laws of thermody-
namics or to be a little more precise, the Clausius-Duhem relation, (5.17). This principle
was extended by Coleman and Noll (1963) and is now expressed as the Coleman-Noll proce-
dure which we consider in some detail in Section 6.4.8.

6.4.4 Material Frame Indifference or Objectivity

This principle simply says that a constitutive relation must be independent of the
material coordinate frame from which it is viewed. This can be expressed as: Any two
observers of the motion of a body find the same stress (Truesdell, 1966). This in turn means
that the relation must be expressed in terms of objective quantities, that is, quantities
that remain of the same form with respect to any change in a material coordinate frame.
In Table 6.2 we list many of the quantities that are used to describe deforming systems
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and classify them as to whether they are objective or not. Some of these quantities are
identical for all material coordinate frames and are called invariant (Gurtin et al., 2010,
pages 150 and 275).

Although one can be rigorous in the use of objective measures in expressing consti-
tutive relations, one still needs extreme care in the use of such relations in studying
deformations that involve high shear strains where large rotations are important in
the deformation. Many objective measures of stress and of deformation result in severe
oscillations of stress at shear strains larger than z1 unless one uses logarithmic mea-
sures of strain (the Hencky strain tensor) and special measures of the stress (Karrech
et al., 2011c).

6.4.5 Memory

In this book we consider only materials that remember a reference state. We do not include
materials that are influenced by the history of past stress states. We do, however, consider
materials where the stress depends on the evolution of internal variables. Such behaviour is
characteristic of solids. Notice, however, that such dependence does not constitute a memory
of past events (see Kestin, 1969, p. 200).

TABLE 6.2 Objective and Non Objective Quantities

Quantity Objective or Not?

Scalar quantities such as mass density, temperature and entropy density Invariant

Displacement, u Objective

Finite strain tensors, B, V, E Objective

Finite strain tensors, C, U, E Invariant

Deformation gradient, F Non objective

Velocity, v Non objective

Acceleration, a Non objective

Velocity gradient tensor, l Non objective

Spatial stretching tensor, d Objective

Cauchy stress, s Objective

First PiolaeKirchhoff stress, P Objective

Second PiolaeKirchhoff stress, S Invariant

Vorticity, u Non objective

Kinematic vorticity number, WK Non objective

Sectional vorticity number, Wn Non objective

Vorticity numbers of Astarita (1979) and Jiang (2010) Objective
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6.4.6 Restrictions on the Internal Energy

Only materials where the internal energy depends on the entropy, the deformation
gradient and admissible internal variables are considered. This restriction is sufficient to
allow inclusion of a large array of material behaviours of interest in metamorphic geology.
This means we can write

e ¼ eðs; FÞ (6.1)

If we can write (6.1) for a particular material then that material is known as a simple mate-
rial. If we include the internal variables, ai, then we can write e¼ e(s,F,ai).

Notice that a further step needs to be considered in arguments that follow from the
Coleman-Noll procedure in order for the constitutive relations such as (6.1) to be material
frame indifferent; that is, the form of the dependence on non objective quantities such as F
needs to be spelt out. This means that (6.1) might be written in greater detail as
e¼ e(s,FTF)¼ e(s,C).

6.4.7 Material Symmetry

Any constitutive relation must take into account the symmetry of the material involved.

6.4.8 Compatibility with Thermodynamics

6.4.8.1 The Coleman-Noll procedure

In order to ensure that a given constitutive law is compatible with the laws of thermo-
dynamics a procedure has been developed based on Coleman and Noll (1963). This pro-
cedure consists essentially of ensuring that the constitutive law can be derived from the
Clausius-Duhem relation, (5.17). Below we follow Tadmor et al. (2012). For an open sys-
tem the Clausius-Duhem relation can be written:

_sinternal ¼ _s� _sexternal � 0 (6.2)

where _s is the total specific entropy production, _sinternal and _sexternal are the specific internal
and external entropy production. We have

_sexternal ¼ r

T
� 1

r
div

q

T
(6.3)

and hence,

_sinternal ¼ _s� r

T
þ 1

r
div

q

T

¼ _s� r

T
þ ðdivqÞT� q,VT

rT2

¼ _s� 1

rT
½rr� divq� � 1

rT2
q,VT � 0 (6.4)
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Rearranging and using the first law of thermodynamics, (5.7), we obtain,

rT _sinternal ¼ rT _s� r _eþ s : d� 1

T
q,VT � 0 (6.5)

If we take the material time derivative of the internal energy given in (6.1) we have

_e ¼ ve

vs
_sþ ve

vF
_F (6.6)

Substitution of (6.6) into (6.5) gives

r

�
T� ve

vs

�
_sþ
�
s : d� r

ve

vF
: _F

�
� 1

T
q,VT � 0 (6.7)

We also have s: d ¼ s: l, since s is symmetric, and _F ¼ lF(from (3.22)), so that l ¼ _FF�1.
Hence

r

�
T� ve

vs

�
_sþ
�
sF�T � r

ve

vF

�
: _F� 1

T
q,VT � 0 (6.8)

The proposal of Coleman and Noll (1963) is that every process that is compatible with the
laws of thermodynamics must satisfy (6.8). Such processes are said to be thermodynamically
admissible and the application of (6.8) is called the Coleman-Noll procedure. As examples we
apply such a procedure below to find the general forms of constitutive relations for the tem-
perature, heat flux and stress for certain steady conditions.

6.4.8.2 Constitutive Relation for the Temperature

Consider a steady deformation, so that _F ¼ 0, and where the temperature is uniform so
that VT¼ 0. Then (6.8) becomes

r

�
T� ve

vs

�
_s � 0 (6.9)

Since _s takes on arbitrary values by changing r and since _s can be positive or negative,
(6.9) can only be satisfied for every process if the constitutive law for temperature takes
the form

T ¼ Tðs;FÞ ¼ ve

vs
(6.10)

6.4.8.3 Constitutive Relation for the Heat Flux

We substitute (6.10) into (6.8) then (6.8) becomes
�
sF�T � r

ve

vF

�
: _F� 1

T
q,VT � 0 (6.11)

Again if we consider a steady deformation so that _F ¼ 0 we obtain:

�1

T
q$VT � 0 (6.12)
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Our experience says that q changes sign when VT changes sign and so q must depend on
VT. Thus the constitutive law for heat flux must be of the form

q ¼ qðs; F;VTÞ (6.13)

6.4.8.4 Constitutive Relation for the Stress

Consider the case where the temperature is uniform so that VT¼ 0. Then (6.8) becomes
�
sF�T � r

ve

vF

�
: _F � 0 (6.14)

This relation can only be satisfied for all _F if
�
sF�T � r

ve

vF

�
¼ 0 (6.15)

This conclusion introduces an issue with respect to (6.11) since if (6.15) is true then the
inequality in (6.11) arises solely from the heat flux term and not from dissipation arising
from deformation. This is contrary to experience. To proceed we partition s into non-
dissipative and dissipative parts:

s ¼ snon-dissipative þ sdissipative (6.16)

One can think of snon-dissipative as being equivalent to the elastic stress and sdissipative as
being equivalent to a viscous or plastic stress. Then if we substitute (6.16) into (6.11) we
obtain:

�
snon-dissipativeF�T � r

ve

vF

�
: _Fþ sdissipative : l � 1

T
q,VT � 0 (6.17)

If we assume that sdissipative is symmetric, so that we can replace l by d, then because the
dissipation arising from the action of sdissipative is always positive,

sdissipative : d � 0 (6.18)

and so, since �1
Tq,VT � 0, (6.17) can only be satisfied if

snon-dissipative ¼ snon-dissipativeðs; FÞhr
ve

vF
FT (6.19)

which is the constitutive relation for a non-dissipative stress. Since (6.18) must be true for all
processes the constitutive relation for a dissipative stress must be of the form

sdissipative ¼ sdissipativeðs; F;dÞ (6.20)

With the separation of the total stress into non-dissipative and dissipative parts, the
Clausius-Duhem relation becomes

rT _sinternal ¼ sdissipative : d� 1

T
q,VT � 0 (6.21)
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The above examples illustrate the use of the Coleman-Noll procedure for examples con-
strained by some form of steady state. The arguments can be extended to any proposed
constitutive relation the issue being that for any such relation, (6.8) must be satisfied for ther-
modynamic admissibility.

6.5 ELASTIC BEHAVIOUR

The concept of an elastic solid derives from everyday experience with coiled springs
where the response to application of a load is more or less instantaneous, the displace-
ment is proportional to the applied load and the spring returns to its initial configuration
when the load is removed so that the work done in deforming the spring is recovered on
unloading. This latter observation is idealised as a lack of dissipation of energy during
the loadingeunloading cycle. All of these effects are independent of how fast the spring
is loaded. Of course all of these observations are oversimplifications. For instance, the
spring may heat up with repeated loadingeunloading cycles. Such behaviour leads to
problems in a meaningful definition of elasticity when one attempts to reconcile experi-
mental observations with mathematical descriptions and thermodynamic considerations.
The idealisation of elastic behaviour thus involves the following concepts. First an unde-
formed reference configuration exists from which deformations can be measured. Second,
the stress in the spring is a function solely of the deformation measured from that config-
uration and is rate independent. Third, the deformation is reversible and involves no
dissipation of energy.

Classical elasticity is commonly expressed as Hooke’s law: The stress is proportional to the
strain and is written in its most general form for a (symmetrical) Cauchy stress tensor, sij,
as (Nye, 1957):

sij ¼ Eijklεkl (6.22)

where εkl is the small strain tensor and Eijkl is a fourth order tensor called the elastic stiffness
matrix. (6.22) represents six equations with 36 components for Eijkl. Nye (1957, his Chapter 8)
shows that the number of independent components of E depends on the symmetry of the
material and that the introduction of an elastic energy function means that Eijkl is symmetric
so that the number of independent components for a material with triclinic symmetry
reduces to 21. The number of independent components also decreases with a further increase
in material symmetry until for an isotropic material there are just two independent compo-
nents. Experimentally it is possible to measure four coefficients that describe the elastic
response of an isotropic elastic material and these are the Young’s modulus, E, the shear
modulus, G, the bulk modulus, K, and the Poissons ratio, v. Only two of these are indepen-
dent. These moduli are related by (Jaeger, 1969, p. 57):

E ¼ 9KG

3K þ G
; G ¼ E

2ð1þ vÞ; K ¼ 2ð1þ vÞG
3ð1� 2vÞ ¼ E

3ð1� 2vÞ; v ¼ 3K � 2G

2ð3K þ GÞ (6.23)

where �1< v< 0.5. In addition it is often convenient to define two parameters, known as
Lamé’s parameters, l and g. These are given by
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l ¼ G
2v

1� 2v
¼ Ev

ð1þ vÞð1� 2vÞ and g ¼ G (6.24)

For an isotropic elastic material at small strains the constitutive relation becomes

sij ¼ Kεkkdij þ 2Gε0ij (6.25)

where ε
0
ij is the deviatoric small strain tensor. However, (6.22) is not necessarily the most

convenient or accurate way to describe elasticity. On the one hand there are generally exper-
imental difficulties in establishing where elastic behaviour stops and some other form of
behaviour such as plasticity begins. There may be a region in between where linear elastic
behaviour stops (the proportional limit) and permanent plastic deformation begins. The diffi-
culty is shown in Figure 6.2(a) where there exists a nonlinear region after the proportional
limit and before the gradient in stress decreases substantially. This may be an artefact and
arise from lack of sensitivity in the experimental apparatus in this region of the stress strain
curve, especially if the loading machine is elastically ‘soft’. On the other hand in some in-
stances the effect is real and the elastic behaviour becomes nonlinear (see Hamiel et al.,
2004; Jaeger and Cook, 1969, Chapter 4). Precise measurements at low strains under dynamic
loading also show nonlinear behaviour (Guyer and Johnson, 2009; Winkler et al., 1979).
Typical stress strain curves are shown in Figure 6.2. If we neglect the nonlinear effects
described by Guyer and Johnson (2009), the early parts of the stress strain curve are
commonly linear, although even this region may be quite limited in high porosity rocks.
Acoustic emissions begin as the material response becomes nonlinear (A in Figure 6.2(b)).
If the material is unloaded before the stress reaches A the strain returns to zero. At stresses
greater than that corresponding to A in Figure 6.2(b) the unloading curve may not

FIGURE 6.2 Linear and nonlinear elastic response. (a) Experimental stress strain curve for Solenhofen limestone
at 300 MPa confining pressure and 25 �C; strain rate 2� 10�4 s�1 (From Heard (1960).). The proportional limit where
the experimental stress strain curve ceases to be linear is shown as a red dot. (b) Schematic diagram showing ideal
nonlinear elastic behaviour. The loading curve corresponds to the unloading curve and the work stored during
loading equals the work used during unloading. No work is dissipated during the deformation cycle. (c) Schematic
diagram showing transition from linear to nonlinear response on loading and a decrease in elastic modulus from E

(linear loading) to E on unloading. The energy dissipated during the loading cycle corresponds to the area OABO.
The only reason that such a response might be called elastic is that there is no permanent deformation.
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correspond to the loading curve (Figure 6.2(c)) and the elastic modulus has now degraded
from E in the linear elastic range to a lower value, E, in the nonlinear range. These effects
are attributed to the opening of penny-shaped cracks in extension and reversible closing of
these cracks during unloading. We examine these effects in greater detail in Chapter 10.
The degradation in elastic modulus is sometimes written (Whiting and Hunt, 1997):

E ¼ E

n
sinh�1ðnεÞzE

�
ε� 1

6
n2ε3 þ higher order terms

�
(6.26)

This short discussion of elastic behaviour in the laboratory indicates that real materials
behave in quite complicated manners and we examine this in a little more detail in
Chapter 10. One prescription of elastic behaviour involves defining a constitutive behaviour
where the stress is solely a function of the strain (or for large deformations, of the deforma-
tion gradient). This is a Cauchy elastic material where the constitutive relation is given by

sij ¼ fij
�
εij

	
(6.27)

fij(εij) is a second-order tensor valued function of the strains, εij, and may be linear or
nonlinear. Here the strain (or deformation gradient) is measured from an undeformed refer-
ence state. If fij(εij) is linear then (6.27) can be written as

sij ¼ fij
�
εij

	 ¼ Eijklεkl (6.28)

which is the same as (6.22). The incremental form of (6.28) is

_sij ¼
vfij
�
εij

	

vεkl
_εkl (6.29)

Although such a definition may sound reasonable and consistent with experience a
problem arises that for some closed cycles of stress (or strain) materials described by
(6.28) can create or destroy energy which is counter to the first law of thermodynamics.
The issue here is that in the definition of Cauchy elasticity no constraints are placed on
the behaviour arising from the stored elastic energy so that there are no constraints on
the symmetry of E. The number of independent elastic coefficients is 36 for a triclinic
material and not 21 as derived by Nye (1957). Consider the loading and unloading his-
tories of an anisotropic linear Cauchy elastic material in two dimensional principal
stress space (s1, s2) as shown in Figure 6.3. The discussion is taken from Chen and
Saleeb (1982, pp. 161e163). The principal strains are ε1 and ε2. We describe the stress
strain relation as

ε1 ¼ a11s1 þ a12s2 and ε2 ¼ a21s1 þ a22s2

where a11, a12, a21 and a22 are elastic constants. We distinguish a loading path from (0, 0) to
ðs�

1; 0Þ and from ðs�
1; 0Þ to ðs�

1;s
�
2Þ and an unloading path from ðs�

1;s
�
2Þ to ð0;s�

2Þ and then
from ð0;s�

2Þ to (0, 0) so that a closed cycle of deformation is achieved. The Gibbs energy,
Gloading, associated with the loading path is

Gloading ¼
Zðs�

1;0Þ

ð0;0Þ
ðε1ds1 þ ε2ds2Þ þ

Zðs�
1;s

�
2Þ

ðs�
1;0Þ

ðε1ds1 þ ε2ds2Þ
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Since ds2¼ 0 for this path this integral reduces to

Gloading ¼ 1

2
a11s

�2
1 þ a21s

�
1s

�
2 þ

1

2
a22s

�2
2

Similarly the Gibbs energy for the unloading path (where ds1¼ 0) is

Gunloading ¼
Zð0;s�

2Þ

ðs�
1;s

�
2Þ

ðε1ds1 þ ε2ds2Þ þ
Zð0;0Þ

ð0;s�
2Þ

ðε1ds1 þ ε2ds2Þ

This gives

Gunloading ¼ �
�
1

2
a11s

�2
1 þ a12s

�
1s

�
2 þ

1

2
a22s

�2
2

�

Thus the total energy for the cycle is

Gcycle ¼ Gloading þGunloading ¼ ða21 � a12Þs�
1s

�
2

Hence, during a closed cycle, the system can dissipate energy for a21> a12 or create nega-
tive energy for a21< a12. The former case is counter to the concept of an elastic solid and the
latter case also counters the first law of thermodynamics. Only for a21¼ a12 does the system
conform to the concept of an elastic solid; this is the situation for hyperelasticity (or Green
elasticity) when the matrix for the elastic moduli is always symmetrical.

An alternative form of constitutive relation that does not suffer from the disadvantages of
(6.27) is (6.30) where the stresses are expressed in terms of a strain energy potential,J, which is
equal to the Helmholtz energy:

sij ¼
vJ
�
εij

	

vεij
(6.30)

If J(εij) is a quadratic function of the εij then the material is linearly elastic and
v2 JðεijÞ
vεijvεkl

¼
Eijkl ¼ Eklij so that E is symmetrical. A material with a constitutive relation given by (6.30) is

FIGURE 6.3 Loading and unloading paths for a Cauchy elastic solid.
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called a hyperelastic material and the response is referred to as Green elasticity; this is the
preferred thermodynamically admissible constitutive relation for elasticity. The incremental
form is

_sij ¼
v2J

�
εij

	

vεijvεkl
_εkl (6.31)

(6.30) may be extended to finite strains when the stress becomes the second Piola-Kirchhoff
stress and J is a function of F (see Gurtin et al., 2010).

In addition, another form of elasticity is hypoelasticity (or Truesdell elasticity) defined by an
incremental constitutive relation:

_sij ¼ fijkl
�
sij; εij

	
_εkl

where fijkl is a fourth order tensor function of the stresses or strains. If fijkl(sij,εij) is a constant
then the material is linearly elastic and fijkl(sij,εij)¼ Eijkl. Hyperelasticity is a subset of Cauchy
elastic behaviour which in turn is a subset of hypoelasticity (Figure 6.4). Again, under some
conditions a hypoelastic material can create or destroy energy during a closed cycle and un-
der some conditions may not even return to the initial unstrained state upon unloading so
that hypoelasticity includes non-elastic behaviour as a subset (Olsen and Bernstein, 1984).

We complete this survey of elasticity with some thermodynamic considerations. If we
take (6.28) as the constitutive relation for linear elasticity at small strains, then for situa-
tions with no thermal effects, the Helmholtz energy, J, becomes equal to the internal en-
ergy, e, so that

J ¼ e ¼ sijεij ¼ K
εiiεjj

2
þ Gε0ijε

0
ij (6.32)

where ε0ij is the deviatoric small strain tensor. If there are no thermal effects the Gibbs energy,
G, is equal to the enthalpy, H, so that from Table 5.4,

G ¼ H ¼ e� sijεij ¼
siisjj

18K
� 1

4G
s0
ijs

0
ij ¼ �J (6.33)

FIGURE 6.4 Classes of elasticity and of non-dissipative materials. (a) Elastic (Cauchy) and hyperelastic (Green)
behaviour as a subset of hypoelasticity (Truesdell). The preferred, thermodynamically admissible, constitutive
behaviour for elasticity is that of hyperelasticity. Some forms of non-elastic behaviour are also a subset of hypo-
elasticity. (b) Non-dissipative materials. Hyperelasticity is but one subset of non-dissipative materials. Other classes
of rate insensitive and rate sensitive constitutive relations exist (Rajagopal and Srinivasa, 2009).
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where s0
ij is the deviatoric Cauchy stress tensor. These relations are shown in Figure 6.5 for a

one dimensional situation. In elasticity theory the Gibbs energy is commonly referred to as
the complementary energy because of the relation shown in Figure 6.5.

6.6 PLASTIC BEHAVIOUR

6.6.1 Plastic Response

Plasticity is motivated by experiments such as those shown in Figure 6.6 where after a
regime of elastic loading some form of permanent deformation occurs. This means that
when the specimen is unloaded the strain no longer returns to zero (Figure 6.6) so that the
material is permanently deformed and energy has been dissipated in the process. The point

FIGURE 6.5 One dimensional elasticity. J is the Helmholtz energy and G is the Gibbs energy.

FIGURE 6.6 Various types of plastic behaviour.
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on the stress strain curve where permanent deformation sets in is called the plastic yield point;
this point may be difficult to determine experimentally. After the yield point the stress may
continue to rise as in Figure 6.6; this is called strain hardening. In some instances the stress may
remain constant; this is called ideal plasticity. Or the stress may decrease and this is called
strain softening (Figure 6.6). Independently of the behaviour after yield, for linear elasticity,
the following equation remains true:

ε
total ¼ ε

elastic þ ε
plastic (6.34)

This is one of the fundamental equations of classical plasticity.
The next step is to describe how the yield stress changes as we change the stress state

responsible for yield. This means we want to describe how the yield stress varies as we
vary the principal stresses, s1, s2, and s3. Experimentally we observe that rocks do not
undergo plastic deformation by mechanical mechanisms if loaded solely by hydrostatic
stresses. This is true for hydrostatic pressures met within the lithosphere but may not be
true for greater depths. Any permanent deformation that arises from hydrostatic pressure
arises from mineralogical phase changes and we do not consider such deformations now
but leave them until Chapter 14 and Volume II. The above statements do not consider defor-
mation of porous materials due to compaction and grain crushing under hydrostatic stress
(Borja and Aydin, 2004). We will consider this in Chapter 8.

The absence of permanent deformation by hydrostatic pressure means that any depen-
dence of the yield stress must be expressed in terms of the deviatoric stresses. Since we
require that the conditions for yield be independent of any set of material coordinate axes
the expression we seek must be in terms of the invariants of the deviatoric stress. The first three
of these are (Jaeger, 1969)

J1 ¼ s0
1 þ s0

2 þ s0
3 ¼ 0

J2 ¼ 1

2

�
s02
1 þ s02

2 þ s02
3

	 ¼ 1

6

h
ðs2 � s3Þ2 þ ðs1 � s2Þ2 þ ðs3 � s1Þ2

i

J3 ¼ 1

3
s0
ijs

0
jks

0
ki

(6.35)

where s0
i are the deviatoric principal stresses.

Since J1¼ 0, the simplest expression to propose is that, at yield, J2 is a constant and so we
write

2J2 ¼ �
s02
1 þ s02

2 þ s02
3

	 ¼ 2k2


3

or
h
ðs2 � s3Þ2 þ ðs1 � s2Þ2 þ ðs3 � s1Þ2

i
¼ 2k2

(6.36)

where k is a constant with the dimensions of stress; the division by three in (6.36)1 is included
so that, as we will see below, k is the yield stress in simple shearing. For pure shearing,

s1¼�s3 and s2¼ 0 so that k ¼ ffiffiffi
3

p
s1 at yield. This derivation can be given a physical sig-

nificance by returning to the expressions for the Helmholtz energy in a general loading
situation, (6.32 and 6.33). These expressions consist of a part arising from a volume

change and a part, 1
4Gs

0
ijs

0
ij ¼ J2

2G , arising from distortion. So the proposal that yield occurs
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when J2 reaches a critical value is equivalent to proposing that yield occurs when the elastic
energy associated with distortion reaches a critical value. This very simple criterion for yield
has widespread experimental support in metals (see Taylor and Quinney (1934) for the clas-
sical study). Unfortunately there is very little experimental work on rocks at high pressures
and temperatures but we assume this criterion is also relevant. The criterion is commonly
known as the von Mises criterion. Nadai (1950) has also expressed this yield condition in terms
of the octahedral stress, (4.17):

soctahedral ¼ 1

3

h
ðs2 � s3Þ2 þ ðs1 � s2Þ2 þ ðs3 � s1Þ2

i1
2 ¼

�
2J2
3

�1
2

(6.37)

so that the vonMises condition may be restated as yield occurs when the octahedral shear stress is
equal to

ffiffiffiffiffiffiffiffi
2=3

p
times the yield stress in pure shearing.

6.6.2 The Yield Surface

If one accepts the vonMises criterion for yield then (6.36)2 defines a cylinder in stress space
with an axis parallel to the line s1¼ s2¼ s3 as shown in Figure 6.7(a). If we write

f
�
sij

	 ¼
h
ðs2 � s3Þ2 þ ðs1 � s2Þ2 þ ðs3 � s1Þ2

i
� 2k2 (6.38)

then the yield surface is defined by f(sij)¼ 0. If f(sij)< 0, (that is, for stress states within the
yield surface) the material is in an elastic state. Stress states corresponding to f(sij)> 0 (that
is, stress states outside the yield surface) cannot exist. In plane stress (for s2¼ 0) the inter-
section of the yield surface with the s1� s3 plane is shown by the ellipse in Figure 6.7(b). In
pure tension (s2¼ s3¼ 0) the yield stress is

ffiffiffi
3

p
k. In simple shearing when s2¼ 0 and

s1¼�s3, the yield stress is k.
An alternative, but much earlier, proposal for a yield criterion is the Tresca criterion that

states that yield occurs when the shear stress on a particular plane reaches a critical value.
This is written in terms of the stress deviators as

s0
1 � s0

3 ¼ s1 � s3 ¼ k (6.39)

FIGURE 6.7 Von Mises and Tresca yield criteria. (a) von Mises criterion: a cylinder parallel to the hydrostatic
axis, s1¼ s2¼ s3. (b) The intersection of the von Mises criterion (ellipse) and the Tresca criterion (elongate polygon)
with the s1e s3 plane. (c) The intersection of the von Mises and Tresca criteria with the p-plane.
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Since the principal axes of stress are independent of the coordinate frame the difference
s1� s3 is also independent of the coordinate frame. The yield surface now is a prism parallel
to the line s1¼ s2¼ s3 but with a regular hexagon (see Jaeger, 1969, p. 96) as cross section
(Figure 6.7(c)).

For many materials, it is experimentally observed that at yield the ratios between the
components of the incremental plastic strain are constant and independent of the stress
increments at yield. A convenient way of expressing this is to define a plastic potential,
g(sij), so that the plastic increment is normal to the surface defined by this potential.
This means that

_ε
plastic
ij ¼ l

vg
�
sij

	

vsij
(6.40)

where l is called a plastic multiplier. (6.40) is known as a flow rule and says that the incremental
plastic strain is normal to the potential surface and has a magnitude l times the potential
gradient. In metal plasticity, and presumably for rocks at high temperatures and slow defor-
mation rates, the surface corresponding to the plastic potential, the potential surface, coincides
with the yield surface so that the plastic incremental strain is normal to the yield surface. This
is known as associative plasticity. For rocks at low temperatures and confining pressures
and/or fast strain rates the potential surface does not coincide with the yield surface
(see Lade, 1993 and Paterson and Wong, 2005, for reviews); this is known as non-associative
plasticity (Figure 6.8).

6.6.3 Strain Hardening

Two ideal end member types of strain hardening are recognised. One is isotropic hardening
(Figure 6.9(a)) where the yield surface increases in size during loading but maintains its po-
sition in stress space. The other is kinematic hardening where the yield surface maintains its
size during deformation but shifts its position in stress space (Figure 6.9(c)). Experimentally

FIGURE 6.8 The flow rule. (a) Associative plasticity where the yield and potential surfaces coincide. The plastic
increment is normal to the potential surface (and the yield surface) at P where the stress vector touches the surfaces.
(b) A sketch illustrating non-associative plasticitywhere the yield and potential surfaces coincide only at P. The plastic
increment is normal to the potential surface at P where the stress vector touches both surfaces.
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these two types of hardening behaviour can only be distinguished during loa-
dingeunloadingereloading cycles (Figure 6.8(b and d)). For detailed discussion of hard-
ening behaviour see Fung (1965) and Houlsby and Puzrin (2006a).

6.6.4 Pressure Sensitive Plasticity

Most rocks are sensitive to changes in confining pressure when deformed at low temper-
atures, low confining pressures and fast strain rates (see Paterson and Wong, 2005). A
common constitutive relation to describe such behaviour is the Mohr-Coulomb material.
A Mohr-Coulomb frictional material with cohesion, c, subjected to a normal stress, s, and
shear stress, s, on a particular plane in the material, with corresponding strains, ε and g, fails
when the shear stress on that plane equals (c þ m*s) where m* is the apparent coefficient of
internal friction. Here s is taken as negative in compression. Hence we define a yield surface
(Figure 6.10(a)), f, by

f ¼ jsj þ m�s� c ¼ 0 (6.41)

FIGURE 6.9 The two end member forms of strain hardening: (a) and (b) Isotropic hardening. The yield surface (a)
expands to remain the same shape during deformation. (b) A typical loadingeunloadingereloading path for ideal
isotropic hardening. (c) and (d) Kinematic hardening. (c) The yield surface remains the same size during loading but
translates in stress space. (d) A typical loadingeunloadingereloading path for ideal kinematic hardening.
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Within the yield surface the behaviour is elastic and given by

ε ¼ s

K
; g ¼ s

G

During plastic flow the stress strain behaviour is described by the flow rule:

_εplastic ¼ l
vg

vs
; _gplastic ¼ l

vg

vs
(6.42)

where g is the plastic potential defined by

g ¼ jsj þ bs� x ¼ 0 (6.43)

Here b is a measure of the dilation and x is a quantity that ensures that f and g coincide at
the current stress state (see Figure 6.10(a)). If b¼ m* then f¼ g and the flow rule is associated
and (6.42) gives

_εplastic ¼ lb ¼ lm� and _gplastic ¼ S ðsÞl

FIGURE 6.10 Mohr-Coulomb plasticity. (a) Yield and potential surfaces for frictional Mohr-Coulomb yield.
(b) The significance of b as a measure of dilation; d is known as the dilatancy angle. (c) Potential surfaces for which x
in (a) is zero (corresponding to the stress state P) or negative (corresponding to the stress state P0). The
corresponding value of b is a thermodynamically inadmissible constitutive parameter. (d) The Byerlee Law as a
Mohr-Coulomb constitutive relation.
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where S ðsÞ is the signum function such that S ðsÞ ¼ �1, if s< 0, S ðsÞ ¼ þ1, if s> 0 and S ðsÞ
has some value between �1 and þ1 if s¼ 0. The rate of plastic work is

_W
plastic ¼ s _εplastic þ s _gplastic ¼ lm�sþ S ðsÞls ¼ lðm�sþ jsjÞ ¼ lx ¼ lc

Thus an associated Mohr-Coulomb material (b¼ m* and hence x¼ c) does plastic work during
deformation controlled solely by the value of the cohesion. If the material is cohesionless then no
work is done which is counter to the first law of thermodynamics.

We see from (6.42) that _εplastic ¼ b
�� _gplastic�� and so one can define a dilatancy angle, d, such

that d¼ tan�1b (Figure 6.10(b)). Examination of Figure 6.10(a) shows that if b< m* then

_W
plastic ¼ lx which is always positive, whereas if b> m* then _W

plastic
is negative for a range

of b values dependent on the imposed stress as shown in Figure 6.10(c). Thus Mohr-Coulomb
materials with non-associative flow, where the dilatancy angle is greater than the frictional angle, are
not thermodynamically admissible materials for a range of conditions. Moreover, the counter-
intuitive situation exists that as the dilatancy is increased with b� m*, and for a given stress
state, the plastic work decreases.

The Byerlee Law (Byerlee (1978)) which is widely used as an upper bound to the stress level
in the upper crust is a form of the Mohr-Coulomb model where c¼ 0 and b¼ 0, and hence

x¼ s, so that _εplastic ¼ 0 and _W
plastic ¼ S ðsÞls (Figure 6.10(d)).

Although the Mohr-Coulomb constitutive relation is widely used in the geosciences, it
does not have a lot of experimental support. This relation, as expressed in (6.41), is
defined by a cone in stress space with an irregular hexagon (Jaeger, 1969) as cross sec-
tion and straight edges on the cone as shown in Figure 6.11. This figure also shows
various other relations, such as Drucker-Prager, that have been proposed that are similar
to Mohr-Coulomb relation. In their simple representations these models have linear
cross sections in any plane parallel to the hydrostatic line s1¼ s2¼ s3. Note that the
plane normal to the hydrostatic axis, in stress space, is commonly referred to as the
p-plane.

Many proposals for yield surfaces applicable to rocks at low temperatures and pres-
sures have been put forward by Hill (1950), Drucker and Prager (1952), Murrell (1963),
Bishop (1966), Matsuoka and Nakai (1974), Lade and Duncan (1975), Lade (1977), Hoek
and Brown (1980a,b) and Kim and Lade (1984). Experimental data on the shapes of yield
surfaces for rocks are reviewed by Lade (1993). He points out that the data indicate that,
contrary to the surfaces shown in Figure 6.11(a), the yield surface is bullet shaped with
curved intersections with any plane parallel to the hydrostatic axis and a cross section
with rounded corners that is closer to a triangle than a hexagon as shown in Figure 6.12.
There are strong suggestions that the yield surface may be close to triangular shaped in
cross section at low confining pressures and evolve to close to circular at high confining
pressures. Unfortunately there are very few experiments on rocks at high confining pres-
sures at other than room temperature; experiments by Byerlee (1967) exploring the influ-
ence of confining pressure (up to 1 GPa at room temperature) are reviewed by Lade
(1993). We have no indications on how the yield surface may evolve with increasing tem-
perature at high confining pressures and as a function of strain rate. We add, however (as
a hint to budding experimentalists), that such data are, in principle, relatively easy to
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FIGURE 6.11 Various forms of constitutive relations proposed for pressure-sensitive materials. (a) The Mohr-
Coulomb yield surface in principal stress space. A circular cone is circumscribed around the yield surface. This
corresponds to a Drucker-Prager yield surface. (b) View on the p-plane showing a Mohr-Coulomb cross section and
two Drucker-Prager sections (inscribed and circumscribed). (c) The Matsuoka yield surface cross section on the
p-plane. (d) Cross section of the Lade-Duncan yield surface on the p-plane. From Borja and Aydin (2004).

FIGURE 6.12 Summary of experimental constraints on the shapes of yield surfaces for frictional materials.
(From Lade (1993) .) (a) Experimental results plotted in the p-plane from Akai and Mori (1967). (b) and (c) Two views
of a general yield surface as revealed by a synthesis of experimental data. This is a ‘best guess’ as to a yield surface
for rocks that is compatible with the experimental data.
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obtain from modern high pressureehigh temperature apparatus with combined torsion
and compression facilities.

The various models of yield surfaces for frictional, plastic materials can be unified under a
proposal by Borja and Aydin (2004) for a family of failure criteria for rocks that involves the
three stress invariants (see also Lade, 1993) and is given by

f ¼ �anI1 þ k; a ¼ �c0 þ c1a1 þ c2a2 þ c3a3 > 0 (6.44)

where the three stress invariants used, I1,I2,I3, are defined as

I1 ¼ s1 þ s2 þ s3; I2 ¼ s1s2 þ s2s3 þ s3s1 and I3 ¼ s1s2s3

with

s1 ¼ s1 � a; s2 ¼ s2 � a and s3 ¼ s3 � a

a> 0 is a parameter that shifts the stress according to the value of the cohesion. Also the func-
tions a1, a2 and a3 are given by

a1 ¼ I
2
1

I2
; a2 ¼ I1I2

I3
and a3 ¼ I

3
1

I3

In (6.44) n> 0 is a material parameter that defines the shape of the yield surface on planes

parallel to the hydrostatic axis and k is an internal parameter given by k ¼ �vJðεelasticij ;VplasticÞ
vVplastic

where Vplastic is the compactive volumetric strain. The various yield surfaces proposed in
the literature are then defined by various values of c0, c1, c2 and c3 in (6.44). We are interested

in models where c0¼ 3c1 þ 9c2 þ 27c3. These intersect the hydrostatic axis at I1 ¼ 0 and open
outwards along this axis. In particular (see Borja and Aydin, 2004, p. 2687), for n/N the
following models (Figure 6.13) are produced:

• for c1s 0,c2¼ c3¼ 0 we obtain the DruckerePrager model
• for c2s 0,c1¼ c3¼ 0 we obtain the MatsuokaeNakai model
• for c3s 0,c1¼ c2¼ 0 we obtain the LadeeDuncan model.

If c0< 3c1 þ 9c2 þ 27c3, the yield surface closes along the hydrostatic axis to form a cap. We
return to these types of models in Chapter 8.

6.6.5 Hyperplasticity

Classical plasticity developed as an empirical or experimental subject and it was natu-
ral to arrive at the concept of a yield surface as the foundation for the subject (Tresca,
1864). However, this has lead to a vast range of empirically developed yield criteria,
and hardening and flow rules to suit specific applications. A hyperplastic approach brings
considerable order to and insight into the subject and arrives at the concept of a dissipation
surface as the foundation for the subject. The yield function then arises as the Legendre
transform of the dissipation function. The approach places the development of hardening
and flow rules within a framework that ensures that such rules are thermodynamically
admissible.
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Hyperplasticity has a long history starting perhaps with Biot (1958) and Ziegler (1963) and
developing through works such as Rice (1970, 1971, 1975), Maugin (1999), Collins and
Houlsby (1997), Houlsby and Puzrin (2006a) and Haslach (2011). The framework proposes
that all aspects of the constitutive behaviour may be derived from just two potentials. One
potential is any one of the specific internal energy, e, the specific Helmholtz energy, J, the
specific enthalpy, H, or the specific Gibbs energy, G, the choice depending on the problem
to be investigated. A strain-based approach would use either e or J, whereas a stress-
based approach would use either H or G. If we select e as the first potential then a convenient
and simple way of expressing e in a small strain formulation is

e ¼ e
�
εij;aij; s

�
(6.45)

where aij is an internal variable that is kinematic in nature (such as the plastic strain). We
follow the small strain approach because the mathematical structure is straight forward.
Purists interested in a large deformation approach should see Gurtin et al. (2010). One could

FIGURE 6.13 Various yield surfaces given by (6.44). (a) and (b) correspond to n/N in (6.44); (c) and (d)
correspond to a finite positive value of n. (a) The classical Drucker-Prager yield surface with linear intersections on
planes parallel to the hydrostatic axis. (b) The Matsuoka yield surface with linear intersections on planes parallel to
the hydrostatic axis. (c) The ‘enhanced’ Drucker-Prager yield surface with curved intersections on planes parallel to
the hydrostatic axis. (d) The ‘enhanced’ Matsuoka yield surface with curved intersections on planes parallel to the
hydrostatic axis. From Borja and Aydin (2004).
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add many more such variables of the same nature as aij but one is enough to make the argu-
ment. We could also write J¼J(εij,aij,T), H¼H(εij,aij,s) and G¼G(εij,aij,T). Correspond-

ing to the kinematic variable aij we define a generalised stress, cij ¼ � ve
vaij

. Then we have

also that

cij ¼ � ve

vaij
¼ �vJ

vaij
¼ �vH

vaij
¼ �vG

vaij
(6.46)

The first law of thermodynamics gives us

r _e ¼ sij _εij �
vqk
vxk

(6.47)

The second potential is the specific mechanical dissipation, Fmechanical, which is a function
of the strain, εij, the kinematic variables, aij, _aij, and the specific entropy, s:

Fmechanical ¼ Fmechanical
�
εij;aij; _aij; s

�
(6.48)

As a guide to the physical significance of the dissipation function, the stress strain curve
for a one dimensional elastic-plastic material is shown in Figure 6.14 for isotropic hardening.
The area CBDC corresponds to the Helmholtz energy, the area OEBCO corresponds to
the Gibbs energy and the area OABCO is a measure of the dissipation.

Fmechanical satisfies the second law of thermodynamics so that

T _sþ 1

r

vqk
vxk

¼ Fmechanical � 0 (6.49)

If we add (6.47) and (6.49) we obtain

_eþ Fmechanical ¼ 1

r
sij _εij þ T _s (6.50)

FIGURE 6.14 Cycle of loading and unloading (OABC) for a one dimensional elastic-plastic material with
isotropic hardening. Dissipation, F (OABCO), Helmholtz, J (BDCB-grey), and Gibbs, G (OEBCO-cream) functions.
After Collins and Houlsby (1997).
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(6.45) and (6.48) give us

_e ¼ ve

vεij
_εij þ ve

vaij
_aij þ ve

vs
_s (6.51)

and

Fmechanical ¼ vFmechanical

v _aij
_aij (6.52)

If we substitute (6.51) and (6.52) into (6.50) we obtain
 
ve

vεij
� sij

!
_εij þ

�
ve

vs
� T

�
_sþ
 

ve

vaij
þ vFmechanical

v _aij

!
_aij ¼ 0 (6.53)

If we only consider deformations where the processes of producing entropy during strain-
ing and the production of entropy by thermal mechanisms are considered to operate inde-
pendently we have

sij ¼ r
ve

vεij
and T ¼ ve

vs
(6.54)

We now define a generalised dissipative stress, cij ¼ ve
v _aij

. Then the remaining term in (6.53)
becomes

�
cij � cij

�
_aij ¼ 0 (6.55)

This seems to imply that ðcij � cijÞ ¼ 0 since the _aij are arbitrary. However, cij may be a
function of the _aij and so the most one can derive from (6.55) is that ðcij � cijÞ is orthogonal
to _aij. This is known as Ziegler’s orthogonality condition. This condition is a statement that for
some processes the stress is normal to the dissipation surface which in turn implies a condi-
tion corresponding to maximum entropy production (see Chapter 5). Ziegler (1983) proposes
also that ðcij � cijÞ ¼ 0 is true. Notice that this same condition written from (6.53) as

 
ve

vaij
þ vFmechanical

v _aij

!
¼ 0 (6.56)

is the equation derived by Biot (1958) and used extensively by him throughout his lifetime.
(6.56) is commonly known as Biot’s equation.

The development above supplies the tools to develop a thermodynamically admissible
constitutive relation from any one of the potentials e, J, H and G together with the dissipa-
tion function, F. We illustrate with the example of a one dimensional frictional model
(Figure 6.15) consisting of an elastic spring with modulus E, in series with a frictional sliding
block that slides when the shearing stress reaches a value, k. εelastic is the strain in the spring, a
is the strain arising from sliding of the block and ε is the total strain in the system.We take the
Helmholtz energy to be given by

J ¼ E

2
ðε� aÞ2
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This means that s ¼ vJ
vε

¼ Eðε� aÞ. The Legendre transform ofJ gives the Gibbs energy:

G ¼ J� sε ¼ E

2
ðε� aÞ2 � Eðε� aÞε

¼ �s2

2E
� sa

By differentiating G we find as expected that

ε ¼ � vG

vs
¼ s

E
þ a

so that the total strain consists of the elastic strain, sE, and the plastic strain, a. It is important to
note that it is the �sa term in the Gibbs energy that establishes a as the plastic strain. Also
note that c ¼ �vG

va ¼ s and that c ¼ �vJ
va ¼ �Eðε� aÞ ¼ s.

The dissipation is given by

F ¼ kj _aj
Differentiation gives

c ¼ vF

v _a
¼ kS ð _aÞ

Thus when _as0; jcj ¼ k and when _a ¼ 0; �k < c < k. Thus the magnitude of the gener-
alised stress, jcj, is below k when there is no plastic deformation and equals k when plastic
deformation occurs. Thus the yield surface is defined by jcj � k ¼ 0.

Although this is a very simple example it illustrates the steps that need to be taken to define
the yield criterion for quite complicated materials. The complete behaviour of the material is
derived from the two potentials, the Helmholtz (or the Gibbs) energy and the dissipation func-
tion. Extensions to a number of other materials are discussed by Houlsby and Puzrin (2006a).

6.7 VISCOUSePLASTICeELASTIC BEHAVIOUR

6.7.1 Rate Dependent Behaviour

The previous section was concerned with rate independent, dissipative deformations
defined by a yield surface that is independent of temperature and deformation rate. Such
constitutive behaviour is an idealisation but quite a good approximation to the behaviour

FIGURE 6.15 A one dimensional frictional-elastic material.
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of many materials at low temperatures (for metals below 0.35 of the melting temperature)
and fast deformation rates (see Kocks et al., 1975 for a detailed discussion). However, most
processes operating in solids during deformation are thermally activated. Even frictional
sliding is thermally activated, although the activation energy is relatively low; Stesky
(1978) reports an activation energy of 130 kJ mol�1 for temperatures less than 500 �C and
360 kJ mol�1 for temperatures greater than 500 �C for faulted Westerly granite at 250 MPa
confining pressure and sliding rates of 10�3 to 1 ms�1. This means that in reality the pressure
dependent yield surfaces described in Section 6.6.4 are all weakly temperature and deforma-
tion rate dependent. At high temperatures and confining pressures and slow deformation
rates all minerals deform by thermally activated processes such as mass transport, involving
intra-grain diffusion, dissolution and precipitation and chemical reactions, dislocation and
disclination motion and/or grain boundary sliding. The activation energies for these latter
processes are at least an order of magnitude greater than that for frictional sliding so these
processes are highly temperature and deformation rate dependent. This means that the yield
surface changes its shape and size as the temperature and deformation rate change. More-
over, some of these processes, such as dislocation motion, induce a crystallographic preferred
orientation (CPO) in the material which in turn leads to anisotropy of the yield stress and a
consequent evolution of yield surface shape during deformation. Such anisotropy is impor-
tant for the creation of anisotropy in the elastic properties of deformed rocks, for seismic
wave propagation in the Earth (Mainprice et al., 2011), for an enhanced tendency for localisa-
tion of deformation and for the evolution of anisotropy of strength (Backofen, 1972; Kocks
et al., 1975).

The rate dependency of deformation is expressed as viscosity which is a rate and
temperature dependent material property that characterises the resistance of the mate-
rial to flow; viscosity is commonly expressed as the ratio of the effective stress to the
stretching rate or in the small deformation formulation as the ratio of the effective
stress to the strain rate. If the response to strain rate variations is linear then one refers
to Newtonian viscosity. If the response is nonlinear then two different viscosities, hT and
hS, can be defined known as the tangent and secant viscosities (Figure 6.16(a)) and are
given by

hT ¼ ds
d _g

and hS ¼ s
_g

(6.57)

where the shear strain rate, _g, and the shear stress, s, are given by

_g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2dijdij

q
and s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
s0
ijs

0
ij

r
(6.58)

Some authors (Fletcher, 1974; Johnson and Fletcher, 1994; Smith, 1977) refer to hTand hS as
the normal and shear viscosities, respectively. The common constitutive relation for a purely
viscous material is

s0
ij ¼ 2hSdij; dkk ¼ 0 (6.59)

hS ¼ h0S

�
_g

_g0

�N�1

(6.60)
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N is a material constant. If N¼ 1 then the viscosity is Newtonian; if N> 1 as it is
mostly for rocks, the material is known as a power law viscous material. Rocks with N< 1
have not been described. Although power law viscous behaviour is routinely assumed
for visco-plastic rock constitutive behaviour it is wise to realise that for the most part
such expressions are purely empirical and based on conditions accessible in the labora-
tory. Only for N¼ 1 are there model-based derivations of constitutive relations (Paterson,
1995). In Section 6.7.3 we explore other expressions for rock constitutive behaviour in the
viscous regime.

Note that

dhS

d _g
¼ N� 1

_g0
h0S

�
_g

_g0

�N�2

¼ ðN� 1ÞhS _g
�1 and hT ¼ NhS (6.61)

so that for N> 1, power law viscous materials are viscosity strain rate softening; an increase
in strain rate results in a decrease in secant viscosity and hence also in the tangential vis-
cosity. However, ds

d _g ¼ hT, so that an increase in strain rate leads to an increase in s. Thus a
power law viscous material with N> 1 is strain rate hardening and viscosity strain rate
softening.

An important characteristic of power law viscous materials is that they are intrinsically
anisotropic from a constitutive point of view even though the material itself is isotropic.
This can be seen by considering a body undergoing deformation at an instant where the
instantaneous strain rate is _εij. We see from (6.58)1 that the shear strain rate is given in terms

FIGURE 6.16 Power law viscous behaviour. (a) Plot of shear stress versus shear strain rate for a power law
viscous material with N> 1. The tangential and secant viscosities, hT and hS, corresponding to the point P are
shown. (b) Plot of shear stress versus shear strain rate for a power law viscous material for various values of N.
N¼ 1 corresponds to Newtonian viscous behaviour. As N increases the behaviour becomes more rate insensitive
until at large values of N the behaviour approaches ideal rate insensitive plasticity.
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of the second invariant of the stretching tensor as _g ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2dijdij

p
. We follow Smith (1977) and

consider only plane straining in two dimensions. The second invariant of the instantaneous

strain rate is II _εij ¼ _ε211 þ 2 _ε212 þ _ε222. If we perturb the strain rate by d_εij and neglect terms such

as ðd_εijÞ2 we have the perturbed invariant as

eII _εij ¼ ð _ε11 þ d _ε11Þ2 þ 2ð _ε12 þ d _ε12Þ2 þ ð _ε22 þ d _ε22Þ2
¼ II _εij

þ 2ð _ε11d _ε11 þ _ε12d _ε12 þ _ε22d_ε22Þ (6.62)

For pure shearing _ε12 ¼ 0 and hence eII _εij ¼ II _εij þ 2ð _ε11d _ε11 þ _ε22d _ε22Þ. Thus in this case,
perturbations in the normal strain rates influence the invariant but perturbations in the shear
strain rate have no effect.

For simple shearing _ε11 ¼ _ε22 ¼ 0 and hence eII _εij ¼ II _εij þ 2 _ε12d _ε12. Thus in this case, per-
turbations in the shear strain rate influence the invariant but perturbations in the normal
strain rates have no effect. Thus a power law viscous material with N> 1 behaves differently
to perturbations in strain rate depending on whether the deformation involves pure or sim-
ple shearing. The situation is discussed by Biot (1965, p. 390) who points out that the viscosity
for the bulk deformation is controlled by the secant viscosity, whereas the incremental
stresses are controlled by the tangential viscosity.

6.7.2 Common Constitutive Models

It is useful to think of many constitutive relations in terms of analogue models
comprised of combinations of elastic elements (springs), viscous elements (viscous dash-
pots) and yielding elements (sliding blocks that do not move until the stress reaches a crit-
ical stress, syield). Some common combinations of these elements are shown in Table 6.3.
Of these models the Bingham material, comprising the three elements in series, comes
closest to a simple model of elasto-visco-plastic behaviour. Under an increasing imposed
stress, this model first loads elastically and when the stress reaches the critical value,
syield, the block begins to slide, the model behaving viscously at the same time. Notice
that this model is also used to describe the behaviour of some elasto-viscous fluids
(Barnes, 1999).

6.7.3 Models Based on Dislocation Glide and Extrapolation to Conditions

It is commonly assumed that the constitutive behaviour of rocks can be extrapolated from
those established under laboratory conditions to the strain rates and stresses operating under
geological deformation conditions, although the pitfalls in doing so have been discussed by
Paterson (1987, 2001) and Poirier (1985). This means that the power law viscous behaviour of
many geological materials established in the laboratory at strain rates of 10�4 s�1 to perhaps
10�8 s�1 is routinely extrapolated and used to model mechanical behaviour at strain rates of
10�9e10�15 s�1.
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TABLE 6.3 Common Constitutive Models for Elastic, Plastic, Viscous, Visco-Elastic and Visco-Elastic-Plastic Materials

Name One Dimensional Model

One Dimensional

Constitutive Relation

Perfectly elastic e
Hookean material

s¼ Eε

Perfectly plastic
material

s� syield

Elasto-plastic
material

s¼ Eε; s� syield

Newtonian viscous
material

s ¼ h _ε

Power law viscous
material

s ¼ heffective _ε

heffective ¼ h0

�
_ε

_ε0

�N�1

KelvineVoigt
elasto-viscous
material

s ¼ h _εþ Eε

Maxwell material
_ε ¼

�
_s

E

�
þ
�
s

h

�

General linear
material

sþ s0 _s ¼ E2ðεþ s1 _εÞ
s0 ¼ h

E1
; s1 ¼ hðE1 þ E2Þ

E1E2

Bingham material For constant

stress:ε ¼
�s
E

�
; s < syield

ε ¼ ðs� syieldÞtþ
�s
E

�
;

s > syield
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There are two aspects to this dogma that need further investigation. First, Kocks (1987) and
Kocks et al. (1975) point out that in metals the relationship between stress and strain rate can
be divided into two regimes (Figure 6.17(a)). There exists a high stress regime where the
stress is larger than a critical value, bs, which is temperature dependent. This regime Kocks
calls the viscous glide regime. If s < bs, dislocation motion is controlled by thermally activated
drift. This is typical of behaviour at low stresses and low strain rates. The overall material
behaviour can be described by a power law of the form (6.59 and 6.60) and in the limit
N/N so that the material is perfectly plastic although still thermally activated which
means that h0S in (6.60) is a function of temperature. This regime is the thermally activated
regime. Figure 6.17(a) is the same as Figure 6.16(b) except that the axes have been inter-
changed. In addition Kocks has added an upper cut-off in strain rate representing dislocation
velocities limited by the speed of sound in the material. The interpretation by Kocks and co-
workers is that although bs can be identified with a yield stress there is still thermally acti-
vated deformation below this yield stress, although the deformation rates are small. Larger
deformation rates are observed at and above bs. In this sense bs is better labelled a flow stress
rather than a yield stress.

Second, an assumption that power law constitutive behaviour established at laboratory
accessible strain rates can be used at slow geological strain rates means that one assumes
that N is independent of strain rate; recent work by Cordier and co-workers (Amodeo
et al., 2011; Carrez et al., 2009; Cordier et al., 2012), and also Monnet et al. (2004),
Naamane et al. (2010), Nabarro (2003) and Tang et al. (1998) proposes that N is a function
of strain rate and becomes large at low stresses (and hence small strain rates). This
proposition is impossible to confirm for rocks in the laboratory since the strain rates
required are experimentally inaccessible. However, there is no theoretical justification

FIGURE 6.17 Dependence of the power law exponent, N, on stress. (a) Proposed relationship by Kocks (1987)
between shear strain rate and shear stress. bs defines the boundary between a region where dislocation motion is
controlled by thermally activated kink migration and a region where dislocation motion is dominated by viscous
glide. (b) Summary of relationships. (Motivated by Cordier et al. (2012) .) At low stresses the behaviour is relatively
rate insensitive with large values of N. Within the experimentally accessible region values of N for minerals are in
the range of 1 to about 5. At high stresses the dislocation velocity saturates near the velocity of sound and the
behaviour is again characterised by large values of N.
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for (6.59 and 6.60) except for N¼ 1 so that extrapolation to geological strain rates is more
a matter of optimism and convenience than being based on theoretical grounds. Com-
puter simulations reported by the above group of workers have studied the relationship
between dislocation velocity and stress for various materials at various temperatures and
pressures using molecular and dislocation dynamics and compared the simulated results
(as far as is possible) with experimental observations. Both the viscous glide and ther-
mally activated regimes of Kocks (1987) are recognised. The above work proposes that
(6.59 and 6.60) should be replaced by

_g ¼ A
L

w�ðsÞ2
sinh

�
DH�ðsÞ � DHþðsÞ

kT

�
(6.63)

where A is a temperature-dependent material constant that depends on dislocation ge-
ometry and kink structure, L is the dislocation length, w* is the width of dislocation
kinks and is stress dependent, DH� and DHþ are the changes in activation enthalpies
associated with dislocationeobstacle interactions for backward and forward jumps of
the dislocation kinks, T is the absolute temperature and k is the Boltzmann constant.
Notice that DH is a function of the shear stress. An expression for DH, given by Kocks
et al. (1975), is

DHðsÞ ¼ DH0

h
1�

�s
~s

�piq
(6.64)

where DH0 is the activation enthalpy at 0 K, ~s is the Peierls stress at 0 K and p, q are param-
eters such that 0� p� 1 and 1� q� 2. Values of p and q are obtained from experiments
and/or from computer simulations but Kocks et al. (1975) suggest that p¼ 0.5 and q¼ 1.5
are representative values. In experiments on olivine, Mei et al. (2010) use p¼ 0.5 and
q¼ 1.0. Cordier et al. (2012) have explored the behaviour of MgO at various pressures,
strain rates and temperatures and show that under geological conditions MgO is likely
to behave as a material with large values of N to the extent that it may resemble more a
perfectly plastic, rate insensitive material than a power law material with relatively small
values of N. At the other extreme of behaviour at high stresses and/or high strain rates
dislocation velocity is limited by the velocity of sound in the crystal so that the constitutive
behaviour at high strain rates is again approximated by a power law with large values of N
(Figure 6.17(b)).

6.7.4 An example e Anisotropic Yield in Polycrystalline Aggregates

The constitutive relations that have received considerable attention over the past 150 years
since the pioneering work of Tresca (1864, 1865, 1867, 1868, 1869, 1870a, 1870b) are those con-
cerned with the deformation of metals. In particular, since the early studies of single crystal
plasticity and its application to CPO development by Taylor (1938), the emphasis has been on
establishing the evolution of the shape of the yield surface, as anisotropy develops, associ-
ated with CPO evolution. Although the deformation of metals is rate dependent the value
of N for a power law constitutive relation is relatively large (in the range 30 to at least 300
at low temperatures, less than 0.35 of the melting temperature, and fast strain rates,z 10�3
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to 102 s�1). It is only at higher temperatures that values for N of say five, comparable with
many minerals under laboratory conditions (Evans and Kohlstedt, 1995), occur. This means
that metals at low temperatures are almost rate insensitive and so approximate the behaviour
of ideal plastic materials.

The single crystal, rate insensitive yield surface has been investigated by a large number
of workers including Taylor (1938, pp. 218e224), Bishop and Hill (1951a, 1951b), Asaro and
Needleman (1985), Lister and Hobbs (1980), Hobbs (1985) and Kocks et al. (1998). The rate

FIGURE 6.18 Yield and flow surfaces. (a) Cross sections through the yield surface for quartz (outer solid
lines) showing the slip systems that are active to define that part of the surface for ideal rate insensitive plasticity.
Inner lines show flow surfaces for rate dependent flow with N¼ 3, 9 and 99. After Hobbs (1985) and Wenk et al.
(1989). (b) Sketch of a cross section through a yield surface (N/N) showing sharp corners and ambiguity in the
plastic strain increment at the corners. Inner surfaces are flow surfaces for large (red) and small (blue) N.
(c) Transition from yield surface with sharp corners to a slightly rate dependent surface with rounded corners.
Adapted from Kocks et al., 1998.
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insensitive yield surface is bounded by planar segments that each represent yield on a
particular slip system (see Chapter 13 for details). Since there are five independent strains
for a constant volume deformation, this surface is constructed in five dimensions and five
independent slip systems are necessary to achieve a given imposed homogeneous strain
(Kelly and Groves, 1970; Paterson, 1969). Thus the yield surface in a two dimensional cross
section through five dimensional stress space is a planar-faced polygon as shown in
Figure 6.18(a) for quartz. The intersections of the planar faces define sharp corners on the
yield surface where five independent slip systems are defined in five dimensional
space. However, the introduction of strain rate sensitivity (as would be true for values of
N of 3 or 4, typical of minerals under experimental conditions) means that these corners
are smoothed out. Two effects are in operation here: (i) rate sensitivity means that the stress
at a given strain rate is less than the rate insensitive yield stress (see Figure 6.16(b)) and
(ii) rate sensitivity means that for each imposed stress there is a unique strain rate corre-
sponding to the operation of the easiest slip system for the imposed stress. This has the
effect of smoothing the corners (Figure 6.16(b)) on the yield surface (Asaro and Needleman,
1985; Canova and Kocks, 1984; Rice, 1970). Thus Wenk et al. (1989) show that the polygonal
rate insensitive yield surface with sharp corners for quartz becomes almost equivalent to a
circular von Mises criterion if realistic experimental values for N are considered
(Figure 6.18(a)). The rate sensitive surface is more aptly called a flow surface rather than a
yield surface.

The absence of sharp corners on a yield or flow surface means that the propensity for
shear localisation arising from the corner effect is decreased or eliminated. Thus in
Figure 6.18(b and c) ambiguity exists at a corner with respect to the incremental plastic vec-
tor which in turn means that a small change in stress results in different deformations and
hence the likelihood of localisation in the deformation. The more rounded the apex becomes
the less likely is this effect until for smooth apices a unique incremental strain vector is
defined.

We return to this general subject in Chapter 13 when we consider CPO development
in rocks. An example from Kocks et al. (1998) sets the scene (Figure 6.19). Results of
computer modelling of CPO and yield surface evolution are shown for von Mises effec-
tive strains of 1 (left column), 2 (middle column) and 3 (right column). A von Mises

strain is defined as ε
von Mises ¼ 1

1þv

h
1
2 fðε1 � ε2Þ2 þ ðε2 � ε3Þ2 þ ðε3 � ε1Þ2g

i1
2

where v is

Poisson’s ratio. The assumption is of Taylor homogeneous strain. The yield surfaces
shown in red representing operational slip systems in frames (a) through to (f) are
for rate insensitive constitutive parameters (N¼ 300). The circular surfaces inside these
yield surfaces represent the results for rate sensitive materials (N¼ 5). Frames (a) to (c)
are for equiaxed grains so that the situation is meant to represent deformation with
accompanying recrystallisation that does not alter the CPO. Frames (d) to (f) represent
the situation where grains are deformed and grain shape has an influence through the
imposition of relaxed constraints where the number of independent active slip systems
required to produce the imposed deformation is reduced below five (Canova and
Kocks, 1984; Kocks and Canova, 1981; Ord, 1988). We see that the overall shape of
the yield and flow surfaces and details of corner geometry on the yield surfaces are
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quite sensitive to the amount of strain and to the grain shape. We return to this subject
in Chapter 13.

6.8 FLUIDS AND SOLIDS

There is evidently a complete spectrum of behaviour between what might commonly be
called a fluid and what would be called a solid (see Rajagopal, 1995; Truesdell, 1966). At the
fluid end of the spectrum is the ideal gas which displays no viscosity and can support a hy-
drostatic pressure as the only stress state. The next level of complexity is the compressible
linearly viscous fluid that can support a shear stress that depends on the rate of straining
while undergoing deformation; at rest the fluid can only support a hydrostatic pressure.
Both of these materials have no knowledge of a preferred or reference stress-free state and
the stress in the material depends only on the current state of the material. The mathematical

FIGURE 6.19 Yield surfaces for increasing strain and changes in grain shape. Von Mises strain ¼ 1, 2, 3 for
columns 1, 2, 3 respectively. Row 1 corresponds to equiaxed grain shape. Row 2 corresponds to grain shape that
reflects the strain. Modified from Kocks et al. (1998).
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framework for such materials is Eulerian. Both of these materials display elasticity. They do
not exhibit localised states of deformation. The mechanism of deformation of these materials
comprises the directed flow of simple molecules arising from stress (including pressure)
gradients.

At the other end of the spectrum is the rate insensitive elastic-plastic solid which can
exhibit two states of deformation depending on the history of loading. One state is an elastic
state where the material returns to a preferred stress-free reference state upon unloading. The
stress in the material is a function of how far the material has been removed from that refer-
ence state. The other type of deformed state is the plastic state where the material is perma-
nently deformed having passed a yield point. The stress in the material is the elastic stress at
yield (and hence is a function of how far the material has been deformed from the reference
configuration) or a modification of this stress due to hardening or softening mechanisms. The
mathematical framework for such materials is Lagrangian. The incremental strain in the ma-
terial is prescribed by the normal to a potential surface in stress space or the normal to a dissi-
pation surface in dissipation space. Plasticity arises from the rate independent migration of
microstructural defects in the solid driven by gradients in deformation. Localisation of defor-
mation is a common mode of deformation and depends on the evolution of the shape of the
yield surface. Localised deformation is commonly associated with unloading of the localised
zone to an elastic state. Although the elastic strain is always small in such materials, elasticity
cannot be neglected since its existence allows localised regions of deformation to unload. The
stress distribution in the material is determined by the history of motions the material has
experienced.

Between these two end members is a broad range of materials that display viscosity
arising from a rate dependence of the deformation mechanisms. Examples of these materials
are power law viscous materials. All display elasticity. Many of these materials also display
yield phenomena (see Barnes, 1999) but the ‘yield point’ may separate two contrasting re-
gimes of rate dependent behaviour as opposed to the yield point of an ideal elastic-plastic
material which separates an elastic regime from a rate independent deformation regime.
Although such yield behaviour is characteristic of many non-Newtonian fluids (Barnes,
1999) it has also been proposed for metals and ceramics (and hence presumably rocks) by
Kocks et al. (1975); (see Figure 6.17(a) of this book). They propose a stress level, bs, that sep-
arates viscous glide from thermally activated dislocation migration. This is proposed to act as
a ‘yield point’ for rate dependent crystal plasticity. The concept carries with it the concept of a
flow surface in contrast to a yield surface. For associated flow the flow surface defines the orien-
tation of the incremental flow vector as discussed in Section 6.7.4. Thus for such materials,
although they flow at very small stresses, they still behave as plastic materials especially if
the exponent N in (6.60) is greater than about 5. The unresolved issue as far as deformation
of rocks is concerned is: what is the value of N for rocks flowing under geological conditions? As
long as N> 1, these materials behave more like a plastic solid than a viscous fluid.

Another aspect of a power law viscous fluid is that it shows no or weak localisation of
deformation at small values of N even if strain softening is present. Thus a material with
N¼ 1 shows no localisation. If N¼ 3 the localisation is weak and for N¼ 10 localisation
with strain softening is highly probable (see Mancktelow, 2002, for some exploration of
this subject). This arises because, as discussed in Section 6.7.1 and (6.61), power law viscous
materials with N> 1 are strain rate hardening and viscosity strain rate softening. For large
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values of N the viscosity strain rate softening effect overrides the strain rate hardening effect
and promotes localisation. Thus fluid-like materials show no localisation, whereas rate insen-
sitive plastic solid-like materials are prone to localisation. Localisation is also possible in
more complicated fluid-like materials such as the differential grade two fluids studied by
Patton and Watkinson (2005, 2010, 2013).

However, the essential difference between fluid- and solid-like behaviour lies in the extra
variables that one needs in order to adequately describe solids. The evolution of internal
microstructural deformation processes in solids that are not present in many fluids means
that internal variables need to be incorporated in the constitutive relations for solids that
are not necessary for fluids. This means that the mathematical apparatus needed for fluid
mechanics is quite different to that needed for rate dependent plasticity.
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7.1 INTRODUCTION

7.1.1 What is Nonlinear Dynamics?

Dynamics is the study of the forces that cause flows of physical and chemical quantities in
deforming, chemically reacting systems. In a generalised sense these forces are thermodynamic
forces or affinities as discussed in Chapter 5. Thus, in general, the forces are represented by
gradients in the deformation, the inverse of the temperature, hydraulic potential or chemical
potential. Such systems undergo evolutionary trajectories and it is the study of such trajectories
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that occupies much of the current literature and the literature over the past 30 years or so on
dynamical systems. The observation that many of the processes that operate in such systems
are coupledmeans that the behaviour of these systems is nonlinear. Thus in keeping with com-
mon usage, although driving forces may not be explicitly included, we refer to the study of
the evolution of nonlinear systems with time as nonlinear dynamics.

A linear system is one where the output of the system is proportional to the input. Thus
perfectly elastic materials respond to stress so that the strain is proportional to the stress;
another example is the stretching of a linear viscous material which is proportional to the
imposed stress. The mathematical law of superposition holds for linear systems so that if f1
and f2 are functions that satisfy the governing equations for a system then af1 þ bf2 also sat-
isfies the governing equations where a and b are arbitrary constants. Thus Fourier methods
are useful in solving the governing equations for linear systems. The solutions to the equa-
tions for a particular linear system are commonly stable in the sense that small perturbations
of the system away from a solution result in the system returning to that solution.

Most systems in the natural world are nonlinear. For nonlinear systems a small change in
the input can result in large and non-intuitive outputs. Mathematical solutions to nonlinear
problems are rare and we will see that for some nonlinear systems there is in principle no
unique solution (Champneys and Toland, 1993; Knobloch, 2008). Even if a solution can be
found it is commonly unstable so that a small perturbation of the system away from that so-
lution results in evolution to another (possibly unstable) solution. The intent of this chapter is
to provide an introduction to the study of the evolution of nonlinear systems. The chapter is
meant to give the reader examples and a vocabulary that enables more advanced treatments
of the subject to be accessed.

Many nonlinear systems can be understood by first considering their behaviour close to
some homogeneous ground state where the behaviour is essentially homogeneous and linear
(Figure 7.1). The procedure is to perturb the system by a small amount and analyse whether
this perturbation is stable (decays back to the ground state) or unstable (grows to produce a
pattern). This procedure is called a linear stability analysis. If the perturbation is unstable the

FIGURE 7.1 Behaviour of many nonlinear systems. An initially homogeneous system can become unstable
leading to the growth of spatial and/or temporal patterning. The initial growth is commonly exponential and the
pattern periodic consisting of spots, stripes or linear features in space or some kind of periodic oscillations in space
and/or time. The exponential growth slows once the influence of nonlinear terms becomes large enough. The
system may also undergo one or more bifurcations so that the system switches to a qualitatively different kind of
behaviour.
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initial growth is commonly exponential in time and sinusoidal in space since such a solution
is an eigenfunction of the governing equations. This leads to some form of patterning in space.
However, the exponential growth can only continue until the nonlinearities that were
neglected in the linear stability analysis become important. At such stage many systems un-
dergo a slowing in the growth rate. This is called nonlinear saturation (Cross and Greenside,
2009). However, the nonlinearities may also lead to a sudden switch in overall system behav-
iour so that the initially formed patterns switch to new patterns with their own set of growth
rates. This is called a bifurcation and many systems continue to undergo bifurcations as the
system continues to evolve. Such switches can, for instance, be from spatial to temporal in-
stabilities, or from periodic, to localised, to chaotic instabilities. In buckling problems the
buckling layer may undergo sequential buckling so that each bifurcation represents the addi-
tion of one or more new buckles (Burke and Knobloch, 2007). We explore aspects of the
spatio-temporal evolution of nonlinear systems in the remainder of this chapter.

The nonlinearities that lead to the behaviour described above can be of geometrical or
constitutive origins. Thus the nonlinear buckling behaviour of the layers of spheres described
in Figure 1.10 arises from the geometrical necessity that defects (holes) in the packing of the
spheres need to form as the layers deform (Hunt and Hammond, 2012). Another geomet-
rical nonlinearity is the decrease in resolved shear stress on a plane such as a crystallo-
graphic slip plane in a crystal as it rotates in a stress field (Ortiz and Repetto, 1999).
Constitutive nonlinearities most commonly arise from nonlinear behaviour such as
nonlinear elasticity, power law viscosity, anisotropy or some form of mechanical or chemical
softening.

The behaviour of nonlinear systems can be divided into two end members. One involves
the temporal evolution of the system which may be steady, oscillatory or chaotic. The other
involves the evolution of spatial patterns; again these can be sinusoidal, periodic, quasiperi-
odic, localised or chaotic. We concentrate on the spatial evolution of nonlinear systems in this
chapter because that is what we finally get to look at in the field. However, the temporal evo-
lution of such systems is just as important but is more difficult for a metamorphic geologist to
grapple with from an observational viewpoint.

Cross and Greenside (2009) classify nonlinear systems that produce patterns on the basis
of three parameters (Figure 7.2(a)). The first is the ratio, E, of the power associated with the
driving force for evolution of the system to dissipation within the system. As we have seen in
Chapter 5 the driving forces in metamorphic systems are gradients in the deformation, the
inverse of the temperature, hydraulic potential and chemical potentials of chemical compo-
nents. These drive dissipation through the development of fluxes in momentum, heat, fluid
and mass. The driving forces tend to move the system away from equilibrium, whereas the
dissipation tends to return the system towards equilibrium. Thus the ratio E is a measure of
how far the system is from equilibrium. The second parameter is L the ratio of the length
scale of the system to the length scale of the pattern that forms. For a metamorphic system,
this ratio may vary from something like 103 for structures considered at the outcrop scale, to
106 at the regional scale. For experimental systems in convection or reaction-diffusion sys-
tems this ratio is more like 102. The third parameter, N, is the number of interacting compo-
nents comprising the system. For a reacting metamorphic system, a climate system or a
biological system this is likely to be in the range 10 to [100, whereas in experimental
reaction-diffusion systems N is more likely to be less than 10. Cross and Greenside (2009)
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point out that the classical nonlinear systems that readers may be familiar with (the three var-
iable Lorenz-type ‘butterfly’ instability and the driven Duffing equation for a pendulum e
see Lynch, 2007; Wiggins, 2003) involve relatively small values of E, L and N so that in
Figure 7.2(a) these systems tend to be in a small box close to the origin. For experimental con-
vection and reaction-diffusion systems (Cross and Hohenberg, 1993) L may be relatively
large but E and N are relatively small so these systems occupy a long parallelepiped parallel
to the L axis. Metamorphic systems, in common with biological and climate systems, on the
other hand involve large ranges in all of E, L and N and so occupy a relatively large box in
Figure 7.2(a). This comparison is important because even for the ‘classical’ nonlinear systems
few analytical solutions exist and the phase space is small. For the experimental systems even
fewer analytical solutions exist and the phase space may be very large. For metamorphic sys-
tems the problem is intractable with present knowledge. It is, however, possible to explore
relatively simple systems that give us some insight into how the whole system, or parts of
it, may operate. This is the approach adopted here and is that adopted so far in the study
of climate and biological systems. Just as important is the concept of a linear instability analysis
which we will consider in Section 7.4. This involves making the governing equations linear,
without (hopefully) throwing away too much of the physics, and investigating the conditions
under which such a system becomes unstable together with the embryonic growth rates for
such instabilities. Of course the results of such a procedure only hold for as long as the as-
sumptions involved in making the governing equations linear hold but the approach can
supply considerable insight into the initial behaviour of the system.

FIGURE 7.2 Classifications of nonlinear systems. (a) Classification in terms of departure from equilibrium, E,
ratio of length scale of system to length scale of structure, L, and number of interacting components, N. Classical
nonlinear systems tend to be near the origin. Many examples involving convecting fluids and simple chemical
reactions occupy a tube elongate parallel to the L-axis. Most metamorphic, climate and biological systems occupy a
much larger region of space. (From Cross and Greenside (2009).) (b) Classification of nonlinear systems in terms of
evolutionary behaviour. Systems involving the buckling of layers tend to be near apex A; systems that depend on
the presence of imperfections are near B e the development of fracture patterns is an example; competitive pro-
cesses, in particular reaction-diffusion systems, are near C; passive features that are amplified by alignment with
eigenvectors of the flow (Chapter 3) are near D. In reality many processes lie within the pyramid and involve the
interaction of a number of mechanisms.
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A second way of classifying nonlinear systems is shown in Figure 7.2(b) in the form of
four different end members that involve different modes of evolution of the system. These
are as follows: (1) Systems where a change in behaviour early in the growth of the system
leads to instability and the nonlinear growth of the instability. The most relevant system
here is the buckling of a layer embedded in a nonlinear material such as a ‘power law
viscous’ material. We will consider such systems in detail in Volume II. A well explored
equation governing the behaviour of such systems is the Swift-Hohenberg equation (Cross
and Greenside, 2009; Cross and Hohenberg, 1993; Peletier and Troy, 2001). (2) Systems
that rely on the presence of imperfections for their behaviour and evolve in different man-
ners depending upon the nature and distribution of the imperfections. Various forms of
criticality including self-organised criticality (Bak, 1996) lie near this apex. Fracture is the clas-
sical example of such behaviour which we look at in Chapter 8 and Volume II. (3) Systems
that evolve because of competition between processes. Although competition is the hallmark
of all systems not at equilibrium, these systems have competition built directly into their
governing equations. The reaction-diffusion equation is the archetype for these systems and
we explore this equation for the development of metamorphic differentiation in Volume
II. (4) Systems that evolve such that passive markers align with one or more eigenvectors
of the flow. We have looked at these in Chapter 3 but will consider them in greater depth
in later chapters. We first look at metamorphic systems in a little more detail and some
archetype examples of nonlinear systems before examining the concept of linear stability
analysis, the types of nonlinear growth that can occur and how we can quantitatively
describe the patterns that form.

7.2 PATTERNS IN METAMORPHIC ROCKS

Spatial patterns are ubiquitous in deformed metamorphic rocks (Figure 7.3). Examples
include folds, boudins, mullions, metamorphically differentiated layering, spiral garnets,
joint and vein systems, zoned mineral assemblages in veins and mineral segregations that
constitute lineations and leucosomes. Important questions are: Is there some form of order in
the patterns we see? Are these structures monofractals, multifractals or something else? If the answer
is ‘something else’ what does that mean? If some of these structures have a fractal geometry what does
that tell us about the processes involved in the formation of those structures? How can we quantita-
tively describe and compare these patterns and decide if they are really monofractal or multifractal in
character?

Non-equilibrium systems are characterised by competition between forcing processes and
dissipative processes. As we have seen the forcing processes arise from gradients in deforma-
tion, the inverse of the temperature, hydraulic potential and chemical potentials that are
imposed on the system by external agents. The dissipative processes are responses to this
forcing and constitute flows of momentum, heat, fluid and chemical components. The forcing
processes tend to move the system away from equilibrium, whereas the dissipative processes
tend to move the system towards equilibrium. If the forcing is maintained a balance between
these processes commonly develops and the system ‘locks into’ a non-equilibrium stationary
state where the fluxes are constant in time and where the production of entropy is a
maximum if the constraints on the system allow this to happen. Such a state may or may
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not be stable and the system may evolve or switch to a new stationary state with small
changes in the forcing or as the system evolves further. We have discussed some aspects of
this behaviour in Chapter 5 and will consider other systems in detail in later chapters.

The important point to grasp at this stage is that, although the system may be constrained
to settle into a stationary state it may not be possible from a geometrical or physical point of
view for this state to be homogeneous. Thus in a fluid system uniformly heated at its base and
once the temperature gradient through the fluid reaches a critical value, contrasts in buoy-
ancymean that there is a tendency for the cold layer at the top to sink to the base of the system
and for the hot layer at the bottom to rise to the top. However, because elements of the fluid
cannot interpenetrate or overlap this cannot happen simultaneously everywhere and a

(a)

(c)

(b)

(d)

FIGURE 7.3 Patterns in deformed metamorphic rocks. (a) Spiral garnet from Vermont, USA. Thin section in
crossed polars with gypsum plate. (Photo from John Rosenfeld.) Image about 30 mm across. (b) Veins in deformed
dolomite. Ruby Gorge, Central Australia. (c) Ptygmatically folded veins crossed by gneissic layering. (Photo: Haakon

Fossen.) (d) Folded quartz-biotite schists. Harvey’s Retreat, Kangaroo Island, Australia. Outcrop about 1 m across.
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compromise develops whereby some cold parts sink and localised hot plumes rise. This
compromise results in a convection pattern that is a stationary state so long as the temperature
gradient is maintained but may be unstable to small perturbations in the temperature
gradient (Cross and Greenside, 2009, their Figure 1.12). In such a system the production of
hot, less dense fluid competes with the production of denser, cold fluid and this density pro-
duction system is coupled by the advection of heat. Such a system is also competitive in that it
is driven away from equilibrium by the gradient in temperature and tends to be returned to-
wards equilibrium by advection of both mass and heat. A convection pattern is the response to
such competition.

In the same manner, production and consumption of chemical components can
compete with each other in a chemical system and are coupled through the diffusion
of chemical components. The driving forces are gradients in deformation and chemical
potentials which force the system away from equilibrium. Chemical reactions and
diffusion dissipate energy and tend to move the system towards equilibrium. These
systems also produce patterns e Turing patterns (Turing, 1952) � which are expressed
as metamorphically differentiated layering or mineral lineations in deforming/chemi-
cally reacting rocks.

We will see that the stationary states within a system not at equilibrium correspond to
both stable and unstable energy states. This arises because the Helmholtz energy of such
systems is non-convex e in exactly the same way that the Gibbs energy is non-convex at
a phase transition in a chemical system. This gives rise to another, but equivalent, way of
considering pattern formation. For a non-convex Helmholtz energy the system can mini-
mise the energy by dividing into two subsystems which then constitute a pattern. Such a
division into two subsystems corresponds to critical behaviour analogous to the phase
H2O dividing into water and steam at the boiling point of the system. In many nonlinear
systems the energy function comprises many local bumps and basins so that as the system
evolves it switches from one local minimum to another and hence from one pattern to
another. We explore some of this behaviour in the remainder of this chapter and also in
Chapter 14 and Volume II.

7.3 SOME ARCHETYPE EXAMPLES

There are a number of pattern forming nonlinear systems that have been explored in
great detail over the past 50 years so that their general behaviour is well known.
Except for the important contributions of Ortoleva (1994) and workers such as Merino
(Merino and Canals, 2011; Wang and Merino, 1992) very little work in this regard has
been carried out in the geosciences so the general area of study is quite open. Some of
the systems that have been studied in detail have direct relevance to metamorphic ge-
ology, namely, the Swift-Hohenberg equation and the reaction-diffusion equation. Both
of these equations display an enormous range of diversity in their behaviour involving
the formation and evolution of spatio-temporal patterning. For detailed analysis one
should consult Peletier and Troy (2001) and Murray (1989). We describe these two
equations below.
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7.3.1 The Swift-Hohenberg Equation

If x is a spatial coordinate, one example of the one-dimensional Swift-Hohenberg equation
for some field, w(x, t) is written:

vw

vt
¼ �v4w

vx4
� 2

v2w

vx2
þ ðr� 1Þw�w3 (7.1)

This looks somewhat complicated but it becomes simpler once one understands what the
individual terms mean. For a buckling layer (Turcotte and Schubert, 1982, Section 3e9; also

Volume II of this book) the term v4w
vx4 arises from the moment produced in the layer by the

buckling force initially parallel to the layer, the term v2w
vx2 arises from the curvature due to

buckling and the terms involving w and w3 arise from the reaction forces exerted on
the buckling layer by the matrix material. This is one of the simplest of pattern forming equa-
tions and is widely used in studies of Rayleigh-Benard convection (Cross and Greenside,
2009; Cross and Hohenberg, 1993). Its importance in metamorphic geology is that it is a
commonly used equation for studying the buckling of layers embedded in a weaker medium
(Biot, 1965; Smith, 1977; Johnson and Fletcher, 1994) where it is referred to as the biharmonic
equation (Ramsay, 1967). For the buckling problem a stationary state is often considered

where vw
vt ¼ 0. w is the layer deflection at a position x measured from some reference point

along the layer (Figure 7.4); as indicated above, the function [(r � 1) w �w3] is related to the
reaction force exerted by the embedding medium on the deflecting layer. It can be replaced
by other functions depending on the constitutive behaviour of the embedding medium. It is
straightforward to convince one’s self that w ¼ 0 is a solution to (7.1); this means that a ho-
mogeneously shortening layer is one solution to (7.1). We are interested in the behaviour of
(7.1) as the parameter r is varied. We want to establish the conditions under which the unde-
flected configuration becomes unstable so that small perturbations from the un-deflected
state begin to grow. We look at this problem in Section 7.4 below.

FIGURE 7.4 The deflection, w, of a layer at distance x measured along the layer from a reference point. The blue
layer represents the un-deflected state. The red arrows represent the reaction forces exerted on the deflecting layer
by the embedding matrix.
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7.3.2 Reaction-Diffusion Equations

Reaction-diffusion equations describe the behaviour of a large range of chemical systems
where diffusion of material competes with the production of that material by some form of
chemical reaction. Many other kinds of systems are described by the same type of relation.
Thus systems where heat (or fluid) is produced and diffuses away from the heat (or fluid)
production site are described by the same form of equation. For chemical systems the rate
of change of the concentration, c, of a chemical component, C, consists of a diffusive term
and a production/consumption term:

vc

vt
¼ Dc

v2c

vx2
þ Rc (7.2)

2
66664

Time rate of
change
of concentration
of chemical
component

3
77775

¼

2
664
Change in
component
due to
diffusion

3
775þ

2
6664
Rate of formation

of component
�

Rate of

consumption

of

component

3
7775 (7.3)

where Dc is the diffusivity of C and Rc is the net rate at which C is produced in a chemical
reaction. If there are a coupled chemical reactions involving chemical components, Ci, then
the array of reaction-diffusion equations is

vc i
vt

¼ Di
v2c i
vx2

þ RiðciÞ; i ¼ 1; 2;..a (7.4)

where ci is the concentration of the ith component. These equations describe situations where
chemical components can diffuse within the system and can be produced or consumed in a
competitive manner by simultaneous coupled chemical reactions. In these systems the
competition between chemical reaction rates tends to produce heterogeneities while diffu-
sion tends to homogenise the system. The final result is some form of spatio-temporal
patterning. Notice that we use arial font to denote chemical components (in non-italic upper
case font) and their concentrations (in italic lower case font) throughout.

7.4 LINEAR STABILITY ANALYSIS

Having obtained the equations that govern the evolution of a system, one way of studying
the stability and the early evolution of the system is to discover (by trial and error or intui-
tion) a time-independent state, wB, that is also uniform with respect to spatial coordinates
and is a solution to the evolutionary equations. This state is called the base state. The nonlinear
evolution equation is then linearised about the base state by considering a small perturbation,
dwB, from the base state, substituting this perturbation into the evolutionary equations and
neglecting terms that are of second order or higher in the perturbation and in derivatives of
the perturbation. One then searches for solutions to what are now evolutionary equations
linear in dwB by proposing solutions of the form

dwB ¼ Ak exp ðuktÞ exp ðikxÞ (7.5)
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where ih
ffiffiffiffiffiffiffi�1

p
. Solutions of this form are eigenfunctions (Boyce and DiPrima, 2005) with

respect to the Laplace operator:
h
v2

vx2

i
since they are not altered, except for a constant multi-

plier, by the operator. In this case v2dwB

vx2
¼ �Akk

2 exp ðuktÞ exp ðikxÞ. Of course the most diffi-

cult step in this process is the initial step of finding the evolutionary equations for the system.
The remaining steps are reasonably straightforward using codes such as Mathematica� or
Matlab�. We give examples of linear stability analyses below for the Swift-Hohenberg equa-
tion, for a system of two coupled chemical reactions and for a reaction-diffusion equation.

7.4.1 The Swift-Hohenberg Equation

We denote the base state, w ¼ 0 as wB(x,t) and perturb this state by a small displacement,
wP. The question is: Does the new perturbation field, wP(x,t), grow or relax back to the base field?
This perturbation field is

wPðx; tÞ ¼ wðx; tÞ �wB (7.6)

If we substitute (7.6) into (7.1) then wP evolves according to

vwP

vt
¼ ðr� 1Þ½wB þwP� � 2

v2½wB þwP�
vx2

� v4½wB þwP�
vx4

� ½wB þwP�3 � ðr� 1Þ½wB�

þ 2
v2½wB�
vx2

þ v4½wB�
vx4

þ ½wB�3 (7.7)

If we assumewP is small enough that the square of wP and higher powers can be neglected
along with the spatial derivatives of these terms, we arrive at

vwP

vt
¼ ðr� 1ÞwP � 2

v2wP

vx2
� v4wP

vx4
� �

3w2
B

�
wP (7.8)

Referring (7.8) to the state wB ¼ 0 we obtain

vwP

vt
¼ ðr� 1ÞwP � 2

v2wP

vx2
� v4wP

vx4
(7.9)

Awell-established solution to this type of equation is (Boyce and DiPrima, 2005):

wP ¼ A exp ðutÞ exp ðaxÞ (7.10)

where u is the growth rate of the perturbation and a is a constant that can be real or complex.
If we substitute (7.10) into (7.9) we obtain

u ¼ r� �
a2 þ 1

�2
(7.11)

Cross and Greenside (2009, p. 65) show that a depends on the boundary conditions but for
both infinite and periodic boundary conditions the general solution to (7.9) is

wP ¼ A exp ðutÞexp ðikxÞ (7.12)
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where ih
ffiffiffiffiffiffiffi�1

p
and k is a wave number for the deflection; for infinite domains k can be any

real number while for finite periodic domains of length, L,

k ¼ m
2p

L
; m ¼ 0; �1; �2;. (7.13)

Thus, substituting a ¼ ik into (7.11) the growth of a wave-number, k, is given by

uk ¼ r� �
k2 � 1

�2
(7.14)

Ifuk is negative then perturbations do not growand relax back to the un-deflected state, but
ifuk is positive the perturbations grow at an exponential rate as given by (7.12).We look at this
condition further in Section 7.5.However, this exponential growth continues only for as long as
the simplifying assumptions involved in deriving (7.8) are true. Once these assumptions fail
other effects emerge to control the growth rate and in nonlinear systems one cannot assume
anything about this subsequent growth given only a linear stability analysis. In general a
phenomenon called nonlinear saturation emerges (Cross andGreenside, 2009, their Section 4.1).

7.4.2 Coupled Chemical Reactions

Many mineral reactions occurring during metamorphism are coupled in the sense that the
product or products of onemineral reaction are involved as reactants in othermineral reactions
that are occurring at the same time. This was pointed out in a classical paper by Carmichael
(1969) but many other examples have been discussed since then (see Chapter 14). These
reactions are also referred to as networked (Epstein and Pojman, 1998) and cyclic (Vernon,
2004) reactions. The definitive treatment for coupled chemical systems, both with and without
coupled diffusion, is byMurray (1989) and see also Epstein and Pojman (1998). The systematics
behind the behaviour of such systems are important for a variety of processes other than
chemical reactions and so a brief review is given below.One should consult the above twobooks
for details.

As an example we take the system of coupled reactions described by Whitmeyer and
Wintsch (2005) and illustrated in Figure 7.5. The reactions involved here are

Sillimanite/Muscovite

3Al2SiO5 þ 3SiO2 þ 3H2Oþ 2Kþ/2KAl3Si3O10ðOHÞ2 þ 2Hþ

Biotite/Chlorite

2KðMg;FeÞ3 AlSi3O10ðOHÞ2 þ 4Hþ/ðMg;FeÞ5Al2Si3O10ðOHÞ8 þ 3SiO2 þ 2Kþ þ ðMg;FeÞþþ

Plagioclase/Muscovite

15Na0:6Ca0:4Al1:4Si2:6O8 þ 7Kþ þ 14Hþ/ 7KAl3Si3O10ðOHÞ2 þ 18SiO2 þ 9Naþ þ 6Caþþ

Biotite/Muscovite

3KðMg;FeÞ3 AlSi3O10ðOHÞ2 þ 20Hþ/KAlSi3O10ðOHÞ2 þ 6SiO2 þ 12H2Oþ 2Kþ þ 9ðMg;FeÞþþ

(7.15)

7.4 LINEAR STABILITY ANALYSIS 199

A. THE MECHANICS OF DEFORMED ROCKS



This set of coupled reactions consumes 3 moles of SiO2 and produces 27 moles of SiO2 and
hence is strongly autocatalytic in SiO2. The term autocatalytic refers to a situation where the
addition of a chemical component to a reacting system produces even more of that compo-
nent. The result is the microstructure illustrated in Figure 7.5 where ribbons of quartz form.

We consider such reactions in greater detail in Chapter 14 and Volume II but for now let us
consider a set of two reactions involving two components A and Bwith independent concen-
trations a and b. We write for the rates at which a and b change:

da

dt
¼ fða; bÞ

db

dt
¼ gða; bÞ

(7.16)

where f and g are usually nonlinear functions of a and b. Such reactions commonly move to a
stationary state where the production of a by reaction (7.16)1 is balanced by the consumption of
a in (7.16)2 with a similar statement for the production and consumption of b (Epstein and
Pojman, 1998). This stationary state corresponds to da

dt ¼ db
dt ¼ 0 or f(a,b) ¼ g(a,b) ¼ 0.

We label the stationary state concentrations of a and b, ass and bss. To undertake a linear
stability analysis we perturb these stationary state concentrations by small amounts, da and db:

a ¼ ass þ da

b ¼ bss þ db
(7.17)

Substituting (7.17) into (7.16) and expanding the functions f and g in a Taylor series about
the stationary state (ass, bss) where f ¼ g ¼ 0 and assuming that the perturbations are small
enough that second and higher order terms may be neglected we arrive at

dda

dt
¼

�
vf

va

�

ss

daþ
�
vf

vb

�

ss

db

ddb

dt
¼

�
vg

va

�

ss

daþ
�
vg

vb

�

ss

db

(7.18)

Plag

Plag

Plag Qtz

(a) (b)

FIGURE 7.5 Cyclic reactions. (From Whitmeyer and Wintsch (2005).) (a) The system of coupled or networked
reactions. (b) Quartz ribbons produced by networked reactions in (a). Details of specimen are in Whitmeyer and
Wintsch (2005). Photomicrograph supplied by Bob Wintsch.
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where the subscript ss means that the relevant quantity is evaluated at the stationary state.
Again, as in Section 7.4.1 these equations have solutions of the form (Boyce and DiPrima,
2005):

daðtÞ ¼ A1 expðltÞ and dbðtÞ ¼ A2 expðltÞ (7.19)

where A1 and A2 are constants and l is an eigenvalue of the characteristic equation given in
(7.21) below. We define the Jacobian matrix, J at the stationary state as

J ¼

2
664

vf
va

vf
vb

vg
va

vg
vb

3
775
ss

(7.20)

Then the eigenvalues of (7.20) are given by the roots of the characteristic equation:

l2 � TrJþ det J ¼ 0 (7.21)

The stability of the set of coupled equations is now determined by the values that TrJ and
detJ take along with another quantity we will call G ¼ (Tr(J))2 � 4detJ. Details of the calcula-
tions involved are given by Murray (1989) and Epstein and Pojman (1998) and the results are
summarised in Table 7.1 after Hobbs and Ord (2011). Notice the resemblance of these argu-
ments to those in Chapters 2 and 3 and of the phase portraits to those of Figure 3.3 except that

TABLE 7.1 Stability Criteria for Two Component Coupled Chemical Reactions

TrJ detJ G Behaviour Phase Portrait

<0 >0 >0 Stable node

<0 >0 <0 Stable focus

(Continued)
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TABLE 7.1 Stability Criteria for Two Component Coupled Chemical Reactionsdcont’d

TrJ detJ G Behaviour Phase Portrait

>0 >0 <0 Unstable focus

>0 >0 >0 Unstable node

<0 Saddle point

¼0 >0 Hopf bifurcation

After Hobbs and Ord (2011).
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the axes of the phase portraits are now chemical concentrations (or activities) rather than ve-
locities. There is, however, one other important difference to Figure 3.3, namely, the presence
of a so-called Hopf bifurcation which represents oscillatory (in time) behaviour of the system.

As an example, let us consider one of the simplest expressions for homogeneous coupled
reactions that can exhibit instability. The rate equations are linear and given by

f ¼ da

dt
¼ aa� bb and g ¼ db

dt
¼ ga� db (7.22)

where a, b, g and d are (positive) rate constants. We then have J11¼ a; J12¼�b; J21¼ g; J22¼�d
so that TrJ ¼ a � d; detJ ¼ bg � ad and G ¼ (a þ d)2 � 4bg. We see from Table 7.1 that the
following stability states arise if bg > ad; that is, if detJ > 0. The system is stable if d > a, but
in the stable mode can exhibit a stable node if 4bg < (a þ d)2 or a stable focus if
4bg > (a þ d)2. If d < a then the system is unstable and exhibits an unstable focus if
4bg> (aþ d)2 or an unstable node if 4bg< (aþ d)2. On the other hand, if bg< ad then the sys-
tem exhibits a saddle point. If a ¼ d and bg > ad a Hopf bifurcation arises. This very simple
system is capable of exhibiting all of the simple temporal instabilities that are possible in
such coupled systems. It has an additional point of interest in that if diffusion is added to
the processes involved then the system is capable of exhibiting spatial instabilities (Turing pat-
terns). An important characteristic of a system with respect to the development of spatial
instabilities is that J11 must have the opposite sign to J22 (Epstein and Pojman, 1998).

In simple systems these kinds of behaviour are relatively easy to explore (Cross and
Hohenberg, 1993; Epstein and Pojman, 1998; Murray, 1989) but in highly nonlinear reactions,
such as are common in metamorphic rocks, the details of such instabilities may be impossible
to establish. By highly nonlinear here wemean that f and g in (7.16) are highly nonlinear func-
tions. An important theorem in this regard is the PoincareeBendixson theorem (Andronov
et al., 1966; Epstein and Pojman, 1998; Lynch, 2007; Strogatz, 1994) which states that if a
two-component system is confined to a finite region of concentration space then it must ul-
timately reach either a steady state or oscillate periodically. Thus if one can demonstrate
instability then periodic oscillations of the system must exist, although it may prove impos-
sible to define these explicitly. Clearly compositional zoning can form by these oscillatory
processes as suggested by Ortoleva (1994) and Wang and Merino (1992) and we explore
this topic in Volume II.

Carmichael (1969) presents highly nonlinear coupled reactions where one such reaction is

43albiteþ 7Kþ þ 18ðMg;FeÞþþ þ 7H2O# 17sillimaniteþ 6biotiteþmuscovite

þ 91quartzþ 43Naþ

In these reactions it will probably prove quite difficult to define the conditions for stability
or instability due to the algebraic opacity of the relations involved and for such highly
nonlinear systems a number of theoretical and graphical approaches have been developed.
An excellent summary of these methods is given in Epstein and Pojman (1998, Chapter 5).
In particular, the network methods developed by Clarke (1976, 1980) deserve special consid-
eration. Other developments are discussed by Schreiber and Ross (2003). For open systems a
graphical representation presented by Gray and Scott (1994), in the form of flow diagrams is
particularly powerful.
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The behaviour of two-component systems such as given in (7.16) may thus be of the
following types:

(1) Stable behaviour expressed as either a stable node or a stable focus (Table 7.1). If these
systems also involve diffusion of A and B then the system is defined in terms of reaction-
diffusion equations (such as those given in (7.4)). Then, subject to other conditions
considered above, stationary spatial patterns known as Turing instabilities can form
spontaneously in an otherwise homogeneous material.

(2) Unstable behaviour expressed as an unstable focus, an unstable node, a saddle point or a
Hopf bifurcation (Table 7.1). The closed ellipse in the phase portrait of a Hopf bifurcation
in Table 7.1 is known as a limit cycle.

7.4.3 Reaction-Diffusion Equations

Chemically reacting systems can be open or closed as discussed in Chapter 5; we consider
closed systems to begin with and extend the discussion to open systems in Volume II. Most
metamorphic systems are postulated to be closed so our example is meant to pertain to such
systems. As a specific example we choose two autocatalytic reactions including the Brusse-
lator model which has been widely studied (Epstein and Pojman, 1998). Fisher and Lasaga
(1981) present a detailed discussion of the reaction. First we look at a networked series of re-
actions which result in the net reaction A/ Ewith intermediaries Fe2þ, Fe3þ, B andD and in
which no diffusion terms are included. We write this in terms of an autocatalytic redox reac-
tion as

Reaction of A to produce Fe2þ: A/
k1

Fe2þ

Non-catalytic step involving B and D: Bþ Fe2þ/
k2

Fe3þ þ D

Autocatalytic step: Fe2þ þ 2Fe3þ/
k3

3Fe3þ

Production of E from Fe3þ: Fe3þ/
k4

E

(7.23)

where the ki are rate constants. The equations describing the evolution of the system are

da

dt
¼ �aa

d
�
Fe2þ
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dt

¼ aa� �
Fe3þ

�2�
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�� b
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Fe2þ
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�
Fe2þ
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Fe3þ

�2�
Fe2þ

�� �
Fe3þ

�

de

dt
¼ �

Fe3þ
�

(7.24)

where a and b are functions of the rate constants and of b, and we have taken k3¼ k4¼ 1. Here
the ½Fe3þ�2½Fe2þ� term arises from autocatalytic reactions of the form (7.23)3 and so could be
relevant in many networked metamorphic reactions. A solution to (7.24) is shown in
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Figure 7.6(a). Since this system is closed the concentration of the reactant A proceeds expo-
nentially to zero at equilibrium, whereas the product E increases towards equilibrium. The
intermediaries, Fe2þ and Fe3þ oscillate for a period of time. A schematic diagram of the net-
worked reaction system (7.23) showing the autocatalytic feedback loop is shown in
Figure 7.6(b).

A form of the Brusselator reaction (Epstein and Pojman, 1998, Chapter 6) is

Reaction of A to produce Fe3þ: A/
k1

Fe3þ

Non-catalytic step involving B and D: Bþ Fe3þ/
k2

Fe2þ þ D

Autocatalytic step: Fe2þ þ 2Fe3þ/
k3

3Fe3þ

Production of E from Fe3þ: Fe3þ/
k4

E

(7.25)

This is a particularly important archetype reaction because, despite its relative simplicity,
it displays an enormous range of spatio-temporal patterns. A review is presented by De Wit
(1999). We write the rate equations for the Brusselator reaction as

vc1
vt

¼ a� ðbþ 1Þc1 þ c21c2 þD1
v2c1

vx2

vc2
vt

¼ bc1 � c21c2 þD2
v2c2

vx2

(7.26)

where c1h½Fe3þ�, c2h½Fe2þ�, a ¼ c1
k1
k3
, b ¼ c2

k2
k3
,D1 ¼ Dc1=k3;D2 ¼ Dc2=k3 andDc1 andDc2

are the diffusion coefficients for C1 and C2.
The network diagram for the Brusselator is given in Figure 7.7(a) for comparison with re-

action (7.23) shown in Figure 7.6(b).

FIGURE 7.6 (a) Autocatalytic reaction (7.24) with no diffusion. a ¼ 0.002, b ¼ 0.06. Solution produced using
software in Boyce and DiPrima (2005). (b) Network diagram for reaction (7.23).
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If one puts vc1
vt ¼ vc2

vt ¼ 0 and D1 ¼ D2 ¼ 0 one can find the stationary state: css1 ¼ a and

css2 ¼ b
a. De Wit (1999) shows that a Turing instability occurs for b > bT ¼

�
1þ a

ffiffiffiffiffi
D1

D2

q �2

with critical wave number, kc, given by k2c ¼ affiffiffiffiffiffiffiffiffi
D1D2

p . A Hopf bifurcation occurs for

b > bH ¼ 1 þ a2. The threshold of these two instabilities occurs at what is called the co-
dimension-two Turing-Hopf point given by bH ¼ bT. This occurs for

D1

D2
¼

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
� 1

a

#2
(7.27)

Near this point a vast range of spatio-temporal instabilities are possible comprising
various combinations of Turing-Hopf patterns (De Wit, 1999).

In three dimensions new patterns emerge for the Brusselator. An analysis by De Wit et al.
(1997) and DeWit (1999) reveals a number of differently stacked spotlike patterns, sometimes
in the form of cylinders, and minimal surfaces including planar lamella structures
(Figure 7.7(b)). A bifurcation diagram for the development of these structures is shown in
Figure 7.7(b).

In the examples considered above the instability arises because of an autocatalytic chem-
ical reaction. To many this may seem a little exotic, although in Chapter 14 and Volume II we
point out that autocatalytic reactions in mineral systems are quite common and the
Whitmeyer-Wintsch reaction is representative of many geological examples. By contrast,
the case of a single first order exothermic reaction in a closed systemwould seem to be intrin-
sically simple. However, it turns out to be quite complicated (Gray and Scott, 1994, Chapter 4)
and behaves in much the same manner as the autocatalytic example in Figure 7.6(a). This
complexity arises because the reaction rate is temperature dependent and the exothermic

FIGURE 7.7 The Brusselator reaction. (a) Network diagram for reaction (7.25). (b) Bifurcation diagram for the
Brusselator reaction in three dimensions. Adapted from De Wit (1999).
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nature of the reaction supplies heat that drives the reaction even faster. A balance between
heat production and reaction rate ultimately leads to a stationary state that is oscillatory.
We consider such thermo-catalytic reactions (Putnis, 2002, 2009) further in Chapter 14.
Thus what at first sight would appear to be one of the simplest systems imaginable turns
out to have an enormous range of complicated behaviours and becomes even more compli-
cated in open flow systems (Gray and Scott, 1994, Chapter 7; see also Volume II).

The situation becomes more complex if more than two coupled processes operate simul-
taneously. An example is two independent exothermic reactions in an open flow system
considered by Lynch et al. (1982). The system is shown diagrammatically in Figure 7.8 and

FIGURE 7.8 Chaotic behaviour of twoparallel first order exothermic reactions (After Lynch et al. (1982).) in an open
system. (a) An open system in which the two uncoupled exothermic reactions A/ C and B/ D proceed with input
concentrations a0 and b0. k1 and k2 are temperature dependent rate constants with activation energies, Q1 and Q2.
(b) Dimensionless temperature plotted against time. Notice that these fluctuations are relatively large and are about
10e20% of the ambient temperature. (c) Dimensionless concentration Y ¼ a/a0 plotted against dimensionless
temperature. (d) Dimensionless concentration Z¼ b/b0 plotted against dimensionless temperature. (e) Dimensionless
concentration Yplotted against dimensionless concentration Z.
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consists of an open flow reactor fed by a volumetric flow rate, q, with concentrations of re-
actants a0 and b0. The reactions involved are A / C and B / D for which we define the
dimensionless concentrations: Y ¼ a/a0 and Z ¼ b/b0. The dimensionless temperature is
defined as ~T ¼ ðT� T0Þ=T0 where T is the temperature within the reactor and T0 is the (con-
stant) temperature of the walls of the reactor. The two reactions are chemically uncoupled but
there is thermal feedback between the two. Since there are now more than three processes
operating we expect chaotic behaviour and this indeed develops as shown in Figure 7.8.
Chemical concentrations oscillate chaotically with time together with the temperature. In
principle open systems such as this can be held far from equilibrium indefinitely (Volume II).
This is the kind of behaviour that one would expect in any hydrothermal system
and in many retrograde metamorphic systems while the exothermic reactions responsible
for the development of alteration and retrograde mineral assemblages are in progress
(Volume II).

7.5 CLASSIFICATION OF INSTABILITIES

Cross and Greenside (2009) divide nonlinear systems into three types on the basis of the
dispersion relations: the plot of growth rate versus wave number. Each one of these can be further
subdivided depending on whether the system is temporally stable (subscript-s) or oscillatory
(subscript-o). Type I systems are shown in Figure 7.9(a and b). The dispersion relations for
type I systems are given by

ukz
1

s0

h
ε� x20ðk� kcritÞ2

i
(7.28)

where ε is a bifurcation parameter that measures how far the perturbed state is from that state
where linear instability sets in:

ε ¼ p� pcrit
pcrit

(7.29)

In (7.29) p is a parameter that measures the evolution of the system and pcrit is a critical
value of that parameter which marks the development of a bifurcation. uk is the growth rate
of the wave number, k, x0 is the coherence length which measures the spatial scale over which
some local imperfection perturbs the pattern and kcrit is the wave number that grows at
ε ¼ 0. s0 is a characteristic time scale for the growth of the instability. In Figure 7.9 we
take s0 ¼ 1. When x20=s0 < 1 the plot of uk against k is broadened relative to that at x20=s0 ¼ 1
so that the effect of decreasing the scale of the coherence length (for constant s0) is to
broaden the range of wavelengths that are likely to grow (Figure 7.9(b)). Type I instabilities
are characteristic of the Swift-Hohenberg equation and hence feature in buckling prob-
lems. They also feature in reaction-diffusion equations (De Wit, 1999). Type I instabilities
can be Is or Io.

The behaviour of type II instabilities is given by

Re ukzD

�
εk2 � 1

2
x20k

4

�
(7.30)
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FIGURE 7.9 Classification of instabilities according to Cross and Greenside (2009). (a) Type I instability. Growth
rate given by (7.28). (b) Type I instability for various values of the coherence length x0. s0 ¼ 1, ε ¼ 0.2 in (7.28).
(c) Type II instability. Growth rate given by (7.30). (d) Type II instability for various values of the coherence length x0.
D ¼ 1, ε ¼ 1.0 in (7.30). (e) Type III instability. Growth rate given by (7.31). (f) Type III instability for various values of
the coherence length x0. s0 ¼ 1, ε ¼ 1.0 in (7.31).
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and is shown in Figure 7.9(c and d). The growth of instabilities is always zero at k¼ 0 and for
ε ¼ 0 the growth rate is less than zero for all values of k > 0. The maximum growth rate
occurs for ε > 0 for k ¼ ffiffiffi

ε

p
=x0. Type II instabilities can be IIs and IIo. Figure 7.9(d) shows

the broadening of the dispersion curve arising from decreases in the coherence length
for ε > 0.

Type III instabilities are given by

Re ukz
1

s0

�
ε� x20k

2
�

(7.31)

and shown in Figure 7.9(e and f). The growth of instabilities is always zero at k ¼ 0 for all
values of ε. For ε > 0 there is a range of positive growth rates for 0 � k � ffiffiffi

ε

p
=x0. Type III in-

stabilities are normally IIIo. Figure 7.9(f) again shows the broadening of the dispersion curve
arising from decreases in the coherence length for ε > 0.

7.6 BIFURCATIONS

In the previous discussion we have referred to bifurcations in evolving systems and to
various forms of bifurcations. In this section we formalise the discussion and present some
definitions and examples of such behaviour. For many nonlinear systems the behaviour
can be described by the variation of a parameter such as temperature, strain, or chemical con-
centration. If the overall character of the behaviour changes suddenly for some value of this
parameter, the system is said to bifurcate. At a point of bifurcation stability may be gained or
lost. An example of an unstable bifurcation is the failure by localisation of a specimen once
some critical condition is reached (Rudnicki and Rice, 1975); at the bifurcation point
the behaviour of the specimen changes from homogeneous deformation to localised
(Figure 7.10(a)). For other systems multiple stationary states may exist and the system un-
dergoes successive bifurcations as it evolves from one stationary state to another. Many
chemical (particularly open chemical systems) and mechanical systems show such behav-
iour. We reiterate here that stable means that a small perturbation away from a stationary
state results in the system returning to that state. An unstable state represents a situation
where a small perturbation grows and the system moves to another stationary state. For
classifications of bifurcations, see Thompson (1982), Thompson and Stewart (2002) and
Thompson and Sieber (2010). Four common classes of bifurcations that are controlled by
the variation of a single parameter are described below; detailed discussions of these exam-
ples may be found in Lynch (2007) and in Wiggins (2003).

In order to succinctly describe bifurcation behaviour it is useful to define a number of
terms, some of which we have already used.

Bifurcation: A bifurcation is a point in the evolution of a system where a qualitative
(including discontinuous) change in system behaviour occurs (Figure 7.10(a)). A bifurcation
normally occurs when a parameter that describes the evolution of the system passes through
some critical value. Some systems may be controlled by more than one parameter. An
example is the buckling of a layer controlled by first the value of the axial load and second
by the value of the reaction forces normal to the layer (Thompson, 1982). Stability may be
lost or gained at a bifurcation point. In the localisation problem illustrated in

7. NONLINEAR DYNAMICS210

A. THE MECHANICS OF DEFORMED ROCKS



FIGURE 7.10 Some concepts involved in the dynamics of nonlinear systems. (a) A bifurcation. (b) The
a-nullcline which is the locus of all stationary states for the evolution of the concentration of A. (c) Critical points in
the AeB system. (d) Isoclines and the nullcline for the concentration of A. (e) Attractors in the AeB system.
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Figure 7.10(a) bifurcation may occur when the slope of the stressestrain curve reaches a crit-
ical value (see Rudnicki and Rice, 1975).

Stationary state, steady state: A stationary state is one where the rate of change of one or
more quantities is zero (Figure 7.10(b and c)). Equilibrium is one stationary state for a system
(see Chapter 5) but there may also be one or more non-equilibrium stationary states. The
terms steady state and stationary state are commonly used synonymously. However, a system
at a stationary state can oscillate about that state and so we prefer the term stationary rather
than steady. The mean value of a quantity at a stationary state remains constant with time.

Critical point: A critical point for a system refers to a point in a phase portrait which cor-
responds to a stationary state for the system. This means that if the system evolution is
described by _x ¼ fðx; yÞ and _y ¼ gðx;yÞ then the critical points correspond to _x ¼ _y ¼ 0.
A critical point can be stable or unstable so that it may act as an attractor or a repeller for
the system. If we write this evolution equation in the form

_x1 ¼ fðx1; x2Þ; _x2 ¼ gðx1; x2Þ
and define the Jacobian matrix, J, as

J ¼

2
6664

vf

vx1

vf

vx2

vg

vx1

vg

vx2

3
7775

then the critical point is said to be hyperbolic if the real parts of the eigenvalues of J are non-
zero. If the real parts of the eigenvalues are equal to zero the critical point is non-hyperbolic.
Critical points are also known as fixed points or stationary points. A plot of the behaviour of
critical points as a control parameter is varied is known as a bifurcation diagram. Examples
are given in Figures 7.12, 7.15, and 7.16.

Isocline, nullcline: The line on a phase portrait that marks a constant rate of change of a
quantity is an isocline. If the rate of change is zero this is a nullcline and marks the locus of
all non-equilibrium stationary states (Figures 7.10(b,c and d)).

Manifold: A manifold in the context of a two dimensional phase portrait is a line parallel to
(or tangent to) an eigenvector of the flow and that passes through a critical point. Manifolds
need not be straight lines. If the eigenvalue at the critical point is positive themanifold is stable;
if the eigenvalue is negative themanifold is unstable. In three dimensions the manifold can be a
convoluted surface (see Lynch, 2007, Chapter 7). The fabric attractors referred to by Passchier
(1997) are manifolds.

Attractor: A stable stationary state of the system (Figure 7.10(e)). The attractor can be a crit-
ical point, a limit cycle, a torus or a strange attractor. The term strangemeans that the attractor
has a fractal geometry and its geometry is sensitive to initial conditions.

7.6.1 Saddle-Node Bifurcation

An example of a saddle-node bifurcation is the vector field given by

_x1 ¼ m� x21 _x2 ¼ �x2
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This vector field changes character depending on the value of m as shown in Figure 7.11.
The critical points are defined by _x1 ¼ _x2 ¼ 0. When m < 0 there are no critical points,

the flow is continuous from right to left and flow on the x1-axis is invariant. When m ¼ 0
there is one non-hyperbolic critical point at the origin. The vector field is given in
Figure 7.11(b). The flow is invariant along both the x1- and x2-axes. When m > 0 there
are two critical points at ð ffiffiffi

m
p

; 0Þ, which is stable, and ð� ffiffiffi
m

p
; 0Þ which is unstable. The

manifolds (where they exist) are also shown in Figure 7.11. Thus the qualitative
behaviour of the system changes as m passes through zero as shown in Figure 7.12(a).
For m < 0 there are no critical points. At m ¼ 0 one critical point appears and as m increases
past zero two critical points appear (bifurcate) and move further apart as m increases.
One critical point is a saddle and the other a node. This is a particularly common form
of bifurcation in both mechanical and chemical systems. Such bifurcations can be stacked
in phase space as shown in Figure 7.22(a) when they form part of a snakes and ladders
system (see Section 7.7).

7.6.2 Transcritical Bifurcation

An example here is the velocity field given by

_x1 ¼ mx1 � x21; _x2 ¼ �x2

The bifurcation diagram is shown in Figure 7.12(b) with the bifurcation point given
by m ¼ 0. There is always at least one critical point for this system. For m < 0 there are
two critical points at (0, 0), a stable node, and at (m, 0), a saddle point. There are two
manifolds as shown in Figure 7.13(a). For m ¼ 0 there is one critical point at (0, 0) and
two manifolds as shown in Figure 7.13(b). For m > 0 there are again two critical points
at (0, 0), a saddle point, and at (m, 0), a stable node. The manifolds are shown in
Figure 7.13(c).

FIGURE 7.11 A saddle-node bifurcation. (a) m < 0. (b) m ¼ 0. (c) m > 0. The traces of manifolds are marked in
red. Critical points are white dots. There are no manifolds or critical points for m < 0. Just as m passes through zero
the phase portrait shows a bifurcation into a saddle and a node.
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FIGURE 7.12 Bifurcation diagrams for the four examples given in the text. (a) Saddle-node bifurcation.
(b) Transcritical bifurcation. (c) Pitchfork bifurcation. (d) Supercritical Hopf bifurcation. These diagrams are
obtained by taking _x1 ¼ 0 in the relevant equation describing the evolution of the system. Full lines are stable
states, dotted lines are unstable states.

FIGURE 7.13 A transcritical bifurcation. (a) m < 0. (b) m¼ 0. (c) m > 0. Critical points are white dots. Traces of the
manifolds are shown in red.
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7.6.3 Pitchfork Bifurcation

An example here is the velocity field given by

_x1 ¼ mx1 � x31; _x2 ¼ �x2

The bifurcation diagram is shown in Figure 7.12(c) where again the bifurcation occurs at
m ¼ 0. Now there are either one or three critical points as shown in Figure 7.14. When m < 0
there is one critical point at (0, 0) which is a stable node. There are two manifolds as shown in
Figure 7.14(a). When m ¼ 0 there is one non-hyperbolic critical point at (0, 0) as shown in
Figure 7.14(b). For m > 0 there are three critical points at (0, 0), a saddle point, at ð ffiffiffi

m
p

; 0Þ, a
stable node, and at ð� ffiffiffi

m
p

; 0Þ there is another stable node. These critical points and the mani-
folds are shown in Figure 7.14(c).

7.6.4 Hopf Bifurcation

A Hopf bifurcation is different in character to the previous three bifurcations and rep-
resents a situation where a system that is steady with time suddenly begins to oscillate as
a parameter is varied. The behaviour of a spring-slider system with velocity weakening
friction (Gu et al., 1984) is an example. The system slides in a stable manner for values
of the spring constant larger than a critical value but the system undergoes stick-slip
behaviour once the spring constant drops below this critical value. Another example is
given by

_r ¼ r
	
m� r2



; _q ¼ �1

The bifurcation diagram is shown in Figure 7.12(d). Bifurcation occurs at m¼ 0. For m� 0 a
stable focus occurs at (0, 0) and there is no limit cycle. For m > 0 a limit cycle develops and
grows in diameter, at r ¼ ffiffiffi

m
p

, as m increases.
There are two types of Hopf bifurcation. The one shown in Figures 7.12(d) and 7.15(a and b)

is a supercritical Hopf bifurcation. In addition there exist subcritical Hopf bifurcations shown in
Figure 7.15(c and d) and in Table 7.1.

FIGURE 7.14 A pitchfork bifurcation. (a) m < 0. (b) m ¼ 0. (c) m > 0. Critical points are white dots. Traces of the
manifolds are shown in red.
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7.6.5 Bistability and Multistability

A system is said to be multistable if for a given value of a parameter, m, there exists more
than one stationary state. If there are two such states the system is bistable. Such systems
are common in nonlinear mechanical and chemical systems (especially open flow chemi-
cal systems) as we will see particularly when we consider hydrothermal systems in
Volume II. An example has already been given in Figure 1.9 where for a given value of
the load there is more than one value of the deflection. An instructive example is the sys-
tem described by Lynch (2007):

_r ¼ r
	
m� 0:28r6 þ r4 � r2



; _q ¼ �1 (7.32)

The bifurcation diagram is shown in Figure 7.16 and consists of a supercritical Hopf bifur-
cation at O followed by a saddle-node bifurcation at B as the parameter m is increased. As m is
decreased from some high value the system undergoes a saddle-node bifurcation at A fol-
lowed by a Hopf bifurcation back to a stable state at O.

FIGURE 7.15 Supercritical (a, b) and subcritical (c, d) Hopf bifurcations. (a, c) Phase portraits for chemical
systems with concentrations a and b. The circle is a limit cycle. (b, d) Bifurcation diagrams. Full lines are stable;
dotted lines are unstable.
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7.7 ENERGY MINIMISATION AND THE GROWTH
OF FRACTAL STRUCTURES

In Chapter 5, following the classical work of Rice (1976) we pointed out that the
stressestrain curve for a material may be derived as the derivative of the Helmholtz energy
with respect to strain. In this section we explore the various forms that the Helmholtz energy
may take and how these forms are expressed as the stressestrain relations. In particular the
Helmholtz energy can be non-convex and minimisation of the Helmholtz energy then results
in the development of (at least) two new ‘phases’ (Ball and James, 1987; Bhattacharya, 2003).

The various forms of the relationship between the stored energy and the deformation
gradient are shown in Figure 7.17. It is common in mechanics (Houlsby and Puzrin, 2006a)
to assume thatJ is a convex function of the deformation gradient, F. The relationship between
J and the strain is discussed by Pipkin (1993). The mathematical treatment of this subject
rapidly becomes complicated and depends heavily upon the theory of convex and non-
convex functionals (a functional is a quantity that is a function of a function). We do not
go down the route of mathematical rigour; the interested reader is referred to papers by
Ball (Ball, 1977, 2004; Ball and James, 1987) and the book by Silhavy (1997).J as a convex func-
tion of F is shown in Figure 7.17(a). By convex here we mean the type of relation illustrated in
Figure 7.17(a) where the stored energy increases with the deformation gradient so as to
always be convex towards the deformation gradient axis. If we identify J with the specific
Helmholtz energy defined in the usual way for a deforming material with a density, r
(Houlsby and Puzrin, 2006a), by

J ¼ e� Ts ¼ J
�
Fij;T

�
(7.33)

FIGURE 7.16 Bifurcation diagram for the system described by (7.32). Dotted lines are unstable. The system is
bistable and typical of many nonlinear chemical systems. As m is increased there is a supercritical Hopf bifurcation
at O with m ¼ 0 and a saddle node bifurcation at B with m ¼ mB. As m is decreased from mB there is another saddle
node bifurcation at m ¼ mA. See also Figure 1.9 for another example of this kind of behaviour.
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where e is the specific internal energy, T is the absolute temperature and s is the specific

entropy then the Cauchy stress, sij, is related to the Helmholtz energy by sij ¼ r vJ
vFij

(see

Chapter 5) or by sij ¼ r vJ
vεij

in the small strain, small rotation case (Houlsby and Puzrin,

2006a). Hence, the stressestrain curve can be obtained from the JeF relation by differen-
tiation. Thus the stressestrain curve corresponding to Figure 7.17(a) is given in
Figure 7.17(b). If, for instance, the JeF relation is a quadratic as it commonly is in clas-
sical elasticity then the stressestrain curve is a straight line (dotted in Figure 7.17(b)). If
the JeF relation is of higher order than quadratic then the stressestrain curve shows
increasing hardening with strain (full curve in Figure 7.17(b)). A convex form of the
JeF relation is favoured in classical continuum mechanics because it guarantees stability
of the deformation so that the deformation remains homogeneous. However, we know
that deformation in most materials is never stable and heterogeneities in the deformation
are ubiquitous. These heterogeneities are expressed as subgrains defined by dislocation
and disclination walls, deformation bands, shear zones, folds and various forms of folia-
tions and lineations. Thus, ‘interesting’ deformation behaviour does not arise from convex
JeF relations, which lead to homogeneous deformations, and our emphasis switches to
various non-convex JeF relations.

In order for unstable behaviour to develop, leading to microstructure formation, the JeF
relation needs to be non-convex and the two important classes of non-convexity are quasi-
convexity (Figure 7.17(c)) and pseudo-convexity (Figure 7.17(e)). For rigorous definitions of
these terms see Mangasarian (1994) and Silhavy (1997). The stressestrain curves that result
from these two differentJeF relations are shown in Figure 7.17(d and f), respectively. These
figures mean that for instabilities and hence microstructure to develop in deforming solids
the response of the material to deformation must be nonlinear in the ways shown in Figures
7.17(d and f). Many experimentally deformed geological materials show stressestrain curves
of this nature (for example, Heilbronner and Tullis, 2006 and Chapter 6). For some materials,
especially those that exhibit fracture, the JeF relation is better represented by a diagram
such as Figure 7.17(g) with the resultant stressestrain curve shown in Figure 7.17(h)
(Del Piero and Truskinovsky, 2001).

In fluids and gases the convex relation shown in Figure 7.17(a) has its analogue in the
plot of Gibbs energy against the specific volume for a single phase and the stressestrain
plot of Figure 7.17(b) has its analogue in the pressure-specific volume plot for a single
phase (Kondepudi and Prigogine, 1998, p. 190). These kinds of relationships have
been well known since the work of Gibbs (1906) and are the basis for Equilibrium

FIGURE 7.17 Various relations between the Helmholtz energy function, J, and the deformation gradient, F.
Also shown are the stressestrain curves corresponding to each energy function. (a) Convex JeF relation.
(b) Stressestrain curves corresponding to (a). If the JeF relation in (a) is a quadratic then the stressestrain curve is
linear as shown by the dotted line. If the JeF relation is of higher order than quadratic the stressestrain curve
shows increasing hardening with strain as shown by the full curve. (c) Quasi-convexJeF relation. (d) Stressestrain
curve resulting from the quasi-convex JeF relation in (c). (e) Pseudo-convex JeF relation. (f) Stressestrain curve
resulting from the pseudo-convex JeF relation in (e). (g) Combined convexequasi-convex JeF relation with a
discontinuity. (h) Stressestrain curve resulting from the JeF relation in (g). This resembles stressestrain curves
that arise from brittle behaviour.

=
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Chemical Thermodynamics where the minimum in the Gibbs energy corresponds to
the specific volume of the stable phase. The pseudo-convexity of Figure 7.17(e) has a direct
analogue in Equilibrium Chemical Thermodynamics for two phase materials where the
Gibbs energy becomes non-convex (Kondepudi and Prigogine, 1998. p. 193) and a tangent
construction (Cahn and Larche, 1984) gives the specific volumes of the two stable
coexisting phases; the pressure-specific volume plot shows a region where the pressure
increases with the specific volume corresponding to a spinodal region. In such a plot
the specific volumes of the two coexisting stable phases are obtained from the Maxwell
construction by equating the chemical potentials of the two phases (Kondepudi and Prigo-
gine, 1998, p. 190).

In exactly the same way the Maxwell construction can be used for deforming systems
(Hunt et al., 2000). The tangent construction shown in Figure 7.18(a) shows the way in
which the Helmholtz energy of the system can be minimised for an imposed deformation

FIGURE 7.18 Minimisation of the Helmholtz energy by development of two sets of shear bands. (a) The
Helmholtz energy is pseudo-convex and an imposed deformation gradient is represented by F. The energy can be
minimised by dividing the deformation into two sets of shears, FL and FD which correspond to points where the
tangent line touches the Helmholtz energy function. (b) The resulting microstructure. The imposed homogeneous
deformation, F, is represented by the dotted outline; the structures that minimise the energy are Fe (grey) and FD

(white). (c) The stressestrain curve corresponding to the Helmholtz energy in (a). sM is the Maxwell stress and
corresponds to that stress where the areas between the stressestrain curve and the horizontal line through sM above
and below the stressestrain curve are equal. ε corresponds to the imposed strain and ε

þ, ε� correspond to the
strains in the two domains.
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gradient F. Two stable deformations FD and FL exist and the system divides into domains
corresponding to these two deformation gradients which are defined by the two points
where the common tangent touches the JeF curve. The resultant microstructure is shown
in Figure 7.18(b). The stressestrain curve corresponding to Figure 7.18(a) is shown in
Figure 7.18(c) and sM is the Maxwell stress which represents the normal component of
the Eshelby energyemomentum tensor (Eshelby, 1975; Silhavy, 1997) such that the area
between the horizontal line through sM and the stressestrain curve above is equal to the
area between the line and the curve below. The significance of sM is that it represents
the stress where the stored elastic energy is sufficient to supply the energy to drive the for-
mation of the microstructure. The stress sM plays the same role (Silhavy, 1997) as the chem-
ical potential in chemical systems (Kondepudi and Prigogine, 1998, p. 190). Similar
arguments have been followed by Hunt and co-workers for the development of kink and
chevron folds (Hunt et al., 2000).

However, the development of these two deformation gradients cannot fully match the
imposed deformation and gaps always remain as shown in Figure 7.19 with the implication
that long-range stresses exist so that the stored energy is not fully minimised. One way of
overcoming this situation is to produce the two deformations on a finer and finer scale as
shown in Figure 7.19. Gaps still remain and the next stage in minimising the stored energy
is to produce fine-scale structure within the gaps (Ball and James, 1987, their Figure 6).
An example is shown in Figure 7.20 where self-similar refinement of the broad-scale kink-
ing comprising simply FD and FL is illustrated. This refinement process is referred to as
sequential lamination by various authors including Kohn (1991) and Ortiz and Repetto
(1999). Examples of such self-similar refinement are shown for a propagating fracture in
Figure 7.21(a) and for twinning in microcline matching an interface with albite in
Figure 7.21(b).

FIGURE 7.19 The square ABCD is deformed to become the rectangle A/B/C/D/. The series a, b, c shows
progressive refinement of the microstructure in order to minimise the energy of the system. We discuss this in
greater detail in Chapter 8. The deformation is approximated by alternating sheared zones with equal thicknesses
but opposite senses of shear. As the thickness of the sheared zones is decreased the inhomogeneous deformation
field comes closer to approximating the imposed homogeneous deformation. The error in matching (denoted by the
grey areas) becomes smaller with the decrease in thickness and in this case is proportional to the thickness of the
individual sheared zones.
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FIGURE 7.20 Self-similar refinement of a microstructure to attempt to match an imposed deformation. (a) Coarse
microstructure with gaps represented in three dimensions in (b). (c) Self-similar refinement of the microstructure to fit
the imposed deformation. (d) Three dimensional arrangement of the self-similar microstructure. Adapted from Ortiz

(2008). Presentation at the International Congress of Theoretical and Applied Mechanics, Adelaide, Australia.

(a) (b)

FIGURE 7.21 Fractal structures arising from self-similar branching. (a) Self-similar steps in a fracture surface
resulting from mixed mode I/III loading. The arrow indicates the direction of propagation of the fracture tip, AeB.
(From Hull (1999).) Photo is about 0.8 mm across. (b) Self-similar refinement of twin structure in K-feldspar as an
interface with albite is approached. (Photo from Ron Vernon.) Photo is about 1.3 mm in height.
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7.7.1 What Causes the Stored Energy to be Non-Convex?

We discuss many aspects of non-convex energy functions in this book. As with
the origins of nonlinear behaviour, non-convexity can originate for geometrical or consti-
tutive reasons. Two processes associated with crystal plasticity, for instance, have been
identified as producing non-convex stored energy functions (Ortiz and Repetto, 1999).
These processes are geometrical softening arising from single slip and constitutive latent
hardening. Non-convex behaviour, as can be seen from Figures 7.17 and 7.18 arises from
some form of softening behaviour in the stressestrain curve. However, a softening in the
sense of a decrease in the load bearing capacity is not the only cause of non-convexity.
A decrease, with increasing deformation or rate of deformation, in the magnitude of ma-
terial properties such as elastic modulus or viscosity is just as effective. In addition, in
deforming metamorphic rocks, softening in both load-bearing capacity and in material
properties arising from mineral reactions is likely to be important.

7.7.2 Snakes and Ladders Behaviour

In many systems the bifurcations are arranged as an intertwined cascade of saddle-
node bifurcations (Figure 7.22(a)). The system evolves by ‘snaking’ its way from one bifur-
cation to another along intertwined paths symmetrically disposed about a Maxwell stress
labelled rM. This behaviour is characteristic of nonlinear buckling systems (Burke and
Knobloch, 2007; Hunt and Hammond, 2012; Hunt et al., 2000a; Knobloch, 2008; Peletier
and Troy, 2001) where the buckles form sequentially, with one or more extra buckles being
added at each bifurcation. Part of such sequential buckling evolution is shown in
Figure 7.22(a and b) where the frames shown in Figure 7.22(b) in the sequence
(a) / (b) / (c) correspond to sequential buckles added on one bifurcation path and
the sequence (d) / (e) / (f) to the other path. There are other ways in which sequential
buckles can be added and these correspond to unstable (and asymmetric) points on ‘cross-
rungs’ between the two bifurcation paths in Figure 7.22(a). For details see Burke and
Knobloch (2007). Here the intertwined bifurcation paths are called ‘snakes’ and the
‘cross-rungs’ are ‘ladders’.

Another example of snakes and ladders behaviour is shown in Figure 7.22(c,d, and e).
Here the system is that described in Figure 1.10 where three layers of close packed balls
are shortened. Plots of axial load against displacement are shown with two intertwined
snakes. The deformation consists of sequential thickening of a kink band by a mechanism
that adds one or more balls to the band in a sequence of bifurcations. There are three
mechanisms for kink band thickening: (1) The system follows the bifurcation path
2min / 2max / 4min / 4max /. with two balls being added to the kink band just after
each load maximum so that the number of balls in a kink band remains an even number.
(2) The system follows the bifurcation path 3min / 3max / 5min / 5max /. again with
two balls being added to the kink band just after each maximum so that the number of
balls in a kink band remains an odd number. (3) The system on one or the other of these
two paths can jump to the other down a ‘ladder’ to a lower energy configuration by the
addition of one ball so that an even sequence of kink widening is converted to an odd
sequence.
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FIGURE 7.22 Snakes and ladders behaviour. (a) Plot showing snakes and ladders behaviour. r is a control
parameter and for a buckling layer can be thought of as the load or stress in the layer. N can be thought of as the end
displacement of the layer. Two bifurcation paths are shown. The layer begins to buckle at (a) and (d) and follows a
snaking series of sequential buckles once the load drops to a Maxwell stress, rM. The sequence of buckles is shown
in frame (b). Other buckles are added on the cross-rungs connecting the two snakes. (After Burke and Knobloch

(2007).) (b) Sequential buckles developed along intertwining ‘snakes’. (After Burke and Knobloch (2007).) (c), (d) and
(e) Snakes and ladders behaviour for the widening of a kink band. (c) The 2 / 4 ball transitions in kink band
widening. (d) The 3 / 5 ball transitions in kink band widening. (e) The single ball transitions in kink band
widening on cross-rungs. (Modified from Hunt and Hammond (2012).) The end shortening is measured in units of the
ball radius, R.
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7.8 FRACTALS AND MULTIFRACTALS

Within ametamorphic system the deformation andmetamorphism of an element of the lith-
osphere is controlled by the velocity boundary conditions imposed by the local plate tectonic
regime together with temperature changes arising from the impingement of heat sources and/
or advection of the element through the geothermal gradient of the Earth. Such advection also
contributes to changes in the pressure. Thus at the coarse scale a deformation gradient drives
momentum transfer while changes in temperature and pressure induce changes in chemical
potentials that drive mineral reactions. In this process, forcing at lithospheric scales drives a
cascade of dissipation at finer and finer scales within the lithosphere until at a very fine scale
the dissipation is negligible. The development of lithospheric scale buckles and fault systems is
part of a dynamical cascading process whereby structure is developed at finer and finer scales.
At the coarse scale dissipation is dominated by deformation coupled with heat diffusion; at
finer scales heat diffusion ceases to be dominant as a dissipativemechanism and the dissipative
processes are dominated by local deformations, metamorphic mineral reactions and micro-
structural rearrangements such as recrystallisation, crystallographic preferred orientation
development and microfracturing. Such a cascading process is similar to that proposed for
fluid turbulence where large eddies break down to shed eddies at smaller and smaller scales
(Drazin and Reid, 1981; Frisch, 1995; Kestener and Arneodo, 2003; Richardson, 1922). These
cascading processes lead to multifractal geometries and so it is of importance to develop effi-
cient ways of measuring and characterising the scaling properties of structures in deformed
rocks since there is the potential that such properties reflect the details of the cascading process.
We put forward the wavelet transform method as a means of achieving this characterisation.

In Section 7.7 we saw examples of how fractal structures develop in a system as a means of
minimising the energy of the system. In general such processes involve an iterative proce-
dure of some kindwhereby the system continuously branches in a self-similar manner to pro-
duce replicas on a finer and finer scale. Examples are the fine structure at the edge of an
advancing crack (Figure 7.21(a)) or the twin structure at the boundaries of K-feldspar phases
(Figure 7.21(b)). Such iterative processes are a mechanism of producing self-similar struc-
tures at a finer and finer scale and the Iterative Function System (IFS) of Barnsley (1988) is
one way of expressing such a process. Other ways of producing fractal structures involve
escape functions and random walk processes (Feder, 1988; Schroeder, 1991). We will see an
example of an escape function that leads to fractal buckling structures in Volume II. The
development of percolation networks during flow in porous media is an example of a
random walk process (Arneodo et al., 1995).

Formally a fractal is an object that has structure at all length scales and some measure of this struc-
ture is invariant with respect to an affine transformation (Mandelbrot, 1982). This means that the
object has structure within structure and no matter what scale one views the object one sees
much the same kind of structure. From a mathematical point of view the way in which the
structure scales with length is a power law:

mwε
D (7.34)

where m is some measure of the structure, ε is a length scale and D is commonly known as the
fractal dimension. It should be appreciated that not all fractals are self-similar. Self-similar fractals
remain the same under the influence of any transformation that is a dilation (a contraction or
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expansion of equal magnitude in all directions). Fractals also exist that are self-affine; these are
objects that remain the same under other affine transformations. Thus a surface such as a fault
plane appears smooth at a large length scale but is rough at a fine length scale. These surfaces
are self-affine fractals. Such scale invariance cannot continue indefinitely and so fractal geome-
tries are practically restricted inmetamorphic systems to three to perhaps five orders of magni-
tude in length scales (corresponding say to scaling from 1 mm to 100 m).

Fractals are singular functions from a mathematical point of view since they cannot be
differentiated and so D is also known as a singularity measure. The interesting feature of
(7.34) is that D is commonly a non-integer. The reason that self similar geometries follow a
power law of the form (7.34) is that it is the only form of relation where changing the size
of ε leaves the form of the equation unaltered. Thus if we double the size of ε we get

mwð2εÞD ¼ 2DεD

which is of the same form as (7.34).
The method for determining D in (7.34) consists of placing a box (or ball) of size ε on the

space occupied by the object and observing if part of the object lies in the box. This is repeated
until all the space occupied by the object is covered and the proportion of boxes that cover the
object are established. The size of the box is then altered and the process repeated. After a
large number of iterations of this process one plots the logarithm of the proportion of boxes
for a given ε that contained parts of the object against the logarithm of ε. If the object is a
(mono) fractal then this plot is a straight line with slope �D (Feder, 1988; Schroeder, 1991).
That is the relation is of the form

NðεÞ ¼ ε
�D (7.35)

whereN(ε) is the number of boxes of size ε that contain part of the object. This process is called
box counting and descriptions of the process with applications to structural geology are given in
Kruhl (1994). Other examples include applications to sutured grain boundaries associated with
recrystallisation (Kruhl and Nega, 1996), sub-grain size (Hahner et al., 1998; Streitenberger
et al., 1995) and grain shape (Mamtani, 2010). The fractal characteristics of these microstruc-
tures have been used to indicate temperature and strain rate (Kruhl and Nega, 1996; Mamtani,
2010; Mamtani and Greiling, 2010; Takahashi, 1998). Applications to mineral systems are given
by Arias et al. (2011), Bastrakov et al. (2007), Ford and Blenkinsop (2009), Hunt et al. (2007), Li
et al. (2009), Oreskes and Einaudi (1990), Qingfei et al., (2008), Riedi (1998) and Sanderson et al.
(2008). Fractal (or at least, power law) distributions of mineralisation are reported by Carlson
(1991) and Schodde and Hronsky (2006). D is commonly known as the box-counting dimension.

Other dimensions of use in describing fractal geometries are as follows.
The information dimension which is related to the sum of the probabilities, pk, of finding a

part of the object in the kth box:

Dinformation ¼ lim
r/0

�P
k
pk log pk

log r
(7.36)

and the correlation dimension which is a measure of the number of pairs of points whose dis-
tance apart is less than r:

Dcorrelation ¼ lim
r/0

�P
k
log CðrÞ
log r

where CðrÞ ¼ 1

N2

X
isj

ℍ
h
r� xi � xj

i (7.37)
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whereℍ is the Heaviside function: ℍðxÞ ¼ 0 for x� 0 andℍðxÞ ¼ 1 for x> 0. We will see that
both these dimensions have special meanings within a multifractal spectrum.

The geometry of metamorphic fabrics is, however, more complicated than being character-
ised by a single value of D as we will see below. If the geometry of an object is characterised
by a single value ofD then it is called amonofractal. Some geometries are characterised by two
values of D and these are called bifractals. However, if the geometry is characterised by
different values of D at different points then the geometry is clearly more complicated and
is called amultifractal (Mandelbrot, 1974); a spectrum ofD values arises. A multifractal there-
fore consists of a set of interwoven fractals and is characterised by a spectrum of singularity
measures. An example consists of a precipitation process, for say gold, that is itself fractal but
is controlled spatially by a fractal distribution of the pore or fracture space within which pre-
cipitation occurs. The spatial distribution of gold is then multifractal (Volume II). For reviews
of the development of the multifractal concept see Feder (1988), Bohr and Tel (1988), Arneodo
et al. (1995), Schroeder (1991).

An example of a complex fractal geometry is given by Ord (1994). A computer simulation
of shear band development in a non-associative plastic material was analysed using the
‘delay’ methods developed by Packard et al. (1980), Takens (1981) and Crutchfield et al.
(1986) for temporal data sets. The velocity of growth of shear bands at a particular value
of the shear strain was analysed by recording values of the x-component (Figure 7.23(a))
of the velocity, (vx)ij at a spatial point i, j (after the mean velocity for the deformation is
removed) at fixed spatial delays, S, where the value of S ranges from 1 to some larger number

(Figure 7.23(a and b)). Thus a vector, ðvxÞðpÞij , of p dimensions is formed by the array

ðvxÞðpÞij ¼
h
ðvxÞi;j; ðvxÞiþS;j;...; ðvxÞiþðp�1ÞS;j

i
(7.38)

where the comma in the subscript is there for clarity, not to denote differentiation. Other vec-
tors are then constructed for different values of S. The final array of vectors defines an attrac-
tor in p-space. The attractor in 3-space for this model is shown in Figure 7.23(c). Calculations
were performed to establish the embedding dimension for this attractor; the embedding dimen-
sion is that dimension for which the calculated fractal dimension no longer increases. It was
established that the embedding dimension for this attractor is between 4 and 5. Figure 7.23(c)
represents a strange attractor with a fractal dimension of 2.3. The wavelet transform of this
data set is shown in Figure 7.23(d and e) and is analysed further in Figure 7.28.

Although box-counting procedures can be used to explore multifractal geometries, the
process is quite cumbersome and can produce erroneous results especially if the singularity
measure varies significantly within box sizes greater than a given value (see Arneodo et al.,
1995; Arneodo et al., 1987). We require a fast, compact and quantitative characterisation of
seemingly complex data sets that is readily applicable to one-, two- and three-dimensional
situations and so we turn to a wavelet based system. The wavelet approach has many advan-
tages over box-counting procedures, although a wavelet is basically a ‘generalised box’.
Methods of multifractal analysis based on the wavelet transform are particularly applicable
to self-similar, intermittent data sets where the wavelet acts as a ‘microscope’ that can zoom
into the details of the signal and define local structure and singularities. Wavelet-based soft-
ware now exists that makes fractal and multifractal analysis fast and efficient so that complex
data sets can be completely analysedwithin minutes using a laptop computer. In addition the
wavelet approach is reasonably well established within a thermodynamic framework
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FIGURE 7.23 Strange attractor for shear zone development. (a) Finite difference model of shear zone devel-
opment after a shear through 45�. The material is initially homogeneous. Contours of x-velocity shown. (b) Part of
the spatial distribution of the x-velocity signal. The x-velocity at position 2020 is compared with that at position 2030
and 2040. These three values are plotted to generate a point in the attractor (c). (d) x-velocity signal at top, wavelet
transform scalogram at bottom. (e) Three dimensional plot of scalogram.
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(Arneodo et al., 1995; Bohr and Tel, 1988) so that the procedures and results can be placed
within a broader mechanics framework.

First let us explore the multifractal concept in greater detail. As we have indicated a multi-
fractal consists of groups of fractal objects interwoven in space. The resulting geometry may
or may not appear self-similar depending on the complexity of the inter-relations between
the various fractals. It is common (Feder, 1988) to represent the range of singularity measures
for multifractals by the expression

NaðεÞ ¼ ε
�fðaÞ (7.39)

which is a generalisation of (7.35) so that D in (7.35) is replaced by a spectrum, f(a), of singu-
larity measures. a is commonly known as the Holder exponent and is also known as the
Lipshitz exponent. The function f(a) appears as a hump-shaped curve represented by a
plot of f(a) against a as shown in Figure 7.24. As complex geometries continue to be explored
other representations and methods of analysis of multifractals appear (Arneodo et al., 1995;
Venugopal et al., 2006) with extensions to two and three dimensions (Arneodo et al., 2003).
The future development of these procedures represents an enormous opportunity to explore
and quantify the geometry of fabrics in metamorphic rocks and so add to our knowledge of
complexity, and the associated mechanisms, in metamorphic fabrics and processes.

In general the spectrum of singularity measures needs to be established by direct measure-
ment but it is important in the interpretation of these spectra to be able to make comparisons
with spectra generated by specific models. Some examples are shown in Table 7.2 adapted
largely from Halsey et al. (1986) and from Arneodo et al. (1995). In the table, D0 is the value
of [f(a)]max and DN, D�N are the values of a for f(a) ¼ 0. The last row in the table is adapted

FIGURE 7.24 Some features of the singularity spectrum. (a) s as the Legendre transform of

fðaÞ : sðqÞ ¼ dfðaÞ
da a� fðaÞ; q ¼ dfðaÞ

da ¼ 0 corresponds to the tangent at [f(a)]max. (b) The thermodynamic interpre-

tation of the singularity spectrum. f(a) corresponds to the entropy per unit volume while a corresponds to the
energy per unit volume. [f(a)]max corresponds to the maximum entropy per unit volume while the slope of the
tangent to the singularity spectrum corresponds to the Boltzmann temperature B (see Arneodo et al., 1995; Bohr &
Tel, 1988).
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TABLE 7.2 Fractal Distributions Resulting from Various Recursive Models

Recursive Model Result Singularity Spectrum

Power law probability
distribution
pðxÞ ¼ ~ax~a�1

Bifractal
Fractal states
at (0,0) and (1,1)

Uniform Cantor set
p1 ¼ p2 ¼ p3 ¼ 1

2

l1 ¼ l2 ¼ l3 ¼ 1
3

Monofractal
Fractal state at

�
ln 2
ln 3;

ln 2
ln 3

�

Two-scale Cantor set
p1 ¼ 3

5; p2 ¼ 2
5

l1 ¼ 1
4; l2 ¼ 2

5

Multifractal

(Continued)
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TABLE 7.2 Fractal Distributions Resulting from Various Recursive Modelsdcont’d

Recursive Model Result Singularity Spectrum

Generalised
Cantor set-I
p1 þ 2p2 ¼ 1
l1 þ 2l2 ¼ 1
p2/l2 > p1/l1
l2 > l1

Incomplete
multifractal

Generalised Cantor set-II
p1 ¼ p3 s p2
l1 ¼ l3 s l2

Bifractal
~a ¼ ln p2

ln l2
; ~f ¼

ln
	
1
2



ln l2

Period doubling
cascade
x
0 ¼ l(1 � 2x2)

Multifractal

(Continued)
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TABLE 7.2 Fractal Distributions Resulting from Various Recursive Modelsdcont’d

Recursive Model Result Singularity Spectrum

Mode locking cascade Multifractal

Quasi-periodic circle map Multifractal

Multifractal devil’s staircase
with superimposed sine wave

Multifractal with phase
change: non-singular
to singular.
(See Arneodo et al., 1995)
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from Arneodo et al. (1995). In addition, one should be aware of the significance of various
values of a as indicated in Table 7.3.

In exploring multifractal geometries it is convenient to define the generalised fractal
dimension, Dq, which is related to the scaling exponent for the qth moment of the measure
m. If we have a set of measures, say the concentration of a chemical component such as Na
distributed over a fabric, we define the qth moment (or partition function) Zðq; εÞ for the
box size ε as (Lynch, 2007):

Zðq; εÞ ¼
XNðεÞ

i¼ 1

m
q
i ðεÞ (7.40)

Then we can also define s(q) as

sðqÞ ¼ lim
ε/0

ln Zðq; εÞ
�ln ε

(7.41)

The generalised fractal dimensions Dq are given by

sðqÞ ¼ Dqð1� qÞ (7.42)

In the limit ε / 0þ, Zðq; εÞ behaves as a power law:

Zðq; εÞwε
�sðqÞ (7.43)

The relations between the f(a) singularity spectrum, q, and the s(q) ¼ (1 � q)Dq spectrum
are given (Arneodo et al., 1995) by

q ¼ dfðaÞ
da

d2fðaÞ
da2

< 0

sðqÞ ¼ qa� fðaÞ

(7.44)

TABLE 7.3 Significance of Various Values of a

Holder Exponent, a Singularity Type Example

a > 1 Continuous and differentiable Smooth curve, y ¼ sin (x)

a ¼ 1 Continuous, differentiable almost everywhere Brownian motion

0 < a < 1 Continuous, non-differentiable Heaviside function

�1 < a � 1 Discontinuous, non-differentiable Gaussian noise

�1/2 < a < 0 Data are positively correlated a ¼ �1/2 implies white noise

�1 < a < �1/2 Data are negatively correlated

a � �1 Non-locally integrable Dirac pulse

From Holdsworth et al. (2012) see also Mallat (1991).
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These relations are illustrated in Figure 7.24(a).
Thus there are strong analogies with thermodynamic functions and there is a basis in sta-

tistical mechanics for interpreting these functions from a thermodynamic point of view
(Arneodo et al., 1995; Bohr and Tel, 1988). The function f(a) is identified with the entropy
per unit volume, ai, and with the energy, Ei, per unit volume of a microstate, i, q with
the Boltzmann temperature, B ¼ 1

kT, and the s(q) spectrum is the Legendre transform (see
Chapter 5) of the f(a) spectrum. Z can be written

ZðB Þ ¼
X
i

exp ð � BEiÞ (7.45)

Some of these interpretations are illustrated in Figure 7.24(b). This thermodynamic inter-
pretation of fractals and particularly of multifractals is explored by Bohr and Tel (1988) and
by Arneodo et al. (1995, 2003) who point out that such thermodynamic properties of multi-
fractals place limitations on the characterisation of multifractals by the box-counting proce-
dure and why a resort to wavelet analysis is a better approach. Notice that for q ¼ 0, 1, 2, Dq

corresponds to well-known functions. ThusD0 is the box dimension (7.35),D1 is the information
dimension (7.36) and D2 is the correlation dimension (7.37).

7.8.1 Wavelet Analysis. What is a Wavelet?

We introduced the concept of wavelets in Chapter 1. A wavelet can be thought of as a gener-
alised box. In fact some wavelets (for instance, the Haar wavelet, Figure 7.25(a)) have a boxlike
shape. For the most part a wavelet has a localised wave-like shape and is designed to empha-
sise particular aspects of the signal to be analysed. Libraries of wavelets can be found in
Mathematica� and some examples are shown in Figure 7.25.

The wavelet transform (WT) of a signal, bs, consists of decomposing bs into space-scale con-
tributions that are defined by the analysing wavelet, j, which is chosen to be localised in space
and commonly of zero mean, although g(0) (see (7.46)) is sometimes used where g(0) is the
Gaussian function (Arneodo et al., 1995). A class of commonly used wavelets is defined by
the successive derivatives of the Gaussian function:

jðxÞ ¼ gðNÞðxÞ ¼ ð� 1ÞNþ1 d
N

dxN
�
exp

	� x2
�
2

�

(7.46)

g(2) and g(4) are shown in Figure 7.25(b and c). Note that various conventions are adopted in
the literature with respect to the form of (7.46) and in some instances the (�1)Nþ1 term is

omitted. The WT of the function bs is defined as the convolution of j with bs:

Wj

�bs�ðb; aÞ ¼ 1

a

ZþN

�N

j

�
x� b

a

�
bsðxÞdx (7.47)

where b is the space parameter, a > 0 is the scale parameter and j is the complex conjugate of
j. The quantity Wj½bs�ðb; aÞ is known as the wavelet coefficient at the scale a and around the
point x ¼ b. The procedure involved in a wavelet analysis is to select a mother wavelet, j,
and contract or extend j by successive scales a. For each scale the wavelet is scanned
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across the image with the same procedure as for box counting so that Wj½bs�ðb; aÞ is evaluated
at each point, b, and for each scale a. The local behaviour of bs is reflected in the WT which
behaves as

Wj

�bs�ðx0; aÞwaaðx0Þ (7.48)

where x0 is a selected point and a is the Holder exponent. Some examples of WTs are given in
Figures 1.11 and 7.23(d and e). The WT contains all the information needed to establish the
fractal geometry of an object (Arneodo et al., 1995).

7.8.2 The WTMM Method

The wavelet transform modulus maxima (WTMM) method (Mallat and Hwang, 1992)
consists of evaluating the partition function:

Zðq; aÞ ¼
Z Wj

�bs�ðx; aÞ
q

dx (7.49)

FIGURE 7.25 Examples of one- and two-dimensional wavelets. (a) to (c) One-dimensional wavelets. (a) The
Haar wavelet. (b) The Mexican hat wavelet; this is g(2). (c) The fourth derivative of a Gaussian distribution: g(4).
(d) to (g) Two-dimensional wavelets after Arneodo et al. (2003). (d), (e) First-order derivatives with respect to x and
y for a Gaussian function. (f), (g) First-order derivatives with respect to x and y for a Mexican hat function.
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at each point on the signal bs. This is straightforward for q � 0 but fails for q < 0 whenever
Wj½bs�ðx0; aÞ ¼ 0 since Z becomes infinite. For this reason, Zðq; aÞ is evaluated for each value
of a by noting the maximum inWj½bs�ðx0; aÞ for all scales a0 where a0 � a. This means that (7.49)
is replaced by:

Zðq; aÞ ¼
X
l

0
@ sup

ðx;a=Þ

Wj

�bs�	x; a=

q

1
A (7.50)

This procedure allows one to establish the exponents s(q) as

Zðq; aÞwasðqÞ (7.51)

Then by taking the Legendre transform of s(q) we obtain

fðaÞ ¼ min
q

ðqa� sðqÞÞ (7.52)

This is best done (Arneodo et al., 1995) by first calculating

cW j½bs�ðq; l; aÞ ¼

 sup
x;a=

Wj½bs�
	
x; a=




q

Zðq; aÞ (7.53)

Then a(q, a) follows as

aðq; aÞ ¼
X
l

ln

 sup
x;a=

Wj½bs�
�
x; a=

�cW j½bs�ðq; l; aÞ (7.54)

and

fðq; aÞ ¼
X
l

cW j½bs�ðq; l; aÞln
hcW j½bs�ðq; l; aÞ

i
(7.55)

These calculations can be performed in a relatively painless and efficient manner
using software such as LastWave (Arneodo, A., Audit, B., Kestener, P., and Roux, S. (2008).
Wavelet-based multifractal analysis. Scholarpedia, 3, 4103. http://dx.doi.org/10.4249/
scholarpedia.4103. http://www.cmap.polytechnique.fr/~bacry/). Alternative software is
WaveLab (Buckheti et al. (December, 2005). About WaveLab. Version .850. http://www-stat.
stanford.edu/~wavelab/). The method has been extended to two dimensions by Roux
et al. (2000), Decoster et al. (2000) andArneodo et al. (2003) and to three dimensions byKestener
andArneodo (2003, 2004, 2008) andArneodo et al. (2003). Some comparisons between different
methods for analysing singularity spectra and results are given by Turiel et al. (2006).

We give an example below of the WTMM method applied to a non-uniform Cantor set
(Figure 7.26(a)). The example is taken from a demonstration included in the LastWave software.
We also show the uniform triadic Cantor set in Figure 7.26(b). This is formed by uniformly
removing the central one-third of the signal and then repeating the procedure as shown in
the figure. The WTMM method is applied to this fractal by Arneodo et al. (1995), Section
3.3.2, Figure 3 and the result is that for a monofractal with a fractal dimension of (ln2/ln3).
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FIGURE 7.26 Cantor sets. (a) A generalised Cantor set divided initially into lengths, l1, l2 and l3 with an initial
probability of selection of p1, p2 and p3. (b) A uniform Cantor set where l1 ¼ l2 ¼ l3 and p1 ¼ p2 ¼ p3.

FIGURE 7.27 WTMM analysis of nonuniform Cantor set. (a) The signal to be analysed. (b) Map of the maxima
lines from the wavelet scalogram. (c) The Zðq; aÞ spectrum. (d) The s(q) spectrum. (e) The f(a) spectrum.
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The production of monofractals such as this requires an ordered and coordinated process
whereby each level of subdivision follows a precisely defined law. It is amazing that some
DNA sequences are monofractals (Arneodo et al., 1995). For the most part in natural examples
such order is not followed and multifractals develop. An example is the generalised non-
uniform Cantor set shown in Figure 7.27(a). The maxima lines from the WT of the signal are
shown in Figure 7.27(b). Plots of Zðq; aÞ against log2a are shown in Figure 7.27(c) from which
the s(q) spectrummay be derived in Figure 7.27(d). The observation that the s(q) versus q curve
is nonlinear is the hallmark of amutifractal distribution; for the uniformCantor set such a curve
is linear. Finally the f(a) spectrum is given in Figure 7.27(e) showing awell-definedmultifractal
spectrum with a support given by f(a)z 0.8 at az 0.75.

A second example is taken from the model presented in Figure 7.23 where the WT is
shown (using g(2)). In Figure 7.28, the maxima plot, the plot of q(a) against log2a, the s(q) spec-
trum and the singularity spectrum are shown. As with many data sets the q(a) plots are
irregular for negative values of q and become irregular for high positive values of q. The

FIGURE 7.28 WTMM analysis of the structure shown in Figure 7.23. (a) Map of maximum lines on the
scalogram. (b) Plot of log Z against log2 a. (b) Plot of s against q. (d) Multifractal spectrum.
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singularity spectrum is quite well defined; it is skewed to low values of a and has a support
value of f(a) close to unity corresponding to a z 0.4. The overall shape of this distribution
(asymmetrical and skewed to lower values of a) resembles many other geological examples
we present in this book. This example demonstrates the power of the WTMM method as a
rapid means of quantifying the geometry of apparently structure-less data sets and deciding
whether the geometry is multifractal or not. In particular in this case the details of the multi-
fractal nature of the data set are established.

As another example, in Figure 7.29 we present a WT of one of the structures shown
in Figure 7.3, namely, one of the ptygmatic folds in Figure 7.3(c). The data set is taken
from a horizontal line through the centre of the image in Figure 7.29(c). The mother
wavelet is g(4).

This completes Section A of this book. The intent has been to present an introduction to
most of the tools required to examine the structures in metamorphic rocks in greater detail.
We will use much of this material in the remainder of the book and in Volume II where we
expand on some of the more useful concepts with specific examples. The hope is that we have
supplied a vocabulary and a context that enable more advanced treatments of mechanics to
be accessed by the reader.
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FIGURE 7.29 Wavelet transform of the ptygmatic fold structure illustrated (see Figure 7.3(c)). The wavelet
transform is shown on the left and the multifractal spectrum on the right.
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S E C T I O N B

Processes Involved in the
Development of Geological

Structures: Overview of Section B

In Section A of this volume we assembled the various conceptual and mathematical
tools necessary in order to understand and explore the mechanics of metamorphic
systems. We defined a metamorphic system as a large body of rock of lithospheric scale,
whose behaviour is influenced by changes in the velocity field and perhaps also in the
temperature field at its boundaries resulting from the impingement of rising molten
material or underplated material from deeper in the earth, or some form of delamination
of the base of the lithosphere. These changes in boundary conditions induce new
behaviour in the lithosphere driven by new gradients in deformation, temperature,
hydraulic potential and chemical potentials. The processes that now operate are flows
in momentum, heat, fluid and mass and the observation is that these processes occur
in a cascade of spatial scales ranging from the lithosphere to the nanometre. Section B
of this volume is concerned with the processess that underlie the development of
structures and metamorphic assemblages across this vast range of length scales.

Chapters 8, 9 and 10 consider momentum transfer which, depending on the physical envi-
ronment, results in brittle or visco-plastic behaviour and is expressed as damage and other
microstructural arrangements. Of particular importance here is the concept of critical behav-
iour and a class of this behaviour is commonly referred to as self-organised criticality or SOC.
We also emphasise in these chapters the importance of defects as the dominant mode of
deformation. Thus we consider the development of fracture systems not from the classical
fracture mechanics viewpoint but the fractures themselves as deformation mechanisms
which are defects in an elastic continuum. Classical dislocations are considered in Chapter
9 but the emphasis is on disclinations and disconnections. In particular we explore the
concept of coupled grain boundary migration, which exerts an overwhelming control on
the development of metamorphic fabrics. In particular we propose coupled grain boundary
migration as a mechanism for the development of curved inclusion trails in porphyroblasts.

Chapter 11 discusses conductive heat transfer driven by temperature gradients in the lith-
osphere with an emphasis on the time scales involved in metamorphic processes. Chapter 12
is concerned with fluid flow during metamorphism driven by gradients in hydraulic head
and inevitably, the coupling with heat transfer by some advective process. The interest lies
in the influence of heterogeneities such as fractures, faults and shear zones on the rates
and patterns of fluid and heat flow, particularly in three dimensions, and the controls on con-
vection within the crust of the Earth.



In Chapter 13 we examine many of the issues to do with microstructure development and
its influence on the development of both elastic and plastic anisotropy. Elastic anisotropy is a
property that is usually thought of as important for seismic wave propagation. However it
has equal importance in controlling the conditions for localisation of deformation and for
controlling the orientations of shear bands.

Chapters 14 and 15 are concerned with mineral reactions in metamorphic systems driven
by gradients in chemical potential but not from the conventional view of the mineral assem-
blages at equilibrium states. We take such a view as established background material and
consider the processes that operate during the route to equilibrium, the influences these pro-
cesses have on the mechanical behaviour of deforming rocks and on the resulting metamor-
phic fabrics.
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8.1 INTRODUCTION: WHAT ARE THE ISSUES AND PROBLEMS?
WHAT DO WE MEAN BY BRITTLE AND DUCTILE?

What do we mean by brittle? We use the term brittle to mean those processes whereby rock
masses undergomacroscopic deformation by the breaking of atomic bonds within individual
crystal structures comprising the minerals in the rock or at grain boundaries (Figure 8.1). The
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macroscopic deformation can be discontinuous as in the generation of a large earthquake on
a single slip fracture in a wide fault zone but we concentrate on situations where the macro-
scopic deformation is continuous. The mechanisms involved in the brittle process are the
generation and propagation of fractures (surfaces where the cohesion of the rock mass is
broken), and subsequent sliding on, or opening of, these fractures, at all scales from the nano-
metre to the kilometre. There is a transition to deformation mechanisms where crystal de-
fects, such as point and line defects, dominate the deformation process. That transition is
characterised by otherwise sharp fracture tips being blunted by the generation of dislocations
at the tip (Abraham, 2003; see Figure 1.5). This zone of crystal plastic deformation reduces the
stress concentration at the tip and inhibits fracture propagation.

The terminology to do with brittle processes is quite confusing. This confusion arises from
historical reasons to do with usages that mix up terms that describe processes, constitutive
behaviour and macroscopic behaviour. Confusion also arises because there is a complete
gradation, rather than a distinct transition, between deformation modes characterised by
loss of cohesion at the crystal structure scale and deformation modes characterised by the
rate- and temperature-dependent motion of crystal defects such as vacancies, dislocations
and disclinations (Chapter 9).

First, the situation is made complicated by the fact that fracture can be both brittle and
ductile (Ashby et al., 1979; Budiansky et al., 1982; Needleman et al., 1995). There have been
suggestions that ductile fracture is important in melt segregation and migration (Brown,
2010; Hobbs and Ord, 2010 and references therein); we do not consider the topic of ductile
fracture any further here. Second, the term brittle is commonly associated with loss of cohe-
sion of an experimental specimen at failure and the development of a localised, through-
going zone of deformation. Such behaviour is common for brittle materials with soft (force
controlled, see Figure 4.1) loading conditions but not necessarily developed for brittle mate-
rials with hard (displacement-controlled) loading conditions. We do not use this geometrical
definition of brittle and restrict our attention to displacement-controlled situations where the
deformation within the specimen must be such as to be compatible with the imposed defor-
mation and hence the boundaries of the specimen remain smooth.

Third, the term brittle is often used as a contrast to so-called ductile behaviour and one talks
of the brittleeductile transition. We do not adhere to this usage. To us the term ductile means

FIGURE 8.1 The spatial scales involved in considering brittle deformation. (a) A brittle layer bonded to two
weak deforming layers. Wedge-shaped cracks form in the extending brittle layer. These wedge-shaped cracks are
wedge disclinations and must form in opposing pairs to maintain deformation compatibility. (b) The tip of the crack at
the grain scale. (c) The tip of the crack at the atomic scale. From Marder and Fineberg (1996).
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capable of large permanent deformation without loss of macroscopic continuity. Thus in a displace-
ment controlled situation where all the boundaries are prescribed during the deformation,
brittle materials can show large ductility throughmechanisms involving fracture and catacla-
sis (see Wong and Baud, 2012).

Fourth, the term brittle is sometimes contrasted with the term plastic. Plastic is a term
we use for any material whose deformation is characterised by a yield (or flow) surface
(Chapter 6). Thus a brittle material might be described by a plastic MohreCoulomb or
DruckerePrager constitutive relation, whereas a material deforming by crystal slip or diffu-
sion might be described by a plastic Tresca or von Mises constitutive relation. Both classes of
behaviour are characterised by yield surfaces and both are plastic materials.

We believe the best way of thinking of the differences in these various types of behaviour is
solely in terms of the processes operating and there is a complete spectrum in behaviours be-
tween relatively rate- (and temperature-) insensitive process characterising brittle fracture and
rate- (and temperature-) sensitive processes, such as the motion of dislocations, disclinations
and point defects in crystal structures and at grain boundaries, characterising viscoplastic pro-
cesses. At the brittle end of the spectrum the constitutive behaviour tends to be sensitive to
changes in hydrostatic pressure, whereas at the visco-plastic end of the spectrum the consti-
tutive behaviour is relatively insensitive to changes in pressure. Thus instead of using the
term brittleeductile transition one should use a term such as brittleevisco-plastic transition.

Two different classes of theory are developed for brittle behaviour. One involves dynamic
crack growth where the inertia of the system plays an important role in driving crack propa-
gation; such theories are important for earthquake dynamics. The other class involves quasi-
static crack growth which means that the kinetic energy of the system can be neglected.
Motivated by the discussion of Nguyen and Einav (2009), we distinguish five different appli-
cations of Fracture Mechanics (Figure 8.2). One, Rupture Mechanics, relevant to the propagation
of faults, is a dynamic process where the kinetic energy of the system is important during
initiation and growth of the fracture. A second is Damage Mechanics, applicable to many
different loading conditions and deformation processes and concentrating on distributed

FIGURE 8.2 The different approaches to Fracture Mechanics. Inspired by Nguyen and Einav (2009).
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fracture commonly in the vicinity of strongly deformed bodies of rock. We consider the sub-
ject in some detail in Chapter 10.

A third application, Breakage Mechanics, concerns the fragmentation and particle size
reduction processes within fault and shear zones and we look at this aspect in Section 8.6.
We believe it is important to emphasise another class of behaviour, Patterned Fracture
Mechanics, characterised by the patterned development of fractures (Figure 8.3). This fourth
kind of behaviour is of main concern to structural geologists and the reason we distinguish
this as a distinct class is that it has received relatively little attention and emphasis in the liter-
ature. Attempts to analyse the development of fracture patterns (Pollard and Aydin, 1988;
Mandl, 2005) have mainly relied on linear elastic fracture mechanics and have considerable
trouble in discussing the origin of fracture patterns, particularly multiple fracture systems,
and the length scales involved in their development. We do not pretend that significant prog-
ress has been made in this area since the work of Hobbs (1967), Pollard and Aydin (1988) and
Mandl (2005) but recent work that treats the development of structural patterns as energy
minimising mechanisms forced by the necessity for deformation compatibility offers consid-
erable promise and insight. Such approaches focus on energy and compatibility issues rather
than on stress distributions as controls on fracture development as is the traditional fracture
mechanics approach. It is unfortunate that the majority of experimental observations have
been obtained for dynamic situations where the kinetic energy of the loading frame is an
important consideration (soft loading conditions) rather than for fully displacement con-
strained (hard) loading conditions.

Another, fifth, application of fracture mechanics is that pertinent to the development of
breccias as illustrated in Figure 8.4(d). This area presumably overlaps with Breakage
Mechanics but is distinguished by the presence of fluids which facilitate fragment formation,
rotation, transport and multiple cycles of these processes. We call this application Fluidised
Fracture Mechanics but leave detailed discussion of the processes involved to Volume II.

(a) (b)

FIGURE 8.3 Fracture patterns in quartzite. These two images (a) and (b) are from adjacent outcrops of Heavitree
Quartzite in Ormiston Gorge, Northern Territory, Australia. Although near-orthogonal patterns of joints are
developed in both localities, the nature of the fracture surfaces is quite different. A nearby outcrop is shown in
Figure 8.4(c). In (a) which is a photograph of a near-horizontal surface, plumose markings can be observed on this
surface indicating that it also is a fracture surface. Thus, although bedding is also approximately coincident with
this surface, the rock mass is broken into three joint sets that are close to being mutually orthogonal as shown in
Figure 8.4(c). In (b) one of the joint sets has become irregular.
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(a)

(c)

(e) (f)

(d)

(b)

FIGURE 8.4 Patterns of rock fracture. (a) Complicated fracture systems. Hilton Mine, Mt. Isa, Australia. Scale:
Base is 1 m across. (b) Quartz vein systems, Fountain Springs, Queensland, Australia. Scale: Outcrop is 2 m across.
(c) Orthogonal joint patterns in Heavitree Quartzite, Ormiston Gorge, Central Australia. (d) Breccia, Fountain
Springs, Queensland, Australia. Scale: Outcrop is 1 m across. (e) Cataclasite from Namibia. From Trouw et al. (2010).
Scale: Base is 16 mm across. (f) ‘Domino’ structure resulting from brittle deformation of K-feldspar with recrys-
tallised quartz filling gaps between feldspar fragments. West-central Arizona. From Singleton and Mosher (2012).
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This chapter is mainly concerned with the fracture patterns that are developed in deformed
metamorphic rocks. The subject is important because it supplies examples of one end mem-
ber of a spectrum of structure development that spans the complete range from brittle to
visco-plastic behaviour. All of the structures that develop in this spectrum, whether they
be joints, faults, veins, shear zones, folds, boudins or foliations are characterised by more
or less periodic spatial patterns, although the patterns at the brittle end of the spectrum
tend to be by far the most complex. The question is: why does this trend towards periodicity exist
and what controls the length scales involved? We also include here the controls on the evolution
of grain size distribution that arise within zones of cataclasis. An understanding of such evo-
lution is important since it is one of the few measurable features of strongly deformed brittle
rocks that tell us something about process.

Of the various modes of rock deformation, brittle deformation is the least understood. This
is not to say that some of the physics is not well understood (see Paterson and Wong, 2005)
the issue is that the patterns of deformation that form during brittle deformation appear to have
little regularity either in space or time so that in many instances a large number of different
orientations of fractures develop and overprint each other in bewildering complexity
(Figure 8.4(a) and (b)). The essential problem is to understand this complexity at least to
the extent that it supplies information on the conditions and the kinematics of deformation.

The study of brittle deformation is in its infancy compared to developments in crystal plas-
ticity; a number of different but overlapping approaches exist. One is the experimental study
of rock fracture typified bywork reported in Paterson andWong (2005). A second approach is
to consider the development of rock fractures essentially in terms of the stress fields that are
associated with their development; excellent treatments in this regard areMandl (2005) and a
review by Pollard and Aydin (1988). A third approach is to develop constitutive relations for
the deformation of rock by brittle flow; a review is given by Brantut et al. (2013). A fourth
approach is to try to understand the role that rock fractures play in the kinematics of rock
deformation and that is the route we concentrate on here.

The essential questions we ask are: What is meant by brittle behaviour and how does it differ
from plastic or ductile behaviours? What controls the orientations of fracture systems in deformed
rocks (Figure 8.3)? What controls their spacings? Why do complicated overprinting relations such
as illustrated in Figure 8.4(a) and(b) develop and what do such fabrics mean? What controls the devel-
opment of breccias such as that in Figure 8.4(d)? How do cataclasites (Figure 8.4(e)) contribute to rock
deformation? What are the relations between rock fracture and other processes such as dissolution,
compaction, shear heating, mineral reactions and fluid transport and how are such relations expressed
in the rock fabric?

We begin this chapter (Section 8.2) by examining the general principles that govern the
development of patterned structures during deformation no matter if the constitutive behav-
iour is brittle or visco-plastic, and then concentrate in the remainderof the chapter on thosepat-
terns that arise from brittle processes. This part of the chapter involves theories to do with
minimisation of energy and the necessity for continuous refinement of structure in order to
achieve thisminimisation and simultaneouslymatch an imposeddeformation (see Chapter 7).

In Section 8.3 we consider some aspects of the mechanics of fracture. The traditional way
of treating brittle behaviour is to try and extend the studies involving simple mechanical tests
where specimens are subjected to point loads or uniaxial soft loading conditions; for the most
part in such experiments there is little or no constraint on the behaviour of the specimen once
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failure occurs so that brittle failure is commonly associated with disintegration of the spec-
imen. Such disintegration and/or catastrophic failure is not what we are concerned with
in the development of fracture systems in rockmasses wheremacroscopic continuity is main-
tained. The emphasis in the traditional approach is on the stress field associated with a single
fracture. We briefly summarise some of this work in Section 8.3. The classical approaches of
Griffith and Barenblatt are included here with the associated concepts of stress fields at crack
tips, stress intensity factors and fracture toughness. These approaches have been very suc-
cessful in explaining many aspects of brittle behaviour but they have considerable difficulty
in treating multiple, overprinting fracture systems that develop in well-defined spatial pat-
terns and particularly in arriving at length scales that define fracture spacing in these
patterns.

Since about 1975 (de Giorgi, 1975), an approach to brittle fracture based on the two con-
cepts of energy minimisation and global compatibility of the kinematics of the fracture sys-
tem with the imposed deformation has had some success in addressing the issue of fracture
patterning. We consider these concepts in Section 8.3 where we build on the material in Sec-
tion 8.2. In particular we emphasise that many of the structures that develop in deformed
metamorphic rocks develop by the motion of defects. Instead of the traditional classification
of fractures into Mode I, II and III we find it more instructive to view these features as special
cases of Volterra defects in elastic materials and refer to dislocations and disclinations. Although
such concepts are widely attributed to processes that occur in the plastic deformation of sin-
gle crystals, the generalised concepts are just as applicable to any elastic medium and their
usage makes it clear why various kinds of accommodation processes such as compaction,
dissolution and chemical reactions may be associated with fracture networks. We also find
it useful to introduce another defect common in fractured rocks, namely, dilclinations, which
are linear dilational defects expressed as veins, stylolites and/or compaction bands. We also
consider kinematic controls on the number of fracture systems that develop, on fracture
orientation and the compatibility requirements that enable complex multiple fracture sys-
tems to develop.

In Section 8.4 we examine the kinematics of fracture formation and the relation between
the eigenvectors of the flow field and the orientation of fractures. We integrate this geomet-
rical relation with a general energy-kinematic approach to the formation of patterned fracture
systems. Compaction appears to be an important deformation mechanism that commonly
acts as an accommodation process to enable fractures to form in a macroscopic isochoric
deformation and we consider the extreme end member in this process, compaction banding,
in Section 8.5. In Section 8.6 we examine a model for a general deformation of a rock mass
by brittle processes using the breakagemechanics approach of Einav (Einav, 2007a, b, c; Einav
et al., 2007).

We first address some semantic issues: A distinction is sometimes made between a joint
and a fault, both considered to have formed by fracture of the rockmass, on the basis of detect-
able displacements parallel to the plane of fracture (Mandl, 2005); a joint is said to have no
observable displacement parallel to the joint surface (although it can have displacements
normal to the joint surface), whereas a fault is characterised by displacements parallel to
the fault. We consider such a distinction to be somewhat arbitrary and opportunistic and
also subjective. In what follows we use the term joint to mean any planar fracture surface in
a rock mass arising from deformation, independently of the displacement field involved in its
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formation. The term fault is used when one wants to emphasise the displacement parallel to
the fracture. In many instances fracture surfaces in deformed rocks are now delineated by
quartz, carbonate or other minerals so that they are identified as veins. We make no distinc-
tion here. All such surfaces are fractures, although the possibility of displacive veins (Merino
and Canals, 2011) is recognised. If we want to emphasise the fact that the features are veins
then we use that term. We are not concerned here with joints that develop during cooling or
unloading of rock masses or during compaction arising from a superimposed sedimentary
load.

8.2 THE MECHANICS OF PATTERN FORMATION DURING
DEFORMATION

In this section we discuss approaches developed over the past 40 years or so that concen-
trate on the concept that structures formed during deformation, no matter the scale or the
process involved, develop into patterns that minimise the energy of the system. Importantly,
these patterns also enable the available deformation mechanisms (fracture, twinning, dislo-
cation glide, subgrain rotation and so on) to accommodate the imposed deformation so that
the deforming material remains compatible with the macroscopically imposed displacement
boundary conditions.

The classical theory of the plasticity of solids, developed by writers such as Hill (1958)
and Drucker (1959) emphasises stability of the loading problem and is expressed in Druck-
er’s postulate that the energy functional is convex (a functional is a function that is a function
of a function, although we will mainly use the term function unless the distinction is impor-
tant). This ensures stability of the deformation. However, a ubiquitous feature of deformed
solids, especially deformed metamorphic rocks, is the development of instabilities in the
form of localised fracturing, shearing, necking, kinking, subgrain formation and dislocation
patterning that result in some form of structure, commonly characterised by various fractal
scaling laws. Understanding the formation of structure is essential to understanding the
strength of materials especially at the microscale since materials with microstructure can
be stronger or weaker than materials without microstructure and develop anisotropic phys-
ical properties. At length scales larger than the grain scale, other patterned structures, such
as folding and delamination, develop in anisotropic materials and are also fundamental to
the performance of the materials. In geological materials an understanding of such features
associated with the development of structure at all scales is critical to deciphering Earth
history.

Departures from the postulate of convex energy functionals that characterise classical plas-
ticity and the Drucker postulatewere first studied in the field of nonlinear finite elasticity with
particular application to martensitic transformations and the development of materials with
memory of their initial geometry. Such developments are based on minimisation of non-
convex energy functionals and for non-dissipativematerials employ theorems in the Calculus
ofVariations byTonelli (1921, 1923) andMorrey (1952) that involve conditions for convergence
and stability for sequences that minimise the energy functional. de Giorgi (1975) was respon-
sible for drawing the analogy between such minimisation sequences and the development of
microstructure. The overall development of the theory of microstructures in nonlinear elastic
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materials has been heavily influenced by Ericksen (1975), Truskinovsky (1996), Truskinovsky
andZanzotto (1995, 1996), and Ball and James (Ball, 1977, 2004; Ball and James, 1987; Ball et al.,
1991) who also emphasise that the minimising sequences can result in fractal geometries. The
subject is now fairlymature except for two aspects: Themicrostructures described by these en-
ergy minimisation procedures are based on observations of microstructures actually devel-
oped in martensitic materials. First, there is no theory for determining the detailed
geometry of the microstructure or whether a given microstructure that minimises the energy
is unique, except for the geometrical constraint that the deformation from one part of the
microstructure to another must satisfy certain jump conditions (see Section 2.10). Second,
the existing theory is essentially ‘static’ with no overarching principle that describes how a
given microstructure might evolve for arbitrary finite deformations.

The theory involving non-convex energy functionals has been extended to the devel-
opment of fracture systems by Truskinovsky (1996), Francfort and Marigo (1998), Del
Piero and Owen (1993), Del Piero and Truskinovsky (2001) and Choksi et al. (1999).
Again, as with the theoretical development for nonlinear elastic materials, there is as
yet no theorem to show whether a given pattern of fractures is unique in minimising
the energy functional.

8.2.1 Energy Minimisation and Structural Refinement

We follow proposals that have a basis in the development of microstructures in systems
characterised by nonlinear elasticity and that are particularly well developed for martensitic
microstructures (Ball and James, 1987; Bhattacharya, 2003). The approach treats the devel-
opment of microstructure, and in our case, the development of fracture systems as a phase
transition (Truskinovsky, 1996) where the microstructure develops in order to minimise a
non-convex energy function in exactly the same manner as two chemical phases develop
at a chemical phase transition (Powell, his Chapter 2, 1978). The non-convex energy in me-
chanical systems arises from geometrical and/or constitutive softening or from contribu-
tions to the total energy from a number of subsystems as we explore below. The basic
principle is outlined thus: Consider a system deforming under the influence of some
imposed boundary conditions and where the energy of the system, as a function of the
imposed deformation measured by the deformation gradient, F, consists of a number of
wells as shown in Figure 8.5(a). The system tends to deform so that the total energy of
the system is minimised and in the case of the energy function shown in Figure 8.5(a)
this would ideally correspond to the bottom of one of the wells. If the imposed deformation,
F, corresponds to the base of one of the wells then the deformation can be achieved in a ho-
mogeneous manner. If, however, the deformation does not correspond to one of the wells
but to the average of two or more wells, the deformation can be achieved by combining
some mixture of the deformations corresponding to each well. However, such a mixture
cannot be arbitrary since there is a kinematic constraint that the average deformation be
compatible with the imposed deformation. We will see below that this compatibility
requirement can only be met by developing microstructure at a number of spatial scales.
If more than one orientation of microstructural elements is required for compatibility, quite
complex patterns can arise with a number of length scales involved. We first look at a one-
dimensional example below taken from Bhattacharya (2003).
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Consider a bar of unit length bonded to an elastic substrate and undergoing deformation
parallel to its length. The coordinate system is shown in Figure 8.5(a). The deformation is
y ¼ y(x), so that the deformation gradient, F, is the scalar:

F ¼ dy

dx

FIGURE 8.5 Examples of energy minimising microstructural arrangements. (a) A one-dimensional layer
bonded to an elastic substrate (above) and the elastic energy plotted against the deformation gradient, F (below). (b)
The succession of deformations that comprises a sequence that gets closer and closer to minimising the energy in (a)
as the deformations become finer and finer. (c) The elastic energy for an elastic two-dimensional layer constrained
by two deformations with gradients, F1 and F2. (d), (e) and (f) are adapted from Bhattacharya (2003). The succession
of deformations that comprises a sequence becomes closer and closer to minimising the energy in (c) as the de-
formations become finer and finer. In (e) and (f) another set of deformations is added at the ends of the chevrons to
maintain compatibility with the imposed deformation, F2.
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We assume that the energy density, j(x), is given by

jðxÞ ¼ �
F2 � 1

�2

This function is shown in Figure 8.5(a) and has two minima at F¼ þ1 and F¼�1. Such an
energy function arises from geometrical reorientation of slip systems or from any form of
nonlinear constitutive behaviour that involves softening of a material parameter such as
the elastic modulus or softening of the load bearing capacity (see Chapter 7).

The total energy of the system is given by

E½y� ¼
Z1

0

nh
jðFðxÞÞ þ ðyðxÞÞ2

io
dx ¼

Z1

0

nh
ðFðxÞÞ2 � 1

i2 þ ðyðxÞÞ2
o
dx (8.1)

Note that the term (y(x))2 is the energy of the elastic substrate. We now attempt to minimise
the total energy with respect to the deformation, y. The absolute minimum for the total en-
ergy is zero. This requires that both terms in the integrand of (8.1) are zero. Hence we
need to find a deformation that satisfies both

FðxÞ ¼ dy

dx
¼ �1 and yðxÞ ¼ 0 (8.2)

However, if y(x) ¼ 0 everywhere then FðxÞ ¼ dy
dx ¼ 0 and this does not satisfy the first

requirement in (8.2). Hence it is evident that there is no single deformation, y(x), that minimises
the total energy of the system.

However, it turns out that if we allowmore than one deformation we can get as close as we
wish to minimising the energy. In fact we can find a series of deformations, y(n) with n ¼ 1, 2,
3., which has progressively smaller and smaller energy as n/N. Let the first term in (8.1)2
be zero and so consider the first deformation shown in Figure 8.5(b):

yð1ÞðxÞ ¼ x if 0 < x <
1

2

¼ ð1� xÞ if
1

2
� x < 1

This is a sawtooth or kink-like deformation with slopes F(1) ¼ 1 on the left half and
F(1) ¼ �1 on the right half. The total energy is now given by

E
h
yð1Þ

i
¼

Z1=2

0

x2dxþ
Z1

1=2

ð1� xÞ2dx ¼ 1

12

If there are n deformations given by

yðnÞðxÞ ¼ x if 0 < x <
1

2n

¼
�
1

n
� x

�
if

1

2n
� x � 2

2n
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then

E
h
yðnÞ

i
¼ n

Z1=2n

0

x2dxþ n

Z2=2n

1=2n

�
1

n
� x

�2

dx ¼ 1

12n2

Examples for n ¼ 2 and 6 are shown in Figure 8.5(b). Thus we cannot minimise the total
energy of the system with just one homogeneous deformation but we can get arbitrarily close
to minimising the energy with combinations of more than one deformation at finer and finer scales.
This is the fundamental principle behind the development of structure in deformed rocks at all scales.

Bhattacharya (2003) continues and explores a two dimensional deformation where the
deformation gradient, F, is now a vector:

F ¼ Vy ¼
�
vy

vx1
;
vy

vx2

�
¼ fF1; F2g

The plate to be deformed is square with edges of length, L. Now there is no need to intro-
duce an elastic substrate to introduce problems in energy minimisation into the problem and
the energy is given (Figure 8.5(c)) by

jðFÞ ¼ �
F21 � 1

�2 þ F22

where problems in energy minimisation arise through the deformation being required to be
compatible with both F1 and F2. With exactly the same argument as in the one-dimensional
example one can show that continuously refining the structure in the form of kink-like defor-
mations can bring the energy arbitrarily close to zero; however, the resulting structure
(Figure 8.5(d)) is not compatible with the boundary conditions and the kink structures
need to be cut off in the x2 direction (Figure 8.5(e) and (f)) in order to achieve compatibility
with the imposed deformation. The resulting fine-scale structure consists of a kink-like struc-
ture with the deformation gradient alternating between Vy(n) ¼ {1,0} and Vy(n) ¼ {�1,0} cap-
ped by deformations with deformation gradients Vy(n) ¼ {0,1} and Vy(n) ¼ {0,�1}
(Figure 8.5(f)). The energy of the system can be shown to equal (L2/n) and so approaches
zero as n/N. Ortiz and Repetto (1999) have shown that an alternative way of maintaining
compatibility with the boundary conditions consists of continuous refinement (Figure 7.20)
of the structure in the x2 direction instead of the single cut-offs shown in Figure 8.5(e) and
(f). Such refinement structures are common in deformed rocks and two examples are given
in Figure 7.21. Another example is the core and mantle structure common in partially recrys-
tallised aggregates.

These arguments also give some insight into a length scale that may be associated with
the structure. The discussion indicates that we can reduce the energy of the system, (L2/n),
and maintain compatibility with the imposed deformation by increasing n and so by mak-
ing the structure finer and finer. However, there is a lower limit to the fineness of the struc-
ture set by the interfacial energy required to produce the interfaces between the two
deformations. This might be the interfacial energy of a twin, the energy required to produce
a fracture surface or the interfacial energy associated with the formation of a subgrain. We
call this interfacial energy j0 per unit length of boundary. Then the total energy of the sys-
tem is
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E
z}|{Total energy of the system

¼ L2

n

z}|{Bulk energy

þ ðj0LnÞ
zfflfflffl}|fflfflffl{Surface energy � length � number of interfaces

Notice that this is not minimised as n/N. E is minimised for n ¼
	

2
j0


1=2 ffiffiffi
L

p
so that the

density of the minimising structure that minimises the total energy is related to a length scale
set by the specimen. This is in general accord with what we see where the length scale of the
microstructure is set by layer thickness, grain size or some other length scale characteristic of
the specimen.

We repeat, the essential and fundamental principle that arises from this discussion is that a
homogeneous deformation cannot minimise the total energy of a deforming system (with a non-convex
energy function) and at the same time satisfy the constraints of the imposed deformation; the develop-
ment of structure at all scales in deforming rocks is the response to satisfying these two conditions.

8.3 THE GEOMETRY AND PHYSICS OF FRACTURE

8.3.1 Stress-Based Approaches to Fracture: Griffith and Barenblatt

Classical fracture mechanics is a well-developed field with an enormous literature. We can
only hope to cover a few aspects of the subject here. The interested reader should consult
Orowan (1949), Irwin (1957), Liebowitz (1968), Paterson (1978) and Paterson and Wong
(2005) for detailed discussion and further references. The theory begins by noting that the
strength of a rock that fails by brittle mechanisms is far below the theoretical estimates for
a homogeneous, defect-free material. The argument is as follows: The strain at failure by frac-
ture is commonly of the order of 1% (shortening or elongation). Assuming linear elasticity
with a Young’s modulus, E, the stress at failure should be of the order of sfailure¼ E/100. Since
a reasonable value for E for rocks is of the order of 5� 1010 Pa this means the theoretical value
of sfailure should be about 0.5 GPa which is at least an order of magnitude higher than what is
observed. Thus the conclusion is that defects are initially present in thematerial in the form of
microcracks or pores and fracture initiates due to local stress concentrations induced by these
defects.

The enduring contribution to fracture mechanics was made by Griffith (1921) who pro-
posed that initial imperfections in an elastic material loaded with a tensile stress sT, provided
sites for fractures to grow. He calculated that the decrease in elastic energy,Welastic, of the ma-
terial due to the development of an elliptical crack of length 2l is

Welastic ¼ pl2s2
T

E

Then, if g is the surface energy density of the newly formed crack,

Wsurface ¼ 4lg

8.3 THE GEOMETRY AND PHYSICS OF FRACTURE 255

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



Thus the energy, W, of the system is expressed by

W ¼ Wsurface �Welastic ¼ pl2s2
T

E
� 4lg (8.3)

Griffith proposed that an elliptical crack grows if W is minimised. That is, vW
vl ¼ 0, which

gives the stress at fracture, sfracture as

sfracture ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eg

plcritical

r

where lcritical is a critical length for the crack; beyond that length the energy of the system
drives crack growth. The critical length corresponds to a minimum energy,
Wmin ¼ �2glcritical; the quantity 2g is variously known as the critical energy release rate or the
modulus of cohesion and is clearly a material-dependent parameter. Sometimes this quantity
is called the fracture toughness. Also used in fracture mechanics are quantities called stress in-
tensity factors (Paterson andWong, 2005) that describe how the stress at a crack tip scales with
crack length; different stress intensity factors are defined for Mode I, II and III cracks.

If we identify W with the Helmholtz energy of the system, then we see that the energy of
the system is a convex function of l as shown in Figure 8.6(a). Notice that the Griffith energy
of the crack is proportional to a surface area whilst the bulk energy of the material is propor-
tional to a volume so that the ratio of bulk to surface energy is geometry dependent. Hence
the Griffith theory says that the breakage pattern should be length dependent and not just a
function of a breakage criterion. This is sometimes put forward as one of the many objections
to the Griffith theory. The Griffith theory has been modified by many subsequent workers.
One of the important modifications is due to Barenblatt (1959, 1962) who proposed that
the breakage process is not simply an on or off process where atomic bonds are either broken
or are intact, as in the Griffith theory, but that atomic bonds stretch before breaking giving a
concave, nonlinear energy as shown in Figure 8.6(b).

FIGURE 8.6 Energy functions for fracture. (a) The total energy of a fracturing elastic system according to the
Griffith theory, (8.3). (b) The cohesive term in (8.3) according to the Griffith and Barenblatt models.
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8.3.2 Energy-Based Approaches with Deformation Compatibility

Although the Griffith theory (with subsequent modifications) has been amazingly success-
ful in engineering design problems, it suffers from four major drawbacks (Bourdin et al.,
2008): (1) There is no criterion for the initiation of a fracture; (2) irreversibility, or the existence
of a threshold beyond which the advance of a crack cannot be reversed is not treated; (3) the
path of the crack as it grows is not explained and (4) crack patterns including branching and
the development of multiple cracks with a more or less uniform spacing are not included in
the theory (in fact one can show (Del Piero and Truskinovsky, 2001) that given Griffith-type
arguments for the energy of the system the energy of a single bar with a given elongation is
minimised by the development of a single fracture). The last drawback is of course of funda-
mental importance for structural geology.

The Griffith theory of fracture assumes that the surface energy density is a constant that
is independent of fracture opening (Figure 8.6(b)); the assumption is that atomic bonds sim-
ply break without prior stretching. The Barenblatt theory assumes some bond distortion
prior to breakage so that the surface energy density is an increasing, concave function of
the displacement discontinuity (Figure 8.6(b)). The two models are consistent if one as-
sumes that the Barenblatt energy approaches the Griffith energy asymptotically. If this is
the case the two models are formally equivalent (Willis, 1967; Rice, 1968; Marigo and
Truskinovsky, 2004). The classical theories of fracture therefore involve the assumption of
a convex energy function combined with a concave function. Other energy functions
have been explored by Francfort, Truskinovsky and others (Truskinovsky and Zanzotto,
1995; Francfort and Marigo, 1998; Del Piero and Truskinovsky, 2001; Marigo and Truskinov-
sky, 2004; Francfort, 2006; Bourdin et al., 2008). These authors have selected energy func-
tions motivated by the forceedisplacement curves that are observed during fracturing
experiments. To see some of this variety we present the classical energy density of Griffith
in Figure 8.7(a) as a plot of the energy density, j, against some measure of the deformation
gradient, F. Since the force is obtained from the derivative of the jeF curve, the correspond-
ing forceedisplacement curve is shown in Figure 8.7(b) which corresponds to linear elastic-
ity. Increasing levels of detail in the energy curves are shown in Figure 8.7(c), (e) and
(g) with the corresponding forceedisplacement curves shown in Figure 8.7(d), (f) and
(h). All of these energy functions result in the development of fracture systems as minimis-
ing sequences rather than just a single fracture (Truskinovsky and Zanzotto, 1995; Francfort
and Marigo, 1998). An example is shown in Figure 8.8 where a sequential development of
fractures is shown as a bar is extended. Notice that the cracks are not spaced in a strictly
periodic manner.

8.3.3 Modes of Fracture

In Fracture Mechanics, fractures are classified (see Paterson and Wong, 2005) as Mode I
(opening cracks), Mode II (shear cracks) and Mode III (rotational cracks). Although such a
classification is clearly insightful and useful in designing experiments and calculating stress
fields associated with crack tips, it does not provide insight into the long-range stresses and
deformation fields associated with the cracks. A more informative way of considering frac-
tures is to consider them as defects in an elastic medium and treat the deformation as arising
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from themotion of these defects just as one would consider dislocations and disclinations in a
plastically deforming polycrystal.

An important way of considering such defects was introduced by Volterra (1907) by por-
traying defects as modifications to a cut made in a hollow elastic cylinder (Figure 8.9(a))
whose axis is L. The surfaces of the cut are displaced relative to each other by some amount.
If the displacement is a simple translation the defect is known as a dislocation; in crystals the

FIGURE 8.7 Various energy
functions and the corresponding
forceedisplacement curves. All of
the forceedisplacement curves are
observed in experiments on brittle
materials. See Jaeger and Cook, 1969,
Brady and Brown, 1993.
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displacement is known as the Burgers vector, b, and its magnitude is related to the crystal
structure and both L and b are commonly rational crystallographic directions. In non-
crystalline materials the displacement, s, is controlled by the imposed deformation. If the
displacement is a rotation then the defect is known as a disclination. The displacement is
described by the Frank vector, u, which is a vector along the axis of rotation for the defect
with a magnitude equal to the magnitude of the rotation. The magnitude of u is known as
the strength of the disclination. Again, in crystalline materials both L and u are commonly
rational crystallographic directions and the magnitude of u is controlled by the crystal struc-
ture. For many years it was thought that disclinations involved too much energy of formation
to exist in crystalline materials but if the disclinations occur in suitable configurations where
the distortion of one disclination is offset by the distortion of another they are stable and have
now been widely recognised in deformed crystals (Taupin et al., 2013; Cordier et al., 2014; see
Chapter 9). Disclinations are common in fractured materials as we will see.

Thus the deformation of materials can be viewed as the motion of linear defects. In what
we have considered so far these defects are of two kinds: those that separate slipped from
non-slipped regions of the material (dislocations) and those that separate rotated from non-
rotated regions (disclinations). We will see (see Figure 8.9) that two other forms of linear de-
fects can be identified that are important deformation mechanisms: those that separate
dilated from non-dilated regions (dilclinations) and those that separate regions of phase
change from regions of no phase change (disconnections).

This way of considering defects makes it clear what the long-range distortions of the cyl-
inder must be in order to accommodate the defect and distinguishes between linear defects
that are associated solely with translation (dislocations or Mode II and III cracks) and those
associated with rotation (disclinations as Mode I cracks are one example). Some forms of
these defects are shown in Figure 8.9 and many others are considered by Volterra (1907).

FIGURE 8.8 Sequential development of a multifracture system in a rod undergoing extension. The energy
function is non-convex. From Bourdin et al. (2008). Note that the fractures develop sequentially and not all at once.
Also the spacing is not strictly periodic.
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The defects shown in Figure 8.9 are (b) an edge dislocation with stL, (c) a screw dislocation
with skL, (d) a wedge disclination with ukL, (e) a wedge disclination with utL, (f) a twist
disclination with utL, (g) a dilclination where a dilation measured by the opening, d, dis-
torts an initially circular cylinder into an elliptical cross-section cylinder with elastic elonga-
tion measure by d/ and (h) a combined dilclination with an edge dislocation. For
completeness in Figure 8.9(i) we add one form of disconnection where one mineral phase,
A, abuts another phase, B. The defect with Burgers vector, b, and height, h, is a disconnection.
A grows into B (or vice versa) by the motion of the disconnection.

The detailed geometry of dislocations and disclinations is considered by Kroner and
Anthony (1975) and Romanov and Kolesnikova (2009). An analysis of disconnections is given
by Howe et al. (2009). We revisit these concepts with respect to crystal plasticity in Chapter 9.

FIGURE 8.9 The geometry of some defects in an elastic cylinder. (a) Original undeformed cylinder with axis, L.
A cut is made along the surface indicated. (b) Edge dislocation. (c) Screw dislocation. (d) Wedge disclination. (e)
Wedge disclination. (f) Twist disclination. (g) Distorted cylinder with additional material added resulting in a
displacement d. This is a positive dilclination and corresponds to a Mode I crack filled with vein material or, in the
case of crystal plasticity, the insertion of a plane of new atoms. If material is removed, as in the case of a stylolite,
dissolution seam or a plane of atoms during climb of a dislocation then the defect is a negative dilclination. (h) A
positive dilclination coupled to an edge dislocation or Mode II crack with slip vector, s. (i) A disconnection relating
one mineral phase, A, to another, B. This defect is characterised by a Burgers vector, b, and a step height, h.
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8.3.4 How Many Independent Fracture Systems are Required for a General
Brittle Deformation?

This is the familiar question asked in crystal plasticity and one common answer in that
case is known as the von Mises criterion: five independent slip systems are required in crystal
plasticity to accommodate a general imposed strain. Clearly if there is no opening normal to
the fracture, so that all fractures are dislocations, then the von Mises condition holds for
deformation by slip on fractures just as it does for crystal slip, although the scale is different.
The question addressed in this chapter is: what is the equivalent of the von Mises criterion if veins
(dilclinations or disclinations) develop also?

8.3.4.1 The Deformation Gradient Associated with Fracture

We consider a situation where a vein forms as a fracture slips and the vein opening is
normal to the fracture. More complicated patterns of opening (see Bons et al., 2012) could
be considered using the same arguments. Consider a point, P, lying on the fracture plane
(Figure 8.10), with position vector, r0, unit normal, m, and unit slip direction, s. During
slip parallel to s and an opening, d, parallel to m, P is displaced to P/ with position vector,
r. Then, if g is the shear strain associated with the slip and ε is the stretch associated with
displacements normal to the fracture (in the form of vein opening), the displacement, u, is
given by

PP0 ¼ u ¼ r� r0 ¼ gðr0,mÞsþ εðr0,mÞm
¼ ðr0,mÞðgsþ εmÞ

so that the deformation, r(x), is given by

r ¼ r0 þ ðr0,mÞðgsþ εmÞ
Now r0, m and s are given in terms of the unit vectors, i, j and k (Figure 8.10(a)) as

r0 ¼ x1iþ x2jþ x3k

and

m ¼ m1iþm2jþm3k ; s ¼ s1iþ s2jþ s3k

Then if F is the deformation gradient for the deformation arising from slip and opening,

F11 ¼ vr1
vx1

¼ v

vx1

�
x1 þ ðr0,mÞðgs1 þ εm1Þ



¼ v

vx1

�
x1 þ ðx1iþ x2jþ x3kÞ,ðm1iþm2jþm3kÞðgs1 þ εm1Þ



¼ v

vx1

�
x1 þ ðx1m1 þ x2m2 þ x3m3Þðgs1 þ εm1Þ



¼ 1þm1ðgs1 þ εm1Þ
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Similarly,

F23 ¼ vr2
vx3

¼ v

vx3
½x2 þ ðr0,mÞðgs2 þ εm2Þ�

¼ v

vx3
dx2 þ ðx1m1 þ x2m2 þ x3m3Þðgs2 þ εm2Þe

¼ m3ðgs2 þ εm2Þ

FIGURE 8.10 Geometry of fracture/vein formation. A point P (with position vector, r0) is displaced an amount
b to a new point P/ (with position vector, r) involving a component of slip on the fracture parallel to the unit slip
vector, s, within the fracture plane with unit normal,m. i, j, k are unit vectors parallel to the coordinate axes. d is the
displacement arising from vein opening.
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Similar arguments enable the complete deformation gradient to be written:

F ¼

2
664

1þm1ðgs1 þ εm1Þ m2ðgs1 þ εm1Þ m3ðgs1 þ εm1Þ
m1ðgs2 þ εm2Þ 1þm2ðgs2 þ εm2Þ m3ðgs2 þ εm2Þ
m1ðgs3 þ εm3Þ m2ðgs3 þ εm3Þ 1þm3ðgs3 þ εm3Þ

3
775 ¼ Iþ gm5sþ εm5m

The trace of the deformation gradient is 3þ gðm1s1 þm2s2 þm3s3Þ þ εðm2
1 þm2

2 þm2
3Þ.

Since m and s are not orthogonal, the trace is not zero and the deformation is not isochoric.

The small strain tensor, εij ¼ 1
2

	
vui

vxj
þ vuj

vxi



is

εij ¼

2
666664

m1ðgs1 þ εm1Þ g

2
ðm1s2 þm2s1Þ þ εm1m2

g

2
ðm1s3 þm3s1Þ þ εm1m3

g

2
ðm1s2 þm2s1Þ þ εm2m1 m2ðgs2 þ εm2Þ g

2
ðm3s2 þm2s3Þ þ εm2m3

g

2
ðm1s3 þm3s1Þ þ εm3m1

g

2
ðm3s2 þm2s3Þ þ εm3m2 m3ðgs3 þ εm3Þ

3
777775

(8.4)

and the rotation is

uij ¼ g

2
66666664

0
1

2
ðm2s1 �m1s2Þ 1

2
ðm3s1 �m1s3Þ

�1

2
ðm2s1 �m1s2Þ 0

1

2
ðm3s2 �m2s3Þ

�1

2
ðm3s1 �m1s3Þ �1

2
ðm3s2 �m2s3Þ 0

3
77777775

(8.5)

which is independent of the stretch, ε.
In order to see how many fracture systems are required to accommodate a given imposed

strain consider a single fracture system similar to that in Figure 8.10(a) withm parallel to the
x1-axis (Figure 8.11) and the slip direction, s, inclined at q to the x2-axis.

FIGURE 8.11 Coordinate system for a single vein set with normal parallel to the x1 axis.
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Then;m1 ¼ 1;m2 ¼ 0;m3 ¼ 0 and s1 ¼ 0; s2 ¼ cosq; s3 ¼ sinq:
Thus the deformation gradient becomes

F ¼

2
664

1þ ε 0 0

g cosq 1 0

g sinq 0 1

3
775

and the volume change given by the Jacobian; J; of the deformation gradient;

is J ¼ 1þ ε: The small strain tensor is

εij ¼

2
66666664

ε

1

2
g cosq

1

2
g sinq

1

2
g cosq 0 0

1

2
g sinq 0 0

3
77777775

Thus the vein system can contribute to three of the strain components, namely, ε11, ε12
and ε13. Similarly a vein set with m parallel to the x2 axis can contribute to ε22, ε21 (¼ ε12)
and ε23. The missing component, ε33, can be supplied by any vein system which has an
opening direction that can be resolved in the x3 direction. Thus three vein systems with
normals not coplanar are all that is necessary to accommodate a general imposed strain.
This result is similar to that reached by Groves and Kelly (1969) for the number of inde-
pendent slip systems accompanied by climb in crystal plasticity. The additional argu-
ments by Groves and Kelly for combined climb and slip are relevant to vein systems
as well.

The strain produced by the operation of a number of fracture systems is

εij ¼

2
66666666666664

P3
a¼ 1

h
m

ðaÞ
1

	
gðaÞsðaÞ1 þ ε

ðaÞmðaÞ
1
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"
gðaÞ

2

	
m

ðaÞ
1 s

ðaÞ
2 þm

ðaÞ
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ðaÞ
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"
gðaÞ
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a¼ 1
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3


i

3
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(8.6)

8. BRITTLE FLOW264

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



where the asterisks represent the symmetrically equivalent components. The rotation accom-
plished by these mechanisms is

uij ¼

2
66666666666664

0
P3
a¼ 1

"
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(8.7)

This discussion has involved the number of fracture systems needed to accommodate a
given imposed strain which has five independent components if the volume change is pre-
scribed. The situation becomes a little more involved if one seeks to find the brittle mecha-
nisms necessary to accommodate a given imposed isochoric deformation which has eight
independent components and we consider this aspect in Section 8.4.1.

8.4 A KINEMATIC VIEW OF FRACTURE DEVELOPMENT

It is commonly observed that the brittle deformation of rocks is inhomogeneous at one or
more spatial scales so that patterns of fracture systems develop as shown in Figures 8.3, 8.4
and 8.12. The study of rock fractures is difficult because it is not immediately clear what con-
trols the complex array of fractures we commonly see and if there is any order in the patterns
that develop. The traditional view is to interpret these structures in terms of stress patterns or
trajectories (Mandl, 2005; Pollard and Aydin, 1988; Bai and Pollard, 2000) and such ap-
proaches are quite successful for simple fracture systems such as extension joints or veins

FIGURE 8.12 Vein systems in greenschist facies turbidites, Bermagui, Australia. (a) Approximately equally
spaced veins normal to bedding and confined only to the competent beds. Even here there is complexity with the
presence of other oblique veins and en echelon arrays. (b) More complex arrays in outcrop close to (a) with the same
geographical orientation as (a).
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that occur as a single set normal to competent beds in deformed rocks (Mandl, 2005, his
Figure 4.3). Attempts to consider the development of fracture patterns have met with limited
success. Two papers that provide some insight are Muhlhaus et al. (1996) and Chau et al.
(1998). Part of the problem in applying classical fracture mechanics to fracture pattern devel-
opment is that no length scale is incorporated in the constitutive relations. This presumably
can be remedied using a non-local approach.

A different approach is to interpret the fracture patterns in terms of the kinematics of the
deformation that produced the patterns. In such an approach the stress field is not assumed
to be homogeneous but to evolve according to the displacement field that constitutes the
deformation and the resultant interaction with the constitutive relations for the material in
question. This is particularly important because the displacement field is commonly strongly
localised in the form of distinct fractures, narrow shear zones and diffuse shear zones that
commonly host en echelon arrays of fractures and/or veins.

In adopting a kinematic approach we ask the following questions:

• What controls the orientations of fractures and of other localised planes of deformation? These
other zones of localisation include narrow and diffuse shear zones and diffuse compaction
zones.

• How many fracture systems and other zones of localisation are required to accommodate the
imposed deformation? How are these geometrically necessary deformation systems arranged in
order to accommodate the imposed deformation? Thus the fractures and associated structures
are viewed more as deformation mechanisms that operate to produce the observed
deformation rather than as a group of structures that develop as a result of the imposed
stress field.

• If the overall imposed deformation is constrained to be isochoric, what are the accommodation
mechanisms that allow dilatant behaviour at one place (such as opening of vein arrays) to be
compensated at other places in the rock mass?

8.4.1 Kinematic Controls on Fracture Formation

From a kinematic point of view, compatibility of the velocity field needs to be maintained
along the length of the fracture during its formation so that no overlaps of material occur. A
long fracture can only form if the displacement field associated with the fracture is constant
along its length and maintains compatibility with deformations on either side of the frac-
ture. Thus some displacement fields are not permissible (those on the left of Figure 8.13),
whereas others are permissible (those on the right). In order for a fracture to grow and
not meet problems of incompatibility it must form, at each point, parallel to an eigenvector
of the velocity field. We remind the reader that an eigenvector is a vector in the velocity field
along which lines may shorten or extend or remain constant in length but whose direction
is not changed by the deformation. Tangents to the eigenvectors are surfaces called mani-
folds. If particles in the flow are attracted to the manifold it is called a stable manifold; if par-
ticles are repelled from the manifold it is called unstable (see Chapter 3 for further
discussion).

In a general two-dimensional affine deformation there are two manifolds, one stable and
one unstable (Chapter 3). The exception is a simple shearing deformation where only one
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manifold exists, parallel to the shearing plane. In Figure 8.14(a) we represent the displace-
ment field for the deformation defined for Figure 2.3(a):

x1 ¼ 1:5X1 þ 0:5X2 þ 1:25

x2 ¼ X1 þ X2 þ 1:0

Two manifolds are defined by the lines A-B and C-D. We expect fracture systems similar
to those sketched in Figure 8.14(b) to develop from this deformation. One of these, parallel
to A-B, we expect to be essentially a shear fracture whilst the other, parallel to C-D, we
expect to be an extension fracture. Both, however, can have shear and normal displacements
if the imposed deformation prescribes such displacements as is the case for this
deformation.

In Chapter 13 we consider deformations similar to that depicted in Figure 8.14 but also
derive the eigenvectors of the stretching tensor. These eigenvectors must always be orthog-
onal and hence cannot coincide with the eigenvectors of a general two dimensional affine
deformation where the eigenvectors are never orthogonal except for a pure shear. In general,
the stable manifold for the deformation is approximately parallel to a shortening principal
axis of the stretching tensor so that it is essentially a plane which is undergoing shortening
or elongation with extension normal to the manifold. The unstable manifold is essentially

FIGURE 8.13 Incompatible (left) and compatible (right) two-dimensional displacement fields associated with
fracture formation. Displacement discontinuities are allowed parallel to the fracture as long as lines either side of
the fracture are extended or shortened by equal amounts.
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a shear plane. For many materials the constitutive relation connecting the stress, s, and the
stretching, d, tensors is of the form

s ¼ ad

so that the principal axes of stress are parallel to the principal axes of stretching. Such a
constitutive relation is said to be coaxial; such usage is not to be confused with the common
usage of the word coaxial to mean coincidence of the principal axes of the stretching tensor
throughout a deformation history. Thus a fracture forming parallel to the stable manifold
would be interpreted as a ‘tension fracture’ if one wanted to interpret the fracturing process
in terms of stress, whereas a fracture forming parallel to the unstable manifold would be
interpreted as a shear fracture. Notice, however, that both can open during deformation
and both can have shear displacements parallel to the fracture.

8.4.2 A General Deformation by Brittle Processes

We consider only the two-dimensional case. The kinematic condition for the formation of a
fracture is that it is a surface across which the deformations on either side of the surface are
continuous, although the deformation gradients can be discontinuous at least with respect
to some components (see Figure 2.20(b) and Figure 8.13). That is, the fracture is an invariant
surface in the deformation field. This is simply a statement of the characteristic that all lines
within the plane of the fracture are distorted in the same manner and in a manner that is
compatible with deformations immediately adjacent to the fracture. An invariant surface

FIGURE 8.14 Fracture systems developed parallel to the manifolds of the deformation. (a) Phase portrait for the
deformation given in Figure 2.3(a). Two manifolds are marked. One, A-B, is unstable whilst the other, C-D, is stable.
(b) The fracture system expected for this deformation.
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in the deformation field is a manifold of the velocity gradient and hence we expect fractures
to form parallel to the two manifolds of the deformation. Thus patterns of fractures that
might arise are shown in Figure 8.15.

If incompatibilities in the velocity gradient field do arise then, as in crystal plasticity
(Chapters 9 and 13), the incompatibility is accommodated by the development of defects:
dislocations and disclinations. In particular, wedge disclinations are common. Examples
are the ends of some en echelon vein arrays and contractions and swellings of veins
that develop in the axial planes of folds (Figure 8.16). This raises the question: how
many brittle fracture processes are required to accommodate a general three-dimensional affine
deformation?

To make clear what the above question means we need to remember (Chapter 2) that a
general three-dimensional affine deformation with coordinates, X, in the undeformed state
and components, x, in the deformed state is described by the deformation gradient, F, that
has nine independent components:

F ¼

2
66666664

vX1

vx1

vX2

vx1

vX3

vx1

vX1

vx2

vX2

vx2

vX3

vx2

vX1

vx3

vX2

vx3

vX3

vx3

3
77777775

and hence requires nine independent deformation processes to be accommodated. We
have seen that the operation of three fracture systems involving slip and opening and
with non-coplanar normals can provide five components of strain and three components
of rotation. The additional constraint is supplied by the volume change which is
determined by the Jacobian, J, of F; if the deformation is isochoric then J ¼ 1 (Chapter 2).
However, the rotation described by (8.7) in general will not be the same as the imposed
rotation as illustrated in Figure 8.16(a). In general other rotation mechanisms will be
required to match the imposed rotations. These additional rotational mechanisms are
supplied by wedge or twist disclinations. Some examples are shown in Figure 8.16. In
Figure 8.16(a) an asymmetric shear zone is shownwhere the deformation is isochoric every-
where, the regions either side of the shear zone undergo a pure shearing given by

x1 ¼ 1:118X1; x2 ¼ 0:894X2

whilst the shear zone undergoes simultaneous shearing and shortening according to the
deformation

x1 ¼ 1:1X1 � 0:2X2

x2 ¼ �0:2X1 þ 0:946X2

The deformations are constrained to meet along a common plane where there is complete
compatibility of the deformation. Part of the deformation shown in Figure 8.16(a) must un-
dergo a rotation to meet the compatibility constraints and this can be met by introducing
wedge disclinations in the form of wedge-shaped veins as shown in Figure 8.16(c). A possible
example of this kind of geometry is shown in Figure 8.16(d).
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FIGURE 8.15 Eigenvectors and veins. (a) and (b) Eigenvectors for velocity gradient corresponding to the
deformation (3.5). Both represent deformations that involve dextral shearing parallel to A-B and shortening normal
to A-B. The shortening is larger compared to the shearing in (b) than in (a). A-B and C-D are the manifolds. (c) and
(d) En echelon vein systems corresponding to the manifolds in (a) and (b), respectively. (e) Eigenvectors for the
displacement gradient corresponding to the deformation that produces Type IC folds described in Figure 2.14(f) The
resulting fold and a quartz vein parallel to the only planar manifold in (e).
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FIGURE 8.16 Fracture systems and eigenvectors. (a) A deformation to produce a shear zone with shortening
normal to the boundaries of the shear zone. Left shows the undeformed state. The middle column shows the defor-
mation with no rotation to produce compatibility. A 12� anticlockwise rotation is required to produce compatibility.
The right-hand side shows the final deformation after rotation and translations. (b) Eigenvectors for the deformations
in the final rotated state. (c) A cartoon showing manifolds in red and vein systems that might form parallel to the
manifolds.Wedge-shaped veins (wedge disclinations) accommodate the rotation required for compatibility. (d) An en
echelon vein system from Ramsay (1980b). Possible manifolds are shown in red to left of (d). (e) Stable manifold for a
fold formed with shearing parallel to the folded surfaces (see Hobbs, 1971, Figure 8). Avein is shown parallel to this
manifold with local disclinations. (f) A fold system from Kangaroo Island, Australia, with quartz veins parallel to
the axial planes and bulbous expansions of these veins formed to accommodate incompatibilities in the deformation.
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Similarly, if the deformations in abutting limbs of a fold are different any incompatibility
or rotations can be accommodated by wedge disclinations in the form of bulbous veins in the
axial plane (Figure 8.16(f)) which is always an unstable manifold of the non-affine deforma-
tion (Figure 5.15(e)).

As we have indicated, fracture systems in deformed metamorphic rocks are commonly
far more complicated geometrically than conforming to the orientations of two or three
manifolds of a general three-dimensional affine deformation. To some extent this may
arise because the total energy of the system is expressed by more complicated functions
than the relatively simple functions illustrated in Figure 8.7. Some of these energy func-
tions have been explored by Del Piero and Truskinovsky (2001) and are shown in
Figure 8.17. These functions are motivated by experimental force displacement curves
observed under hard loading conditions and each develop multiple sets of fractures. If
we combine such complications with the requirement for deformation compatibility and
hence continuous refinement of fracture systems then fracture systems within fracture sys-
tems need to form just as twins within twins form in martensitic transformations (Bhatta-
charya, 2003).

FIGURE 8.17 Complicated
energy forms (left) that result
in realistic force-displacement
behaviour (right). From Del

Piero and Truskinovsky (2001).
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Figure 8.18 shows an example of twins within twins structure comprising a ‘first order’
twin with a twin plane normal, bm. Within this twin other twins form as pairs labelled A
and B (with twin plane normal, bn1), C and D (twin plane normal, bn2), E and F (twin plane
normal, bn3) and G and H (twin plane normal, bn4). These pairs are arranged within larger
twinned domains with normals bm1 and bm2. The rules that govern the formation of this ge-
ometry are

• The geometry forms in order to minimise the energy of the system. Since this energy
function is non-convex a single homogeneous deformation cannot minimise the energy
and a number of twins must form with continuous refinement in the structural pattern.

• Deformation compatibility must exist across all twin boundaries. This is expressed by the
compatibility requirement, (2.17), so that the condition for compatibility across the AeB
twin system is A� B ¼ a15bn1 where A and B represent the deformation gradients in A
and B, respectively, and a1 is the vector defined with (2.17).

• The proportion of twins (and hence their spacing) is governed by the requirement that the
average of the local deformation gradient is the weighted mean of the deformation
gradients of individual twin sets making up that local region (see Figure 7.18(a) and (b)).
Thus for A and B the mean deformation gradient is F ¼ l1Aþ (1� l1)Bwhere the spacing
of A and B is in the ratio l1

1�l1
.

FIGURE 8.18 Complex arrays of twins. Twins within twins structure. Adapted from Bhattacharya (2003).
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With these three rules in mind the geometry of Figure 8.18 is expressed by

A� B ¼ a15bn1

C�D ¼ a25bn2

E� F ¼ a35bn3

G�H ¼ a45bn4

ðl1Aþ ð1� l1ÞBÞ � ðl2Cþ ð1� l2ÞDÞ ¼ b15 bm1

ðm1Eþ ð1� m1ÞFÞ � ðm2Gþ ð1� m2ÞHÞ ¼ b25 bm2

ðl3ðl1Aþ ð1� l1ÞBÞ þ ð1� l3Þðl2Cþ ð1� l2ÞDÞÞ
� ðm3ðm1Eþ ð1� m1ÞFÞ þ ð1� m3Þðm2Gþ ð1� m2ÞHÞ ¼ b5 bm

Similar rules must hold for complicated geometries developed as fracture systems within
fracture systems in deformed rocks. The only difference is that twin orientations are controlled
by the crystallography of the host material, whereas the orientations of fractures are
controlled by the kinematics of the deformation.

8.5 ACCOMMODATION MECHANISMS

8.5.1 Volume Change Compensating Mechanisms

When a vein system forms there is a displacement with a component normal to the walls of
the vein that results in a local change in volume of the system. The volume change is usually
small since the shortening of the material between veins is commonly a few percent. Never-
theless if the macroscopic deformation is isochoric the expansion due to vein formation must
be accommodated in the system by some form of contraction. Such a contraction can take on a
number of forms. The contraction may arise from diffuse compaction spread over a large vol-
ume or the compaction can be strongly localised in the form of compaction bands (see Figures
8.20 and 8.21). Other modes of compensation involve the development of solution seams
such as stylolites. Commonly a slaty cleavage or a differentiated foliation accompanies the
vein formation; this represents another form of dissolution in the system that compensates
for any volume change associated with veining and in fact may supply the material that con-
stitutes the vein. In any study of veins attention should be paid to determining these volume
compensating mechanisms. We concentrate here only on compaction.

Most studies of compaction involve rocks with initially high porosity, perhaps as large as
20%. This is not the case for deformed metamorphic rocks where the porosity is a few percent
at most. Compaction bands in rocks with initially high porosity are tabular zones of deforma-
tion localisation where the deformation consists of compaction by grain crushing (Holcomb
et al., 2007; Wong and Baud, 2012, and references therein). The grains within the band of
localisation are fractured and the porosity is noticeably reduced (Figure 8.20(d)). For pure
compaction bands there is no shear displacement parallel to the localisation zone.

The condition for localisation in the form of compaction bands in porous materials has
been studied by a number of workers and reviews are given by Holcomb et al. (2007) and
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Wong and Baud (2012). For the most part the formation of a compaction band is viewed as a
constitutive rather than a geometrical instability arising from some critical value of a bifur-
cation parameter, which involves the dilation of the material, being reached. The theoretical
development for compaction bands follows the same path as outlined for shear localisation in
non-associated materials by Rudnicki and Rice (1975). The material is regarded as deforming
homogeneously and conditions are defined for the onset of localised deformation by compac-
tion (Issen and Rudnicki, 2000, 2001; Bésuelle and Rudnicki, 2004; Borja and Aydin, 2004).
Pure compaction and shear compaction bands are recognised (Figure 8.19(a)), the conditions

FIGURE 8.19 Characteristics of compaction band formation. (a) A plot of dilatancy factor, b, against friction, m,
showing conditions for compaction and shear bands to form for Bentheim sandstone. From Wong and Baud (2012).
(b) A yield surface with a cap. From Borja and Aydin (2004). (c) A plot of q versus p showing conditions for dilatant
plastic flow, isochoric plastic flow and compactive plastic flow. From Borja and Aydin (2004). The yield surface is
expressed by F ¼ 0.
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for formation depending on the ratios of a dilatancy factor, b, and a friction coefficient, m
(see Wong and Baud, 2012). The analysis depends on the introduction of a cap on the yield
surface so that the yield surface appears as in Figures 8.19(b) and (c) rather than as in
Figure 6.13 and the yield surfaces are closed along the hydrostatic axis. If yield is expressed
as a surface in p�q space (Figure 8.19(c)) then three regions of localised failure are recognised,
namely, dilatant plastic flow, isochoric plastic flow and compactive plastic flow. Here p is the
effective mean stress (the difference between the total mean stress and the pore pressure) and
q is the square root of the second invariant of the deviatoric stress. Some examples of compac-
tion bands are given in Figures 8.20 and 8.21.

Other modes of compaction that have been extensively studied involve coupling to fluid
pressure (Vardoulakis and Sulem, 1995; Veveakis et al., 2013) or to chemical reactions (Stefa-
nou and Sulem, 2014). These coupled studies are likely to be more relevant to metamorphic
rocks than the ones that involve high initial porosities, although the high-porosity studies
indicate the general principles involved. Patterns of alternating compaction and dilation
that develop in deforming fluid-saturated rocks are shown in Figure 8.22.

Stefanou and Sulem (2014) propose a model for coupled deformation fluid chemical reac-
tions that results in localised compaction. Their model suggests a more general model for
metamorphic rocks: The nonlinearity results from feedback between deformation-induced

FIGURE 8.20 Microstructure of compaction band. A compaction band (delineated by red dotted lines) 10 mm
wide with no shear displacement of bedding crossing at right angles. (a) View of hand specimen. (b) Zoom into
uncompacted sandstone. (c) Zoom into microstructure in compaction band. (d) Porosity decrease within compac-
tion band. From Sternlof (2006). See also Holcomb et al. (2007) for discussion.
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damage that increases the specific area of reactants and/or the stored energy of deformation
which in turn accelerates chemical reactions including dissolution. This results in chemical
softening that, in turn, can trigger the localisation or compaction instability
(Figure 8.23(a)). For the model adopted by Stefanou and Sulem (2014) the spacing of compac-
tion bands is influenced by the hydraulic diffusivity (Chapter 12) as shown in Figure 8.23(b).
The larger the hydraulic diffusivity, the larger the wavelength for localisation bands. The
dominant wavelength is shown by the red dots in Figure 8.23(b).

8.6 BREAKAGE MECHANICS

The formation of cataclasites and ultra-mylonites in brittle shear zones is especially wide-
spread in the upper parts of the crust. Understanding the constitutive behaviour of these
rocks and the evolution of the grain size distribution is important for models of fault

FIGURE 8.21 Compaction bands in Aztec Sandstone, Nevada. From Sternlof (2006).
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instability and the evolution of fluid permeability, important for earthquake modelling and
the development of some hydrothermal systems. The development of microstructures within
these zones has been treated under the heading of Breakage Mechanics by Einav (2007,a,b,c). A
link between Breakage Mechanics and Fracture Mechanics is explored by Einav (2007c). The

FIGURE 8.22 Compaction and dilating patterns in deforming fluid-saturated media. From Vardoulakis and Sulem

(1995). The red arrows (a) and small black arrows (b) indicate the direction of fluid flow during deformation. See
Vardoulakis and Sulem (1995) for discussion of the length scale, l.

FIGURE 8.23 Compaction arising from coupled grain crushing, fluid flow and dissolution. (a) Feedback loop
linking increased chemical reaction rate arising from grain crushing and localisation of deformation. (b) Growth
rates for chemically induced compaction bands for changes in hydraulic diffusivity. The red dots indicate the
maximum growth rate of a particular wavelength for a given hydraulic diffusivity. Small hydraulic diffusivities
result in the most localised compaction bands but the growth rate is also the smallest. From Stefanou and Sulem

(2014); see that paper for discussion.
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theory developed by Einav begins by proposing that a granular material (which may itself be
a ‘healed’ granular material formed in a previous cycle of deformation) with an initial grain
size distribution, p0(d), evolves through breakage in a shear zone towards an ultimate grain
size distribution, pu(d), that is probably fractal (Figure 8.24). Here d is grain diameter. The
fractal nature of the ultimate grain size distribution is suggested by observations of natural
fault gauges (Sammis et al., 1987; Blenkinsop, 1991; Storti et al., 2003) where power law grain
size distributions have been reported. These power law distributions are expected from a
two-dimensional section through the Apollonian packing (see Figure 8.27(c)) of different
sized spheres (Baram andHerrmann, 2004, 2005; Baram et al., 2004, 2010). If p(d) is the current
grain size distribution then the current cumulative grain size distribution by mass is given by

FðdÞ ¼ FðD < dÞ ¼
Zd

dm

pðDÞdD

FIGURE 8.24 Definition of breakage terms. (a) The relative breakage, Br, is defined as the ratio of the two areas,
Bt and Bp. From Einav (2007a). (b) Breakage propagation criterion. FB is the breakage dissipation and is the energy
consumption arising from an increment in breakage, dB. dE�B is the incremental reduction in the residual breakage
energy. dm and dM are the minimum and maximum grain diameters.

FIGURE 8.25 The physical meaning of the breakage growth criterion. From Nguyen and Einav (2009).
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where D denotes the number of particles less than d in diameter, p(D) is the current grain size
distribution, p(D)dD is the current probability of a particle to be in the fraction dD, and dm is
the minimum particle size. Similarly we can define the initial, F0, and ultimate, Fu, cumula-
tive grain size distributions by mass as

F0ðdÞ ¼ F0ðD < dÞ ¼
Zd

dm

p0
�
D
�
dD

FuðdÞ ¼ FuðD < dÞ ¼
Zd

dm

pu
�
D
�
dD

where p0(D) and pu(D) are the initial and ultimate grain size distributions. A quantity Br, the
relative breakage, is defined as the ratio of the areas between the cumulative grain size dis-
tribution curve and the initial cumulative grain size distribution curve at time t and in the
ultimate state (Figure 8.24(a)), Br ¼ Bt

Bp
. In Figure 8.24, dM is the maximum grain size.

A quantity called the fractional breakage, B is defined as

B ¼ p0
�
d
�� p

�
d
�

p0
�
d
�� pu

�
d
�

and Einav (2007a) shows that B ¼ Br so that B may be experimentally determined by
measuring Br. Hence,

FIGURE 8.26 Dissipation as a function of 4 and w. After Nguyen and Einav (2009).
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(a) (b)

(c)

(d) (e)

FIGURE 8.27 Cataclasites and ultra-mylonites as roller bearing assemblies. (a) Mylonite. From Trouw et al.

(2010). Scale: 16 mm across base. (b) Mylonite. Scale: 13 mm across base. From Passchier and Trouw (2005). (c)
Apollonian packing of spheres. The fractal dimension of a two-dimensional section through this assembly is 1.3.
Constructed using Mathematica (Weisstein, Eric W. ‘Apollonian Gasket’. From MathWorld A Wolfram Web
Resource. http://mathworld.wolfram.com/ApollonianGasket.html). (d) If the grains in an ultra-mylonite are to act
as ball bearings then the rotation sense in one grain must be the opposite to that in immediately adjacent grains.
This means that in any loop through the aggregate the rotations should match throughout. Here all grey balls rotate
clockwise, whereas all orange balls (that alternate with grey balls) rotate anticlockwise. (e) A ball bearing assembly
in a simple shearing deformation. The rotation of balls next to the moving interface must match the shearing sense
of the walls. Modified from Herrmann et al. (1990).
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pðdÞ ¼ p0
�
dÞð1� BÞ þ puðdÞB

The grain size cumulative distribution by mass is

FðdÞ ¼ F0ðdÞð1� BÞ þ FuðdÞB
We assume that the ultimate cumulative size distribution is fractal with fractal dimen-

sion, a:

FuðdÞ ¼
�

d

dm

�3�a

In the spirit of Chapter 5, Einav explores the development of a constitutive relation for
breakage and an evolutionary law for grain size distributions that are thermodynamically
admissible and defines the Helmholtz energy of the system for isothermal breakage in
terms of the strain, ε, and the breakage, B, which is assumed to be a macroscopic internal
variable:

J ¼ Jðε;BÞ
Then if we define a quantity, w, as a measure of the distance between the initial and ulti-

mate grain size distributions,

w ¼ 1�
�
d2
�
u

hd2i0
where hd2iu and hd2i0 are the second-order moments by mass of the ultimate and initial grain
size distributions,

J ¼ ð1� wBÞJreferenceðεÞ
Here, Jreference(ε) is the elastic strain energy expressed in terms of the total strain and a

reference grain size defined as

dreference ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZdM

dm

d2r0
�
d
�
dd

vuuuut ¼ �
d2
�1=2
0

The energy conjugate to J is

EB ¼ � vJ

vB
¼ �wJreferenceðεÞ (8.8)

and the yield criterion is

yB ¼ ð1� BÞ2EB � EC ¼ 0

where EC is a strain energy material constant. Einav (2007a) shows that

EB ¼ 1

B
ðJ0 �JÞ
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so that

B ¼ ðJ0 �JÞ
ðJ0 �JuÞ

J0 and Ju are the elastic strain energies in the initial and ultimate states. Thus the
breakage can be thought of as the relative stored energy that has been released during crush-
ing. Initially the energy is all stored in unbroken particles so that J ¼ J0 and B ¼ 0. As the
particles are crushed the stored energy approaches Ju and B approaches 1.

In addition to the energy, EB, defined in (8.8) one can define a dissipation, FB, arising from
the creation of new surface area during breakage:

FB ¼ dE�
B (8.9)

where

E�
B ¼ �

1� B
�
EB

so that E�
B is the available energy in the system for the breakage process and is defined in

Figure 8.24(b).
The model developed by Nguyen and Einav (2009) couples the release of surface energy

with otherdissipative processes such asdissipation arising from frictional sliding and the reor-
ganisation of fragments following crushing so that theHelmholtz energy iswritten in terms of
the total volumetric strain, εvolumetric, the elastic volumetric strain, εelasticvolumetric, the total shear
strain, εshear, the elastic shear strain, ε

elastic
shear , themean effective stress, p, and the shear stress, q, as

J ¼ �
1� wB

��
jvolumetric

	
ε
elastic
volumetric



þ jshear

	
ε
elastic
voluemetric; ε

elastic
shear


i

Ftotal ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
B þ

	
Fvolumetric
plastic


2 þ
	
Fshear
plastic


2
r

The energy functions jvolumetric and jshear govern the elastic volumetric and shear behav-
iours of the model and represent the unbroken stored energy. The dissipation potential is
expressed as a function of the three parts, the breakage dissipation, FB, the plastic volumetric
(or particle reorganisational) dissipation, Fvolumetric

plastic , and the plastic shear (or frictional) dissi-
pation, Fshear

plastic where

FB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EBEC

p
ð1� BÞ dB

Fvolumetric
plastic ¼ p

ð1� BÞ

ffiffiffiffiffiffiffiffi
2EC

EB

s
dεvolumetric

plastic

Fshear
plastic ¼ Mp

���dεshearplastic

���
Nguyen and Einav (2009) finally arrive at a constitutive relation:

y ¼ EBð1� BÞ2
EC

þ
�

q

Mp

�2

� 1 � 0 (8.10)
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where M ¼ qu
pu
, which is the ratio between the ultimate shear stress and ultimate volu-

metric stress at failure. This constitutive relation for mixed breakage and plastic yield is
non-associative and expresses hardening behaviour during breakage as the balance of
competition between the term EB and the term (1�B)2. As B grows towards ultimate
breakage at B ¼ 1, EB must increase to balance the inequality in (8.10). Other embellish-
ments to this constitutive law are explored by Nguyen and Einav (2009) including the
incorporation of linear elasticity and pressure-dependent elasticity. The final outcome is
that the constitutive behaviour can be represented by the elastic parameters, the shear
and bulk moduli, the index, w, which describes how far one is from the ultimate grain
size distribution, and two parameters, EC and M. Typically the predicted stressestrain
behaviour shows hardening in agreement with experimental results and the energy bal-
ance is governed by four factors:

1. The initial stress state represented as the angle, 40 ¼ p0
q0
(Figure 8.25).

2. The index, w, which measures how far the initial grain size distribution is from the
ultimate grain size distribution.

3. The loading path, measured by the angle, 4 ¼ tan�1dp
dq in Figure 8.25(a).

4. The shear strain, εshear.

The style of dissipation also depends on 4 and on w as shown in Figure 8.26. Below a
critical value of 4, given by 4critical ¼ tan�1(M), the dissipation is dominated by breakage;
above this critical value the dissipation is dominated by frictional behaviour. For
4 < 4critical the ratio of breakage to frictional dissipation tends to decrease as w increases.
For 4 > 4critical this ratio increases as w increases (Figure 8.26). These conclusions are impor-
tant in considering the energy budget of earthquakes.

The grain shape evolution and fractal dimension changes during cataclasis have been
explored by Heilbronner and Keulen (2006), Storti et al. (2007) and Stunitz et al. (2010).
Perhaps, as suggested by Baram et al. (2004a,b, 2005, 2010), Baram and Herrmann (2004,
2005), Baram et al. (2004, 2010) and Lind et al. (2008), the mechanism of deformation within
cataclasites (and perhaps ultra-mylonites) approaches that of a ball bearing roller system
where more or less rounded grains rotate as shown in Figure 8.27(d) and (e). The important
principles here are (1) in order to maintain continuity, adjacent grains must rotate in oppo-
site directions which means that within any loop of contacting particles (Figure 8.27(e))
adjacent rotations should match throughout and (2) the tangential velocity of adjacent
grains is equal and therefore constant (in magnitude) for all grains. Thus large grains
have a smaller angular velocity than small grains. An important outcome of such a model
is that a sense of shear may be impossible to detect since adjacent grains rotate in opposite
senses and the absolute rotation of large grains may be very small. This may be the expla-
nation for why it is commonly difficult to determine a shear sense within cataclasites (see
figures and comments in Chapter 2 of Trouw et al., 2010) and some ultra-mylonites as
shown in Figure 8.27(a) and (b); even though these rocks have undergone large shear
strains, there is little if any indication of rotation of grains relative to the finer grained
matrix.
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Recommended Additional Reading

Atkinson, B.K. (1987) (Ed.), Fracture Mechanics of Rock. Academic Press.
This book, with contributions from many authors, is a comprehensive discussion of fracture mechanics applied to geological

situations

Bhattacharya, K. (2003). Microstructure of Martensite: Why it Forms and How it Gives Rise to the Shape-memory Effect.
Oxford Series in Materials Modelling.

Although this book is essentially concerned with martensitic transformations it has an easily readable discussion of compat-
ibility, energy minimisation principles and the development of microstructure that is applicable to many geological

examples

Mandl, G. (2005). Rock Joints. The Mechanical Genesis. Springer.
A comprehensive treatment of rock joints with extensive use of the Mohr circle to illustrate stress distributions

Paterson, M.S., Wong, T.-f. (2005). Experimental Rock Deformation. The Brittle Field. Springer.
This is the definitive book on experimental brittle deformation of rocks with an appendix on fracture mechanics
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9.1 INTRODUCTION

We use the term visco-plastic flow in the following way: a material deforms in a visco-
plastic manner if it is able to undergo very large strains by processes that are significantly
temperature and rate dependent; this commonly (but not always) means that the deforma-
tion occurs without fracturing in some manner such as opening or sliding on joints or under-
going cataclastic flow. A visco-plastic material may develop localised zones of deformation
but so long as the mechanisms of deformation are not dominated by fracture then the defor-
mation is said to be visco-plastic. The mechanisms of deformation involved in visco-plastic
flow are numerous in detail but at the atomic level involve the motion of crystal defects or
defects in the packing of grains or of subgrains. A fundamental characteristic of visco-
plastic flow is the existence of a yield or flow surface which marks the change over from
elastic behaviour for stress states inside the surface to visco-plastic behaviour for stress states
on the yield surface. The shape and size of the yield surface depends on both the temperature
and the deformation rate, although we will see below (Section 9.7) that there is a discussion
yet to be had concerning the rate dependency at geological strain rates.

The migration of point defects constitutes the process known as diffusion which we will
not dwell upon. A full treatment is given by Paterson (2013 and references therein). We
concentrate in this chapter on line defects with an emphasis on two types of line defects
that have been recognised over the past few years as being of fundamental importance; these
are disclinations and disconnections. Just as a dislocation is a line defect that marks the
boundary between slipped and unslipped parts of a crystal, a disclination is a line defect
that marks the boundary between rotated and unrotated parts of a crystal. A disconnection
is a linear defect that marks the boundary between where a phase change has or has not
occurred. The term phase change is used here in its widest sense to mean changes with
and without changes in chemical composition but always involves a change in crystallo-
graphic orientation. The operation of disclinations and disconnections, facilitated by disloca-
tion motion and/or diffusion, as mechanisms of deformation, has profound implications for
a variety of processes in deformation and metamorphism including subgrain rotation, the
development of curved inclusion trails in porphyroblasts, mineral phase growth and the
development of foliations and lineations defined by the crystallographically controlled
shapes of grains.

Since dislocations were first observed using transmission electron microscopy in naturally
occurring silicates by McLaren and Phakey (1965) the structural geology community has
emphasised these defects as the dominant mechanism of deformation at the grain scale
except at high temperatures and/or small grain sizes where diffusion is proposed as the
dominant mechanism (Paterson, 2013). Again, we assume that the reader is well versed in
such topics and restrict ourselves to more recent developments. A discussion of dislocation
motion is in Paterson (2013, and references therein).

In Figure 9.1 we illustrate many of the visco-plastic mechanisms involved in the deforma-
tion and growth/reduction of grain size in a polycrystalline aggregate. Dislocations, charac-
terised by a slip plane and a Burgers vector, b, operate within the grain. A dislocation in this
chapter is a linear crystal defect that enables translational deformation of a crystal; the motion
of a dislocation may be facilitated by diffusion resulting in the climb of the dislocation.
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Interacting dislocation systems spontaneously develop into subgrain boundaries within the
deforming grain. As the misorientation of a subgrain increases, and the cores of dislocations
begin to overlap, the misorientation is accommodated by disclination arrays. A disclination
in this chapter is a linear crystal defect characterised by a line and a rotation vector known as
the Frank vector, u. The sign of u distinguishes a positive and negative disclination. The
migration of both small and large misorientation subgrain boundaries is an important defor-
mation mechanism; the migration of arrays of disclinations can result in large shear deforma-
tions. Disclinations are also important at grain boundaries where again much of the
misorientation is accommodated. The growth of one grain into another is accomplished by
the motion of disconnections, characterised by a Burgers vector, b, and a step height, h. Dur-
ing the growth of one grain into another the movement of disconnections involves the local
shuffling of atoms if both grains have the same chemical composition. Otherwise if the two
grains have different chemical compositions (say garnet growing into biotite) then long-
range diffusion is important for disconnection motion.

An additional mechanism of deformation at the grain scale is coupled grain boundary
migration. This is a phenomenon whereby the motion of a grain (or subgrain) boundary is
coupled to shear deformation within the grain. Thus the motion of a grain boundary normal
to itself induces a shear deformation in the grain parallel to the grain boundary. Conversely, a
shear parallel to a grain boundary induces a motion of the grain boundary normal to itself.
We will see that this coupled motion is facilitated by diffusion, and the motion of disloca-
tions, disclinations and disconnections. The process is characterised by a coupling factor,

FIGURE 9.1 Various modes of visco-plastic deformation at the grain scale. These modes constitute both
deformation and grain size growth/reduction mechanisms for a grain within a polycrystalline aggregate.
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b, which is the ratio of the velocities parallel and normal to the grain boundary. The value and
sign of b is material and orientation dependent and also temperature dependent so that b/0
at high homologous temperatures in most materials where coupled grain boundarymotion is
replaced by grain boundary sliding.

This chapter concerns the above topics. In Section 9.2 we briefly visit the basic me-
chanics of visco-plastic flow to define the essential principles involved in the description
of visco-plastic deformations in crystalline materials. Section 9.3 defines the basic geome-
tries of disclinations and disconnections and includes the experimental observations on
these defects and ways of calculating their densities. Section 9.4 revisits the question of
how defects are arranged to accommodate a general affine deformation where nine inde-
pendent components exist. Section 9.5 examines the processes involved in the formation of
subgrain boundaries and mechanisms of rotation within grains with an emphasis on
coupled grain boundary migration. The discussion is extended in Section 9.6 to include
a range of processes that occur during deformation and metamorphism including subgrain
rotation, bulge recrystallisation, grain growth during metamorphism, the development of
curved inclusion trails within porphyroblasts and the development of mineral lineations
and foliations. Section 9.7 comments upon constitutive relations used in the structural ge-
ology community and explores extrapolation of experimentally determined relations to
geological conditions.

9.2 THE MECHANICS OF CRYSTAL PLASTIC FLOW

9.2.1 The Deformation Gradient

We consider below the deformation of a crystal by slip on a crystallographically defined
plane in a crystallographically defined direction. The following is a simplified version of a
more general argument developed for fracture and vein systems in Chapter 8 and follows
arguments given by Kelly and Groves (1970). We consider a point, P, with position vector,
r0, lying on the slip plane (Figure 9.2) with unit normal, m, and unit slip direction, s. During
slip parallel to s, P is displaced to P/ with position vector, r. Then, if g is the shear strain asso-
ciated with the slip,

PP0 ¼ r� r0 ¼ gðr0,mÞs
so that

r ¼ r0 þ gðr0,mÞs
Now r0, m and s are given in terms of the unit vectors, i, j and k (Figure 9.2) as

r0 ¼ x1iþ x2jþ x3k

and

m ¼ m1iþm2jþm3k; s ¼ s1iþ s2jþ s3k

Then if F is the deformation gradient for the deformation arising from slip and u is the
displacement, u ¼ (r � r0).
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F11 ¼ vr1
vx1

¼ v

vx1
½x1 þ gðr0,mÞs1�

¼ v

vx1
fx1 þ gs1½ðx1iþ x2jþ x3kÞ,ðm1iþm2jþm3kÞ�g

¼ v

vx1
½x1 þ gs1ðx1m1 þ x2m2 þ x3m3Þ�

¼ 1þ gs1m1

Similar arguments enable the complete deformation gradient to be written:

F ¼

2
64
1þ gm1s1 gm2s1 gm3s1

gm1s2 1þ gm2s2 gm3s2

gm1s3 gm2s3 1þ gm3s3

3
75 ¼ Iþ gm5s (9.1)

where I is the identity matrix and5 denotes the dyadic product between two vectors. Notice
that the deformation is isochoric since s and m are orthogonal. The isochoric nature can be
seen from an expansion of the determinant of F, J, remembering that
gðm1s1 þm2s2 þm3s3Þ ¼ gm,s ¼ 0. One finds that J ¼ 1. The deformation can be decom-

posed into a small strain tensor, εij ¼ 1
2

�
vui

vxj
þ vuj

vxi

�
:

εij ¼ g

2
66666664

m1s1
1

2
ðm1s2 þm2s1Þ 1

2
ðm1s3 þm3s1Þ

1

2
ðm1s2 þm2s1Þ m2s2

1

2
ðm3s2 þm2s3Þ

1

2
ðm1s3 þm3s1Þ 1

2
ðm3s2 þm2s3Þ m3s3

3
77777775

(9.2)

FIGURE 9.2 The geometry of crystal slip. A point P (with position vector, r0) is displaced to a new point P/ (with
position vector, r) during crystal slip parallel to the unit slip vector, s, within the slip plane with unit normal,m. i, j,
k are unit vectors parallel to the coordinate axes.
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and a rotation:

uij ¼ g

2
66666664

0
1

2
ðm2s1 �m1s2Þ 1

2
ðm3s1 �m1s3Þ

�1

2
ðm2s1 �m1s2Þ 0

1

2
ðm3s2 �m2s3Þ

�1

2
ðm3s1 �m1s3Þ �1

2
ðm3s2 �m2s3Þ 0

3
77777775

(9.3)

9.2.2 Energy and Softening Associated with Single Slip

When a single crystal is deformed in extension with a single slip system operating, the slip
plane tends to rotate, as shown in Figure 9.3, depending on the constraints on the crystal, so
that ultimately the slip plane and the slip direction align with the extension direction. Simi-
larly, in compression, a single slip system rotates so that the normal to the slip plane tends to
align with the compression axis. In order to demonstrate that such rotation leads to geomet-
rical softening and, more importantly, non-convex relations between the Helmholtz energy,
J, and the deformation gradient, F, we begin with a slip plane whose normal is m and slip
direction s as shown in Figure 9.3(a). The discussion follows Ortiz and Repetto (1999).
The initial angle between the slip plane and the extensional stress, s, is q (see also Figure 9.4).
After deformation, if the ends are constrained, the rotation of the slip plane is a. If R is the
rotation associated with the deformation then the vectors m and s become Rm and Rs after
the deformation where

FIGURE 9.3 Rotation of slip plane during deformation. (a) Initial geometry. m is the normal to the slip plane
and s is the slip vector. s is the extensional stress. (b) After deformation with the ends free to move. (c) After
deformation with the ends constrained. m/ is the new orientation of the slip plane normal and s/ is the new
orientation of the slip vector. The slip plane rotates through the angle a towards the extension direction.

9. VISCO-PLASTIC FLOW292

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



R ¼

2
64
cosa �sina 0

sina cosa 0

0 0 1

3
75 and Rm ¼

2
664
�sinðqþ aÞ
cosðqþ aÞ

0

3
775; Rs ¼

2
6664

cosðqþ aÞ
sinðqþ aÞ

0

3
7775 (9.4)

The slip system is activated if the shear stress on the slip plane in the direction of slip is

s ¼ s sinðqþ aÞcosðqþ aÞ ¼ g (9.5)

where g is the critical resolved shear stress for the slip system. The deformation gradient for
crystal plasticity involving one slip system is given in (9.1) (Asaro, 1983; Rice, 1971).

F ¼ R½Iþ gs5m� (9.6)

We take F ¼

2
64
0

l

0

3
75, representing an extension along x2 where g is the shear strain due to

slip and l is the stretch parallel to s. If we expand (9.6) we eventually arrive at the following
expressions for s, g and l in terms of g, q and a (Ortiz and Repetto, 1999):

s ¼ g

sinðqþ aÞcosðqþ aÞ; g ¼ sina

cosðqþ aÞcosq; l ¼ cosaþ sina sinðqþ aÞ
cosðqþ aÞ (9.7)

This enables us to plot the stored energy,J ¼ gg, against logl, as shown in Figure 9.5 for
q ¼ p/10. Also shown is the resulting stressestrain curve.

Thus, geometrical softening arises from constrained single slip and results in a non-convex
energy function. Following arguments in Section 8.2 this means that for most deformations
the energy cannot be minimised by a single homogeneous deformation and at the same

FIGURE 9.4 Geometry of single slip deformation during extension. Vectors m and s are the slip plane normal
and slip direction in the undeformed state and these become the vectors Rm and Rs in the deformed state through a
rotation R.
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time maintain compatibility with the imposed deformation. The system can minimise the en-
ergy to within an arbitrarily small amount and simultaneously satisfy the compatibility con-
straints by developing an inhomogeneous deformation variously expressed as arrays of
kinks or subgrains. This is one reason for the development of subgrains during deformation;
any softening mechanism has a similar outcome.

9.2.3 Mechanics of Plastic Deformation

As we have seen the plastic deformation gradient for single slip can be written:

Fplastic ¼ Iþ gs5m

Figure 9.6 makes it clear that in general there is also a rotation, prescribed by Frotation, asso-
ciated with a deformation. Also there is an elastic deformation, Felastic, associated with each
deformation. The total deformation gradient is (Rice, 1971; Asaro, 1983):

F ¼ FelasticFrotationFplastic

With reference to Figure 9.6 a general affine deformation can be written:

F ¼ F�Fplastic

where F* is a deformation gradient that represents (elastic) stretching and rotation of the
crystal structure.

As the crystal deforms, structural bonds are stretched and rotated according to F*. In the
elastically deformed configuration the slip direction for the system, a, is given by

s�ðaÞ ¼ F�,sðaÞ

FIGURE 9.5 Geometrical softening arising from single slip with the geometry shown in Figures 9.3 and 9.4 and
with q ¼ p=10. (a) Stored energy plotted against the logarithm of the stretch. The energy is weakly non-convex. (b)
Plastic part of the stressestrain curve derived from (a). g is the critical resolved shear stress.
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The normal to the slip plane in the elastically deformed state is

m�ðaÞ ¼ mðaÞ,F��1

m*(a) and s*(a) are in general not unit vectors but remain orthogonal in the elastically
deformed state since the crystal structure is preserved during deformation so that
s�ðaÞ,m�ðaÞ ¼ sðaÞ,mðaÞ ¼ 0.

Asaro (1983) goes on to show that for n slip systems the plastic stretching,Dplastic, and spin,
Uplastic, are related by

Dplastic þ Uplastic ¼
Xn

a¼ 1

_gðaÞs�ðaÞm�ðaÞ

so that in the reference configuration,

_F
plastic _F

plastic�1 þ Uplastic ¼
Xn

a¼ 1

_gðaÞsðaÞmðaÞ

In general F* is accommodated by the insertion of dislocations and disclinations as we
shall see in Section 9.3.

An important additional element of crystal plasticity is that the Helmholtz energy, J, of
the crystal acts as a potential for the stress so that

s ¼ vJ

vF

FIGURE 9.6 The decomposition of a general affine deformation of a crystal into a plastic deformation, Fplastic,
and another deformation, F*, which comprises a rigid body rotation, Frotation, and an elastic deformation, Felastic. The
orientation of one of the slip systems responsible for this deformation is shown with slip direction, s, and slip plane
normal, m. During this deformation, which consists of a shear parallel to A-B and a shortening normal to A-B, the
initial square ABCD is deformed to A/B/C/D/. At least two slip systems are required to achieve this deformation. A
rigid body rotation plus an elastic strain brings this configuration to A//B//C//D// which represents the plastic
deformation.
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(Rice, 1975). This is a fundamental result that enables figures such as Figure 9.5(b) to be
constructed from Figure 9.5(a).

9.3 DEFORMATION MECHANISMS IN
POLYCRYSTALLINE AGGREGATES

The basic building blocks that enable the plastic deformation of polycrystals are defects in
the crystal structures of the individual grains, namely, point defects and line defects such as
edge and screw dislocations. In addition, there are a number of other processes that involve
the motion of surfaces such as twin, subgrain and grain boundaries, including boundaries
between different mineral phases. The processes that involve the movement of surfaces
invariably involve the motion of disclinations (Romanov and Kolesnikova, 2009; Clayton,
2011) and disconnections (Howe et al., 2009); the motion of disconnections is especially
important if the surface marks the boundary between two different mineral phases. The hall-
mark of the motion of dislocations is deformation dominated by translation, whereas the
hallmark of the motion of disclinations is deformation dominated by rotation. The motion
of point defects (diffusion) and of dislocations is widely treated in a number of texts and
reference should be made to Paterson (2013) and references therein. Here we concentrate
on the motion of surfaces as important contributions to the deformation of polycrystalline
aggregates including multiphase aggregates. Clearly, as the grain size decreases, the motion
of surfaces such as grain or subgrain boundaries increases in importance until at the nano-
scale such motion dominates the deformation process since grain boundaries then dominate
the volume of the material. However, the motion of boundaries as deformation mechanisms
is important in coarse-grained polycrystalline aggregates as well. Another class of deforma-
tion involves the motion of larger building blocks such as subgrains or grains. Again the
deformation is achieved by the motion of defects, in this instance, defects in the packing of
grains or subgrains. These defects are termed cellular dislocations or cellular disclinations.
We do not spend any time on these; reference should be made to Sato et al. (1990) and Sher-
wood and Hamilton (1991, 1992, 1994). We consider these defects again in Chapter 13.

Below we give a brief survey of the geometry of crystal disclinations and disconnections
including the experimental procedures involved in measuring the density of disclinations
and then proceed in Section 9.4 to consider their roles in accommodating an imposed
deformation.

9.3.1 The Geometry of Disclinations

Just as dislocations are linear defects in crystals that separate slipped regions of the crystal
from un-slipped regions, disclinations are linear defects that separate rotated from unrotated
parts of the crystal. The basic geometry of disclinations is shown in Figure 8.9 in terms of
Volterra distortions of an elastic cylinder. A disclination is characterised by a line, L, and a
rotation vector, u, whose magnitude measures the amount of rotation associated with the
defect and whose direction is the axis of rotation. The vector, u, is known as the Frank vector
and its magnitude is the strength of the disclination. The Frank vector for a disclination is the
analogue of the Burgers vector for a dislocation. The geometrical relation between the Frank
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vector and L defines three types of disclination; one is a wedge disclination with utL, a sec-
ond is also a wedge disclination with ujjL. The third is a twist disclination with utL. These
defects are shown in Figure 8.9 (d, e, f), respectively. They exist in what are known as positive
and negative forms (Figure 9.7) distinguished by the sign of u. Although many disclinations
can be modelled as arrays of dislocations, it is energetically more favourable for disclinations
to form as the dislocation density becomes large and dislocation cores overlap (Li, 1972).

Although disclinations were originally postulated for crystal plastic deformation by
Nabarro (1967), calculations showed that the energy of an isolated disclination is far too large
for such defects to exist within crystals (Friedel, 1967) and for many years these defects have
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FIGURE 9.7 Disclination arrays in graphene. From Wei et al. (2012). (a) An example of a positive and negative
disclination pair. This low-energy configuration is known as a disclination dipole. (b) A representation of the
disclination dipole in (a) within a lattice of hexagons. The stress field generated by the dipole is shown with the
legend to the lower right. The pairs of images, (c) and (d), and (e) and (f) are similar images for larger mis-
orientations of the lattice. (g) and (h) represent another low-energy configuration of dipoles. For details of these images
see Wei et al. (2012).
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been classed as unimportant in crystal plasticity. However, certain configurations of disclina-
tions cancel out the elastic distortions associated with a single disclination, resulting in
decreased elastic energy; such configurations are now recognised as fundamentally impor-
tant in the deformation of crystals and especially polycrystals (Gutkin and Ovid’ko, 2004;
Romanov and Kolesnikova, 2009; Clayton, 2011; Fressengeas et al., 2011). Examples of discli-
nation arrays defining grain boundaries of various misorientations are shown in Figure 9.8.

Disclination arrays can act as powerful mechanisms of plastic shear in crystals. An
example is the disclination array identified in olivine by Cordier et al. (2014) and illustrated
in Figure 9.9. Here an array of wedge disclinations defines a subgrain boundary. The migra-
tion of the boundary normal to itself induces a shear strain in the material through which it
moves. This type of deformation can supply an extra mode of shear deformation other than
that induced by dislocation motion. Cordier et al. (2014) propose this mechanism as supply-
ing the extra deformation mechanisms that allow a general deformation of olivine which
lacks five independent slip systems.

9.3.2 Experimental Determination of Dislocation and Disclination Densities
Using Electron Back Scattered Diffraction

Physically, incompatibility of the plastic deformation gradient is equivalent to an array of
dislocations and/or disclinations (Figures 9.7, 9.8 and 9.9)). It is convenient to introduce the
Nye dislocation density tensor, Aij, (Nye, 1953) which is a way of quantifying, in a continuum
manner, the dislocation distribution in a deformed crystal. If b is a Burgers vector and t is
a unit vector tangent to the dislocation line, L, then the Nye dislocation density tensor is

Aij ¼ 1

V

Z

L

bitjds

so that Aij is the integral along all the dislocation lines of the scalar product of the Burgers
vector and the tangent to the dislocation line at each point in the crystal (Arsenlis and Parks,
1999). The components of Aij can be established using high-resolution electron back scattered
diffraction (EBSD) (Pantleon, 2008; Hardin et al., 2011). One establishes the derivatives of the
infinitesimal elastic deformation gradient tensor, bij, which measures not only the local sym-
metric part of the lattice strain but also local rotations of the lattice. Thus if u is the local
(elastic) lattice displacement,

bij ¼
vui

vxj

and the Nye tensor is given by

A ¼ curlðbÞ
The use of EBSD to determine the densities of dislocations and disclinations is described

by Beausir and Fressengeas (2013) and Cordier et al. (2014). A square grid is superposed on
the EBSD image with a coordinate system x1 and x2 in the plane of the specimen and x3
normal to this plane and unit vectors parallel to these coordinate axes, e1, e2, e3. The disori-
entation vector between two neighbouring points, A and B, is Dq,r [ Dqiei where Dq is the
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FIGURE 9.8 Examples of disclination configurations defining boundaries of different misorientations in gra-
phene. The misorientation is shown on each figure. From Wei et al. (2012). (a) shows what are called ‘arm chair’
arrays whilst (b) shows ‘zigzag’ arrays. Notice that for both models misorientations of 21.8� (armchair) and 27.8�
(zigzag) show very small stresses.

9.3 DEFORMATION MECHANISMS IN POLYCRYSTALLINE AGGREGATES 299

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



disorientation angle and r is the rotation axis. From the disorientations, Dqi, between neigh-
bouring points separated by Dxi only six of the nine components of the elastic curvature
tensor, kelasticil can be determined:

kelasticil ¼ Dqi
Dxl

i ¼ 1; 2; 3; l ¼ 1; 2

The other three components are not accessible because disorientations along the x3 axis
cannot be determined from a plane section. If access to this information is available from
detailed micro-sectioning then all nine components can in principle be determined.

One can also define disorientation tensors, gA and gB, which specify the rotation of the
lattice at A and B. Then Dg[ g�1

A ,gB. If there are no disclinations present then a quantity,
a, can be defined as

a ¼ curl g

Five components of the Nye dislocation density tensor, A, can then be obtained from

A ¼ 1

2
trðaÞI� aT

These components are a12, a13, a21, a23, and a33 with units per metre.
If disclinations are present then the disclination density tensor, q, is given by

qij ¼ ejkl
vkelasticil

vxk

where ejkl are the components of the third-order Levi-Civita tensor which in three dimensions
is defined by

1mm 1mm1mm(radm-2)

0.75274

ε12
p

0.6

0.4

0.2

0

3.05e+19

2e+19

0

–2e+19
–3e+19

θ33

(a) (b) (c)

FIGURE 9.9 Coupled shearing and grain boundary migration of a (011)/[100] tilt boundary in olivine. The
wedge disclination density (q33 in rad m�2, see Section 9.3.2 below) is colour coded from blue to red. The figure
shows the progressive downward migration of the disclinations when a positive shear strain is applied. In C black/
white contours show the positive shear strain, ε

plastic
12 , produced by the downward grain boundary migration. From

Cordier et al. (2014).
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ejkl ¼ þ1 if ðj; k; lÞ is ð1; 2; 3Þ; ð2; 3; 1Þ or ð3; 1; 2Þ
¼ �1 if ðj; k; lÞ is ð3; 2; 1Þ; ð1; 3; 2Þ or ð2; 1; 3Þ
¼ 0 if j ¼ k; k ¼ l; or l ¼ j:

This enables the three components, q13, q23, q33 of the disclination density tensor to be
determined. The units here are radians per square metre.

Examples of some results are shown in Figures 9.10, 9.11 and 9.12.

FIGURE 9.10 Determination of disclination densities in deformed copper using electron back scattered

diffraction (EBSD). From Beausir and Fressengeas (2013). (a) Disclination scalar measure, q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q213 þ q223 þ q233

q
, in

radians per square metre. (b), (c) and (d) are zooms into the region 1 and show the density of wedge disclinations in

q33 radians per square metre. The scalar dislocation measure is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a213 þ a223

q
in per metre. This is the length of the

local Burgers vector per unit surface area resulting from the dislocation densities (a13 and a23) along the boundary.
(e) shows the q33 component in region 2 together with the local density of dislocations. The arrows in (b) and (e)
represent the local Burgers vector with a maximum length corresponding to 3.85 � 106 m�1.
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9.3.3 The Geometry of Disconnections

A disconnection is a linear defect that marks the boundary betweenmaterial that has under-
gone a phase change and material that has not changed. The term phase change is used here in
its widest sense to include situations where two adjacent grains are of identical crystallog-
raphy and chemical composition but different orientations, an example being a subgrain
of quartz growing into quartz, through to situations where adjacent grains are of completely
different crystallography and chemical composition, an example being garnet growing into a
biotite grain. A disconnection is commonly seen as a step in a grain boundary and is charac-
terised by a vector, called the Burgers vector for the disconnection, b, and a step height, h. The
step can be regarded as a site where a dislocation in one grain displaces the grain boundary.
For some situations, h ¼ 0. In Figure 9.13(a) we consider two grains, labelled a and g. The
Burgers vector for the dislocation in a that displaces the grain boundary is labelled ta, whilst
the dislocation in g that displaces the grain boundary has a Burgers vector, tg. The Burgers
vector for the disconnection is b ¼ ta � tg (Figure 9.13(a)). The array of steps in the grain
boundary is called the terrace plane and some mean orientation of the terrace defines the
habit plane for the interface between the two phases. In general the strains that exist at the
interface cannot be accommodated by the steps and the associated dislocation xD and other
defects are necessary such as that labelled xL in Figure 9.13(b). This dislocation, xL, is associ-
ated with its own Burgers vector but has zero step height. As the terrace plane moves it pro-
duces a deformation in the surrounding material governed by the nature of xD and xL.

FIGURE 9.11 Disclination densities in aluminium. From Beausir and Fressengeas (2013). (a) is a map of grain
orientations with inverse pole figure in the top right-hand corner. (b) Zoom into area marked in (a) showing density
of wedge disclinations, q33. The arrows are local Burgers vectors resulting from the dislocation densities (a13, a23);
their horizontal components are a13 and a23 (in per metre). Maximum Burgers vector length, 1.2 � 108 m�1.
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FIGURE 9.12 Densities of wedge disclinations in olivine, q33 (in radians per square metre). Local Burgers
vectors arising from edge dislocation are the blue arrows; their horizontal and vertical components are a13 and a23
(in mm�1). (d) is the probability of occurrence of positive and negative wedge disclination densities (q33). From
Cordier et al. (2014). See that paper for discussion.
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Examples of two disconnection systems are shown in Figure 9.14. In Figure 9.14(a) the
stepped interface between two phases is clearly shown with Burgers vectors in the two
phases, ta and tg. In Figure 9.14(b) the boundary is between two phases with different chem-
istry. ta and tg are shown. In this case the Burgers vector for the disconnection is parallel to the
trace of the step face.

The general case of the form of defects that constitute a general grain boundary between
two phases of completely different orientation and chemistry is yet to be established. In
metals, a boundary between phases of identical chemistry but different crystallography is
recognised and can be different to a simple array of disconnections. Such a phase transition
is called a massive transformation (Aaronson, 2002). Other boundaries that involve

Grain bondary

(a) (b)
tα

tα
b

tγ

tγ
γ

Kink
(b, h) (b, 0)

dL

dD

Terrace plane

α

ξD

ξL

FIGURE 9.13 The geometry of disconnections. (a) A grain boundary between two phases, a and g. ta and tg are
the Burgers vectors for two dislocations, one in each phase, that intersect the grain boundary producing steps. The
difference between these two vectors is the Burgers vector, b, for the disconnection. (b) Geometry of the terrace and
habit planes in a two phase material. From Howe et al. (2009).

(a) (b)

FIGURE 9.14 Transmission electron microscope images of disconnections. (a) Boundary between two phases, a
and g. The Burgers circuits in a and g define the two Burgers vectors, ta and tg. (b) Boundary between two phases of
different chemistry, a-Ti and g-TiH. The Burgers vectors, ta and tg are shown. From Howe et al. (2009).
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diffusional transfer have been considered by Howe et al. (2000) and Massalski et al. (2006).
These grain boundaries sometimes consist of single planes of transformed material that
move across the interface as a plane but move in a jerky manner with distinct wavelengths
for the motion (Raffler and Howe, 2006). There is clearly a rich field of future endeavour
in understanding the motion of grain boundaries in transformations typical of metamorphic
reactions where gross changes in chemistry occur as well as crystallographic orientation.
However, we propose that whatever the mechanisms turn out to be, they act as powerful
deformation mechanisms as well as phase change mechanisms.

9.4 THE GEOMETRY OF CRYSTAL DEFORMATION

In order to see how many slip systems are required to accommodate a given imposed
strain consider a single slip system shown in Figure 9.15 with m parallel to the x1-axis and
the slip direction, s, inclined at q to the x2-axis. The argument is similar to that presented
in Section 8.3.4. Then, m1 ¼ 1, m2 ¼ 0, m3 ¼ 0 and s1 ¼ 0, s2 ¼ cosq, s3 ¼ sinq. Thus the defor-
mation gradient becomes

F ¼

2
64

1 0 0

g cosq 1 0

g sinq 0 1

3
75

and the dilation given by the Jacobian, J, of the deformation gradient, is J¼ 1. The small strain
tensor is

εij ¼

2
66666664

0
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2
g cosq
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2
g sinq

1

2
g cosq 0 0
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2
g sinq 0 0
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77777775

FIGURE 9.15 Strain from single slip.
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To satisfy a general affine, isochoric strain, for which there are five independent compo-
nents, five independent deformation mechanisms are required. This requirement is known
as the von Mises criterion for compatibility of strain in a polycrystalline aggregate. For a
detailed discussion see Kelly and Groves (1970). Some minerals, such as quartz, possess
the required number of slip systems necessary to satisfy an imposed general strain (Paterson,
1969) but some, such as olivine, do not. Cordier et al. (2014) propose that the motion of dis-
clination arrays can supply extra shear components so that five independent mechanisms
operate. Another interpretation is that the slip systems available in olivine operate to achieve
some components of the imposed strain but incompatibilities develop that are accommo-
dated at grain boundaries by disclinations. The two views are not incompatible.

For the general case, if we restrict ourselves to small deformations, we can write

F ¼ εþ u

where F is the deformation gradient, ε is the small strain tensor and u is the rotation matrix.
We see that five independent slip systems can produce the same ε in each grain but in general
the operation of different sets of five slip systems means thatuwill be different in each grain.
In order to maintain deformation compatibility an extra rotation is required and this may
involve elastic distortions that are supplied by disclinations.

One way of considering this issue is to express a general isochoric (not necessarily affine)
deformation by the deformation gradient, which has eight independent components and ask:
how do we find eight independent deformation mechanisms to accommodate the deforma-
tion? The simplest way is to propose that five independent slip systems exist (supplied by
dislocations) plus three independent rotational mechanisms (supplied by disclinations).
Other possibilities exist and an example is supplied by Basinski and Basinski (2004) who
identify eight independent mechanisms in deformed copper single crystals. We will see
below (Section 9.5.2) that other geometrical effects arising from coupled grain boundary
migration can also introduce systematic, local rotations into a deforming polycrystal.

9.5 THE FORMATION OF SUBGRAINS AND DEFORMATION
BY GRAIN BOUNDARY MIGRATION

9.5.1 Dislocation Patterns Arising from ReactioneDiffusion Equations

Walgraef and Aifantis (1985a, b, c) and Aifantis (1986) have applied the concepts of pattern
formation arising from reactionediffusion equations (see Chapter 7) to the development of
localised deformation patterns in metals. The results of these latter analyses indicate that
such localisation should develop both as temporal oscillations in deformation intensity (a
Hopf instability) and spatial fluctuations in deformation intensity (a Turing instability).
Both of these kinds of instabilities are observed in deforming metals (Aifantis, 1987). The
approach is motivated by work on dislocation dynamics (Walgraef and Aifantis 1985a, b,
c; Aifantis 1986; Pontes et al. 2006; Zbib et al. 1996; Shizawa and Zbib 1999; Shizawa et al.
2001). Such an approach suggests that dislocation-pattern formation results from interactions
during deformation between different dislocation populations, a process that tends to
localise dislocation densities, and diffusion which tends to homogenise dislocation densities.
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Patterns develop when a critical stress is reached corresponding to a balance between these
two competing processes. In the original version of this model (Walgraef and Aifantis, 1985a)
two populations of dislocations were considered: relatively mobile and immobile popula-
tions with instantaneous densities rm and rim. The four processes that contribute to the total
dislocation density in a one dimensional model are proposed as follows (Schiller and Wal-
graef, 1988).

Dislocation diffusionwhich contributes terms such as Dk
v2rk
vx2 to the total rate of change of the

density of the kth population whereDk is the diffusion coefficient for the kth population and x
is a spatial coordinate. As in the models for the development of classical Turing instabilities it
is important that the diffusion coefficient of mobile dislocations is much larger than that of
immobile dislocations.

Dislocation interaction and pinning leading to a nonlinear source term in the rate of change of
immobile dislocations and a corresponding sink term in that for mobile dislocations. In the
original model the source term is a quadratic, þgrmr

2
im, where g is the rate for this process.

However, the important point is that this term is nonlinear so more complicated interaction/
pinning processes leading to higher order terms lead to the same kinds of results.

Dislocation generation by some mechanism such as FrankeRead sources or the like that
adds a term g(rim) into the balance equation for immobile dislocations, the assumption being
that all newly generated dislocations are immediately pinned.

Dislocation liberationwhich adds a source term, brim, to the balance equation for mobile dis-
locations and a corresponding sink term for immobile dislocations.

The above discussion indicates that the overall evolution of dislocation arrays is described
by two coupled reactionediffusion equations which express the relationships and coupling
between diffusion, generation, annihilation and pinning of dislocations:

vrim

vt
¼ Dim

v2rim

vx2
þ gðrimÞ � brim þ grmr

2
im (9.8)

vrm

vt
¼ Dm

v2rm

vx2
þ brim � grmr

2
im (9.9)

This is the set of reactionediffusion equations introduced byWalgraef and Aifantis (1985a)
and has been intensively studied over the past three decades. In particular one can confirm
that this coupled set of equations has the following properties (see Chapter 7) which are the
conditions for a Turing instability to develop:

• The homogeneous, steady state of the system is defined by

g
�
roim
� ¼ 0 and rom ¼ b

groim
(9.10)

• Instability represented by temporal oscillations (a Hopf instability) of the dislocation
densities occurs when

b ¼ bHopf ¼ aþ g
�
roim
�2

(9.11)

where a is the rate of change of the initial density of immobile dislocations, roim.
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• An instability represented by spatial patterning (a Turing instability) occurs when the
stress becomes high enough that

b ¼ bTuring ¼
�
a
1 =

2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
groimDim

�
Dm

q �2
(9.12)

• The wave vector for such spatial patterning is (Chapter 7)

qTuring ¼ 2p

lTuring
¼
 
ag
�
roim

�2
DimDm

!1=4

(9.13)

where lTuring is the wavelength of the patterning.
• The Turing instability is reached before the Hopf instability if

Dim

Dm
<

a

g
�
roim

�2

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g

�
roim

�2
a

s
� 1

1
A

2

(9.14)

Thus the analysis indicates that an initial homogeneous distribution of dislocations will
spontaneously develop into a spatial pattern whose wavelength depends on the diffusion co-
efficients of the two families of dislocations, the rates of generation (a) and of interaction (g)
of dislocations and the initial density of immobile dislocations (roim).

This discussion has been for a one dimensional model but the discussion is readily
extended to three dimensions (Walgraef and Aifantis, 1985c) and to more complicated dislo-
cation processes (Pontes et al., 2006 and references therein).

A result that immediately appears frommodels of this type is that if one takes the Orowan
relation, _ε ¼ rmvmb, where vm is the velocity of the mobile dislocations and b is the Burgers
vector, then using (9.13) one can arrive at the relation (Schiller and Walgraef, 1988)

lTuring ¼
�
lim _ε

b2

	1
2

r�
1
2 (9.15)

where lim is the mean free path of immobile dislocations and r is taken to be the total dislo-
cation density. If one considers the Turing wavelength to be equivalent to subgrain size then
(9.15) gives a relation between subgrain size and dislocation density which is a function of
strain rate and hence stress depending on the constitutive relation.

9.5.2 Rotation during Deformation. Coupled Grain Boundary Migration

Grain boundary migration is widely accepted as a recrystallisation mechanism but until
recently has rarely been considered as a deformation mechanism in its own right. There
are many examples now of grain boundary migration contributing to deformation and,
most importantly, there is considerable experimental and computational evidence that grain
boundary migration can induce rotation in arrays of grains or subgrains (Srinivasan and
Cahn, 2002; Taylor and Cahn, 2007; Trautt and Mishin, 2012, 2014). Grain (or subgrain) rota-
tion coupled to grain boundary migration is now recognised as an integral part of
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microstructural evolution in polycrystalline aggregates both in the static recrystallisation
process (Cahn and Mishin, 2009) and during grain boundary migration in deforming mate-
rials (Taylor and Cahn, 2007).

The new development (Srinivasan and Cahn, 2002) is the recognition that grain boundary
migration can be coupled to a simple shearing parallel to the boundary. This process is
distinct from grain boundary sliding for which there is no coupling but both processes can
occur simultaneously (Figure 9.16). In metals, pure grain boundary sliding replaces coupled
grain boundary migration at high temperatures (see Figure 9.20). Thus if nN and nk are the
magnitudes of the velocities normal and parallel to the interface then the two are related by

njj ¼ bnN

where b is known as the coupling factor. If there is also a sliding velocity, vS, parallel to the
boundary then

njj ¼ bnN þ nS

For perfect coupling, Cahn and Taylor (2004) show that where q is the misorientation
across the boundary

b ¼ 2tan
q

2

b, however, can be positive or negative according to the nature of the grain boundary at the
atomic scale. The degree of coincidence of atomic structure is measured by the quantity, S,
which is the ratio of the total number of atomic sites to the number of coincident sites.
Thus S ¼ 1 for complete coincidence (as in some low-angle tilt boundaries) up to large
numbers if there is no coincidence. One expects the energy of the boundary to increase as
S increases.

FIGURE 9.16 Tangential and normal motions in a bicrystal parallel and normal to the initial grain boundary,
GB. An initial marker is shown as the blue dotted line. (a) Initial bicrystal with a marker line shown in red. (b)
Deformation of the grain boundary by dislocation motion. (c) Grain boundary sliding. (d) Coupled grain boundary
migration and deformation. vN and vjj are the velocities normal and parallel to the grain boundary.
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Molecular dynamics simulations of grain boundaries in Trautt and Mishin (2012) give
values of b shown in Figure 9.18 where b is plotted against q for a number of coincidence

boundaries. b is positive and follows the relation b ¼ 2tan q
2 up to amisorientation of approx-

imately 34� when it switches to negative values and follows the relation, b ¼ �2tan

�
p
4 � q

2

	
.

Thus for a given vjj, the sense of the coupled rotation reverses at about 34�.

9.6 COUPLED GRAIN BOUNDARY MIGRATION DURING
DEFORMATION AND METAMORPHISM

Coupled grain boundary migration (Figure 9.17) is a powerful mechanism associated with
a number of processes. It can produce lattice rotations, it is associated with grain size reduc-
tion and grain growth, it is an important recrystallisation mechanism and is simultaneously
an important deformation mechanism. It is also associated with the rotation of material
markers within a grain as the grain boundary moves. Systematic and preferred motion of
a grain boundary during deformation and grain growth can result in the shape preferred
orientation of mineral grains. We address these issues in the following.

9.6.1 Subgrain Rotation

Subgrain rotation is recognised as an important dynamic recrystallisation process in min-
erals but the mechanism for producing such rotation has never been precisely determined.
We revisit this topic in some detail in Chapter 13 but it is now clear in metals that subgrain
rotation is a deformation mechanism that arises from a coupled grain boundary migration
process. Detailed molecular dynamics simulations such as those carried out by Upmanyu
et al. (2006) and Trautt and Mishin (2012) are gradually elucidating the molecular process
involved but there is still considerable discussion since the process clearly depends on a
number of factors such as the material involved, the current misorientation, the nature of
the boundary (that is, the value of S), the temperature and the presence or absence of other
boundaries. Some examples of these simulations are given in Figures 9.19 and 9.21. The gen-
eral observation is that a shear stress generates not only a rotation of the subgrain but also a
decrease in subgrain size. There are some examples (Cahn et al. 2006) where grain growth can
occur during rotation but generally there is a decrease in grain size with continued deforma-
tion until finally the subgrain becomes amorphous (glassy) at the nanoscale. Thus subgrain
rotation should not simply be viewed as a recrystallisation process. It is an important defor-
mation mechanism and grain size reduction mechanism. It may even be a process whereby
some pseudotachylites are generated.

9.6.2 Bulge Recrystallisation

The bulging of grain boundaries at sites where parts of a grain boundary are pinned by
small grains of another phase is well documented in deformed rocks (see Vernon, 2004, for
examples). The phenomenon is also called strain-induced grain boundary migration since the
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process is envisaged to be driven by differences in stored strain energy, DG, from one place in
an aggregate or grain to another. Cahn and Mishin (2009) point out that the stored strain
energy (at least in metals) is too small to drive this process unless the bulging boundary
has almost zero curvature. This process cannot depend on classical homogeneous
nucleation theory (see Chapter 13) since the energy to do so is insufficient. The process
needs to begin with grains of the order of 1e10 mm radius which are relatively strain free.
Cahn and Mishin propose that these grains develop by coupled grain boundary migration

FIGURE 9.17 As a crystal embedded in another crystal decreases in radius, continuity of lattice planes means
that the shrinking grain must rotate. (a) Initial crystal A embedded in B. (b) A shrinks and continuity means that A must
rotate as shown. One can view the process in the opposite direction and begin with the geometry in (c) as the initial state. The
dotted lines are now material lines such as lines of inert inclusions. The lattice of A is not distorted by the plastic shear within the
grain as the grain boundary migrates. As A grows to assume the geometry in (d) B must be sheared as it is replaced by A but in
the opposite direction to that shown in (b).
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so that as a small grain (of the order of 1 mm or less) grows it sweeps the dislocations within it
away and changes orientation because of the coupling with grain boundary migration. This
change in orientation is important because it is the basis for any crystallographic preferred
orientation (CPO) that develops during subsequent recrystallisation. Once the radius is
large enough it grows into a recrystallised grain driven by DG. The process is summarised
in Figure 9.22.

FIGURE 9.18 The switch in sign of the coupling factor, b, as a function of misorientation, q, and of the coin-
cidence measure, S. After Cahn et al. (2006).

(a) (b)

FIGURE 9.19 Molecular dynamics simulation of subgrain rotation arising from coupled grain boundary
migration. As the subgrain becomes smaller the rotation increases as in Figures 9.17(a) and (b). From Trautt and

Mishin (2012). The small triangles are dislocations.
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9.6.3 Foliations and Lineations

A ubiquitous feature of deformed metamorphic rocks is the preferred orientation of indi-
vidual mineral phases that are planar, tabular, prismatic or acicular in habit. These preferred
orientations constitute foliations in the case of minerals with planar habit such as muscovite
and biotite, and mineral lineations in the case of minerals with acicular, bladed or prismatic
habit such as sillimanite, kyanite and tourmaline. Note that these preferred orientations of
individual minerals constitute only one type of foliation or lineation and it is the type we
concentrate on here. The mineral lineations and foliations are commonly paralleled by other
fabrics that consist of planar or linear packets of mineral grains.

Three proposals have been put forward for the development of these preferred mineral-
shape orientations: (1) the first proposes that these grains form early in a deformation and
are rotated during deformation to align with a principal plane or axis of strain, such models
have been discussed by Vernon (2004); (2) the second proposes that these grains form to mini-
mise the elastic or stored energy of the grain; an example is the models developed by Kamb
(1959), MacDonald (1960) and Brace (1960); (3) the third proposes that internal deformation
by crystal slip during deformation aligns the grains with some kinematic framework (see
Chapter 13). We explore a different model here whilst admitting that features of all of the
above models probably have some relevance.

The model explores two aspects of mineral preferred orientation development comprising
nucleation and growth.

Mineral nucleation: We take as a starting point that during metamorphism new minerals
nucleate and begin to grow once the affinity of the relevant mineral reaction becomes large
enough. We discuss aspects of this stage of development of a metamorphic fabric in

FIGURE 9.20 Diagram showing the behaviour of [001] symmetrical tilt boundaries in copper at various tem-
peratures. Grain boundary sliding replaces coupled grain boundary migration at high temperatures and for a range
of tilt angles between about 20� and 60�. From Cahn et al. (2006).
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Chapter 14. The nucleation stage comprises a competition between the energy of the growing
volume of the new grain (proportional to d3 where d is the grain size) and the increasing en-
ergy of the surface energy (proportional to d2). At a certain critical grain size, increasing the
grain size results in a decrease in the Gibbs energy of the grain and grain growth can begin.
This theory needs to be modified for solids by the inclusion of the effect of gradients in the
chemical potentials of species diffusing to the growing nucleus (Chapter 14) but the basic
principle of competition between volume and surface energies remains. The theory, however,
makes no comment on the crystallographic orientation of the nucleus and for a non-
deforming system there is perhaps no control on the orientation. For a deforming system
the situation is different.

As indicated above, Kamb (1959), MacDonald (1960) and Brace (1960) discussed the situ-
ation where a nucleus is growing in a stress field and proposed that the ones that grow fastest
are those with the minimum stored elastic energy. This effect is undoubtedly always present
but it is not clear how important it is relative to other (sometimes competing) effects.

There are of course other influences that may contribute to the growth of a crystal in a solid
medium, other than the elastic energy. One of those is anisotropy of the interfacial energies
between the growing grain and neighbouring grains. This aspect has been considered by Tay-
lor and Cahn (1988) who addressed the question: How does the interfacial energy anisotropy
cause certain crystallographic orientations to dominate during grain growth? Taylor and Cahn pro-
pose that the anisotropy of both the interfacial energy between the growing crystal and the

FIGURE 9.21 Subgrain rotation and subgrain grain size reduction. Notice the curvature of the initial lattice in
the outer material in (b) and (c). From Upmanyu et al. (2006).
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surrounding material (the substrate), and the anisotropy of the difference between the energy
of the substrate and of the crystal/substrate interface, influence the barrier height for nucle-
ation and present some rules for what controls these orientations. These rules are based on
the classical Wulff construction (for a freely growing crystal) as modified by Winterbottom
(1967) for a crystal growing in a substrate. Further discussion is given by Cahn and Taylor
(1988).

There are yet two other influences on the ultimate preferred orientation, namely, aniso-
tropic supply of nutrients to the growing grain and anisotropic growth that selects grains
of a specific orientation. We concentrate on anisotropic grain growth below.

9.6.3.1 Mineral Growth

The observation of disconnections in many materials suggests that the motion of discon-
nections may be an important grain growth process. The detailed structure of such discon-
nections in multiphase metamorphic aggregates is yet to be determined and as we have
seen in massive transformations the step height may be a single unit cell but nevertheless

Cold deformation Anneal
(a) (b)

1

2

3

1

2 t2 t1

t1
h

t2 t33

FIGURE 9.22 Bulge recrystallisation. From Cahn and Mishin (2009). (a) During deformation coupled grain
boundary migration produces parts of original grains that are dislocation free and of various radii. Each one has a
different orientation to the initial host because of rotation arising from coupled grain boundary migration during
grain growth. (b) Small strain-free grains can only grow if their radii are greater than a critical value. Very-large-
curvature grains do nothing. Grains with intermediate curvatures shrink. Grains with small curvatures grow.
The time sequence is in the order t1, t2, t3.
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the motion of a disconnection type of structure across the surface of a newly growing grain is
an attractive model for grain growth and dissolution that needs further investigation. In a
stress free environment one might expect the migration of steps to be driven solely by ther-
mal fluctuations and hence to be essentially undirected. In the presence of a stress field we
propose that the step motion is strongly correlated and grain boundary migration controlled
by the migration of steps (disconnections) constitutes a strong deformation mechanism as
well as a preferred growth selection process (Figure 9.23). Thus independently of the pro-
cesses discussed above involving anisotropy of elastic and interfacial energies, a given distri-
bution of crystal orientations will be further selected by preferred disconnection motion. This
is a powerful mechanism for producing the preferred orientations that are seen in foliated
mica aggregates (Figure 9.24(b)). In minerals of other habits such as sillimanite or kyanite,
a mineral lineation may develop. If the deformation is weak in a particular layer then a decus-
sate structure may form (Figure 9.24(a)) but this does not indicate that the mineral growth is
post-tectonic. It simply indicates that the effect of deformation on the preferred migration of
disconnection steps is small.

9.6.4 Curved Inclusion Trails in Porphyroblasts

Curved inclusion trails (Figures 9.25 and 9.26) are a common feature within porphyro-
blasts that have grown at medium grades of metamorphism. They tend to be less common
at granulite grades of metamorphism. Discussions of the origins of the curvature are wide-
spread and strongly polarised with fierce defences of various points of view from the sides
of the fences involved. A balanced presentation of some of these competing views is in Ver-
non (2004). The various proponents fit into three camps. The first is the classical camp which
claims that the porphyroblast rotates during growth and deformation so that the new por-
phyroblast overgrows and incorporates the surrounding fabric (Figure 9.25(a)). The rotation
is relative to coordinates in the pre-growth state and the process involves a torque generated

FIGURE 9.23 Driving forces for grain growth during a chemical reaction. The red arrows indicate grain
boundary migration driven by the chemical and/or thermally derived affinity of the reaction. The blue arrows
indicate the motion of disconnections driven by the applied stress. If the motion arising from affinity is larger than
that driven by stress no shape-preferred orientation develops. If the motion driven by stress is larger than that
driven by the affinity of the reaction a crystal shape-preferred orientation develops.
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at the surface of the growing grain exerted by the adjacent deforming matrix. The analogy is
commonly drawnwith the analysis by Jeffery (1922) regarding the rotation of an ellipsoid in a
shearing viscous medium. In modelling these rotations only affine pure or simple shearing
deformations are considered.

A second model is due to Ramsay (1962) who proposes that the porphyroblast does not
rotate relative to pre-growth reference coordinates and that it is the matrix that rotates rela-
tive to the porphyroblast. The non-rotating porphyroblast then simply overgrows and incor-
porates continuously changing orientations of markers in the deforming matrix
(Figure 9.25(b)).

A third model, in some respects quite similar to the Ramsay model, arises from careful
microstructural work by Bell and co-workers (Bell, 1985; Bell and Johnson, 1989, 1992; Bell
et al., 1992, 1998). This model proposes that the porphyroblast is a composite entity devel-
oped during several episodes of growth and dissolution accompanied by alternating periods
of foliation development in the matrix. These foliations tend to be orthogonal. No rotation of
the composite porphyroblast occurs relative to pre-growth reference axes which are identi-
fied with a geographical frame. In the Bell model, although curved trails are admitted,
they are inherited from deformation of the matrix and in some instances, the spiral shaped
structure is claimed to be apparent and made up of sets of included foliation fabrics.

We do not dwell upon the details of these models here and leave an analysis and discus-
sion to Volume II. It is important to establish the mechanisms involved in this process so that
more definitive models can be developed. At present, the classical model (Figure 9.25(a))
gives the opposite sense of shear, for a given inclusion pattern, to that predicted by the
Bell model (Figure 9.25(c)). Below we explore the application of the Cahn concepts of grain
boundary migration coupled to material rotation to the development of curved inclusion
trails in porphyroblasts.

Following the discussion of Section 9.6.3, we propose that porphyroblast growth takes
place by the motion of disconnections on the boundary of the porphyroblast. Clearly such
motion ultimately arises from the affinity of the chemical reactions involved in the

(b)(a)

FIGURE 9.24 Microstructures associated with grain shape. (a) Decussate microstructure; weak preferred
orientation of blades of kyanite. Western end of South Beach, Fitzgerald National Park, Western Australia. (b) Strong
preferred orientation of {001} planes of micas. Stirling Vale, Broken Hill, Australia. Base of photo: 1.75 mm. From
Vernon (2004).
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production of the porphyroblast and must depend on diffusion for the supply of nutrients. If
there is no deformation, this process is stochastic and the motion of disconnections is not
directed (Figure 9.27(a)). In keeping with Section 9.6.3, we propose that under the influence
of an imposed deformation, the motion of disconnections is controlled by the deformation
and is directed (Figure 9.27(b)).

As considered in Section 9.5.2, the cooperative motion of disconnections at the growing
interface induces shear strains parallel to the moving interface. This has the effect of shearing
an inert marker such as an inclusion train that is incorporated into the growing porphyro-
blast. The porphyroblast undergoes plastic deformation by the motion of disconnections
so that its crystallographic orientation remains unchanged by the passage of the disconnec-
tion. The only evidence of the coupled grain boundary migration-shear deformation is the
change in orientation of the inclusion trails (Figure 9.27(c)). The porphyroblast does not rotate
relative to pre-growth coordinates during this process.

FIGURE 9.25 Models for the
development of curved inclusion
trails. (a) The classical model
whereby the growing porphyro-
blast rotates relative to pre-growth
coordinates and progressively
overgrows the marker as it rotates.
(b) The Ramsay (1962) model that
proposes the porphyroblast does
not rotate relative to pre-growth
coordinates and simply overgrows
a set of markers in the deforming
(and hence rotating) matrix. (c) The
model of Bell that proposes the
porphyroblast is a composite entity
comprised of multiple sets of
markers that form in alternating
periods of orthogonal shears. The
porphyroblast does not rotate rela-
tive to geographical coordinates.
The sense of shearing interpreted
from modes (a) and (c) is opposite
to each other. (a) and (c) After
Stallard et al. (2002). (b) After
Ramsay (1962).
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As Cahn and Taylor (2004) point out, the deformation resulting from the grain boundary
migration is a simple shear with shear parallel to the moving boundary. Hence the deformed
shape of the inclusion trail reflects the idiomorphic shape of the porphyroblast. If this shape
is a rectangle then the deformed shape is a power law curve or a sigmoid depending on the
initial orientation of the inclusion trail (Figure 9.27(c)). If the idiomorphic shape is a hexagon,
as in garnet, then power-law curves, sigmoids or spirals can develop again depending on the
amount of cumulative shear that the inclusion trail experiences (Figure 9.29(c) and (e)).

In Figures 9.27(c), 9.28 and 9.29(bee), a simplified model is adopted to illustrate the
geometrical principles involved. The rules used to construct these figures are:

1. The inclusion trail undergoes a rotation of 20� for each unit of grain boundary migration.
This rotation is independent of the pre-rotation orientation of the inclusion trail. The
inclusion trail is shortened or stretched in order to preserve continuity of the inclusion trail
from one growth increment to the next. The exception is when the inclusion trail becomes
parallel to the migrating boundary when no further rotation occurs; the inclusion trail is
simply stretched.

2. The surrounding foliation (which is taken to be parallel to what will become the inclusion
trial in the porphyroblast) rotates with the deformation so as to always maintain
continuity with the inclusion trail in the porphyroblast. This means that these simple
models do not consider coupled grain boundary sliding.

FIGURE 9.26 Examples of curved inclusion trails in garnet. (a) From Passchier and Trouw (2005). (b) From Johnson

(1993b). (c) Photo: Scott Johnson. (d) From Johnson (1993a).
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3. The porphyroblast incrementally overgrows and in doing so distorts the surrounding
foliation by coupled grain boundary migration processes.

Notice that this mechanism of coupled grain growth e internal deformation proposed
here is the primary mechanism, at the atomic scale, for developing curved inclusion trails
in growing, deforming porphyroblasts. The Ramsay mechanism can operate also leading
to greater intensity in the reorientation of inclusion trails. It is also possible that alternating
periods of growth and dissolution can occur as reflected in the microstructural observations
of Bell. It is interesting to speculate that if dissolution is linked to deformation, as in stress-
assisted dissolution processes, then shearing within the grain in the opposite direction to that

FIGURE 9.27 Growth of porphyroblast by disconnection motion. The red arrows indicate the direction of
disconnection motion. (a) Migration of disconnections driven solely by the affinity of the porphyroblast producing
mineral reaction with no coupled deformation. (b) Migration of disconnections driven by affinity of the mineral
reaction and biased by the imposed deformation. (c) The final microstructure developed in an initially square grain
with growth zones outlined by different colours. Shear sense is dextral. The initially horizontal inclusion trail is
marked in red. In this simplistic model, the inclusion trail is sheared through 20� and elongated or shortened to
maintain continuity for each increment of growth. Once the inclusion trail becomes parallel to the moving grain
boundary no further deflection of the inclusion trail occurs.
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involved in growth could occur. This would require the preferred motion of disconnections
during the dissolution process.

If the deformation history is coaxial (Figure 9.28), the shearing coupled to grain boundary
migration is symmetrical with respect to the imposed deformation and symmetrical shearing
of the inclusion trials evolves resulting in millipede development. If the deformation history
is a simple shearing (Figure 9.29), then the shearing coupled to grain boundary migration re-
flects this asymmetry and successive shearing of the inclusion trails parallel to growing grain
boundaries results in spiral shaped trails that cumulatively result in similar folding of the in-
clusion trails with a curved axial plane (Figure 9.29(d)).

There are interesting geometrical consequences of the inclusion trail assembly being inho-
mogeneously sheared into nested similar folds. Since adjacent inclusion trails are offset
spatially in the initial state, the individual spirals have their centres offset with respect to
each other and hence must ultimately merge or intersect. Thus discontinuities in the nested
spirals should be common place as a geometrical consequence of the coupled grain boundary
migration process. These are indeed common and are called by Bell and Johnson (1989) and
Johnson (1993), foliation truncation zones. Such zones are commonly attributed to a hiatus in
garnet growth; however, they are also a geometrical consequence of the coupled grain
boundary migration model. Moreover, a further consequence is that these truncation zones
form with a period of approximately p/2. Thus, in Figure 9.29(d), the truncation zones
form at 100�, 180� and 300�. These relations correspond to the observations of Johnson
(1993, his Figure 12).

As the temperature increases, the evidence from metals is that coupled grain boundary
migration is replaced by grain boundary sliding. It is then possible that mechanisms pro-
posed by the classical, torque-driven rotation, school may dominate. However, if significant
grain boundary sliding occurs simultaneously with coupled grain boundary migration, the
development of curved inclusion trails may be accentuated. Despite all these possibilities,

FIGURE 9.28 Development of millipede structure during coaxial shortening and coupled grain boundary
migration. (a) Symmetrical migration of disconnections during grain growth under the influence of coaxial
deformation history. (b) Initial orientation of hexagonal grain with inclusion trails horizontal. (c) A single growth
zone with symmetrical deflection of inclusion trails. (d) and (e) Continued growth with development of millipede
structure.
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the fundamental process of producing curved inclusion trails in growing porphyroblasts, in
the absence of grain boundary sliding, remains coupled grain boundary migration.

As a final comment, it is important to note that coupled grain boundary migration during
porphyroblast growth produces no rotation of the porphyroblast relative to coordinates at the
time of nucleation. The grain is internally sheared and this produces a rotation of the inclu-
sion trail within the growing grain relative to coordinates at nucleation but the porphyroblast
itself does not rotate relative to these coordinates. The sense of shear given by the shape of the
inclusion trail is opposite to the classical interpretation (Figure 9.25(a)).

FIGURE 9.29 Shapes of inclusion trails that develop during coupled grain boundary migration and with simul-
taneous rotation of the matrix foliation compatible with the sense of the shearing arrows. (a) Asymmetrical
migration of disconnections during grain growth in the sense of the shearing deformation. (b) The early nucleus
with deflection of the inclusion trail during early grain boundary migration. (c) Deflection of inclusion trail inside
the growing grain due to coupled grain boundary migration. The colours indicate growth zones. Within each
growth zone there has been a simple shear of the inclusion trail as the boundary moved through that zone. (d) Late-
stage history of grain growth showing the outline of some inclusion trails and with discontinuities in inclusion
trails. (e) Part of the image shown in (d) with growth zones removed to show discontinuities more clearly. The initial
nucleus is shown in white with the initial orientation of the inclusion trail. (f) Natural garnet porphyroblast with
curved inclusion trials and discontinuities in inclusion trails marked. From Johnson (1993b).
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We leave an in-depth discussion of this process and of other models summarised in
Figure 9.25 to Volume II but we emphasise that coupled grain boundary migration is a pro-
cess grounded firmly in mechanics that offers a quantitative way of addressing the issue of
curved inclusion trails and hence is testable with quantitative measurements of geometry.

9.7 CONSTITUTIVE EQUATIONS

The following are some brief comments on the constitutive relations commonly used to
describe and model the behaviour of deforming metamorphic rocks. For the most part the
relations used assume steady state conditions even though the processes may involve grain
size reduction, localisation of deformation, the development of anisotropy and mineral reac-
tions all of which represent non-steady conditions. The experimental ‘flow’ laws are
commonly written for steady state for one dimensional flow in the form

_ε ¼ AsN exp


�Q

RT

�
(9.16)

where _ε is the strain rate, s is a scalar expression of the Cauchy stress and Q is the activa-
tion energy for the rate-controlling process (and sometimes includes an additional pressure-
dependent term). N is a material constant that for laboratory-scale experiments lies in the
range 1 to about 8 (see compilation by Evans and Kohlstedt, 1995). In order to make this equa-
tion dimensionally correct, A has the units (PaN�1 s�1) so that it is a scalar generalised
viscosity.

However, (9.16) cannot be extended to the three dimensional case by writing

_ε ¼ AsN exp


�Q

RT

�

where _ε and s are now second-order tensors. One generalisation of (9.16) to three dimensions
is to write

s0
ij ¼ 2hDij; Dkk ¼ 0 (9.17)

where h is the viscosity and given in terms of a reference viscosity h0 and the shear strain
rate, _g, by

h ¼ h0

�
_g

_g0

	N�1

where h0 ¼ s0= _g0

and

_g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DijDij

q
; s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
s0

ijs0
ij

r

where primes indicate deviatoric stresses. Dij is the stretching tensor.
The assumption involved in the form of (9.16) and (9.17) is that the principal axes of

stretching always parallel the principal axes of stress. Such a constitutive relation is called
coaxial where the use of the term is not to be confused with the common use of the term
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coaxial to describe a deformation history where the principal axes of strain always remain
coincident. It is by no means clear that constitutive relations for deforming rocks are coaxial
especially as strong elastic and plastic anisotropy evolves during deformations. Strong as-
sumptions are built into (9.16) and (9.17).

A second point concerning (9.16) and (9.17) is that such a material can never localise.
It represents the behaviour of a viscosity strain rate weakening viscous fluid with no elasticity
and no dependence on the evolution of microstructure. Of course if one constrains the geom-
etry of deformation in a model so that part of the deforming system is pinned in some
manner then the deformation must localise to be compatible with the imposed constraints
but such behaviour is quite distinct from localisation arising from some form of bifurcation
behaviour.

If one adds elasticity to (9.17) then there are many ways to do so (see Chapter 6) but with a
complete lack of experimental data for rocks in this regard the choice is made more for con-
venience than for any regard for reality. Commonly the behaviour of a fluid is again adopted
with linear coupling between elasticity and viscosity so that the material is a Maxwell fluid
(Chapter 6).

The route towards representing deforming metamorphic rocks by rigorous elastice
plasticeviscous relations is not clear since again we have little in the way of experimental
data in this regard. One way is to assume a yield surface (Chapter 6) and then assume that
the behaviour of that surface is governed by relation such as (9.17). This is convenient and
can readily be implemented in computer codes but nevertheless is still an assumption. Such
a procedure, however, does allow localisation and unloading to an elastic state during
deformation instabilities if the shape and size of the yield surface is allowed to change
with deformation and chemical reactions. This, however, introduces new questions
regarding the nature of hardening (or softening). Is the behaviour isotropic or kinematic
(Chapter 6)? Again there is no experimental work to guide us. Some issues to do with
such behaviour are considered in Chapter 13.

Another issue is the incorporation of the influence of chemical species within the consti-
tutive relation. For many silicates a common form of (9.16) is extended to write

_ε ¼ AfMH2O
sN exp


�Q

RT

�
(9.18)

where fH2O is the fugacity of H2O and M is some exponent. Since the unit of fugacity is
Pascals, such an equation cannot be correct unless the units of A are adjusted. Moreover,
because of the reaction 2H2O# 2H2þO2 the fugacity of H2O needs to be given for a specific
value of the fugacity of hydrogen or oxygen. Hence the fugacity of either hydrogen or of ox-
ygen must also appear in equations of the form (9.18). These issues are discussed by Evans
and Kohlstedt (1995) and a detailed discussion of constitutive relations is given by
Regenauer-Lieb and Yuen (2003).

Of course the criticisms made above are easy to level since the experiments involved in
gathering the data required are difficult, expensive and perhaps even impossible to perform
because of the difficulty in gathering the required measurements imposed by the required
timescales or pressures. One way forward is to model the situations involved using molecu-
lar or dislocation dynamical simulations. The results of suchmodelling needs to be compared
with the results of experiments but simulation offers the opportunity to answer some of the
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FIGURE 9.30 Molecular dynamic calculations for the variation of the value of the stress exponent, n, for olivine
at various temperatures, strain rates and depths within the Earth. (a) 775 km depth; (b) 1500 km depth; (c) 2300 km
depth. The dashed curve in each case is the slip system transition from {110} þ {100} at high temperatures and low
strain rates to {100} slip at low temperatures and fast strain rates. The solid curve marking the boundary between
white and red areas is the boundary between the thermally activated dislocation regime (kink migration e Peierls
stress controlled) below the curve and the athermal (dislocation interaction) regime, above the curve. Figures from
Patrick Cordier. Note that under laboratory conditions the material is always in the thermally activated regime,
whereas under mantle conditions the material is in the athermal regime with very large values of n. In the labo-
ratory the material is rate sensitive. Under mantle conditions the material is rate insensitive.
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questions posed by the above discussion with a minimum of expense and to perform com-
puter simulations in environments and on timescales that are impossible to access experi-
mentally. An important study in this regard is that of Castelnau et al. (2010) and Amodeo
et al. (2011). They have studied the deformation of MgO under mantle conditions and shown
that a transition exists with increasing pressure, but most importantly with decreasing strain
rate, from relatively small values of N in the constitutive equation under laboratory condi-
tions to very large values at slow strain rates (Figure 9.30). Thus the proposal is that MgO
is quite rate sensitive under laboratory conditions but rate insensitive at geological strain
rates. This result has wide implications for extrapolation of laboratory data to geological con-
ditions and prompts the need for considerable work on the molecular and dislocation dy-
namics of silicates to see if the effect is widespread. In Chapter 13 we point out that
careful work on CPO measurements may prove useful as a test of such simulations since
the transition from rate sensitivity to rate insensitivity is reflected in the shape of the yield
or flow surface and so will influence the type of CPO that develops.

Recommended Additional Reading

Clayton, J.D. (2011). Nonlinear Mechanics of Crystals. Springer.
An advanced text including a treatment of the mechanics of crystals in terms of generalised coordinates. Many aspects of

elasticity and plasticity are treated together with a thorough treatment of dislocations and disclinations. One might look

upon this book as a modern version of Nye (1957).

Gutkin, M., Yu, Ovid’ko, I.A. (2004). Plastic Deformation in Nanocrystalline Materials. Springer.
Although the term nanocrystalline appears in the title of this book, much of the content is just as applicable to coarser

grained materials. Topics such as the role of disclinations in deformation and the interactions with dislocations are given
extensive treatment.

Kelly, A., Groves, G.W. (1970). Crystallography and Crystal Defects. Longman.
This is an excellent treatment of the geometry of slip, of the theory of dislocations and of crystal interfaces. It includes a

discussion of the Wulff construction.

Paterson, M.S. (2013). Material Science for Structural Geology. Springer.
A concise discussion of many aspects of material science with direct application to metamorphic geology. The book contains

an excellent treatment of dislocation theory and of diffusion.

Regenauer-Lieb, K., Yuen, D.A. (2003). Modeling shear zones in geological and planetary sciences: solid- and fluid-
thermalemechanical approaches. Earth-Sci. Rev. 63, 295e349.
A critical analysis of constitutive relations used in the geosciences based on a thermo-mechanical framework.
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10.1 PHENOMENOLOGY e WHAT IS DAMAGE?

Damage is a generic term that refers to any structural or chemical rearrangementwithin ama-
terial that results in degradation of strength or load bearing capacity. The physical parameters
that are influenced bydamage are the yield strength, the elasticmoduli, the rates of plastic hard-
ening and softening and the frictional resistance to sliding.Althoughdegradation in these prop-
erties is the hallmark of damage, other processes commonly operate in unison to produce
healing, recovery or annealing of the damage. The resultant behaviour arises from the competition
between the rates of damage accumulation and of damage recovery or healing. The damage
(Figure 10.1) may consist of distributed and localised fracturing (Reches and Lockner, 1994),
the formation of voids, bubbles or fluid inclusions (Ashby et al., 1979; Billia et al., 2013), chem-
ical effects, such as stress corrosion (Atkinson, 1979; Atkinson, 1987), grain size reduction
(Kilian et al., 2011; Rutter and Brodie, 1988) and ductile fracture (Brown, 2004; Eichhubl,
2004; Hobbs and Ord, 2010; Karrech et al., 2011a; Regenauer-Lieb, 1998). Even the generation
of dislocations in a deforming crystal is a form of damage (Dimiduk et al., 2010) since single
crystals deform plastically by dislocation motion below the theoretical strength.

Ashby et al. (1979) classify damage (Figure 10.2(a)) according to the temperature of defor-
mation, whether the damage is intra- or intergranular and whether the damage comprises
microcracks, voids or dynamic recovery and recrystallisation. On the basis of such a classifi-
cation Ashby et al. (1979) developed damage mechanism maps (Figure 10.2(b)), which plot the
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type of damage in stressetemperature space and are useful in interpreting microstructures.
Such maps indicate, for instance that cavity development, or void formation, is restricted
in temperatureestress space (Figure 10.2(b)). Mancktelow and Pennacchioni (2004) and
Fitzgerald et al. (2006) interpret the presence or absence of voids in mylonites solely in terms
of ‘wet’ or ‘dry’ conditions. Clearly the addition of water adds another layer of complexity to
the construction of damage mechanism maps but nevertheless in both ‘dry’ and ‘wet’ envi-
ronments one would expect the presence of cavity development to be restricted in stress-
temperature space and not be solely a function of the presence or absence of water. To
date there has been little development of this concept for metamorphic rocks although
attempts exist (Atkinson, 1982, Atkinson, 1987). Clearly such maps should be drawn for a
specific strain rate and grain size and, as indicted above, for ‘water content’ as well. Two ex-
amples of damage in deformed rocks are given in Figure 10.3.

FIGURE 10.1 Classes of damage.

FIGURE 10.2 Classification of damage. (a) From Ashby et al. (1979). (b) A sketch of a damage mechanism map
motivated by Ashby et al. (1979). All of these mechanisms degrade the theoretical strength of a single crystal given by
zE/10 where E is the Young’s modulus. Tm is the melting temperature.
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Ashby et al. (1979) distinguish three different modes of failure resulting from damage
accumulation: (1) elastic behaviour with little or no dissipation prior to failure: this is
commonly referred to as brittle fracture; (2) significant rate independent (plastic) dissipation
prior to failure: this is ductile fracture and (3) significant rate dependent (viscous) dissipation
prior to failure: this is creep or viscous fracture. A review of many of the approaches to failure
by damage accumulation is given by Karrech et al. (2011a) and a wider, in depth, review can
be found in Voyiadjis (2011). Below we examine some developments specifically devoted to
geological examples. The work cited below (Section 10.2) by Lyakhovsky and co-workers is
essentially concerned with brittle fracture although such work is extended into creep fracture
in Lyakhovsky et al. (2011). The work cited below (Section 10.3) by Karrech and others in-
volves all three modes of failure.

The study of damage over the past decade or so has highlighted a view of deformation that
differs from the classical one that deformation, as represented by smooth stressestrain
curves, is essentially continuous except where clear localisation or fracturing occurs. Careful
experiments have shown that deformation characteristics are scale invariant with discontinu-
ities in deformation occurring at all time and length scales. Even the plastic deformation of
single crystals loaded at slow, constant velocities occurs in a jerky manner with avalanches
of slip activity separated by periods of relative inactivity (Dimiduk et al., 2006; Zaiser,
2006). Such periods of discontinuous plastic deformation involving avalanches of dislocation
slip are associated with acoustic emissions (Zaiser, 2006) in just the same manner as is
familiar during the brittle deformation of rocks (Lockner et al., 1991; Reches and Lockner,
1994). The overall behaviour is associated with a loss in convexity of the Helmholtz energy
(Ortiz and Repetto, 1999) and the language used in generally describing damage phenomena
is to do with critical phenomena (Section 10.4), phase transformations and fractal (or scale

(a) (b)

FIGURE 10.3 Examples of damage in deformed rocks. (a) Fractal microfracture development in experimentally
deformed granite From Velde et al. (1991). (b) SEM image of voids developed on the grain boundaries of quartz grains
in a mylonite. From Mancktelow and Pennacchioni (2004).
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invariant) geometries and time series. A review of this approach is given in Girard et al.
(2010). Thus the study of damage development is an example of critical behaviour and the
resulting scale invariance, subjects that pervade many other areas of metamorphic geology.

10.2 A THERMODYNAMIC THEORY OF DAMAGE

Any useful theory of rock damage should include the observations that the elastic moduli
depend on the conditions of deformation (Lockner and Byerlee, 1980) and that subcritical
crack growth occurs throughout the loading history accompanied by material degradation
as the microcrack density increases (Lockner et al., 1991; Reches and Lockner, 1994). The
observed patterns of fractures developed in deformed rocks are commonly fractal in geom-
etry (Velde et al., 1991). In addition the observed time series of acoustic energy release is
also scale invariant. Any theory should be able to explain this scale invariance, both spatial
and temporal. The theory should provide a criterion for macroscopic failure, including a cri-
terion for damage evolution, and include a description of postfailure evolution including
healing of microfractures.

The theoretical developments by Lyakhovsky and co-workers over the past 30 years or so
represent important steps in achieving these goals (Lyakhovsky and Myasnikov, 1984;
Lyakhovsky et al., 1997, 2011). We present the model in some detail because it provides
examples of many of the constitutive and thermodynamic principles discussed in Chapters
5, 6 and 7.

The theory begins with the definition of the Helmholtz energy for a damaging solid. This
encompasses the energy arising from the classical linear Hooke’s law but is modified by the
addition of an energy term that describes the opening and closing of cracks; this results in
nonlinear elasticity. The form of this definition needs to take into account that the elastic
moduli depend on the nature of the deformation, particularly that the elastic moduli in ten-
sion degrade more rapidly than in compression (Lockner and Byerlee, 1980). From this
energy the nonlinear constitutive equation for an elastic-viscous material with cracks may
be derived. A restriction imposed by the second law of thermodynamics, namely that the en-
tropy production must always be greater or equal to zero, is used to derive a thermodynam-
ically admissible evolution law for subsequent damage. Instability is defined by a loss in
convexity of the Helmholtz energy (see Section 7.7); this can coincide with a bifurcation
where the governing equations lose ellipticity (See Volume II, and Rudnicki and Rice,
1975) but in general the two criteria for instability do not coincide. Finally the postfailure evo-
lution is modelled using the evolution laws. The result is a geologically realistic, thermody-
namically admissible model for damage that can be calibrated using experimental data.

The model proposes that the elastic moduli depend on the microcrack density through a
scalar damage parameter, a, which evolves as the deformation proceeds and is spatially
inhomogeneous:

a ¼ aðxi; tÞ
l ¼ lðaÞ; G ¼ GðaÞ; 6 ¼ 6ðaÞ

where xi are a set of Cartesian coordinates and t is time; l and G are the Lamé parameters (see
(6.24)) and 6 is another elastic parameter, which appears below in (10.3) and (10.11) and, as
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can be seen, is also a function of the damage. The evolution of a with time describes the dam-
age evolution and hence the kinetics of degradation (or recovery).

If the material is linearly elastic and we neglect thermal effects we see in Chapter 6 that the
specific internal energy can be written, (6.32):

e ¼ 1
r

�
K
εiiεjj

2
þ Gε0ijε

0
ij

�
¼ 1

r

�
l

2
I21 þ G~I2

�
(10.1)

where I1 is the first invariant of the small strain tensor, ~I2 ¼ ε
2
1 þ ε

2
2 þ ε

2
3, is twice the second

invariant of the deviatoric small strain tensor, K and G are the bulk and shear elastic moduli,
and l and G are the Lamé parameters (see Chapter 6). From (10.1) we have Hooke’s law
(using Table 5.4) for an isothermal deformation:

sij ¼ r
ve

vεij
¼ �

lI1dij þ 2Gεij
�

(10.2)

The Lyakhovsky model modifies (10.1) by adding another term that involves the energy
associated with the opening and closing of cracks:

e ¼ 1
r

�
l

2
I21 þ G~I2 �6I1

ffiffiffiffi
~I2

q �
(10.3)

The rationale for adding this extra term is discussed by Lyakhovsky et al. (1997); its form
arises from the requirement that the elastic moduli for a solid with microfractures depends on
the nature of the deformation (Lockner and Byerlee, 1980). Then (using Table 5.4 again),

sij ¼ r
ve

vεij
¼ 	�

l�6x�1�I1dij þ
�
G�6x�1�

εij



(10.4)

where

x ¼ I1ffiffiffiffi
~I2

p ¼ ε1 þ ε2 þ ε3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε
2
1 þ ε

2
2 þ ε

2
3

p (10.5)

Hence x is the ratio of the volumetric to the shear strain and so is a measure of the type of
deformation: x ¼ � ffiffiffi

3
p

corresponds to isotropic compaction ðε1 ¼ ε2 ¼ ε3 < 0Þ, x ¼ �1 to
uniaxial compaction ðε1 < 0; ε2 ¼ ε3 ¼ 0Þ, x ¼ 0 to an isochoric deformation, x ¼ þ1 to
uniaxial extension ðε1 > 0; ε2 ¼ ε3 ¼ 0Þ and x ¼ þ ffiffiffi

3
p

to isotropic expansion
ðε1 ¼ ε2 ¼ ε3 > 0Þ.

We can now write the specific Helmholtz energy (Chapter 5) as

J ¼ J
�
εij;T;a

�

so that a acts as an internal variable. Then the energy balance, the total entropy balance and
the Gibbs equation are given respectively by

de
dt

¼ d

dt
ðJþ TsÞ ¼ 1

r
sij _εij � Viqi
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ds
dt

¼ �Vi

�qi

T

�
þ G

dJ ¼ �sdTþ vJ

vεij
dεij þ vJ

va
da

where G is the specific internal entropy production given by

G ¼ � qi

rT2 ViTþ 1
rT

sij _εij � 1
T

vJ

va

da
dt

� 0 (10.6)

The first term in (10.6) is the entropy production due to heat conduction. The second term
is that arising from deformation and the third is the entropy production due to damage pro-
cesses. The inequality is an expression of the second law of thermodynamics. We assume that
the mechanisms involved in these three processes are independent of each other so that each
term in (10.6) must be positive.

Lyakhovsky et al. (1997) expand the entropy production due to damage, Ga, as a Taylor
series:

Ga ¼ �1
T

vJ

va

da
dt

¼ G0ðaÞ þ G1ðaÞdadt þ G2ðaÞ
�
da
dt

�2

þ. (10.7)

where the Gi are coefficients for the Taylor expansion. Lyakhovsky et al. (1997) show that the
first two terms in the Taylor expansion are zero. Hence to ensure the entropy production is
positive,

da
dt

¼ �C
vJ

va
(10.8)

where

C ¼ 1
TG2

is a positive function of the state variables. Lyakhovsky et al. (1997) assume that
l ¼ l0 ¼ constant, G ¼ G0 þ ax06G and 6 ¼ a6G, then the damage evolution takes the
form da

dt ¼ Cdeg
~I2½x� x0� for damage that results in degradation.

x0 can be thought of as a generalised internal friction, which separates states associated
with degradation and healing (Figure 10.4(a)). In terms of MohreCoulomb constitutive
behaviour with friction angle 4, one can write

xo ¼ � ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2q2ðle=Ge þ 2=3Þ2 þ 1

q

where

q ¼ sin 4

1� ðsin 4Þ=3 and le ¼ l�6x�1;Ge ¼ G�6x�1
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Lyakhovsky et al. (1997) give an example for Westerly granite with 4z30�, resulting in
xoz� 0:8.

We now need to understand the conditions for stability of the deformation generated by
the distributed damage. In other words, what are the conditions that the distributed damage
should localise? Two different mathematical approaches to this problem exist. One criterion
for such localisation involves the transition from a convex to a nonconvex form of the internal
energy, (10.3). If this function is convex then the deformation is stable (Hill, 1998). If
the energy is nonconvex it is possible that two solutions exist that can minimise the energy
and the system can divide into two different deformations, homogeneous and localised, with
each solution occupying different parts of the system (see Section 7.7). The other condition is
that instability is marked by the governing equations undergoing a transition from elliptic to
hyperbolic (Rudnicki and Rice, 1975). We discuss this criterion for localisation in Volume II,
and the difference between elliptic and hyperbolic partial differential equations in
Appendix C. Thus we seek conditions where the system loses either convexity or ellipticity.

The internal energy given by (10.3) is convex if all eigenvalues of the (6 � 6) matrix v2e
vεijvεij

,
are positive. Lyakhovsky et al. (1997, Table 1) present this matrix and show that two condi-
tions exist for stability, namely:

2G�6x � 0 (10.9)

and

ð2G�6xÞ2 þ ð2G�6xÞð3l�6xÞ þ �
lGx�62

��
3� x2

� � 0 (10.10)

These two conditions emphasise that loss of convexity depends on a critical value of 6,
and hence of the damage, a, given a particular deformation, x. These conditions are plotted
in Figure 10.5(a). For (10.9) the condition for loss of convexity is met before loss of ellipticity

FIGURE 10.4 The physical meaning of xo for a MohreCoulomb material. (a) Linear dependence of 6 on a. The
line x ¼ xo separates a region in normal stress-shear stress space where degradation is characteristic from one where
healing is characteristic. (b) If 6 is a nonlinear function of a then another field is added to (a). This comprises a region
where the damage produces degradation but the deformation remains stable.
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which is defined in terms of the velocity of anisotropic S-waves. Condition (10.10) coincides
with the loss of ellipticity in terms of the velocity of S-waves.

As an extension of the theory, Hamiel et al. (2004) modify the definition of 6 to become a
nonlinear function of a and so as to better fit experimental data:

6 ¼ 61
a1þb

1þ b
; 0 < b < 1 (10.11)

This adds another field to Figure 10.4(a) so that fields of stable and unstable weakening are
delineated (Figure 10.4(b)). The result of numerically simulated localisation is shown in
Figure 10.5(b).

Another modification to the model is made by Lyakhovsky et al. (2011). Viscous deforma-
tion is added formally to the energy equation as a viscous term hεij _εij, and the energy is
expressed in a non-local manner (see Chapter 6) by the addition of a gradient damage
term, k

2Via$Via. h is a viscosity and k has the units of (stress � length2):

e ¼ 1
r

�
l

2
I21 þ G~I2 �6I1

ffiffiffiffi
~I2

q
þ hεij _εij þ k

2
Via$Via

�
(10.12)

Using this energy equation, Lyakhovsky et al. (2011) derive an equation for damage evo-
lution, which is a reaction diffusion equation (Chapter 7):

va

vt
¼ CkV2aþ C

�
G~I26I1

ffiffiffiffi
~I2

q
� h

vh

va
εij _εij

�
[10.13]

FIGURE 10.5 Behaviour of damaged materials. (a) Phase diagram (damage versus type of deformation) showing
conditions for loss of convexity (black curves) and loss of ellipticity (green/black and blue lines). The variation of the
coefficient of friction for a damaged surface against type of deformation is shown in red. From Lyakhovsky et al. (2011).
(b) Simulation of shear localisation arising from accumulated damage. The degree of damage is shown by the colour
scale. From Hamiel et al. (2004).
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The first term on the right hand side of (10.13) expresses the diffusion of damage whereas
the second term in brackets expresses the nonlinear source of damage.

Lyakhovsky et al. (2011) use this non-local, elasto-viscous formulation to model shear zone
development and show that the shear zone localises as deformation proceeds (Figure 10.6(a)),
a behaviour seen in many fault zones (Ben-Zion and Sammis, 2003; Chester and Chester,
1998). By incorporating an expression for damage healing,

da
dt

¼ Cheal 1 exp

�
a

Cheal 2

�
~I2½x� x0� (10.14)

the model also enables details of the earthquake cycle to be reproduced (Figure 10.6(b)).
Thus the Lyakhovsky model reproduces many aspects of damage accumulation

commonly observed in deformed rocks namely, differences in elastic moduli depending on
the type of deformation, localisation due to accumulation of damage, further localisation
as a shear zone evolves and details of the earthquake cycle. We still need to understand
why fractal behaviour occurs both spatially in fracture patterns and temporally in patterns
of earthquake activity. We look at these issues in Section 10.4.

10.3 DUCTILE DAMAGE

The previous section, derived from the work of Lyakhovsky and others is based specif-
ically on a form of damage comprised of opening and closing and healing of microcracks.
Another approach, based on a wider variety of damage mechanisms is that of Karrech
et al. (2011b, 2012). Again the approach has a thermodynamic basis but now the evolution
of damage is based on maximising the entropy production according to the concepts of
Ziegler (1963; see Section 5) rather than relying on the entropy production being non-negative

FIGURE 10.6 (a) Localisation of a shear zone with increasing deformation given by t. D is a coefficient for
damage diffusion. (b) The earthquake cycle as modelled by a non-local form of the energy involving diffusion and
healing of damage. From Lyakhovsky et al. (2011).
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as in the Lyakhovsky model. The approach is summarised in Figure 10.7, which is useful in
highlighting differences in using classical approaches to plasticity and using thermodynamic
approaches to hyperplasticity (Houlsby and Puzrin, 2006a).

Hyper-plasticity is discussed in Chapter 6. The subject is a formal way of developing ther-
modynamically admissible theories dealing with the plastic deformation of materials. As
shown in Figure 10.7, classical plasticity begins by defining two quantities, the Helmholtz
energy and the yield function. Commonly the yield function is an empirical fit to experi-
mental data with no check as to whether the derived yield function obeys the laws of ther-
modynamics. Both classical (Cauchy) elasticity and MohreCoulomb plasticity are of this
form and, under some conditions, do not obey the laws of thermodynamics (Chapter 6). Clas-
sical plasticity also proposes a flow rule whose precise form is derived by maximising the
dissipation. From these procedures an incremental form of the constitutive behaviour can
be derived and towards the end of this procedure a check may (or may not) be made to
see if the formulation is thermodynamically admissible.

The route taken by Karrech et al. (2011c, 2012) corresponds to hyper-plasticity: two func-
tions are defined initially, namely, the Helmholtz energy,J, and the dissipation function, F.J is
the sum of energy contributions from deformation, thermal expansion and damage. An
expression for the stress in the material can then be obtained from the Helmholtz energy
as sij ¼ r vJ

vεij
. F comprises terms due to dissipation contributions from plastic deformation,

volumetric changes, rate sensitive deformation and isotropic damage. Ziegler’s principle of
maximum dissipation (Section 5.11) is used to establish the yield functions for plastic flow
and damage together with the flow rules from which the incremental response follows. Thus
one is guaranteed that the resulting response is thermodynamically admissible rather than
checking at the end. For details see Karrech et al. (2011c, 2012).

An example of the use of this approach to extensional deformation of the crust is given in
Figure 10.8. The results using the damage model with frictional effects are shown in the left
column of Figure 10.8 and the results using a damage constitutive behaviour, which resem-
bles the behaviour of a metal (that is, no pressure dependence) on the right. In both cases
shear localisation nucleates in the lower crust and propagates upwards with continued

FIGURE 10.7 The different approaches used in classical plasticity and hyperplasticity. From Karrech et al. (2011b).
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extension. The orientations of the shear zones change with depth in the frictional model and
approach a vertical orientation in the uppermost crust whereas they remain constant at
approximately 45� to the extension direction in the metal-like model. The behavior of the fric-
tional damage model resembles many natural examples and is not what is expected from
Andersonian fault mechanics or from MohreCoulomb behaviour. Another example is given
by Zhang et al. (2013).

FIGURE 10.8 Damage evolution in a continental cross-section in extension. Left hand column represents pressure
dependent response. Right hand column represents a response dominated by nonfrictional processes (von Mises
yield surface). The time after the start of extension is labelled for each frame. From Karrech et al. (2011b). Initial model
dimensions are 25 � 60 km. Top 5 km is quartz rich and the bottom 20 km feldspar rich. Temperature gradient from
top to bottom is 28 �C km�1.
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10.4 CRITICALITY AND PHASE TRANSITIONS

The brittle failure of materials has long been recognised to occur discontinuously comprising
a series of avalanches of damage formation and propagation (Lockner and Byerlee, 1980) as
revealed by acoustic emissions. Moreover, the form of the stressestrain curve is sensitive
to the manner in which the material is loaded. If the deformation is controlled by the load
applied to the specimen (Figure 4.1(a)) then catastrophic instability is commonly observed
(Figure 10.13(c)); suchbehaviour is referred to as a SNAP instability. If, however, the deformation
is displacement controlled (Figure 4.1(b)) then the complete stressestrain behaviour may be fol-
lowed with a series of small avalanches and with no catastrophic instabilities (Figure 10.13(c)).
This type of behaviour may be referred to as a POP instability. These two loading
modes correspond to ‘soft’ and ‘stiff’ loading frames (Jaeger and Cook, 1969, pp. 167e171).

The behaviours described above are not restricted to brittle deformations; jerky deforma-
tion behaviour arising from dislocation slip avalanches is now widely recognised in crystal
plasticity (Dimiduk et al., 2010). Figure 10.9(a) shows the results of loading a single crystal
of LiF at a constant velocity of 0.2 nm s�1. The displacement versus time plot shows small
discontinuous steps associated with bursts or avalanches of localised dislocation slip. Again
in Figure 10.9(b) results for loading a single crystal of Ni at a constant velocity of 5 nm s�1 are
shown; both the stress and displacement records show discontinuities associated with local-
ised slip activity. Such slip avalanches in visco-plastic materials, as is the case for brittle defor-
mation, are associated with acoustic emissions (Imanaka et al., 1973; Weiss and Miguel, 2004;
Weiss et al., 2000; Zaiser, 2006).

In both brittle and visco-plastic deformation modes there are power-law relations in the
scaling of avalanche events. Figure 10.10 shows the scaling of acoustic emissions in (a) for
the visco-plastic deformation of single crystals of ice and (b) seismic events in Southern
California. An additional element of complexity is introduced in the earthquake data

FIGURE 10.9 Intermittent avalanche behaviour during the plastic flow of crystals. (a) Plot of displacement (blue)
and velocity (red) during the plastic deformation of a single crystal of LiF against time. The specimen is deformed at a
programmed constant velocity of 0.2 nm s�1. Detail in inset. From Dimiduk et al. (2010). (b) Plot of engineering stress
(grey) and displacement (black) for a single crystal of Ni against time loaded at a programmed constant rate of
5 nm s�1. From Zaiser (2006).
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in that two modes of power-law behaviour are observed. One is the classical
GutenbergeRichter behaviour where the number, N, of seismic events with a magnitude,
ML, bears a power-law relation with ML up to a cut-off magnitude. The other corresponds
to a power-law relation between N andML up to a cut-off magnitude but larger earthquakes
occur above the cut-off magnitude and are not part of the power-law relation
(Figure 10.10(b)). Ben-Zion et al. (1999) refer to this second kind of distribution as character-
istic earthquake statistics (Figure 10.13(d)). Any particular seismically active region can swap
between these two modes of earthquake activity and such behaviour is known as mode
switching (Ben-Zion, 2008; Ben-Zion et al., 1999).

The types of behaviour described above are explained by viewing the yield behaviour of
materials as a first order phase transition where the Helmholtz energy undergoes a transition
from convex to non-convex (see Chapter 7; Ben-Zion, 2008; Chapter 2 of Powell, 1978). Ortiz
(1999) for instance describes the plastic yield of metals in terms of an energy function:

f ðh0Þ ¼ 1
2
h20 � k logðcosh h0Þ � hh0 (10.15)

In (10.15), h0 ¼ tanh�1½2hεi � 1� where hεi is a measure of the normalised shear strain. The
quantity h is given by h ¼ s

2 � 1
2 logð1þ expðm=kBTÞÞ and so is a measure of the normalised

shear stress, s, at a particular absolute temperature, T, m is the chemical potential
associated with the dislocations, and kB is Boltzmann’s constant. k ¼ K

Kcritical
where Kz Gb3

2kBT is
the self-energy of the dislocation divided by 2kBT. Kcritical is the value of K where the energy
of the system changes from convex to nonconvex. The critical point also corresponds to a crit-
ical temperature, Tcrit. The energy is convex for T > Tcrit and nonconvex for T < Tcrit. (10.15) is
derived for a very simple deformation mechanism where the glide of a single dislocation is
inhibited by forest dislocations that intersect the glide plane. (10.15) is plotted for various

FIGURE 10.10 Power-law statistics for single crystal plasticity and earthquakes in Southern California. (a) Plot of
the logarithm of the probability of a dislocation avalanche event of energy E against log10 E for plastic deformation of
ice. From Zaiser (2006). (b) Logarithm of the number of events of magnitude ML against log10 ML for the earthquake
time series shown inset for Southern California. From Ben-Zion (2008).
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values of k in Figure 10.11(a) and with h ¼ 0. The energy passes through a transition from
non-convex to convex at the critical temperature, Tcrit.

Thus below Tcrit the energy has two minima corresponding to elastic and plastic behaviour
(Ortiz, 1999). Above Tcrit the energy is convex and no yield point exists. Ortiz (1999) shows
that Tcrit is close to the melting point for many materials.

The arguments of Ortiz are extended by Truskinovsky and others (Puglisi and Truskinovsky,
2000, 2002, 2005; Salman and Truskinovsky, 2012).Many of thesemodels are based on themodel
for a plasticmaterial proposed byMuller andVillaggio (1977). Thismodel comprises a number of
snap-springs (see Chapter 1) arranged in various arrays. The model proposed by Muller and
Villaggio (1977) is shown in Figure 10.12(a). Salman and Truskinovsky (2012) examine various
versions of this model and show that a one dimensional model with the snap-springs arranged
in series with next to nearest neighbour interactions explains many aspects of rate independent
plasticity but fails to reproduce intermittency offlow.A twodimensional arrangement of springs
is sufficient to produce avalanche behaviourwith power-law statistics and the fractal character of

FIGURE 10.11 A critical transition corresponding to plastic yielding as a function of temperature. From Ortiz
(1999). (a) The transition between a convex energy function for T > Tcrit to a non-convex function for T < Tcrit.
(b) Stressestrain curve for T > Tcrit where the strain is measured by h0. (c) Stressestrain curve for T < Tcrit where the
strain is measured by h0.
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microstructure. The stressestrain curve for a one dimensional snap-spring array is shown
in Figure 10.12(b) andderives from the nested energy curve shown in Figure 10.12(c). The stresse
strain curve is serrated with a sequence of stress drops Ai / Bi after yield.

The behaviours discussed above can be summarised as follows. Many aspects of deforma-
tion can be described as first-order phase transitions. However instead of the phase changes
being sharp as in classical, ideal first-order transitions the ones of interest are extended over a
broader range of driving parameters (such as stress or strain) and they show hysteresis,
which is manifested as different behaviours under different loading conditions. These behav-
iours arise because the energy barriers involved (forest dislocations, regions of increased
strength or elastic moduli) are large in magnitude compared to thermal fluctuations and
are of relatively large spatial extent. The energy landscape consists of numerous local minima
and the energy barriers are such that thermal fluctuations play a negligible role. The system

FIGURE 10.12 Avalanche behaviour modelled by a series of snap-springs with next to nearest neighbour in-
teractions. (a) The model proposed by Muller and Villaggio (1977). The unit snap-spring is shown as an insert and is
identical to that shown in Figure 1.9. (b) The serrated stressestrain response exhibited by a one dimensional array of
snap-springs. (c) The energy function corresponding to the stressestrain behaviour in (b). (d) Spatial distribution of
avalanche failure behaviour within a lattice representing a two dimensional array of springs. From Salman and
Truskinovsky (2012).
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can only move from one energy-well to another through the external driving force. This
means that thermal fluctuations alone are not enough to drive the phase transition and
high levels of stress or of strain are necessary. The high-energy barriers have two origins:
(1) initial (quenched) disorder that is inherited from a former state; these determine
initial nucleation sites for the new phase; (2) new microstructure, such as fracture surfaces
and dislocations, which are spatially localised. This means that the response of the material
to a constant driving force is a series of nucleation and collective de-pinning events expressed
as discontinuous jumps, as local high strength regions are overcome and neighbouring re-
gions take up the stress, followed by periods of quiescence when propagation of the
advancing phase boundary is pinned. The next avalanche is associated with de-pinning
of this boundary and this de-pinning event is expressed as an avalanche of acoustic
emissions.

Perez-Reche et al. (2008) have proposed that various modes of criticality for a system,
loaded with a spring with spring constant k, can be represented on a diagram
(Figure 10.13(a)) where the behaviour is influenced by both the value of the spring constant
and the degree of imperfection (measured by the standard deviation of the disorder, r) in the
system. Figure 10.13(a) is plot of spring stiffness, k, against the standard deviation of disorder,
r. The line marked SOC defines the conditions for self-organised criticality and separates two
fields of behaviour, SNAP (large avalanches of damage) and POP (small scale avalanches).
The point r0 corresponds to a classical orderedisorder transition. Figure 10.13(b) is a phase
diagram for the system shown in (a). Systems evolve from standard criticality (corresponding
to fine tuning of the system) to self-organised criticality (corresponding to slow external forc-
ing) along the diagonal line. Perturbations away from the diagonal line cause the system to
evolve either into the SNAP field or the POP field. The inserts show the types of damage pat-
terns that develop in each field with characteristic fractal dimensions (for a two dimensional
pattern). Figure 10.13(c) is a stressestrain curve for this nonlinear system with standard de-
viation of initial damage of 1.5. Soft loading conditions (k ¼ 0) correspond to SNAP behaviour
with a large avalanche driven by a stress, sn, at the nucleation threshold for damage. A
spring constant of k ¼ 0.5 produces behavior that relaxes to the stress, sp,
corresponding to the propagation threshold for damage but settles into a damage evolution
mode that corresponds to POP behaviour. A hard system, k ¼ kN, follows POP behaviour
throughout the loading history after yield.

Figure 10.13(d) is a phase diagram showing the field of mode switching in earthquake
behaviour reported by Ben-Zion et al. (1999), Ben-Zion (2008) and Dahmen and Ben-Zion
(2009). The diagram is a plot of the parameter, ε, which is a measure of the degree of
softening, against (1-c) where c is a fraction of the stress drop, associated with an event,
that is conserved in the slip region after slip. Below the dotted line the damage statistics
correspond to a truncated power law (which is commonly known as GutenburgeRichter
statistics). Above the dotted line the behaviour swaps between GutenburgeRichter
statistics and characteristic earthquake statistics. Perhaps this mode-switching behaviour
is an expression of sensitivity to initial conditions in the phase diagram shown in
Figure 10.13(b). Slight departures from the diagonal line in the phase diagram will result
in a system that evolved into the POP field (GutenburgeRichter statistics) or result in a
system that evolves into the SNAP field (corresponding to characteristic earthquake
statistics).
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An instructive study that illustrates many aspects of damage evolution and criticality is
that of Girard et al. (2010) who model (using finite elements) progressive damage evolution
and failure in a MohreCoulomb material with initial random distributions of imperfections
defined in terms of variations in the values of the cohesion. Two variations are studied, H1
and H2; for H1 the cohesion varies from 5 � 10�4 to 10�3 of Y0 and for H2 the cohesion varies
from 2 � 10�4 to 10�3 of Y0 where Y0 is the initial value of the Young’s modulus. The Young’s
modulus in the ith finite element is updated after each failure event so that there is a linear
degradation proportional to the damage in elements that reach a threshold failure stress.
After n failure steps the Young’s modulus in the ith element is

YiðnÞ ¼ Yi;0d
n
0

where d0 is a preset value for the damage, say d0 ¼ 0.9.

FIGURE 10.13 Dependence of avalanche behaviour on initial disorder and mode of loading. (a) A plot of spring
stiffness, k, against the standard deviation of disorder, r. The fields for orderedisorder, SOC, SNAP and POP
behaviour are outlined. From Perez-Reche et al. (2008). (b) A phase diagram for the system shown in (a). From Perez-
Reche et al. (2008). (c) Stressestrain curve for nonlinear system with standard deviation for initial damage of 1.5.
Modified from Perez-Reche et al. (2008). (d) Phase diagram showing the field of mode switching in earthquake
behaviour. From Dahmen and Ben-Zion (2009).
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Two control parameters are defined by

Dstress ¼ smacro�peak � smacro

smacro�peak
; Dstrain ¼ εmacro�peak � εmacro

εmacro�peak
(10.16)

where Dstress, Dstrain are the control parameters corresponding to stress controlled and strain
controlled loading conditions. smacro-peak and εmacro-peak are the macroscopic stress and strain
at peak load; smacro and εmacro are the macroscopic stress and strain during deformation.
Thus Dstress, Dstrain vary between 1 at the start of loading to 0 at peak load. For N damage
events a spatial correlation integral, C2, is defined by

C2ðrÞ ¼ 2NPðrÞ=½NðN � 1Þ� (10.17)

where NP(r) is the number of pairs of damage events whose separation is less than r.
If C2 scales according to r�2 then the spatial pattern of damage is homogeneous and
un-clustered.

Figures 10.14(a), (b) and (c) show examples of damage distribution after catastrophic
avalanches for various loading conditions and initial damage distributions. Figure 10.14(d)
is a plot of the probability of an event of energy E against the energy for various values of

FIGURE 10.14 Brittle failure and critical behaviour. (a) Map of normalised Young’s modulus, stress controlled
deformation, H1 initial damage. (b) Map of normalised Young’s modulus, stress controlled, H2 initial damage. (c) Map
of normalised Young’s modulus, strain controlled, H1 initial damage. (d) Normalised probability distribution function
of avalanche dissipated energy for various values of the control parameter, Dstrain, H2 initial damage. This diagram
illustrates finite size scaling. (e) Spatial correlation integral for damage events for various values of the control
parameter, Dstrain, H1 initial damage. This diagram illustrates the evolution of the spatial patterning of damage from
uncorrelated at small strains (large Dstrain) to a fractal distribution close to failure (criticality). From Girard et al. (2010).
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Dstress and an initial imperfection distribution, H2. These probabilities follow a relation known
as a gamma law:

PðE;DÞ ¼ E�b exp ½ � E=E�� (10.18)

For small values of E the distribution is fractal with a fractal dimension b; for values of E
approaching a cut-off energy E*, the distribution departs from fractal and decreases rapidly.
This is an example of finite size scaling and arises because for any real system the energy that
can drive a damage event and the size of a damage event are finite. Such behaviour is char-
acteristic of many critical systems and can be seen in the distributions of crustal earthquakes
(Figures 10.9(d) and 10.11(b)).

Figure 10.14(E) shows the correlation integrals, (10.18), for strain control, a H1 distribu-
tion of initial imperfections and for various values of Dstrain. For small values of r and large
values of Dstrain the distribution is fractal. For large values of r and large values of Dstrain the
distribution is homogeneous and unclustered. For systems close to failure (small values of
Dstrain) the distribution is always fractal, which means there is no characteristic size for an
event. Girard et al. (2010) show that this distribution is multifractal. Again, this kind of
scaling for correlation integrals is characteristic of critical systems and demonstrates
that at yield (criticality) long wavelength correlations develop that are multifractal in
character.

A similar study is conducted by Cowie et al. (1993, 1995) but with a constitutive law that
ensures progressive localisation of the fracture system once it nucleates. Again a multifractal
behaviour is reported. All elements have identical linear elasticity and heterogeneity is intro-
duced in the local value of the failure stress and in the stress drop after a failure of an element.
These two rules result in heterogeneity of failure with a tendency to favour refailure of the
largest slip events. This ultimately leads to concentration of failure events near large events
and hence localised failure resembling SNAP behaviour. Girard et al. (2010) employ a hetero-
geneous distribution of cohesion and an element weakens elastically upon failure thus intro-
ducing nonlinear elastic behaviour. A failed element has to undergo a larger strain to reach
the failure stress than an element that has not failed. Hence the probability that unfailed
elements will fail in the next increment of strain is greater than for failed elements.
This spreads new failure events rather than localising them as in the Cowie model. Hence
the Girard behaviour evolves more to a POP behaviour.
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11.1 FOURIER’S LAW OF HEAT CONDUCTION:
DIFFUSION OF HEAT

If a temperature gradient exists in a solid then heat is observed to flow from the hotter to
the cooler parts of the body. This is an example of a system not at equilibrium. The thermo-
dynamic force that drives the system away from equilibrium in this case is the gradient of
(1/T) where T is the absolute temperature. The thermodynamic flow that dissipates energy
and tends to move the system towards equilibrium is heat flow. If the temperature gradient
is maintained a non-equilibrium stationary state eventually evolves where the thermal flux
adjusts so that it is constant in the body. Such a state is sometimes, erroneously, referred to
as thermal equilibrium. Since heat continues to flow, this state, comprising a constant
temperature gradient, is a non-equilibrium stationary state and not an equilibrium state.

347
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If the material is isotropic then the flow of heat is proportional to the temperature gradient.
This relationship is known as Fourier’s Law and is expressed as:

q ¼ �kðgradTÞ (11.1)

where q is the heat flow vector expressed in the units J m�2 s�1, and k is a material con-
stant known as the thermal conductivity with units J m�1 s�1 K�1; T is the absolute tem-
perature. The minus sign indicates that the heat flows down the temperature gradient.
If the material is anisotropic the thermal conductivity may also be anisotropic and
expressed as a symmetrical second order tensor, kij (Nye, 1957). Fourier’s Law is then
written:

qi ¼ �kij
vT

vxj
(11.2)

The flow of heat can be expressed as a diffusion equation by the following argu-
ment. Imagine an element of volume at a point P (Figure 11.1) with edges parallel
to the coordinate axes (x, y, z) and with lengths 2dx, 2dy, 2dz. For the moment we
neglect any internal heat production. The heat flux parallel to the x-axis at P is taken
to be qx. This means that the heat flux entering the element on the face A normal to
the x-axis is:

4

�
qx �

vqx
vx

dx

�
dy dz

The heat flux leaving the box on the face A= normal to the x-axis is:

4

�
qx þ

vqx
vx

dx

�
dy dz

Thus the total heat flux in the x-direction is:

�8
vqx
vx

dx dy dz

FIGURE 11.1 Heat flow in the x-direction through an element of volume at P.
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The same argument applies to the y- and z-axes so that the total heat flux through the
element is:

�8

�
vqx
vx

þ
vqy

vy
þ vqz

vz

�
dx dy dz

Now the rate of gain of heat can be also written:

8rcP
vT

vt
dx dy dz

where r is the density and cP is the specific heat at constant pressure. Therefore,

rcP
vT

vt
¼ �

�
vqx
vx

þ
vqy

vy
þ vqz

vz

�
(11.3)

Substitution of (11.1) into (11.3) gives for a homogeneous, isotropic solid with a thermal
conductivity independent of temperature:

rcP
vT

vt
¼ k

 
v2T

vx2
þ v2T

vy2
þ v2T

vz2

!
hkV2T (11.4)

(11.4) can also be written:

vT

vt
¼ k

 
v2T

vx2
þ v2T

vy2
þ v2T

vz2

!
hkV2T (11.5)

where k ¼ k
rcP

is known as the thermal diffusivity and has the units m2 s�1. If temperature

changes occur with a characteristic timescale s then they diffuse a distance
ffiffiffiffiffi
ks

p
in that

time. On the other hand a time L2 k�1 is required for a temperature change to diffuse over
the distance L. The average value of the thermal diffusivity for rocks is 10�6 m2 s�1. Thus
the characteristic timescale for a temperature change imposed at the base of a 30 km thick
crust is (30,000)2/10�6 s or approximately 28.5 My (taking 1 year¼ 3.16� 107 s). Equally a
plume arriving at the base of a lithosphere 150 km thick is associated with a characteristic
thermal timescale of 712 My. These very long timescales for thermal effects to be felt far
from the application of a temperature change need to be taken into account when one pos-
tulates the impingement of plumes or delamination events at the base of the lithosphere.
A plot of the characteristic time, s, against the length scale, L, of the system is shown in
Figure 11.2 for k¼ 10�6 m2 s�1.

If heat is produced at P at a rate H (expressed as J kg�1 s�1) then, for a conductivity inde-
pendent of temperature, (11.5) becomes

V2T� 1

k

vT

vt
¼ �Hðx; y; z; tÞ

kcP
(11.6)
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11.2 TEMPERATURE AND PRESSURE DEPENDENCE
OF CONDUCTIVITY

Some representative values of thermal conductivity are given in Tables 11.1 and 11.2.
Although the values in Table 11.1 are from quite old studies they set the scene for what
has been further explored in recent studies. One should note that in general the thermal con-
ductivity decreases substantially with an increase in temperature, the exception in the table
being gabbro that shows a slight increase with temperature. Anisotropic rocks, such as
granite gneiss and slate show higher conductivity parallel to the foliation than normal to
the foliation.

The effect of hydrostatic pressure is to increase the thermal conductivity and within the
pressure range 104 Pae120 MPa the conductivity is given by k¼ k0 (1þ aP) where a is given
in Table 11.2 for a hydrostatic pressure measured in Pascals and k0 is the conductivity at zero
P. Although this relation was established at relatively low pressures it seems to be applicable
at higher pressures (Kukkonen et al., 1999). At least over this fairly restricted range of pres-
sures the increase in conductivity with increase in pressure is not enough to match the
decrease due to increase in temperature.

More recent studies of the influence of temperature and pressure on thermal conductivity
include Sass et al. (1992), Kukkonen et al. (1999), Vosteen and Schellschmidt (2003), Abdula-
gatov et al. (2006) andMottaghy et al. (2008). Abdulagatov et al. (2006) give a general relation-
ship for the variation of thermal conductivity with temperature for metamorphic rocks:

kðT �CÞ ¼ kð0Þ
0:99þ T �Cða� b=kð0ÞÞ (11.7)

FIGURE 11.2 Plot of characteristic time for heat diffusion over a characteristic length scale. Drawn for
k¼ 10�6 m2 s�1.
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TABLE 11.1 Representative Values of Thermal Conductivity for Some Rock Types

Rock Type

Thermal Conductivity

(J mL1 sL1 KL1) Temperature (�C)

Granite (Westerly) 2.43 0

2.34 50

2.27 100

2.14 200

Granite gneiss (PelhamMass.) 3.1 (Parallel to foliation) 0

2.16 (Normal to foliation) 0

2.75 (Parallel to foliation) 100

2.01 (Normal to foliation) 100

Gabbro (Mellen, Wisc.) 1.99 0

1.99 100

1.99 200

2.00 300

2.01 400

Dunite (Balsam Gap, N. C.) 5.2 0

4.4 50

3.9 100

3.4 200

Marble (Quebec) 1.7 118

1.5 196

1.4 245

1.1 360

Quartzite (Witwatersrand) 4.38 (Feldspathic) 25

5.94 (Non-feldspathic) 25

6.54 (Chloritoid bearing) 25

Slate (Wales) 2.8 (Parallel to schistosity) 25

1.7 (Normal to schistosity) 25

Values taken from Birch et al. (1942). See also Clark (1966).
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where k(T) and k(0) are the thermal conductivities at temperatures, T �C, and 0 �C and a, b are
constants. Mottaghy et al. (2008) give an expression for the thermal diffusivity in terms of
thermal conductivity:

kðTÞ ¼ kðTÞ 1

mT þ n
$ 10�6m2=s (11.8)

together with values for m and n for various rocks. For rocks from Kola in Russia, k varies
from approximately 1�10�6 m2 s�1 for k¼ 2 W m�2 K�1 to 1.8� 10�6 m2 s�1 for
k¼ 4 W m�2 K�1. For these same rocks cP varies from 2.4 MJ m�3 K�1 at 0 �C to
3.5 MJ m�3 K�1 at 300 �C.

11.3 EQUATIONS OF HEAT TRANSPORT: TIMESCALES

The use of (11.5) and (11.6) in modelling the thermal evolution of metamorphic rocks is
widespread and examples include Thompson and England (1984), Jamieson et al. (1998)
and Sandiford and McLaren (2002). In general finite element or finite difference computer
codes need to be used to model complicated geometries and histories but a very large num-
ber of analytical solutions are available in Carslaw and Jaeger (1959), Turcotte and Schubert
(1982) and Boyce and DiPrima (2005). Below we present a solution to (11.5) for a simple ge-
ometry and initial conditions to illustrate the principles involved. A detailed discussion of
the problem can be found in Turcotte and Schubert (1982, pp. 158e161).

The problem involves the heating of a semi-infinite half-space initially everywhere at a
temperature, T0 (Figure 11.3). The surface temperature of the half-space is increased to Ts
at time t¼ 0 and the problem is to calculate the subsequent evolution of temperature in
the half-space.

With y measured normal to the surface of the half-space, the initial conditions for this
problem are T¼ T0 at t¼ 0; T¼ Ts at y¼ 0 and T¼ T0 for y/N. We define

~T ¼ T� T0

Ts � T0

TABLE 11.2 Influence of Hydrostatic Pressure on Selected Rock Types

Rock Type Temperature a

Basalt 30 �C þ4.7� 10�10

75 �C þ2.2� 10�10

Limestone 30 �C þ1.0� 10�10

75 �C þ6.7� 10�10

Talc 30 �C þ15.7� 10�10

Pipestone 30 �C þ30� 10�10

Values taken from Birch et al. (1942). See also Clark (1966).
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Then the equation to be solved is:

v~T

vt
¼ k

v2~T

vy2
(11.9)

subject to ~Tðy; 0Þ ¼ 0; ~Tð0; tÞ ¼ 1 and ~TðN; tÞ ¼ 0. We also define a parameter h:

h ¼ y

2
ffiffiffiffiffi
kt

p (11.10)

Then (see Turcotte and Schubert, 1982, p. 159), (11.9) becomes

�h
d~T

dh
¼ 1

2

d2 ~T

dh2

The solution to this is (Turcotte and Schubert, 1982, p. 160)

~T ¼ 1� 2ffiffiffiffi
p

p
Zh

0

exp
�� h02

�
dh0 (11.11)

where h0 is a dummy variable of integration. The function defined by the integral in (11.11) is
common in various branches of mathematics and is known as the error function; it is written
erf (h). Thus the solution (11.11) can be rewritten

~T ¼ 1� erfðhÞh erfcðhÞ
where erfc (h) is the complementary error function. In terms of original variables this is

T� T0

Ts � T0
¼ erfc

�
y

2
ffiffiffi
k

p
t

�
(11.12)

Values for the error function and the complementary error function are tabulated in
Carslaw and Jaeger (1959, pp. 485) and Turcotte and Schubert (1982, p. 161). These two
functions are plotted in Figure 11.4.

As an example, (11.12) can be used to calculate the evolution of the temperature profile
adjacent to an intrusion. We write

FIGURE 11.3 Heating of a semi-infinite half-space initially at a temperature everywhere of T0. At time t¼ 0 the
surface temperature is increased to Ts. The problem is to calculate the temperature profile through the space at t> 0.
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Tðy; tÞ ¼ T0 þ ðTs � T0Þerfc
�

y

2
ffiffiffi
k

p
t

�
(11.13)

We consider a body of rock initially at a temperature T0¼ 773 K intruded by an igneous
body at 1273 K at t¼ 0 and the igneous body remains at 1273 K. The question is: What is
the temperature evolution in the adjacent body of rock? (11.13) becomes:

Tðy; tÞ ¼ 773þ 500erfc

�
500yffiffi

t
p

�
(11.14)

where y is measured in metres and t in seconds and k has been taken to be 10�6 m2 s�1. It
turns out that because h is dimensionless and because of the value of k, (11.14) is also true
if y is measured in kilometres and t is in years. The evolution of temperature is shown in
Figure 11.5. This plot highlights the role that the function erfc(h) takes. For a given diffusivity

FIGURE 11.4 The error function and the complementary error function.

FIGURE 11.5 Thermal history adjacent to an intrusion. Initial temperature of country rock 773 K. Temperature
of intrusion is 1273 K and constant. Distance y is measured from the edge of the intrusion. One can see (as an
example) that it takes over 104 years for the temperature of the country rock 0.4 km from the intrusion to rise above
the ambient temperature.
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this function simply multiplies the initial temperature by a number between 0 and 1 depend-
ing on the value of h (and hence of the ratio y

2
ffiffi
t

p ).

11.4 INTERNAL HEAT PRODUCTION

Heat is produced within deforming chemically reacting rocks from the deformation and
chemical processes that operate during metamorphism, from the circulation of hot fluids
(including magmas) and also from the decay of radioactive isotopes. A large part of the heat
that drives many metamorphic processes originates from the radioactive decay of uranium,
thorium and potassium mainly within the crust. Here we concentrate solely on this process.

The rate of decay of a radioactive isotope is given by

dN

dt
¼ �l

�
1 =

2

�
N (11.15)

where N is the number of atoms of the radionuclide present at time t and l(1/2) is known as
the decay constant. The solution to (11.15) gives the number of atoms present at time t when
the number of atoms present at time t¼ 0 is N0:

N ¼ N0 exp

 
� l

�
1 =

2

�
t

!
(11.16)

The half-life,s(1/2), of a radionuclide is the time required for half of the atoms present at time
t¼ 0 to decay. We can obtain this by writing

N

N0
¼ 0:5 ¼ exp

 
� l

�
1 =

2

�
s

�
1 =

2

�!

or,

s

�
1 =

2

�
¼ ln 2

l

�
1 =

2

� ¼ 0:6932

l

�
1 =

2

�

The decay constants and half-lives for the common heat producing radio-nuclides are
given in Table 11.3 together with the heat production for each isotope or element.

As an example, one can confirm from Table 11.3 that an Ordovician rock with a current
composition (by weight) of 3.5% K2O, 3.5 ppm uranium and 16.9 ppm thorium has a current
heat production rate of 2.4 mW m�3. In the Ordovician this same rock would have had a heat
production rate approximately 8% higher.

11.5 TECTONIC MODELS OF THERMAL EVOLUTION

Metamorphic systems are regions of enhanced temperature gradients within the crust of
the Earth. The processes that drive such enhanced gradients have been attributed to at least
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four classes of events namely, (1) enhanced thickening of the crust in which heat is produced
by radioactive decay; (2) various contributions from regions of enhanced heat production
due to radioactive decay that are moved during deformation; (3) plume impingement on
the base of the lithosphere and (4) delamination of the lithosphere associated with Ray-
leigheTaylor instabilities.

The temperature of a particular elemental volume of rock in a metamorphic system at a
point P and its evolution with time is dependent on a number of factors, which can be consid-
ered under two headings:

1. Internal heat production at P due to internal processes, such as radioactive decay,
heat production or absorption arising from chemical reactions, mechanical deformation
and fluid flow at P. We examine the influence of radioactive decay below but
defer a discussion of the influence of other forms of internal heat production to later
chapters.

2. The relative passage of isotherms past P. Such movement of isotherms relative to P may be
due to end member processes: the first is thermal conduction, which we have seen is a
relatively slow process. The second is advection of heat within a deforming body. In this
process heat is carried with the deforming body as it moves; this is a relatively fast
process.

In the case where chemical equilibrium has been achieved a metamorphic petrologist
would sometimes adopt a spatial or Eulerian representation and be only interested in the
temperature and pressure at a particular spatial point where the current bulk chemical
composition is defined. If the history of metamorphism is considered in the form of PTt di-
agrams (England and Thompson, 1984) then sometimes a Lagrangian approach is adopted
although commonly it is not clear whether a Lagrangian or Eulerian approach is considered.
The following examples are meant as illustrations of the distinction between Eulerian and
Lagrangian representations of thermal evolution and of the different timescales associated
with thermal conduction and thermal advection. We briefly examine four models for the pro-
duction of heat that drives metamorphic systems as examples of heat flow models.

TABLE 11.3 The Decay Constants, l(1/2), Half-Lives, s(1/2) and Rates of Heat Release, H, of the Important
Radioactive Isotopes in the Earth

Isotope Decay Constant, l(1/2) (per year) Half-life, s(1/2) (years) H (W kgL1)

238U 1.55� 10�10 4.47� 109 9.37� 10�5

235U 9.85� 10�10 7.04� 108 5.69� 10�4

U 9.71� 10�5

232Th 4.9� 10�11 1.40� 1010 2.69� 10�5

40K 5.54� 10�10 1.25� 109 2.79� 10�5

K 3.58� 10�9

Values taken from Turcotte and Schubert, 1982.
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11.5.1 Thickening of a Radioactive Crust

The temperature of a body of rock within the crust with internal heat production depends
on four factors: (1) the internal heat production and its distribution with depth; (2) the flow of
heat into the crust at the Moho; (3) the depth of the rock below the surface and (4) if the rock
mass is deforming, the thermal Peclet number, Pethermal, which is the ratio of the velocity of
the rock to the rate of heat transport by thermal conduction and is given by

Pethermal ¼ vL

k
¼ vLrcP

k
(11.17)

where v is the velocity and L is a characteristic length scale. These four factors are in general
poorly constrained; some discussions are given by Turcotte and Schubert. (1982) and Sandi-
ford and McLaren (2002). The history of temperature evolution is commonly treated as a
function of the thickening and thinning of the crust.

As an example of the effect of internal heat production and its distribution with depth we
present Figure 11.6 taken from Jamieson et al. (1998). Three different heat distributions of K,
U and Th are considered for a crust of thickness 35 km and heat flow from the mantle of
30 mW m�2. These three different assumptions result in three different temperature gradi-
ents and three different temperatures at the Moho.

The modelling of England and Thompson (1984) is the classical work for understanding
the thermal evolution of a thickening crust. The example taken here is similar to their models

FIGURE 11.6 Different models for incorporation of internal heat production isotopes in the crust. The crust is
35 km thick and the heat flow from the mantle is 30 mWm�2 in each model. (a) Heat producing elements are
distributed linearly in the upper 20 km of crust with a heat production of 3 mWm�3at the surface. This represents a
situation where heat-producing isotopes are concentrated in igneous intrusions high in the crust. Surface heat flow
is 60 mWm�2 with a temperature at the Moho of 555 �C. (b) Heat producing elements are distributed linearly in the
lower 20 km of crust with a heat production of 3 mW m�3at a depth of 15 km. This represents a situation where heat-
producing isotopes are concentrated in an old subducted complex. Surface heat flow is 60 mWm�2, with a tem-
perature at the Moho of 755 �C. (c) Heat producing elements are distributed uniformly throughout the crust with a
uniform heat production of 1.5 mWm�3. This represents a situation where heat-producing isotopes are distributed
within an accreted complex. Surface heat flow is 82.5 mWm�2, with a temperature at the Moho of 875 �C. From
Jamieson et al., 1998.
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in that it involves a one dimensional situation where crustal thickening results from the su-
perposition of thrust sheets on a crust with internal heat producing radio-nuclides followed
by erosion of the thrust sheets. We begin with a crust 35 km thick with a uniformly distrib-
uted heat production of 1.5 mW m�3 and a heat flux from the mantle of 30 mW m�2

(Figure 11.7). The situation is identical to the model illustrated by Jamieson et al. (1998)
and presented in Figure 11.6(c), The model results in a steady state temperature at the
Moho of 875 �C. Five kilometres of material with no radioactive heating and comprising
thrust sheets is added instantaneously as on the left of Figure 11.7(a) resulting in the temper-
ature profile shown in the left of Figure 11.7(a) after approximately 15 My; this is not a steady
state profile. Erosion of the thrust pile then takes place in five steps at an average erosion rate

FIGURE 11.7 One dimensional model of PT changes associated with thickening of the crust by thrusting.
(a) Temperature distribution before thrusting (right hand side) and approximately 15 My after thrusting (left hand
side). PTt path is recorded for the black square. (b) Temperatureetime plot for the black square in (a). PTt path for
the black square in (a). Heat flow into base of model is 30 mWm�2. Internal heat production in the crust is uniform
at 1.5 mW m�3 as in Figure 11.6(c).
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of 0.2 millimetres per year. The resulting temperature evolution is shown in Figure 11.7(b)
and the clockwise PTt history for a point (black square) initially (before thrusting) at
20 km depth in Figure 11.7(a). Notice that the time taken for this evolution is approximately
40 My. Notice also that this example, because it is one-dimensional and does not take into ac-
count the possibility that the material presently at the black square in Figure 11.7(a) may have
come from elsewhere, is essentially a spatial view of the metamorphic evolution. Other ex-
amples discussed below adopt a Lagrangian view. The convention is adopted that PTt paths
are represented on diagrams where the pressure, P, is the axis of ordinates and the temper-
ature, T, is the axis of abscissae. The path shown in Figure 11.7(c) is, by this convention,
clockwise.

11.5.2 Enhanced Heat Production Due to Radioactive Decay

We take as an example here the work of Jamieson et al. (1998) where two dimensional
models of a subducting crust are examined and in which various spatial distributions of
heat producing concentrations are incorporated. Themodels are shortenedwith various rates
and characteristic lengths, which lead to thermal Peclet numbers varying from about 50 to 5.
We present the results for one of these models in Figure 11.8 where Pethermal¼ 16. Crustal and
lithospheric heat producing regions, (A3 and A2 in Figure 11.8(b)) each with H¼ 1.5 mW m�3,
correspond respectively to an accreted wedge and a previously subducted wedge of material.
The resulting deformation is shown in Figure 11.8(a) with a crustal shear zone developing in

FIGURE 11.8 Deformation of crust and lithosphere during subduction at 10 mm a�1. Initial radioactive decay
sites with elevated heat production of 1.5 mWm�3 are marked as A2 and A3. Mantle heat flow is 30 mWm�2.
(a) Deformed grid showing development of shear zone in the crust. This corresponds to the site of elevated
temperatures as shown in (b). From Jamieson et al. (1998).
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the hottest region. The PTt histories of various material points are shown in Figure 11.9
together with the Lagrangian trajectories of these points. In some instances material points
have been transported over 100 km. Adopting the convention mentioned in Section 11.5.1
these PTt paths are clockwise. Notice that this approach is Lagrangian; although the PTt
paths record the total displacement history of each material point, much of this history is
not reflected in the deformation fabrics since much of the displacement history involves rigid
body displacements.

11.5.3 Plume Impingement at the Base of the Lithosphere

A common model for introducing heat into the lithosphere is to propose the impingement
of a hot (say 1500 �C) plume head on the base of the lithosphere. The models then need to
incorporate mechanisms to transport heat through the lithosphere if the lithosphere remains
intact. Given lithospheric thicknesses of 100e300 km this involves thermal timescales of
316 Mye2.85 Gy, which would seem to be too long to explain the metamorphic systems
we observe. One mechanism to overcome this, involving rapid thermal erosion of the litho-
sphere (Figure 11.10), has been proposed by Cloetingh et al. (2013) with a similar model pro-
posed by Sobolev et al. (2011). The thermal time constant is then reduced to that of a thinned
crust (say 30 My or less).

11.5.4 Delamination

Delamination either in the form of RayleigheTaylor instabilities or as ‘peeling-off events’
or combinations of both (Houseman and Molnar, 1997; Elkins-Tanton, 2007; Gorczyk

FIGURE 11.9 PTt paths corresponding to Figure 11.8. The lower frame shows the trajectories of various material
points during 15 Ma of deformation relative to undeformed coordinates. The top frames show the corresponding
PTt paths in PT space with the field of Barrovian metamorphism marked along with the aluminosilicate stability
fields. Notice that according to the convention discussed in the text these are clockwise paths. Because of the high
thermal Peclet number temperature changes are quite rapid corresponding to thermal transport dominantly by
advection. From Jamieson et al. (1998).
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et al., 2013) is a mechanism for introducing hot asthenospheric material into a position close
to the base of the crust. The time scale for heat conduction is then reduced from that associ-
ated with a relatively thick lithosphere (say 100e200 km thickness and a timescale of
316e1265.8 My) to that associated with a crustal thickness of perhaps 40 km (a timescale
of 50.6 My). PTt paths are mainly clockwise but some can be anti-clockwise (Figure 11.11).

11.6 THE THERMODYNAMICS OF HEAT CONDUCTION, THERMAL
EXPANSION AND ENTROPY PRODUCTION

When a change in temperature occurs in a body, the shape of the body changes due to ther-
mal expansion. If this change in shape is expressed as a strain, εij, then the strain is related to
the change in temperature, DT, by

εij ¼ aijDT (11.18)

where aij is a second order tensor known as the coefficient of thermal expansion. Since εij is sym-
metrical, so also is aij and can be represented by a quadric (see Nye, 1957, pp. 106e109).

Entropy production due to heat flow is an important example to consider since the process
of heat flow is commonly thought of as a linear process and a common statement in the liter-
ature is that the entropy production at steady state is a minimum. Consider an element of an
isolated rod of material with thermal conductivity, k, with the temperature on one side held
fixed at T1 and at the other side at T2 with T1> T2 (Figure 11.12). Let dQ be the amount of heat
flow from the hotter to the cooler part of the element in time dt. We assume that the energy
change is solely due to the flow of heat. Then dQ1¼� dQ2¼ dQ. The total change in entropy,
dS, of the system is

FIGURE 11.10 Plume im-
pingement at the base of the
lithosphere From Cloetingh
et al., 2013. (a) Impingement at
the base of a purely viscous
lithosphere. (b) Impingement
at the base of an elastic-
plastic-viscous lithosphere
with rapid erosion of the sub-
continental lithosphere.
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FIGURE 11.11 PTt paths generated by delamination. (a) A thinned lithosphere is shortened at 10 millimetres
per year for 6 My and then left to evolve. Delamination and subsequent decompression melting takes place over the
subsequent 100 My. PTt paths are recorded for four sites marked as green, yellow (with black outline), blue and red.
The nucleation of delamination at about 50 My rapidly advects the green marker from deep in the lithosphere to a
position close to the surface. (b) PTt paths. Notice that three are clockwise and one (red) is anti-clockwise. Most of
the PT evolution takes place over 50 My. Figures supplied by Weronika Gorczyk.
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dS ¼ �dQ

T1
þ dQ

T2
¼
�
1

T2
� 1

T1

�
dQ

And so

dS

dt
¼
�
1

T2
� 1

T1

�
dQ

dt
¼ J

�
1

T2
� 1

T1

�

Thus the thermodynamic force that drives thermal conduction in a system with a tempera-
ture gradient is grad

�
1
T

�
and not gradðTÞ so that thermal conduction in an isolated system con-

stitutes a nonlinear thermodynamic system. This has important repercussions when one

FIGURE 11.12 An isolated thermal conduction system.

FIGURE 11.11 (continued)
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considers entropy production. The following discussion is taken from Ross. (2008, p. 115). For
a general isolated system in which temperature gradients exist the entropy production of the
whole system is a functional of the temperature field, which we define as T(r) where r is a
position vector. The entropy production at a point due to thermal conduction is

_s ¼ J,VT�1 � 0

where J is the heat flux vector at r.
Thus the total entropy production is

_s ðrÞ ¼
Z

J,VT�1dr¼ k

Z ½VTðrÞ�2
½TðrÞ�2

dr � 0 (11.19)

Also the functional derivative of the entropy production is:

d

dTðr0Þ _sðTðrÞÞ ¼ 2k

"
½VTðr0Þ�2
½Tðr0Þ�3

� V2Tðr0Þ
½Tðr0Þ�2

#
(11.20)

For a stationary state, V2TssðrÞ ¼ 0, where the subscript ss refers to the stationary state
and this corresponds to a stationary state heat flux, Jss. We substitute Jss ¼ �kVTssðrÞ into
(11.19) and (11.20) to obtain

_sðTssðrÞÞ ¼ ½Jss�2
k

Z
dr

½TssðrÞ�2
¼ 0 if jJssj ¼ 0

> 0 if jJssj > 0

and

d

dTðr0Þ ½_sðTssðrÞÞ� ¼ 2Jss

k
h
ðTssðr0ÞÞ3

i ¼ 0 if jJssj ¼ 0
> 0 if jJssj > 0

Thus the entropy production is an extremum only at equilibrium corresponding to Jss¼ 0.
Contrary to many published opinions there are no non-equilibrium stationary states that
represent extrema in entropy production for this system.

Recommended Additional Reading

Boyce, W. E., & DiPrima, R. C. (2005). Elementary Differential Equations and Boundary Value Problems. John Wiley.
A readable treatment of the mathematics involved in the solution of heat transport problems

Carslaw, H. S., & Jaeger, J. C. (1959). Conduction of Heat in Solids. Oxford University Press.
This is the definitive text on thermal transport. It contains a large number of solutions for specific boundary conditions and

system geometries

Ross, J. (2008). Thermodynamics and Fluctuations Far from Equilibrium. Springer.
This book is concerned mainly with nonlinear chemical systems not at equilibrium but it contains important discussions on

heat flow and associated entropy production (Chapter 12). In particular Ross shows (Section 8.2.2) that the excess work is
minimised for steady heat flow in an isolated system

Turcotte, D. L., & Schubert, G. (1982). Geodynamics.
Chapter 4 in this book is an important treatment of heat flow in geological systems
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12.1 FLUID FLOW AND DEFORMATION/METAMORPHISM

Fluids in the form of aqueous solutions, solutions rich in CO2, NaCl or hydrocarbons and
partial melts play an important role in deformation and metamorphism (Yardley, 2009; Jamt-
veit and Austrheim, 2010). They influence the strength of deforming materials both through
reactions with chemical bonds and through the effective stress principle; they facilitate defor-
mation through dissolution and deposition of minerals. Fluids directly contribute to meta-
morphism through the supply of Hþ and (OH)� for mineral reactions (Austrheim, 1987;
John and Schenk, 2003) particularly during retrogression, metasomatism and mineralisation
and have a profound effect on the rates of mineral reactions and coupled deformation rates
(Rubie, 1998; Wintsch and Yi, 2002). The extreme behaviour is in metasomatic and mineralis-
ing systems where the fluids not only carry reactive ions that generate alteration assemblages
and the mineral deposits themselves but also advect the heat necessary to initiate and drive
the reacting system. The flow of melts and partial melts is an integral part of high-
temperature metamorphism and these melts ultimately aggregate to form magma bodies
that can ascend high into the crust (Brown, 2010; Hobbs and Ord, 2010). In this chapter we
outline the mechanics of fluid generation and transport through the crust, discuss the factors
that drive fluid flow and consider the coupling of fluid flow with heat transport. We discuss
the thermodynamics of fluid advection in deforming rocks and complete the chapter with an
overview of crustal plumbing systems, including melt systems.

The important questions areWhat role does fluid flow play in the evolution of metamorphic sys-
tems? What is the time integrated volume of fluid that passes through a rock during metamorphism
(Yardley, 2009)? Are there parts of the system that remain dry (Thompson, 1983; Yardley and Valley,
1997)? What are the processes that drive fluid flow during metamorphism? In particular, how are
meteoric waters driven into the deep crust (Fricke et al., 1992; Yardley et al., 1993; Cartwright
et al., 1994; Munz et al., 1995)? Is convection an important process in the deep crust (Etheridge
et al., 1983)? Can convection operate in a system with upward flow-through (Wood and Walther,
1986; Oliver, 1996)? How important are relatively impermeable ‘caps’ and ‘seals’ in metamorphic sys-
tems (Etheridge et al., 1983; Sibson, 1994)? Is flow up, down or sideways? Is flow up or down tem-
perature gradients? How important is fluid focussing (Ague, 2011)? Is metamorphism isochemical?
Or are large amounts of material removed during metamorphism (Etheridge et al., 1983; Vernon,
1998)? The aim of this chapter is to set out the principles (based on mechanics) that allow
such questions to be addressed and to answer some of these questions.

12.1.1 Evidence for the Influx of Fluids

Etheridge et al. (1983, 1984), following Fyfe et al. (1978), presented a case for large-scale
infiltration of fluids during regional metamorphism, particularly at low metamorphic grades
including retrogression. Since then a large number of studies (Dipple and Ferry, 1992; Ferry,
1994; Oliver, 1996; Ague, 2011) has supported this concept of extensive infiltration although
notable disagreements exist (Yardley, 2009). A classification of fluid flow regimes during
deformation and metamorphism given by Oliver (1996) highlights the range of observations.
We present a slightly modified version of that classification in Figure 12.1. It differs from
that of Oliver in that the presence of closed systems dominated by diffusive flow has been
explicitly highlighted together with a thermal overlay which we develop throughout the

12. FLUID FLOW366

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



remainder of this chapter. Another view of this classification with respect to melt segregation
and migration is presented by Rushmer (2001).

There is no doubt that some form of fluid infiltration is necessary to promote many meta-
morphic reactions and in some instances metamorphic rocks have been exposed to high tem-
peratures and pressures with no reactions taking place until H2O (or Hþ) is introduced
(Austrheim, 1987; White and Clarke, 1997, see Figure 12.2; Rubie, 1998; John and Schenk,
2003). There is still some debate as to the role of fluid flow in pore space in high grade rocks
(Yardley, 2009) or in some mylonites (Fitzgerald et al., 2006). Some (Oliver, 1996; Ord and
Oliver, 1997; Ague, 2011) have emphasised that flow can be channelized so that some parts

FIGURE 12.1 A classification of fluid flow regimes in metamorphic systems. Modified after Oliver (1996).

(a) (b)

FIGURE 12.2 The influence of deformation and H2O infiltration on mineral reactions. (a) Partially reacted
eclogites with corona structures outside of shear zone, West Musgrave Ranges, Australia. (b) Fully reacted eclogites
forming a hornblende gneiss inside shear zone. See White and Clarke (1997) for discussion. Photomicrographs from Ron

Vernon. Each photomicrograph approximately 4 mm across.
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of metamorphic terrains see low fluid fluxes whilst neighbouring parts are exposed to
strongly focussed flow. At high metamorphic grades where partial melting occurs, flow in
leucosomes has been proposed (Brown, 2010). For some workers (Etheridge et al., 1983)
the concept of thermal convection is important. Although thermal convection is said to be
impossible in systems with a lithostatic fluid pressure gradient (Wood and Walther, 1986),
it turns out that it is possible, in principle, in some forms of open systems with super-
hydrostatic fluid pressure gradients (Zhao et al., 2008; Section 4.2). The question is the
following: What form do convective systems take in compartments with lithostatic pressure
gradients and are such systems common or even possible under crustal conditions? We
explore these concepts in Section 12.5.3.

In Figure 12.3, we present some examples where the influence of fluids is widely pro-
posed. These include grain boundary pore structures in mylonites (Figure 12.3(a)), dissolu-
tion seams associated with differentiated crenulation cleavage at low metamorphic grades
(Figure 12.3(b)), vein systems (Figure 12.3(c)) and leucosomes in migmatite complexes
(Figure 12.3(d)).

Fluids associated with metamorphism arise from a number of sources including meteoric
sources, connate waters, fluids released by devolatilisation (including decarbonisation,

(a)

(b)

(c) (d)

FIGURE 12.3 Some examples of fabrics associated with fluid flow in deforming rocks. (a) ‘Brain’ structure on a
grain boundary in a mylonite. From Mancktelow et al. (1998). (b) Dissolution seams associated with differentiated
crenulation cleavage in low-grade metamorphic rocks. From Worley et al. (1997). Scale bar: 1 mm. (c) Vein system,
Sirius ore body, Western Australia. (d) Leucosomes. Port Navalo, Brittany, France. From Brown (2008). Also figure D30

in Sawyer (2008).
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hydrocarbon release from organic material and dehydration of (OH)-bearing minerals), and
release of volatiles from crystallising melts. The chemical and isotopic characteristics of these
fluids and the roles they play in metamorphic processes are discussed by Hollister and
Crawford (1986) and Yardley (2009).

12.1.2 Influence of Fluids on Deformation. Effective Stress

A detailed discussion of the coupling between deformation and fluid flow is difficult
because deformation is commonly viewed from a Lagrangian point of view (Chapter 2)
whereas fluid flow is viewed from an Eulerian point of view. Integration of the two
approaches is developed by Coussy (1995). We consider only one aspect of the coupling
here, namely, the concept of effective stress. Some other forms of coupling are considered
in Volume II where interesting nonlinear behaviour can occur depending on the relative
rates of deformation and of fluid flow. In particular, an important coupling between
fluid flow and deformation resulting in porosity waves (Connolly, 2010) is deferred to
Volume II.

For rocks with connected pore space (including fracture networks), the concept of effective
stress (Terzaghi, 1936) is commonly adopted. This concept proposes that the pore fluid pres-
sure decreases the stress felt by the solid framework of the rock so that the deformation is
controlled by an effective stress given by

s
effective
ij ¼ sij þ dijP

fluid (12.1)

The plus sign arises because we assume compressive stresses to be negative. This principle
is true only if the solid framework of the porous solid undergoes negligible volume change

during deformation. Notice that Pfluid is not in general equal to the mean stress so that s
effective
ij

is not in general equal to the deviatoric stress. This also means (Section 12.3.3) that, in general,
fluid flow is not driven by gradients in mean stress (Ridley, 1993). For discussions of the effec-
tive stress principle, see Detournay and Cheng (1993), Coussy (1995, 2004, 2010), Vardoulakis
and Sulem (1995, Section 5.3) and Paterson and Wong (2005; Chapter 7).

The common interpretation of the effective stress principle is presented in Figure 12.4,
where the yield criterion for a frictional material is shown in the absence of a pore pressure

in Figure 12.4(a). The addition of a pore fluid pressure translates the stress sij to s
effective
ij

(Figure 12.4(b)) as described by (12.1) and ultimately results in failure in these materials if
Pfluid is large enough.

Even though the deformation of frictional materials is commonly considered to be rate in-
dependent, the applicability of the effective stress principle to failure is dependent on the
relative rates of deformation and of fluid flow. Above a critical strain-rate the effective stress
principle is not a good approximation to the observed behaviour (Brace and Martin, 1968;
Rutter, 1972; Paterson and Wong, 2005).

The concept of failure induced by a change in effective stress is used indiscriminately in
the geosciences for any material. One should note that Figure 12.4(a) and (b) applies to a fric-
tional material such as MohreCoulomb or DruckerePrager (Chapter 6). For materials
where the yield surface everywhere parallels the hydrostatic axis (Figure 12.4(c) and (d);
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see Chapter 6), changes in the total stress arising from an increase in pore fluid pressure
initiate yield only if one postulates a tensile yield cap on the yield surface as shown. Although
this is reasonable from a mechanical point of view, and well-studied experimentally for brit-
tle failure (Paterson and Wong, 2005), experimental data on tensile yield of non-frictional
visco-plastic materials due to changes in effective stress are rare. Notice that in general the
fluid pressure cannot equal the mean stress without initiating failure (Figure 12.4(d)) before
that pressure is attained. Clearly (from Figure 12.4(d)) such a situation is possible if the tensile
strength is large compared to the shear stress in the material.

FIGURE 12.4 The effective stress principle applied to failure of frictional and non-frictional plastic materials.
(a) A frictional porous material with a failure envelope shown in red. The imposed stress is (s1, s2) represented by
the full blue circle. No fluid is present and the stress circle does not touch the failure envelope so that the stress state
corresponds to elastic deformation. (b) A fluid pressure is added as indicated. This translates the initial stress state

to a new effective stress state
�
s
effective
1 ;s

effective
2

�
as given by (12.1). If the fluid pressure is high enough, the material

fails. (c) A non-frictional plastic porous material with a yield surface shown in red. A tensile cap is added to
describe tensile yield at a tensile yield strength, T. The imposed stress is (s1, s2) represented by the full blue circle.
No fluid is present and the stress circle does not touch the yield surface so that the stress state corresponds to elastic
deformation. (d) A fluid pressure is added as indicated. This translates the initial stress state to a new effective stress
state given by (12.1) and represented by the full red circle. If the fluid pressure is high enough, the material yields at

a stress state given by
�
s1þs1

2 þ T
�
. However this does not imply (as shown here) that the pore pressure is equal to

the mean stress.
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12.1.3 Hydrostatic and Over-Pressured Fluid Systems: Critical Height

It is commonly proposed that during metamorphism rocks are subjected to fluid pressures
that are everywhere lithostatic. This means that the fluid pressure gradient is lithostatic and
hence there must be an upward flow of fluid throughout the system. If the drivers for fluid
influx decrease, this flow tends to drive the fluid pressure gradient towards hydrostatic.
When the lithostatic gradient is not maintained by the supply of new fluid, the fluid pressure

gradient relaxes to near hydrostatic on a time scale of ðH2=k fluidÞwhere H is the height of the
system and kfluid is the fluid diffusivity given (Phillips, 1991, p. 80) by

k fluid ¼ KV2
Pr

fluid
0

m fluidf
(12.2)

where K is the permeability, VP is the P-wave velocity in the fluid, f is the porosity, r fluid
0 is the

fluid density at some reference state and mfluid is the fluid viscosity. This means that although
the compartment is over-pressured, the fluid pressure gradient relaxes to hydrostatic. If we
take the values given in Table 12.1 for water together with VP¼ 1.4� 103 m s�1, f¼ 0.2 and

TABLE 12.1 Representative Numerical Values for Various Material Constants and
Parameters for Water, Quartz Rich Silicate Melt and for Rock

Quantity Symbol Value

WATER

Density r
fluid
0 1000 kg m�3

Specific heat c
fluid
P 4185 J kg�1 K�1

Coefficient of thermal expansion b
fluid
T 2� 10�4 K�1

Dynamic viscosity mfluid 10�3 Pa s (see also
Figure 12.9)

Thermal conductivity kfluid 0.6 W m�1 K�1

SILICATE MELT

Density rmelt
0 2300 kg m�3

Specific heat cmelt
P 1200 J kg�1 K�1

Coefficient of thermal expansion bmelt
T 10�3 K�1

Dynamic viscosity mmelt 104.8 Pa s

Thermal conductivity kmelt 1.26 W m�1 K�1

ROCK

Density rsolid0 2700 kg m�3

Specific heat csolidP 815 J kg�1 K�1

Thermal conductivity ksolid 3.35 W m�1 K�1

For discussion of the values for silicate melts see Hobbs and Ord (2010).
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K¼ 10�13 m2, we obtain kfluidz 1 m2 s�1. Clearly this value depends strongly on the values
of K and f. For instance, for a tight metamorphic rock with K¼ 10�18 m2 and f¼ 0.01,
kfluidz 2� 10�4 m2 s�1. This is still about two orders of magnitude larger than the typical
thermal diffusivity for rocks (Chapter 11) of kthermalz 10�6 m2 s�1. Thus in general
fluid pressure will diffuse through rocks faster than temperature.

If we do the same calculations (see Hobbs and Ord, 2010) for granitic melts flowing in leu-
cosomes with VP¼ 5.6� 103 m s�1, f¼ 10�2 and K¼ 1.58� 10�9 m2, we arrive at
kmeltz 4� 10�6 m2 s�1. Again there are great uncertainties associated with the values of K
and f. In general, kfluid[kmelt > kthermal.

For the values taken for water, a value of kfluidz 1 m2 s�1 means that a lithospheric pres-
sure gradient in an isolated compartment 1 km high will relax to a hydrostatic pressure
gradient on a time scale of 106 s or about 11 days. Avalue of kfluidz 2� 10�4 m2 s�1 increases
the relaxation time in this chamber to 160 years. This relaxation in fluid pressure gradient
produces compressive stresses at the base of the compartment and effective tensile stresses
at the top as discussed by Zhao et al. (2008). The maximum height, Hcritical (Figure 12.5) of
a body of rock that can support a given fluid pressure gradient is:

Hcritical ¼ scompressive þ stensile

�
rrock � ar fluid

�
g

(12.3)

wherescompressive andstensile are the compressive and tensile strengths of the rock anda is a factor
that measures how far the fluid pressure gradient is above hydrostatic; a¼ 1 for a hydrostatic
fluid pressure and a¼ 2.7 for a lithostatic fluid pressure gradientwith an average rock density
of rrock¼ 2700 kg m�3. Thus if ðscompressive þ stensileÞ ¼ 50 MPa, say, then Hcritical¼ 3 km for a
hydrostatic fluidpressuregradient. If the height of the hydrostatically pressured compartment
is greater thanHcritical, then the pore space at the base collapses and the top localises in the form
of fractures in amanner consideredbyConnolly andPodladchikov (1998) for the generation of
porosity waves (Volume II).

Although we have framed the argument above in terms of a system where an initial lith-
ospheric pressure gradient is relaxed following the closure of the fluid supply, an identical

FIGURE 12.5 The critical height for
a hydrostatic fluid pressure gradient.
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argument applies to a layered crustal system where a low permeability lithostatically pres-
sured system is overlain by a layer with higher permeability. We will see (Section 12.2.3)
that the high permeability layer must have a fluid pressure gradient that is below lithostatic
and its thickness is then controlled by (12.3).

12.2 TYPES OF FLUID FLOW

Flow inmetamorphic systems takes place at small spatial scales within nano-films or chan-
nels on grain boundaries up to the scale of kilometres in fluidised hydrothermal breccias
(Figure 12.6(a)). Within this wide range of spatial scales, a wide range of mechanisms is
involved in the transport of fluid phases. At the scale of grain interfaces, or closed micro-
cracks within grains, transport is presumably by diffusion; some molecular modelling at
this scale sheds some light on how this process works (see Figure 12.8 and Section 12.2.2).
At a slightly larger length scale, there is a transition between what one would normally
call diffusion mechanisms and flow in nano- to micro-pore structures. This is the regime where
flow in the pore structures recognised by workers such as Mancktelow et al. (1998), Manckte-
low and Pennacchioni (2004) and Putnis (2009) is relevant. At the nano-scale, flow is not
described by the NaviereStokes equations (Hughes and Brighton, 1999) which are the classical
equations that describe the flow of linear fluids under the influence of a pressure gradient
and is better described by the Burnett equations (Roy et al., 2003).

As one increases the length scale, there is a transition to where the NaviereStokes equa-
tions can be used but the fluid does not stick to the walls of the flow channel; at larger length
scales, the fluid does stick to the walls. At the next scale up, fluids in grain boundaries and
closed fractures can aggregate to form bubbles and the bubbles can diffuse. The mechanics of
this process is discussed by Burton (2001a,b). At the next scale, assuming that the fluid is
Newtonian viscous, the transport process is described by the NaviereStokes equations
(Hughes and Brighton, 1999) and the fluids can be assumed to stick to the walls of the
flow channel. This is the scale where Darcy’s law begins to be applicable. At the scale where
fluid transport can be considered to take place in open fractures, as is the case in many hy-
drothermal and breccia systems, the flow is described by NaviereStokes equations although
it may be possible in some situations (where the flow is slow enough) to describe flow
through a large enough volume in terms of Darcy’s law. These transitions are illustrated in
Figure 12.6(d).

In Section 12.2.5, we point out that the complex topology of three dimensional fluid-filled
porous networks leads to fluid stretching and folding within the flow channels and hence
chaotic advection (Ottino, 1989a, 1990; Metcalfe, 2010; Lester et al., 2012). This is an important
process for enhancing both fluid mixing and the rates of chemical reactions (Tel et al., 2005).
At the scale where a porous solid can be considered homogeneous with respect to pore dis-
tribution, the chaotic advection within pores can be averaged (Phillips, 1991) so that the flow
(as long as it is slow enough) is represented, macroscopically, by Darcy’s law.

Chaotic advection is possible from the smallest to the largest scales in open pore and
fracture networks so long as the networks are three dimensional and produce a flow geom-
etry that branches and merges (Metcalfe, 2010; Lester et al., 2012). If the fluid velocity is
large enough for a given length scale, the flow becomes turbulent. This is the case in
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FIGURE 12.6 Characteristics and examples of various kinds of fluid flows. (a) Positions, within spatial scale e Reynolds number space, of various
kinds of flow processes in the geosciences. The positions are diagrammatic and not meant to represent conditions precisely. (Motivated by Ottino (1990)
and Metcalfe (2010).) (b), (c) Distinctions between various kinds of flows based on the Reynolds number and Peclet number related to molecular
diffusion. (d) Classification of flows according to the Knudsen number. For Kn> 10�1 flow in nano- to micron-scale pores is below the scale where the
NaviereStokes equations are applicable. Ultimately, at very fine scales, there is a transition to situations where Fick’s law becomes applicable. Adapted
from Roy et al. (2003).
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some hydrothermal systems (Figure 12.6(b)). It is important to note that chaotic advection is
different to turbulent flow of fluids; chaotic advection can occur in a laminar flow (Metcalfe,
2010). In non-turbulent chaotic flows, the Eulerian description of the flow at any instant is
laminar, however, the flow is unsteady so that the history of the Lagrangian description is
chaotic. For turbulent flows, the Eulerian description of the flow at any instant is not
laminar and the streamlines define a cascade of dissipative structures over many length
scales. Chaotic mixing can occur for both unsteady laminar flows and turbulent flows
(Ottino, 1990; Metcalfe, 2010).

Some distinctions between various flows and examples in the geosciences are shown in
Figure 12.6(a). We discuss these various processes throughout the remainder of this chapter
but first we need some tools that enable us to describe the nature and geometry of these
various flows and the ways in which they transport heat, dissipate energy and promote
chemical reactions (Figure 12.6(b)e(d)).

12.2.1 The Dimensionless Groups: The Knudsen Number, the Reynolds
Number, the Peclet Numbers and the Rayleigh Numbers

Dimensionless numbers of various kinds are useful in discussing the flow of fluids in a
range of environments. Four of these dimensionless numbers are the Knudsen number,
Kn, the Reynolds number, Re, the Peclet number, Pe, which can be defined both for molecular
diffusion, Pemolecular and the diffusion of heat, Pethermal, and the Rayleigh number which can be
defined for both temperature boundary conditions, RaT, and for fluid flux boundary condi-
tions, Raflux. These are defined below.

The Knudsen number, Kn, is a number useful in defining the lower limit in length
scale where the NaviereStokes equations are relevant and the transitions to other
forms of transport in micron- to nanometre- scale flow channels. Kn is defined as the
ratio of the mean-free-path, p, of molecules and the macroscopic length scale of the
pore space, P:

Kn ¼ Mean� free� path of molecules

Length scale of pores
¼ p

P

For Kn> 10�1, the NaviereStokes equations cease to be relevant in describing the flow
(Figure 12.6(d)).

The Reynolds number is the ratio of inertial forces to viscous forces in a flow:

Re ¼ Inertial forces

Viscous forces
¼ Total momentum transfer

Molecular momentum transfer

or,

Re ¼ Hr
fluid
0

m fluid
v (12.4)

where H is the characteristic length for the system in the direction of flow, v is the physical
velocity of the fluid, r fluid

0 is the density of the fluid in some reference state and mfluid is
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the fluid viscosity (units: Pa s). If flow is slow and within the pores of a porous solid, v is
given by

v ¼ bV=f (12.5)

wherebV is the Darcy velocity (units: m3 m�2 s�1; see Section 12.2.3 and Figure 12.9) and f is
the porosity. For porous flow in metamorphic rocks typical values are bV ¼ 1 m year�1(or
less), f¼ 0.05, H¼ 10�3 m, and mfluid¼ 10�4 Pa s. Thus, Rez 6� 10�3 which means viscous
forces dominate. Low Reynolds numbers are typical of fluid flow in many metamorphic
systems.

The condition Re< 1 is necessary for Darcy’s law to hold (see Section 12.2.3; Phillips, 1991,
p. 28). For Re< 1 the flow is laminar which means that in a simple shearing flow, the fluid
particles move in parallel planes. For these conditions, the effect of fluid advection uponmix-
ing is negligible; any chemical reactions that take place in the fluid occur by diffusion across
interfaces between different fluids and hence are very slow. Above the threshold Pe¼ 102 (if
the flow is chaotic; Figure 12.6(c)), mixing rates and chemical reactions are enhanced by
several orders of magnitude (Tel et al., 2005) although for such flows, Darcy’s law is no longer
applicable. Chemical reactions are enhanced by turbulent mixing above Pe¼ 107 (Viller-
maux, 2012). We revisit this issue in Section 12.2.5. Oliver et al. (2006) calculate fluid velocities
greater than 1 m s�1 in a breccia system from Cloncurry, Australia, with length scales up to
1 km. Assuming the values given in Table 12.1 for water, the Reynolds number is of the order
of 1010. This is an extreme value and one could expect strong turbulent mixing with greatly
enhanced chemical reaction rates. The point is that although the value of the Reynolds num-
ber is commonly <1 in metamorphic systems there are examples, particularly in hydrother-
mal breccia systems, where values >107 exist.

For fluid flows that transport mass and heat, the Peclet number is the ratio of the
time scale for molecular diffusion, or the diffusion of heat, to the time scale for advection
in a flow:

Pe ¼ Time scale for diffusion

Time scale for advection

In particular, for Darcy flow coupled to the diffusion of heat or mass,

Pethermal ¼ Hr
fluid
0 cP
ke

bV and Pemolecular ¼ H

D
bV (12.6)

where H is the length scale for the system in the direction of flow, r fluid
0 is the reference density

of the fluid, cP is the specific heat of the fluid, bV is the Darcy velocity (related to the physical
fluid velocity by (12.5)) and ke is the effective thermal conductivity of the fluid saturated solid
given by

ke ¼ fk fluid þ ð1� fÞksolid

kfluid and ksolid are the thermal conductivities of the fluid and unsaturated solid, respectively.
D is the molecular diffusivity. Taking the values for water given in Table 12.1 and assuming
f¼ 0.1 then ke¼ 3.08 W m�1 K�1. We assume this value in future calculations in this chapter.
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If bV ¼ 1 m year�1, then given the values of r
fluid
0 and cP for water in Table 12.1 and taking

ke¼ 3.08 W m�1 K�1, we obtain Pethermal¼ 43 for H¼ 1 km. Phillips (1991, pp. 213e216) gives
examples of Pethermal¼ 300 for flows in sedimentary basins and of how such large values in-
fluence the possible temperature distributions in such basins. We will see later in this chapter
that in metamorphic systems with a lithostatic fluid pressure gradient, thermal Peclet
numbers greater than about 1 are unlikely unless large-scale advection of heat dominates
the system as in some large hydrothermal systems.

The Rayleigh number is the ratio of the buoyancy forces to the viscous forces in a fluid:

Ra ¼ Buoyancy forces

Viscosity forces

For a system with given boundary conditions and geometry, a value for a critical Rayleigh
number exists that marks the transition from pure conduction to fluid convection as the mode
of heat transfer. This value of Ra is known as a critical Rayleigh number, Racritical, for that sys-
tem. The boundary conditions for a system with a given geometry consist of various combi-
nations of fixed temperature, fixed heat flux, fixed fluid pressure and fixed fluid flux.
Examples of values of Racritical for 10 different sets of boundary conditions are given by Nield
and Bejan (2013, Table 6.1). As the temperature gradient or heat supply to a given system is
increased, the convection pattern commonly undergoes transitions to new modes of behav-
iour at new critical Rayleigh numbers. These transitions include switches to new wave-
lengths and patterns of convection including oscillatory and chaotic behaviour (Nield and
Bejan, 2013, Section 6.8).

Thus the precise form of the Rayleigh number depends on the boundary conditions for
the problem. If the boundary conditions are fixed temperatures, T and T0, respectively, at
the base and top of the compartment (corresponding to the classical HortoneRogerse
Lapwood view of a convecting system; Nield and Bejan, 2013, Chapter 6), then the relevant
Rayleigh number is

RaT ¼
�
r
fluid
0 cP

�
r fluidgb

fluid
T ðDTÞKH

m fluidke
(12.7)

where

r fluid ¼ r
fluid
0

h
1� b

fluid
T ðT� T0Þ

i
; (12.8)

and DT¼ T� T0 is the temperature difference between the top and bottom of the compart-
ment. b fluid

T is the coefficient of thermal expansion of the fluid.
If on the other hand the boundary conditions comprise applied thermal and fluid fluxes at

the base of the system and fixed temperature and fluid pressure at the top, then the relevant
Rayleigh number is

Raflux ¼
�
r
fluid
0 cP

�
r fluidgb

fluid
T qKH2

m fluidk2e
(12.9)
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where q is the heat flux imposed at the base of the system. This corresponds to the situation in
most metamorphic/hydrothermal systems. Given the values for water in Table 12.1 and
assuming f¼ 0.1 then numerically,

Pethermal ¼ 1:359� 106HbV (12.10)

RaT ¼ 2:66� 109ðDTÞKH (12.11)

Raflux ¼ 8:82� 108qKH2 (12.12)

As examples, if H¼ 1 km and bV is 10 mm year�1 then Pethermal¼ 0.43. RaT is 79.8 for a tem-
perature difference between the top and bottom of 300 �C and a permeability of 10�13 m2. For
H¼ 10 km, a basal heat flux of 60 mW m�2, a lithostatic fluid pressure gradient and K¼ 10�18

m2, Pethermal¼ 2.3 and Raflux¼ 5.3.
Note that the viscosity of water decreases rapidly with increasing temperature

(Figure 12.7) at crustal pressures in the range 0ew700 �C (Abramson, 2007); the variation
in viscosity, mfluid, with temperature is given approximately by mfluid¼A[10B/(T�C)] where
A¼ 2.414� 10�5 Pa s, B¼ 247.8 K and C¼ 140 K. For temperatures greater than about
300 �C, the viscosity of water is about 10�4 Pa s.

12.2.2 Grain Boundary and Micro-Fracture Flow

Transport of fluids in deforming metamorphic rocks takes place at a number of scales
ranging from the grain scale, in the case of reacting metamorphic rocks at high pressures,
or deformation by pressure solution, to flow in open cracks both within grains and at coarser
scales (Etheridge et al., 1983, 1984). In hydrothermal systems, particularly in hydrothermal
breccias, flow may be in open fractures and take place on the kilometre-scale. In this section,
we consider flow at the grain boundary or intra-grain crack scales.

The detailed mechanism (or mechanisms) of transport of fluids in metamorphic rocks re-
mains a matter of speculation although several models have been proposed that are worthy
contenders. As Etheridge et al. (1983) point out, the initial porosity that is present in unme-
tamorphosed rocks is modified and probably largely obliterated by chemical reactions and

FIGURE 12.7 Variation of the viscosity of pure water with temperature.
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grain boundary adjustments during metamorphism to produce a metamorphic porosity that
comprises planar films on grain boundaries, pores (‘bubbles’ or ‘voids’) along grain bound-
aries (Billia et al., 2013; Mancktelow et al., 1998; Mancktelow and Pennacchioni, 2004; White
and White, 1981), channels or tubes along the boundaries between three grains (Hay and
Evans, 1988), and nano-porosity generated by dissolution processes (Putnis, 2009). In addi-
tion, Etheridge et al. (1983) proposed a fracture porosity that is envisaged to develop by hydro-
fracturing at the grain scale (Cox and Etheridge, 1989; Etheridge et al., 1984). We discuss
below porosity structure and generation, and hence permeability, at the grain scale.

The evolving grain boundary structure. The nature of grain boundaries is important not only
for controlling the transport of fluids but also for the mechanical behaviour of a polycrystal-
line aggregate during deformation. Thus Paterson (1995) distinguished three different
models for fluid transport in grain boundaries in the context of fluid-assisted granular
flow and showed that each results in a different dependence of the flow stress upon the grain
size and/or other parameters such as the porosity or molar volume. Thus the details of grain
boundary structure and the ways in which fluids are incorporated into that structure have
wide implications not only for fluid transport mechanisms but also for the mechanical
response during deformation and for the mechanisms of metamorphic reactions.

The geometrical makeup and evolution of grain boundary microstructure is discussed in
Chapter 13; the configuration of grain boundaries is essentially controlled by interfacial en-
ergies. Of interest here is how fluids are incorporated into the boundaries and the controls on
fluid transport. Figure 12.8 shows molecular dynamic models for some interfaces between
H2O and SiO2. The model in the upper left of Figure 12.8 shows the structure of a water
film between two quartz grains at 1000 K and 300 MPa pressure modelled by Adeagbo
et al. (2008). The bonds at the waterequartz interface are hydroxylised and the modelling
shows that silica is dissolved in the interfacial film in the form of Si(OH)4.The calculations
indicate that the mobility of Si(OH)4within the interfacial film is similar to that in pure water;

the diffusion coefficient in pure water is D
SiðOHÞ4
pure water ¼ 0:85� 10�8 m2 s�1, whereas that calcu-

lated for the interface is D
SiðOHÞ4
interfacialfilm ¼ 1:01� 10�8 m2 s�1. The structure of the interface

changes as the film becomes wider and develops into a bubble. A mechanism for doing
this is discussed by Burton (2001a,b). The top-right panel in Figure 12.8 shows the edge
of a water bubble in contact with quartz at 330 K (Ho et al., 2011). The structure of the inter-
face is now much more complicated and the quartz surface becomes hydrophyllic with
large concentration of hydrogen bonds. As the density of surface (OH) groups increases,
the substrate becomes more hydrophyllic. There is also a weak, layered structure devel-
oping within the water bubble within 1.0e1.5 nm of the quartz interface. One would expect
the diffusion coefficient for Si(OH)4 to be different in the structured boundary layer to that
in the bubble itself and to be different again to the diffusion coefficient measured in a
boundary film.

Thus the detailed structure of interfaces between grains, and of ‘tight’ cracks within grains
in contact with fluids, needs to be considered in developing models for fluid migration, spe-
cies diffusion and mechanisms for mineral reactions at the grain scale. To date relatively little
is available in the way of molecular modelling but one expects this field of study to grow
rapidly and to supply data on diffusion coefficients and chemical reaction mechanisms
that are difficult to obtain experimentally.
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Micro-cracking. The mechanics of micro-cracking is discussed in Chapters 8 and 10. Such
processes are by far the most dramatic ways of changing permeability. The actual increase
in permeability produced by arrays of cracks and/or tubes depends on the precise geometry
and statistics of the defects but a feeling for the effect can be gained by considering an array of
parallel cracks with apertures d. The permeability arising from arrays of parallel cracks which
generate a porosity, f, isz10�2fd 2 (Phillips, 1991; pp. 29e34). An array of micro-cracks with
an average number of cracks per unit area of ε gives a porosityf¼ dε and so (assuming all the
new porosity is connected) the permeability isz10�2

εd 3. Thus if d¼ 10�5 m and ε¼ 103 m�2,
then the permeability is z10�14 m2. If the rock initially had a permeability below the perco-
lation limit (say 10�22 m2) then this micro-cracking represents a very substantial increase in
permeability.

These kinds of arguments are supported experimentally. Micro-cracking induces a perme-
ability increase that can be quite dramatic (Fredrich and Wong, 1986). Near the percolation
threshold anumberofworkers (seeMeredith et al., 2012 for a review)haveproposeda relation:

K ¼ K0ðf� fcÞn

where K is the permeability (in m2), f is the total porosity (expressed as a %) and fc is the
percolation threshold for fluid flow; K0 is a characteristic permeability when f�fc is 1%.
n is a critical parameter to be determined by experiment but values in the range 2.3e3.8

FIGURE 12.8 Molecular structure of a film of H2O between two crystals of SiO2 (top left) and between a bubble
of H2O and SiO2 (top right). Compiled from Raphanel (2011), Adeagbo et al. (2008) and Ho et al. (2011). In the top-left
panel, red, yellow, blue and white represent, respectively, quartz oxygen, silicon, hydrogen and water oxygen. In
the top-right panel, blue, red, yellow and white spheres represent, respectively, surface hydrogen, oxygen, silicon
and water hydrogen. Such molecular scale ordering can be applied to intra-grain cracks as well as grain boundaries.
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have been reported (Meredith et al., 2012). The experiments of Meredith et al. (2012) demon-
strate a permeability increase from<10�22 m2 with a porosity of 1% increasing to about 10�16

m2at a porosity of 5%. This change in permeability has been proposed on the basis of perco-
lation theory by Berkowitz and Balberg (1992) and Feng et al. (1987). This means, as sug-
gested by Etheridge et al. (1983), that metamorphic rocks that are considered to be of very
low permeability by writers such as Yardley (2009) and Connolly (2010) can become highly
permeable with just the slightest amount of micro-cracking.

Reaction induced porosity. Many authors have proposed that permeability can be generated
directly by metamorphic reactions. The mechanisms involve a spectrum of behaviours that
range from an influence of released fluid or melt pressure on the effective stress thus
inducing fracture (Connolly et al., 1997) to volume changes associated with the chemical re-
actions: positive DV reactions are proposed to generate local stresses that initiate fracture
(Watt et al., 2000) and negative DV reactions generate local porosity increases directly. For
instance, Rushmer (2001) describes situations where partial melting involving biotite (zero
or small positive DV) results in local trapping of partial melt, whereas partial melting of
muscovite (large positive DV) results in escape of partial melts.

An important part of this spectrum of behaviour involves the mechanisms by which min-
eral reactions take place. The issue is strongly linked to the observation that many metamor-
phic reactions such as kyanite replacing andalusite, serpentinite replacing olivine or albite
replacing K-feldspar, are pseudomorphic (see Vernon, 2004, Section 4.13.3 and Chapter 15
in this book). Pseudomorphic reactions are classically considered, by definition, to be con-
stant volume replacements even though the molar volumes of the initial and replaced phases
may be quite different. One view of this process is presented by Merino and Canals (2011)
who propose that the replacement process involves atom for atom displacements driven
by a pressure solution process; the process does not involve solution and precipitation.
Stresses are generated during this process (Fletcher andMerino, 2001) that drive pressure so-
lution, fracture and vein formation. These stress induced fractures that are then responsible
for increases in permeability.

A second view of mineral reactions (particularly those that involve pseudomorphism) de-
rives from the work of Putnis and others (Putnis, 2009; Putnis and John, 2010) where a sol-
utionedissolution-assisted phase transition is proposed whereby solutions dissolve the
parent grain to form a network of nano-metre pores and/tubes (Figure 12.11(a)) and the
new replacement mineral is precipitated in these pores. It is this nano-porous network that
is capable of increasing the local permeability but stress-induced fracturing may be impor-
tant also (Putnis, 2009).

This subject is treated in a little more detail in Chapter 15; it may be that a complete range
of behaviour between the Merino- and Putnis-models exists. The subject is in its infancy and
an exciting future in this area is developing. The issue is important not only for models of
porosity and permeability development during metamorphic reactions, it has relevance as
to how chemical reactions are written for metamorphic systems; should the reaction be written
in terms of constant pressure (as is the classical approach) or in terms of constant volume (Lindgren,
1912, 1918; Putnis, 2009; Merino and Canals, 2011)?

In summary, it appears that there is a complete spectrum of behaviour with respect to
mechanisms of fluid transport during deformation and metamorphism. At the finest of inter-
granular scales or within tight microcracks, the fluid comprises a nano-film with the kinds of
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structures illustrated in Figure 12.8. Transport is probably described by Fick’s law.At a coarser
scale, interfaces are sites for nano-pores derived largely by chemical reactions including
dissolution. Transport is described by the Burnett equations. As the scale increases
and the pores become larger (perhaps the micron-scale), the flow can be described by the
NaviereStokes equations but with slip at the solid interface. Increasing the scale further leads
to non-slip conditions at the interface and a transition to trueDarcyflow.At larger scales again,
in open fractures, NaviereStokes flow describes laminar flow. Ultimately at large Reynolds
numbers, such as in breccias, the flow becomes turbulent. Chaotic flow leading to enhanced
mixing is possible in all regimes where the flow at each instant can be described as laminar.
Enhancement of chemical reactions takes place in these flows for Pe> 102. Chemical reaction
enhancement by chaotic mixing is overwhelmed by turbulent mixing for Pe> 107.

12.2.3 Darcy Flow; Porosity and Permeability

Slow fluid flow through porous media with coordinates (x, y), with x horizontal and y ver-
tical (positive down), is well described byDarcy’s lawwhich simply says that in the absence of
gravity, the fluid flux is proportional to the pore fluid pressure gradient. In two dimensions
with gravity Darcy’s law is expressed as

bVx ¼ K

m fluid

�
� vP fluid

vx

�
(12.13)

bVy ¼ � K

m fluid

v

vy

�
P fluid � r fluidgy

�
¼ K

m fluid

�
� vP fluid

vy
þ r fluidg

�
(12.14)

where bVx, bVy are the horizontal and vertical components of the Darcy fluid velocity. These
relations for Darcy’s law are true for Re< 1, Kn<z10�3, and for linear viscous fluids
(Phillips, 1991).

The Darcy velocity is the volume of fluid that passes through a unit area of the material
in unit time and thus has the units: (m3 m�2 s�1) or (m s�1). Thus although bV has the
units of velocity, one should always remember that it represents a volume of fluid flowing
through a unit area (Figure 12.9). The concept of the Darcy fluid velocity as a flux is
fundamental in examining open flow systems. We loosely refer to the Darcy flux as
the Darcy velocity.

In (12.13) and (12.14), K is a material quantity known as the permeability (with units m2)
and mfluid is the fluid viscosity (with units Pa s). Pfluid is the fluid pressure, rfluid is the fluid
density and g is the acceleration due to gravity. The negative sign in these equations means
the fluid flows down the gradient indicated. Notice that the flow in the presence of a gravity
field is not down a gradient in fluid pressure. The flow is controlled by gradients in what is
variously known as the hydraulic head, H, or sometimes as the hydraulic potential, a concept
introduced by Hubbert (1940). H in this case is given by

H ¼
�
P fluid þ r fluidgy

�
(12.15)

where the coordinate y can be considered as the height above (or below) an arbitrary datum.
The use of the term hydraulic potential for H is useful only for isothermal flows. If thermal
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effects are present, rfluid becomes a function of position within the thermal field andH ceases
to be a potential for the flow.

In addition, another equation is required to express the continuity of flow in two dimen-
sions. The general form of this equation is (Phillips, 1991)

v
�
fr fluid

�
vt

þ V$
�
r fluid bV

�
¼ Qs

whereQs is a source termwith units mass per unit volume per second. If we consider systems
where fluid is not generated within the system, the source term is zero. In addition, for con-
stant porosity and fluid density, we have for continuity in two dimensions:

vbVx

vx
þ vbVy

vy
¼ 0 (12.16)

We will use this form of the continuity equation frequently in what follows.
The fact that fluid flow in the presence of a gravity field is not driven by gradients in fluid

pressure (in general) is illustrated in Figure 12.10 where manometers are inserted in a fluid
flow system in which fluid flows from a reservoir at A at constant height above a datum XeY
to another reservoir at E at a lower height so that HA > HE. The fluid flows continuously
from A to E under the influence of the gradient in H. Notice that the fluid flows from C to
D even though the fluid pressure at C as measured by the height of fluid in the manometer

FIGURE 12.9 The definition of Darcy velocity. In this case the x-component of the Darcy velocity, bVx (which for
this flow is negative), is the volume of fluid that passes through the area, A, of the porous solid in a second. The
porous solid here is constructed from a tomogram of the Castelgate sandstone and is available at http://xct.anu.
edu.au/network_comparison/. Scale: cube is 2.87 mm on side. This image is used with permission from The
Network Generation Comparison Forum at The Australian National University, Canberra.
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at C, is smaller than the fluid pressure at D so that over the path CeD the fluid is flowing up a
fluid pressure gradient (see Mandl, 1998, figure II, 10.1).

The essential problem in applying Darcy’s law to geological problems is obtaining
knowledge of the permeability and its spatial distribution. As shown in Table 12.2, the
permeability varies by many orders of magnitude between un-cemented sands, sandstones

FIGURE 12.10 The concept of hydraulic head in the presence of a gravity field. Fluid reservoirs atA andEare kept
at constant levels of fluid, yA and yE, above a height datum XeY shown in red. The reservoirs are connected by a pipe
shown in blue passing through the localities B, C and D. At these localities, manometers record the fluid pressure
shown as Pfluid

B, P
fluid

C and Pfluid
D. The fluid flows fromhigh fluid pressure at B to low fluid pressure at C and then to a

higher fluid pressure atD. Thus in this case, fluid flows from lowfluid pressure to higher fluid pressure. The fluid flow
is driven by the overall gradient in hydraulic head shown by the dotted red line and not by local differences in fluid
pressure. Notice thatHA > HB > HC > HD > HE where the hydraulic headH is given by (12.15).

TABLE 12.2 Representative Permeabilities of Various Rock Types

Rock Type Permeability (m2)

Gravels and sands 10�9 to 10�12

Shales 10�12 to 10�25

Sandstones 10�11 to 10�17

Limestones 10�12 to 10�16

Marble 10�16 to 10�19

Granites, gneisses, basalts 10�16 to 10�20
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and ‘tight’ metamorphic rocks with no fractures. In general, the permeability for a given rock
type increases with depth (See Lyubetskaya and Ague, 2009, p. 1511, for a discussion).

The remaining parameter of importance in the flow of fluids through rocks is the porosity,
f, which is the ratio of the volume of open pore space to the total volume of the rock. The pore
space may comprise the network of pores between individual grains or of fractures in the
rock mass. If both pores between grains and fractures are present, one talks of double porosity.
Typically f varies from perhaps 0.3 in uncemented sandstones to 0.01 or less in metamorphic
rocks. Some examples of pore structures are given in Figures 12.9 and 12.11. Since the open
pore space need not be interconnected (there may be many dead end or enclosed spaces),
there is no simple relationship between porosity and permeability. The subject is discussed
by Walder and Nur (1984). An empirical relation known as the Kozeny-Carman relationwhich
relates the porosity of a packing of regular spheres to the permeability of the array is
commonly used:

K ¼ K0
f3

1� f2
(12.17)

where K0 is the reference permeability that depends on a reference porosity ɸ0.

12.2.3.1 Fast Fluid Flows and Brecciation/Fluidisation

Darcy’s law is derived (Phillips, 1991) for slow linearly viscous flows (Re< 1) where the
dissipation arising from momentum transfer is negligible. At higher velocities, inertial ef-
fects become important and dissipation from these effects cannot be neglected. This is
particularly important for fluid flow through breccias and in particular when the fluid
flow is sufficiently strong to be able to lift or move individual fragments of rock, a process
known as fluidisation. At such fluid velocities, the relation between fluid pressure gradient
VP fluid and fluid velocity, v, is no longer linear, as in Darcy’s law, but includes a term with

FIGURE 12.11 Pore microstructures. (a) Pore structure developed during the dissolution of a single crystal of
KBr by reaction with a KCl solution. (From Putnis and Mezger, 2004.) (b) Pore microstructure in Mt. Gambier
limestone. Scale: cube is 155 mm on side. This image is used with permission from The Network Generation
Comparison Forum at The Australian National University, Canberra.
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the fluid velocity squared, expressing the increased dissipation arising from transport of
momentum:

VP fluid ¼ avþ bv2 (12.18)

Various forms of this equation are known as the Ergun and the Wen and Yu equations and
are discussed by Niven (2002) and Bird et al. (1960). These equations were used by Oliver
et al. (2006) in a study of breccia formation and transport.

12.2.3.2 Pressure Distribution in a Layered Crust

Most models of the crust admit of a permeability change with depth whether it be due
to compaction with depth (Bethke, 1985), a transition to lower permeability metamorphic
rocks (Manning and Ingebritson, 1999; Lyubetskaya and Ague, 2009) or the presence of
relatively impermeable ‘caps’ or ‘seals’ at mid-crustal depths (Etheridge et al., 1983).
Here we explore the effects of such permeability changes on a metamorphic system
where fluid is generated at depth in the crust or is introduced into the crust from the
mantle.

We first consider a homogeneous crust (Figure 12.12(a)). The fluid flow is specified directly
by (12.13) and (12.14). If the vertical fluid pressure gradient is hydrostatic, that is,
vP fluid

vy ¼ gr fluid, then there is no flow. If the fluid pore pressure gradient is greater than hydro-

static, the flow is upwards and if the gradient is less than hydrostatic, the flow is downwards.
Lyubetskaya and Ague (2009, Figure 3(d)) give an example of downward flow driven by
retrograde metamorphic reactions at depth. Notice however that since downward flow oc-
curs for a fluid pressure gradient that is less than hydrostatic, the permissible height of
such a compartment is severely limited by (12.3).

Now consider a crust consisting of two layers (Figure 12.12(b)) in which a layer (Layer 1)
with permeability, K1, and fluid viscosity, m1, is overlain by another layer (Layer 2) in which
the permeability is K2 and the fluid viscosity is m2. We inject a fluid with upward Darcy ve-
locity, bVy, at the base of Layer 1. For continuity, the fluid flux through both layers must be
identical and hence we have

bVy ¼ � K1

m
fluid
1

�
vP1

vy
� r

fluid
1 g

�
¼ � K2

m
fluid
2

�
vP2
vy

� r
fluid
2 g

�
(12.19)

Thus if m
fluid
1 ¼ m

fluid
2 and r

fluid
1 ¼ r

fluid
2 , then

�
vP2

vy

�
¼ K1

K2

�
vP1
vy

�
þ r fluidg

�
1� K1
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�
(12.20)

If
�
vP1

vy

�
is lithostatic and K1

K2
< 1,

�
vP2

vy

�
is always less than lithostatic but greater than

hydrostatic. For instance, if K1

K2
¼ 0:1, then

�
vP2
vy

�
¼ 0:1

�
vP1
vy

�
þ0:9r fluidg
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FIGURE 12.12 Simple models of fluid compartments in the crust. (a) A single compartment of height, H,
permeability, K, and fluid viscosity, mfluid. (b) A two-layer system with properties as indicated. The layers are
referred to as Layer 1 (bottom) and Layer 2 (top). (c) A system with continuity of fluid flux. If K2<K1, the fluid
pressure gradient in the upper compartment can be close to hydrostatic whilst the gradient in the lower
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If
�
vP1

vy

�
is lithostatic, and hence equal to 2.646� 104 Pa m�1 then

�
vP2

vy

�
is 11.466�

103 Pa m�1 which is to be compared with a hydrostatic fluid pressure gradient of
9.8� 103 Pa m�1. Thus the pore pressure gradient in Layer 2 is only 1.17 times the hydrostatic
gradient. If the permeability in Layer 2 is 1000 times larger than in Layer 1, the fluid pressure
gradient in Layer 2 is 1.0017 times hydrostatic. This is a general result. If a high permeability
layer overlies a low permeability layer with an imposed fluid flux at the base of the lower
layer, the low permeability layer acts as a control valve for the system so that the fluid pres-
sure gradient in the high permeability layer is always less than in the low permeability layer
and commonly close to hydrostatic. Similar arguments may be developed from (12.19) if the
fluid viscosity and/or density changes between compartments.

This argument is readily extended to a multilayered crust (Zhao et al. 1998, 2008). The
overall conclusion is that it is not possible everywhere to have the fluid pressure gradient
at lithostatic. The lowest permeability layer acts as a control valve for the system as a whole.
Continuity of flux demands that in the highest permeability layers, the fluid pressure
gradient must be below lithostatic, commonly close to hydrostatic, with no need for a low
permeability ‘seal’ between the layers.

It is important to understand the mechanical and hydrological implications of proposing a
low permeability ‘seal’ or ‘cap’ in a system where the fluid pressure gradient is maintained
below the seal at lithostatic. The lithostatic fluid pressure gradient means there must be up-
ward flow-through in the lower layer and continuity of flux demands this same fluid flux is
maintained in the seal although at a higher fluid pressure gradient (from (12.20)). This means
that the fluid pressure in the cap is above lithostatic and hence the cap is prone to yielding
thus reducing the fluid pressure gradient. The cap in general cannot survive in a stressed sys-
tem without failure.

Four different models for a layered crust with variations in fluid pressure gradient
are shown in Figure 12.12(c)e(f). The continuity equation, (12.16), permits the models in Fig-
ures 12.12(c)e(e) but (f) is not permitted.

12.2.4 Advection of Heat in Porous Flow

Heat is said to be advected in porous flow when it is carried with the fluid. A special
form of advection is convection when the flow is driven by density contrasts; the density
contrasts may derive from thermal and/or chemical effects. When convection is driven

compartment is lithostatic. A seal between the two compartments is not necessary for this transition to exist.
(d) A system with zero fluid flux. Fluid pressure gradients in all compartments are hydrostatic. No upward flow.
The lower compartment is over-pressured and separated from the upper compartment by a low permeability seal.
This lower compartment has an average fluid pressure gradient which is lithostatic but is divided into smaller
compartments where the gradient is hydrostatic. (e) Another system with continuity of fluid flux. Upper
compartment with a fluid pressure gradient just above hydrostatic. Lower compartment with a lithostatic fluid
pressure gradient. Fluid pressure gradient in the ‘seal’ is super-lithostatic. Fluid flux is the same everywhere. (f) A
system with no continuity of fluid flux and hence is physically unrealistic. Fluid pressure gradient in upper
compartment is hydrostatic and lithostatic in lower compartment with a separating seal with no fluid flow. This
model does not obey the fluid flux continuity (12.16).

=
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by gradients in both temperature and density arising from chemical changes, the process is
known as double diffusion driven convection (Zhao et al., 2008, Chapter 11). When heat is
advected in a steady manner, the governing equations comprise (12.13), (12.14) and
(12.16) together with

r
fluid
0 c

fluid
P

�
bVx

vT

vx
þ bVy

vT

vy

�
¼ ke

 
v2T

vx2
þ v2T

vy2

!
(12.21)

where r
fluid
0 and c fluidP are the reference fluid density and the fluid specific heat, respectively.

The solutions to these equations are given by Zhao et al. (2008). It is convenient to introduce
the following dimensionless parameters:

P� ¼ P� Ptop

r
fluid
0 gH

; T� ¼ �
�
T� Ttop

�
ke

q0H
(12.22)

Pethermal ¼ r
fluid
0 Hc

fluid
P

ke
bV; y� ¼ y

H
(12.23)

where Pethermal is the Peclet number for the hydrothermal system. For simplicity below, we
write Pe for Pethermal. Then the solutions to the above equations become

T� ¼ 1

Pe
exp½Pe�f1� exp½�Pey��g (12.24)

and

P� ¼ y� þ q0bTH

kePe
exp½Pe�

�
y� � 1

Pe
½1� expð�Pey�Þ�

	
� mbV
Kr

fluid
0 g

(12.25)

from which we obtain

vP�

vy�
¼ 1þ q0bTH

kePe
exp½Pe�f1� expð�Pey�Þg � m fluid bV

Kr
fluid
0 g

(12.26)

The expressions (12.24), (12.25) and (12.26) give the dimensionless temperature, pressure
and fluid pressure gradients as functions of dimensionless depth. If we take the values of the
various material constants and parameters given in Table 12.1, then the temperature distribu-
tion defined by (12.24) is shown in Figure 12.13 for 1� Pe� 5. The figure shows that for any
value of Pe above 1, the temperature at the base of the system is unacceptably high for
observed temperature distributions in the crust. For Pe¼ 1, 2 and 5, the temperature at the
base of the system is 1.7, 3.2 and 29.5 times that predicted by the conduction solution.
Thus in the absence of evidence for major discontinuities in the temperature distribution
with depth in the crust together with temperature values at theMoho close to what wewould
expect from a conduction solution, maximum values of Pe around 1 seem to be indicated. A
value of Pe� 1 for the crust places severe restrictions on the physically possible values of bV
for the crust and whether convection is possible for lithostatic pore pressure gradients; we
discuss this issue in Section 12.7.
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12.2.5 Fluid Mixing; Chaotic and Turbulent Flows

Although fluid mixing must be involved in the dissolution and reaction processes within
pore spaces and at fluidesolid boundaries and is widely proposed as an important ingre-
dient in the formation of hydrothermal systems, it remains very poorly understood (Ord
et al., 2012). We describe fluid mixing as the dispersion of constituent species through the
actions of fluid advection and/or molecular diffusion toward a spatially homogeneous dis-
tribution. Mixing of two fluids can occur in three ways: (1) two laminar flowing fluid
streams may meet and mix by molecular diffusion across the interface between the fluids;
(2) differences in the chemical or physical properties of the two fluid streams (for instance,
chemical potential, density, surface tension, and temperature) generate flow instabilities at
the interfaces between fluids which enhance fluid mixing (De Wit, 2001, 2008); (3) two fluid
streams may meet in an open three dimensional network, either at the grain-scale, where
the network comprises a series of interconnected pores between grains, or at larger scales
where the network comprises a series of interconnected open fractures (Figure 12.14).
The inherent three dimensional geometric complexity of these networks (Ord et al., 2012;
Lester et al., 2012) results in a flow phenomenon known as chaotic advection, that is, fluid
particle trajectories form a chaotic tangle, leading to efficient mixing.

The first mixing mechanism above involves diffusion alone, and is not efficient since the
molecular diffusivity, D, for relevant aqueous species is typically of magnitude 10�10 m2 s�1.
The issue is discussed by Appold and Garven (2000). The latter two mechanisms involve the
interplay of advection and diffusion, the relative timescales of which are characterised by the
molecular Peclet number, Pemolecular.

FIGURE 12.13 The influence of upward flow-through of fluids on the temperature distribution in a compart-
ment with constant permeability. Plot of dimensionless height, H*, of the system against the dimensionless tem-
perature, T*, for various Peclet numbers. For a Peclet number of 1, the temperature profile with depth is close to the
conduction solution and blends into a conduction solution at the top of the compartment. For a Peclet number of 5,
the temperature at the base of the system is close to 30 times what is expected of the conduction profile and there is a
strong discontinuity in temperature profile with respect to a conduction gradient at the top of the compartment.
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For Pemolecular� 1, chemical reactions are dominated by reactionediffusion (RD) processes
(Figure 12.6(c); see Chapters 7 and 15). Chaotic mixing involving laminar flow occurs in the
range 1< Pemolecular< 107 but enhanced chemical reaction rates due to chaotic flow occur only
for 102< Pemolecular< 107 (Ord et al., 2012; Tel et al., 2000, 2005). Turbulent mixing begins at
Pemolecular¼ 107 (Villermaux, 2012), corresponding to a Reynolds number of z103. Turbulent
flow results in enhanced chemical reaction rates (Villermaux, 2012) but turbulent flow is un-
likely in crustal systems except for large hydrothermal breccia systems. Below the threshold
Pemolecular¼ 1, the effect of mixing arising from fluid advection upon chemical reaction rates is
negligible and diffusion dominates, whereas above the threshold Pemolecular¼ 102 advection
can enhance mixing rates by several orders of magnitude. Fluid advection not only has a pro-
found effect upon mixing rates but can also alter the stability and speciation of non-
equilibrium chemical reactions (Tel et al., 2005) such as those encountered in hydrothermal
systems. Hence the threshold Peclet numbers not only represent approximate thresholds
in terms of mixing rate, but also the qualitative properties of mineral reaction and deposition
are expected to differ across these thresholds. Although fluid advection is important below
Pemolecular¼ 102 for transporting, reacting mineralizing systems, the argument above suggests
that these latter systemsmay be validly treated as RD systems (see Chapters 7 and 15). Above
this transition, the reactions are better treated as advectionediffusion reaction (ADR) systems
(Chapter 15). Although the literature on RD systems is immense, ADR systems have enjoyed
much less attention, and it is the properties of these systems in the context of hydrothermal
systems which are a focus of Volume II.

In order to understand the mechanisms by which fluid advection accelerates fluid mixing
in hydrothermal systems, we provide a brief overview of the phenomenon of chaotic advec-
tion, involving terms and concepts which may be unfamiliar to the geoscientist. The reader is
directed to several review articles (Metcalfe, 2010; Ottino, 1989b; Tel et al., 2000, 2005; Wiggins
and Ottino, 2004) for further reading. The ability of turbulent flows rapidly to mix and
disperse constituents is a widely recognized phenomenon (Villermaux, 2012). Turbulent
flows possess a wide spectrum of eddy length scales, which act to distort concentration fields

FIGURE 12.14 Chaotic advection in a three-dimensional network with branching and merging pore or fracture
space. (After Carrière (2007).) The fluid is stretched and compressed as it traverses each set of pores from (1) to (2) to
(3). The ultimate result is a Baker’s transform where two initially adjacent fluids (red and yellow) are brought
together as finer and finer striae.
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into complex spatial distributions with very fine striations and large interfacial area between
constituents of the flow. In conjunction with molecular diffusion, such fluid advection leads
to rapid dispersion, which is commonly termed mixing. Dispersion occurs even if the molec-
ular diffusivity is vanishingly small. Conversely, slow, laminar flows are smooth and regular,
and do not possess small length scales for the organization of fluid elements into fine
striations.

As such, slow molecular diffusion usually does little to accelerate dispersion in steady
laminar flows. The transition from laminar to turbulent flow typically occurs at Reynolds
number Re w103. We can express Re as

Re ¼ Pe

Sc
¼ viscous diffusion

molecular diffusion

where Sc¼ mfluid/(r fluid D) is the Schmidt number quantifying the ratio of viscous diffusion to
molecular diffusion; rfluid and mfluid are the fluid density and viscosity, respectively. The
Schmidt number is a material property, typically 103 to 104 for aqueous systems (as rfluid

w103 kg m�3, mfluid w10�3 to 10�4 Pa s, D w10�10 m2 s�1), and so Re¼ 10�4 Pe to 10�3 Pe.
Whilst this may be true for a wide range of laminar flows, there exist important exceptions

that arise when the laminar flows are unsteady. Then the opportunity exists for the stream-
lines (which never intersect at any instant of the flow) to cross from one instant to the next.
Although the Eulerian description of the flow is always laminar, the particle track for anyma-
terial particle can become chaotic (Metcalfe, 2010; Ottino, 1990). This arises because the kine-
matic advection equation

dx

dt
¼ vðx; tÞ

describing the evolution with time t of the position x of a passive fluid tracer particle un-
der the action of the fluid velocity field v, is a nonlinear dynamical system capable of
exhibiting chaotic dynamics. As such, although the velocity field v(x, t) itself is smooth,
the fluid particle trajectories may be chaotic, leading to rapid dispersion and mixing.
This phenomenon is termed chaotic advection (Aref, 1984; Ottino, 1990), and has been
well studied over the past quarter century in the fields of fluid mechanics and dynamical
systems. One familiar example of chaotic advection is expressed as the Baker’s transform,
examples of which are the kneading of bread dough or the manufacture of salt-water taffy.
Kneading may be considered as a laminar flow comprising iterated stretching and folding
motions. Although the flow field associated with these motions is smooth and regular, if
one were to track the evolution of a dyed element of dough or taffy, it would soon be
stretched to form a highly striated distribution and eventually be mixed throughout the
dough or taffy form. This is chaotic advection in action. The actions of stretching and
folding are in fact the fundamental mechanisms of chaotic dynamics in general: stretching
acts to separate particles at an exponential rate, and folding acts to reorganize the flow to
distribute these highly striated interwoven structures throughout the domain. Figure 12.14
provides an example of the Baker’s transform for flow in a three dimensional pore or frac-
ture network.

The rate of exponential stretching is quantified by the Lyapunov exponent, l, which is taken
as a measure of the strength of the chaotic dynamics. In the case of chaotic advection, the
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Lyapunov exponent is defined as the long time limit of the exponential growth rate of the
length of a material line dx between two particles initially separated by distance dX:

l ¼ lim
t/N

1

t
ln

jdxj
jdXj

Whilst the flow domain may be finite-sized, jdxj can grow without bound due to the inter-
woven nature of the striations and hence of the initial material line. Although chaotic particle
paths appear to be irregular and random, their underlying structures are highly organized
and are often self-similar and multifractal (Muzzio et al., 1992). This organizing structure
is termed the chaotic template, and active processes within the fluid such as diffusion and re-
action play out on this template.

Althoughmany laminar flows are engineered to exhibit chaotic advection to promote mix-
ing and dispersion in a wide variety of applications, chaotic advection can occur in natural
flows also. Systems subject to transient forcing or flow reorientation can exhibit chaotic
advection, such as the evolution of plankton communities in oceanic currents (Hernandez-
Garcia and Lopez, 2004; Karolyi et al., 1999) or the spreading of the gulf oil spill (Mezi�c
et al., 2010; Thiffeault, 2010). Flows in porous media subject to transient forcing have been
shown (Jones and Aref, 1988; Lester et al., 2009, 2010; Metcalfe et al., 2010a,b; Trefry et al.,
2012; Zhang et al., 2009) to exhibit chaotic advection again due to the stretching and folding
motions of the transient flow field. Recent studies (Carrière, 2007; Lester et al., 2012) have also
established the propensity for chaotic advection to occur in porous media under steady flow,
via the natural tortuosity of the pore space (Figure 12.14). Mixing due to chaotic flow has also
been described in nano-porous networks (Ottino and Wiggins, 2004 and references therein)
and rapid developments are happening in this area which have direct application to fluid
transport and mineral reactions in metamorphic systems.

12.2.6 Multi-Phase Flow

The flow of two immiscible fluids together in a porous solid is described by a modified
form of Darcy’s law:

bVwetting

i ¼ � Kij

mwetting
k
wetting
r

v

vxj

�
Pwetting fluid � rwetting fluidgkxk

�

bVnon�wetting

i ¼ � Kij

mnon�wetting
k
non�wetting
r

v

vxj

�
Pnon�wetting fluid � rnon�wetting fluidgkxk

�

These equations define the Darcy fluxes for the two fluids (Figure 12.15(a)), one of which
(the wetting fluid) wets the surface of the pore space more than the other (the non-wetting
fluid). Each fluid has its own viscosity, m, and density, r. The permeability of the medium
is anisotropic in this case and represented by Kij. As a result of the curved interface between
the two fluids, the pressure in the non-wetting fluid is higher than in the wetting fluid. The
difference in fluid pressure is known as the capillary pressure, Pcapillary and this is a function of
the wetting saturation, Swetting, which is the relative proportion of the wetting fluid:

Swetting þ Snon�wetting ¼ 1:
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The products, Kijk
wetting
r and Kijk

non�wetting
r , mean that the effective permeabilities for the

two fluids are different. The relative permeabilities, k
wetting
r and k

non�wetting
r , are given empiri-

cally by (van Genuchten, 1980):

k
wetting
r ¼ Sbe

h
1�

�
1� S

1=a
e

�ai2
and k

non�wetting
r ¼ ð1� SeÞc

h
1� S

1=a
e

i2a

where 0.1< a< 1, 0< b< 1 and 0< c< 1 are empirically derived constants and the effective
saturation, Se, is defined by

Se ¼ Swetting � S
wetting
r

1� S
wetting
r

where Swettingr is a measure of the proportion of the wetting phase that remains in the system
when knon�wetting

r is zero. Plots of the relative permeabilities against the effective saturation are
given in Figure 12.15(b) for a¼ b¼ 0.5 and c¼ 0.333. The behaviour represented here is
commonly observed: as Se increases, that is, the proportion of wetting fluid increases,

FIGURE 12.15 Principles of two-phase flow. (a) An idealised pore channel with pockets of non-wetting fluid
separated by pockets of wetting fluid. (b) The relative permeabilities plotted against the effective saturation. The
relative permeability of the wetting fluid remains low until inter-connections between pockets of wetting fluid can
be established.
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through removal of non-wetting fluid from the system, the permeability of the wetting fluid
remains low until connections between pockets of wetting fluid can occur.

For examples of modelling of two phase flow with respect to the H2OeNaCl system, see
Geiger et al. (2006a,b).

12.3 DRIVERS OF FLUID FLOW

Fluid flow in porous rocks is driven by one of four processes or by combinations of these
processes. The one most commonly modelled arises from hydraulic head gradients induced
by topographic gradients (Garven, 1985; Garven and Freeze, 1984a,b; ; Murphy et al., 2008; Phil-
lips, 1991). A second process, buoyancy leading to convection, arises from density variations
induced by temperature or chemical variations (Nield and Bejan, 2013). A third process arises
from the generation of fluid pressure gradients larger than hydrostatic induced by compaction,
devolatilisation reactions or crystallisation of volatile rich magmas (Burnham, 1979, 1985;
Connolly, 2010; Fyfe et al., 1978; Phillips, 1991) and a fourth process arises from fluid pressure
gradients induced by deformation (Cox, 1995, 1999; Ge and Garven, 1989; Ord and Oliver, 1997;
Sibson, 1987, 1995). We discuss each of these processes in turn below (Table 12.3).

12.3.1 Topographically Driven Flow

A gradient in topography for saturated porous material produces a gradient in hydraulic
head which drives fluid flow in exactly the same manner as is illustrated in Figure 12.11. The
system is an open flow system that is controlled by the imposed hydraulic head
(Figure 5.2(d)). This means that the local Darcy flow is influenced by the local permeability
and fluid is focussed into the highest permeability layers, lenses or shear zones. If the local
permeability changes due to clogging of pore space by mineral deposition, or to mineral
dissolution or to fracturing, the local Darcy velocity changes as described by Darcy’s law.
In particular, if the porosity is clogged up by mineral deposition, then the fluid flow stops.
This form of flow is the most commonly studied in the geological literature and derives
from hydrological studies in near surface aquifers (Garven and Freeze, 1984a,b). Except in
the uppermost crust, topographically driven flow is not the most important fluid driver in

TABLE 12.3 Magnitudes of Hydraulic Head Gradients Driving Fluid Flow for Various Processes

Driver Magnitude (Pa mL1) Direction of Flow

Lithostatic fluid pressure gradient 1.7� 104 Vertical

5 km of topographic relief over 100 km 500 Downwards and horizontal

Deformation assuming 50 MPa gradient
in fluid pressure over 1 km

5� 104 Depends on scale of structures

Deformation assuming 50 MPa gradient
in fluid pressure over 10 km

5� 103 Depends on scale of structures

The fluid is assumed to be water with a density of 1000 kg m�3.
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metamorphic systems. Such systems are commonly flow controlled open systems (see Chap-
ter 5; Figure 5.2(c)) where the flux into the system is the controlling factor rather than the hy-
drological head. However if large gradients in topography exist above the metamorphic
system, as would arise from the presence of large mountain ranges, they would add a hori-
zontal component to flow throughout the crust; this is true for both aqueous fluids and melts
(see Figure 5.1(a)).

Examples of systems where the flow is controlled by topographic gradients are given by
Garven (1985), Phillips (1991), Person and Baumgartner (1995), and Murphy et al. (2008).
Lyubetskaya and Ague (2009) present examples where the flow of deep metamorphic fluids
driven essentially by lithospheric pore pressure gradients is influenced by large topographic
gradients.

12.3.2 Systems with Super-Hydrostatic Fluid Pressure Gradients. Production
of Fluid and the Pressure Control Valve

The argument presented below is developed for partial melt systems by Hobbs and Ord
(2010). Here we present the identical argument mainly for aqueous fluids but with some ex-
amples from melt systems. Following Phillips (1991), we consider mineral reactions of the
form

S1/S2 þ fluid

where the fluid may be a hydrous fluid, a melt or some other fluid. We write the following in
terms of a hydrous fluid but it is equally applicable to any set of reactions that produce a
fluid. S1 is an assemblage bearing an initial volume concentration, so, of a hydrous phase
such as muscovite, biotite or amphibole and S2 is an anhydrous assemblage. In this reaction,
s cubic metres of a cubic metre of the assemblage S1 decrease with time,

vs

vt
¼ �Qs

as they are replaced by S2. If Te is the equilibrium temperature at which the reaction takes
place, for T< Te, Qs¼ 0. When T> Te the rate of disappearance of S1 is proportional
to the amount per unit volume present and, near equilibrium, to (T� Te) so that Qs can be
written as

Qs ¼ gsðT� TeÞ=Te

where g is the reaction rate. Thus,

vs

vt
¼ 0; for T < Te

vs

vt
¼ �gsðT� TeÞ=Te; for T � Te

If the equilibrium isotherm is progressing upward through the rock mass with a speed U,
then at any point near the equilibrium isotherm,

T� Te ¼ UtgradT
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where t is the time since the equilibrium isotherm passed through that point and gradT (>0) is
the negative temperature gradient in the direction of U. Thus,

vs

vt
¼ �gUtsgradT

Te
behind the equilibrium isotherm and

¼ 0 ahead of the equilibrium isotherm:

In terms of the distance x¼Ut behind the equilibrium isotherm,

U
vs

vx
¼ �

�
ggradT

Te

�
xs; for x � 0 ðbehindÞ

¼ 0; for x < 0 ðaheadÞ:
Subject to the condition s¼ so ahead of the reaction zone, these equations have the solution

s ¼ so exp

�
� x2

l2

�
; for x � 0

¼ so; for x < 0

where l, the thickness scale of the reaction zone, is

l ¼
�

UTe

2ggradT

�1
2

:

To gain an indication of the magnitude of l for a reaction that produces granitic melts, we
take the estimates of Brown (2001) that the melting zone can be 15 km thick and forms in
104e106 years. This gives average values of U between 4.76� 10�8 m s�1 and
4.76� 10�10 m s�1. If we take Te¼ 720 �C which corresponds to the reaction,

muscoviteþ albiteþ quartz/K� feldspar þ aluminosilicateþmelt

at 1 GPa pressure (Peto, 1976), gradT¼ 20 �C km�1 and g¼ 10�2 s�1 to 10�3 s�1 (for which
there is great uncertainty), then l is in the range 1 mm to 1 m which is thin enough to be
neglected. However, as emphasised by Phillips (1991) for reactions where the fluid is pro-
duced over a temperature range, the physical height of the devolatilising or melting interval
will be smeared out over that range. Montel and Vielzeuf (1997) for instance show that for the
reaction:

biotiteþ plagioclaseþ quartz/orthopyroxeneþ garnetþ K� feldspar þmelt

melt is produced over a temperature range of 50 �C at low pressure (100 MPa) and over at
least 200 �C at high pressure (1 GPa). Thus in this case, the actively melting zone is expected
to be quite thick especially at high pressures. However, Phillips (1991) shows that smearing
out the thickness of the devolatilising or melting zone results in the total generation of fluid,
and hence the fluid pressure generated just above the reaction isotherm, being the same as
when the reaction zone is thin.

Notice that if the isotherms rise only by conduction of heat, then the time scale for a ther-
mal perturbation at the base of the crust to reach 10 km above the base of the crust is
(10� 103)2/10�6 s or 3.2 million years. Thus if the devolatilising or melting region is to reach
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a thickness of 10 km in 104e106 years, as proposed by Brown (2001), the upward advection of
heat by moving fluid is slightly faster than the rate at which heat would be conducted
upwards.

When the reaction involves devolatilisation with 1 m3 of the mineral assemblage releasing
nfluid cubic metres of fluid, the volumetric rate of fluid generation, Qfluid, is nfluidQs. Thus,

Qfluid ¼ n fluidQs ¼ �n fluidvs

vt

And for this simple case of a well-defined Te, the rate of fluid generation per unit volume is

Qfluid ¼ �n fluidU
vs

vx

where s¼ s(x) is now given by s ¼ s0 exp
�
� x2

l2

�
. This rate is a maximum at a distance lffiffi

2
p

behind the moving isotherm, and decreases to zero beyond that point. The total rate of gen-
eration of fluid in this reaction zone (volume of fluid per unit time per unit area of the react-
ing zone) is

< fluid ¼
ZN

0

Qfluiddx ¼ n fluidUso

which is independent of the reaction rate, g, and of the temperature gradient, gradT.
If the porosity of the rock is constant, the vertical flux of fluid, bV, at the top of the reaction

zone is the volume of fluid produced per unit time per unit horizontal area or < fluid. Thus if y
is the vertical distance above the reaction isotherm, the vertical gradient of the total fluid
pressure at the top of the reaction zone is

vP fluid

vy
¼ �m fluid

K
bV � r fluidg ¼ �m fluid

K
< fluid � r fluidg

where P fluid is the total fluid pressure, mfluid is the fluid viscosity, K is the vertical permeability,
rfluid is the density of the fluid and g is the acceleration due to gravity. This pressure is con-
stant once the isotherm has risen a distance equal to the thickness of the reaction zone and the
fluid pressure induced by the upward flow diffuses upwards according to

vbP fluid

vt
¼ k fluidv

2bP fluid

vy2
(12.27)

where kfluid is the pressure diffusivity of the fluid and bP fluid
is the reduced pressure defined as

bP fluid ¼ P fluid þ r fluid
0 gy, where r0 is the average density of the fluid and y is directed vertically

upwards.
At the reaction front,

vbP fluid

vy
¼ �m fluid

K
< fluid
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and the pressure at the reaction front increases with time thus,

bP fluid ¼ �m fluid< fluid

K

�
k fluidt

�1=2

Thus the total pressure at the reaction front evolves as

P fluid ¼ P
fluid
hydrostatic þ

m fluidn fluidUso
K

�
k fluidt

�1=2

and so is always greater than the hydrostatic fluid pressure and with increase in time be-
comes super-lithostatic (Phillips, 1991) if the initial permeability of the rocks above the devo-
latilisation zone is small enough and/or m fluid< fluid is large enough. It is easy to see however
that if any or a combination of any of the following occur, then the fluid pressure at the re-
action front evolves to a new value: (1) the fluid producing reaction alters thus changing
the value of nfluid, (2) the upward velocity, U, of the reaction isotherm changes, (3) the modal
concentration of the hydrous phase changes thus altering so. Thus the processes occurring
near the devolatilisation front control the pressure at the reaction front and hence the pres-
sure distribution throughout the devolatilisation system. Notice also from this argument
that it is the upward velocity of the fluid, bV, that is controlled by these processes. The perme-
ability is a dependent variable that has to evolve, by compaction or positive dilation, to a
value that accommodates this flux given the fluid pressure gradient that develops.

The solution to (12.27) is given in Figure 12.16 where the dimensionless height, y/H, is

plotted against the dimensionless value of the reduced pressure, expressed as
bP fluid

K
m fluid< fluidH

, for

a system where a low permeability compartment is overlain by a higher permeability layer.
The lithospheric minus the hydrostatic gradient is indicated by the solid red line which has a
slope of tan�1 (1/1.7), the gradient of the reduced pressure being 1.7� 104 Pa m�1. The

FIGURE 12.16 Diffusion of
fluid pressure from a devolatilisa-
tion front. After Phillips, 1991.
Plot of non-dimensional depth
against non-dimensional reduced
fluid pressure at dimensionless
times (tH2/kfluid). The red arrow
shows the progressive rise of the
lithostatically pressured fluid front
above the devolatilisation front.

12.3 DRIVERS OF FLUID FLOW 399

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



contours of dimensionless fluid pressure are given in terms of the dimensionless time
(tH2/kfluid). The positions for each time where the reduced pressure gradient passes upward
from super-lithostatic to sub-lithostatic are shown as open dots and the evolution of the
super-lithostatic front with time is shown by the red arrow. By dimensionless time 0.6, the
whole compartment is lithostatically pressured and from then on the compartment is pres-
sured above lithostatic.

This analysis makes two basic assumptions that need further investigation: (1) The evolu-
tion described by Figure 12.16 neglects mechanical failure of the system and so it not clear
that the compartments can sustain large super-lithostatic fluid pressure gradients without
deforming. (2) The flow at the reaction front is assumed to be stable so that a small perturba-
tion in the flow relaxes back to the ground state and does not grow into a completely different
flow pattern. Connolly (2010) examines these assumptions and proposes that indeed the flow
is unstable so that solitary waves of porosity develop that propagate upwards and sideways;
these are called porosity waves. We explore such effects in Volume II. An example of such a
solitary wave is given in Figure 12.17.

12.3.3 Deformation Driven Flow

Fluid flow driven by deformation arises from two processes that influence the local pore
pressure. This can be seen from the following argument. Formally, the fluid mass balance is

FIGURE 12.17 Nucleation of a porosity wave. From Connolly (2010). The fluid pressure gradient in the region of
high porosity (left) below the reaction front becomes hydrostatic even though the mean pressure gradient is
lithostatic. The top of this region dilates and the base compacts. This region of fluid with a hydrostatic pore pressure
gradient then propagates upwards as a porosity wave (see Volume II). The argument in the text shows that the

thickness associated with the initial region of high porosity is l ¼
�

UTe
2ggradT

�1
2

See Phillips, 1991, Figure 4.17.
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vz

vt
¼ �vbVi

vxi
þ qV (12.28)

where bVi is the component of the Darcy flux, qV is the flux of fluid per unit volume of the
porous material and z is the variation of fluid content (Detournay and Cheng, 1993; Coussy,
1995) which can be thought of as the ‘hydraulic strain’ associated with the introduction of
fluid; z is defined as the variation of fluid volume per unit volume of porous material and
hence is dimensionless. A positive z means a gain in fluid content by the porous material.

As well as (12.28) which expresses the mass balance of fluid, we need a relation for the bal-
ance of momentum (see (4.21)) that is a function of the local porosity, f:

vsij

vxj
þ rgi ¼ r

v _ui
vt

(12.29)

where r ¼ ð1� fÞrsolid þ frsolid and rsolid and rfluid are the densities of the solid and fluid
phases, respectively.

The change in the fluid pressure, Pfluid, is then given by

vP fluid

vt
¼ M

�
vz

vt
� a

vεV

vt

�
(12.30)

where εV is the volumetric strain that can arise from both deformation and chemical reac-
tions: εV ¼ ε

deformation
V þ ε

chemical reactions
V .M and a (Detournay and Cheng, 1993) are material pa-

rameters known as the Biot modulus and the Biot coefficient, respectively. If the compressibility
of the solid grains can be neglected compared to that of the fluid, then we can take a¼ 1 and

M ¼ K fluid

f
(12.31)

where Kfluid is the bulk modulus of the fluid. Thus the change in fluid pressure is given by

vP fluid

vt
¼ K fluid

f

�
vz

vt
� vεV

vt

�
(12.32)

Expressions (12.28), (12.29) and (12.32) are sufficient to describe the influence of deforma-
tion and chemical reactions on fluid flow. Note that the mean stress on the solid does not
enter into these equations. It is sometimes claimed (for example, Ridley, 1993) that fluid
flow is driven by mean stress gradients the implication being that the fluid pressure is locally
equal to the mean stress. This however is not true; fluid flow is driven by gradients in fluid
pressure (in the absence of gravity) and so is strongly influenced by local changes in porosity
which arise from changes in stress (Detournay and Cheng, 1993) and from changes in pore
volume as expressed by (12.32). Figure 12.18 is presented as an example to demonstrate
the effects of local dilation. In this example, a material with MohreCoulomb dilatant consti-
tutive properties undergoes dextral simple shearing with an imposed fluid pressure gradient
from left to right. The fluid focuses into regions of positive volumetric strain rate and shows
no relation to the mean stress. These effects have been shown to be important at a regional
scale by Ord and Oliver (1997). In general, the fluid pressure cannot reach the mean stress
in value without yield occurring as shown in Figure 12.4 (b) and (d).
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FIGURE 12.18 Control of fluid flow by pore pressure perturbations related to volumetric strains. Model deformed by simple shearing with pore
pressure gradient from left to right. MohreCoulomb material with dilation. (a) Stream lines superimposed on contours of volumetric strain rate. The
white arrow is the direction of flow. Legend shows volumetric strain rate. (b) Stream lines superimposed on contours of pore pressure. (c) Central
section from base of model to top. Plots of normalised pore pressure (black) and normalised mean stress (red) against distance. No correlation exists.
The mean stress correlates with high shearing rates in localised shear zones. (d) Central section from base of model to top. Plots of normalised pore
pressure (black) and normalised volumetric strain rate (red) against distance. Strong anti-correlation. Avalue of 0.5 here indicates zero volumetric strain
rate. Values above and below zero correspond to positive and negative volumetric strain rates, respectively. Material properties are the following:
Cohesion: 10 MPa. Friction angle: 30�. Dilation angle: 10�. Pore pressure gradient: 1.08� 104 Pa m�1 from left to right. Shearing strain rate:
1.08� 10�8 s�1.
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The example of the influence of deformation upon fluid flow thatwe explore in a little detail
is the fault-valve and seismic pumpingmodels proposed by Sibson (1981, 1987, 2001, 2004) and
extended by Cox (1995, 1999) and Cox et al. (2001). These models involve a fault that crosses a
seal between one compartment (above) and another (below) which is over-pressured below
the seal; the fault acts as a valve in which the permeability decreases during fault slip. Notice,
although not commonly appreciated, that these models can only apply to the situation
pictured in Figure 12.12(d) and not Figure 12.12 (c), (e) and (f). The models propose a seismic
event that decreases the permeability in the fault so that fluid is driven upwards from the over-
pressured compartment beneath. The fault then seals but can reactivate in subsequent seismic
events thus resulting in seismic pumping from one compartment to the other. A number of
workers (Matthai and Fischer, 1996; Matthai and Roberts, 1997, Braun et al., 2003; Sheldon
and Ord, 2005; Weatherley and Henley, 2013) have explored the mechanics of these models
with particular emphasis on the dilation associated with the faulting event. Sheldon and
Ord (2005) model the fault valve process and show that if the fault zone is dilatant, fluid
may be sucked into the fault zone rather than be simply transferred from the over-
pressured compartment to the overlying compartment. Weatherley and Henley (2013) couple
this process strongly to the magnitude of the seismic event associated with faulting and show
that the increase in volume associated with such events can lead to boiling and subsequent
deposition of minerals such as quartz and gold as a result of the phase change.

12.4 FOCUSSING OF FLUID FLOW

When a lens of relatively high permeability, in the form of a sedimentary lens, a fault zone
or an individual fracture, is embedded in a material of lower permeability, the fluid flow is
focussed into the lens as shown in Figure 12.19(a). The reason for this is that, neglecting the
effect of gravity, the Darcy flow is higher in the lens than in the embedding material for the
same pore pressure gradient. This initiates a pore pressure gradient around the lens that en-
hances the focussing effect. The mathematical formulation is identical to that in many heat
flow problems. Again, neglecting the effect of gravity, the governing equations in two dimen-
sions are the continuity equation and the two equations describing Darcy flow:

vbVx

vx
þ vbVy

vy
¼ 0 (12.33)

bVx ¼ K

m fluid

�
� vP fluid

vx

�
(12.34)

bVy ¼ K

m fluid

�
� vP fluid

vy

�
(12.35)

Substitution of (12.34) and (12.35) into (12.33) gives

v2P fluid

vx2
þ v2P fluid

vy2
¼ 0 (12.36)
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which is the classical Laplace’s equation, commonly used in heat flow problems
(Carslaw and Jaeger, 1959) and in many branches of physics (Boyce and DiPrima,
2005, pp. 638e655). Solutions to this equation for complicated geometries usually
require numerical methods. The analytical solution for a sphere is discussed by Phillips
(1991, pp. 68e69) and Zhao et al. (2008, Chapters 6e8) present analytical solutions for an
elliptical lens of low permeability embedded in a higher permeability material of any
orientation with respect to the imposed flow direction and with thermal transport.
Some results of modelling fluid focussing are presented in Figures 12.19.

An important measure of such fluid focussing is the degree of fluid focussing measured by
the parameter L. This is given for an elliptical lens with major axis a and minor axis b and
aspect ratio A ¼ a

b and permeability ratio P ¼ Klens

Kmatrix by

L ¼ AðPþ 1Þ
PþA

(12.37)

where Klens and Kmatrix are the permeabilities inside the lens and for the matrix.
Figure 12.20 shows the degree of fluid focussing for a lens oriented with its long

axis parallel to the flow. One can see that a lens with aspect ratio of 100 (a thin crack)
results in fluid focussing close to 180 for a permeability ratio of 100. Other examples
are given by Zhao et al. (2008). These effects have been emphasised by Lyubetskaya
and Ague (2009) and Ague (2011) in discussions of high fluid fluxes in metamorphic
rocks.

(a)

(b) (c)

FIGURE 12.19 Focussing of fluid flow into lenses. Streamlines in black, pore fluid pressure contours in yellow.
White arrows show the direction of flow.
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12.5 CONVECTIVE FLOW

If fluid density variations exist within a porous medium in a gravity field, then it is
possible that flow instabilities arise in order to homogenise the density fluctuations. Such
density variations can arise from chemical or thermal fluctuations. Here we consider only
density variations arising from thermal effects. The unstable flow that arises in such systems
is called convection. The nature of the convective flows that form depends both on the geom-
etry of the system and its boundary conditions. If we consider a system, such as that shown in
Figure 12.21, where the sides of the system stretch to infinity, then boundary conditions at the
top and bottom of the system can consist of various combinations of fixed temperature and
fluid pressure or fixed heat flow and fluid flow (Nield and Bejan, 2013). We consider two of
these combinations below. In the first instance (Figure 12.21(a)), temperature and fluid pres-
sure are fixed at the top and bottom of the system such that Ttop< Tbottom and the initial fluid
pressure gradient is hydrostatic. This corresponds to the classical HortoneRodgerseLap-
woodmodel (Horton and Rodgers, 1945; Lapwood, 1948) and is the type of system envisaged
by Etheridge et al. (1983). In the second instance (Figure 12.21(b)), fluid and heat fluxes are
fixed at the bottom of the system and temperature and fluid pressure are fixed at the top.
We refer to such a system as one characterised by upward flow-through and consider such sys-
tems in detail in Section 12.5.3. Such upward flow-through systems must be the situation for
compartments with lithospheric fluid pressure gradients.

We define the variation in fluid density with temperature by what is called the Ober-
beckeBoussinesq approximation:

r fluid ¼ r
fluid
0

h
1� b

fluid
T ðT� T0Þ

i
(12.38)

FIGURE 12.20 Focussing factor for an elliptical lens with long axis parallel to the direction of flow. After Zhao
et al. (2008). A is the aspect ratio of the high permeability elliptical lens.
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where r fluid
0 is the fluid pressure at temperature T0 and b fluid

T is the thermal volume expansion
coefficient of the fluid. The system is stable, that is, heat transfer takes place solely by conduc-
tion through the saturated solid, if the Rayleigh number, RaT, defined in (12.7) is less than a
critical value which is labelled RacriticalT . If RaT > RacriticalT , then convective instabilities arise as
shown in Figure 12.22. In (12.11), we point out that for the values of various parameters given
in Table 12.1 for water RaT¼ 2.66� 109 (DT)KH, so that the Rayleigh number is proportional
to the temperature difference between the top and bottom of the system, the permeability of
the porous medium and the height of the system.

The critical Rayleigh number for the two-dimensional system illustrated in
Figure 12.21(a) is 4p2 or 39.48 (Nield and Bejan, 2013, Chapter 6) so that, using (12.11)
and the values in Table 12.1 for water a system 1 km high with a permeability of
10�13 m2 becomes unstable when DT¼ Tbottom� Ttop¼ 148.4 �C. An example is shown in
Figure 12.22 where we have taken the opportunity to include an example of some coupling
with chemical processes.

12.5.1 Three-Dimensional Convective Flow

Thermal convection in three dimensional systems with temperature and fluid pressure
fixed at the top and bottom of the system is treated by Zhao et al. (2009; Chapter 2). Again,
the system becomes unstable at a critical Rayleigh number which is a function of the system
geometry and boundary conditions. In general, the flow pattern consists of a three
dimensional array of upward and downward flow domains whose geometry depends on
the value of the Rayleigh number. Figure 12.23 shows the results for a three dimensional sys-
tem 3 km high and 50 km in length with homogeneous permeability, an initial hydrostatic
fluid pressure gradient and different salinities. For details of the simulations, see Sheldon
et al. (2012).

FIGURE 12.21 Models for thermal convection with two different boundary conditions. (a) A closed system with
temperature and fluid pressure fixed at top and bottom of the system. (b) An open system where a fluid flux, bV, and
heat flux, q0, are applied to the base of the system and the temperature and fluid pressure are fixed at the top of the
system.
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12.5.2 Convective Flow in Faults

Many metamorphic systems provide evidence that faults or shear zones have been sites
for focussed fluid flow including both aqueous fluids (Beach and Fyfe, 1972; Blenkinsop
and Kadzviti, 2006) and melts (Brown and Solar, 1998). The following question arises:
What are the conditions for thermal convection and what are the fluid flow distributions resulting
from convection in faults and shear zones? The situation for fault zones heated from below
has been extensively investigated by Zhao et al. (2008, Chapters 8e11). A model for the ge-
ometry of a vertical fault zone is shown in Figure 12.24, the important geometrical

FIGURE 12.22 Two-dimensional thermal convection showing temperature and fluid flow field
evolution resulting from dissolution and precipitation of anhydrite. From Kuhn (2009). See that publication for details.
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FIGURE 12.23 Fluid convection in a three dimensional system. Three dimensional view of convective system
with temperature scale indicated on the right. System is 3 km high. Temperature isosurfaces of 60 �C in (aec); 40 �C
in (d). Vertical exaggeration, 5. The right-hand column shows the horizontal sections through the system at 567 m
depth in (aec) and 460 m in (d). From Sheldon et al. (2012). See that paper for further details.
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FIGURE 12.24 Geometry of the fault zone problem.

parameters being the length, H1, the width, H2, and the height, H3, of the fault zone. For the
coordinate system shown in Figure 12.24, with gravity acting parallel to the z-axis, the gov-
erning equations are the following:

vbVx

vx
þ vbVy

vy
þ vbVz

vz
¼ 0 (12.39)

bVx ¼ Kx

m fluid

�
� vP fluid

vx

�
; bVy ¼ Ky

m fluid

�
� vP fluid

vy

�
; bVz ¼ Kz

m fluid

�
� vP fluid

vz
þ r fluidg

�
(12.40)

r
fluid
0 cP

�
bVx

vT

vx
þ bVx

vT

vy
þ bVx

vT

vz

�
¼
 
kex

v2T

vx2
þ key

v2T

vy2
þ kez

v2T

vz2

!
(12.41)

r fluid ¼ r
fluid
0

h
1� b

fluid
T ðT� T0Þ

i
(12.42)

kex ¼ fk fluid þ ð1� fÞksolidx ; key ¼ fk fluid þ ð1� fÞksolidy ; kez ¼ fk fluid þ ð1� fÞksolidz (12.43)

These equations are solved (Zhao et al., 2008; pp. 146e156) for an isotropic, homogeneous
porous medium with no upward flow-through and temperatures fixed at top and bottom.
The Rayleigh number for the fault is as given in (12.7) but now it is possible that convective
instabilities can form in all of the x-, y- and z-directions. Dimensionless wave numbers are
defined for these three directions as follows:

k�1 ¼ mp

H�
1

; k�2 ¼ np

H�
2

; k�3 ¼ qp (12.44)

with

H�
1 ¼ H1

H3
and H�

2 ¼ H2

H3
(12.45)

and m, n, q take the values 1, 2, 3,..
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A number of different convective instabilities are possible in the fault zone. The critical
Rayleigh numbers for the system are given by

RacriticalT ¼

"�
mH3

H1

�2

þ
�
nH3

H2

�2

þ q2

#2
p2

�
mH3

H1

�2

þ
�
nH3

H2

�2
(12.46)

The smallest critical Rayleigh number is found by settingm¼ n¼ q¼ 1 and allowing H1 to
vary. It is found that the minimum critical Rayleigh number occurs as H1/N when (12.44)
gives a zero wave number in the x-direction.

Although a number of critical Rayleigh numbers can be defined for the problem shown
in Figure 12.24 some calculations using the numbers in Table 12.1 for water (Zhao et al.,
2008; Section 9.3) show that these Rayleigh numbers are quite close to each other in magni-
tude so that the linear stability analysis that produces (12.46) does not necessarily indicate
which instability (Figure 12.25) will grow to finite size. Modelling shows that in many

FIGURE 12.25 Sketches of temperature distribution patterns associated with convective flow patterns in
vertical fault zones. (a) Fundamental mode. (b) Finger-like mode. After Zhao et al. (2004).
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instances, the 3D-finger type instability is the mode that grows with critical Rayleigh
numbers given by

Ra
critical�3D�finger
T ¼

"
m2 þ

�
H3

H2

�2

þ 1

#2
p2

m2 þ
�
H3

H2

�2
(12.47)

An example is shown in Figure 12.26. Figure 12.26(d) and (e) shows the temperature and
flow regime for the rocks surrounding the fault and the distribution of SiO2 deposition that is
associated with the temperature and flow regime.

If the fault is not vertical (Figure 12.27(a)) and dips at an angle, 4, then the critical Rayleigh
number depends on the geometry of the fault as shown in Figure 12.27(b). Decreasing the dip
angle stabilises the flow so that Racritical increases as the dip decreases; the effect also depends
on the aspect ratio, HR¼H3/H1.

12.5.3 Convective Flow in Over-Pressured and Flow-Through Systems

In this section we outline the conditions for a flow system, in which the vertical fluid
pressure gradient is super-hydrostatic, to become unstable and for fluid convection to
initiate. Convection in systems with upward flow-through driven by a fluid pressure
gradient greater than hydrostatic is considered by Zhao et al. (2008). In contrast to the clas-
sical system where the temperatures and pressures are fixed at both the top and base where
flow-through stabilises the flow (Jones and Persichetti, 1986), a system where the basal
boundary conditions comprise fixed heat and mass fluxes (Figure 12.21(b)) is destabilised
by flow-through so that increases in Pethermal increase the possibility of convection
(Figure 12.28(a) from Zhao et al. 2008). The Rayleigh number for such a system in which
the temperature and fluid pressure is fixed at the top and a heat flux, q, and fluid flux
are fixed at the base, is given by

Raflux ¼
�
rfluid

�2
cPgb

fluid
T qKH2

mk2e
(12.48)

where b fluid
T is the volumetric thermal expansion coefficient of the fluid.

In Section 12.2.1, an example of a system is given where H¼ 10 km, q¼ 60 mW m�2, the
fluid pressure gradient is lithostatic and K¼ 10�18 m2. This gives Pethermal¼ 2.3 and
Raflux¼ 5.3. Figure 12.28(a) shows that these conditions are within the field where convection
is possible for upward flow-through systems. Consider a situation where this 10-km-thick
compartment comprises the bottom part of a 40-km-thick crust with a temperature gradient
in the absence of fluid flow of 20 �C km�1.This means the temperature at the top of the
compartment (at 30 km depth) is 600 �C. At the base of the crust in the absence of thermal
advection, the temperature would be 800 �C. Figure 12.13 and (12.24) show that for a Peclet
number of 2.3, the temperature at the base of the compartment is 3.9 times the conduction
solution which means a temperature at the base of the compartment of 3120 �C which is
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FIGURE 12.26 Convection and mineral reactions in three-dimensional faults. (a) Geometry of the situation. (b) Darcy flow vectors. (c) Temperature
distribution. (d) A three-dimensional fault showing Darcy flow vectors and temperature distribution. Two temperature iso-surfaces are shown for 110
and 210 �C. (e) Pattern of quartz deposition for the geometry shown in (d). From Alt-Epping and Zhao (2010). See that paper for details.
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clearly unacceptable. Thus although convection is theoretically possible in this system, the
resulting temperature distribution that would arise is geologically unacceptable.

Convective flow in upward flow-through systems is slightly different to that developed in
systems at an ambient hydrostatic pore pressure gradient in that the convective flow tends to
reinforce or compete against the upward flow generated by the non-hydrostatic pressure
gradient as shown in Figure 12.28(b). Full convective rolls tend to develop in upward flow-
through systems (Figure 12.29(c)) for fluid pressure gradients close to hydrostatic as discussed
by Zhao et al. (2008). This results in localised high-velocity flow-through regions separated by

FIGURE 12.27 Thermal convection in an inclined fault. (a) Geometry of the problem. Dip angle is 4, temper-
ature is fixed at top and bottom of a system of height, H, dimensions of the fault as shown. (b) Critical Rayleigh
number for various dip angles drawn for the case of H2/H3¼ 0.1. HR is the ratio H3/H1. For details of results for
other geometries, see Zhao et al. (2008).

FIGURE 12.28 Convection in a system with flow-through. (a) Plot of Rafluxcritical against Pe
thermal showing that

increasing the upward flow-through in a system with open boundaries promotes instability. (b) Pattern of con-
vection in a system with upward flow-through and input of heat at the base.
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FIGURE 12.29 Two-layer flow-through systems with convection. (a) Two compartments, lower one with
K¼ 10�17 m2 and upper, 10�14 m2. Fluid pressure gradient in lower one lithostatic. Flow pattern is indicated in both
compartments. (b) Temperature distribution corresponding to (a). (c) Two compartments, lower one with
K¼ 10�16 m2 and upper, 10�14 m2. Fluid pressure gradient in lower one is below lithostatic. Flow pattern is indi-
cated in both compartments. (d) Temperature distribution corresponding to (c). From Zhao et al. (2000).
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lower velocity flow-through regionswith elevated isotherms in the higher velocity regions. At
least for systems close to the critical conditions for convective instability, the pattern is
periodic in space with a horizontal wave number, k, given by (Zhao et al. 2008)

k ¼ 2p

l
¼ 1:74ð1� 0:18PeÞ14=H (12.49)

where l is the horizontal wavelength for the upwelling regions. For Pe¼ 1.0 and H¼ 10 km,
the resulting wavelength for the upwelling regions is 37.9 km. Examples of flow and temper-
ature distributions in convective systems with flow-through for different values of Raflux and
Pe are given in Zhao et al. (1999a, b, c). For the conditions represented in Figure 12.29, con-
vection rolls form in the high permeability compartments (where the fluid pressure gradient
is close to hydrostatic) with fluid drawn down to produce colder regions and upwards to pro-
duce hotter regions. In the low permeability compartments, the flow is fairly uniform and
upwards.

12.6 THE THERMODYNAMICS OF FLUID FLOW. ENTROPY
PRODUCTION. BEJAN’S POSTULATE

The flow of linear viscous fluids in the form of Darcy’s law constitutes a linear thermody-
namic system (Section 5.11) in which the thermodynamic flux is the Darcy flux, bV, and the
thermodynamic force or affinity is the pore pressure gradient, �VP fluid (in the absence of a
gravity field). Thus the dissipation density at a point is

Ffluid�flow [ � bV$grad
�
P fluid

�

Using Darcy’s law, this becomes

Ffluid�flow [
m fluid

K

���� bV
����
2

and so the dissipation is a quadratic function of the Darcy velocity as shown in
Figure 12.30(a) or equivalently, of the pore pressure gradient as shown in Figure 12.30(b).

Since the system is thermodynamically linear one expects, based on arguments presented
by Ross (2008) for chemical and thermal systems (Chapter 5), that extrema principles should
exist for entropy production. In exactly the same way as we discussed various extrema for
entropy production within linear thermodynamic systems in Section 5.11 under various con-
straints, we can recognise two situations here. One corresponds to the system being con-
strained solely by the power produced by the flow of fluid down the pore pressure
gradient. The corresponding dissipation is a maximum (Figure 12.30(a)). A statement of
the relevant extrema principle is equivalent to that of Ziegler (1963; see Chapter 5): For a
system with imposed fluid flux boundary conditions, the fluid velocity distribution that actually
occurs within the system is the one that comes closest to maximising the entropy production.

The other principle applies to systems held at steady state and corresponds to the pore
pressure gradient being fixed as shown in Figure 12.30(b). Here the dissipation is aminimum.
A statement of the principle is: For a system at steady state with the pore pressure gradient fixed, the

12.6 THE THERMODYNAMICS OF FLUID FLOW. ENTROPY PRODUCTION. BEJAN’S POSTULATE 415

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



fluid velocity minimises the entropy production. This is the principle first proposed by Helmholtz
and used extensively in the solution of groundwater flow problems (Phillips, 1991, p. 60). For
a discussion of these two entropy production extrema principles, see Rajagopal and Srinivasa
(2004).

Another statement of a principle that is proposed to govern the evolution of flow systems
is given by Bejan (see Bejan and Lorente, 2011, Nield and Bejan, 2013 and references therein)
and is commonly expressed as: For a finite sized flow system to persist in time it must evolve in
such a way that it provides easier and easier access to the currents that flow through it. This is called
the Constructal Law by Bejan who proposes it is as a universal law; there is continuing debate
concerning the status of Bejan’s proposal. This proposition is presumably related to entropy
production extrema principles in some manner because it implies that the system will opti-
mise its permeability structure to accommodate an imposed flow rate or maximise its flow
rate for an imposed permeability structure. We return to this proposal when we consider hy-
drothermal systems in Volume II.

One of the most instructive applications of extrema principles to flow-controlled sys-
tems is that of Niven (2010) for flow in single- and two (parallel)-pipe systems. He shows
that for a single pipe, the Zeigler Maximum Entropy Production principle can be used as a
selection criterion for the transition between laminar and turbulent flow. For a constant
flow, two pipe system, a minimum entropy production principle can be used to define a
stationary state for a given imposed flow and the Zeigler maximum entropy production
principle still defines the transition from laminar to turbulent flow. In contrast, for a
two-pipe system with constant hydraulic head as the driving force, the selection of flow
regimes is based on a minimum entropy production criterion, whereas the definition of
stationary states is based on a maximum entropy production principle. These results offer

FIGURE 12.30 Entropy production during Darcy flow for different constraints. (a) Entropy production
constrained by the power arising from fluid flow. Entropy production is a maximum. (b) Entropy production for a
system at steady state constrained by a fixed pore pressure gradient. Entropy production is a minimum.
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the potential that similar selection rules could be developed for hydrothermal systems
whereby a maximum entropy production principle may select between different modes
of operation of the system (for instance, fluidised versus non-fluidised flow) whereas a
minimum entropy production principle may select different stationary states within
each mode of operation.

12.7 OVERVIEW OF CRUSTAL PLUMBING SYSTEMS

Partly as a summary of this chapter, we develop a model for crustal plumbing systems
based on the principles discussed here. We concentrate on non-melt systems but do offer
some examples of melt systems. Similar arguments to those presented above have been
developed for silicate melt systems by Hobbs and Ord (2010). The basic principles that
govern the patterns of fluid flow and the thermal structure of the crust are as follows:

1. The continuity equation (12.16) must be honoured throughout a metamorphic system.
This means that for systems in which there is no internal source of fluid and if the
horizontal Darcy flux component, bVx is zero then if the upward flux, bVy, is zero at any
point in such a system, then bVy ¼ 0 everywhere. Hence a hydrostatic fluid pressure
gradient at any point in the system demands a hydrostatic fluid pressure gradient
throughout the system. Conversely a non-zero upward Darcy flux at one point in the
system demands a non-zero flux everywhere.

2. For a layered crust, the lowest permeability layer acts as a fluid pressure control valve for
the flux of fluid through the rest of the crust. If the fluid pressure gradient is lithostatic in
this layer, continuity of flux (see (12.16)) demands that the fluid pressure gradient be less
than lithostatic in higher permeability layers, shear zones or lenses. A factor of 10 increase
in permeability contrast is enough to reduce the fluid pressure gradient in the higher
permeability layer to within 20% of hydrostatic. This fluid pressure gradient distribution
is solely a result of changes in permeability and is independent of any need for low
permeability ‘seals’ or ‘caps’. Continuity of fluid flux defines the permissible distributions
of fluid pressure gradients in a layered crust as shown in Figure 12.12.

3. The same principles as in (2) apply to dipping fault or shear zones so that if the
permeability is high within the fault zone, the fluid pressure gradient will be close to
hydrostatic even though the fluid pressure gradient in the surrounding rocks is lithostatic.

4. Fluid is focussed into high permeability layers or lenses. The focussing factor can be
greater than an order of magnitude for a permeability contrast of 10 (Figure 12.20). This
means that for many systems, most of the fluid is diverted from low permeability regions
and focussed into high permeability faults, shear zones or fracture networks.

5. A crustal compartment where the fluid pressure gradient is close to hydrostatic is
restricted in height because of the stresses produced at the base and top of the
compartment. This places restrictions on the height of compartments and of high
permeability faults and shear zones as defined by (12.3).

6. The patterns of convection that develop in crustal compartments with fluid flow-through
depend on the boundary conditions for thermal and fluid fluxes. For such systems with
impermeable upper and lower boundaries, thermal convection cannot occur. If the upper
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and lower boundaries allow fluid fluxes, and the base is a heat flux boundary, fluid
convection is possible, in principle, even for a lithostatic fluid pressure gradient but only if
the Peclet number is less than about 5. We will see below that for a lithostatic pressure
gradient, the value of the Peclet number places severe restrictions on the possibility of
thermal convection in natural geological settings.

7. The patterns of convection that develop in high permeability faults and shear zones is
invariably three dimensional in that both upward and downward flow regions develop
forming a finger-like pattern (Figure 12.26). This means that two dimensional sections
through such systems are inadequate to show the true patterns of fluid circulation and
temperature distribution.

8. Topographic gradients are important in driving substantial horizontal components of
fluid flow (including surface derived fluids, over-pressured fluids and melts) especially if
the relief is large. Such processes are also capable of driving surface-derived fluids to at
least mid-crustal levels.

There are three end-member models of the fluid flow-thermal structure of metamorphic
systems. One is typified by the model presented by Etheridge et al. (1983) where convection
dominates in the lower half of the crust and the permeability of the crust is relatively high
(say >10�16 m2) controlled by fracture permeability. Another is typified by the models
of Lyubetskaya and Ague (2009) where no convection occurs, the flow is essentially
upwards, although influenced by topography, and the permeability of the lower crust is
low (z10�19 m2); localised fluid flow occurs in shear zones or narrow zones of lower perme-
ability. The third type of model, typified by Oliver (1996) and summarised in Figure 12.1, is
similar to that of Lyubetskaya and Ague (2009) but the role of localised flow is emphasised.

With the eight basic principles outlined above in mind, the question is: Which of these
models is more likely in metamorphic systems? A related issue concerns the fault valve and
seismic pumping models of Sibson (1994) and Cox (1995, 1999). In view of the flux continuity
constraints imposed by (12.16), what are the conditions under which the fault valve mechanism can
operate?

Each of the models has its own implications for the thermal structure of the crust. We take
as a first-order observation that there are no major discontinuities in the crust where the tem-
perature gradient suddenly increases dramatically. The temperature within metamorphic
systems is clearly elevated with respect to adjacent regions in the crust but overall the tem-
perature structure is what one would expect from elevated heat flow from the mantle or from
changes in the thickness of the crust (Chapter 11). Overall the temperature distribution is
similar to what one would expect from a model that involves simple conduction of heat.
Above all, the temperature at the Moho is limited to perhaps 1000 �C as a maximum at about
40 km depth (corresponding to a mean temperature gradient of 25 �C km�1). If one is pre-
pared to accept, these first-order approximations to the thermal structure of metamorphic
systems, then major constraints are placed on the advection of heat vertically carried by mov-
ing fluids.

In a system where the fluid pressure gradient is lithostatic, fluids flow upwards unless
influenced by a topographic gradient. Figure 12.13 shows that for such a fluid pressure
gradient, high values of the Peclet number (say 5) result in large temperature gradients at
the top of the system and grossly elevated temperatures (z30 times the conduction solution)
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at the base of the system. The observations point to a maximum Peclet number closer to one,
that is, close to the conduction solution that one would expect from elevated heat flow of
thickened crust. In fact, Pe¼ 1 is an upper limit for the physically possible Peclet number
since it gives a temperature at the base of the system of 1.7 times the conduction solution.
For hot crustal conditions, Pe< 1 is more compatible with observations.

If we assume Pe¼ 1 and use the values for water from Table 12.1 for a compartment with a
lithostatic fluid pressure gradient, then

Pe ¼ 1 ¼ Hr
fluid
0 cP
ke

bV ¼ 104 � 103 � 4185

3:08
bV

which gives bV ¼ 7:36� 10�11 m s�1. Again this is an upper limit for the Darcy flux. Con-
nolly (2010) using a different argument arrives at a value for the Darcy flux in metamorphic
systems of z10�12 m s�1. Accepting the above value of bV and using Darcy’s law, we obtain

K ¼ mfluid bVðVHÞ�1 ¼ 10�4 � 7:36� 10�11

1:7� 104
¼ 4:33� 10�19 m2

This value of the permeability agrees well with the value 10�19 m2 assumed by Lyubet-
skaya and Ague (2009); Connolly (2010) arrives at a permeability value of 10�20 m2. We
now ask: What value of thermal flux is necessary to initiate convection in this system? For
Pe¼ 1, Figure 12.28(a) says we need a Rayleigh number >10 to initiate convection. Hence
we write

q ¼ Ram fluidk2e�
r
fluid
0

�2
H2cPgb

fluid
T K

¼ 10� 10�4 � ð3:08Þ2
106 � 108 � 4185� 9:8� 2:01� 10�4 � 4:33� 10�19

from which we obtain q¼ 26.6 W m�2. This is about four orders of magnitude larger than
the average crustal heat flow of 60 mW m�2. Reducing Pe to 0.1 increases q to 266 W m�2

and increasing Pe to 2 gives q¼ 13.3 W m�2. Hence we reach the conclusion that for realistic
heat flows and a thermal structure that is near the conduction solution, thermal convection
is not possible in a system with a lithostatic fluid pressure gradient. Although others have
reached the same conclusion (Wood and Walther, 1986; Oliver, 1996), this argument is based
on strict thermalehydrological arguments for systems with upward fluid flow-through.

If however a more permeable compartment develops in the crust, then even though the
surrounding rocks maintain a lithostatic fluid pressure gradient, the fluid pressure gradient
(from (12.20)) must be less than lithostatic in order to maintain continuity of fluid flux. As we
have seen even a 10-fold increase in permeability is sufficient to decrease the fluid pressure
gradient in the high permeability compartment to within 20% of hydrostatic. If indeed the
fluid flow regime in metamorphic systems is characterised by Peclet numbers close to one,
then the permeability in such systems is close to 10�19 m2 which is close to the percolation
threshhold (Meredith et al., 2012). As such, even a small change in porosity (from 0.01 to
0.05) resulting from deformation or chemical reactions can induce a permeability increase
of several orders of magnitude.

The limitation on the height of such high permeability compartments is that it must be less
than the critical height defined by (12.3). This means that high permeability shear zones can
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form and persist with a near hydrostatic fluid pressure gradient as long as the thickness of the
shear zone measured vertically is less than the critical height. For instance, a shear zone with
stensile ¼ 10 MPa and scompressive ¼ 30 MPa has a critical height of 1.77 km. If the dip of the
shear zone is 30�, the true thickness of a zone that persists with a hydrostatic fluid pressure
gradient is 1.5 km. The geometry is shown in Figure 12.31. Figure 12.27(b) shows that the crit-
ical Rayleigh number for a zone with 30� dip and an aspect ratio of 3 is about 1650.

If we calculate the Rayleigh number for this fault from (Zhao et al., 2008, p. 178),

Ra ¼ 1650 ¼
�
r
fluid
0

�2
cPgb

fluid
T DTKH

m fluidke
¼ 106 � 4185� 9:8� 2:1� 10�4 � 300� 104

10�4 � 3:08
K

or,

K ¼ 1:97� 10�14 m2

Thus we reach the conclusion that unless the permeability is increased in shear zones
(dipping at 30�) to above 10�14 m2, then convection is not possible even in such zones. If
we maintain the aspect ratio and increase the dip to 60�, the true thickness for a shear
zone that can maintain a hydrostatic fluid pressure becomes 0.89 km and the permeability
required to initiate convection is 1.43� 10�14 m2.

The overall conclusion is that fluid convection systems are not possible in compartments
with lithostatic fluid pressure gradients under geological conditions. If the permeability in a
compartment overlying the compartment with a lithostatic gradient is about 10�14 m2 or
greater, then convection is possible in that compartment depending on its height which
must be less than or equal to the critical height. Such high permeabilities in metamorphic sys-
tems are questionable.

Recommended Additional Reading

Coussy, O. (1995). Mechanics of Porous Continua. Chichester, UK: Wiley.
Coussy, O. (2004). Poromechanics. Chichester, UK: Wiley.

These are the definitive books on the behaviour of porous media. Both of these books treat the flow of fluids through

deforming porous media. The 1995 version is more complete and thorough and includes both Eulerian and Lagrangian
treatments of the fluid flow; the 2004 version is easier to read. Deformation topics include poro-elasticity and plasticity.

Coupling to chemical reactions and phase changes are included.

FIGURE 12.31 Model of shear zone dipping at 30� in a 10-km-thick compartment.
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Coussy, O. (2010). Mechanics and Physics of Porous Solids. Chichester, UK: Wiley.
This book treats classical thermodynamics from the viewpoint of someone interested in flow through porous media. It

provides an interesting different look at classical thermodynamics.

Nield, D. A., & Bejan, A. (2013). Convection in Porous Media. Verlag: Springer.
This is the definitive book on thermal and mixed convection in porous media.

Phillips, O. M. (1991). Flow and Reactions in Permeable Rocks. Cambridge: Cambridge University Press.
An important and easily readable book on fluid flow through porous media. It is written from a geologist’s viewpoint and

includes equilibrium treatments of chemical reactions coupled to advection.

Phillips, O. M. (2009). Geological Fluid Dynamics: Sub-Surface Flow and Reactions. Cambridge: Cambridge University
Press.
This is a second version of Phillips (1991) and is not as complete as the earlier version.

Zhao, C., Hobbs, B. E., & Ord, A. (2008). Convective and Advective Heat Transfer in Geological Systems. Springer.
This book presents a thorough treatment of the mathematical background to fluid flow in hydrothermal systems including

fluid focussing, thermal convection in faults and thermal convection in systems with flow-through.
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13.1 INTRODUCTION. WHY IS MICROSTRUCTURE IMPORTANT?

The mechanical behaviour of a polycrystalline aggregate, including the flow stress, the
anisotropy of both the elasticity and the flow stress and whether the material localises dur-
ing deformation are to a large extent controlled by the details of the grain microstructure. A
well-known example is the HallePetch effect where dislocations generated during plastic
deformation pile up at grain boundaries. The length scale defining the distance between
pile-ups is the distance between grain boundaries and hence this effect is expressed at
the macroscale as a dependence of flow stress on grain size and shape. The heterogeneous
distribution of dislocations resulting from dislocation pile-ups can nucleate dynamic recrys-
tallisation. The flow stress during diffusion-controlled deformation and stress-assisted
dissolution (‘pressure solution’) depends on the grain size but in the opposite manner to
the HallePetch effect. Hence it is important to understand the conditions in the Earth
that favour a strengthening versus a weakening effect of grain size. It is widely proposed
that grain size reduction during deformation is an important influence on localising defor-
mation. The flow stress and the anisotropy of strength of a polycrystalline aggregate also
depend on the grain size distribution and the grain shape distribution and on the intensity
and type of crystallographic preferred orientation (CPO) in the aggregate. Thus microstruc-
ture plays a fundamental role in controlling the mechanical response of materials to defor-
mation and its history.

It is important to emphasise the role that microstructural anisotropy plays in the mechan-
ical behaviour of materials. During deformation, some grain boundaries align parallel and/
or normal to the manifolds (Chapter 3) of the flow resulting in oblique foliations and an
associated anisotropy in the flow stress. This same process also operates in a multiphase
polycrystalline aggregate where the progressive rearrangement of phases of different
strengths (including grain boundaries) leads to the development of interconnected weak
layers parallel to the unstable manifolds of the flow, resulting in macroscale weakening
of the aggregate and localised deformation. Anisotropy of the flow stress arising from
CPO development also leads to localisation. A related effect, the development of elastic
anisotropy during CPO development and its interrelation with hardening (or softening)
of the flow stress is an important control on localisation of the deformation. Microstructures
associated with these fabric elements, including the symmetry of CPO and its relation to
other microfabrics, are widely used as kinematic indicators. Hence it is important that
we have an understanding of how these fabric elements develop and how they are related
to the deformation.

This chapter addresses issues around the grain scale adjustments that lead to the com-
mon microstructures we see in deformed metamorphic rocks and relates these adjustments
to the flow stress, its anisotropy and the controls exerted on localisation of deformation. Sec-
tion 13.2 sets the basis for the chapter by examining the process of grain growth with no
deformation. We examine grain size distributions and shapes in single-phase aggregates,
including the significance of the so-called foam structures and in Section 13.3, we extend
the discussion to polyphase aggregates where some effects not apparent in single phase ag-
gregates emerge. In these sections, the FokkerePlanck equation is introduced as a way of un-
derstanding grain size distributions. In Section 13.4, we examine grain size growth and
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reduction during deformation, issues to do with compatibility of deformation throughout
the aggregate and stressegrain size relations. It becomes clear in this section that it is
important to distinguish between translational and rotational modes of deformation at the
grain scale and hence the distinction is made between dislocation- and disclination-domi-
nated modes of deformation. Reactionediffusion equations are used as a way of modelling
grain size and shape evolution coupled to dislocation motion. Section 13.5 is a discussion of
the development of CPO during deformation. We consider the classical TayloreBishopeHill
approach together with other approaches such as self-consistent schemes and approaches
involving ‘single slip’. We also examine the influence of disclinations and of diffusion on
CPO development. Section 13.6 examines theories for recrystallisation, including rotation
recrystallisation. Anisotropy of fabric and hence of elasticity and of flow stress and the influ-
ence on mechanical behaviour, including localisation of deformation, are considered in Sec-
tion 13.7. Section 13.8 considers various controls on microstructure development, including
the multifractal nature of microstructures, and raises the question whether metamorphic
microstructures can be considered as deriving from criticality in a nonlinear system. We
also examine the control that the kinematical framework exerts on microfabric. Figure 13.1
shows some examples of the grain microstructures considered in this chapter and, as an
example, Figure 13.2 sketches the control of both elastic and flow stress anisotropy on pat-
terns of localisation.

13.2 NORMAL GRAIN GROWTH. GRAIN SIZE DISTRIBUTIONS
AND GRAIN SHAPES IN SINGLE PHASE AGGREGATES; NO

DEFORMATION

In order to understand the microstructures that develop during deformation, we first need
to understand the processes that operate in single-phase aggregates with no deformation. An
important process involved is normal grain growth. Normal grain growth is a process where
existing grains in a polycrystalline aggregate grow in response to two requirements: (1) a to-
pological requirement whereby the grains pack together to fill space and (2) an energy
requirement whereby the interfacial energy is reduced, ideally, minimised. The grain config-
uration ultimately reaches a stationary state whereby the interfacial tensions are balanced
throughout the aggregate. This configuration is loosely referred to as an equilibrium config-
uration in the geoscience literature but at best it represents an unstable equilibrium where a
local perturbation results in adjustments throughout the aggregate and the adoption of a new
configuration. Some authors (Zollner, 2006) would argue that these configurations are never
equilibrium configurations, since the grain boundaries are crystal defects. No nucleation
stage exists in this process.

The literature on normal grain growth in metals begins with Smith (1948, 1964); subse-
quent studies in the geosciences are summarised by Vernon (1976, 2004, pp. 172e194) and
concern the development of ‘foam structures’ (resembling those developed in soap or beer
foams) where the interfacial energy of grains is minimised, or modifications of such a struc-
ture arising from the anisotropy of interfacial tensions. An example is the type of grain shape
shown in Figure 13.3.
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An initial proposition was that such structures, at least for isotropic interfacial tensions,
should be based on Lord Kelvin’s proposal (Thomson, 1887) that a 14-sided tetrakaidecahe-
dron with some faces slightly curved is the polygon of minimum surface area that packs
together to fill space. A more optimal topology was proposed (Figure 13.4) by Weaire and
Phelan (1994). The issue of specifying the three-dimensional polyhedron that fills space
and has minimum surface area is discussed by Gabbrielli (2009). The subject goes back
further than Smith; in 1682, Grew examined bubble shapes in beer (Grew, 1682). This means

(a)

(c) (d)

(b)

FIGURE 13.1 Grain microstructures. (a) A classical polygonal aggregate comprised almost solely of triple-
junctions produced by normal grain growth in ice. The image is colour coded according to the orientation of
crystallographic c-axes as in the inset. From Montagnat et al. (2014). (b) Oblique foliations developed in a quartzite
with strong crystallographic preferred orientation as shown in the inset c-axis plot. Image is 3 mm across. From
Sander (1950). (c) Interconnected biotite (brown) grains in a deformed granite. Image is 2 mm across. From Ron
Vernon. (d) Two-dimensional orientation map prepared from 200,000 diffraction patterns at 1 mm spacing. Mylonitic
marble from Calabria. Colours represent different orientations in Euler space: yellow lines are twins, red lines are
low-angle boundaries with <10� misorientation and black lines are high-angle grain boundaries. Supplied by Steve

Reddy.
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FIGURE 13.2 Controls of microstructure on deformation. (a) Grain microstructure (shape and size distribution)
together with the crystallographic preferred orientation contribute to the surfaces that define both the elastic and
plastic anisotropy. These two surfaces determine the mechanical properties of the material, in particular whether the
material will localise or not. See Section 13.7 for a discussion. Microstructure and CPO from Sander (1950), elastic

modulus surface modified from Anisotropic Elasticity. From the Wolfram Demonstration Project: http://demonstrations.

wolfram.com/AnisotropicElasticity/. Contributed by Megan Frary (Boise State University). Plastic anisotropy surface is
for quartz at high temperatures where prism slip dominates. Shear zone from http://www.geoscienze.unipd.it/

egu-summerschool/photos/Fig06a.html. (b) Controls on the pattern of deformation localisation by loading conditions
and the anisotropy of the yield stress. See Section 13.7 for a discussion. Modified from Backofen (1972).
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that the study of beer bubbles as an interesting scientific endeavour is not to be attributed to
Vernon (1976, p. 136) but instead to Grew (1682). It is surprising that in 1945, Matzke (1945)
examined soap bubbles with a Camera Lucida and reported that none of the bubbles studied
by him correspond to the Kelvin model, as does Kose (1996) who studied foams using NMR.
The polyhedrons observed by Matzke and Kose however do conform to the minimal surface
area polyhedra discovered by Gabbrielli (2009), which have a smaller area than the classical
Kelvin polygon. The distinction is somewhat academic since, at least according to the mea-
surements taken by Kose the mean interfacial angle is 109.33� which is almost identical to the
Kelvin tetrahedral angle of 109.47�. However the shapes of grains and grain faces are
completely different for the models of Gabbrielli, WeaireePhelan and Kelvin.

In order to visualise the differences between these various models, it is convenient to use
the concept of Schlegel diagrams (Schlegel, 1883), which are projections of the different poly-
hedra onto a plane. Schlegel diagrams for various polyhedra are shown in Figure 13.4. The
eight hexagons and six squares are shown (somewhat distorted by the projection) for the
Kelvin polyhedron (Figure 13.4(a)). The Schlegel diagram does neither show the curved
edges of the Kelvin polyhedron nor the curved nature of the squares, but this detail could
be coded on to the diagram if required.

The WeaireePhelan solution (Figure 13.4(b)) consists of two polyhedra which stack to fill
space and together have a surface area smaller than two Kelvin polyhedra. The faces on these
two polyhedra are still regular in shape, as are those of the Kelvin polyhedron. The family of
polyhedra discovered by Gabbrielli all have irregular faces but all have total surface areas
smaller than the Kelvin solution and some have areas smaller than the WeaireePhelan solu-
tion. Two examples of the Gabbrielli family are shown in Figure 13.4(c) and (d). One,
Figure 13.4(c), consists of a single polyhedron. Another, Figure 13.4(d), consists of three poly-
hedra that stack to fill space.

It would be interesting to revisit this issue in polygonal mineral aggregates and investigate
the true shape of grains in these aggregates. At the present stage of development of the theory
of minimal surfaces, although one can show that a given surface is a minimal surface, it is not
possible to show that the surface is the surface of absolute minimum area. Hence a study of
grain shapes in recrystallised mineral aggregates has much to contribute to the theory of min-
imal surfaces. It is also not clear that a given minimal surface in a stress-free aggregate is the

FIGURE 13.3 Computer-gener-
ated grain shapes developed during
grain growth. The two images repre-
sent 180� rotations of one grain. From
Elsey et al. (2011). Compare these im-
ages with those in Figure 13.4.
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same as the one that develops under load, so detailed experimental work would be
interesting as well. However at present it is still not possible to specify the polygon that fills
space with a globally minimum surface area.

Kruhl and Peternell (2002) and Kuntcheva et al. (2006) have studied the relationship
between crystallographic orientation and grain boundary orientation in recrystallised aggre-
gates of quartz and show that there is commonly a strong crystallographic control. This rep-
resents a refinement on the models discussed above where the grain boundary energy is
further minimised by adopting lower-energy orientations locally (See Vernon, 1976, Chapter
5 and Vernon, 2004, Chapter 4). The anisotropy of interfacial energy can be calculated using
molecular dynamics modelling, and an example for olivine is shown in Figure 13.5.

It is becoming increasingly clear (Beyerlein et al., 2014; Zheng et al., 2014) that in very
strongly deformed metals, grain boundaries that represent local minima in interfacial energy
are fundamental in producing high ductility and stability in polyphase aggregates. The

FIGURE 13.4 Schlegel diagrams for various polyhedra of minimum surface area. A Schlegel diagram is a
projection of the three-dimensional configuration of a polyhedron on to a convenient plane. The figure shows
projections of various polyhedra of interest. Each configuration constitutes a ‘minimum surface’ configuration. (a)
The Kelvin polyhedron. (b) The WeaireePhelan solution. (c) and (d) Gabbrielli polyhedra. From Gabbrielli (2009).
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FIGURE 13.5 Grain boundary energy for olivine (forsterite) calculated by molecular dynamics simulation. (a)
Grain boundary energy plotted against misorientation for various (01l) and (02l) grain boundaries and for various
assumptions regarding the structure of SieO bonds. (b) Molecular dynamics simulation of the relaxed atomic
arrangement for a symmetric (012) [100] tilt boundary in olivine with misorientation 32.7�. The black rectangles are
unit cells with the short side equal to c and the long side equal to b. The tilt axis is [100]. From Adjaoud et al. (2012).

(c) Calculated grain boundary energy density (in Joules m�3) for the (011) [100] 60�-tilt boundary in forsterite
modelled by Adjaoud et al. (2012). From Cordier et al. (2014).
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identification and modelling of such interfaces in rocks that have undergone grain growth
and deformation represents an important area for future study.

The possible grain configurations can be understood from a different perspective in terms
of a topological theorem known as the PoincareeEuclid theorem (Thompson, 2001):

NG þNV �NB ¼ 1

where, for an array of polygons in two dimensions, NG is the number of grains, NV is the
number of vertices and NB is the number of boundaries. Thompson (2001) shows that this
means that the average number of boundaries is six. In three dimensions, this relation is
replaced for a single simple polygon by

NV þNF �NE ¼ 2

which is the topological equivalent to the phase rule for chemical equilibrium (Chapter 14),
where NV is equivalent to the number of degrees of freedom in a chemical system, the num-
ber of faces, NF, is equivalent to the number of chemical phases and the number of edges, NE,
is equivalent to the number of chemical components (Levin, 1946; Fink, 2009). This presents
an easily visualised version of the chemical phase rule where one can see immediately, for
instance, the effect of adding (or removing) an edge (equivalent to a chemical component)
in the system.

13.2.1 Theories of Grain Growth

Theories of normal grain growth began with the classical work of Burke and Turnbull
(1952), the proposal being that grain boundaries migrate towards their centre of curvature,
by diffusion of material from one grain to an adjacent grain, to reduce the local interfacial
energy. The result is a growth law expressed as

hRi1n ¼ atþ hRi
1
n

0 (13.1)

where hRi is the average grain size at time t, hRi0 is the average initial grain size and a is a
constant. n is commonly taken to be 0.5, which is supported by many experimental, theoret-
ical and simulation results (Evans et al., 2001). We see in Section 13.3 that for a two-phase
aggregate, n ¼ 1/3.

From a topological point of view, von Neumann (1952) proposed that the two-dimensional
growth of foam structures depends on the number of sides on a bubble. If the number of
sides, s, is less than six, the bubble tends to grow; if the number of sides is greater than
six, the grain tends to shrink (see Figure 13.13). Mullins (1956, 1988) extended this observa-
tion to include the area, A, of a grain. The growth law that results, the von NeumanneMullins
law, is

_A ¼ kp

3
ðs� 6Þ (13.2)

so that _A < 0 if s < 6 and _A > 0 if s > 6. An extension of this law to three dimensions for the
growth of a grain of radius R has been suggested by Streitenberger and Zollner (2006) as

R _R ¼ C0 þ C1

ffiffiffiffiffiffiffiffi
sðxÞ

p
(13.3)
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where C0 and C1 are experimentally determined coefficients. s(x) is the number of faces on a
grain with relative size, x, given by

x ¼ R

hRi (13.4)

hRi is the average grain radius in the aggregate. The term ðR _RÞ is related to the volume, V, and
the rate of volume change, _V, by

R _R ¼ �
48p2

��1
3V�1

3 _V

It seems that, in three dimensions, the growth rule becomes: grains grow if the number
of faces on a grain is less than 14 and shrink if the number of faces is greater than 14. How
such a statement needs to be modified to account for the 12-faced or 11/13-faced min-
imum area polyhedra reported by Gabbrielli and by WeaireePhelan is an open
question.

In addition, it has long been recognised (Burke, 1949; Mullins, 1986) that the grain size
distribution that develops from normal grain growth is self-similar. This means that at any
time during the growth process, the distribution of relative grain size, x, is always of the
same form and is only modified by a function g(t) that is independent of R and hRi so that
the grain size distribution is given by

FðR; tÞ ¼ gðtÞ:f
�

R

hRi
�

(13.5)

The two observations expressed by (13.1) and (13.5) need to be captured by any reasonable
model of normal grain growth.

13.2.1.1 The FokkerePlanck Equation and the Mean Field Approach

The grain growth process is stochastic, meaning that the evolution of the geometry and
grain size distribution is not deterministic and hence probabilities need to be considered.
The non-deterministic nature of the process arises because the behaviour of an individual
grain is not determined solely by processes that occur at that grain, as in the theory devel-
oped by Burke and Turnbull (1952), but also by fluctuations in grain arrangements and sizes
at sites far removed from that grain. In considering the behaviour of large stochastic systems,
an approach is to consider a small subset of the system, in this case a single grain, and assume
that the influence of the rest of the system on that grain is expressed as some average of the
total system behaviour. This type of approach is called a mean field, homogenisation or self-
consistent approach.

In adopting a mean field approach to normal grain growth, one assumes that the grain size
distribution is the result of two competing processes (Figure 13.6). One is a process that
moves (drifts) the grain size through grain size distribution space, an example is the classical
Burke and Turnbull process where the mean grain size increases with time (Figure 13.6(a)
and (b)) according to (13.1). Second is a process that diffuses, or broadens, the grain size dis-
tribution in grain size distribution space; an example is the process of grain-switching
(Thompson, 2001 and references therein) whereby the local grain size can change
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(Figure 13.6(c) and (d)). The competition between drift and diffusion processes is expressed
as the FokkerePlanck equation:

Total rate of change of grain size distribution

vFðR; tÞ
vt

¼
Diffusion through grain size distribution space

D
v2F

�
R; t

�

vR2

�
Drift through grain size distribution space

v

vR

�
_R; F

�
R; t

�� (13.6)

which says that the rate of change of the grain size distribution is equal to a diffusion term
minus a drift term.

Reviews of the use of the FokkerePlanck equation are given by Pande (1987), Atkinson
(1988), Thompson (2001) and Zollner (2006). Two end-member versions of this equation

FIGURE 13.6 The competi-
tion between drift and diffusion
terms during grain growth. (a) A
typical drift process is the sto-
chastic increase in grain size
driven by grain boundary
migration and the resulting
elimination of small grains. (b)
The drift in grain size distribu-
tion resulting from the process
in (a). (c) A grain size distribu-
tion diffusive process resulting
from grain-switching events.
Some switching events preserve
or increase grain size, others
eliminate small grains. During
or subsequent to deformation,
recrystallisation reduces the
grain size. Local changes in
grain shape result in broadening
of the grain size distribution as
shown in (d).
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are those of Hillert (1965), who assumed that the drift term dominates, and Louat (1974) who
assumed that the diffusion term dominates. Hillert (1965) obtained the grain size
distribution:

fðxÞ ¼ DxD0 expðDÞxðx0 � xÞ�ðDþ2Þ exp
�
� Dx0
x0 � x

�

where D ¼ 2 or 3 for two or three dimensions and x0 is the initial value of ðR=hRiÞ. Louat
(1974) obtained a Rayleigh distribution:

fðxÞ ¼ p

2
x exp

�
�p

4
x2
�

These two distributions are plotted in Figure 13.7. The Hillert distribution has a sharp
cutoff at large grain sizes and has not been observed in experiments or computer simulations.

FIGURE 13.7 Grain size distributions. (a), (b) Grain size distributions obtained from the Zollnere
Streitenberger (Z-S) model. (c), (d) Grain size distributions for a three-dimensional model of normal grain
growth. For parameters used, see Elsey et al. (2011). From Elsey et al. (2011).
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Slotemaker (2006) has derived expressions that approach a Hillert distribution for dynamic
recrystallisation of olivine but again such distributions have not been observed in experimen-
tally deformed olivine. The Louat distribution reproduces some experimental results,
although Pande (1987) claims that many experimental distributions are log-normal. These
various distributions are compared in Figure 13.7(c) and (d) which also include the results
of computer simulations for three-dimensional models.

Motivated by computer simulations, Streitenberger (1998, 2001), Zollner and Streitenberger
(2006) and Zollner (2006) propose a quadratic expression involving the growth rate:

R _R ¼ a2x
2 þ a1xþ a0; x ¼ R

hRi (13.7)

where a0, a1, a2 are constants.
Then, assuming the self-similar relation, (13.5), Zollner and Streitenberger arrive at an

expression (Equation (10) in Zollner and Streitenberger, 2008) that represents a self-similar
two-parameter family of curves for grain size distribution. An end-member family of these
distributions is given by

fðxÞ ¼ axa0 expðaÞ
x

ðx0 � xÞaþ2
exp

�
� ax0
x0 � x

�
; x � x0 (13.8)

fðxÞ ¼ 0; x > x0

This distribution is plotted in Figure 13.7(a) for various values of a, which is a parameter
such that a � 0 and is given by

a ¼ a2
a1

Rstationary

hRi ; and x0 ¼ 2ð1þ aÞ ; a ¼ Dð1þ 2aÞ2

where Rstationary is the critical grain size when _R ¼ 0 and D is the spatial dimension of the
system.

One can see that the Louat distribution is reproduced using this distribution for a / N
and the Hillert distribution for a ¼ 0. A range of distributions exists between these end
members that are obtained in computer simulations. As Pande (1987) points out, many
experimental grain size distributions lie close to the Louat (Rayleigh) distribution. However
the precise distribution that develops in a particular circumstance depends on competition
between the drift and diffusion components of the particular processes involved. Unfortu-
nately there is very little information on grain size distributions in rocks with normal grain
growth fabrics so little can be said. There is a general assumption that such distributions are
log-normal, in fact Ranalli (1984) presents a case that stochastic processes should be log-
normal. However such arguments are not borne out by the later work of Zollner and co-
workers. Many more systematic and documented data sets are needed.

13.3 GRAIN RELATIONSHIPS IN POLYPHASE AGGREGATES

The theoretical development of single-phase normal growth is now well developed as indi-
cated in Section 13.2. The same cannot be said for multiphase grain growth; some general
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principles regarding topological relations are spelt out by Vernon (1976, Chapters 5, and Ver-
non, 2004, Chapter 4). The foundations for a general theory of multiphase grain growth are
developed by Cahn (1991). His treatment involves only two phases in which phase volume
is not conserved, that is, the volume fraction of each phase can change during the evolution
of the microstructure. One outcome of Cahn’s theory is that in two-phase aggregates, the sim-
ple von NeumanneMullins law, (13.2), no longer holds and the conditions that control the
growth of an individual grain are much more complicated (Fan and Chen, 1997b). Cahn’s
work has been extended by Fan and Chen (1997a,b) who show that many of the principles out-
lined by Cahn (1991) are applicable to two-phase systems where phase volume is conserved.
A fundamental difference from a single-phase aggregate is that n in (13.1) becomes 1/3.

The non-conserved treatment is important because it is applicable to situations where one
polymorph grows into another (such as kyanite growing into andalusite) and particularly to
where a single-phase material has a strong CPO comprised of two well-developed popula-
tions or where recrystallised grains grow into deformed initial grains, subgrains grow into
deformed host grains or where secondary grain growth occurs. Thus the Cahn nonconserva-
tion approach is particularly relevant to recrystallisation processes and to grain growth in
aggregates with strong CPO.

The two phases are labelled a and b. We distinguish boundaries between two a grains,
aa-grain boundaries, boundaries between two b grains, bb-grain boundaries and boundaries
between a and b grains, ab-interphase boundaries. Associated with these boundaries are gaa
and gbb, the grain boundary energies and gab, the interphase energy. We define

Ra ¼ gaa
gab

and Rb ¼ gbb
gab

These two ratios are related to angles at triple-junctions (Figure 13.8(a) and (b)) by

Ra ¼ 2 cos
�
fb

	
2
�

and Rb ¼ 2 cos
�
fa

	
2
�

FIGURE 13.8 Grain configurations. (a) An abb configuration where fa is defined. (b) An aab configuration
where fb is defined. (c) A quadri-junction configuration (only stable in two-phase aggregates). (d) Another stable
quadri-junction configuration.
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Grain configurations can be classified as aaa, aab, abb and bbb, all of which Cahn (1991)
shows to be stable under conditions shown in Figure 13.9(a). In addition, one other
configuration, abab, is stable for a two-phase aggregate (Figure 13.8(c) and (d)); this config-
uration is not stable in a single-phase aggregate. Moreover, Cahn (1991) shows that for the
abab configuration, the range of angles, Fa, for which the configuration can exist is fa �
Fa � ðp� fbÞ and so is not restricted to a single angle as is the case of triple-junctions in
isotropic two-phase aggregates.

The stability fields (from Cahn, 1991) for various configurations are shown in
Figure 13.9(a); computer simulations (from Holm et al., 1993) of the microstructures for
various situations, where Ra ¼ Rb are shown in Figure 13.9(b). This shows that it is important
to distinguish microstructures characterised by clustering, normal triple-junction arrays with
no clustering, alternating a/b configurations, configurations with coexisting triple- and
quadri-junction arrays and configurations with only quadri-junction arrays. With the images
in Figure 13.9(b) in mind, perhaps it is time to revisit microstructures with a new set of eyes.
For instance, in single mineral-phase aggregates with a strong CPO consisting of two
maxima, a and b, one expects gaa and gbb to be small and hence clustering of grains with
orientations a and b, respectively should be observed as is commonly the case.

13.4 GRAIN SIZE GROWTH AND REDUCTION
DURING DEFORMATION

Grain formation and growth during deformation is commonly called dynamic recrystallisa-
tion. What is dynamic recrystallisation? This simple question does not have a straightforward

FIGURE 13.9 Control on microstructure in two-phase aggregates by grain boundary and interphase energies.
(a) Phase diagram showing the stability fields of various types of grain configurations. After Cahn (1991). (b) The
types of microstructures that develop for various ratios of grain boundary energy to interfacial energy; Ra ¼ Rb for
all examples. a is white and b is grey. (a) Clustering. (b) Normal grain growth with triple-junctions. (c) Alternating
phases. (d) All systems stable including both triple- and quadri-junctions. (e) aaa and bbb triple-junctions not
present, quadri-junctions prevail. Inspired by Holm et al. (1993).
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answer. Recrystallisation is commonly used to mean the nucleation of new grains in an older,
host grain and implies grain size reduction. In the case where the host grains are deforming, a
substructure usually forms (but not always) and no nucleation stage may be apparent. The
substructure may develop by bulging and expansion of existing grain boundaries (the
so-called bulge ‘nucleation’) or distinct subgrains may evolve which then rotate to form
distinct ‘new grains’ with high misorientations relative to the host grain. In the case where
no substructures form, initial grains may simply increase in size. Some types of dynamic
recrystallisation take place solely by grain boundary migration. All these processes are
included in the term dynamic recrystallisation. To some, dynamic recrystallisation is viewed
as a form of recovery. Although this is true for static recrystallisation, it is not true for dynamic
recrystallisation which is actually a deformation mechanism that stores energy (Chapter 9).
Thus the term dynamic recrystallisation is used very loosely and we will see that many pro-
cesses may contribute to its development. Stipp et al. (2002b) have documented an example
where grain boundary migration characterises dynamic recrystallisation at high tempera-
tures (T � w500 �C), subgrain rotation is the characteristic of moderate temperatures
(500 �C � T � 400 �C) and bulge nucleation characterises low-temperature
(400 oC � T � 280 �C) dynamic recrystallisation.

There is a clear distinction to be made between the equiaxed, triple-junction configurations
of grains that arise from normal grain growth (Figure 13.1(a)) and the somewhat irregular
grain configurations and broad grain size distributions developed in deformed rocks (Figures
13.1(b) and (d), 13.10(b)e(d) and 13.12(a)). In this section, we examine situations where grain
adjustments take place during deformation in order to define some underlying principles. The
questions of interest are:What is the influence of stress (or deformation?) on grain size and on grain
size distribution? Are the resulting grain size distributions different to those that develop in normal
grain growth? How do deformation processes interact with existing grains to modify the microstruc-
ture? How do aggregates adjust to maintain compatibility during deformation? What controls grain
shape in deformed aggregates? We attempt to address these questions in what follows.

We have seen in Chapter 9 that in most crystalline materials deformed at relatively low
temperatures and relatively fast strain rates, a translation dominated mode of deformation oper-
ates at low plastic strains. Here the deformation is achieved mainly by the motion of
dislocations. If different populations of dislocations compete for production and annihilation,
then subgrains (or cells) form with low (say <10�) misorientations across the subgrain
boundaries (see Section 9.4). By contrast, at high plastic strains, the deformation is character-
ised by a rotation dominated mode whereby the deformation is achieved mainly by the motion
of disclinations together with the cooperative motion of dislocations to relieve local stress
concentrations. This rotation mode produces large rotations of subgrains (up to 60� is
reported by Hughes and Hansen, 2000) and domains of subgrain rotation may develop.
Kuhlmann-Wilsdorf and Hansen (1991) have christened the low angle, dislocation
accommodated subgrain boundaries, incidental dislocation boundaries (IDBs) and the bound-
aries that mark domains of disclination accommodated rotation, geometrically necessary bound-
aries (GNBs) (Figure 13.11(a)).

At higher temperatures and lower strain rates, there is a transition to mechanisms where
diffusion contributes to the deformation. Both dislocation- and disclination-dominated
modes can still operate but subgrain translation mechanisms associated with grain boundary
sliding and cooperative cellular dislocation motion can also contribute.
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Geologists will recognise the rotation dominated mode of deformation as rotation recrystal-
lisation. In the metals literature, this mode is generally regarded as a distinct deformation,
rather than a recrystallisation, mechanism. We show two examples of the rotation
dominated mode for deformed single crystals of quartz in Figure 13.10(b) and (c). In these
figures, the banding between low- and high-angle subgrain boundary domains can be
seen as well as one grain (Figure 13.10(b)) that grows into the deformed host. These micro-
structures contrast with the more or less polygonal grain structures in deformed olivine
shown in Figures 13.10(a) and 13.12(a) and the sutured grain boundarymicrostructure result-
ing from localised growth (bulge ‘nucleation’) in deformed quartzite in Figure 13.10(d).

FIGURE 13.10 Dynamic recrystallisation microstructures. (a) Scanning electron microscope orientation contrast
image of experimentally deformed (28% horizontal shortening) olivine. The red arrows point to two of the many
voids that remain after deformation. From Slotemaker (2006). (b) Experimentally produced rotation recrystallisation
in what was a single crystal of quartz showing patchy distribution of misorientations ranging from subgrains to
recrystallised grains with one large grain growing into unrecrystallised host. From Hobbs (1968). Horizontal
shortening 46%. Image is 0.18 mm across. (c) Experimentally produced rotation recrystallisation in what was a
single crystal of quartz showing banding of misorientation from subgrains to recrystallised grains. The boundary
A-B is a geometrically necessary boundary in the terminology of Kuhlmann-Wilsdorf and Hansen (1991). From
Hobbs (1968). Horizontal shortening 51%. Image is 0.18 mm across. (d) Recrystallised grains in experimentally
deformed quartzite. The arrows point to pinning sites. The asterisks are suggested to represent parts of a single
large grain with a common crystallographic orientation. GBM, grain boundary migration. From Stipp et al. (2010).
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FIGURE 13.11 Scaling of misorientations and substructure size for various strains. (a) Arrays of incidental
dislocation boundaries (IDBs) marked in light grey lines (a, b, c, d); these constitute low-angle subgrain (cell)
boundaries. Also present are geometrically necessary boundaries (GNBs) marked in heavy black lines (A, B, C, .,

H); these have higher misorientations. Between the GNBs are cell blocks labelled CB1, CB2, ., CB6. (b) Plot of
probability function (13.10) against q/qaverage for IDBs. (c) Plot of probability function (13.10) against
q/qaverage for GNBs. (d) Plot of probability function (13.10) against DIDB/DIDB

average for IDBs. (e) Plot of probability
function (13.10) against DGNB/DGNB

average for GNBs. (a), (b) and (c) from Hughes et al. (1997). (d) and (e) from Hughes

and Hansen (2000).
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FIGURE 13.12 (a) Grain size distributions and microstructure for initially hot-pressed forsterite (HIP5) and
three other specimens (Fo49, Fo40, Fo42) deformed to shortening strains of e ¼ 0, e w16%, e w28% and e w46%,
respectively. t is the time in hours at temperature. The right-hand column shows the resulting microstructure. Green
is forsterite, red is enstatite. The scale bar is 5 mm. From Slotemaker (2006). (b) Stressestrain curves for the specimens
Fo49, Fo40 and Fo42. From Slotemaker (2006). (c) Mean grain size versus axial strain for this series of runs. (d) Defect
fraction versus axial strain for this series of runs. Black arrow is value for hot pressed only specimen.
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In Section 13.2, we show that normal grain growth in the absence of deformation can be
explained by a stochastic process whereby grain boundary migration, driven by a reduction
in interfacial energy, competes with grain size distribution diffusion processes such as grain-
switching to produce a grain size distribution that is somewhere between a Rayleigh and a
Hillert distribution. Many more processes potentially operate if grain size distributions un-
dergo modification concurrently with deformation and there is still considerable uncertainty
surrounding the relative importance of some of these processes for various environmental con-
ditions and grain size distributions. Broadly, the grain size distribution that arises during
deformation is influenced by the temperature, the strain rate, the current grain size distribution

FIGURE 13.12 (Continued)
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and the relative importance of processes such as grain growth, grain boundary sliding,
coupled grain boundary migration (Section 9.5.2), cooperative grain boundary sliding, the mo-
tion of cellular dislocations and whether translational or rotational modes of deformation are
dominant. The operation of some of these processes depends on the amount of strain the
aggregate has experienced as opposed to the amount of time that the aggregate has been
deformed or the current level of stress. It is possible for one part of a grain size distribution
to be influenced by one mode of deformation whilst simultaneously another part of the
same grain size distribution is influenced by another mode. Gutkin and Ovid’ko (2004, pp.
35e38), followingMasumura et al. (1998), define a grain size, d*, within a single grain size dis-
tribution where the deformation mechanism switches from one characterised by the
HallePetch relation to one dominated by Coble creep. We consider this analysis in Section
13.4.1. Four examples of the interaction of deformation processes and grain size distributions
are presented below to demonstrate the range of complexity that needs to be taken into account
when considering the relations between grain growth and deformation.

The first example concerns the development of IDBs and GNBs during deformation. We
define qIDB, qGNB as the misorientations associated with IDBs and GNBs and DIDB, DGNB

as the cell sizes associated with these two boundaries. A large amount of experimental
work on metals deformed in the strain range measured by the equivalent von Mises strain
from 0.06 to 0.8 by Hughes (Hughes and Hansen, 2000; Hughes, 2001; Hughes et al., 1997,
1998, 2003) arrives at the following scaling relations:

• IDB (see Figure 13.11(a)) misorientation distributions, f(R), may be expressed empirically
as

f
�
qIDB

� ¼ aa

GðaÞ
�
qIDB

�a�1
exp

��a qIDB
�

(13.9)

with a ¼ 3. G (a) is the gamma function evaluated for a: G(a) ¼ (a�1)! for a an integer and

GðaÞ ¼
Z N

0
e�tta�1dt for a > 0 and a non-integer (Bronshtein et al., 2007). If p(qIDB,

qIDB
average) DqIDB is the probability that qIDB will lie between qIDB and DqIDB given

that the average misorientation is qIDB
average, then the distribution of qIDB, f(qIDB),

follows a relation,

f
�
qIDB

.
qIDB
average

�
¼

�
qIDB
average

��1
p
�
qIDB; qIDB

average

�
(13.10)

which is independent of strain. This relation is shown in Figure 13.11(b).
• GNB (see Figure 13.11(a)) misorientation distributions may also be expressed by (13.9)

but with qGNB replacing qIDB and a ¼ 2.5 for which Gð2:5Þ ¼ 3
ffiffiffi
p

p
4 ; the fit is not as

good as for IDBs. The distribution of qGNB is similar to that of qIDB as given in (13.10)
with qGNB replacing qIDB as shown in Figure 13.11(c). This means that the
misorientation distributions for both IDBs and GNBs are self-similar and as the
plastic strain increases the misorientation distributions shift to higher misorientations
with broader spreads. Hughes et al. (1998) show that the scaling law (13.9) is
applicable to cold rolled Al, stainless steel, nickel and copper and seems to be a
universal relationship.
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• Cell size distributions scale in much the same way as misorientations so that DIDB scales as
indicated by (13.10) with DIDB replacing qIDB as shown in Figure 13.10(d).

• Cell block size distributions scale in much the same way as misorientations so that DGNB

scales as indicated by (13.10) with DGNB replacing qIDB as shown in Figure 13.11(e).
• Average IDB misorientation is proportional to ðεplasticÞ1=2, where εplastic is the effective plastic

macroscopic strain.
• Average GNB misorientation is proportional to ðεplasticÞ2=3. This means that the average

misorientation of GNBs increases with strain 1.3 times faster than average misorientation
across IDBs and ultimately high-angle boundaries dominate.

• Average low angle subgrain size decreases as ðεplasticÞ�1=2.
• Average high angle boundary subgrain size decreases as ðεplasticÞ�2=3. This means that the

average size of high angle boundary subgrains decreases with strain 1.3 times faster than
the average size of low angle boundary subgrains and ultimately high angle boundary
subgrains become the smallest.

Thus, the average misorientations and sizes are characterised as functions of the plastic
strain and not of the stress. Moreover the misorientation and size distributions are self-
similar across a large range of plastic strains. Unfortunately data sets of this type are lacking
for geological materials, but we expect the same kind of behaviours.

As a second example: Slotemaker (2006) deformed hot-pressed synthetic forsterite (with
w10% enstatite) with an initial average grain size of 0.85 mm at 600 MPa, 950 �C and
5 � 10�6 s�1 (Figure 13.12). The results of these experiments provide a contrast with those
of Hughes. In the Slotemaker experiments no substructure forms, the grains are relatively
dislocation free and no CPO develops even for w50% shortening. It is proposed that the
mechanism of deformation is essentially dominated by diffusion processes. Hardening of
the stressestrain curve characterises the mechanical behaviour with hardening still
apparent at 45% overall shortening although it is not clear whether some of this hardening
results from an increase in strain rate during the experiment. The average grain size in-
creases progressively during deformation and depends on the amount of strain and not
on the time at temperature. This trend, of grain size increase related to strain, is the oppo-
site of that established by Hughes. Here grain growth (not grain size reduction) is driven
by deformation and not by an attempt to reduce grain boundary energy. The grain size
distribution does not evolve in a self-similar manner and becomes quite irregular by
45% shortening.

A grain switching mechanism is proposed by Slotemaker (Slotemaker, 2006; Slotemaker
and de Bresser, 2006) to describe the grain growth process (Figure 13.13). This process is
discussed by Sato et al. (1990) and by Sherwood and Hamilton (1992, 1994) as a deformation
process. Basically, as a grain growth process the presence of cellular dislocation defects in a
deforming aggregate means that migration of a grain with less than six sides through the
aggregate increases the probability that a grain switching event will occur thus increasing
the grain size. The process is illustrated in Figure 13.13. If a two dimensional aggregate un-
dergoes static normal grain growth, one expects a defect ratio (the ratio of non-hexagonal to
hexagonal grains) to be w0.7. For dynamic grain growth following the grain switching pro-
cess illustrated in Figure 13.13(e)e(h), one expects a defect ratio of w0.8. These expectations
are confirmed in two dimensional models using ELLE (Jessell et al., 2001) by Slotemaker and
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de Bresser (2006). Here is another example of how the detailed topology of the deformed ma-
terial can give insights into the deformation history.

As a third example, we look at the experimental simple shearing deformation of Carrara
marble by Pieri et al. (2001). The microstructures developed at various shear strains for spec-
imens deformed at 1000K, and a shear strain rate of 3 � 10�4 s�1 are shown in Figure 13.14.
Original grains that are more or less equiaxed become elongate parallel to the principal axis
of elongation and progressively recrystallised with a gradual decrease in grain size as defor-
mation proceeds. After a shear strain of about five, the original grains are completely
replaced by recrystallised grains. In these experiments, the grain size decreases during defor-
mation whilst the stress first hardens, then softens and approaches steady state. This effect is
the opposite of that observed by Slotemaker (2006). The grain size decreases overall as the
strain increases which is similar to the trend reported by Hughes. The grain size decrease
trend is still apparent between shear strains of 5 and 11 (Figure 13.14(b)) and the rate of
change of grain size decreases with increasing strain as does the data reported by Hughes.

Based on these experimental observations, Pieri et al. (2001) propose the deformation map
shown in Figure 13.15. A distinct field of grain size-sensitive flow is delineated with a power
law exponent of 3.3 as opposed to a diffusion-dominated grain size-sensitive field with a po-
wer law exponent of 1.7. We propose that future experimental work may reveal that this kind
of behaviour is common in many materials other than calcite. In other words, we expect
HallePetch behaviour to be far more common than is revealed by many published deforma-
tion maps for minerals. The expression of such behaviour would be the delineation of grain
size-sensitive regimes dominated by dislocation mechanisms where at present grain size-
insensitive dislocation mechanisms are postulated.

Finally we consider the results of Halfpenny et al. (2012) who measured misorientations
between host grains and subgrains/recrystallised grains, using electron back scattered
diffraction (EBSD), for dynamically recrystallised quartz in rocks selected to span the three

FIGURE 13.13 Grain switching. (a)e(d). Normal grain growth by progressive elimination of a defect. The
defect fraction changes progressively: 0.33 / 0.5 / 0.5 / 0.4. (e)e(h) Grain evolution during cellular defect
migration during a simple shearing deformation. The defect fraction can change dramatically:
0.33 / 0.33 / 0.33 / 0.83. From Slotemaker (2006).
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FIGURE 13.14 Experimental deformation of Carrara marble. (a) Microstructure for various shear strains.
Shearing is dextral parallel to the base of the figures. Left- and right-hand columns represent low and high mag-
nifications. Scale bars are shown. (b) Grain size distributions for various shear strains. From Pieri et al. (2001).
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recrystallisation regimes identified by Hirth and Tullis (1992). They show that the ratio of
subgrain size to recrystallised grain size can be used as an indication of the recrystallisation
mechanism and that dynamic grain boundary migration dominates in regimes 1 and 3 whilst
rotation recrystallisation dominates in regime 2. Most importantly, the misorientations can be
very large (up to 90�) and twin relationships are common in all the three regimes. They pro-
pose that grain boundary sliding is important also in all the three regimes. The observations
of high misorientations and twin relationships are very important and we will return to these
subjects in Section 13.6.

Hence to propose that the grain size distribution that arises from dynamic recrystallisation
results simply from the competition between a process that increases grain size and one that
decreases grain size as a function of stress level is somewhat misleading. A large number of
processes potentially operate depending on the environmental conditions. This statement is
also supported by the data presented by Stipp et al. (2010) who show that the reported
average grain sizes for deformed quartzites fall into three classes with the smallest grain sizes
corresponding to bulge nucleation, a medium range corresponding to subgrain rotation and
the largest grain size class corresponding to grain boundary migration.

Some of the processes (such as subgrain formation and rotation) produce a grain size dis-
tribution that depends on strain. In terms of a stochastic view, these processes constitute drift
terms in a FokkerePlanck formulation. The processes outlined by Hughes et al. (1997) and by
Pieri et al. (2001) lead to a decrease in grain size with increasing strain, whereas the processes
outlined by Sloteman (2006) have the opposite trend. Other processes, such as grain growth
due to thermal activation or to contrasts in stored energy, also contribute a drift term to the
evolution of the grain size distribution. Even other processes, such as cooperative cellular
dislocation motion, contribute a diffusion term arising from grain-switching events. Thus

FIGURE 13.15 Deformation mechanism map for marble from Pieri et al. (2001). A grain size-sensitive flow
regime is proposed with n ¼ 3.3. Predicted and measured stresses for starting grain sizes are indicated by the
crosses and circles. The ranges of recrystallised grain sizes for deformation at 1000 and 1200K are indicted by the
grey bars. The calcite palaeopiezometers of Rutter (1995) for subgrain rotation (SR) and of Schmid et al. (1980) for
grain boundary migration (GBM) are indicated.
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it would appear that the grain size distribution evolution should be treated in terms of a
FokkerePlanck equation as has been done for normal grain growth but with additional pro-
cesses operating. This is a daunting task and so far has not been attempted. Such develop-
ments will depend on first gaining a more precise understanding of the processes that
operate and their control by environmental factors. One important test of such models de-
rives from the details of the grain size distributions and so it is important that efforts are
made to rigorously collect and collate these data sets both from natural examples and
from carefully designed experiments.

13.4.1 Stress/Grain Size Relations

Grain boundaries have properties that are different from those of the adjacent grains. They
act as sources or sinks for dislocations and disclinations and as barriers to dislocation motion.
They can also facilitate diffusion and commonly act as sites for recrystallisation and chemical
reactions. The overall behaviour of a polycrystalline aggregate may depend on the content
(total surface area) of grain boundaries and hence on the grain size and shape. The effect
on the overall properties such as flow stress or fracture toughness of an aggregate depends
on whether the grain boundaries impede or enhance the motion of defects such as disloca-
tions, disclinations and diffusing species. Thus at low temperatures and/or fast strain rates,
for a given grain size distribution, grain boundaries may act as obstacles to dislocation
motion, generating dislocation pile-ups at grain boundaries, whereas at high temperatures
and/or slow strain rates grain boundaries may act as sinks for dislocations, leading to grain
boundary sliding, or the boundaries may act as channel-ways, facilitating diffusion creep.
Detailed analyses of many of these processes are presented by Gutkin and Ovid’ko (2004).

The contrasting behaviour of grain boundaries at low and high temperatures is well
known in industrial applications where one attempts to produce fine-grained materials for
low-temperature applications to increase the strength and fracture toughness (McClintock
and Argon, 1966; Myers et al., 2006) and coarse-grained materials that inhibit diffusion creep
for high-temperature applications. The extreme example is the production of single-crystal
turbine blades for use at high temperatures. The two types of behaviour are illustrated in
Figure 13.16. We refer to situations where an increase in grain size leads to a decrease in
strength as grain size weakening (Figure 13.16(c)). If an increase in grain size leads to an in-
crease in strength, we refer to grain size strengthening (Figure 13.16(f)). In some literature
(Hansen, 2004), these two contrasting effects are referred to as grain boundary strengthening
and grain boundary weakening, respectively.

Although experimental data are relatively scarce for minerals and rocks (the emphasis
over the past 40 years or so has been on ‘steady state’ creep behaviour), the early experi-
mental work of Griggs et al. (1960, Figure 30) demonstrated the HallePetch effect for calcite
rocks: fine-grained (10 mm) Solenhofen limestone is stronger than medium-grained
(10e1000 mm) Yule marble which in turn is stronger than 10-mm sized single crystals of
calcite (Figure 13.17). In these experiments, the strain rates are quite fast (10�4e10�5 s�1)
and hence some fracturing may have occurred. The effect is probably due to the difficulty
of propagating twinning across grain boundaries (Rutter et al., 1994). Similar grain size
weakening effects are reported for calcite-rich rocks by Rutter et al. (1994) and by Renner
et al. (2002) for strain rates down to 10�7 s�1. This grain size weakening effect as a function
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of strain rather than stress is a much neglected topic in metamorphic geology. Drury (2005)
has incorporated the effect of dislocation-dominated grain size-sensitive flow into deforma-
tion maps for olivine where he refers to the effect as grain size-sensitive power law creep and
another example for calcite-rich rocks is given in Figure 13.15. One should note that most
studies of these grain size weakening effects in the metals literature involve transient stress
states and not steady creep, a concept that has dominated the geological literature over the
past 40 years or so.

The low temperature grain size weakening behaviour is widely known as the HallePetch
effect, named after Petch (1953) and Hall (1951) for their pioneering work on fracture tough-
ness and plasticity of materials, respectively. The dependence of the yield stress, syield, on the
grain size, d, is generally written as a power law:

syield ¼ s0 þ kd�1
2 (13.11)

A simple derivation (Zhu et al., 2008) of this relation proposes that the stress required to
initiate slip in a grain unfavourably oriented for slip is produced by a pile-up of dislocations

FIGURE 13.16 The two types of mechanical behaviour resulting in grain size weakening (the HallePetch effect)
and grain size strengthening effects. (a) Dislocation pile-up at a grain boundary results in a stress concentration that
nucleates dislocation motion in an adjacent grain. (b) The hardening or steady state stressestrain curves that result
from the pile-up behaviour in (a). (c) The grain size weakening behaviour that results from the pile-up behaviour in
(a). (d) Vacancy migration and dislocation climb characteristic of high-temperature creep. (e) The softening or
steady state stressestrain curves that result from the diffusion behaviour in (d). (f) The grain size strengthening
behaviour that results from the diffusion behaviour in (d).
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at the boundary with a neighbouring grain where slip is active (Figure 13.16(a)). The number,
n, of edge dislocations in a pile-up is

n ¼ ð1� nÞps
4Gb

d

The stress at the tip of the pile-up is

scritical ¼ ns ¼
�
1� n

�
ps2

4Gb
d

Thus, if a frictional effect on dislocation motion such as the influence of solute atoms in
inhibiting dislocation motion is added,

s ¼


4Gbscritical

ð1� nÞp
1

d

�1
2

þ ssolute

which is of the same form as (13.11). Although this is a common explanation of the
HallePetch effect, many other explanations exist (Meyers et al., 2006).

At the high temperature end of the spectrum, the mechanical behaviour is described by
some form of diffusional creep where grain boundaries facilitate, rather than impede, the
deformation process. One form is Herring-Nabarro creep (Paterson, 2013) where the strain
rate is given by a grain size strengthening relation:

_ε ¼ A

�
Dbulk

d2

��
sU

kBT

�

FIGURE 13.17 Experimental data on deformation of fine-grained limestone, medium-grained marble and a
single crystal of calcite showing grain size weakening. This figure is compiled from Griggs et al. (1960, figure 30). Strain
rates are 10�4e10�5 s�1.
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A is a constant, Dbulk is a bulk diffusion coefficient, U is the atomic volume and kB is Boltz-
mann’s constant. Analogies to this grain size strengthening process can be seen in the consti-
tutive relations (see Section 15.4) derived for the ‘pressure solution’ mechanisms of Paterson
(1995) and Shimizu (1995), who derive expressions of the form:

_ε ¼ Asd�p

where p¼ 1, 2 or 3. Here, for a given strain rate, the stress increases as the grain size increases.
This regime is commonly called the grain size sensitive diffusion creep regime (Drury, 2005).

Although the models for grain size strengthening have been well developed over the past
60 years or so, the same cannot be said about models for grain size weakening and some
controversy still exists especially concerning the role of grain size reduction in promoting
localisation. Some (De Bresser et al., 2001) would claim that dynamic recrystallisation is
not important in this process as far as localisation is concerned. Others (Platt and Behr,
2011) argue strongly for the importance of dynamic recrystallisation. It is important to estab-
lish a model for this effect, since it is widely proposed that grain size resulting from dynamic
recrystallisation can be used as a piezometer (Twiss, 1977; Christie and Ord, 1980; Etheridge
and Wilkie, 1981; Ord and Christie, 1984; Koch et al., 1980; Shimizu, 1998a,b, 1999; 2008,
De Bresser et al., 1998, 2001; Platt and Behr, 2011) and, as indicated above, the grain size
weakening effect is widely quoted as a mechanism for the initiation of shear localisation in
deforming rocks.

A number of models have been developed for grain size weakening including Twiss
(1977), Edward et al. (1982), Derby and Ashby (1987), Shimizu (1998a,b, 1999); De Bresser
et al. (1998, 2001), Slotemaker (2006), Austin and Evans (2007, 2009), Shimizu (2008), Ricard
and Bercovici (2009), Rozel et al. (2011), Platt and Behr (2011) and Herwegh et al. (2014). Some
of these models are reviewed by De Bresser et al. (2001), Slotemaker (2006) and Shimizu
(2008). Many models are based on simple concepts involving competition between recrystal-
lisation and grain growth.

The issue with all models presented is to arrive at a process that explains the grain size
distribution characteristics (which are poorly known) and results from a process that
depends on stress leading to an average grain size that is an inverse function of the imposed
stress. Ricard and Bercovici (2009) point out that for many arguments, there is an inconsis-
tency in that if a material is initially in the grain size insensitive dislocation creep field then
clearly the stress is insensitive to grain size. Thus there is no tendency to decrease the grain
size solely due to the stress. In metals (Hughes and Hansen, 2000), the decrease in grain size
is related to the amount of strain, not the stress although the stress is related to the grain size
through the HallePetch effect. If the material is initially in the diffusion creep field, it is
proposed that temperature effects will tend to increase the grain size; again, the effect is
not dependent on stress. These issues arise because although there is a clear relationship
between stress and grain size in both fields, there is no inbuilt mechanism to produce a
feedback influence that results in the grain size being controlled in some manner by the
stress. De Bresser et al. (2001) argue that competition between grain growth and grain
reduction arising from recrystallisation leads to a stationary state located near the transition
from dislocation creep to diffusion creep. They further argue that dynamic recrystallisation
alone, although leading to grain size reduction, produces softening insufficient to initiate
localisation.
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Most arguments assume ‘steady state’ conditions, although it is difficult, conceptually, to
fit such arguments into scenarios where softening, grain size reduction and localisation are
occurring, all of which represent nonsteady state conditions. At least the evolution of grain
size distributions towards a steady state needs to be considered in anymodel as has been done
for normal grain growth (Section 13.2).

More of a ‘helicopter’ view of these processes is obtained by adopting an approach based
in thermodynamics and expressing the Helmholtz energy, J, in terms of grain size, repre-
sented as an internal variable (Chapter 5):

J ¼ Jðε;T;dÞ (13.12)

where ε is the strain and d is the grain size. If one wanted to emphasise the influence of
stress, then the Gibbs energy would be substituted for the Helmholtz energy but that
adds another level of complexity which we consider in Chapter 14. Other internal variables
could be added, such as the extent (Chapter 14) of any mineral reactions, x, if recrystallisa-
tion involves a change in phase and/or a tensor function, gab, that describes the orientation
distribution function (ODF) if CPO is involved in grain size evolution (Faria et al., 2003). In
particular, if there is more than one process operating to produce grain growth, perhaps a
grain size reduction and a grain growth process, then the Helmholtz energy would be
written as

J ¼ J
�
ε;T;dreduction;dgrowth; x; gab

�

with a postulate that

_d
total ¼ a _d

reduction þ b _d
growth

(13.13)

where a and b are constants. We emphasise that (13.13) is indeed a postulate and in fact has

little experimental basis. Both _d
reduction

and _d
growth

appear to be related to strain, not stress,
and it is by no means clear from the experimental data on geological materials that the

concept of a field where both _d
reduction

and _d
growth

exist simultaneously actually exists for a sin-
gle grain size. Nevertheless in the following we propose that (13.13) holds in order to outline
the assumptions made in developing a general theory.

If we choose to neglect the influences of chemical reactions and CPO development, then it
follows that

_J ¼ vJ

vε
_εþ vJ

vT
_Tþ vJ

vdreduction
_d
reduction þ vJ

vdgrowth
_d
growth

(13.14)

Otherwise the evolutionary equations involve the chemical reaction rate and the rate at
which the ODF is changing. Some advances in this latter regard are reported for ice by Faria
(2006a) (Faria et al., 2006). These arguments, based on thermodynamics, show that, for
isothermal conditions, the thermodynamically admissible relation is not between grain

size and stress but instead between the rates of grain size change, _d
reduction

and _d
growth

, and

the dissipation arising from plastic straining, sij _ε
plastic
ij .
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If one proceeds down the route outlined in Section 5.10, one can derive the full energy
equation that couples temperature changes to deformation rates and grain size evolution
terms:

rcP
dT

dt

zfflfflffl}|fflfflffl{Rate of heating

¼
(
sij _εij � r

vJ

vεelasticij

_εelasticij � r
vJ

vdreduction
_d
reduction � r

vJ

vdgrowth
_d
growth

)zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Rate of heating due to deformation assuming grain size changes contribute to deformation

þ rT
v2J

vεelasticij vT
_εelasticij

zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{Thermo�elastic heating

þ rT
v2J

vdreductionvT
_d
reduction

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Heating due to grain size reduction

þ rT
v2J

vdgrowthvT
_d
growth

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Heating due to grain growth

þ rcPk
thermalV2T

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{Heat conduction

(13.15)

For isothermal conditions, where dT
dt ¼ 0 and V2T ¼ 0, and for constitutive behaviour

where the stress lies on a yield surface that separates elastic from plastic behaviour, so that
r vJ
vεelasticij

¼ sij, (13.15) reduces to

0 ¼


1

r
sij _ε

plastic
ij � vJ

vdreduction
_d
reduction � vJ

vdgrowth
_d
growth

�zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Rate of heating due to deformation assuming grain size changes contribute to deformation

þ T
v2J

vεelasticij vT
_εelasticij

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{Thermo�elastic heating

þ T
v2J

vdreductionvT
_d
reduction

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Heating due to grain size reduction

þ T
v2J

vdgrowthvT
_d
growth

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Heating due to grain growth

The common procedure is to neglect thermal effects arising from thermal expansion and
from grain size growth and reduction so that one ends up with a much simplified version of
the processes operating:

sij _ε
plastic
ij

zfflfflfflfflffl}|fflfflfflfflffl{Dissipation arising from plastic deformation

¼ r



vJ

vdreduction
_d
reductionþ vJ

vdgrowth
_d
growth

�zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Dissipation arising from growth and reduction processes that contribute to deformation

Thus if a steady state grain size evolves so that _d
total ¼ 0 and _d

reduction ¼ � b
a
_d
growth

, then

sij _ε
plastic
ij

zfflfflfflfflffl}|fflfflfflfflffl{Dissipation arising from plastic deformation

¼ r _d
growth



� b

a

vJ

vdreduction
þ vJ

vdgrowth

�zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Dissipation arising from steady state grain size conditions

(13.16)

Equation (13.16) expresses a balance between plastic dissipation and grain size reduc-
tion/growth process but the balance is more explicit (albeit more complicated) than that
proposed by Austin and Evans (2007, 2009). One cannot proceed further unless one has
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knowledge of the quantities
�
creduction ¼ vJ

vdreduction

�
and

�
cgrowth ¼ vJ

vdgrowth

�
, which are general-

ised thermodynamic forces or affinities that drive the grain size reduction and growth
processes, respectively. The evidence seems to be, from the observations of Hughes and
co-workers, from the experiments of Slotemaker and De Bresser and of Pieri and
co-workers, and from the calculations we present in Section 13.6 from Ortiz and Repetto
(1999), that these quantities are functions of the amount of strain. One suggestion from
the above studies is that creduction is related to substructure refinement arising from
rotation dominated deformation modes, whereas cgrowth is related to grain growth processes
arising from cellular dislocation migration processes, but detailed expressions for these
quantities have not been established.

A relation between yield stress and grain size is presented below from Masumura et al.
(1998) where a grain size distribution is considered rather than a single measure of grain
size such as the average. We begin by assuming that the large grains within the grain size
distribution follow the HallePetch relation, (13.11), which we write as

sHall�Petch ¼ s� s0 ¼ kd�1=2 (13.17)

where k is theHallePetch constant. The small grains in the distribution deform by Coble creep
expressed as

sc ¼ A

d
þ Bd3 (13.18)

where A and B are both temperature and strain rate dependent. If d* is a critical grain size,
where a switch from HallePetch to Coble behaviour occurs (Figure 13.18(a)), then we define
a quantity, p, which measures the ratio of A to B at the switchover:

p ¼ A=d�

Bðd�Þ3
(13.19)

Notice that p is a function of temperature and strain rate.
If we equate the stresses given by (13.17) and (13.18) at d*, then

kðd�Þ�1=2 ¼ A

d� þ Bðd�Þ3

or, using (13.19),

kðd�Þ�1=2 ¼ �
pþ 1

�
Bðd�Þ3 (13.20)

Masumura et al. (1998) assume a log-normal grain size distribution with the claim that the
final result is not critically dependent on the precise form of the initial distribution assumed;
the intent is that the finally derived expression for the stress, s, is determined from the whole
grain size distribution and not the mean, hdi.

The yield stress is then written as
�
s� s0

� ¼ THall�Petch þ TCoble

where THallePetch and TCoble are the values of the means of the stresses contributed to the total
stress from the two parts of the grain size distribution. These means can be calculated from
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the assumed log-normal grain size distribution (Masumura et al., 1998). If we then define a
parameter, x ¼ hdi=d�, then (Masumura et al., 1998) finally arrive at an expression for the
stress in terms of the grain size:

2ðs� s0Þ
kðd�Þ�1=2

¼ fHall�Petch þ pfCoble 1 þ fCoble 2

1þ p
(13.21)

where f HallePetch, f Coble_1, f Coble_2 are contributions to the stress arising from the HallePetch
effect, the first term in the Coble expression, (13.18), and the second term in (13.18),

FIGURE 13.18 Grain size stress relations for a material with a grain size distribution. (a) Stress versus d�1/2

showing a field where HallePetch mechanisms dominate as opposed to a field where diffusion creep dominates.
The grain size, d*, represents the crossover from one field to the other. (b) Normalised yield stress versus x�1/2

where x ¼ hdi=d�. hdi is the average grain size assuming a log-normal distribution. The diagram is drawn for a
standard deviation for the grain size distribution of s ¼ 1. p is the ratio defined in (13.19). Since the coordinates on
both axes are normalised, this diagram is true for all materials where the Masumura argument is valid. Both (a) and
(b) are drawn for constant temperature and strain rate. From Masumura et al., 1998. (c) The Masumura results plotted
in log(grain size)elog(stress) space at a prescribed temperature and strain rate. (d) A conventional argument for
grain size weakening in terms of a steady state deformation mechanism map.
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respectively; they are functions of the statistics of the log-normal distribution and are
error functions involving the mean and standard distribution; they also involve the
parameter, x. Clearly, if the first term in (13.18) is neglected as in most treatments in
the geological literature, then (13.21) simplifies to

2ðs� s0Þ
kðd�Þ�1=2

¼ fHall�Petch þ fCoble 2

FIGURE 13.18 (Continued)
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Masumura et al. (1998) give a plot of (13.21) for various values of p as shown in
Figure 13.18(b).

The contrast between the Masumura approach and that commonly adopted in the geo-
science literature is illustrated in Figure 13.18(c) and (d). In Figure 13.18(c), the Masu-
mura result is plotted in log(grain size)elog(stress) space at a prescribed temperature
and strain rate. This is not a conventional deformation mechanism map since strain
rate is presumed constant across the diagram. The Masumura model proposes that grain
size distributions evolve on this map, driven by increasing strain. If most of the distribu-
tion is to the right of d*, then HallePetch processes result in grain size weakening. If
most of the distribution is the left of d* then diffusional processes result in grain size
strengthening. These processes need not involve steady state creep, in fact, they occur
in hardening, steady or softening regimes.

Figure 13.18(d) is a conventional deformation mechanism map drawn at constant temper-
ature but assuming steady state creep. Because of this assumption, the system is constrained
to evolve along a contour of constant strain rate driven by a reduction in grain size arising
from recrystallisation but in a manner that is loosely attributed to some influence of stress,
not strain. Any steady state grain size is then attributed to a balance between grain size
reduction and grain size increase processes.

Herwegh et al. (2014) adopt an approach similar to the thermodynamic outlined above,
but simply use (13.12) so that

_J ¼ vJ

vε
_εþ vJ

vT
_Tþ vJ

vd
_d

In order to proceed to a relation between the stress and the grain size, one needs an evo-
lution law for _d. Herwegh et al. (2014) incorporate the proposal of Austin and Evans (2007,
2009) that the total rate of change of grain size is given by

_d
total ¼ _d

reduction þ _d
growth

where _d
reduction

is the rate of grain size reduction arising from dynamic recrystallisation and
_d
growth

is the rate of normal grain growth. One will appreciate from the previous discussion in
this section that such an assumption is questionable. For a stationary state, they arrive at the
deterministic relation:

dstationary state ¼ ks�m exp

�
Q0

RT

�

Notice that relations of this type are commonly called palaeowattmeters. This is something
of a misnomer since it is the rate of change of the grain size, _d, that is related to the dissipation
and not the grain size.

Using the above arguments, Herwegh et al. (2014) model the stressestrain response and
grain size evolution (Figure 13.19(a)e(c)) for a material with hardening elasticeplas-
ticeviscous constitutive behaviour where grain size and stress are coupled. The grain size
evolves into a very sharp peak since the governing equations are completely deterministic
and involve no stochastic processes, that is, they do not consider the influence of drift and

diffusion terms on _d
growth

along the lines of studies of normal grain growth (Section 13.2).
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The grain size evolves during the transient stages of hardening and softening before steady
state deformation conditions are reached; grain growth occurs during the elastic and hard-
ening parts of the deformation and grain reduction during the softening part (see
Figure 13.19(a)e(c)); no grain size reduction occurs in the model with continued straining
once the stress is steady, although the data of Pieri et al. (2001) show continued evolution
of grain size to high strains. Notice that in these models the grain size distribution within a

FIGURE 13.19 Modelling of stressestrain behaviour and coupled grain size evolution. (a) Stressestrain
behaviour showing a hardening regime, c, peak stress at d, softening in the regime e to f and steady state for
regime g. (b) Grain size evolutions for each of the stressestrain regimes. (c) Histograms of grain sizes in various
subareas of the specimen. FromHerwegh et al. (2014). (d)Map of feedback relations between energy dissipation arising
from deformation, the various mechanisms of grain size reduction and growth and the influence on stress.
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small volume is not modelled, rather the reported grain size ‘distributions’ are the sum of all
the average grain sizes in each element of the computational model.

Grain size distributions have been incorporated into models of grain size weakening by
Shimizu (2008) by Ricard and Bercovici (2009) and by Rozel et al. (2011) who assume log-
normal distributions and self-similarity, which have not yet been demonstrated for geological
materials undergoing dynamic recrystallisation although self-similarity with continued
straining is well documented in the data of Hughes and co-workers reported in Figure 13.13.

In summary, we believe that the present state of affairs with respect to grain sizee-
stress relations is quite unsatisfactory. The goal set by workers such as Twiss (1977) to
establish a piezometer whereby the recrystallised grain size is related to a stress level
has assumed, for the most part, steady state conditions with an emphasis on mean grain
size rather than grain size distributions. Simple models have been proposed involving
mainly a balance between grain size reduction processes associated with recrystallisation
and grain growth processes such as those arising from a reduction of interfacial or stored
strain energies. Although such a balance has to be broadly correct for a steady state to
arise, the theories have not involved transient states that lead up to steady state, have
not considered the evolution of these states governed by strain rather than stress, have
not considered grain size distributions, or, if they have, simple log-normal distributions

FIGURE 13.19 (Continued)
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have been imposed and have not considered widely recognised processes such as transla-
tion- versus rotation-dominated modes of deformation and grain growth modes involving
cellular dislocation motion. The theories that have been developed are essentially determin-
istic, whereas a stochastic approach is required that examines the evolution of the complete
grain size distribution.

A new approach could be to adopt a FokkerePlanck model that incorporates these mech-
anisms as competitive processes involving drift and diffusion terms. We need experimental
data that document the types of scaling relations illustrated in Figure 13.13. A map of how
some of these processes might be brought together is presented in Figure 13.19(d). We
emphasise that new experiments, which show whether a competitive environment actually
exists where grain growth processes operate simultaneously with grain reduction processes,
are required. The alternative approach, and the one we suggest is relevant to rocks, is a model
such as that proposed by Masumura et al. (1998) where HallePetch mechanisms compete
with diffusional mechanisms and the evolution of the grain size distribution is driven by
increasing strain.

13.4.2 Grain Growth and Dislocation Interaction as a ReactioneDiffusion
Process

In Chapter 9, we discuss the development of dislocation patterns, such as cell structures, in
terms of reactionediffusion equations where the generation and annihilation of two classes
of dislocations, mobile and relatively immobile dislocations, compete with the diffusion of
dislocation densities (Aifantis, 1986, 1987; Walgraef and Aifantis, 1985a,b,c). Hallberg and
Ristinmaa (2013) have extended this model to couple the reactionediffusion processes and
interaction to grain boundaries so that dislocations pile up at the boundaries. Thus the
WalgraefeAifantis equations (see Chapter 9) are written:

vrm
vt

¼ Dm
v2rm
vx2

�

k2rm þ k3

ffiffiffiffi
ri

p � k1
ri
rm

�
_ε
plastic
effective

vri
vt

¼ Di
v2ri
vx2

þ �
k2rm þ k3

ffiffiffiffi
ri

p � k4ri
�
_ε
plastic
effective

where Di and Dm are the diffusion coefficients for relatively immobile and mobile disloca-
tions, ri and rm are the respective dislocation densities, the k’s are constants and _ε

plastic
effective

is the effective plastic strain rate. Hallberg and Ristinmaa (2013) modify the
AifantiseWalgraef equations by proposing that the density of relatively immobile disloca-
tions depends on a term that varies within a grain exponentially with the distance, l, from
a grain boundary:

k3ðlÞ ¼ kmax
3 �

�
kmax
3 � kmin

3

�
ð1� expð � wlÞÞ

so that the parameter k3 varies from kmax
3 at a grain boundary to kmin

3 at a grain interior; w is a
parameter that lies in the range 5e15 in the models investigated. Hallberg and Ristinmaa
(2013) show that the HallePetch relation is replicated by this model but is an incidental
outcome of the model. If the grain boundary energy is assumed to be a function of the
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dislocation density and the mobility of a new grain boundary is a function of the misorien-
tation across the boundary, then microstructures typical of dynamic recrystallisation are pro-
duced as shown in Figure 13.20. The grain size reduction process as a function of strain, not
stress, is well illustrated by this model.

13.4.3 Compatibility of Deformation across Grain Boundaries

In Figure 13.21, we illustrate the types of grain deformation that develop if just one crys-
tallographic slip plane is present in each grain. The models are described in Zhang et al.
(1994a,b). The initial grain configuration with random orientations of the slip plane is shown
in Figure 13.21(a). Figure 13.21(b) and (c) shows the resulting grain configurations after a sim-
ple shearing deformation. If no grain sliding is allowed, then compatibility of deformation
across grain boundaries is achieved by inhomogeneous deformation within each grain. If
grain boundary sliding is allowed, then the deformation within individual grains is much
more homogeneous and gaps open between grains. Deformed metamorphic rocks lack gross
discontinuities in the grain structure as illustrated in Figure 13.21(c) and so some other mech-
anisms must operate in order to ensure deformation compatibility across grain boundaries.

In general, deformation in polycrystalline aggregates is inhomogeneous with commonly
large jumps in strain across grain boundaries as illustrated in Figure 13.22(b). The question
is: How is compatibility of deformation maintained whilst deformation is progressing? We have
seen in Chapter 9 that if F is the deformation gradient (Chapter 2) for a particular part of a
grain, then F can be expressed as a combination of elastic, Felastic, and plastic, Fplastic, deforma-
tion gradients:

F[ FelasticFplastic

Moreover, for single slip on a slip system, a, with slip direction, sa, and slip plane
normal, ma

Fplastic ¼ Iþ gasa5ma

Hence

F ¼ Felastic
�
Iþ gasa5ma

�

But, in the absence of long-range stress fields,

F ¼ RðIþ gasa5maÞ
Thus for compatibility in the absence of long-range stress fields,

Felastic ¼ R

Although F is compatible across an interface between grains, there is no need for Fplastic to
be compatible; any incompatibility can be accommodated by an elastic rotation.

Physically, incompatibility of the plastic deformation gradient is equivalent to an array of
dislocations and/or disclinations (Figure 13.23). It is convenient to introduce the Nye disloca-
tion density tensor, Aij (Nye, 1953), which is a way of quantifying, in a continuum manner, the
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FIGURE 13.20 Results of modelling dynamic recrystallisation using reactionediffusion equations. (a) Initial
grain structure, 150 grains with an average size of 45 mm. (b) Recrystallisation (grey) nucleating at sites of the
highest gradients in dislocation density, which are mostly at triple-junctions. (c) Relict grains (white) in a sea of
recrystallised grains (grey) at an effective plastic strain of 0.63. (d) The final recrystallised microstructure, 977 grains
with an average grain size of 16 mm at an effective plastic strain of 2. (e) Map of dislocation density corresponding to
the beginning of nucleation. Inset shows detail with the highest dislocation densities at triple-junctions. From
Hallberg and Ristinmaa (2013).
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FIGURE 13.21 Two different modes of deformation arising from single slip. (a) Undeformed configuration
showing orientations of a single slip plane within each grain. (b) Simple shearing with no grain boundary sliding.
(c) Simple shearing with grain boundary sliding. The black areas are open spaces. From Zhang et al. (1994a, b).
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dislocation distribution in a deformed crystal. If b is a Burgers vector and t is a unit vector
tangent to the dislocation line, L, then the Nye dislocation density tensor is

Aij ¼ 1

V

Z

L

bitjds

so that Aij is the integral along all the dislocation lines of the scalar product of the Burgers
vector and the tangent to the dislocation line at each point in the crystal (Arsenlis and Parks,
1999). The components of Aij can be established using high resolution EBSD (Pantleon,
2008; Hardin et al., 2011). One establishes the derivatives of the infinitesimal elastic defor-
mation gradient tensor, bij, which measures not only the local symmetric part of the lattice
strain but also local rotations of the lattice. Thus if u is the local (elastic) lattice
displacement,

bij ¼
vui

vxj

FIGURE 13.22 Experimental example of heterogeneity of deformation in a polycrystalline aluminium aggre-
gate. Colours represent accumulated von Mises strain (see Section 6.7.4) after 8% (a) and 15% (b) overall shortening.
From Roters et al. (2010). Strains are established by digital image correlation on the surface of the deforming
specimen.
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FIGURE 13.23 Mechanisms for achieving compatibility of deformation. (a) Homogeneous overlap compen-
sated by extra half planes in dislocation dipole arrays. (b) Wedge-shaped overlap compensated by extra half planes
in tilted dislocation arrays. After Ashby (1970). (c) A negative disclination in a hexagonal structure. (d) A positive
disclination in a hexagonal structure. In both (c) and (d), the distortion of the structure extends many unit cells from
the single disclination. (e) A positiveenegative disclination dipole in a hexagonal structure. The distortion of the
structure extends only about one unit cell from the dipole. (f) An array of disclination dipoles with spacing, d,
comprising a high angle tilt boundary. Such an array can be substituted for the dislocation array in (b). (c)e(f) are
models of disclinations in graphene. From Kim (2010).
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FIGURE 13.24 Proposed twin disclination dipoles configurations in quartz and olivine. (a) Quartz. The
boundary represents a high coincidence boundary in b-quartz and is a Breithaupt twin. The boundary is ð2111Þ and
the rotation across the boundary is 48.9�. Black circles are silicon atoms, open circles are oxygen atoms and double
circles are coincident oxygen atoms in the boundary. The þ and � signs indicate silicon atoms above and below the
plane of the diagram. Notice that the introduction of disclinations to form the boundary reverses the chirality of the
structure across the boundary. Blue and red outline positive and negative disclinations, respectively. There are two
dangling bonds in the negative disclination. The two disclinations together constitute a disclination dipole. Modified
from McLaren (1986). (b) Olivine. The twin boundary is (031) and the rotation across the boundary is 59� 16/. Red
and blue outline positive and negative disclinations, respectively. After Mikouchi et al. (1995). The twin is referred to
as a {031}-twin.
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and the Nye tensor is given by

A ¼ curlðbÞ
Ortiz and Repetto (1999) show that for two crystals undergoing single slip,

A
�
x
� ¼ �

ERTFFþ
��NdP

�
x
� ¼ �

ERTFF�
��NdP

�
x
�

which shows that the dislocation density tensor is related to the misorientation, ERTF, be-
tween the two grains. dP(x) is the Dirac-delta supported on the plane between the two grains,
P, so that dP(x) ¼ 0 everywhere except on P, where dP(x) ¼ 1 and F� are the deformation
gradients in the two grains.

Just as the Nye dislocation density tensor, A, is given by the curl of the elastic deformation
gradient tensor, b, the disclination density tensor, q, is given by the curl of the elastic curvature
tensor, k:

q ¼ curlðkÞ
qmay be established using high resolution EBSD (Taupin et al., 2013; Cordier et al., 2014 and
Chapter 9). Accommodation of deformation incompatibility by dislocation and disclination
arrays is illustrated in Figure 13.23. Disclination arrays of this type have been documented in
olivine by Cordier et al. (2014) and disclination dipoles such as the arrays illustrated in
Figure 13.24(a) and (b) may be common in deformed quartzites and peridotites.

13.5 CPO DEVELOPMENT

When polycrystalline aggregates are plastically deformed, preferred orientations of the
crystal structures that make up the individual minerals in the rock commonly develop. These
preferred orientations are known as crystallographic preferred orientations (CPO) in the geo-
science literature and as textures in the metals literature; some authors prefer the term lattice
preferred orientations. The pattern of CPO depends on the symmetry and details of the crystal
structures that make up the minerals in the rock (which control the slip systems potentially
available for deformation), the type of deformation history (uniaxial shortening, simple
shearing and so on), the degree of deformation, the temperature, the deformation rate and
the presence or absence of H2O in the system.

The mechanism of producing a CPO is generally attributed to systematic crystal lattice ro-
tations derived from plastic slip on crystallographic planes and we focus on such mecha-
nisms in this section. There is some evidence that CPO can develop in systems where
diffusion is the only deformation mechanism (Miyazaki et al., 2013) and we consider this
case briefly in Section 13.7. CPO is commonly measured using electron back scattered diffraction
(ESBD) techniques (Prior et al., 1999) where the complete crystallography of each grain is
measured together with a spatial map (Figure 13.1(d)) of the crystallographic orientation dis-
tribution. The results are expressed in the form of equal area projections of the orientations of
crystallographic directions relative to geographic coordinates or deformation fabric features
(Figure 13.25(a)). In the metals literature, stereographic projections are commonly used. In
the geological literature, equal area projections are commonly used, but are sometimes
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erroneously referred to as stereographic projections and just as commonly the distinction be-
tween stereographic and equal area projections is not made. These projections are also known
as pole figures. Also in common use are inverse pole figures, where the density of geographic or
deformation fabric directions is plotted relative to the crystallography (Figure 13.25(b)), and
orientation distribution functions (ODF) (Figure 13.25(d)), which express the volume density
of a particular part of the CPO in Euler space defined (Figure 13.25(c)) by the Euler anglesJ,
41 and 41 (Bunge, 1965; Roe, 1965; Bunge and Wenk, 1977; Kocks, 1998a,b). All pole figures
and inverse pole figures can be derived from the ODF. Software for constructing these
various forms of presentation and for converting from one to another can be found at
https://code.google.com/p/mtex/ (Mainprice et al., 2011; Bachmann et al., 2011).

Compatibility of deformation is the key to mechanisms that produce CPO (Kocks,
1998b). The simplest model that ensures deformation compatibility is to assume that every
grain in the aggregate experiences the same deformation. This is known as the Taylor
model, proposed by Taylor (1938). For the condition that every grain experiences the

FIGURE 13.25 Methods of representing crystallographic preferred orientation data. (a) Equal area projections
of enough crystallographic directions to uniquely specify the fabric. (b) Inverse pole figures corresponding to the
data in (a). The distributions of points G and L in (a) are plotted on the left and right diagrams relative to the quartz
crystallography. (c) Definition of Euler angles and a rectangular representation showing a single section through
Euler space in red. (d) A (42�V) section through an orientation distribution function at 41 ¼ 80�. All data are for a
quartzite. After Schmid and Casey (1986). See that paper for details.
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same general affine strain to be geometrically possible, every grain must have five inde-
pendent slip systems (Chapter 9) if the deformation mechanism is solely by crystal slip
(Groves and Kelly, 1963; Kelly and Groves, 1970; Paterson, 1969). This requirement is
replaced (Chapter 9) by a need for three non-coplanar Burgers vectors if dislocations
can both slip and climb although a number of other possibilities exist if climb contributes
to the deformation (Groves and Kelly, 1969). In principle, the requirement for five inde-
pendent slip systems is satisfied for quartz (Paterson, 1969) but not for olivine (Cordier
et al., 2014). The Taylor model fulfils the requirement for deformation compatibility
throughout the aggregate but does not lead to stress equilibrium at grain boundaries since
the stress required to activate five independent slip systems in each grain differs from one
grain to the next. However these stresses, so long as they are small compared to the yield

FIGURE 13.25 (Continued)
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stress, are accommodated by elastic deformations. The Taylor model is one end member in
a family of models for polycrystalline deformation and we explore some of these below.
At best the Taylor model is a good approximation to what happens in real aggregates
of grains with five independent slip systems.

However, grain deformation is commonly observed to be inhomogeneous (Figures 13.21
and 13.22) not only from grain to grain but within individual grains as well. The challenge
is to develop realistic models that maintain deformation compatibility but also allow for
the lack of five independent slip systems in some cases and/or for inhomogeneous deforma-
tion to be taken into account. One way of doing so (Figure 13.23) is to allow geometrical
necessary dislocations to account for incompatibility (Ashby, 1970). Another way is to intro-
duce disclinations (Cordier et al., 2014).

13.5.1 TayloreBishopeHill

Two geometrically equivalent models for CPO development with the constraint of ho-
mogeneous strain throughout the aggregate were developed by Taylor (1938) and
Bishop and Hill (1951a,b). The basic assumption is that plastic deformation is achieved
solely by slip on crystallographic defined slip systems, a, comprised of slip planes with
normals, m(a), and slip directions, s(a). As an example, the values of the direction co-
sines defining some of the slip systems for a-quartz are given in Table 13.1. The defor-
mation preserves the gross crystal lattice although dislocations are introduced into the
crystal structure.

If sij is the stress within a grain, then the resolved shear stress on the slip plane in the
direction of slip is (Kelly and Groves, 1970; also Chapter 9).

sðaÞ ¼ sijs
ðaÞ
i m

ðaÞ
j (13.22)

An additional assumption is that Schmid’s law holds for each slip system so that slip is initi-
ated once some critical resolved shear stress is exceeded for that system. In the strict
TayloreBishopeHill model, elastic strains are neglected and the deformation processes are
assumed to be rate insensitive.

Taylor (1938) proposed a principle of minimum work which states that of all the possible com-
binations of slip systems available to produce a given imposed increment of strain, only those that pro-
duce the minimum work operate. As we have discussed in Chapter 5, this is in fact equivalent to
a principle of maximum entropy production enunciated by Ziegler (1963). If we assume that the
critical resolved shear stress is the same for all systems (true perhaps for some metals but not
for silicates), Taylor’s principle translates in practice into: of the possible combinations of slip sys-
tems available to produce a given imposed incremental strain, only that combination for which the sum
of the shears is a minimum actually operates.

Bishop and Hill (1951a,b) introduced a maximum work principle which states that of all the
stress states that are possible within a grain subjected to a given imposed incremental strain and that
can activate five independent slip systems, that stress state is selected that maximises the work done.

Hence the BishopeHill approach becomes a linear optimisation problem: maximise the
work done during a prescribed increment of strain subject to the constraint that five independent
slip systems with given critical resolved shear stresses must operate. This is a linear programming
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TABLE 13.1 Some of the Slip Systems Proposed for a-Quartz. Direction Cosines of the Directions of Slip, s,
and the Normal to Slip Planes, m, for Structurally Right-handed Quartz for Slip Planes (0001),
f1010g and Slip Directions,hai; hci and hcDai. The Coordinate System Used is Left-handed
with x1 Parallel to a1, x2 Normal to a1 but in (0001) and x3 Parallel to c

Slip System
Number Slip system s1 s2 s3 m1 m2 m3

Basal slip

1 (0001)þa1 0 0 1 1 0 0

2 (0001)þa2 0 0 1 �1
2 �

ffiffi
3

p
2 0

3 (0001)þa3 0 0 1 �1
2

ffiffi
3

p
2 0

1 (0001)�a1 0 0 1 �1 0 0

2 (0001)�a2 0 0 1 1
2

ffiffi
3

p
2 0

3 (0001)�a3 0 0 1 1
2 �

ffiffi
3

p
2 0

Prismatic slip

4 ð0110Þ þ a1 0 �1 0 1 0 0

5 ð0110Þ þ c 0 �1 0 0 0 1

6 ð0110Þ½cþ a1	 0 �1 0 0.6726 0 0.74

7 ð0110Þ½c� a1	 0 �1 0 �0.6726 0 0.74

4 ð0110Þ � a1 0 �1 0 �1 0 0

5 ð0110Þ � c 0 �1 0 0 0 �1

6 ð0110Þ½�c� a1	 0 �1 0 �0.6726 0 �0.74

7 ð0110Þ½�cþ a1	 0 �1 0 0.6726 0 �0.74

8 ð1010Þ þ a2
ffiffi
3

p
2 �1

2 0 �1
2 �

ffiffi
3

p
2 0

9 ð1010Þ þ c
ffiffi
3

p
2 �1

2 0 0 0 1

10 ð1010Þ½cþ a2	
ffiffi
3

p
2 �1

2 0 �0.3363 �0.5825 0.74

11 ð1010Þ½c� a2	
ffiffi
3

p
2 �1

2 0 0.3363 0.5825 0.74

8 ð1010Þ � a2
ffiffi
3

p
2 �1

2 0 1
2

ffiffi
3

p
2 0

9 ð1010Þ � c
ffiffi
3

p
2 �1

2 0 0 0 �1

10 ð1010Þ½�c� a2	
ffiffi
3

p
2 �1

2 0 0.3363 0.5825 �0.74

11 ð1010Þ½�cþ a2	
ffiffi
3

p
2 �1

2 0 �0.3363 �0.5825 �0.74

12 ð1100Þ þ a3
ffiffi
3

p
2

1
2 0 �1

2

ffiffi
3

p
2 0

13 ð1100Þ þ c
ffiffi
3

p
2

1
2 0 0 0 1

14 ð1100Þ½cþ a3	
ffiffi
3

p
2

1
2 0 �0.3363 0.5825 0.74

15 ð1100Þ½c� a3	
ffiffi
3

p
2

1
2 0 0.3363 �0.5825 0.74

12 ð1100Þ � a3
ffiffi
3

p
2

1
2 0 1

2 �
ffiffi
3

p
2 0

13 ð1100Þ � c
ffiffi
3

p
2

1
2 0 0 0 �1

14 ð1100Þ½�c� a3	
ffiffi
3

p
2

1
2 0 0.3363 �0.5825 �0.74

15 ð1100Þ½�cþ a3	
ffiffi
3

p
2

1
2 0 �0.3363 0.5825 �0.74

After Hobbs (1985).



problem and can be solved using standard software (http://www.wolfram.com/
learningcenter/tutorialcollection/ConstrainedOptimization/ConstrainedOptimization.
pdf). The Taylor problem, in linear programming parlance, is the dual of the BishopeHill
problem.

The steps in calculating CPO development in the BishopeHill approach are (see Kocks,
1998b, for more details):

• Define the yield surface in six dimensional stress space. The faces on this surface are
given by

sðaÞcritical ¼ sijs
ðaÞ
i m

ðaÞ
j (13.23)

Cross sections through such a surface for quartz in two dimensions are shown in
Figure 13.26 assuming that scritical is the same for all slip systems. If this is not the case,
then the cross sections in Figure 13.26 shrink in some directions and expand in others.
Some slip systems may not operate.
• Superimpose incremental strain space upon stress space (Figure 13.26(b)).
• The incremental work done, dW, in an increment of strain, dεij, is given by

dW ¼ sijdεij; this represents a plane in stress space, the work plane, distant dW from
the origin. In order to satisfy the BishopeHill postulate, we need to find the
maximum distance of the work plane from the origin of stress space such that the
work plane touches the yield surface (Figure 13.26(b)). This in general will be at a
vertex of the yield surface. Just as in two dimensions a vertex of a polygon is where
two edges meet, the vertex of a polygon in six dimensional space is where six
surfaces meet. Thus maximising the incremental work automatically satisfies the
requirement for five independent slip systems to operate. As indicated above, the
process of establishing the maximum work can be carried out using a standard
linear programming package.

• Since the strain produced by the operation of the slip systems is given by

εij ¼
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and we now know the ma and sa from the linear programming exercise, since εij is
prescribed, we have five simultaneous equations for the five unknowns ga. Hence the
shears on each slip system needed to achieve the imposed increment of strain can be
calculated.

• The strain increment that corresponds to the maximum work is now known and now that
the active slip systems have been identified, along with the shears necessary to achieve
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FIGURE 13.26 The yield surface for quartz. (a) Cross sections through the yield surface for quartz, assuming
rate insensitive plasticity and that the critical resolved shear stresses for all slip systems are equal. The slip systems
refer to the slip system numbers in Table 13.1. From Hobbs (1985). (b) The BishopeHill criterion for determining slip
systems and stress state. The increment of work done in an increment of strain is dWand is represented by a plane
in stress space distant dW from the origin. When this plane touches the yield surface, the slip systems corre-
sponding to the point of contact can be activated and the stress state is identified. At that point, the work done is
maximised for that strain increment.
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that strain increment, the rotation associated with slip on those systems can be
established from:

uij ¼

2
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(13.24)

• If the imposed deformation is prescribed (see Chapter 2) as x1 ¼ a11X1þa12X2þa13X3,
x2 ¼ a21X1þa22X2þa23X3, x3 ¼ a31X1þa32X2þa33X3, then there is an imposed rotation
associated with this deformation given by

Uij ¼

2
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The rotation of the lattice relative to the coordinate frame used to define the deformation is
(Uij�uij), where uij is given by (13.24).
• We will have noticed that in general the choice of five independent slip systems at

the active vertex of the yield surface has to be made from six possibilities and hence
the rotation is not uniquely determined by the maximisation process. This ambiguity
is always present for perfect rate-insensitive plasticity and one common practice
is to make a random selection of five systems out of the six available. Another
(realistic) solution is to introduce some rate sensitivity into the plasticity. This rounds
the vertices (Section 6.7.4) and so eliminates the ambiguity (Kocks, 1998b; his
Figure 15).

• The process is then repeated for another increment of deformation and the evolution of
the CPO is incrementally mapped out. Since the evolution of the CPO depends
critically on the relation of one increment of imposed deformation to the next
increment, the resulting pattern is sensitive to the kinematics of the deformation and
not the orientation of the final strain ellipsoid. Thus a simple shearing deformation
history will result in a different pattern of CPO than a pure shearing deformation
history even though the strain ellipsoids that result from these two different histories
are identical.

In order to understand the basic principles involved in the production of CPO by crystal
lattice rotations arising from slip, consider the two dimensional situation depicted in
Figure 13.27(a) where a single grain with one slip system, a, is shown. The arguments
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presented in Section 9.4 show that for an isochoric deformation, this single slip system is not
sufficient to produce a general two dimensional homogeneous deformation.

Also shown is the crystal lattice defined by an array of circles. We impose a deformation
given by

x1 ¼ a11X1 þ a12X2

x2 ¼ a21X1 þ a22X2

The rotation associated with this deformation is

Uij ¼
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3
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FIGURE 13.27 The principles behind the development of a CPO by crystal slip. (a) The initial crystal
lattice within a square grain. The single potential slip plane is shown by the red line. (b) The imposed
deformation; the black square is to become the black parallelogram (both in shape and orientation) by
operation of the single slip plane. (c) The simple shearing operation parallel to the red line (A/A/; B/B/)
that produces the required deformation but the orientation of the resulting parallelogram is wrong. (d) The
crystal lattice corresponding to the deformation in (c). Although the lattice has experienced slip during simple
shearing, it remains the same crystal lattice. (d) In order to arrive at the imposed deformation in the required
orientation, the crystal lattice needs to be rotated through an angle, 4. This rotates the slip plane towards the
shearing plane of the imposed deformation.
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For the parameters a11 ¼ 1.28, a12 ¼ �0.12, a21 ¼ 0, a22 ¼ 0.78, the grain in Figure 13.27(a)
becomes the parallelogram as shown in Figure 13.27(c). We also see from Section 9.4 that the
strain that can be produced from the single slip system, a, is given by

εij ¼
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The rotation that can be produced from the action of the slip system a is given by

uij ¼
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The rotations involved are illustrated in Figures 13.27 and 13.28.

13.5.2 Relaxed Constraints

If grains become flat or spindle shaped during deformation it is possible, as an approxima-
tion, to neglect some of the components of the imposed strain (Kocks and Canova, 1981).
Thus if the grains become pancake shaped, then the two shear strain components oriented
normal to the plane of the pancake can be neglected (Figure 13.29(b)). This means the number
of strain components for an isochoric deformation is reduced from five in the general case to
three and hence only three independent slip systems are needed throughout much of the
grain (Figure 13.29(a)). For a spindle shaped grain Kocks and Canova (1981) argue that
only one strain component can be neglected, namely the shear stress on the plane normal
to the extension direction. Hence for an isochoric axial extension deformation, four indepen-
dent slip systems are required. Kocks (1998b) points out that for a flattening deformation of
an aggregate of initially equiaxed grains, the number of independent slip systems decreases
from five at low strains to three at high strains. Thus the mechanisms of producing the CPO
and hence the CPOmay change during the deformation history. Figure 13.29(c) compares the
CPOs that result from deformation of a quartzite for the strict TayloreBishopeHill model
and for a relaxed constraint model (Ord, 1988).

13.5.3 Self-Consistent Theories

The models discussed above are based on the Taylor constraint that all grains in the
deforming aggregate undergo the same strain. Clearly this is not true so that the Taylor
model is one bound on what actually happens in natural aggregates. Another way of calcu-
lating CPO development is based on what are referred to as mean field or self-consistent
approaches (Molinari et al., 1987; Tome and Canova, 1998). These methods recognise that
the stress and strain fields within a deforming polycrystal will be inhomogeneous and
they consider the deformation of each grain, or of a local group of grains, in isolation and as-
sume that the behaviour of this subset of the system is influenced by the average behaviour of
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FIGURE 13.28 The example of Figure 13.27 but with a different slip system. (a) The initial lattice with slip plane
marked in red. (b) The imposed deformation is represented by the upper parallelogram in (b) but cannot be ach-
ieved with the new slip system. With the same amount of simple shearing as in Figure 13.27 and in the same sense,
the deformation is as indicated. (c) The deformation achieved by the simple shear indicated. (d) The lattice in the
unconstrained state. (e) The lattice in a constrained state. The angle of rotation, 4, is larger than in Figure 13.27(d). (f)
The results of Figures 13.27 and this figure compared. The rotated lattices are close to parallel with a misfit of q but
the deformation in each grain is entirely different and hence large incompatibility exists. This incompatibility is
eliminated if two independent slip systems are available or if a disclination array in the grain boundary is
introduced.
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the surrounding medium. The surrounding medium is treated as though it is homogeneous
and is commonly called the homogeneous equivalent medium (HEM). If single grains are treated,
the methods are relevant to monophase polycrystals; if aggregates of grains form the subset,
then polyphase materials can be treated.

The subunit is embedded in the HEM and the mechanical interaction between the subunit
and the HEM is treated as though the subunit is an Eshelby inclusion (Eshelby, 1957). This
means that the stressestrain field within the subunit is homogeneous and so the activation
of slip (or twinning) systems can be calculated along with rotations arising from slip (or twin-
ning). Deformation compatibility is ensured throughout the polycrystal since the velocity
fields are continuous. The essential assumption is that the material behaviour is linear as

FIGURE 13.29 Relaxed constraints model. (a) Flat grains with the number of slip systems operating in each part
of a grain.Modified from Kocks and Canova (1981). (b) A flat grain with the strain components that are neglected in the
relaxed constraint model. (c) Comparison of the strict BishopeHill (left) and relaxed constraint model (right) for a
quartzite (Model 4 of Lister and Hobbs, 1980) deformed in pure shearing. The BishopeHill result is from Lister and
Hobbs (1980). The relaxed constraint result is from Ord (1988). Equal area projections.
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is the case with ideal elasticity or Newtonian viscous materials. Errors arise for nonlinear
materials but as long as this is appreciated, some corrections can be made (Canova, 1994).
Some calculations for CPO development in quartzites are given in Figure 13.30(b) for simple
shearing deformations and comparedwith results from the Taylor model. A number of defor-
mation modes are explored and for details see Wenk et al. (1989). In particular, the effect of
introducing visco-plasticity rather than assuming rate-independent plasticity is presented by
changing the value of the stress exponent, N, in the power law constitutive relation. Here
N ¼ 99 or 31 corresponds to plasticity with low rate sensitivity, whereas N ¼ 3 corresponds
to high rate sensitivity. Examples of the use of self-consistent methods for calculating CPO
development in other minerals are given in Wenk (1999), Wenk and van Houtte (2004) and
for olivine by Tommasi et al. (2000).

The calculations shown in Figure 13.30 are important because they provide one of the few
ways of checking on the extrapolation of the stress exponents, N, established by experimental
methods to geological strain rates. In Chapter 9, we discuss the calculations of Cordier et al.
(2014) that indicate experimental values of N, established at laboratory accessible strain rates
may be too low when extrapolated to geological strain rates where deformation may become
rate insensitive, implying large values of N. In Chapter 6, we indicate that the yield surface
for large values of N becomes quite angular when compared to the corresponding yield sur-
face for low values of N, and the calculations of Wenk et al. (1989) show the influence of such
changes of N on the CPO for quartz. The self-consistent and Taylor models can give quite
different CPOs for large values of N and so it is important to explore these results in greater
detail to see if a test for the Cordier calculations can be developed.

13.5.4 Single Slip Theories; The Role of Disclinations

Although five independent slip systems are required (the von Mises condition) for a general
homogeneous strain of equiaxed grains in order to preserve compatibility of deformation
throughout the aggregate, we have seen that these strict conditions can be relaxed if the grain
shape becomes flat or spindle shaped (the relaxed constraint conditions) or if one is prepared
to accept some degree of inhomogeneous deformation as in the self-consistent approaches.
However there are simple situations where the strict requirement for five independent slip
systems is relaxed simply because the imposed deformation is such that five independent
systems are not required to be compatible with that particular deformation. Thus for a gen-
eral plane isochoric strain, the number of independent strain components is reduced to two
(Hobbs, 1985). Such deformations clearly include simple shearing but also include plane de-
formations involving shearing on a single plane and shortening normal to that plane. In
quartz, slip on the basal plane in the direction of a combination of two a-axes constitutes
two independent slip systems (Paterson, 1969; Lister et al., 1978) so that some plane deforma-
tions can be achieved with large contribution only from basal a slip. Similarly slip on the first-
order prisms in combinations of a and c slips constitutes four independent slip systems
(Paterson, 1969) so many plane deformations can be achieved solely with prism slip.

These conditions for quartz can be seen from the sections through the yield surface for
quartz shown in Figure 13.26. If the specimen axes are taken to be parallel to the x1, x2 and
x3 axes used to define the stress field, then for simple shearing on the x2 � x3 plane in the di-
rection of x2, and for the situation where all slip systems slip with equal ease, the slip systems
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FIGURE 13.30 The self-consistent model for CPO development. (a) The Taylor model. (b) The self-consistent
model. (c) Comparison of results from the Taylor and self-consistent models for a simple shearing deformation
history of a quartzite. N is the assumed power law stress exponent and three models, a, b, g, are presented. H
stands for simulations with microstructural hardening. Equal area projections. From Wenk et al. (1989). See that
paper for details.
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necessary to produce the deformation can be ð0110Þ½�c	, ð0110Þ½�c� a1	 and ð0110Þ½�cþ a1	
or (0001)[�a2], (0001)[�a3] and ð0110Þ½�c	. In the latter case, almost all of the deformation can
be achieved by basal <a> slip; the prism[�c] slip is necessary for local deformation
compatibility.

An experimental example of CPO development in a deformation that approximates sim-
ple shearing is shown in Figure 13.31 from Heilbronner and Tullis (2006). The postulated
dominant slip mechanism is shown for each shear strain. The slip system combinations
progress from ones where basal hai and rhomb hai slip systems are present at low shear
strains to combinations dominated by rhomb hai slip to patterns dominated by prism
hai slip at high shear strains. The grain size decreases progressively as the shear strain
increases, but grain size for a given shear strain is also controlled by crystallographic
orientation. The rate of change of grain size with strain is rapid at first but becomes
more or less independent of strain at high shear strains. These trends resemble those
observed in metals (Figure 13.11).

An additional means of accommodating strain incompatibility in situations where five in-
dependent slip systems are not available is to introduce disclinations into the grain bound-
aries. Arrays of disclination dipoles in olivine grain boundaries have been documented by
Cordier et al. (2014) and some aspects of disclination arrays are illustrated in Figures 13.23

FIGURE 13.31 Microstructure developed in deformed Black Hills quartzite. See Heilbronner and Tullis (2006) for
details. Deformation involves shearing parallel to the lower boundaries of each frame with some shortening
vertically. Shear strain is marked as g on each frame. Crystallographic preferred orientation is indicated in top right
frame. Postulated dominant slip system is indicated in the right-hand inset together with estimated grain size
distributions for each shear strain. From Heilbronner and Tullis (2006).
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and 13.24. Disclinations are considered in Chapter 9. We consider these situations under the
topic of rotation recrystallisation in Section 13.6.

13.6 MECHANISMS OF DYNAMIC RECRYSTALLISATION

Dynamic recrystallisation in minerals has been examined by a large number of authors
and for discussions and reviews, one should consult Drury et al. (1985), Hirth and Tullis
(1992), Drury and Urai (1990), Stipp et al. (2002a) and Drury and Pennock (2007). Three
main mechanisms have been recognised although they may be expressions of the same pro-
cess operating at different scales. One involves classical nucleation and growth where a
‘strain free’ grain nucleates in a strongly deformed matrix and subsequent growth is driven
by the stored energy of deformation in the matrix (see Section 13.4.2). A second involves bulge
nucleation (Figure 9.22) whereby a part of an existing grain boundary (which may have been
pinned by small particles of another phase such as mica) in a deforming aggregate begins to
bulge into an adjacent grain driven again by the difference in energy across the interface
(see Figure 13.10(d)). A third mechanism, and the one we will concentrate on here, is called
rotation recrystallisation (Figures 13.10(b) and (c)).

13.6.1 Rotation Recrystallisation

Rotation recrystallisation is a process whereby subgrains form in a deforming host grain and
progressively change orientation by rotation whilst maintaining deformation compatibility
with adjacent subgrains or the host. The concept, rotation recrystallisation, was christened
by Poirier and Nicolas (1975) although experimental observations (Figures 13.11(b) and (c))
on the process were reported earlier by Hobbs (1968). In metals, rotation of subgrains to
form highly misoriented boundaries is widely recognised in strongly deformed materials,
but the process is not usually referred to as a recrystallisation process but rather as a defor-
mation process (see for example, Hughes et al., 2003). The process seems to be very wide-
spread in deformed rocks and metals and is important because it is evidently a process
whereby a slip system can become aligned in many spatially associated grains so that the
aggregate develops domains characterised by the activity of one slip system. An example
is presented in Figure 13.31(g) and the process is illustrated in Figure 13.33(e)e(h). The com-
mon view of this process is that subgrains form by dislocation arrays localising in subgrain
walls and as the deformation proceeds, the tilt across the subgrain walls increases until
finally the misorientation is large enough that the former subgrain is recognised as a ‘new
grain’. Although such a view is undoubtedly correct in a broad sense, it lacks any insight
into why or how the subgrain walls form in the first place, the manner in which misorienta-
tion progressively increases, controls on the subgrain/grain size and orientation distribu-
tions, why and how domains characterised by different slip systems develop and the
formalism that would allow CPO development to be modelled.

In order to place the role of subgrain rotation into a broader context, we need to revisit
some of the discussions in Chapters 8 and 9. At each point in a deforming body, the defor-
mation is represented by the deformation gradient tensor, F, which for a general deformation
with volume change has nine independent components (Chapter 2). Hence nine independent
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types of deformation need to exist to accommodate a general imposed non-isochoric defor-
mation at that point. This can be achieved in a number of ways. The simplest way, for the
plastic deformation of a crystal, is by a combination of the operation of

• Five independent slip modes involving the motion of edge and/or screw dislocations,
• Three independent rotation modes involving the formation of walls of wedge and/or twist

disclination dipoles,
• One volume change mode involving the formation of vacancies or climb mechanisms;

these constitute dilclinations (see Chapter 8).

Other combinations are possible: Although a dilclination cannot contribute to a rotation, it
can contribute to an extension or shortening strain if the dilclinations are arranged in some
form of spatial pattern. Thus dislocation climb can reduce the number of independent slip sys-
tems needed for a general deformation (Groves and Kelly, 1969). Also the sideways migration
of a wall of disclination dipoles can contribute a shear strain (Cordier et al., 2014). From this
point of view, grain/subgrain boundarymigration acts as a powerful deformationmechanism.
Thus the three independent shear strains needed for a general deformation can be achieved by
a combination of slip systems andgrain/subgrain boundarymigration. The three independent
normal strains can be achieved by a combination of dislocation and dilclination motions.

For an isochoric plane deformation, F has three independent components that can be
expressed as two shearing deformations and one rotation mechanism. Thus a grain can
accommodate an imposed isochoric plane deformation with the operation of two indepen-
dent dislocation mechanisms and one disclination mechanism.

As an imposed deformation progresses, the deformation can initially be accommodated by
dislocation motion. This commonly involves the formation of subgrain boundaries as
described by the reactionediffusion mechanisms (Chapter 9) of Walgraef and Aifantis
(Aifantis, 1986, 1987; Walgraef and Aifantis, 1985a,b,c). The operation of five independent
dislocation systems together with three independent rotations generated by low dislocation
density tilt walls is enough to accommodate the imposed deformation. Some climb or the for-
mation of vacancy arrays may be necessary if a volume change exists.

As the dislocation density within subgrain walls increases and dislocation cores begin
to overlap, the system switches to disclination-dominated subgrain walls, which is
expressed as large misorientations between adjacent subgrains. At this stage, the migra-
tion of subgrain walls is a powerful deformation mechanism and the formation of smaller
and smaller subgrains as the deformation progresses becomes an efficient deformation
process. This reduction in subgrain size is a direct consequence of coupled grain bound-
ary migration processes (see Section 9.5.2).

In the past 20 years, a number of apparently unrelated approaches to the subject of rotation
recrystallisation have been converging and a unified view of the mechanics of the process is
emerging. The final word has not yet been said. We present an overview of progress in this
regard in the hope that it may guide and encourage further detailed studies of this important
process in deformed rocks.

The various strands of the approach derive first from the work of Ortiz and Repetto
(1999) and Ortiz et al. (2000) on the development of subgrain structures as a process
that enables compatibility with an imposed deformation to be achieved without the ne-
cessity for five independent slip systems at every point in the crystal and at the same
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time minimises the Helmholtz energy of the system. The second strand derives from the
work of many people, summarised by Romanov et al. (2009), indicating that disclinations
are important in the high strain deformation of many materials. As we have seen, just as
a dislocation is a linear lattice defect that marks the boundary between a slipped region
and an unslipped region in a crystal slip plane, a disclination is a linear lattice defect
that marks the boundary between rotated and unrotated parts of a crystal lattice. Hence
disclinations become important when one seeks mechanisms for lattice rotation. The
third strand extends the work of Walgraef and Aifantis (Aifantis, 1986, 1987; Walgraef
and Aifantis, 1985a,b,c) on the stability of populations of mobile and immobile disloca-
tions and considers the deforming system as comprised of populations of mobile and
relatively immobile dislocations together with populations of mobile and relatively
immobile disclinations (Romanov and Aifantis, 1993; Seefeldt, 1998, 2001; Seefeldt
et al., 2001a,b; Seefeldt and Aifantis, 2002; Seefeldt and Klimanek, 1998). The system is
then analysed as though it is a nonlinear chemical system and conditions established
for dominance and stability of one population or the other or as a reactionediffusion sys-
tem where patterning of dislocations and of disclinations can emerge. Another strand
arises from the observation that coupled grain boundary migration must, in general,
lead to subgrain or grain rotation (Cahn and Taylor, 2004). Thus as a subgrain shrinks
in size, it must rotate in order to maintain continuity (see Chapter 9). Finally these
diverse strands are brought together in comprehensive nonlinear models by Clayton
et al. (2006) and Clayton (2011) and extended by Fressengeas et al. (2011). We summarise
aspects of this work below.

Ortiz and Repetto (1999) and Ortiz et al. (2000) build on the framework established for
the deformation of materials with nonlinear elastic constitutive behaviour which has
been widely developed particularly for martensitic transformations (Bhattacharya, 2003).
The nonlinear elastic theory (Ball, 1977, 2004; Ball and James, 1987) leads to a non-convex
Helmholtz energy (Chapter 7) and in order to minimise this energy function, a sequence of
substructures form, which have a fractal, branching geometry (see Figures 7.10, 7.20 and
7.21). Ortiz and co-workers extend this framework to include elasticeplastic materials
where the nonlinear behaviour is introduced either as a geometrical softening arising
from single slip and/or a constitutive softening arising from dislocation interactions (Ortiz
and Repetto, 1999). They point out that substructure refinement is necessary in order for an
array of deformation domains to constitute a deformation that is compatible with the
imposed bulk deformation. In general, an imposed deformation gradient has nine indepen-
dent components (Chapter 3), or eight if the deformation is isochoric, and hence eight or
nine deformation domains need to form to accommodate the imposed deformation. If the
deformation is an isochoric plane straining, then three levels of deformation domains are
required for compatibility, involving the operation of two independent slip systems. These
domains develop in a hierarchical, branching fashion (Figure 13.32(d)). This compatibility
requirement is the geometrical basis for subgrain formation. For any imposed deformation,
any finite array of deformation domains cannot completely match an imposed deformation
(see Figure 13.33(d)) and so a fractal array of subgrains develops (see Figure 6 of Ball and
James, 1987). Ortiz et al. (2000) proceed to show that deformation by subgrain development
requires less work than if subgrains do not develop (Figure 13.32(f)). They show that a
HallePetch effect can be derived from these processes (Figure 13.32(g)).
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FIGURE 13.32 The formation of subgrains that minimises the stored energy of deformation expressed as a
deformation compatibility problem. (a) A non-convex Helmholtz energy function. If the imposed deformation
gradient is F, then the energy function can be minimised by combinations of domains where the deformation
gradients are FL and FD. (b) A bulk simple shearing deformation, F, where the deformation is divided into two
domains with deformation gradients FL and FD. (c) The stressestrain curve for the corresponding energy function
in (a); sM is the Maxwell stress (see Section 7.7). (d) A branching hierarchy proposed by Ortiz and Repetto (1999) to
describe the evolutionary development of subgrain structure. (e) A configuration of subgrains corresponding to the
hierarchy in (d). (f) Stressestrain curves calculated by Ortiz et al. (2000) for a plane strain deformation of a single
crystal of FCC material. If subgrains form, the material is weaker than without subgrains. Insets are shown the
hierarchical development of subgrains. Each colour represents a different combination of slip systems within a
subgrain. (g) Calculated stressestrain curves for different sizes of subgrains.
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FIGURE 13.32 (Continued)
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FIGURE 13.32 (Continued)
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FIGURE 13.33 Subgrain formation and rotation. (a) Subgrain (cell) array showing geometry of incidental
dislocation boundaries and geometrically necessary boundaries. (b) The role of disclinations. From Clayton et al.

(2006). (c) Three dimensional sketch of the relations between incidental dislocation boundaries and geometrically
necessary boundaries. ND, TD and RD stand respectively for the normal, transverse and rolling directions for the
deformation. DINB and DGNB are the spacings of incidental dislocation and geometrically necessary boundaries.
From Hughes and Hansen (2000). (d) Phase diagram. A plot of total disclination density against total dislocation
density as controlled by the evolution equations, (13.25). Three deformation regimes are delineated: one with only
dislocations, one dominated by dislocation motion and another dominated by disclination motion but with coop-
erative dislocation motion. (e) Initial array of grains with dominant slip system marked in white in each grain.
Disclinations induce rotation under simple shearing as shown. (f) Rotation of dominant slip system into near
parallelism. Initial connecting grain boundaries become subgrain boundaries. (g) Subgrain boundaries vanish; a
group of grains becomes a ribbon of similar orientation throughout. (h) Shearing of ribbon by cooperative grain
boundary sliding mechanism. Rotation of aggregate so that ribbons approach the eigenvector of the simple shearing
deformation. Inspired by Meyers et al. (2006).
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FIGURE 13.33 (Continued)
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Most importantly, the arguments of Ortiz provide insight into why subgrain size depends
on strain. Ortiz and Repetto (1999) express the total energy of a deforming crystal, Etotal, as the
sum of the surface energies of the crystal and the subgrains:

Total surface energy

Etotal ¼
Surface energy of subgrains

C1mg
2L2l þ

Surface energy of grain

C2mjbjg L3

l

;

where C1 and C2 are constants, m is the shear modulus, g is the shear strain, jbj is the magni-
tude of the Burgers vector, L is the grain size and l is the subgrain size. If we minimise Etotal

with respect to l, we obtain

l ¼ C3

ffiffiffiffiffiffiffiffi
jbjL
g

s

FIGURE 13.33 (Continued)
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where C3 ¼ (C2/C1)
1/2. Thus the subgrain size decreases with the square root of the shear

strain as discussed in Section 13.4. Further work in this regard is in Ortiz et al. (2000).
Although the work of Ortiz and Repetto (1999) and Ortiz et al. (2000) provides a founda-

tion for the formation of subgrains based on the necessity for deformation compatibility and
as a means of minimising the stored energy of the system, their treatment does not define the
geometry of the spatial arrays of subgrains that may develop for a given deformation of a
specific material. In order to do this, more detailed models of the kinetics of subgrain forma-
tion and evolution are required.

Such models are based on the experimental work of a number of workers (Bay et al., 1992;
Driver et al., 1994; Hughes and Hansen, 2000; Hughes, 2001; Hughes et al., 1997, 1998, 2003)
from which the model for strongly deformed materials shown in Figure 13.33(a) and (b) is
developed by Seefeldt and Klimanek (1998) and Clayton et al. (2006). As indicated in Section
13.4, two classes of subgrain boundaries are recognised. One (Figure 13.33(a)) comprises of
low angle boundaries between subgrains (or cells) where the misorientation between sub-
grains is typically less than 10�. These boundaries are made up of dislocation arrays and
form at relatively low strains. Such boundaries are called IDBs. The cells are arranged into
cell blocks (Figure 13.33(a)) that are commonly elongate. The boundaries of the cell blocks
are GNBs that separate regions of completely different orientations. They are comprised of
sessile disclination dipoles (Figure 13.33(b)) and form at large deformations.

Why do IDBs and GNBs develop and what controls their patterning? This question is answered
in part by the work of Seefeldt and Aifantis. Seefeldt and Klimanek (1997) propose that the
deformation of a material can be expressed in terms of competition between populations of
mobile dislocations, relatively immobile dislocations, glissile disclinations and sessile discli-
nations with instantaneous densities (in units of m�2) of rmobile, rimmobile, qglissile, qsessile, respec-
tively. The following evolutionary equations are derived to express the kinetics of
competition between the production and destruction of the populations:

vrmobile

nvt
¼ Bþ Crmobile �Dr2mobile � A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rimmobile

p
rmobile � A0rimmobilermobile

�E1rimmobilermobileqglissile � F1rmobileqglissile � J1rmobile

vrimmobile

nvt
¼ A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rimmobile

p
rmobileA

0rimmobilermobile

vqmobile

nvt
¼ E2rimmobilermobileqglissile þ F2rmobileqglissile þ J2rmobile �Hqglissileqsessile

vqimmobile

nvt
¼ Hqglissileqsessile (13.25)

where n is the mean dislocation velocity and the terms involving the constants A, B, C,D, E, F,
H, J represent multiplication, annihilation and interactions between the various populations
of dislocations and disclinations.

Solutions to these equations show that the system evolves from a dislocation dominated
regime (characterised by deformations dominated by translation and low-angle cell walls)
to a disclination controlled regime (characterised by deformations dominated by rotations
and geometrically necessary high-angle boundaries). These solutions are illustrated in
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Figure 13.33(d), which is a rtotaleqtotal phase diagram. Two distinct fields are delineated; one is
characterised by subgrain creep and the other by subgrain rotation creep. Some aspects of sub-
grain rotation creep are shown in Figure 13.33(e)e(h).

Rominov and Aifantis (1993) and Seefeldt and Aifantis (2002) add diffusion terms for
dislocation and disclination densities to kinetic equations for dislocation and disclination
evolution so that the system is described in terms of reactionediffusion equations instead
of reaction equations, such as (13.25). They show that spatial patterning can develop con-
sisting of alternating regions dominated by either dislocations (subgrains with low angle
boundaries) or disclinations (rotated subgrains). Unfortunately, the theory has not been
developed to the stage where details of these spatial patterns are delineated. We have dis-
cussed subgrain rotation due to shrinking in size of the subgrains in Chapter 9. This is an
area of active study at the time of writing (Trautt and Mishin, 2014) and one looks forward
to future developments. The process supplies considerable insight into the mechanisms of
subgrain rotation.

The models discussed above have been unified in the approach of Clayton et al. (2006) and
Clayton (2011). They consider the rotation indicated in Figure 13.33(b) between two lattice
direction vectors da and d0

a located at x and x0, respectively. Clayton et al. (2006) express
the density of disclinations in terms of this rotation which leads eventually to an expression
for the non-recoverable energy function. This energy function is convex if only dislocations or
only disclinations are present but becomes non-convex for mixtures of the two. Under such
conditions, a spatial patterning of both dislocation and disclination densities is expected in
order to minimise the energy function for a given imposed inelastic deformation and so
the link back to the work of Ortiz is made. These models need to be further developed. A
step in this direction is made in a continuum approach to combined dislocation/disclination
motion by Fressengeas et al. (2011).

13.7 ANISOTROPY AND THE INFLUENCE OF ELASTIC ANISOTROPY
AND FLOW STRESS ANISOTROPY ON LOCALISATION

As a CPO develops in an aggregate and/or as a preferred orientation of grain boundaries
develops, the material becomes anisotropic with respect to both the elastic and visco-plastic
properties. CPO-induced elastic anisotropy has been well studied over the past decade or so
with respect to the development of anisotropy in seismic wave propagation speeds (Main-
price et al., 2011). The elastic anisotropy arises because individual crystalline minerals are
intrinsically elastically anisotropic (Nye, 1957) and hence a preferred orientation of the crys-
tal structures in an aggregate produces a bulk elastic anisotropy, which may be derived from
the orientation distribution of crystal structures. Methods of calculating the elastic anisotropy
function from the ODF and the elastic anisotropy of individual minerals are discussed in
Mainprice et al. (2011). An example is shown in Figure 13.42. Although elastic anisotropy
is important for interpretations of Earth structure using seismic methods (Mainprice et al.,
2007, 2008), we do not discuss that aspect here. The importance of elastic anisotropy for
deformed metamorphic rocks lies in the fact that elasticity plays a role in localising deforma-
tion within shear zones and hence any anisotropy influences both the conditions for localisa-
tion and the orientation of the shear band.
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Just as a CPO induces elastic anisotropy arising from some average of the orientation dis-
tribution of the intrinsic elastic anisotropy of individual grains, a CPO induces anisotropy
in the visco-plastic response of an aggregate arising from the intrinsic visco-plastic
response of individual grains. The problem is that, although calculations to determine
the bulk elastic anisotropy are based on well-established principles and are well bounded
by models governing how to take reasonable averages (the Voigt and the Reuss models:
Voigt, 1928; Reuss, 1929; Hill, 1952), no such averaging procedure is available for visco-
plastic behaviour. The simplest procedure is that proposed by Hill (1948) where it is
assumed that the yield surface is modified by the CPO as shown in Figure 13.34(d) where
the isotropic von Mises yield surface changes shape but is still represented by an ellipse in
the (s11es33)-plane (see Chapter 5). The yield surface is then given by a parabolic expres-
sion of the form:

F
�
syy � szz

�2 þ Gðszz � sxxÞ2 þH
�
sxx � syy

�2 þ 2Ls2
yz þ 2Ms2

zx þ 2Ns2
xy ¼ 1 (13.26)

where F, G, H, L, M, N are parameters that characterise the current anisotropy. For (13.26) to
be compatible with a von Mises yield condition, Section 6.6.2, the requirement is
F ¼ G ¼ H ¼ L ¼ M ¼ N ¼ 1=ð2s2

yieldÞ, where syield is the yield stress (Backofen, 1972).
Such an expression describes some relatively small deformation behaviour in metals but

fails to explain some common observations at large deformations. An example is the devel-
opment of ‘ears’ on the edges of a cup produced by punching a circular cross section die into
a sheet of metal. The Hill parabolic model predicts six ears, whereas commonly eight are
observed (Gambin, 2001). The approach has been to develop ‘higher-order’ models as the de-
mands of large deformation forming applications have developed in industry. However as
Stout and Kocks (1998) point out, it is doubtful that a unified analytical procedure for calcu-
lating yield surfaces will ever be developed since details of the CPO, which develops in in-
dividual cases, are sensitive to initial and boundary conditions.

The yield surface is also extremely difficult to establish experimentally even for ductile
metals at room temperature and pressure. As far as we are aware, there are no experimental
observations for rocks at high temperatures and pressures and at slow strain rates, although,
as we point out in Section 6.6.4, the opportunity exists to establish yield surfaces for geolog-
ically relevant materials in high pressure, high temperature apparatus with combined
torsional and shortening facilities. One experimental observation on visco-plastic anisotropy
is that of Ralser et al. (1991) who deformed a quartz-mica mylonite normal, parallel and at 45�
to the foliation and lineation and observed that at 700e800 �C the material was twice as
strong normal to the foliation than in the 45� and parallel orientations. At 900 �C, the anisot-
ropy is small. The fact that plastic yield surfaces are difficult to determine experimentally
makes the development of rigorous and realistic (rather than simply convenient) computa-
tional models for CPO development of considerable importance.

An example of a yield surface, for an isotropic case, is given in Figure 13.34(a)e(c)
together with early calculations of Bishop and Hill (1951a,b). For situations involving defor-
mation of a layer (Figure 13.34(d)) where the anisotropy is rotationally symmetric about the
normal to the layer, Backofen (1972, pp. 47e50) derives some expressions for H, G and F in
(13.26) and so enables the construction of the yield surface for various degrees of
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FIGURE 13.34 Sections through a yield surface for an isotropic material. (a) A section in the p-plane; sij
0 are the

deviatoric stresses. (b) Section in a space defined by two shear stresses. (c) Section in space defined by two normal
stresses with the third one zero.Modified from Stout and Kocks (1998). (d) Yield loci for plane strain deformations and
materials with planar anisotropy or anisotropy with rotational symmetry about x3. R is the degree of anisotropy,
R ¼ dε2/dε3 and b is the stress ratio, b ¼ s2/s1. sy(1,2) is the yield stress in either the x1 or x2 directions. Inspired by

Backofen (1972).
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anisotropy, measured by a parameter, R, and for various loading paths, measured by a
parameter, b:

R ¼ dε2
dε3

along X1 and b ¼ s2

s1

where the coordinate axes, X1, X2 and X3 are shown in Figure 13.34(d). For the geometrical
situation shown in Figure 13.34(d), Backofen shows that

R ¼ H

G
¼ H

F
and H ¼ 1

s2
Yð1Þ

R

1þ R

where sY(1) is the yield stress in the X1 direction.
An example of a yield surface formed where no CPO develops but grain shape

anisotropy does is shown in Figure 13.35(a). Various other examples of anisotropic yield
surfaces are shown in Figures 13.35 and 13.36 including the influence of twinning
(Figure 13.36).

13.7.1 Anisotropy Induced by Diffusion

At first thought, one might expect that if diffusion dominates the deformation process
then the mechanical properties may remain isotropic. Wheeler (2010) has shown that for
hexagonal-shaped grains, strong anisotropy in the viscosity can arise associated with
strong grain rotation. His results are summarised in Figure 13.37. In Figure 13.37(a) and
(b), arrays of differently shaped hexagons are shown under pure shearing and simple

FIGURE 13.35 (a) The influence of grain shape on the yield surface of a polycrystal with random CPO. The
result is for the Bishop-Hill model under relaxed constraints. (b) The effect of twinning during deformation in a
shear stress section. Modified from Stout and Kocks (1998).
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shearing deformations. Grains can undergo rotation as shown, sometimes in counter-
intuitive senses; the angular velocity is quoted as u in each frame and the precipitation
rates (rates of removal or addition of material during deformation) are quoted as a num-
ber on symmetrically equivalent boundaries. Figure 13.37(c) and (d) shows the anisotropy
of viscosity for two different grain shapes as shown. The numbers on the contours repre-
sent values of a parameter, z *, that is directly related to the effective viscosity of the grain
boundaries. For low values of z *, the material has low resistance to shearing in some di-
rections. Even at relatively high values of z *, the material remains anisotropic. In
Figure 13.37(e) and (f), the progressive change in grain shape is shown for simple shearing
and for pure shearing. The resultant normal stressestrain and shear stressestrain curves
are shown in Figure 13.37(g), where various patterns of hardening and softening are
shown depending on the orientation of grain boundaries relative to the deformation
axes. The softening behaviour could initiate shear localisation if the softening becomes
critical (see Section 13.7.1).

The rotations considered by Wheeler together with the coupled diffusive transport are
controlled by grain shape so that if all grains are the same shape, no CPO develops by this
mechanism. However if grain shape is controlled by crystal structure, then it is possible
that a CPO can develop. An alternative mechanism that has not been explored is that
the ‘plating’ and ‘dissolution’ processes operating at grain boundaries may be

FIGURE 13.36 Sections through a yield surface where twinning is an important mechanism. Simulations.
(a) and (b) 20% extension. In sections involving the normal stresses, the section lacks a centre of symmetry. These
effects are expected in materials where twinning is common and include calcite, quartz and olivine. Modified from

Stout and Kocks (1998).
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inhomogeneous so that some of the incompatibility arising from grain rotation is accom-
modated by disclinations. Then the development and motion of disclinations with
preferred Frank vectors, facilitated by diffusion, could produce a CPO. The subject needs
further investigation. The process discussed by Wheeler (2010) also needs to be considered
in terms of the coupled grain boundary migration process (Chapter 9) considered by Cahn
and Taylor (2004).

13.7.2 The Localisation of Deformation

It is commonly proposed that some form of weakening or softening is the cause of local-
isation of deformation in deformed rocks and that hardening is not associated with localisa-
tion. The purpose of this section is to explore such propositions in some detail. We discuss the
conditions for localisation and, in particular, the influence of elastic anisotropy on the

FIGURE 13.37 Rotation and anisotropy produced by diffusion. (a) and (b) Rotations induced by diffusion
coupled to changes in grain shape for pure shearing and simple shearing histories. The numbers on grain
boundaries indicate the rates of removal or of addition of material at grain boundaries. u is the angular velocity. (c)
and (d) Surfaces expressing the anisotropy of viscosity for the two grain shapes indicated in red. The contours are
for various values of the parameter z*, which is a measure of the viscosity. (e) and (f) Progressive changes in grain
shape for simple shearing and pure shearing. (g) Stress time curves for the two situations shown in (e) and (f). Both
hardening and softening behaviours are developed. After Wheeler (2010).
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conditions for localisation and on the orientation of the resulting shear bands. The overall
result is that softening is a necessary condition for localisation in a material with associative
constitutive behaviour. However it is not a sufficient condition and the hardening modulus
must reach a critical value (which depends on the elastic anisotropy) for localisation to occur.
In materials with non-associative behaviour, the conditions for localisation are similar except
that localisation can occur in the hardening regime.

The array of localised responses to deformation is illustrated in Figure 13.38 and some
models of the resulting strain distributions are discussed by Ramsay (1980b) and Carreras
(2001) who point out that the patterns of localisation can be self-similar on various spatial
scales. For compatibility of deformation between the shear zone and the host material, the
extension parallel to the shear zone boundary must be the same in the sheared material
and in the host. Otherwise, there are two possibilities. One is that compatibility is achieved
by a wide strain gradient in which case the localisation is diffuse (Figure 13.38(a)). Second, a

FIGURE 13.38 Styles of localisation. (a) Diffuse localisation. (b) Local localisation. (c) Fault-accommodated
incompatibility.
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fault is initiated at the boundary of the shear zone so that there is a jump in the deformation at
the boundary or within the shear zone (Figure 13.38(c)). Compatibility can be achieved across
a sharp boundary with no faulting (Figure 13.38(b)) as long as the compatibility condition
(Section 2.10) is obeyed:

EFF ¼ Ex;NF5N

This condition forms the basis for a number of models of increasing complexity.
The simplest model is to consider the host as deforming elastically whilst the localising
zone undergoes both elastic and plastic deformation. This model is exemplified in the dis-
cussion by Backofen (1972) and is important because it brings out the fundamental fea-
tures of all models. The second level of complexity is to assume the host and shear
zone deform in an elasticeplastic manner but both elastic and plastic properties are
isotropic. This is the model considered by Needleman and Ortiz (1991) and Rudnicki
and Rice (1975). The third level of complexity is to consider elastic anisotropy. This is
the model discussed by Bigoni and Loret (1999) and Bigoni et al. (2000). We consider
each of these in turn below.

13.7.2.1 The Backofen Model

Backofen (1972, pp. 204e210) considers an anisotropic elasticeplastic model involving a
deforming plate, where the yield surface is not an ellipsoid and is shown in Figures
13.2(b) and 13.39(d). Although the resulting localisation involves necking, the overall princi-
ples involving strain compatibility are just as applicable to shear localisation as to boudin
development. The discussion centres around conditions for deformation compatibility
between a developing zone of localisation and the elastically deforming surrounding host
material. Also, since the boundaries of the shear zone are planar, compatibility demands
that the plastic strain normal to the plane of the diagram (in the plane of the localisation
zone and parallel to z) in the host material is zero and hence the deformation in the host is
an elastic plane strain. For diffuse necking, it is only necessary that thinning occurs. For local-
ised necking, we must also have dε2 < 0 (shortening positive). Because there is no necking
without some form of thinning, the arrow representing dε2 in Figure 13.39(d) must always
be shorter than the arrow representing dε1, which must be an extension. Thus at A in

Figure 13.39(d),
dε2
dε1

¼ �1, and the angle between the plane of localisation and the extension

axis, f, is 45�. At B,�1 <
dε2
dε1

< 0 and 45� < f < 90�. At C,
dε2
dε1

¼ 0 and f ¼ 90�. Only diffuse

necking is possible for 0 <
dε2
dε1

< 1 in the rangemarked 4
_
in Figure 13.39(d) and either diffuse

or localised necking is possible in the range 4.

13.7.2.2 Localisation in an ElasticePlastic Material

In order to consider the case where localisation develops in an elasticeplastic material, we
need to recall (Chapters 2 and 9) that a general deformation can be written as

F ¼ FelasticFplastic (13.27)
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FIGURE 13.39 The Backofen (1972) model for necking localisation. The material is isotropic elastically and
anisotropic plastically. (a) The basic principle is that compatibility is maintained across the interface between the
elastically deformed host material and the elastic-plastically deformed zone of localisation. This means that the
length L measured parallel to the incipient localisation zone in the elastically deformed host is equal to this same
length in the localised zone independently of whether the mode of localisation is shearing or necking. (b) Mohr
diagram showing that if the compatibility condition in (a) is fulfilled, then the normal to the plane of localisation
makes an angle f ¼ 55� with the axis of extension. (c) Coordinate axes for localisation by necking. (d) The yield
surface for the anisotropic material showing orientations of localisation zones depending on the strain state.
Diffuse or localised necking can occur only in the region marked 4. In the region marked 4

_
, only diffuse necking

is possible.
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This means, different to the Backofen model, that the plastic strain parallel to the
shear zone boundary need no longer be zero to achieve compatibility and any incompati-
bility in Fplastic can be offset by an elastic deformation, Felastic, as long as the local stress
arising from such deformation does not exceed the local yield or failure stress in which
case the shear zone spreads laterally (becomes diffuse) or fractures appear on the shear
zone boundary.

Now consider a situation where the material is deforming homogeneously in an elastic
manner and, locally, yielding begins with a (positive) hardening modulus, h
(Figure 13.40(a)). If the stress is s, then the elastic strain at that stress is εelastic ¼ s

m, whereas

the plastic strain is εplastic ¼ s
h. Thus if h is large enough, the plastic strain is comparable to the

elastic strain and any incompatibilities in the deformation can be marginally accommodated
by elastic strains. At that stage, it requires less work for continued yielding to begin else-
where and the deformation remains diffuse. If the plastic strain is small when compared
with the elastic strain at a given stress, then the incompatibility can beminimised by the shear
band boundary adopting an orientation that as closely as possible minimises the misfit
between that plastic deformation either side of the boundary. Any misfit that remains is
accommodated by elastic strains that produce stresses small enough that further plastic
strain does not occur. As indicated, if the stresses were to be equal to the yield stress then
the plastic deformation spreads further into the host and produces a diffuse shear band.
Thus one can see intuitively that any criterion for shear band formation must involve a
consideration of the elastic moduli.

As indicated in Figure 13.2, both elastic and visco-plastic anisotropies play a role in con-
trolling the development and orientation of shearing localisation during deformation. The
theory behind such behaviour has been established by a large number of workers including,
in particular, Needleman and Ortiz (1991) and Rudnicki and Rice (1975) for the isotropic case
and Bigoni and Loret (1999) and Bigoni et al. (2000) for some forms of elastic anisotropy. We
defer a detailed discussion of these theories to Volume II and instead present a qualitative
discussion of localisation. The essence of the theoretical results is that localisation occurs

FIGURE 13.40 Definition of the
elastic shear modulus, m, and
the plastic hardening modulus, h.The
conditions for localisation depend on
the ratio, h/m. Localisation occurs
when this ratio reaches a critical
value. This critical value is commonly
positive (left) for non-associative
materials and negative (right) for
associative materials.
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in an elasticeplastic material with elastic shear modulus, m, undergoing strain hardening (or
softening), with a hardening modulus, h (Figure 13.40), when the ratio (h/m) decreases to a
critical value. For an isotropic material with associative plasticity, the RudnickieRice condi-
tion for localisation is

hcritical

m
¼ � 1þ n

3
for which qN ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffi
1þ n

2� n

r

where n is Poisson’s ratio and qN is the angle between the normal to the shear zone and the
compression axis (Figure 13.41(b)). As an example, if n ¼ 1/3, then for isotropic elasticity,
hcritical ¼ �(4 m/9) and qN ¼ 41.8�. For an associated plastic material, h is negative (strain soft-
ening) for an instability to occur but h does not need to be negative for localisation to occur in
a non-associatedmaterial as shown theoretically by Rudnicki and Rice (1975) and experimen-
tally by Ord et al. (1991).

Bigoni and Loret (1999)consider an elasticeplastic material with associated plasticity and
a restricted form of elastic anisotropy described in Figure 13.41(a) and represented by an
ellipsoid with b1 the dimension in the direction of the axis of rotational symmetry and b2
¼ b3 normal to this axis. This form of anisotropy is quite similar to that reported for an anor-
thosite by Mainprice and Munch (1993) shown in Figure 13.42 and perhaps is common in
deformed rocks. The anisotropy is characterised by a parameter b given by

b1 ¼
ffiffiffi
3

p
cos b and b2 ¼

ffiffiffi
3

p
sin b

so that elastic isotropy corresponds to b1 ¼ b2 ¼ 1 and so biso ¼ 54.74�.
For this model of elastic anisotropy adopted by Bigoni and Loret (1999), the conditions for

localisation are shown in Figure 13.41(c) and (d). For instance, as b / 90�, or b2 / 0:

For b < bisotropic :
hcritical

m
¼ �

�
1þ n

�
b22

3
for which qNzq

isotropic
N

For b > bisotropic and qs � 35:26� :
hcritical

m
/0

For b > bisotropic and qs � 35:26� :
hcritical

m
¼ � 2~Q

2
1

ð1� nÞ

In these equations, ~Q1 ¼ 1
2

ffiffi
3
2

q
ðSþ ffiffiffiffi

D
p Þ with S ¼ b1

�
cos2qs � 1

3

�
þ b2

�
sin2qs � 1

3

�
and

D ¼ S2 þ 8
9 b1b2 > 0. Other conditions are discussed by Bigoni and Loret (1999).

The above example concerns conditions for localisation where the hardening modulus is
always negative. If the material is non-associative as far as constitutive behaviour is con-
cerned, then localisation is possible in the hardening regime as shown in Figure 13.43. The
material here corresponds to a DruckerePrager material with the equivalent of the friction
angle, j ¼ 30� and the equivalent of the dilation angle, c ¼ 0�. Poisson’s ratio is 1/3. The
various quantities are defined in Figure 13.43(a). A material with a single plane of anisotropy
(corresponding, say, to a foliation plane) is considered. This anisotropy is characterised by a
parameter bb, similar to the parameter b discussed above. Localisation can occur for h > 0
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FIGURE 13.41 An example of localisation in materials with associative plasticity and anisotropic elasticity. The
example has Poisson’s ratio ¼ 1/3. From Bigoni and Loret (1999). (a) Definition of terms associated with the orien-
tation of the elastic anisotropy ellipsoid. T is the applied traction with T1 an axis of maximum compression. qs is the
angle between the axis of rotation for the ellipsoid and T1. (b) Definition of terms associated with the orientation of
the shear band. qN is the angle between the normal to the shear band and T1. (c) Strain localisation for an associated
von Mises material. Results for Poisson’s ratio, 0.33, and the type of elastic anisotropy shown in (a). Plot of the
normalised critical hardening modulus, hcritical/m, against a measure of the anisotropy, b. Isotropy corresponds to
b ¼ 54.74�; for b < 54.74�, the elasticity ellipsoid is pancake shaped, for b > 54.74� the elasticity ellipsoid is cigar
shaped. For b > 54.74�, hcritical/m can be greater than the isotropic value depending on the value of qs. (d) Plot of qN
against b for an associated von Mises material with the elastic anisotropy shown in (a). For b > 54.74�, this angle can
be zero (Mode I orientation) for low values of qs. For b > 54.74� and for large values of qs, qN is close to the isotropic
value of 41.8�.
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FIGURE 13.42 Anisotropy of elastic properties of anorthosite. (a) Anisotropy of Young’s modulus for single
crystal of An57. (b) Anisotropy of Young’s modulus for Oman anorthosite. This form of anisotropy is very similar to
that assumed in the Bigoni models. From Mainprice and Munch (1993).

FIGURE 13.43 Conditions for localisation in a nonassociative DruckerePrager material in plane strain. (a)
Directions in physical space: b is the axis of elastic symmetry, t1 and t2 are principal stress axes, n is the shear band
normal and t is the unit vector tangent to the shear zone. (b) and (c) Strain localisation for a non-associated
DruckerePrager solid with transverse isotropy described by the angle bb, and subjected to plane strain, uniaxial
compression. Results are reported for Poisson’s ratio ¼ 0.3, the equivalent of the friction angle, 30�, zero dilatancy
and for the inclination of the anisotropy axis, qs ¼ 10�. Different values of out-of-plane stress, parameter s3/s1,
are considered. The term elastic in the figure is a stress state calculated using a relation based on elasticity.
(b) Normalised critical hardening modulus. (c) Inclination angle, qn, which is the angle between t1 and the shear
band normal. Since qn s 0�, there is a single shear band except for the isotropic case. From Bigoni et al. (2000).
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(Figure 13.43(b)) depending on the ratio, s3/s1. The shear band orientation relative to the
plane of anisotropy depends on whether the parameter bb is greater or lesser than bbiso.

We see from the above that in non-associative materials, localisation can commonly occur
in the hardening regime whilst in associative materials, softening is a necessary but not suf-
ficient condition. Thus we expect different kinds of localisation behaviour in rocks undergo-
ing grain size reduction by cataclasis and by chemical reactions with volume change
(Figure 13.44(a) and (b)) and rocks undergoing grain size reduction by subgrain rotation
and/or diffusion dominated mechanisms (Figure 13.44(c) and (d)). In the first instance, we
expect that dilatancy resulting from grain sliding and chemical reactions induces non-
associative plasticity and that the HallePetch effect results in overall hardening with
increasing strain. Thus localisation is possible if the hardening becomes critical.

In the second case, diffusion accommodated plasticity at constant volume induces associa-
tive plasticity but a softening with decreasing grain size. Localisation is possible now if the
softening modulus becomes critical.

FIGURE 13.44 Contrasting constitutive behaviour during grain size reduction. (a) Deformed granite with grain
size reduction arising in part from chemical reactions to form a fine grained product. (From Ron Vernon.) (b) Cat-
aclasis of a feldspar grain in a deformed granite. (From Trouw et al. (2010).) In both (a) and (b) we expect non-
associative behaviour arising from dilatancy. (c) and (d) Deformation of quartz-rich materials with recrystallisation
dominating the deformation mechanisms. In both (c) and (d) we expect diffusion assisted or accommodated flow
with no dilatancy and associative constitutive behaviour. (From Trouw et al. (2010).) Localisation conditions in (a)
and (b) are met by critical hardening behaviour, whereas localisation conditions in (c) and (d) are met by critical
softening behaviour. Scales: widths across the base of frame are (a) 2.4 cm, (b) 4 mm, (c) 4 mm and (d) 16 mm.
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13.8 CONTROLS ON MICROSTRUCTURE

In Section 3.6.1, we emphasise that the structures we see in deformed rocks result from the
movements that have occurred during their development. The stresses involved are also the
result of these movements and are related to the movements through the relevant constitu-
tive relation. The strains are incidental in that they represent one possible geometrical mea-
sure of the accumulated incremental movements. The strains exert no control on
the microstructure although they may be reflected in some aspects of the shapes of deformed
objects. The essential features of the microstructure reflect the kinematics of the deformation
history. These statements are of course reminiscent of the approach of Sander (1911, 1930,
1948, 1950, 1970): The fabric reflects the movement picture.

The relation between microstructure and kinematics is one important aspect of what we
see in deformed metamorphic rocks but another overwhelming principle is that deformation
compatibility must be established throughout the deformation history so that no material
overlaps or open gaps develop. Many different processes, such as localised elastic and plastic
deformation, diffusion, dissolution, grain and subgrain rotation, replacement, precipitation
and, most importantly, mineral reactions, operate to ensure that such compatibility is
maintained.

A common outcome of the compatibility requirement is the refinement of microstructure
as an interface between two differently deformed domains is approached or, on a broader
scale, in order to fit two differently deformed domains together with no overlaps or gaps.
This refinement occurs in order to minimise what is commonly a non-convex Helmholtz en-
ergy of the system, the non-convexity arising because of geometrical or constitutive softening
behaviour (Sections 7.7, 8.2 and 13.6; Ortiz and Repetto, 1999). The refinement process is a
response to the geometrical problems involved in fitting together differently deformed re-
gions (such as subgrains or twins), to conform to an overall imposed deformation (see Figures
7.18, 7.19, 7.20 and 7.21), unless the deformation is distributed over a number of length scales
(see Section 8.2). Such a refinement process leads to a fractal distribution of length scales and
the microstructure commonly has a multifractal geometry.

In this brief section, we examine some aspects of multifractal geometry, kinematics and
compatibility with respect to microstructure development but we leave an in depth consid-
eration of the application of these fundamental principles to Volume II.

13.8.1 The Multifractal Nature of Microstructure

If we are to become more quantitative about models that address the evolution of micro-
structure in deformed metamorphic rocks, we need ways of measuring and characterising
the microfabrics we see. Such measures of microfabrics should ideally have a foundation
in the physical and chemical processes that operate to produce the microfabrics rather
than be of an empirical, statistical nature. We have seen that a number of processes have
been proposed to describe the evolution of the microfabrics we see. One is a stochastic pro-
cess, described ideally by the FokkerePlanck equation describing competitive processes that
ultimately produce a grain size distribution. Other processes are better described by reac-
tionediffusion equations that predict spatially periodic distributions of elements of the
microstructure such as metamorphic layering or porphyroblasts (see Section 15.6.1). Others,
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such as the models proposed by Cahn (1991) for multiphase aggregates, propose cooperative
reactions within grain aggregates whereby patterning can develop because of contrasts in
interfacial energies. Some other models such as those discussed by Ortiz and Repetto
(1999) describe multiplicative, cascading processes that produce fractal spatial patterning
of subgrains.

Some of these processes predict multifractal geometries. Some predict long range spatial
correlations. Some predict local clumping or layering of individual mineral phases. Some au-
thors (Kretz, 1969) suggest complete randomness in the distribution of mineral phases. We
need easily applied measures that enable such characteristics to be quantified and used as
tests for existing models and for future models that are proposed for microstructural devel-
opment. This section considers some such measures. Since the processes that we deal with
are nonlinear, we expect the basic geometries associated with microstructures to be fractal.
The geometry of Nature is intrinsically irregular; in metamorphic rocks, various degrees of
pattering are developed consisting of metamorphically produced layering or lineations or
clustering. The important questions are: Are these geometries fractal, or even multifractal? Can
we use the geometrical characteristics of these microstructures to say something about the nonlinear,
multiplicative or cascading processes that produced the microstructure? An example in this regard
is the work of Arneodo and co-workers (Arneodo et al., 1995, 1999; Audit et al., 2002) on the
geometry of DNA and turbulence where direct links to the underlying dynamical and mul-
tiplicative processes have been made.

A number of measures that have a background in nonlinear dynamics (Sprott, 2003) may
prove useful in quantifying and interpreting the geometry of microstructures. One is to
clearly establish if the geometry is fractal or multifractal. Hence the establishment of singu-
larity spectra (Section 7.8) is a first fundamental step. The demonstration of such geometry is
an important advance in its own right since it implies that some form of multiplicative or iter-
ative process was involved in the development of the microstructure. One can proceed to
establish scaling laws and measures of spatial correlation for the microstructure. Examples
of such measures are the Hurst exponent (a measure of the ‘roughness’ of the data) and the
lacunarity (a measure of the heterogeneity or ‘clumpiness’ of the data; Plotnick et al., 1996).
More advanced procedures involve the development of attractors for the system and of
dynamical equations that mimic the behaviour of the attractor (Chapter 7 and Sprott,
2003). Here we consider two approaches: the measurement of the Hurst exponent and the
establishment of multifractal geometry with its associated correlation dimension. Software
to produce some of these measures can be found at Karperien, A., FracLac for ImageJ.

http://rsb.info.nih.gov/ij/plugins/fraclac/FLHelp/Introduction.htm.

13.8.1.1 The Hurst Exponent

Consider a one dimensional sequence of values, x (d), representing the presence or absence
of a particular mineral phase or the degree or some measure of the CPO or some other quan-
titative measure of the microstructure. In the example we take, x varies with distance, d, as
shown in Figure 13.45(a). We can characterise the resulting pattern in a number of ways.
One way is to use the Hurst exponent (Feder, 1988; Sprott, 2003), which measures the way
in which the local range in variation (or roughness) scales with distance across the micro-
structure. In order to define the Hurst exponent we first take the mean of x and then
(Figure 13.45(a)) the cumulative departures from the mean, X (d). If R is the range of X,
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FIGURE 13.45 Hurst exponents and associated singularity spectra. (a) Definition of the Hurst exponent, H. x is the initial data as a function of
distance, d and X is derived from these data as the cumulative departure of the data from the mean. R is the range of X, that is, the difference between

the maximum and minimum value of X. If s is the standard deviation of x, then the Hurst exponent is defined by R
s
¼

�
d
2

�H

. (b)e(f): Signals with Hurst

exponents 0.1, 0.25, 0.5, 0.75 and 0.9 with associated singularity spectra. (b) through to (f): Signals on the left with Hurst exponents ranging from 0.1
through to 0.9 as labelled. Singularity spectra on the right for each value of Hurst exponent.
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that is, the difference between the largest and smallest value of X, then the Hurst exponent,H,
is defined by

RðdÞ
sðdÞ ¼

�
d

2

�H

where s(d) is the standard deviation of x over the distance d. Examples of signals with
different Hurst exponents are given in Figure 13.45 and characteristics of signals for various
values of the Hurst exponent are given in Table 13.2.

13.8.1.2 Multifractal Geometry

The measurement of multifractal geometries has been considered in Sections 1.4 and 7.8
through the production of scalograms and then the use of the Wavelet Transform Modulus
Maxima method to construct the singularity spectrum. One can then use such spectra to
compare the box counting dimension, D0, the information dimension, D1, and the correlation
dimension, D2, for various geometries, which results in a rigorous means of characterising
and comparing different microstructures (Chapter 7). In Figure 13.45(b)e(f), we show sin-
gularity spectra corresponding to signals with various Hurst exponents. The spectra shift
progressively to higher values of a as H varies from 0.1 to 0.9. The values of D2 and of
aD2, where aD2 is the value of a and D2 is measured for each of the signals in
Figure 13.45(b)e(f), are given in Table 13.3.

TABLE 13.2 Characteristics of the Hurst Exponent, H, for a One Dimensional Signal

Value of H Meaning Pattern Characteristics

0.5 < H < 1
Persistent

Long-range positive
autocorrelations

A high (low) value tends to be followed by another high (low)
value. The overall trend is to higher (lower) values. Power law
decay in autocorrelations.

H ¼ 0.5 Completely uncorrelated
sequence

Autocorrelations at small intervals can be positive or negative.
Absolute value of autocorrelations decays rapidly to zero.

0 < H < 0.5
Antipersistent

Long range switching between
high and low values

A high value tends to be followed by a low value. Power law
decay in autocorrelations.

TABLE 13.3 Values of D2 and of aD2 for Various Values of H

H D2 aD2

0.1 0.974 1.053

0.25 0.951 1.201

0.5 0.966 1.461

0.75 0.974 1.724

0.9 0.998 1.884
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In Figure 13.46(a), a figure from Kretz (1969) is presented, with the scan line marked. The
singularity spectrum is shown in Figure 13.46(b). The Hurst exponent for this scan line is 0.23
indicating long range anticorrelations or ‘clumpiness’. Thus although the analysis of Kretz
arrives at the conclusion that the microstructure is ‘random’, the clumpiness of the micro-
structure is clearly delineated by the Hurst exponent, the fabric is multifractal and the micro-
structure is characterised by a correlation dimension of w0.7.

A similar analysis is shown for the microstructure mapped by Sander (1950) in
Figure 13.46(c). The Hurst exponents measured parallel and normal to the foliation are
almost identical at 0.80 and 0.78 thus indicating long range positive spatial correlations,
both parallel and normal to the foliation. Again the fabrics are multifractal.

FIGURE 13.46 Microfabrics with associated singularity spectra. (a) Tracing of thin section of a pyroxene (light
grey)-scapolite, (white)-sphene, (black)-amphibole, (cross hatched) rock. Section is 18.5 mm across. (From Kretz
(1969).) (b) Singularity spectrum for the cross section marked in (a). (c) Orientation distribution map for a quartz
mylonite. Orientation of quartz c-axes is shown in the inset. Map is w1.5 mm across. (From Sander (1950).)

(d) Singularity spectra for sections (see Figure 1.11) parallel and normal to the foliation.
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13.8.2 Kinematic Controls on Microstructure Orientation

One of the most important aspects of microstructure is its use in defining the movements
that have occurred during the development of the microstructure. During deformation associ-
ated with grain boundary migration and diffusion, the shapes of grains are controlled by the
arrangements of the grain boundaries which in turn are controlled by two competing pro-
cesses. One arises from a change in grain shape arising from crystal slip and diffusive motions
within the grain that tend to distort the shape of the grain so that it approaches that of the cur-
rent strain ellipsoid. The other process arises from the displacement of material markers, such
as current grain boundaries, by the movements taking place locally in the polycrystal. These
displacements tend to align the grain boundaries parallel to the unstable manifolds of the
flow, which act as attractors for material markers. If the flow is such that a stable manifold ex-
ists, then the material tends to be instantaneously flattened and sheared normal to that mani-
fold (Chapter 3; see also Passchier, 1997; Iacopini et al., 2007). For simple shearing
deformations, there is just one unstable manifold marked by the single eigenvector of the
flow (Chapter 3). Thus for simple shearing, we expect some of the grain boundaries to align
parallel to the shearing plane. At shear strains of about 12, the principal axis of elongation is
within 5� of the shearing plane (Figure 2.10 b) and so a single preferred orientation of grain
boundaries, approximately parallel to the single eigenvector, is expected at high shear strains.

We have seen in Chapter 3 that in a general two dimensional affine flow, there are two ei-
genvectors for the velocity gradient; these define a stable and an unstable manifold for the
flow. Since the manifolds are parallel everywhere to the eigenvectors of the flow, lines within
the manifolds are stretched, shortened or remain of constant length. These lines are not chang-
ing direction during an increment of deformation. However shear strains generally exist par-
allel to the manifolds. As an example, consider a deformation history consisting of shearing
parallel to a single plane together with flattening normal to that plane. Figure 13.47(a) repre-
sents one such deformation historywhere the deformation of an initial square (at t¼ 0) at times
t ¼ 1 (A), t ¼ 2 (B) and t ¼ 3 (C) is shown. The deformation history is given by

x1 ¼ tX1 þ t
�
X2

	 ffiffiffi
3

p �
; x2 ¼ X2

	
t (13.28)

Following the arguments of Chapter 3, the eigenvectors of the stretching tensor in the
deformed state are shown in Figure 13.47(b),(d) and (f) and the flow field in
Figure 13.47(c),(e) and (g). Figure 13.47(h) shows the kinematic framework in a little more
detail for t ¼ 6.

The eigenvectors of the stretching tensor, which by definition must always be orthogonal,
rotate very slightly in a clockwise sense during the deformation history. There are always two
eigenvectors for the velocity gradient field. One, which is an unstable manifold, always re-
mains parallel to the shearing plane, which we denote as C, whilst the other, which is a stable
manifold, rotates anticlockwise towards the C-plane. The principal plane of extension is
almost parallel to the shearing plane by t ¼ 6. There are always large shearing displacements
on the two manifolds even at high strains. Within the unstable manifold, lines are stretched
whilst within the stable manifold, lines are shortened.

We suggest that oblique foliations and S-C fabrics in general have origins in this kinematic
framework.We identify the unstablemanifold as a C-planewhilst the line normal to the stable
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FIGURE 13.47 Stretching and velocity gradient eigenvectors for a combined shearing and flattening deformation history. (a) The deformation
defined in (13.28) for t ¼ 1 (A), 2 (B) and 3 (C). (c) through to (g). Stretching eigenvectors (above) and velocity gradient eigenvectors (below) for t ¼ 1, 2
and 3. The stretching eigenvectors remain orthogonal and rotate slowly clockwise. One velocity gradient eigenvector (labelled C) remains constant in
orientation. The other velocity gradient eigenvector (normal to the line labelled S) rotates slowly towards C. (h) The kinematic framework for t ¼ 6. The
eigenvector maps for the stretching and velocity gradient tensors are shown along with the deformation to the right. The relationships between the
stretching eigenvectors (in black) and the velocity gradient eigenvector (in red, marked C) and the normal to the other eigenvector (in red, marked S) are
shown together with the orientation of a principal plane of strain. The shear in this instance is g ¼ 20.7.
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manifold, which represents a plane of flattening whilst shearing takes place parallel to it, we
identify with an S-plane. The angle between the S and C planes increases as the deformation
proceeds. The angular relations shown in Figure 13.47 arise from the deformation described
by (13.28). In volume II, we present amore general discussion of the eigenvectors that develop
in more general deformations and the control exerted on microfabric development.

Figure 13.48 gives some examples of these effects. In Figure 13.48(a), a simple shearing
deformation history is modelled (Jessell et al., 2009) with grains of two contrasting viscosities.
There is one unstable manifold for this deformation history and that remains parallel to the

(a)

(b)

(d)(c)

FIGURE 13.48 Kinematic controls on microstructure development. (a) Results of ELLE modelling of an
aggregate with two different viscosities deformed by a simple shearing deformation. The shear strain is marked for
each frame. (From Jessell et al. (2009).) (b) A mica ‘fish’ sitting in a sea of recrystallised quartz with an oblique
foliation. Scale: 3 mm across. (c) SeC mylonite showing S and C foliations. Scale: 10 cm across. (d) Feldspar ‘fish’
with myrmekitic recrystallisation on boundaries associated with neighbouring muscovite. Scale: 5 mm across. ((b),
(c) and (d) from Trouw et al. (2010).)

13.8 CONTROLS ON MICROSTRUCTURE 513

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



base of the figures. The shapes and orientations of strong grains are at first controlled solely
by the local strain ellipsoid but as the deformation proceeds, regions of low viscosity link up
parallel to the unstable manifold and finally at a shear strain of 7.5, this unstable manifold
dominates the microstructure.

In Figure 13.48(b), a mica ‘fish’ is shown in a sea of recrystallised quartz grains. We pro-
pose that the main foliation and the oblique foliation defined by grain boundaries of recrys-
tallised quartz are controlled by the two eigenvectors of the flow as in Figure 13.47. The shape
of the mica fish is such as to maintain deformation compatibility with the surrounding
quartz. Figure 13.48(c) shows two foliations, labelled S and C, in a deformed granite gneiss.
Again we propose that these foliations are controlled by the two eigenvectors of the flow. In
Figure 13.48(d), a feldspar ‘fish’ attains compatibility with the surrounding matrix by chem-
ically reacting on its margins to produce myrmekite.

Recommended Additional Reading
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This book discusses principles of deformation, plastic anisotropy and the development of CPO in an easily readable format.

Little emphasis is placed on self-consistent theories of CPO development.
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grained materials. Topics such as the role of disclinations in deformation and the interactions with dislocations are given
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constraints and self-consistent approaches.
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An excellent book illustrating a large range of microstructures in deformed metamorphic rocks.
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A detailed discussion of the methods of the analysis for signals produced in chaotic nonlinear systems. The book includes an

“atlas” of attractors produced by various nonlinear systems.

Trouw, R.A.J., Passchier, C.W., Wiersma, D.J. (2010). Atlas of Mylonites - and Related Microstructures. Springer.
A sister book to Passchier and Trouw (2005) with an emphasis on strongly deformed rocks.

Vernon, R.H. (1976). Metamorphic Processes. George Allen & Unwin.
Chapter 5 in this book is an excellent introduction to microstructures in metamorphic rocks.

Zollner, D. (2006). Monte Carlo Potts Model Simulation and Statistical Mean-Field Theory of Normal Grain Growth.
Shaker-Verlag.
A detailed analysis of normal grain growth simulations using mean field theory.
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14.1 INTRODUCTION

This chapter is meant as backgroundmaterial for chapters in Volume II where we examine
the coupling between mineral reactions and other processes such as fluid flow, heat flow and
deformation; it is concerned with the processes that operate during the nucleation and
growth of new mineral phases in a metamorphic rock during deformation, some relation-
ships between deformation and chemical reactions and the influence of these processes on
the microfabrics and mineral assemblages we observe. Such processes are responsible for
the structures that we observe at all scales in deformed metamorphic rocks and so a funda-
mental understanding of the principles involved is essential. Since we are concerned with
processes we must, by definition, be dealing with systems not at equilibrium, although there
is considerable debate as to how ‘far’ from equilibrium one might be during the operation of
these processes.

The concept of chemical equilibrium is well defined and understood for a system where
the stress is a homogeneous hydrostatic pressure, P, and the distribution of temperature, T,
is homogeneous. For a deforming, chemically reacting system P and T are not homogeneous
and the stress is not hydrostatic; the system as a whole is not at equilibrium. Nevertheless, it
is possible in such a system to prescribe the conditions for chemical equilibrium across each
interface in the system. However, these conditions depend on the constitutive behaviour of
the material. If grain boundary sliding does not occur for instance, these conditions are (1) the
temperature difference across the interface is zero, (2) the velocity on either side of the inter-
face is continuous, (3) the stresses resolved normal and parallel to the interface are contin-
uous, and (4) there exists a function that is a measure of the energy either side of the
interface and this function is continuous across the interface. In a non-deforming system
with a homogeneous temperature distribution these four conditions are readily met and
the function mentioned is the chemical potential. In a deforming system the definition of
this function has created great confusion and argument mainly because it is widely assumed
that it should be a thermodynamic state function, as is the classical chemical potential. We
discuss this function in this chapter and point out that it can be defined for a deforminge
chemically reacting system but it is not a state function; it can only be defined at interfaces,
not within grains, and depends on the orientation of the interface together with the deforma-
tion on either side of the interface. Its form also depends on whether diffusive processes oper-
ate or not and, as we have indicated above, on the constitutive behaviour of the material.
Thus, the conditions for chemical equilibrium in a deforming system are quite different
from those in a system with homogeneous T and hydrostatic P. After deformation has ceased
the system can relax to a new state of chemical equilibrium under hydrostatic stress condi-
tions if there is enough time but this new state is not the chemical equilibrium state that
existed during deformation.
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We emphasise that the problems involved have not been solved and at present there is no
unified approach to the coupling between deformation and chemical reactions. We aim in
this chapter to outline many of the problems yet to be addressed and some of the progress
that has been made. In Chapter 15 we extend the discussion to include specific models for
metamorphic reactions and some of the processes involved.

As Turner (1948) accurately observed for a deforming metamorphic rock:

At any instant every crystal, endowed with its own surface energy and affected internally by its own
system of stresses, is actively competing for growth with its neighbours (including newly initiated seed
crystals), in a highly anisotropic environment, wherein such factors as availability and composition of solu-
tions, chemical and physical nature of adjoining grains, and physical continuity of large and small fabric
elements, are subject to rapid variation.

This insightful statement contains all the elements we need to address in developing a uni-
fied approach to deformingereacting rock systems. Inherent in this statement are two funda-
mental concepts: the first concerns the interactions and reactions between grains while
preserving geometrical continuity of the deformation field across disparate phases in a reac-
tingedeforming system. The second is that growth of new mineral phases competes with
the supply of material from adjacent mineral reactions and may also supply material for
those adjacent reactions. Metamorphic systems are networked reactionediffusionetransport
systems.

The first concept is an intrinsically difficult concept we introduce in Chapter 13 and
develop further in this chapter. However, one way of maintaining deformation compatibility
during a chemical reaction is for the host and newly developing grain to undergo the same
volume change throughout the deformation history. At the time Turner wrote his statement
the concept of ‘the force of crystallisation’ derived from the earlier work of Becker and Day
(1905, 1916) was alive and well and many petrographers (Bastin, 1950; Bastin et al., 1931; Car-
michael, 1987; Harker, 1950; Lindgren, 1912; Ridge, 1949; Turner, 1948) have emphasised that
many mineral reactions involve constant volume (rather than constant mass) replacement of
host minerals with the inevitable conclusion that stresses must be generated at the interfaces
between reacting grains in order to account for the lack of volume change. One of the best
ways of considering the generation of such stresses is to compare the volume per formula
unit of the replacing mineral and that of the host. The volume per formula unit is the volume
of the unit cell divided by the number of formula units in that unit cell (Ridge, 1949). Most
minerals have more than one formula unit per unit cell (Ridge, 1949). Both quartz and coesite
for instance have two SiO2 units per unit cell but the unit cell of quartz is larger than that of
coesite (Levien and Prewitt, 1981). When quartz replaces coesite pseudomorphically, the
quartz is constrained to occupy the same volume as the coesite thus generating compressive
stresses in the neighbourhood.

Even if the reactions involved are not pseudomorphic and are expressed as constant mass
reactions there is still aDVassociatedwith the reaction that must result in stresses at the react-
ing interface and these stresses are able to drive diffusivemass fluxes. These concepts seem to
have been relegated to a category of little or no importance in most recent literature perhaps
because of the conclusion of Carmichael (1987) that such processes must ultimately be
relaxed by deformation (both ductile and brittle) and/or by diffusion (including pressure so-
lution) and so the effects must be ‘transient’. While such a conclusion is a truism for rocks that
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have reached chemical equilibrium at hydrostatic pressure conditions, the processes that
guided the route to equilibrium have commonly left their mark in the microstructure and
that is the aspect that concerns us. We consider the detailed processes that accompany min-
eral reactions to be of fundamental importance while the rock is deforming and mineral re-
actions are taking place; they lead to feedback relations that produce many of the
microstructures observed in metamorphic rocks. To add to the complexity, the DH of reac-
tions, together with the heat generated by deformation, also contributes to local stresses
and temperature gradients during the reactions. Some implications of the coupling between
these processes are indicated in Figure 14.1.

The second concept inherent within Turner’s statement leads to considerable complexity
in the rates of mineral growth especially if more than two chemical reactions are coupled and
at least one is nonlinear. A deformingechemically reacting rockmass is the same as any other
system not at equilibrium. As the statement by Turner suggests, the system evolves through
competition between a number of processes. It is forced from equilibrium by thermodynamic
forces and relaxes back towards equilibrium by dissipative processes. What we observe
arises from the competition between forcing and dissipation. A fundamental characteristic
of most metamorphic reactions is that the various competitive processes operate at different
rates and are interdependent in the sense that they are networked; the evolution of one part of

FIGURE 14.1 The progression of nucleation and mineral growth. Stresses and temperature gradients are
developed at growing grain interfaces which lead to coupling between diffusive fluxes, nucleation and grain
growth. This is expressed as stress-assisted diffusion or ‘pressure solution’. The growth of a new grain depends on
the rate of supply of reactants from adjacent reactions. There is competition between growth and the supply of
reactants. This leads to the development of nonlinear chemical systems with a tendency to evolve to one or more
non-equilibrium stationary states. The system behaves in this manner until the driving forces for chemical reactions
and deformation dwindle when the system moves towards chemical equilibrium at a hydrostatic pressure if the
temperature is high enough to allow diffusive processes to achieve this state.
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the system depends on evolution in other parts of the system. Thus competition results in nonlinear
behaviours that are the basis for microstructure development.

In most metamorphic systems the thermodynamic forces are gradients in deformation, in
the deformation gradient that drives damage evolution, in hydraulic potential, in 1/T, and in
chemical potentials. The corresponding competing dissipative processes are fluxes of mo-
mentum, damage density, fluids, heat, and mass. If the work done by the thermodynamic
forces balances the dissipation then a non-equilibrium stationary state develops and this may
or may not be stable; loss of stability usually is expressed as a Hopf bifurcation (Chapter
7). If one or more of the thermodynamic forces are zero another stationary state called equi-
librium with respect to that thermodynamic force develops. One important issue is the time
taken for a system to relax to equilibrium once the thermodynamic forces become insignifi-
cant. The relaxation time is a function of temperature so that if the rate of decay of temper-
ature is fast compared to the relaxation of other thermodynamic forces then non-equilibrium
microstructures and mineral assemblages may be preserved.

Thus, the evolution of both microstructure and coexisting mineral phases depends on two
intrinsically coupled constraints. First, deformation compatibility must be preserved during
deformation that occurs synchronously with chemical reactions, meaning that only a limited
number of holes (pores) and no overlaps between grains develop. To the extent that holes do
develop an instantaneous porosity develops controlled by diffusive processes and such that
the decrease in surface energy is balanced by the increase in grain boundary energy (Pask,
1987; for an extensive compilation of classic papers on pore development during sintering
see Somiya and Moriyoshi, 1990). Deformation compatibility conditions are met by continu-
ity of the deformation gradient across all interfaces, by grain boundary sliding and by stress-
assisted diffusive fluxes; conditions for deformation compatibility control the rates of grain
growth in a deforming, chemically reacting system and determine whether the growth pro-
cesses are pseudomorphic, isochoric or otherwise.

The second constraint involves competition between the growth of a new grain and the
supply of reactants to the growth site. If this supply depends on the production of reactants
derived from a variety of local reactions all proceeding at different rates, then oscillatory or
even chaotic rates of growth can emerge.

Superimposed on these two first order constraints is the influence of the local defor-
mingereacting environment on the nucleation sites for new grains. In a solid, new grains
tend to nucleate in gradients in chemical potential and where the local deformation can
accommodate the DV of the reaction and/or at sites of excess energy which can contribute
to overstepping of the equilibrium phase boundary. We will see (Section 15.5) that nucleation
is inhibited by large chemical potential gradients and so an interaction with deformation
arises from the influence of stress on the chemical potential (Kamb, 1959; Paterson, 1973).

An important issue derives from additional state variables introduced in a deforming reac-
tive system that are absent in a non-deforming system. In a non-deforming reacting system
that has evolved to equilibrium the state of the system can be described solely in terms of the
intensive variables, the hydrostatic pressure, P, the temperature, T, and the chemical poten-
tials, mn, of the n chemical components present. In a deforming system at chemical equilib-
rium another intensive variable necessary to define the state of the system is the local
deformation gradient, F, which remains after the deformation ceases. This additional variable
is neglected in most discussions of equilibrium states but is fundamental if deformation is
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synchronous with mineral reactions. The upshot is that we need a clear understanding of the
detailed processes that accompany metamorphism to arrive at a clear delineation of equilib-
rium states under non-hydrostatic conditions. Such a requirement sets the scene for this
chapter.

A number of papers have contributed to an evolving model of the behaviour of mineral
reactions during deformation. These include Voll (1960), Kretz (1966, 1969, 1973, 1974,
2006), Carmichael (1969, 1987), Wintsch and Knipe (1983), Rubie and Thompson (1985),
Wintsch (1985), Wintsch and Dunning (1985), Wheeler (1987, 2014), Passchier and Trouw
(1996), Wintsch and Yi (2002), Ford et al. (2002), Ford and Wheeler (2004), Vernon (1976), Ver-
non and Clarke (2008), Merino and Canals (2011), Carlson (2011), Stokes et al. (2012), Williams
and Jercinovic (2012) and Wintsch and Yeh (2013). The essential points brought out by these
papers are

1. A contribution to the rates of mineral reactions comes from the energy stored in
deformation products such as dislocations, sub-grain and twin boundaries.

2. Some new phases nucleate and grow preferentially in sites that reflect the DV of the
reaction: evidence exists that if DV is negative the new phase grows in sites where
shortening strains dominate.

3. In many metamorphic environments minerals change grain shape, and hence contribute
to the macroscopic deformation by stress induced mass transfer. In many instances this
process is accompanied by progressive changes in composition as new grains grow to
reflect the changing metamorphic conditions or local changes in the supply of chemical
components; these processes operate not only at low metamorphic grades where the
phenomenon has been recognised for many years but also at high temperature conditions.
This implies that in manymetamorphic rocks dislocation flowmay play a relatively minor
role in the deformation process except perhaps for minerals such as quartz. Such an
observation has considerable implications for the strength of the crust.

4. For many reactions the nucleation and subsequent growth of a new phase in a host is
pseudomorphic. We will see in Section 14.3.2 that this is a response to the constraint of
maintaining deformation compatibility. The equal volume replacement of the host induces
stresses in the host that can drive stress induced mass transfer. There are other
consequences of equal volume replacement that we explore in Section 14.4.

5. Examination of the GibbseDuhem equation for a deformingereacting solid shows that
some of these processes are responsible for increasing the rates of mineral reactions
without changing the slope or position of the equilibriummineral phase boundary in PeT
space where P is taken as the hydrostatic pressure. Others are responsible for changing the
slope and/or moving such a boundary while deformation and diffusion are proceeding.

6. Many, if not all, metamorphic reactions are networked in somemanner in that the progress
of each reaction depends on what is happening in other reactions nearby; this means that
considerations of networked thermodynamics (Peusner, 1986) are useful in understanding
the behaviour of such systems.

We address these points throughout this chapter and some are illustrated in Figure 14.2.
We explore many of these issues in this chapter and in Chapter 15. We first (Section 14.2)

consider some preliminary concepts in physical chemistry that give us a language to use
with respect to chemical reactions. Section 14.3 then explores the classical chemical equilibrium
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FIGURE 14.2 Dissolution and transfer of mass during deformation. (aed): Mass transfer during crenulation
cleavage development. From Williams and Jercinovic (2012). (e) and (f): Mass transfer during lineation development.
From Stokes et al. (2012). (a) Thin section of crenulation cleavage. (b) Ca Ka wavelength dispersive spectrum (WDS)
compositional map corresponding to (a). The hinge area has more high-Ca plagioclase than the crenulation limb. (c)
Ca KaWDS compositional map in the hinge area showing high Ca overgrowths on initial low-Ca plagioclase. (d) Ca
Ka WDS compositional map in the mica-rich limb area showing high-Ca overgrowths elongate parallel to the new
crenulation cleavage growing on initial low-Ca plagioclases. (e) Boudinaged epidote grain with microprobe
chemical profile (percent pistacite). The epidote grain is zoned as indicated by shades of blue and yellow corre-
sponding to variations in Fe3þ content. These zones are truncated on grain boundaries facing the shortening di-
rection. Plagioclase grain grows in boudin neck. (f) Zoned plagioclase grain with tails of varying anorthite content.
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view ofmetamorphic assemblages, including the roles of tectonic overpressures and tectonic over-
temperatures, to highlight some aspects that, when generalised, apply to systems far from equi-
librium. Also in Section 14.3 we consider deforming chemical systems at chemical equilibrium
and a generalised form of the Clapeyron equation as a basis for considering the displacement
of the syn-kinematic equilibrium mineral phase boundary relative to the position of such a
boundary on hydrostatic PeT phase diagrams. We then (Section 14.4) discuss chemical sys-
tems not at equilibrium, the principles that govern the development of non-equilibrium sta-
tionary states and the phase rule for systems not at equilibrium. We also consider the
meaning of the terms near and far from equilibrium in chemical systems. Of particular impor-
tance is the concept of autocatalytic reaction networks rather than the classical concept of auto-
catalytic reactions. Section 14.5 is concerned with dissipation in such systems and some
comments on the Prigogine principle of minimum entropy production. Finally in Section
14.6 we attempt to bring together these various and diverse aspects of chemical-mechanical
coupling.

Some of the questions we attempt to address here are: What is equilibrium? What are the
criteria for chemical equilibrium? What distinguishes a system at chemical equilibrium from one
not at equilibrium? What do the terms ‘near’ and ‘far’ from chemical equilibrium mean? How do sys-
tems not at chemical equilibrium behave and what controls this behaviour? Is there any order in sys-
tems not at chemical equilibrium? What is a stationary state as opposed to an equilibrium state? What
is the role of ‘tectonic overpressure’? Does deformation have an influence on the position of the equi-
librium mineral phase boundary defined in non-deforming systems? Does diffusion have an influence
on the position of the equilibrium mineral phase boundary defined in non-deforming systems? How
does pressure solution fit into the overall metamorphic environment?

As a summary of this chapter the following important results are given:

• Chemical equilibrium between mineral phases is possible in a deformingereactinge
transport system. The form of the Clapeyron equation that defines the equilibrium phase
boundary reflects the processes involved (deformation and diffusion) in such systems and
hence differs from that in a system under hydrostatic stress with no transport. This means
that the position of the equilibrium phase boundary differs in a deformingetransport
system from that in a static system.

• Compatibility of deformation results in constant volume reactions leading to pseudo-
morphism. Such constraints are important in influencing the form of the Clapeyron
equation for chemical equilibrium in deformingetransport systems. Such constraints
automatically imply that dissolution/growth and dissolution/precipitation processes are
intimately coupled.

• The concept of autocatalytic systems rather than the classical autocatalytic reactions becomes
fundamental in metamorphism and is manifest as networked mineral reaction systems.
Networked chemical reactionetransport systems lead to chemical zoning, chemical
fluctuations and grain microstructures that do not occur in non-networked systems.

• The metamorphic process is a networked reactionediffusionetransport process which
controls the grain size distribution and the distribution of individual grains. This means
that grain size distributions and grain microstructures are controlled by
reactionediffusionetransport processes rather than by nucleation and by growth and
topological constraints on grain boundary configurations.
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14.2 SOME PRELIMINARIES

In the followingwe use the term P tomean hydrostatic pressure. In a fluid at rest P is readily
defined, as the (constant) scalar measure of the force per unit area across any plane in the fluid,
but in a viscoelastic fluid that is deforming this is a quantity that is not easily defined (see Fitts,
1962, pp 159e161) especially if the behaviour is nonlinear as in a power-lawmaterial. Malvern
(1969) distinguishes two ‘pressures’ in a deforming Newtonian fluid. One is the thermody-

namic pressure, P, and the other is a quantity, P, equal to the negative mean stress,

P ¼ � 1
3sii. Malvern (1969, Section 6.3) shows that for an elastic-Newtonian fluid

P ¼ Pþ kDkk ¼ P� k
1

r

dr

dt

where k ¼ lþ 2
3G;Dkkhdivn ¼ � 1

r
dr
dt where n is the velocity and r is the density; l andG are

the Lamé constants. Thus, for an incompressible flow of a Newtonian fluid P ¼ P. Otherwise
the thermodynamic pressure differs from the mean stress. In metamorphic environments we expect

divn ¼ � 1
r

dr
dt to be negligible so that we assume that in a deforming system, P ¼ P. Never-

theless one should be aware that the commonly accepted proposal that the ‘pressure’ is
equivalent to the mean stress is not strictly true for deforming materials.

One of the most important concepts in chemical thermodynamics is that of the chemical po-
tential. We adopt the view of Callen (1960) for the definition of chemical potential: The internal
energy, E, for a system with a volume V and entropy S is given by

E ¼ EðS;V;N1;N2;.NnÞ
where Ni (i¼ 1,.,n) are the mole numbers of the n chemical components contained in the
system. Thus,

dE ¼
�
vE

vS

�

V;Ni

dSþ
�
vE

vV

�

S;Ni

dV þ
Xn

k¼ 1

�
vE

vNk

�

S;V;.Nj.
dNk (14.1)

Following Chapter 5, the interpretations of the terms in (14.1) are�
vE

vS

�

V;Nk

hT; the temperature

�
�
vE

vV

�

S;Nk

hP; the pressure

 
vE

vNj

!

S;V;.Nk.

hmj; the chemical potential of the jth component

With these interpretations in mind, (14.1) can be rewritten:

dE ¼ TdS� PdVþ m1dN1 þ m2dN2 þ.mrdNr

so that the chemical potentials can be viewed simply as coefficients that qualify (or weight)
the incremental mole numbers. Just as differences in deformation drive the transport of mo-
mentum, differences in temperature drive the transport of heat (or entropy) and differences
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in pressure cause changes in volume, differences in chemical potential drive the transport of
mass. The incremental chemo-mechanical work done, dWchemo-mechanical, by introducing incre-
ments of mole numbers of chemical components is

dWchemo�mechanical ¼
Xn

k¼ 1

mkdNk (14.2)

It is emphasised that, although the work represented in (14.2) is commonly labelled the
chemical work (see Callen, 1960, p. 32) it is in fact a contribution to the mechanical work in
that it represents the work done in inserting increments of new chemical components into
a system. For this reason we call this work the chemo-mechanical work. It needs to be distin-
guished from the quantity

dWchemical ¼ Adx (14.3)

which is the increment of true chemical work done arising from an increment, dx, of reaction
extent, x, in a single reaction with affinity, A (see below). The extent of a reaction is a quantity
0� x� 1whichmeasures the progress of the chemical reaction. For the reaction A/B, x¼ 0 at
the beginning of the reaction and x¼ 1 at the end of the reaction when all of A is converted to
B. The reaction rate in a closed system is _x and _x¼ 0 at equilibrium. At equilibrium the chem-
ical work in (14.3) is always zero and so is commonly overlooked in discussions of systems at
equilibrium.

The chemical potential, mP,T, of a chemical component k at a temperature, T, and pressure,
P, can be calculated from (Kondepudi and Prigogine, 1998) at equilibrium, p. 139:

mP;T ¼ T

T0
mP0;T0

þ
ZP

P0

VmðP;TÞdPþ T

ZT

T0

�HmðP;TÞ
T2

dT (14.4)

where Vm and Hm are the partial molar volume and enthalpy for that chemical component
and are themselves functions of P and T (Kern and Weisbrod, 1967, their Chapter VII). P0

and T0 are a reference pressure and temperature and mP0;T0
is the chemical potential at the

reference pressure and temperature.
The Gibbs energy, or as it was called by Gibbs, the free enthalpy, is given by

G ¼ H� TS ¼ E þ PV� TS (14.5)

where H is the enthalpy. If P and T are taken as constant

dG ¼ dE þ PdV� TdS

¼ Pn
k¼ 1

mkdNk
(14.6)

The Gibbs function for a chemical system consisting of Ni moles of i chemical
components is

G ¼
X
i

Nimi: (14.7)

Just as each chemical component, k, is characterised by a Gibbs energy of formation from
its chemical elements at a standard state, Gk

0, each chemical reaction is characterised by a
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standard Gibbs energy difference of reaction, DGreaction
0 , which is the difference between the sum of

the Gibbs energies of formation for the reactants and the sum of the Gibbs energies of
the products at a standard state. For the reaction Aþ B/ 2C, DGreaction

0 is
DGreaction

0 ¼ GA
0 þGB

0 � 2GC
0 .

A pragmatic form for the difference in Gibbs energy difference for a chemical reaction
operating at conditions defined by P, T is (Vernon and Clarke, 2008, p. 56):

DGP;T ¼ DH1;298 � TDS1;298 þ
ZT

298

DcPdT� T

ZT

298

ðDcP=TÞdTþ
ZP

1

DVdP

where T is measured in degrees Kelvin but P (for this example only) is measured in bars; the
reference temperature and pressure are 25 �C and 1 bar respectively.

Consider the chemical reaction:

n1A1 þ n2A2 þ n3A3 þ :::þ nnAn#y1B1 þ y2B2 þ y3B3 þ :::þ ymBm (14.8)

where Ak, Bk are sets of reactants and products respectively while nk, yk are stoichiometric
coefficients.

It is convenient to define a quantity called the equilibrium constant, Kequilibrium, for the
reaction (14.8) as

Kequilibrium ¼ by11 by22 by33 .bymm
an11 an22 an33 .annn

¼ exp
��DGreaction

0

�
RT
�

(14.9)

This means that

DGreaction
0 ¼ �RT lnKequilibrium

A chemical reaction is driven by the affinity of the reaction, A (De Donder and Van Ryssel-
berghe, 1936, Kondepudi and Prigogine, 1998). Any closed system is ultimately driven to a state
of chemical equilibrium in which A ¼ 0. The affinity for a general chemical reaction (14.8) is

A ¼
Xn

k¼ 1

mAknk �
Xm

k¼ 1

mBkyk (14.10)

mAk, mBk are the sets of chemical potentials corresponding to phases Ak and Bk. IfA ¼ 0 the
system is at equilibrium, ifA > 0 the reaction proceeds to the right, ifA < 0 the reaction pro-
ceeds to the left. From (14.10), for the simple reaction A/B, the affinity is

A ¼ ðmA � mBÞ
As an example, for the reaction Xþ Y/ 2Z, the affinity can be interpreted as the negative

change in Gibbs energy when 1 mol of X and 1 mol of Y react to form 2 mol of Z.
As we have seen the change in Gibbs energy (referred to standard states), associated with a

chemical reaction, is called the standard Gibbs energy of reaction, DGreaction
0 . Thus, for the

reaction (14.8),

DGreaction
0 ¼ �

(Xn

k¼ 1

m0Aknk �
Xm

k¼ 1

m0Bkyk

)
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For this same reaction the Gibbs energy change of the reaction is

DGreaction ¼ �A ¼ �
(Xn

k¼ 1

mAknk �
Xm

k¼ 1

mBkyk

)

The affinity of a chemical reaction in that system is given by (14.10) but also by

A ¼ �
�
vG
vx

�
P;T

where G is given by (14.7). One can also show (Kondepudi and Prigogine,

1998, pp 148e149) that A ¼ �
�
vJ
vx

�
V ;T

where J is the Helmholtz energy of the system.

DGreaction, and hence ð�AÞ, are functions of x because if the system is not at equilibrium, the
mole numbers, Nk, are constrained by the stoichiometric coefficients, nk, yk as discussed by
Zemansky (1951, pp 394e399, pp 437e441); this constraint is a reflection of the phase rule
written for a chemically reacting system.

In general, because of the above constraint, the behaviour of Gwith changes in the reaction
extent, x, is represented in Figure 14.3(a). An argument for this general form of behaviour is
given by Zemansky (1951, pp 416e410). Thus, the general form of the change in affinity with

x, given by A ¼ �
�
vG
vx

�
P;T

, is shown in Figure 14.3(b).

As an example, if we consider the progress of the reaction Aþ B%2C and suppose that at
any instant there areNA,NB andNCmoles of A, B andC present, then the Gibbs function for the
system, from (14.7), is

G ¼ NAmA þNBmB þNCmC

The behaviour of G for this reaction is discussed by Denbigh (1968, pp 135e139), assuming
the components are ideal gases, and is illustrated in Figure 14.3(c) where ðG� 2m0CÞ is plotted
against a measure of the progress of the reaction, NA. Denbigh shows that the form of the
curve for G is given by

FIGURE 14.3 Gibbs energy and affinity of chemical reactions. Relation between (a) Gibbs energy of the
chemical system (blue line) which is a minimum at equilibrium and (b) the affinity of the reaction (blue line) which
is zero at equilibrium. If the reaction is reversible of the form A%B then, in general, xequilibriums1. If the reaction is
of the form A/B then xequilibrium ¼ 1 (see Gerhartl, 1994). (c) Form of the Gibbs function plotted against a measure
of the extent of the reaction Aþ B%2C: Adapted after Denbigh (1968), Figure 18.
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G� 2m0C


 ¼ NA
	
m0A þ m0B�2m0C


þ 2RT

�
NA ln

NA

2
þ ð1�NAÞlnð1�NAÞ

�

This equation is plotted in Figure 14.3(c) as the blue curve, PES. Equilibrium is defined

by the minimum, E. It follows that � vG
vNA

¼ lnð1�NAÞ � ln
�
NA
2

�
which is of the same form

as the curve in Figure 14.3(b). The significance of other quantities is marked on
Figure 14.3(c). For a complete discussion of Figure 14.3(c) see Denbigh (1968) and for a
detailed discussion of diagrams such as Figure 14.3 see Gerhartl (1994).

For all closed systems, the chemical dissipation including the heat of reaction, H, is

Fchemical ¼ A_xþ _H so that the chemical dissipation (or T times the entropy production) is

zero at equilibrium. As we have seen, the affinity is given by A ¼ �
�
vG
vx

�
P;T

. It is common

to writeA as equivalent to�DGreaction; this, however, obscures the fundamental difference be-
tween A as a function that defines the route to reaction completion and hence is related to
entropy production or the dissipation (Kondepudi and Prigogine, 1998, p. 111) and DGreaction

which is used to define chemical equilibrium.
As shown in Figure 14.3, for a system specified by a given temperature, T, and an exter-

nally applied hydrostatic pressure, P, the progression of a chemical reaction towards equilib-
rium is defined by a function called the Gibbs energy, G � 0. At equilibrium, the Gibbs energy
change of the reaction, DG, is zero:

DG ¼ 0

For a spontaneous reaction to progress to equilibrium a necessary and sufficient
condition is

DG � 0

An important property characteristic of DG (that becomes important in systems not at
equilibrium) is that for any chemical system, DG increasesmonotonically (DG never oscillates)
towards equilibrium from a non-equilibrium state until equilibrium is reached:

dDG

dt
� 0 (14.11)

where t is time. A function with the property defined in (14.11) is called a Lyapunov function.
At equilibrium

dDG

dt
¼ 0

and such an equilibrium state is stable so that for a small perturbation away from that state,
the system returns to that state.

14.2.1 The GibbseDuhem Equation; the Clapeyron Equation

It might appear that the intensive variables, P, T and mk can be specified independently of
each other. This however is not the case and a powerful and useful relation is the
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GibbseDuhem equation which expresses the relation between the intensive variables, P, T and
mk (Kondepudi and Prigogine, 1998) at equilibrium:

SdT� VdPþ
Xn

i¼ k

Nkdmk ¼ 0 (14.12)

If we consider two phases, A and B, at equilibrium under hydrostatic conditions and write
(14.12) in terms of molar quantities, Smj

¼ S
Nj
, Vmj

¼ V
Nj
, then, since dmA¼ dmB, we have

SmAdT� VmAdP ¼ SmBdT� Vm BdP

Thus,

dP

dT
¼ ðSmA � SmBÞ

ðVmA � VmBÞ
(14.13)

or,

dP

dT
¼ DH

TDVm
(14.14)

(14.14) is the Clapeyron equation for hydrostatic conditions and it expresses the slope of the
equilibrium boundary between the stability fields of A and B on an equilibrium PeT mineral
phase diagram where P is identified with a hydrostatic pressure. In order to fix the position of
the boundary at a particular P and T, one needs extra information which is, in principle, ob-
tained by minimising the Gibbs energy at that particular P and T. In Section 14.3.3 3 we
discuss the form of the Clapeyron equation for situations where deformation and diffusion
accompany the mineral reactions.

Consider now a mineral phase diagram for the reaction A/B shown in Figure 14.4.
At the point X (Figure 14.4) A is in its equilibrium stability field and has a chemical potential
which can be calculated knowing P and T and using (14.4). We increase the pressure until A

FIGURE 14.4 Phase diagram for a hydrostatic state. A temperatureepressure mineral phase diagram under
hydrostatic pressure conditions with the stability fields for A and B marked. A parcel of A is taken from an
equilibrium state at X to the phase boundary at X0 where A and B are in equilibrium. No reaction of A to B takes
place at X0 because mA¼ mB and there is no driving force for the reaction to take place. The parcel of A has to be
taken into the stability field of B at X1 (where the pressure is overstepped) or to X2 (where both the temperature and
the pressure are overstepped) before the affinity for the reaction, (mA� mB), is nonzero and the reaction can proceed.
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lies on the boundary of the stability fields of A and B (point X0). At the point X0, A is in equi-
libriumwith B and so (mA�mB)¼ 0. Thus,A ¼ 0 and _x ¼ 0. It is fundamental to realise that at
equilibrium, there is no driving force for a chemical reaction and hence the reaction rate is
zero; there is no conversion of A into B in this case. Thus, B is stable at X0 but does not grow.
In order for the reaction to proceed we need to increase (mA� mB) above zero. One way of do-
ing this is to take the parcel of A at the point X0 (Figure 14.4) where A is in equilibrium and
increase the pressure or increase both the pressure and the temperature as shown by the
points X1 and X2, respectively. Points X1 and X2 correspond to states where P and/or T
have been overstepped with respect to the equilibrium state, X0. At these points the reaction
A/ B proceeds and finally reaches completion (pure B) given enough time. The reaction
of A to B at points X1 and X2 depends on nucleation and growth processes the rates of which
both depend on the value of (mA� mB) (see Section 15.3). If the overstepped conditions are
maintained phase B remains in equilibrium at the overstepped conditions. If any of A
were to remain unreacted then Awould be in a metastable state.

14.3 DEFORMING METAMORPHIC SYSTEMS: A CHEMICAL
EQUILIBRIUM VIEW

14.3.1 General Statement

For a comprehensive treatment of classical chemical equilibrium thermodynamics applied
to metamorphic mineral assemblages one should consult Kern and Weisbrod (1967), Wood
and Fraser (1976), Powell (1978), Connolly and Kerrick (1987), Yardley (1989), Spear (1993),
Powell et al. (1998, 2005) and Vernon and Clarke (2008). For a background in chemical equi-
librium thermodynamics from a general point of view see Zemansky (1951), Callen (1960)
and Denbigh (1968). In this section we are concerned with mineral reactions in a deforming
solid and the constraints that deformation places on the growth of new phases and on the
chemical equilibrium between mineral phases. We will see that three important issues arise:
(1) the kinematic constraints imposed by deformation compatibility upon grain growth, (2)
the contributions of both diffusive mass transfer and the deformation gradient to the
GibbseDuhem equation and hence the Clapeyron slope of the mineral equilibrium phase
boundary and (3) the influence of stress on the chemical potential which is responsible for
the position of the mineral equilibrium phase boundary in mineral equilibrium phase space.

The classical view of metamorphism is a linear theory in which the chemical systems
involved behave in a linear manner with no formal coupling between reactions that operate
simultaneously. In general the kinetics are not addressed since chemical equilibrium is
assumed for the whole system. Equilibrium is a stationary state of a system characterised by
zero entropy production. Chemical equilibrium is a state of a system where no chemical processes
are operating and, in particular, the entropy production arising from chemical processes is
zero; on the scale of the system considered there are no gradients in temperature, pressure
or chemical potentials and the system is homogeneous as far as the relevant state variables
are concerned.

The classical view is that a given parcel of rocks (with a well-defined chemical composi-
tion) is placed in an environment where the phase stability boundary is overstepped
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resulting from changes in pressure and temperature arising from either rising or falling iso-
therms (see Chapter 11) in conjunction with crustal thickening or thinning (as in the models
described by England and Thompson, 1984) or from advection of the rock mass through a
changing temperature and pressure field (as in the models described by Jamieson, 1998) or
from combinations of these two end members (as in the models described by Gorczyk
et al., 2012; Cloetingh et al., 2013). The classical assumption also is that the system is closed
so that all of the reactants are available within the system of interest, although some may
need to be transported some small distance during the metamorphic process (Carmichael,
1969). As indicated above, an additional assumption is that all chemical reactions proceed
independently of each other; although networked reactions such as those described by Car-
michael (1969) exist, the reactions proceed with no feedback on each other from a thermody-
namic or kinetic point of view. The neglect of all of these factors is justified because the
system is at equilibrium and hence the processes involved have ceased and have no influence
on the final equilibrium mineral assemblage; the final equilibrium mineral assemblage is
independent of the processes that operated in order to reach that equilibrium state. Such an indepen-
dence of processes is, however, not true for the microstructure of deformed metamorphic
rocks. The microstructure is largely a leftover from the processes that operated during the
chemical reactions. In this section we briefly review the salient points concerning the evolu-
tion of linear chemical systems towards equilibrium and in Section 14.4 we extend the discus-
sion to nonlinear, non-equilibrium systems.

Although metamorphic systems are traditionally treated as closed systems (Figure 5.2), at
least with respect to chemical components, most are closed diffusive systems in the sense of
Figure 5.2(b) in that diffusion of some chemical components from a nearby reservoir is
commonly postulated. For instance, Carmichael (1969) proposes that, at least for tempera-
tures below sillimanite grade, a chemically reacting system involves migration of Al over
distances of z0.2 mm while components such as Na, K, Ca, Mg, Fe2þ may diffuse to the
reacting site over distances of z2e4 mm; Ti and Fe3þ may diffuse over distances of
z0.5 mm. Thus, such systems are closed diffusive systems on the scale of perhaps
1.25� 10�7 m3. In Figure 14.2 the systems are open to the transport of mass at least on the
scale of 10�6 m3 and perhaps larger. On these scales such systems are considered closed
with respect to heat transport (they remain isothermal throughout the reaction) and with
respect to the transport of fluids, although some inconsistency is introduced in that nomi-
nally ‘closed’ systems may be allowed the luxury of transport of H2O and/or Hþ from
some remote source. Some (see Figure 5.1(b)) are considered truly open with respect to
the transport of H2O or Hþ and SiO2.

14.3.2 Mineral Reactions Constrained by Deformation Compatibility.
Homochoric Reactions. Why is Pseudomorphic Replacement Common
in Deformed Metamorphic Fabrics?

In a system that is not deforming a new grain can grow into a host grain or a host
composed of a fine grained matrix with no constraints other than the rate of supply of reac-
tants and heat; local stresses are generated at the interface depending on the DVof the reac-
tion. There are no geometrical or kinematic constraints on the growth of the grain, the only
constraint being to minimise interfacial energy. This, however, is not the situation if either or
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both the host and the new grain are deforming since compatibility of the deformation field
must be maintained either by the growing grain deforming at the same rate as the host
and/or by diffusion and/or by grain boundary sliding accommodating any discontinuities
in deformation. This means that some (at present, poorly defined) combination of coupled chemical
mechanisms must operate at the reacting interface so that the rate of growth of A matches the rate of
dissolution (or removal) of B.

Consider a new grain of phase A that has nucleated within or at the edge of a host grain, B,
and that continues to grow into B (Figure 14.5). We suppose that B is deforming and define a
reference system in the undeformed state Xi. The coordinate system in the deformed state is
xi. Then the deformation of B is (see Chapter 2):

xBi ¼ xBi ðXiÞ

and the deformation gradient (Chapter 2) isFBh

2
6664

vxB1
vX1

vxB1
vX2

vxB2
vX1

vxB2
vX2

3
7775. Similarly we can define the

deformation gradient for A, FA, on the assumption that Xi can also be used as a reference
frame for A (see qualifications of this assumption by Frolov and Mishin, 2012). If the defor-
mation and growth of A are such that no holes or overlaps develop at the interface between A
and B (that is the deformation of A remains compatible with that of B e see Chapter 2) then
the boundary between A and B remains an invariant surface in the deformation throughout
the growth of A (and dissolution of B). Thus,

FA ¼ FB

and hence

JA ¼ JB

where J represents the Jacobian (Chapter 2) of the deformation. Since the Jacobian for each
grain is the dilation of that grain it follows that reactions that obey compatibility of

FIGURE 14.5 Nucleation and growth of a new phase A in a deforming host, B. For compatibility of deformation
between A and B (that is, no holes or overlaps develop) the deformation gradient in Amust be the same as that in B.
This means the volume change in A is the same as that in B. It also follows that the rate of growth of A is the same as
the rate of dissolution of B.
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deformation must preserve the volume of the host even if the host is dilating during defor-
mation. We call such reactions that involve identical dilations of the host and the reaction
product(s), homochoric reactions (from the Greek, homós, the same and choros, space). An iso-
choric reaction is a subset of homochoric reactions in that the volumes both of the host and
the reaction product do not change during the reaction.

In this discussion the host may be an initial grain or it may be the polycrystalline matrix
of the rock (as in the example of staurolite growing in a finely layered matrix presented by
Carmichael (1969) e see Figure 15.3(a), or as in the example presented in Figure 15.3(c)). If
the initial material is a single crystal of phase B then an isochoric reaction produces A as a
pseudomorph of B. The situation is relaxed if diffusion is able to assist in attaining deformation
compatibility but this has other consequences as we will see in Section 14.3.3 3. The general
conclusion remains however that in order tomaintain deformation compatibility while a new
grain is growing, in the absence of diffusion or grain boundary sliding acting to accommo-
date the deformation incompatibilities, the reaction must be homochoric and commonly is
isochoric since the host may not be undergoing plastic deformation. This differs from the
common assumption that metamorphic reactions are constant mass in nature. To be consistent
with the Greek derivations, such reactions might be called isomaza reactions.

As we have indicated, homochoric (and particularly isochoric) reactions imply that the
growth rate of the new phase balances the rate of dissolution of the host (so that the two rates
are coupled) and that stresses are developed at the interface between the new phase and the
host (see Section 15.5 and Merino and Canals, 2011, for an example). We elaborate on these
issues in Chapter 15.

14.3.3 Can an Equilibrium Mineral Phase Boundary be Shifted
by Deformation? the Roles of Tectonic Overpressure and of Tectonic
Overtemperature

The conditions for chemical equilibrium between two mineral phases in a non-deforming
system are commonly taken to be that the stress, and hence the pressure, is hydrostatic and,
along with the temperature, is homogeneous throughout the system of interest. Added to this
is that a convenient potential, normally the chemical potential, a scalar quantity, is continuous
across all phase interfaces, and hence is also homogeneous. The equilibrium phase boundary
between the two phases on a PeT diagram is then fixed by these conditions since the Cla-
peyron slope is fixed by (14.14) and the difference in Gibbs energy of the reaction between
the two phases, DGreaction, and hence the affinity of the reaction, are both zero. In a deforminge
chemically reacting system, the stress is non-hydrostatic and both themean stress and temper-
ature can be inhomogeneous in the region of interest. As indicated in Section 14.1, the condi-
tions for chemical equilibrium across a boundary between two deforming mineral phases are

1. The temperature difference, DT, across the grain boundary is zero.
2. The difference in velocity, Dn, across the boundary is zero.
3. The differences in stress components resolved parallel and normal to the grain boundary

whose normal is n, are zero, Dsijnj¼ 0.
4. The difference in a potential that measures the energy, including the chemical energies of

the phases, is zero at the boundary of adjacent phases. It turns out that the problem that
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has perplexed the metamorphic community regarding this potential is that the form of the
potential depends on the orientation of the interface between the two mineral phases in
the stress field. Thus, the potential is not a state function in the conventional sense. Nor
can the potential be defined within a phase, only at the boundaries between phases.

Given these conditions it is possible, as we will see, to define a boundary in a suitable
phase space that is the equilibrium phase boundary in that space between the two deforming
phases. Since metamorphic systems are commonly characterised by mineral reactions that
take place during deformation, an issue that is continuously raised is: Is the equilibrium min-
eral phase boundary defined in conventional PeT space different for a syn-kinematic reaction? In or-
der to be clear about what this question means we need to understand that the question
actually involves three quite distinct issues:

1. The rates of chemical reactions are increased by changes in the energy of the system
introduction by defects (dislocations, twin boundaries, sub-grain boundaries and the like;
Wintsch, 1985; Wintsch and Knipe, 1983; Wintsch and Dunning, 1985). Does this process
change the equilibrium phase boundary? We will see that the answer is no. Such effects
influence the affinity of the reaction. However, this energy, if expressed properly, can
influence the GibbseDuhem equation as in (3) below.

2. If the pressure is equated with the mean stress then this commonly increases during
deformation creating a tectonic overpressure (Rutland, 1965). In addition, heat is generated
from plastic dissipation generating a tectonic overtemperature. Do these changes in pressure
and temperature influence the position of the equilibrium phase boundary? We will see
that the answer involves consideration of two processes. Overpressures and
overtemperatures influence the affinity of the reaction, through overstepping of the
equilibrium phase boundary, and, in particular, overpressure has an effect on the
GibbseDuhem equation as in (3) below.

3. The form of the GibbseDuhem equation is changed due to the mean stress, to diffusion
and to deformation including terms that involve the deformation gradient (Fletcher, 1973;
Frolov and Mishin, 2012; Larche and Cahn, 1978; Plohr, 2011; Robin, 1974; Shimizu, 1992,
2001). These effects in turn are capable of altering the Clapeyron slope. In addition the
position of the equilibrium phase boundary is changed by new contributions to the
Gibbs function of the system. We can say in advance that these effects do influence
the position of the chemical equilibrium phase boundarywhile deformation and diffusion are in
progress.

14.3.3.1 The Introduction of Deformation Defects During Mineral Reactions

Deformation introduces defects such as dislocations, twin boundaries and sub-grain
boundaries that influence the internal energy of the system. For a phase, A, sitting on the
equilibrium phase boundary between A and B (point X0 in Figure 14.4), the reaction to
form B requires A ¼ Dm ¼ ðmA � mBÞs0 in order to proceed. The energy of deformation
is capable of supplying the required energy so that jDmjs0. Gross (1965) and Liu et al.
(1995) measured the heat stored in deformed calcite and quartz and report values of
0.8 kJ mol�1 and 0.5 kJ mol�1, respectively. Wintsch and Dunning (1985) calculate a
maximum stored energy due to a dislocation density of 1012 dislocations per cubic centimetre
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in quartz of 1.4 kJ mol�1. An example of the stored energy due to deformation in Cu is given
by Williams (1965) where values up to z50 J mol�1 are reported. Thus, the values reported
for stored energy due to deformation for calcite and quartz are much larger than recorded
values for deformed metals (see also Stainier and Ortiz, 2010) and hence are expected to
be important in enhancing mineral reaction rates.

The larger the jDmj, the faster is the reaction. However, this does not change the position of
the equilibrium phase boundary, it simply ensures that the reaction proceeds; in principle
infinitesimal overstepping of the reaction boundary with respect to P and/or T is sufficient
in this instance. When the energy of deformation is exhausted, either because the deforma-
tion ceases or because energy produced in a deformation is depleted, the thermodynamic
state relaxes back to the equilibrium phase boundary if that corresponds to the ambient
conditions.

14.3.3.2 Tectonic Overpressure and Overtemperature

Systems that are chemically isolated are not closed to the transport of momentum during
plastic deformation so that a stress field sij(x, y, z, t) is generated within the material; strong
gradients in mean stress can exist while deformation is in progress if the deformation is
localised or otherwise inhomogeneous. There is sometimes a reluctance to admit that the
mean stress plays any role in influencing mineral reactions. We hope to clarify this issue
below through a discussion of the Gibbs energy in systems subjected to non-hydrostatic
stress.

A basic postulate of chemical equilibrium thermodynamics is that the chemical equilib-
rium state is characterised completely by a set of state variables, namely the specific internal
energy, e, the volume, V, and the mole numbers, N1, N2,. Nr , of chemical components
(Callen, 1960, p. 12). Such a statement assumes that the system is subjected to a uniform hy-
drostatic pressure, P, such that the normal (compressive) stress on every plane in the body is
identical to eP. Callen (1960, p. 32) points out that if the stress is not a uniform pressure then
other variables, completely analogous to V, are needed to characterise the equilibrium state.
A requirement of any theory involving non-hydrostatic stress states is that the treatment re-
duces to the hydrostatic formalism when the stresses become hydrostatic.

Although we have elected to define the Gibbs energy by (14.5) there are in fact three
different independent interpretations of the Gibbs energy all three of which are equivalent
if the stress field is a hydrostatic pressure. The first interpretation is that the Gibbs energy
is the Legendre transform (see Section 5.8) of the Helmholtz energy. The second interpreta-
tion is that the Gibbs energy is a potential that is continuous across the boundary between
two phases at equilibrium. The third interpretation is that the Gibbs energy is related to
the increase in total internal energy arising from insertion of a unit mass of a substance
into the thermodynamic system; this is an interpretation related to the concept of a chemical
potential. Although these three interpretations are equivalent for a system subjected to hy-
drostatic pressure this is not the case for a plastically deforming system under the influence
of non-hydrostatic stress and each interpretation can be quite different. The interpretation
selected for use depends on the nature of the problem involved.

The first interpretation is widely used for solving problems involving deformation (elastic,
plastic, viscous and brittle) where no chemical reactions are involved. The interpretation is
discussed for elastic deformations by Nye (1957) and was emphasised and extensively
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developed for inelastic deformations by Rice (1971, 1975). Examples are given in, and appli-
cations are discussed by, Houlsby and Puzrin (2006a) and in Chapter 5.

As indicated in Chapter 5, the definition of Gibbs energy for a deforming system with no

chemical reactions means that P is replaced by P ¼ � 1
3sii and the specific volume,bV, is

replaced by bV ¼ bV0ð1þ εkkÞ ¼ 1
r so that PV is replaced by �bV0

�
1
3skk þ sijεij

�
. Thus,

although the pressure is replaced by (minus) the mean stress, the equivalent of the PV
term contains a contribution from the total mechanical work, sijεij. This means that the Gibbs
energy becomes

G ¼ e� sT� 1

r0
sijεij (14.15)

The second interpretation is discussed by Plohr (2011). He considers the criteria for equi-
librium between two solid grains that are undergoing finite, plastic deformation and the
form of the relevant Gibbs energy. As we have indicated, the requirement for equilibrium
is continuity of temperature, velocity, traction and of a potential that measures the energy
difference across the interface between phases. The first three of these constraints are
expressed by

DT ¼ 0; Dni ¼ 0; D
	
sijnj


 ¼ 0

where DT is the temperature difference across the grain boundary, Dni is the velocity differ-
ence across the grain boundary and D(sijnj) is the difference in the stress components parallel
to the components of the grain boundary normal. Plohr (2011) shows that in order to satisfy
these equilibrium conditions, the difference in Gibbs energy across an interface needs to be
defined as

DG ¼ D
h
e� Tsþ PbV � bV0Jisijnj

i
¼ 0 (14.16)

where P ¼ � 1
3sii, sij is the deviatoric stress tensor, and Jih

Fiana
ngng

. Fij is the deformation
gradient tensor and na are the components of the normal to the interface between the
two grains. bV0; bV are the specific volumes in the reference and deformed states. This
means that this criterion for equilibrium between the two grains involves the mean stress,
P, and the orientation of the grain boundary relative to the local stress together with the
nature of the deformation gradient. We return to this interpretation in Section 14.3.3 3.
Clearly, since (14.16) involves the orientation of the boundary, it is defined only at the
boundary and not within the body of a grain. It is not solely a function of the state of
the system and hence is not a state function in the conventional sense of the concept.
This potential also depends on the nature of the deformation, F, at the boundary and hence
also depends on the constitutive behaviour of the grains and issues such as: can the grain
boundary support a shear stress? However, it does serve to define chemical equilibrium
across the boundary.

The third interpretation is also considered by Plohr (2011). One arrives at

G ¼ e� Tsþ PbV (14.17)

as an expression for G where P is minus the mean stress.
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Plohr (2011) shows that if the deformation gradient involves no grain boundary sliding

then the Gibbs energy is a function of
�
1
3sii

�
. However if shear displacements exist, as in

grain boundary sliding, then the Gibbs energy is a more complicated function of the stress.
Thus the contribution to G from a non-hydrostatic stress always involves the mean stress. In
addition there may be other contributions involving the shear stresses arising from the type
of deformation and the orientation of the grain boundary. Similar conclusions are reached for
infinitesimal deformations by Fletcher (1973), Robin (1974) and Shimizu (2001).

Thus from a thermodynamic point of view the equivalent of the pressure, the tectonic over-

pressure, is (minus) the mean stress,
�
1
3sii

�
, but if one wants to understand the driving force

towards equilibrium interpretations of G such as (14.16) need to be considered.
As an example of tectonic overpressures and overtemperatures in an inhomogeneous

deformation, Figure 14.6 shows the distribution of mean stress, (s11þ s22þ s33)/3, and
of local dissipation due to plastic deformation in a system closed to the transport of fluid,
heat and chemical components and undergoing a sinistral simple shearing. The model
comprises a layered ideal elasticeplastic material with no hardening as in Figure 6.1. In
Figure 14.6(aec) plastic volume change occurs. The mean stress varies from �295 MPa
above ambient to �265 MPa between the hinges of folds where plastic dilation is localised
and the weaker layers on fold limbs. These pressures are in excess of the ambient pressure
and constitute a tectonic overpressure. In Figure 14.6(def) no plastic volume changes accom-
pany deformation and any volume change is elastic, Delastic, given by Delastic¼ sii/[3lþ 2G]
where l and G are Lame’s parameters (Chapter 6; Jaeger, 1969). Again dilation is concen-
trated at fold hinges. The mean stress now varies between �4.50 MPa and �0.50 MPa
through the model. The importance of the mean stress concentrations in Figure 14.6,
whether they arise from elastic or plastic dilation, is that they result in an overstepping
of mineral equilibrium phase boundaries and hence provide an affinity that drives chem-
ical reactions. The high mean stress in Figure 14.6(b) relative to that in Figure 14.6(e) arises
from the large plastic volume change included in the deformation in Figure 14.6(a). The
overall deformation is constrained to be isochoric and the large mean stresses are a
response of a swelling deforming system subjected to this constraint. Thus, the mean
stress (and hence the tectonic overpressure) depends not only on the constitutive behav-
iour, as is commonly proposed (Rutland, 1965; Schmalholz and Podladchikov, 2013;
Stuwe and Sandiford, 1994), but also on the geometrical constraints imposed on the
system.

In Figure 14.6(c) and (f) the instantaneous dissipation density arising from the plastic
work, sijε

plastic
ij , is plotted. Again the distribution is inhomogeneous with the dissipation

concentrated at fold hinges. The temperature changes that arise from this dissipation (tec-
tonic overtemperatures) are not plotted; they can be calculated from the energy equation,
(5.44), and then integrating the incremental temperature changes from the beginning of plas-
tic deformation up to the current deformation state. Independent of the magnitude of tem-
perature rises due to plastic dissipation such dissipation provides a driving force for mineral
reactions.

The systems discussed here are closed and once deformation ceases the temperatures relax
to ambient on a thermal timescale given by sthermal ¼ L2

kthermal where L is a length scale associated
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with the system and kthermal is the thermal diffusivity. The stress state relaxes to the ambient
hydrostatic pressure state once boundary driving forces are removed on a time scale,
smechanical ¼ h

E, where h is the viscosity associated with the relaxation process and E is the
Young’s modulus; for many materials a spectrum of relaxation processes exists each with
its own viscosity (Phan-Thien, 2013). For a crustal scale system with L¼ 20 km as an
example, and assuming kthermal¼ 10�6 m2 s�1 (Chapter 11), the time scale for thermal relaxa-
tion is approximately 13 my. There is much uncertainty about a value for h but if we take
h¼ 1020 Pa s and E¼ 1010 Pa then smechanical¼ 1010 s or z3170 y. Thus, the mechanical relax-
ation should track the overall tectonic relaxation of the crust as it occurs with a time lag of a

FIGURE 14.6 Sinistral simple shearing of a layered, perfectly plastic material: development of overpressures
and dissipation. The initial geometry and deformation conditions are as in Figure 6.1 except that here the layers are
of equal thickness. (a) Geometry with plastic volume change. (b) Mean stress with plastic volume change. (c)
Dissipation density distribution with plastic volume change. (d) Geometry with no plastic volume change. (e) Mean
stress with no plastic volume change. (f) Dissipation density distribution with no plastic volume change.
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few thousand years whereas the temperature lags behind the overall thermal relaxation of
the crust by millions of years. The important issue is how fast the mechanical boundary con-
ditions relax given a change in crustal scale kinematics. If these kinematic conditions relax on
a timescale of 10e20 my then it is possible for stress states to persist after temperatures have
relaxed. This means that non-hydrostatic equilibrium states can be preserved. Clearly until
we know more about crustal scale thermalemechanical relaxation spectra it is possible
that a complete spectrum between hydrostatic and non-hydrostatic equilibrium states can
be preserved. The way to explore the crustal scale thermalemechanical spectra is to examine
the record in the rock and not always assume that preserved mineral assemblages represent
hydrostatic stress conditions. If the preserved mineral assemblages reflect hydrostatic condi-
tions it is unlikely that they reflect syn-kinematic equilibrium assemblages. The challenge is
to use the mineral assemblages we observe in metamorphic rocks to understand this relaxa-
tion spectrum.

Although the concept that deformation increases the mean stress in mineral reaction sys-
tems has been discussed by many workers (Rutland, 1965; Stüwe and Sandiford, 1994, and
references therein) the implication commonly is that such an effect influences the equilibrium
stability fields of minerals by creating a tectonic overpressure. Tectonic overpressures influence
the affinity of a reaction and so act to drive the mineral reactions. They also influence the
equilibrium phase boundary as we discuss below.

14.3.3.3 The GibbseDuhem and Clapeyron Equations for DeformingeChemically
Reacting Systems

It is convenient in examining deformingechemically reacting systems to set up a virtual
network, introduced by Robin (1974) and Larche and Cahn (1973, 1978), that permeates
the solids that are deforming and reacting. In the case of a polycrystalline solid this could
be a series of crystal lattices or it could be quite irregular and simply represent a conve-
nient set of points that can be addressed in a fine grained matrix (Figure 14.7).

FIGURE 14.7 Examples of virtual networks that enable substitutional and interstitial sites to be identified and
tracked during deformation. (a) The grid intersections could represent lattice sites in a homogeneous polycrystalline
solid. (b) The grid intersections could represent both lattice sites within a single crystal and both material and
compositional reference points within a fine grained matrix. Background image from Passchier and Trouw (1996). For
presentation the grid spacing is greatly exaggerated and should be at the molecular scale.
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The network is used (1) to enable a description of the deformation of the solid, (2) is
capable of carrying mechanical loads and (3) provides a set of sites that can be occupied
by atoms or vacancies; all chemical components can be divided into substitutional sites
(residing on the network nodes and including vacancies) or interstitial (occupying sites
not on the network nodes). Frolov and Mishin (2012) consider a homogeneous multicom-
ponent solid with K substitutional (including vacancies) and L interstitial chemical com-
ponents. The number of substitutional sites is N and is fixed. The number of interstitial
sites is n and can vary. Diffusion of both substitutional and interstitial sites can occur.

Frolov and Mishin (2012) explore the deformation illustrated in Figure 14.8(a) for which
the deformation gradient is of the form

Fij ¼
2
4
F11 F12 F13
0 F22 F23
0 0 F33

3
5 (14.18)

with a Jacobian

J ¼ F11F22F33 (14.19)

If two adjacent grains both undergo the deformation (14.18) shown in Figure 14.8(a) then
(14.18) represents a deformation where the X1 axis is parallel to a coherent boundary
(see Robin, 1974) between the grains (Figure 14.8(b)). This means that the interface can sup-
port a shear stress which is not necessarily the case if grain-boundary sliding is permitted.
One can show that F�1 has the same form as (14.18) with the lower non-diagonal terms equal
to zero and F�1

ii ¼ 1=Fii for i ¼ 1; 2; 3 ðno summationÞ: All components of stress can be
non-zero. The internal energy is given by

E ¼ EðS;N1;.;NK; n1;.; nL; FÞ

FIGURE 14.8 Coherent phase transformations. (a) The deformation explored by Frolov and Mishin (2012). (b)
The progressive development of a coherent phase transformation with volume change.
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with N fixed so that
P
K
NK ¼ N. This means that N can take on only ðK�1Þ independent

values. Following Larche and Cahn (1973, 1978) who define a diffusion potential, Mij, for sub-
stitutional atoms,

dE ¼ TdSþ
XK

k¼ 2

Mk1dNk þ
XL

p¼ 1

mpdnp þ
X

i;j¼ 1;2;3

VPijdFji

which is more conveniently written:

dE ¼ TdSþ
XK

k¼ 2

Mk1dNk þ
XL

p¼ 1

mpdnp þ
X

i;j¼ 1;2;3

VF11F22s3idFi3 þ
X

i;j¼ 1;2

VPijF22dFji

(14.20)

The diffusion potential, Mk1, is the energy change when an atom of the substitutional
component, k, is replaced by an atom of component 1 (taken as a reference component)
while keeping all other components fixed:

Mk1 ¼ vE

vNk
� vE

vN1
; k ¼ 2; 3;.K

Frolov and Mishin (2012) define an intensive potential:

f m ¼ E

N
� TS

N
�
XK

k¼ 2

�
Mkm

Nk

N

�
�
XL

p¼ 1

�
mp
np
N

�
�

X
i¼ 1;2;3

�
UFi3
F33

�
s3i

where E/N, S/N and U are the energy, entropy and volume per substitutional site. The
GibbseDuhem relation follows as

0 ¼ �SdT�
XK

k¼ 1

Nkdfk �
XL

p¼ 1

npdmp �
X

i¼ 1;2;3

ðvFi3=F33Þds3i þ
X

i;j¼ 1;2;3

VQijdFji (14.21)

where

QhJF�1$

 
sL

X
m¼ 1;2;3

ðFm3=F33Þs3mI

!
(14.22)

In the above, Vand v are the volumes in the undeformed and deformed states, so that v¼ JV,
s is the Cauchy stress and (JF�1,s) is the first PiolaeKirchhoff stress, P (see Chapter 4). For the
deformation gradient defined by (14.18),

P3i ¼ F11F22s3i ¼ ðJ=F33Þs3i i ¼ 1; 2; 3 (14.23)

In (14.22) Q is a 3� 3 matrix but only Q11, Q12 and Q22 appear in the GibbseDuhem
equation, (14.21).

In the case of reactions proceeding at hydrostatic pressure (such that sij¼�Pdij), Qijh 0
and

P
i¼ 1;2;3

ðVFi3=F33Þds3i ¼ �VdP, so that (14.21) reduces to the standard GibbseDuhem

equation, (14.14).
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The GibbseDuhem equation, (14.21) expresses a relation between ðK þ Lþ 7Þ intensive
variables and characterises a deforming single phase solid. In exactly the same way as is
done for a system under hydrostatic stress (Section 14.2) if there are two phases, A and B,
we write the GibbseDuhem equation for both phases and require for equilibrium that the
two equations are true simultaneously. We obtain the Clapeyron equation:

0 ¼ �ESFdT�
X

EniFdfi �
X

ENiFdmi �
X

i¼ 1;2;3

EðvFi3=F33ÞFds3i þ
X

i¼ 1;2;3

EVQijFdFji

(14.24)

where for any pair of extensive properties, Z and X,

EZFXhZA � ZBX
A

XB

Thus, EZFX is the difference (or jump) between the property, Z, of the two phases when
they contain the same amount of X. Equivalents in the hydrostatic case are the molar jumps,
ESFNhDSm, and EVFNhDVm, in the hydrostatic Clapeyron equation, (14.13, 14.14).

(14.24) is the generalised Clapeyron equation for a deforming reacting solid with diffusion
and coherent grain interfaces, there being (KþLþ 5) degrees of freedom in the system (Frolov
and Mishin, 2012, p. 15). In order to obtain some insight into the meaning of the generalised
Clapeyron equation, (14.24), we examine the situation of an equilibrium between two
coherent phases in the projection of the hyper-phase diagram into (s1� s2� T) � space
(Figure 14.9(b)). We first note (Figure 14.9(a)) that if the stress is hydrostatic then the hydro-

static pressure is represented by a line inclined at tan�1
ffiffiffi
2

p
to each of the s1, s2, s3 axes.

This projects as a line at 45� to both s1 and s2 axes in the (s1� s2)-plane. If the stress is
non-hydrostatic then the line representing: s1þ s2þ s3¼ constant projects as a line inclined

at tan�1 (s2/s1) to the s2 axis in the (s1� s2)-plane and with magnitude ~P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
1 þ s2

2

q
.

Thus, the conventional PeT phase plane appears as the blue plane (OHIG) in Figure 14.9(b)

but the hydrostatic pressure is measured in units of
ffiffiffi
2

p
P. The (mean stressetemperature)-

plane appears in red (OEFG). We add the yellow plane, ABCD, to Figure 14.9(b). This is the
projection into (s1� s2� T)-space of the hyperplane that contains all equilibrium states be-
tween the two coherent grains. The line Lhydrostatic is equivalent to the conventional equilibrium

phase boundary for a hydrostatic stress. The line Lnon�hydrostatic is the equilibrium phase bound-

ary for non-hydrostatic stress for a given deformation defined by (14.18). If the deformation
changes for a given mean stress then so does the position of this line.

A somewhat simpler example of the effect of deformation on the position of the equilib-
rium phase boundary is indicated in Figure 14.10(a) and (b) where we consider the projection
of the non-hydrostatic equilibrium space into the (PeTechemical potential)-space.We assume
that the pressure in the hydrostatic case is given by the overburden pressure and identify this
with �s3. The chemical potential surfaces (see Denbigh, 1968, p. 183) for two mineral phases,
a and b, are shown in (PeTem) space in Figure 14.10(a). The line AeB represents the equilib-
rium phase boundary in this space where ma¼ mb. The projection of this boundary on to the
PeT plane is the line A*eB* as shown in Figure 14.10(b). This line then represents the
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conventional equilibrium phase boundary. In Figure 14.10(c) we stay in (P* (¼�s3)eTem)
space but the chemical potentials are changed in accordance with the theory of Kamb
(1959) so that a chemical potential of each phase, mi0, becomes mi ¼ mi0 þ si

N
bVi
(see Chapter 15)

where si
N is the normal stress across an interface of the ith phase and bVi

is the specific volume
of that phase. The new equilibrium phase boundary in the stressed state, where ma¼ mb, is the
line CeD which projects on to the P*eT plane as C*eD* as shown in Figure 14.10(d). Clearly
the displacement of the phase boundary depends on the relative orientation of the two chem-

ical potential surfaces and the values of si
N
bVi

but except when sa
N
bVa ¼ sb

N
bVb

there is always

a displacement of the equilibrium phase boundary on the P*eT plane.
The generalised Clapeyron equation, (14.24), indicates that in a deforming�

reacting�diffusing solid, for a homogeneous state of mean stress, the equilibrium phase
boundary is different for grains that have experienced different deformations so thatP
i¼ 1;2;3

EðFi3=F33ÞF differs from grain to grain. This emphasises the need to understand the

mechanisms of grain growth in a deforming aggregate. The difference between homochoric,
isochoric and iso-mass reactions is fundamental. For instance, if the reactions are isochoric, as
when a porphyroblast, A, replaces a fine-grained matrix, M, with no change in volume, then
FA¼ FM¼ F. The outcome is that

EQijF ¼ JF�1
ij

 
EsijF�

X
m¼ 1;2;3

ðFi3=F33ÞEðsm3ÞFdij
!

(14.25)

FIGURE 14.9 Aspects of the phase diagram for chemical equilibrium between two phases in a deforming solid. (a)
Projectionof the line (blue)s1þ s2þ s3¼ constant on to the (s1� s2)-plane.Theprojectionmakes anangle tan�1 (s2/s1)

with the s2-axis. The length of this line is ~P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
1 þ s2

2

q
. (b) Projection of the hyper-phase diagram into (s1� s2� T)

space. The red plane (OEFG) is the equilibrium phase diagram in the deformed state and corresponds to the

ð~P� TÞ-plane. Lnon�hydrostatic is the generalised Clapeyron curve in that plane. The blue plane (OHIG) is the equilibrium

phase diagram for the hydrostatic casewith
ffiffiffi
2

p
P as the pressure axis.Lhydrostatic is the equivalentClapeyron curve for this

hydrostatic case. The yellowplane (ABCD) is the locus of the projection of all Clapeyron curves into (s1� s2� T) space.
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This means that the equilibrium depends on the differences in stress states between the two
grains (or domains). For a coherent interface the shear stress differencesmay be zero and so the
problem reduces to the KambePaterson model where only the normal stresses influence the
non-hydrostatic equilibrium phase boundary. For a general deformation in each grain (or
domain) this will not be the case and different grains will be in different equilibrium states.
However, if the stresses relax tohydrostatic and the temperature remainshigh enough fordiffu-
sive fluxes to operate then the system approaches the hydrostatic pressure equilibrium state.

All of the treatments of chemical potential or Gibbs energy for non-hydrostatically stressed
solids (Frolov andMishin, 2012; Plohr, 2011; Shimizu, 1992, 2001) contain a term that depends

FIGURE 14.10 The chemical potential surface for two phases in a deforming solid. (a) A (P�T�m) phase di-
agram for two coexisting mineral phases a and b with a hydrostatic pressure. The surfaces for the two phases
intersect in the equilibrium boundary AeB which projects on to the PeT plane as the phase boundary A*eB* in (b).
In this case the hydrostatic pressure is identified with the overburden stress �s3. (c) A section similar to (a) in
the non-hydrostatic case where the hydrostatic phase surfaces for a and b have been displaced by sa

N
bVa

and by
sb
N
bVb

, respectively, for phases a and b. The non-hydrostatic equilibrium phase boundary is shifted from AeB to
CeD with the result that the non-hydrostatic equilibrium phase boundary in the P*eT plane is moved from A*eB*
to C*eD*as shown in (d).
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on the grain boundary orientation as well as the deformation at the grain boundary and the
stress within the grain. In the elastic case with only a normal stress on the boundary this is the
GibbseKambePaterson term, sN

bV(see Section 15.4). For the treatment of Shimizu (2001),

this is related to her term,qij ¼ aijNj

akNk
, where a is a vector that represents the crystal growth dur-

ing a chemical reaction and N is a vector normal to the reacting interface (Figure 14.11(a)).
Then the chemical potential for the phase change, mþ, which we emphasise is only defined
at the reacting interface, is given by

mþ ¼ �sijqij bV þJ

h� jTjcos b
cos a

bV þJ

where J is the Helmholtz energy, a and b are defined in Figure 14.11(a) and T is the traction
acting on a unit area of the interface. The term jTjcos b

cos a
reaches a maximum when a¼ 0 and

b¼ 0 when the traction and growth directions are normal to the interface. This is the situation
in the GibbseKambePaterson model when mþ becomes ð�sN

bV þJÞ. If sN¼ 100 MPa and
the molar volume, bV ¼ 5� 10�5 m3 mol�1 (see Fletcher and Merino, 2001), the term sN

bV
contributes the equivalent of 5 kJ mol�1 to the effective chemical potential so the effect can
be significant.

Further insight into the nature of equilibrium between two grains in a deforming solid can
be obtained by considering the case of coherent equilibrium between two grains in a binary
solid solution. For variation of the shear stress at constant temperature and strain,

dM21

ds3i
¼ �EvFi3=F33FN

ENkFN
(14.26)

Thus, changes in phase composition result from the stresses, s3i, and to maintain equi-
librium, variations in the diffusion potential with respect to variations in the shear stress

FIGURE 14.11 Aspects of non-equilibrium phase diagrams. (a) Diagram showing the significance of the
quantities used by Shimizu (2001) to describe the influence of a general stress on the chemical potential. (b)
Generalised Clapeyron slope in (M21� s3i)-space.
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must be proportional to the jump in deformation gradient and inversely proportional to
the jump in phase compositions. If this is not the case then compositional differences
arise due to the shearing stresses and these differences may persist after deformation
ceases. (14.26) is a generalised Clapeyron equation in (M21� s3i)-space as shown in
Figure 14.11(b). The conventional interpretation of such compositional differences (see
Figure 14.2) is that changes in P and/or T were responsible. However, since such compo-
sitional differences are predicted for deforming systems, this possibility should also be
explored.

The above discussion from Frolov and Mishin (2012) is strictly applicable only to coherent
relations between two adjacent grains. If this condition is not met then deformation compat-
ibility between adjacent grains has to be met by diffusive mass transfer or by grain boundary
sliding or by both processes operating simultaneously. This general situation has not been
analysed but one outcome is that shearing stresses parallel to grain interfaces are relaxed
by these processes. We can expect results similar in principle to what is depicted in Figures
14.9e14.11(b) but the analysis is yet to be done for the general case where diffusion is in
progress.

14.3.4 The Phase Rule for Closed Equilibrium System under Hydrostatic Stress

The phase rule is a statement of the number of independent degrees of freedom, F , avail-
able to any chemical system defined by a number of mineral phases, M, and molar frac-
tions, rC, of C chemical components. F can be defined for any system depending on the
constraints on M and on rC. The latter constraint is always

Pn¼C
n¼ 1rC ¼ 1. F is the number

of independent intensive variables necessary to define the system. For a system at equilib-
rium there are rCðM� 1Þ equations defining the relations between the chemical potentials
for each chemical component in theM phases and a set of ½2þ rCðM� 1Þ� independent var-
iables corresponding to P, T and the ðrC � 1Þ independent mole fractions. Thus,
F ¼ rC �Mþ 2 for a system at equilibrium (Callen, 1960). For a detailed discussion of
the phase rule and its application to the construction of mineral equilibrium phase dia-
grams see Kern and Weisbrod (1967, Chapter XII). The phase rule is used to constrain the
topology of equilibrium mineral phase diagrams (Powell et al., 1998). Levin (1946) and
Fink (2009) point out similarities between the phase rule and the EulerePoincare formula
relating the numbers of faces, edges and vertices on a simple polyhedron (see Chapter
13). Some readers may find this analogy useful in understanding the phase rule and the
way the degrees of freedom change due to the addition or removal of a phase or chemical
component.

14.4 MINERAL REACTIONS: SYSTEMS NOT AT EQUILIBRIUM

14.4.1 General Statement

We have seen in Section 14.3 that deformation compatibility places kinematic constraints
on the growth of new grains such that in many instances the reactions are homochoric and
commonly isochoric. In addition we see that both diffusion and deformation can influence
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the form of the GibbseDuhem equation and hence the Clapeyron slope of the chemical equi-
librium phase boundary between reacting phases. If we want to understand something
about the processes that result in mineral assemblages we need to explore the kinetics of
reacting mineral systems, in particular the coupling between the rates of supply of reactants
to the reacting site. Further, in this section, we explore some general features of chemical
systems not at equilibrium particularly those associated with networked chemical reactions.
We defer a discussion of the nonlinear growth rates implied by homochoric reactions to
Chapter 15.

14.4.2 Kinetics of Mineral Reactions

In Chapter 7 we defined the concept of a stationary state as one where the rate of change of
the mean of a particular quantity of interest is zero. For any chemical system one possible sta-
tionary state is an equilibrium state where all chemical reactions have ceased and hence the
rate of change of chemical concentrations is everywhere zero. However, other, non-equilib-
rium stationary states can exist in chemical systems. First let us consider an isothermal chem-
ical reaction in an isolated system of the type

A/
k
B (14.27)

with a rate constant k and a reaction rate, _x, given in terms of the concentrations of A and B,
a and b, by

_x ¼ �da
dt

¼ db
dt

¼ ka (14.28)

where the over-dot denotes differentiation with respect to time and we have used capital
font Arial for chemical components and lower case italic font Arial for concentrations of
those components. It is common to use the activities instead of concentrations in which
case the activity of species i, ai, is given by ai¼ gici where gi the activity coefficient of species
i with concentration ci.

It follows from (14.28) that

a ¼ a0 expð � ktÞ and b ¼ b0½1� expð � ktÞ�
where a0 and b0 are the initial concentrations of A and B. We define the extent of the reaction by

x ¼ a0 � a
a0

x varies from x¼ 0 at the start of a reaction to x¼ 1 at completion when all of A has been
converted to B. The evolution of the reaction rate and the concentration are shown in
Figure 14.12(a) and (b). Since the system is closed, a0 þ b0 ¼ aþ b and x ¼ a0�a

a0
¼ b�b0

a0
.

One should note that for the reaction A/
k
B, the evolution of the extent of the reaction is

given by

x ¼ 1� expð � ktÞ
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which is plotted in Figure 14.12(c). x/1 as t/N. During this evolution, the Gibbs energy, G,
evolves to a minimum at t/N (Figure 14.12(d)). Note also that the conditions x ¼ 1 and
G¼Gminimum at t/N are not generally true. If, for instance, the reaction is A%k

k B so that
the forward and reverse rate constants are equal, then the equilibrium, G¼Gminimum, occurs
at x ¼ a0�b0

2 with aequilibrium ¼ bequilibrium ¼ a0þb0

2 where a0 and b0 are the initial concentrations
of A and B at t¼ 0 (see Figure 14.3). Examples are given by Kondepudi and Prigogine (1998,
pp 245e249) and by Gerhartl (1994).

FIGURE 14.12 Uncoupled kinetics. (a) Normalised reaction rate, e_x, for the reactions A/B (n¼ 1), 0.5A/B
(n¼ 0.5) and A/ 2B (n¼ 2) in an isolated, isothermal system. The reaction rate is normalised against the maximum
reaction rate for these reactions. (b) Evolution of the concentrations a and b for the reaction (14.27) with initial
concentrations a0 and b0. After dimensionless time equal to 3 the concentrations, a and b, have approached steady
state and the reaction proceeds to completion. In this situation the term ‘local equilibrium’ is used to describe the
state to the right where concentrations are near to constant. (c) Evolution of the extent of reaction, x, towards
equilibrium for reaction (14.27). (d) Evolution of the Gibbs energy for the system described by (14.27) towards a
minimum at equilibrium as t/N.
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One can see that after a period of time the rate of change of both a and b approaches zero.
Thus, the system approaches a stationary state for the system and it is an equilibrium station-
ary state. In an isolated system this is the only stationary state for a reaction of the type
(14.27); however, for an open flow system, where A is continuously input, another possibility
exists (Figure 14.13) which is considered in Section 14.4.3.

Consider a chemical reaction

Aþ B/C

Then the rate of consumption of A is (Epstein and Pojman, 1998):

_xA ¼ �da
dt

Similarly

�da
dt

¼ �db
dt

¼ þdc
dt

¼ rate of reaction; _x

For the reaction

Aþ 2B/3C

we have

rate of reaction; _x ¼ �da
dt

¼ �1

2

db
dt

¼ þ1

3

dc
dt

In general the rate of a reaction is given by

_x ¼ 1

yJ

dj
dt

where yJ is the stoichiometric coefficient of component J and is positive if J is a product of the
reaction and negative if it is a reactant.

FIGURE 14.13 Asub-system from the reactions in Table 14.1. (a) The formof the curve (in black) that expresses the
variation of the rate of production of [Kþ]with changes in [Kþ] for the coupling of three of the reactions inTable 14.1. To
this curvewehave added (in red) a line representing the rate supply of [Kþ]. This line intersects the black curve in three
points (A,B,C) eachoneofwhich represents the conditions for the rate of supplyof [Kþ] to equal theproductionof [Kþ].
Thus,A,B,Care stationary states of the reactionetransport system. (b)The reactions 1, 2, and7 fromTable 14.1 actingas
a reacting unit. These reactions cannot proceed without the supply of Kþ from reaction 3 and from reaction 6. These
supplies presumably occur at different volumetric flow rates, Q3 and Q6, governed by the rates of reactions 3 and 6.
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14.4.3 Linear and Nonlinear Chemical Systems

The use of the term nonlinear in the context of chemical systems needs clarification. Dis-
tinctions need to be made between linear and nonlinear thermodynamic chemical reactions,
linear and nonlinear chemical kinetics and linear and nonlinear chemical systems. All chemical
reactions (including the reaction A/ B) are thermodynamically nonlinear (Ross, 2008) in the
sense that the thermodynamic force that drives the reaction (the affinity of the reaction, A) is
never a linear function of the thermodynamic flux (the rate of the reaction, _x). To see this
consider the reversible reaction

A%
kþ

k�
B

where kþ and k� are the forward and reverse rate constants for the reaction. We write rþ and
r� as the forward and reverse reaction rates. The affinity for the reaction is (Ross, 2008)

A ¼ kBT ln

�
rþ

r�

�

where kB is Boltzmann’s constant, while the reaction rate is

_x ¼ �
rþ � r�

�

Clearly A is not a linear function of _x. This is true for all chemical reactions (Ross, 2008).
Early work on systems not at equilibrium made the distinction between chemical systems

‘close to equilibrium’ that were said to be linear systems, whereas systems ‘far from equilibrium’
were said to be nonlinear and dissipative. A criterion for measuring how far a chemical system
is from equilibrium was given by de Groot and Mazur (1984) and by Glansdorff and Prigo-
gine (1971): for the reaction A/B, for instance, the criterion would bejmA � mBj � RT. The
proposed linear nature of chemical systems ‘close’ to equilibrium was taken as justification
for using the Onsager reciprocal relations for such systems (Kondepudi and Prigogine, 1998).
The term dissipative was used to distinguish systems ‘close’ to equilibrium where no spatial
structures evolved from those ‘far’ from equilibrium characterised by the development of
spatial ‘dissipative’ structures.

Most of these assertions turn out to be in error or are misleading. For a start, all chemical
systems not at equilibrium dissipate energy through both the chemo-mechanical work, (14.2),
and the chemical work, (14.3). This is true both ‘far’ and ‘close’ to equilibrium. Secondly, in a
series of publications (Hunt et al., 1987, 1988; Ross, 2008), Ross and co-workers have pointed
out that the statement that chemical systems are linear systems close to equilibrium derives
from issues concerning the expansion of expressions for the thermodynamic fluxes and for
the dissipation as power series. In essence the PrigogineeKondepudi approach is to truncate
the expression for the dissipation away from equilibrium at the first term and then establish a
minimum for the dissipation for variations in the composition. This automatically guarantees
the system is treated as a linear one. The approach of Hunt and others is to take the full expres-
sion for the dissipation and expand it in a power series with respect to the departure from
equilibrium, dequilibrium, and the departure of concentration, dx, from an equilibrium value.
This expression is then differentiated with respect to dx and then truncated with respect to
dequilibrium. As Ross (2008) emphasises, the operations of truncation and differentiation do
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not commute and one needs to be careful with the order in which one performs these oper-
ations. The result is that no extremum value exists for variations in dx except for the equilib-
rium state, dequilibrium¼ 0, when the dissipation is zero. For a discussion of these issues see the
interchange between Hunt et al. (1987, 1988) and Kondepudi (1988) and also Ross (2008).

In Figure 14.12(a) the straight line labelled n¼ 1 corresponds to the reaction A/ B; such a
reaction is known as a first order reaction. The curves labelled n¼ 0.5 and n¼ 2 correspond to
the reactions 0.5A/B and 2A/ B, respectively (known as ‘half’ order and second order re-
actions). Only the curve for n¼ 1 represents linear kinetics. The other two involve nonlinear
kinetics. All three curves approach zero monotonically at x¼ 1. Provided the system is able
to evolve towards completion a smooth ultimate approach towards zero reaction rate at
x¼ 1 is true for all non-reversible chemical reactions in isolated or diffusive systems or
whether the reaction has had a stable or unstable history. However, we are more interested
in chemical reactions where the reaction rate does not always approach zero at x¼ 1 in a
monotonic manner.

Even though a reaction such as A/B is thermodynamically nonlinear it still has linear
reaction kinetics as shown by (14.28) and the straight line plot corresponding to n¼ 1 in
Figure 14.12(a). We emphasise that the plots for n¼ 2 and n¼ 0.5 in Figure 14.12(a) exhibit
nonlinear kinetics.

In Section 7.4.2 we discuss the concept of coupled chemical reactions where the product of
one or more reactions are used by another simultaneous reaction as a reactant. These are
referred to as networked (Epstein and Pojman, 1998) or cyclic (Vernon, 2004) reactions. Such
reactions are commonly autocatalytic in at least one chemical component and/or autoinhibi-
tory in others. By autocatalytic we mean that the networked array of reactions produces
more of a component than is used. Autoinhibitorymeans that less of a component is produced
than used. Thus, in the example quoted in (7.15) fromWhitmeyer and Wintsch (2005) SiO2 is
an autocatalytic component and Hþ is autoinhibitory. Another set of reactions is considered
by Wintsch and Yeh (2013) and presented in Table 14.1 (see also Figure 15.4). This set of re-
actions is autocatalytic in Kþ and autoinhibitory in Hþ.

TABLE 14.1 The Set of Networked Mineral Reactions Considered by Wintsch
and Yeh (2013). See also Figure 15.4

1 K-feldsparþNaþ ¼AlbiteþKþ

2 3Albiteþ 2HþþKþ ¼muscoviteþ 6SiO2þ 3Naþ

3 3K-feldsparþ 2Hþ¼muscoviteþ 6SiO2þ 2Kþ

4 2phlogopiteþ 4HþþH2O¼ clinochloreþ 3SiO2þMgþþþ 2Kþ

5 phlogopiteþ 6Hþ¼K-feldsparþ 3Mgþþþ 4H2O

6 2K-feldsparþ 5Mgþþþ 8H2O¼ clinochloreþ 3SiO2þ 2Kþþ 8Hþ

7 3clinochloreþ 2Kþþ 28Hþ¼ 2muscoviteþ 3SiO2þ 15 Mgþþþ 24H2O

8 3muscoviteþ 5biotiteþ 9SiO2þ 4H2O¼ 8K-feldsparþ 3clinochlore
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The classical approach to autocatalysis and the behaviour of autocatalytic reactions is to
treat such reactions as coupled reactions (as in Section 7.4.2) and express the behaviour in
terms of a set of coupled differential equations (see Section 7.4.2, 3). Such a procedure be-
comes quite tedious or intractable if the network is complicated and/or if the reactions are
highly nonlinear (as in some metamorphic systems; Figures 7.5, 15.4, 15.15). Considerable
progress has been made in studying very large, complicated, nonlinear reaction networks
in biology using an approach often referred to as network thermodynamics (Mikulecky,
2001). The approach is to treat the system as a networked flow system and analyse the
transport patterns and behaviour as though the system was an electrical circuit so that
Kirchhoff’s laws become an important tool. This approach is appealing because it treats
the reaction network as a plumbing system with competing nodes of supply, production
and consumption exactly as a metamorphic geologist might view a networked reaction sys-
tem. We discuss autocatalytic reactions and autocatalytic networks in Section 14.4.5. One
important characteristic of autocatalytic networks is that, because of competition between
supply and consumption of nutrients, the network as a whole can behave in an autocata-
lytic manner without any single autocatalytic reaction appearing in the network (Plasson
et al., 2011).

Since the various reactions in Table 14.1 each have their own rate constants, some operate
faster than others so that the possibility exists for competition between the supply and con-
sumption of reactants as discussed by Wintsch and Yeh (2013). The system is highly
nonlinear and so we can expect many of the behaviours discussed in Chapter 7, in particular,
the development of oscillatory or even chaotic variations in the concentrations of chemical
components and hence in the growth and dissolution rates of individual minerals.

One could proceed to write coupled rate equations for all of the components in Table 14.1
and then proceed to solve the coupled set of simultaneous differential equations but the task
is large and we leave that as an exercise for the enthusiastic reader. The general approach is
discussed in Section 7.4.2. Instead we proceed to illustrate the general principles involved.
We take the simplest example from the list of reactions in Table 14.1 and, in order to preserve
the mass of albite, write the first two reactions in the form:

3K�feldspar þ 3Naþ/
k1
3albiteþ 3Kþ

3albiteþ 2Hþ þ Kþ/
k2
muscoviteþ 6SiO2 þ 3Naþ

In order to select the simplest sub-set of reactions from Table 14.1 that illustrates the prin-
ciples involved we also select reaction 7:

3clinochoreþ 2Kþþ28Hþ/
k7
2muscoviteþ 3SiO2þ15Mgþþþ24H2O

Then the equation for the rate of change of the activity of Kþ, [Kþ], is

d
�
Kþ�
dt

¼ �k	2
�
Kþ�� k	7

�
Kþ�2�Hþ�28 þ k	1

�
Kþ�3 ¼ �

Kþ�n� k	2 � k	7
�
Kþ��Hþ�28 þ k	1

�
Kþ�2o

where k	1; k
	
2; k

	
7 are functions of the rate constants k1, k2 and k7 and also, for the most part, of

the activities of K-feldspar, albite, Hþ, SiO2 and Naþ, which themselves depend on what is
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being produced and consumed in the other five reactions. One can see that the rate of change
of [Kþ] is a function of [Kþ] and of [Hþ]. This rate equation is plotted in Figure 14.13 for
constant [Hþ]. Instead of the kinetics illustrated in Figure 14.12(a) where the rate is single
valued, the rate of production of [Kþ] is a curve, which is not single valued, the rate becoming

zero at a value of [Kþ] given by b ¼ fðk	7Þ½Hþ�28 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðk	7Þ½Hþ�28�2 þ 4k	1k

	
2

q �.
2k	1 which is a

strong function of [Hþ]. This multivalued form of the rate curve is similar for a large number
of networked reactions. If the three reactions 1, 2 and 7 from Table 14.1 are considered as
comprising a subsystem to which Kþ is being supplied from neighbouring reactions 4 and
6 (Figure 14.13) then the subsystem can be thought of as an isolated diffusive system in the
sense of Figure 5.2(b). The supply of Kþ from reaction 4 could be represented as the line
ABC in Figure 14.13. The supply of Kþ from reaction 6 could be represented as another
line which is not shown. The line ABC intersects the black curve in Figure 14.13 in three
points. These points correspond to non-equilibrium stationary states for this sub-system
(see Chapter 7). Figure 14.13 is an example of a flow diagram, a concept developed and
used extensively by Gray and Scott (1994).

The type of behaviour discussed in Figure 14.13 is an example of a much wider set of be-
haviours. In Figure 14.14 we show the normalised reaction rates for what are called quadratic
and cubic autocatalytic reactions and for a reaction of the form (14.27) but which is exothermic.
All of these reactions have nonlinear kinetics (see Gray and Scott, 1994) but they differ from
the nonlinear kinetics for half- and second-order reactions shown in Figure 14.12(a) in that it
is possible that a given normalised reaction rate corresponds to two values of the reaction

FIGURE 14.14 Nonlinear chemical kinetics. (a) Normalised reaction rate versus extent of reaction for the re-
actions AþB/ 2B (quadratic), AþB/ 3B (cubic) and an exothermic first-order reaction A/B. (b) An open flow-
controlled system. Normalised flow rates f1, f2 and f3 and normalised reaction rate for a first order exothermic
reaction A/B showing system behaviour. The behaviour is that of a nonlinear chemical system.
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extent; those in Figure 14.12(a) show a unique reaction extent corresponding to a given nor-
malised reaction rate.

The importance of these various kinds of reactions becomes apparent when the chemical
reaction is coupled with transport of chemical components by fluid flow or by diffusion. If we
consider a volume of rock where fluid is flowing into and out of the volume of interest at a
volumetric flow rate of q m3 m�2 s�1 with an inflow concentration of A equal to a0 (with units
moles per cubic metre) and an outflow concentration, a, then the contribution to the produc-
tion rate of Awithin the volume of rock is

f ¼ qfða0 � aÞ ¼ qfa0x

with units [mol m�2 s�1]; f is the porosity. We call this quantity, f, the net flow rate of A. A plot
of the net flow rate against reaction extent is a straight line through the origin with slope qfa0.
If the flow rate equals the reaction rate then the system is at a stationary state (Figure 14.15a).
This state is stable since a small increase (or decrease) in net flow rate is accompanied by a
compensating decrease (or increase) in reaction rate so that the system is returned to the sta-
tionary state (Figure 14.15b).

In Figure 14.14b we show the relation of the net flow rate of A to the reaction rate for
various values of f and of x and for an exothermic reaction of the type A/B. The intersection
of the line representing the net flow rate with the reaction rate curve defines a stationary state.
A small change in f (which could result from a small fluctuation in the porosity,f, or the diffu-
sion coefficient in a diffusive system) can result in a large change in behaviour. For a large net
flow rate, f1, the only stationary reaction rate corresponds to x¼ 0. For a slightly smaller flow
rate, f2, there result two stationary states corresponding to x¼ 0 and x¼ x2. For a slightly
smaller value of f, f3, there are three stationary states corresponding to x¼ 0, x¼ x3 and
x ¼ x

=
3. In systems of this type small changes in net flow rate can result in large changes in

x and in the qualitative behaviour of the system. In contrast, for systems such as those illus-
trated in Figure 14.15a, small changes in flow rate result in small changes in x and the system
behaviour remains qualitatively the same independently of the flow rate. We refer to systems
such as that illustrated in Figures 14.13 and 14.14b as nonlinear chemical systems.

FIGURE 14.15 Flow diagrams
showing the development of a
non-equilibrium stationary state in
an open flow system involving the
reaction A/B. (a) A stationary
state is reached when the net flow
rate equals the reaction rate. (b)
This stationary state is stable since
a small displacement from the
stationary state results in an in-
crease in flow rate but a decrease
in reaction rate so the system
returns to the stationary state. The
same argument applies for a small
decrease in the extent of the
reaction.
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14.4.4 Exothermic and Endothermic Reactions

Consider a first-order chemical reaction that involves an intermediate step, so that A is
converted to P and then P is converted to B with rate constants kA and kB as shown below:

A/
kA
P/

kB
B

We also assume that the reaction P/
kB
B is exothermic with a heat of reaction, DHB<0. The

rate constant kB obeys an Arrhenius temperature dependence:

kB ¼ k0B exp

��Q

RT

�

where Q is the activation energy for the reaction, R is the gas constant and T is the local ab-

solute temperature.We assume the rate constant for the reaction A/
kA
P is independent of tem-

perature. We also assume themixture sits in a heat bath at a temperature To. The equations for
mass and heat balance are

da
dt

¼ �kAa (14.29)

dp
dt

¼ kAa� kBp (14.30)

VrcP
dT

dt
¼ ð � DHBVkBpÞ � ScðT� T0Þ (14.31)

where Vand r are the volume and density of the reacting mixture, cP is the specific heat, S is
the surface area of the system and c is the surface heat transfer coefficient (with units
Js-1m-2K-1). If c¼ 0 then the system is adiabatic. As c/N, the system approaches
isothermal. t is time. We take as the initial conditions, a(t¼ 0)¼ ao, p(t¼ 0)¼ 0, b(t¼ 0)¼ 0,
and T(t¼ 0)¼ T0. Then the solution to (14.29) is

aðtÞ ¼ a0 expð � kAtÞ (14.32)

Substitution of (14.32) into (14.30) gives

dp
dt

¼ kAa0 expð � kAtÞ � kBp

We define DT¼ (T� T0) so that (14.31) becomes

VrcP
dT

dt
¼ ð � DHBVkBpÞ � ScDT

The solution to these equations is discussed by Gray and Scott (1994, Chapter 7). For a
closed system the temperature oscillates before the system settles down to equilibrium.
For open exothermic systems a diverse range of behaviours develops depending on the
flow rate. In order to represent the behaviour it is convenient to show the system on a
series of diagrams where the extent of the reaction is plotted against the inverse of the
flow rate as shown in Figure 14.16 (see Gray and Scott, 1994 and Ord et al., 2012);
some of these states are stable, others are unstable and characterised by Hopf
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bifurcations. Each diagram represents a different state between isothermal and adiabatic
conditions. For details of this system one should consult Gray and Scott (1994).

Thus what at first sight would appear to be one of the simplest chemical systems imagin-
able turns out to exhibit a diverse range of behaviours that depends inter alia on the rate of
supply of A to the system. There is an important lesson to be learnt here. One does not
need exceedingly complicated chemical systems to generate complexity in behaviour. Even
the simplest of systems will exhibit the range of complexity that one observes in complicated
systems so long as some feedback mechanism is in operation. Closed systems must always
progress to equilibrium perhaps after some complex behaviour. Open systems can exhibit
the whole range of complex behaviour indefinitely as long as the system remains open. In
metamorphic chemical network systems the scale of ‘openness’ may be quite small (perhaps
10�6 m3) but on that scale they operate as open flow systems and remain open on that scale as
long as the reactions are progressing.

Coupled exothermic/endothermic reactions can also behave in chaotic manners as shown
in Figure 14.17. The system illustrated is discussed by Kalhert et al. (1981) and the modelling

FIGURE 14.16 Behaviour of a first-order open exothermal chemical reaction of the form A/B. From Gray and
Scott (1994). In each diagram the extent of the reaction is plotted against (flow rate)�1. It is clear that the behaviour of
the system is extremely sensitive to the flow rate. Each diagram represents the behaviour for different fractions of
the possible dimensionless temperature rise.
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shown in Figure 14.17 comes from Gruesbeck (2013). The reaction consists of X/ Y/ Z
with the first reaction exothermic and the second endothermic. The system is open.

14.4.5 Autocatalytic Reactions and Autocatalytic Systems

Instabilities (transitions to oscillatory or chaotic behaviour) in isothermal chemical sys-
tems have traditionally been viewed as resulting from autocatalytic behaviour where the pro-
duction of a particular chemical component, Ai, enhances the production of that component:

dai
dt

¼ kðaiÞani þ fðbÞ (14.33)

wheren is anumber, k(ai) is a rate constant for the reaction thatproducesAi and is a functionofai,
and f(b) is a function that expresses the production of all the other components,B, in the system.
(14.33) is akinetic equationandexpresses thegross rateofproductionofai; the equationmay,but

FIGURE 14.17 The behaviour of coupled exothermic/endothermic reactions. From Gruesbeck (2013): http://
demonstrations.wolfram.com/DynamicsOfAContinuousStirredTankReactorWithConsecutiveExothe/ Wolfram demonstration

project. The plot to the left is a phase plot with axes ðx; y;TÞ; the plots to the right are x; y;T against dimensionless time.

14. MINERAL REACTIONS: EQUILIBRIUM AND NON-EQUILIBRIUM ASPECTS556

B. PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



generally does not, represent the detailedmechanisms involved in the production of ai (Plasson
et al., 2011). A simple form of a chemical reaction that is expressed by (14.33) is

Aþ B/nB (14.34)

We adopt the terminology proposed by Plasson et al. (2011) in what follows. These simple
autocatalytic reactions are called template autocatalytic reactions and the particular form of
(14.34) is an example of a direct template reaction. Template autocatalytic reactions involve a
direct association between the reactants and the products. The reaction is represented dia-
grammatically for n¼ 2 in Figure 14.18(a).

The lack of obvious reactions in the metamorphic literature of the form of (14.34) probably
is responsible for a lack of interest in nonlinear chemical reactions. We have pointed to the
fact that the networked reactions described by Carmichael (1969) and Wintsch and Yeh
(2013) are autocatalytic in a gross sense but individual template autocatalytic reactions
seem to be rare. Perhaps this is because such reactions are in fact rare in metamorphic sys-
tems? Perhaps the rarity arises from the tradition of expressing metamorphic reactions as
constant mass reactions? It is notable that at least in mineral reactions that involve sulfides,
template autocatalytic reactions are common if the reactions are expressed as constant (or
near to constant) volume reactions rather than constant mass reactions. Such constant vol-
ume reactions follow from widespread observations that replacement reactions in sulfide
systems are commonly isochoric (Lindgren, 1912). Ridge (1949) gives many examples of con-
stant volume reactions involving sulfides that are template autocatalytic in ðSO2�

4 Þ. An
example involving 0.92% volume change is (Ridge, 1949, p. 535):

8FeS2 þ 42Fe3þ þ 77
	
SO2�

4


þ 14Cu2þ þ 36H2O/7Cu2Sþ50Fe2þ þ 86
	
SO2�

4


þ 72Hþ

This reaction, incidentally, also converts 42 mol of Fe3þ to 50 mol of Fe2þ and so resembles
the reactions written in Chapter 7. Another equal volume template autocatalytic reaction that
is autocatalytic in the production of Fe2þ given by Ridge (1949, p. 541) is

20Cu5FeS4 þ 42Cu2þ þ 10Fe3þ þ 36H2O/71Cu2Sþ30Fe2þ þ 9
	
SO2�

4


þ 72Hþ

This reaction involves a volume change of 0.09%.
Alternatives to template autocatalytic reactions are common. One possibility is that tem-

plate autocatalytic reactions are actually expressed as direct autocatalytic reactions involving
an intermediary:

Aþ B/C

C/2B

This reaction is shown as a networked scheme in Figure 14.18(b). The two reactions 1 and 2
in Table 14.1 are of this type. Another possibility is that there is no direct coupling between A
and B or the direct formation of 2B. This is called indirect autocatalysis. An example is

Aþ D/C
C/Bþ E
E/B
B/D

(14.35)
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This reaction is shown in Figure 14.18(c) and can still correspond to the template reaction
Aþ B/ 2B. When at least one of the two reactions (14.35)1,2 is rate limiting the system be-
haves as a template reaction. When (14.35)4 is rate limiting B is produced exponentially until
the reaction ceases. When (14.35)3 is rate limiting there is no autocatalytic effect. Thus, while
these reactions can be autocatalytic there is no templating effect where one molecule of a
component is involved directly in generating another molecule of the same component.

FIGURE 14.18 Classes of autocatalytic behaviour. (a) Template autocatalysis. (b) Direct autocatalysis. (c) In-
direct autocatalysis. (d) Autoinductive autocatalysis. (e) Collective autocatalysis. (f) A subset of the Carmichael
(1969) reaction network. Figure inspired by Plasson et al. (2011).
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A slightly more complicated scheme known as autoinductive autocatalysis involves no
direct interaction between the reactants and products and no coupling between A and B.
A set of reactions can be written:

Aþ E/C
C/Bþ E
C/Bþ E	

(14.36)

Such a system is shown in Figure 14.18(d) and can be autocatalytic if the rate of the reac-
tion (14.36)2 is equal to or slower than that of (14.36)1 and non-autocatalytic otherwise. Thus
the reactive network (14.36) behaves in much the same manner as an indirect autocatalytic
system from a kinetic point of view but mechanistically the two are quite different.

A more general scheme, and one that probably operates in many silicate reactions, is col-
lective autocatalysis whereby no chemical component influences its own formation rate.
Instead, it influences the formation rate of other components which in turn influence the for-
mation of other components. The system acts in a collective manner such that a set of reac-
tions catalyses the generation of the system as a whole. This behaviour is exemplified in the
networked reactions described by Carmichael (1969), Vernon (2004), Wintsch and Yeh (2013).
Plasson et al. (2011) presents an example of four independent networked reactions as a set of
four equations:

Ai þ Bi�1/Bi þ Bi�1

with i¼ 1, 2, 3, 4 and B4h B0. The scheme is shown in Figure 14.18(e). If the rates of each of
these reactions are equal then the system is autocatalytic and although there is no direct
influence of any component upon its own growth rate, the system behaves collectively
through indirect influences to produce

ðA1 þ A2 þ A3 þ A4Þ þ ðB1 þ B2 þ B3 þ B4Þ/2ðB1 þ B2 þ B3 þ B4Þ
Whether networked chemical systems in metamorphic rocks behave in an autocatalytic

manner or not is still an open question. It is important to address this issue because the pro-
cess provides a mechanism for producing zoning in growing metamorphic minerals that is
intrinsically associated with the growth history of the mineral rather than appealing to
some ad hoc mechanism that conveniently cycles nutrient supply to the mineral from an un-
specified source. Autocatalysis is also important as a mechanism of producing many micro-
structures through reactionediffusion processes; an example is presented in Section 15.6. The
answer probably lies in constructing molecular models of mineral reactions so that robust
mathematical models can be developed to be tested using high resolution chemical images
of zoned grain assemblages.

We close by pointing to a subset of the networked system proposed by Carmichael (1969)
shown in Figure 14.18(f). Here the addition of Hþ to the reaction that produces garnet facil-
itates the reaction that produces albite and biotite and in doing so releases more Hþ than was
added to the garnet-forming reaction. In the spirit of the above discussion on collective auto-
catalysis, if the reactions shown in the two circles are rate controlling within the total Carmi-
chael system then autocatalytic production of Hþ results and it is therefore possible
(following the discussion in Section 7.4.2,3) that zoning (both continuous and oscillatory)
within growing quartz, garnet, albite and biotite grains can result.
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Autocatalysis can also derive from sources other than networked reactions. In the models of
pseudomorphism proposed by Merino (Merino and Canals, 2011; and see Section 15.5) the
replacement process, the production of dolomite, is self-accelerating; this is a form of autoca-
talysis. Also, some of the models to explain the coupling between dissolution and precipitation
in the Putnis model of pseudomorphism (Putnis, 2009; and see Section 15.5) also involve auto-
catalysis arising from interacting mechanisms at the dissolution/precipitation interface.

14.4.6 The Phase Rule for a System Not at Equilibrium

The concept of a phase rule applies equally to a closed chemical systemat a non-equilibrium
stationary state or an open flow system not at equilibrium (Korzhinskii, 1959, 1965, 1966, 1967;
Landsberg, 1961; Zemansky, 1951) just as it does to a system at an equilibrium stationary state.
If there areR independent chemical reactions in progress the phase rule for a nondeforming
system becomes (Kondepudi and Prigogine, 1998, p. 182) F ¼ rC �M�Rþ 2. Korzhinskii
(1965, 1966) points out that for open flow systems there is a set of chemical components (called
by Korzhinskii, mobile components) where the chemical potentials are fixed outside of the
control volume. This reduces the number of independent chemical potentials and hence
reduces F so that the resulting mineral assemblages tend to be simpler than in systems in
closed metamorphic systems at equilibrium. The arguments of both Korzhinskii and Lands-
berg are quite general and do not depend on an appeal tomosaic or local equilibrium. In a similar
fashion, the fact that the chemical potentials at a non-equilibrium stationary state are fixed by
the concept of the excess work (Ross, 2008 and Section 14.4.7 below) means that F is
again reduced from the equilibrium value and so the number of phases coexisting at a
non-equilibrium stationary state is smaller than at equilibrium in a closed system. These re-
sults are a statement of the observation that systems at equilibrium are defined by states of
maximum entropy (the greatest number of degrees of freedom) rather than both open flow
systems and closed systems at non-equilibrium stationary states where the entropy is
constrained in some manner and the number of degrees of freedom is smaller than in the
same system at equilibrium. All systems however, whether at equilibrium or non-equilibrium
stationary states, are characterised by ordered mineral assemblages.

14.4.7 The Ross Excess Work

For systems that approach a non-equilibrium stationary state, Ross (2008) defines a func-
tion called the excess work, fðnxÞ, which is a function of the mole number, nx:

fðnxÞ ¼
ZnX

n
stationary
x

�
mx � m

stationary
x

�
dnx (14.37)

where mx is the chemical potential at an arbitrary state and the superscript stationary refers to
that quantity at a stationary state.

The excess work represents thework, other than the contribution fromPV, done inmoving an
isothermal system from an arbitrary state to a stationary state. At the stationary state,
fðxÞ ¼ 0. If we start at the stationary state and increase x then dx is positive and the integrand
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is greater than zero and fðxÞ > 0. If we start at the stationary state and decrease x then dx is
negative and the integrand is also negative so that, again, fðxÞ > 0. Thus, fðxÞ is a minimum
at the stable stationary state just as theGibbs energy is aminimumat an equilibrium stationary
state. As with the Gibbs energy change, that is a Lyapunov function for systems approaching
equilibrium, the excess work is a Lyapunov function for systems approaching a non-equilib-
rium stationary state. The properties of the integrand in the excess work, (14.37), are

mx � m
stationary
x ¼ 0 at a stationary state

d
�
mx � m

stationary
x

�.
dnx > 0 at each stable stationary state

d
�
mx � m

stationary
x

�.
dnx < 0 at each unstable stationary state

Thus, the behaviour of systems not at equilibrium is guided by principles that resemble
the principles that guide the behaviour of systems approaching equilibrium. The excess en-
ergy behaves as a Lyapunov function and prescribes the route to a non-equilibrium station-
ary state. The behaviour of systems not at equilibrium is not ‘random’ as some may believe.
The mineral assemblages at a non-equilibrium stationary state are fixed by the excess energy
and are described by a relevant version of the phase rule just as the topology of an equilib-
rium phase diagram is described by a similar set of rules.

14.5 CHEMICAL DISSIPATION

In systems with a single non-equilibrium stationary state, the commonly quoted
extremum principle is that the entropy production is minimised (Biot, 1958; Prigogine,
1955). Examples of such systems that are widely quoted are steady heat conduction in a ma-
terial with constant thermal conductivity (Kondepudi and Prigogine, 1998) and simple,
uncoupled chemical reactions (Kondepudi and Prigogine, 1998). However, Ross and Vlad
(2005 and references therein) and Ross (2008, Chapter 12) show that, for these two classical
systems, there is no extremum in the entropy production. It is only for systems where the
relationship between thermodynamic fluxes and forces is linear that an extremum exists
for the entropy production rate and this corresponds to a stationary state that is not an equi-
librium state. If the relationship between thermodynamic fluxes and forces is nonlinear then
only one extremum in the entropy production exists and that is an equilibrium state where
the entropy production is zero. The linear situation is that commonly quoted and discussed
by Prigogine (1955), Kondepudi and Prigogine (1998) and a host of others. However, refer-
ence to Table 5.5 shows that at least for thermal conduction and chemical reactions the ther-
modynamic fluxes are not proportional to the thermodynamic forces. For mass diffusive
processes the thermodynamic flux is proportional to the thermodynamic force only for
isothermal situations. For further discussion and clarification of what is meant by ‘close’
and ‘far’ from equilibrium and the implications for whether nonlinear systems may approx-
imate linear behaviour ‘near’ equilibrium see Section 14.4.5. Reference should also be
made to the interchange between Hunt, Hunt, Ross and Kondepudi (Hunt et al. 1987,
1988; Kondepudi, 1988; Ross, 2008; Ross and Vlad, 2005).
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The entropy production, _s, for any chemical reaction is given by (Ross, 2008):

_s ¼ kB ln

�
rþ

r�

��
rþ � r�

�

where rþ and r� are the forward and reverse rate constants for the chemical reaction and kB is
Boltzmann’s constant. If we take a simple chemical system given by

nA%
kþ
1

k�
1

nX and nX%
kþ
2

k�
2

nB

where n is a stoichiometric coefficient, then the stationary state for the production of X is
given by

dx
dt

¼
�
kþ1 a

n � k�1 x
n
�
þ
�
� kþ2 x

n þ k�2 b
n
�

¼ 0

If we now take k
1 ¼ k
2 ¼ k then the stationary state concentration of X is

xss ¼

1

2
ðan þ bnÞ

�1=n

The variation of the entropy production about xss is

d_sða; b; xssÞ ¼ ðd lnxssÞVkBnk 1
2
ðan þ bnÞln

"
ðan þ bnÞ2
4anbn

#

Now,

ln

"
ðan þ bnÞ2
4anbn

#
¼ 1 for a ¼ b

> 1 for a s b

and hence

d_sða; b; xssÞ
d lnxss

¼ 0 for a ¼ b
> 0 for as b

The condition a¼ b corresponds to equilibrium, whereas as b corresponds to a non-
equilibrium stationary state. Hence the only extremum in entropy production corresponds to equi-
librium. This argument is extended to the general case by Hunt et al. (1987, 1988), Ross and
Vlad (2005), Ross (2008) and Ross and Villaverde (2010). Such results hold for isolated and
diffusive systems where there are no flow constraints.

As far as we are aware the general case of entropy production in an open flow reactor has
not yet been examined. Ord et al. (2012) give some examples of entropy production in sys-
tems more complicated than those discussed by Ross (2008). A general principle (quite
different from that discussed by Ross) seems to emerge: the actual state adopted by the sys-
tem corresponds to a state of maximum entropy production whereas switches from
one mode of operation to another in a system are picked by a minimum entropy production
principle (not that proposed by Prigogine, 1955). Identical selection principles for open flow
systems have been proposed by Niven (2010) and Niven and Noack (2014).
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14.6 SYNTHESIS

One of the questions commonly posed is: What is the influence of deformation on the position
of the mineral equilibrium phase boundary defined at hydrostatic pressure? It turns out that in or-
der to answer this question one needs to understand many of the processes that accompany
the growth of a new phase in a deforming matrix and so the answer to the question is a
convenient starting point for a synthesis of processes taking place in chemically reac-
tingedeforming materials. The short answer to the question is that both the stored energy
of deformation and overstepping of phase boundaries by tectonic overpressures and over-
temperatures have effects on a deforming/reacting system. First they increase the affinities
that drive chemical reactions. Second they can contribute to the form of the GibbseDuhem
equation and hence influence the position of the mineral equilibrium phase boundary that
one would observe for hydrostatic pressure conditions. If the deformation ceases the system
relaxes to the equilibrium state corresponding to hydrostatic conditions if enough time is
available at the equilibrium P and T. However, it is important to understand that both defor-
mation and diffusion can alter the position of the equilibrium phase boundary as summar-
ised below.

For simplicity we consider the equilibrium between two phases A and B. The equilibrium
phase diagram is obtained in part from the GibbseDuhem equation which expresses the rela-
tion between the intensive variables commonly used in equilibrium chemical thermody-
namics, the hydrostatic pressure, P, the temperature, T, and the chemical potentials of the
two components A and B, mA and mB. The conjugate extensive variables in the hydrostatic
pressure case are the volume, V, the entropy, S, and the mole numbers, NA and NB. The slope
of the phase boundary in P� T� mA� mB hyperspace is obtained by writing the
GibbseDuhem equation for both phases and prescribing that both equations are true simul-
taneously. As Korzhinskii (1959), Kern andWeisbrod (1967) and Powell et al. (2005) point out,
many different sections can be drawn through this hyperspace, the common one being a
P� Tsection but a mA� mB section may also be of use in some problems. The solution to solv-
ing the two GibbseDuhem equations involving the two phases is the Clapeyron equation
which, for the PeT phase diagram, is

dP

dT
¼ ESFN

EVFN
¼ DHm

TDVm
(14.38)

where ESFN; EVFN are the differences (or jumps) in the molar entropy and molar volume,
respectively, between the two phases, A and B. (14.38) is the equation for the slope of the equi-
librium phase boundary in PeT space for a hydrostatic pressure and a particular tempera-
ture, T. The actual position of the equilibrium phase boundary for a given P and T is found,
in principle, by minimising the Gibbs energy at that P and T.

The preceding argument can be generalised to include situations where the two phases,
A and B, are deforming while reacting. The conditions for chemical equilibrium between
two grains in a deforming system are that the differences in temperature, T, velocity, n,
and resolved stresses normal and parallel to the interface, (sijnj), should be zero and that
the jump in a potential that measures the energy of each grain should be zero. These condi-
tions assume that there is no grain boundary sliding during deformation. Discussion, and
considerable confusion, has existed in the literature about the form of the potential
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mentioned and whether it is equivalent to the chemical potential (or the Gibbs energy) or is
something else. It turns out that this potential is defined only at the interface and not within
the bodies of the grains. It is also dependent on the orientation of the interface relative to the
stress on the interface together with the deformation on either side of the interface. Another
(diffusion) potential is also defined which describes diffusive fluxes in the system. Thus,
although the first potential has some of the characteristics of Gibbs energy, it is not a state
function in the classical sense of being a function of variables that measure the state of
the system. Nevertheless, this function is the potential that defines chemical equilibrium
across an interface in a deforming system. For situations where the interface cannot support
a shear stress, this potential reduces to the chemical potential function defined by the
GibbseKambePaterson model (Section 15.4).

In an Eulerian view of a reactingedeforming system, the intensive variables become the
first Piola stress tensor, P, the temperature, T, and the chemical potentials, mA and mB. We
recall (Chapter 6) that the first Piola stress is measured by the force per unit of the unde-
formed area, whereas the Cauchy stress is the force per unit of the deformed area. The con-
jugate extensive variables are the deformation gradient, F, the entropy, S, and the mole
numbers, NA and NB. If diffusion is involved in the reaction between A and B and also
acts as a deformation process then additional intensive variables need to be considered,
namely, for atoms sitting at substitutional sites, MAB and MBA, and extensive variables nA
and nB. HereMAB is the energy change when an atom of A is replaced by an atom of B keep-
ing all other variables fixed and is a diffusion potential. MBA has a similar interpretation. nA
and nB are the mole numbers of atoms sitting at interstitial sites. These potentials govern the
diffusion of species in a deforming solid and are not dependent on the orientation of an inter-
face between two phases.

The Clapeyron equation, (14.38), is

0 ¼ �ESFdT�
X

EniFdfi �
X

ENiFdmi �
X

i¼ 1;2;3

EðvFi3=F33ÞFds3i þ
X

i¼ 1;2;3

EVQijFdFji

(14.39)

Thus, the slope of the equilibrium phase boundary between A and B in a deforminge
diffusion environment depends not only on the temperature andmean stress but also on jumps
in entropy, mole numbers, volume and deformation gradients between A and B. The repercus-
sion of these dependencies is that the slope of the equilibriumphase boundary is different from
that in the hydrostatic case and hence, in general, the position of the phase boundary is different
from that in the hydrostatic case.

The shift in the phase boundary depends on the constitutive behaviour of the material un-
der consideration. Deformation compatibility arguments show that this displacement of the
phase boundary is different depending on the mechanisms involved in the chemical reac-
tions that occurewhether they are isochoric, homochoric, iso-mass, and whether they are
coherent or grain boundary sliding is involved. These processes control the differences in
deformation gradients and stresses that can exist between adjacent grains and still maintain
compatibility of the deformation.

An important conclusion is that in an inhomogeneous deformation, adjacent grains can
experience different jumps in deformation gradient and stress and hence the equilibrium
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phase boundary for adjacent grains can differ depending where the grains are situated in the
deformation fieldewhether in a fold hinge, a fold limb or within a shear zone. In addition, if
A and B are part of a solid solution (as in, say, the plagioclases) variations in chemical compo-
sition can arise in order to maintain chemical equilibrium even though P and T do not change
(see Figure 14.11(b))

This analysis, although based on coherent, plane interfaces between adjacent grains brings
out the essential characteristics of deformingereactingediffusing systems, namely, that a
multiplicity of equilibrium states exist each defined by local jumps in deformation gradients,
in diffusion potentials, in mean stress and in entropy. Thus the equilibrium phase boundary
is not even a single surface but can consist of multiple hyper-surfaces in mean stress, temper-
ature, deformation gradient, diffusion potential space; this needs to be kept in mind in inter-
preting chemical variations and microstructures.

Although this multiplicity exists in principle, in any particular rock the deformation
within individual mineral phases is likely to lie in a restricted range so that the equilibrium
conditions are similarly restricted. The interesting examples to explore are those where the
deformation is non-affine in the form of folds or shear zones.

In addition to the influence of deformation on the slope of the equilibrium phase
boundary there is an influence on the position of the boundary. No general treatment
of this effect is available but a simple example involves a chemical potential section
through phase space (Figure 14.10). Since the chemical potential of a solid dissolved in
an adjacent fluid film depends on the normal stress across the interface with the fluid,
the phase boundary in chemical potential space is shifted as shown in Figure 14.10. Argu-
ments involving reacting interfaces that can support shear stresses are developed by
Shimizu (1992, 1995, 2001).

An important aspect of mineral reactions in metamorphic rocks is that they are invariably
networked so that the behaviour of one reaction is dependent on other reactions that occur
nearby. In many examples a subset of the network is autocatalytic and/or autoinhibitory.
If such subsets are rate controlling for the whole network the possibility exists for nonlinear
behaviour of the entire network including oscillatory or chaotic behaviour. Such characteris-
tics become important in controlling microstructure development. Examples are considered
in Chapter 15 and Volume II.

Much is yet to be learnt about deformingechemically reacting systems and with the
present arsenal of equilibrium thermodynamics (to supply bounds on what is possible),
high resolution chemical mapping technologies (electron probe and synchrotron), trans-
mission and scanning electron microscopy, electron back scattered diffraction (EBSD)
and in situ geochronology combined with increased emphasis on molecular modelling of
processes, some interesting and fascinating developments are on the horizon. However
progress will not be made if one slavishly adheres to classical views of chemical equilib-
rium thermodynamics; recent theoretical developments in understanding the nature of sys-
tems in non-hydrostatic stress states, at or far from equilibrium, provide the opportunity to
view these systems with new eyes and to test a wide range of new hypotheses that will
enable metamorphic microstructures to provide greater insight into the physical and chem-
ical processes involved in metamorphism.
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15.1 INTRODUCTION

The final microstructure we observe in deformed metamorphic rocks depends on a num-
ber of poorly understood processes some of which are associated with the phase transforma-
tions involved. These processes include the nucleation rate of new grains, the rates at which
new boundaries move, whether the transformation is isochemical (in which case diffusion of
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material is limited to the scale at which local adjustments of initially present atoms need to
move) or consists of the growth of grains different in chemical composition to the host and
involves the migration of chemical components on the scale of many grains, whether the
growth rate is diffusion controlled or controlled by the grain boundary migration rate,
whether the new phase replaces the host and preserves the initial volume of the host (iso-
choric replacement/pseudomorphism) or whether aggregates of new grains form not neces-
sarily preserving initial volume (recrystallisation). An added complication arises if fluid or
diffusive flow is involved and the system can be considered open on the scale of interest.
Some processes may involve dissolution and precipitation, whereas others may involve
various forms of pressure solution or solid state reactions involving coupled replacement
and dissolution. Some relations between these processes are given in Figure 15.1.

The nucleation and subsequent growth of newmineral phases in ametamorphic rock have
been considered by a large number of workers including Lindgren (1912), Bastin et al. (1931),
Voll (1960), Thompson (1970), Carmichael (1969, 1987), Wintsch (1985), Passchier and Trouw
(1996), Kretz (2006), Vernon (1976, 2004), Vernon and Clarke (2008), Carlson (2011), Putnis
and Austrheim (2010), Merino and Canals (2011) and Paterson (2013). The range of models
probably reflects the wide range of metamorphic environments delineated in the classifica-
tion of Oliver (1996) and presented in Figure 12.1. In closed metamorphic systems the pro-
cesses may be very similar to those proposed for metals where new phases nucleate at
energetically favourable sites such as dislocations, grain/twin boundaries and the like.
Transport of chemical components (if necessary) is akin to Fickian diffusion and the process
involves the growth of the new phase into the host essentially as a solid state process. If a
fluid phase is involved then transport of chemical components is in thin grain boundary
and fracture films such as those depicted in Figure 12.8.

FIGURE 15.1 Some
of the constraints placed
on the nucleation and
growth of new grains in
solid state reactions. The
red stream is iso-
chemical with no large-
scale diffusion. These
reactions may comprise
recrystallisation or
replacement. The
replacement reactions
can be pseudomorphic
or polymorphic. The
blue stream involves
large-scale transport,
and comprises both
closed and open (orange
stream) systems.
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At the other extreme of metamorphic environments where open fluid flow networks exist,
the process may involve dissolution of the host phase and precipitation of the new phase in
the porosity that is initially present or that is newly created by dissolution as discussed by
Putnis and Austrheim (2010). In between these two extremes another process seems to
operate that involves transport of chemical components in a fluid phase but is better
described as a replacementedissolution sequence (Merino and Canals, 2011) rather than a
dissolutioneprecipitation process. We consider examples of these models below. The litera-
ture tends to be polarised with respect to particular models presumably reflecting the
experience and emphasis of particular workers.

One aspect that is neglected by many is that commonly phase transformations during
metamorphism are replacement in character and usually are pseudomorphic. This means
that the process preserves the volume (or, except for elastic strains, comes close to preserving
the volume) of the host material meaning that the new phase ultimately occupies the volume
initially occupied by the host even though the specific volumes of the new phase and of the
host are completely different. This has consequences for the local stress field that is generated
by the replacement process. The range of proposed models is illustrated in Figure 15.2.

Below we explore some models that have been proposed for the nucleation and growth
of new mineral phases. Many authors, including Lindgren (1912), Bastin et al. (1931),
Carmichael (1969, 1987) and Merino and Canals (2011) have pointed out that the growth of
new minerals during metamorphism is close to constant volume in nature so that intimate
initial detail of the host material is preserved during the new growth (Figure 15.3(a) and
(c)). In order for one mineral to replace a host mineral and preserve the initial volume of
the host, the rate of dissolution of the host must balance the rate of growth of the newmineral
as shown in Figure 15.3(b). One model for this process, which depends on pressure solution,
is given by Nahon andMerino (1997) andMerino and Canals (2011): Consider a host grain, B,
exposed to a flowing fluid supersaturated with respect to a phase, A. If A is in its stability field
then we consider a situation where a nucleus of A begins to grow in B through the reaction
B/ A. If the replacement is isochoric and the molar volume of B is smaller than the molar
volume of A, pressure is exerted on B by the growing A grain causing B to be pressure dis-
solved. We have the following coupled reactions:

A in solution/
kA
A as a solid

B as a solid/
kB
B in solution

where kA and kB are the rate constants for these two reactions. The growth rate of A as a
solid is

RAzkA

h�
QA

�
K
equilibrium
A

�
� 1

i

whereas the dissolution rate of B is

RBzkB

h
1�

�
QB

�
K
equilibrium
B

�i
(15.1)

In (15.1) QA ¼ UAK
equilibrium
A and QB ¼ UBK

equilibrium
B where UA;UB are the saturation

indices of A, B, respectively. As the stress between A and B increases, the equilibrium
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constants, K
equilibrium
A ;K

equilibrium
B both increase so that RA decreases while RB increases. When

RA¼ RB a stable non-equilibrium stationary state develops as shown in Figure 15.3(b) and the
volume of B is preserved from then on. The examples of isochoric replacement, or pseudo-
morphism, shown in Figure 15.3(c) and (d) illustrate replacement preserving initial host
detail and idiomorphic shape.

FIGURE 15.2 Models for mineral reactions at the grain scale. (a) Nucleation of polymorphic reactions at grain
boundaries; no diffusive processes are involved. The replacement is isochoric. (b) Replacement reactions at grain
boundaries. Diffusion may need to take place over distances comparable with the grain size. The replacement is
isochoric and the system is closed on the scale of several grain sizes. This is the process discussed by Carmichael (1969).
(c) Nucleation of pseudomorphic replacement along micro-cracks and grain boundaries. Diffusion of components
on the scale of many grain sizes is proposed. The system may be open on larger scales. This is the process discussed by
Carmichael (1969) and Merino and Canals (2011). (d) Nucleation of grains and growth controlled by interface
migration or by diffusion to the growing grain After Carlson (2011). (e) Deformation controlled by mineral reactions.
The original grain (white) undergoes dissolution on faces normal to the shortening direction and is deposited (red)
at the ends of the initial grain in regions of extensional deformation. Inspired by Stokes et al. (2012). (f) Dissolution of
the host grain with precipitation of the new phase to form a porous network of the new phase. Fluid continues to
flow through this network to finally dissolve all of the host. The host is replaced by a porous network of the new
phase. From Putnis and Austrheim (2010).
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FIGURE 15.3 Constant volume (isochoric) replacement. (a) Staurolite replacing and preserving initial fine-scale
layering From Carmichael (1969). (b) Plot showing evolution of growth and dissolution rates with time. Ultimately a
stationary state is reached where the growth rate equals the dissolution rate. Inspired by Merino and Canals (2011). (c)
Biotite porphyroblast (left) and staurolite porphyroblast (right) overgrowing fine-grained schist and preserving
initial microstructure. Height 5.5 mm. From Passchier and Trouw (1996). (d) Chlorite and quartz pseudomorphically
replacing garnet. From Guidotti and Johnson (2002).
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15.2 SOME DETAILED MODELS OF METAMORPHIC REACTIONS

We distinguish four classes of reaction-microstructure models that have been proposed.
We call these

• network models
• replacementedissolution models
• nucleation and growth models
• dissolution and precipitation models.

Thesemodels are not distinct and some overlapwith each other but in distinguishing these
four models we can illustrate many of the principles involved in metamorphic reactions.

15.2.1 Network Models

Network models recognise that mineral reactions do not proceed independently of each
other during metamorphism but are coupled so that the products of one reaction become re-
actants for another neighbouring reaction. An individual reaction cannot proceed without
input from a neighbouring reaction and the reacting system as a whole cannot react unless
communication between all the reactions in the system is well established. The behaviour
of the whole system is dictated by the rate-controlling reaction in the network.

The concept of networked reactions was introduced by Carmichael (1969) and other exam-
ples have been presented by Vernon (1976, 2004, and references therein) and by Wintsch and
co-workers (see Wintsch and Yeh, 2013 and references therein). We have presented one
example in Section 7.4.2 and the Carmichael example is illustrated in Figure 15.16. In
Figure 15.4 we present another example from Wintsch and Yeh (2013). In this example three

FIGURE 15.4 Networked mineral reaction system. FromWintsch and Yeh (2013). (a) Network relations for the three
reactions a, b and c, showing details of microstructure associated with each reaction. Some fabric elements define
S-planeswhile others defineC-planes. (b)Contributions to the strain in the rock arising from the chemical reactions in (a).
It is estimated that there is 150% stretch parallel to the S-plane and 66% shortening. Volume loss is 3%.
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reactions are involved: K-feldspar/muscovite, K-feldspar/ albite and albite/muscovite.
The system is driven by the input of Hþ and the output is SiO2.

These reactions could be analysed by writing the differential equations that describe the
time rate of change of each chemical component in the system and solving the coupled set
of nonlinear equations as discussed in Chapter 7. This is a formidable task and to date has
not been done. The application of network thermodynamics (Mikulecky, 2001 and references
therein) is an opportunity here. So far these analyses have not been conducted for metamor-
phic reaction networks, although such procedures are now commonplace in biological sys-
tems (Hill, 1989; Oster et al., 1971).

15.2.2 ReplacementeDissolution Models

Replacementedissolution models have been developed by Merino and co-workers (see
Merino and Canals, 2011, and references therein) mainly to describe isochoric replacement re-
actions. The important point made in these models is that a precipitating process is not
involved. The reaction takes place first by a constant volume atom-by-atom replacement of
the host. This generates a stress at the reacting interface (see Section 15.5). These stresses induce
pressure solution of the host. The process is described as a coupled replacementedissolution
reaction rather than a dissolutioneprecipitation reaction. Such reactions are important because
the constraint of constant volume can mean that the reactions are self-accelerating (or autocat-
alytic) when coupled with simultaneous dissolution of the host material.

As an example we consider the reaction which is commonly written to express the replace-
ment of calcite by dolomite:

2CaCO3þMg2þ/CaMgðCO3Þ2þCa2þ (15.2)

This equation says that 2 moles of calcite become 1 mole of dolomite. However, (15.2) does
not express a pseudomorphic replacement where volume is preserved since the calcite for-
mula volume is 3.69� 10�5 m3 and the dolomite formula volume is 6.43� 10�5 m3, the ratio
being 1.743. Hence in order to preserve volume, (15.2) needs to be rewritten as

1:743CaCO3þ Mg2þþ0:26CO2�
3 /CaMgðCO3Þ2þ 0:74Ca2þ (15.3)

In addition the following reactions take place:

Dissolution of calcite : CaCO3ðsolidÞþ Hþ/Ca2þþHCO�
3 (15.4)

Precipitation of dolomite : Ca2þþMg2þþ 2CO2�
3 /CaMgðCO3Þ2ðsolidÞ (15.5)

Initially the reaction is described by (15.5), the reaction driven by excess Ca2þ derived
from (15.4). As the replacement proceeds, the replacementedissolution reaction is described
by the constant volume reaction, (15.3). The aqueous Ca2þ released in (15.4) in an increment
of replacement increases the saturation index, U, through

U ¼
�
Q
�
K
equilibrium
dolomite

�
¼

�
a
Ca2þ

��
a
Mg2þ

��
aCO3

�2�
K
equilibrium
dolomite

¼
�
m

Ca2þgCa2þ
��

a
Mg2þ

��
aCO3

�2�
K
equilibrium
dolomite
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which in turn accelerates the growth rate of dolomite:

Rdolomite ¼ kdolomiteS0ðU� 1Þ
where S0 is the surface area of dolomite per unit volume and kdolomite is the rate constant for
reaction (15.5). Here we have written aCa2þ for the activity ofCa2þ,mCa2þ for themass ofCa2þ,
andgCa2þ for the activity coefficient of Ca2þ.

Now, to express the constant volume replacement process we have as a statement of
Figure 15.3(b):

hRdolomite ¼ dmCa2þ

dt

where h in this case is the stoichiometric constant 0.74 mol. Thus,

dmCa2þ

mCa2þ
¼ hkdolomiteS0Hdt (15.6)

where H ¼ ðgCa2þÞðaMg2þÞðaCO3
Þ2=Kequilibrium

dolomite
. Integration of (15.6):

ZmCa2þ

mCa2þ ;initial

�
dmCa2þ

mCa2þ

�
¼

Z t

0

hkdolomiteS0Hdt

gives

mCa2þ ¼ mCa2þ;initial expðt=sÞ
where

s ¼ ð1000hkdolomiteS0HÞ�1

We also have

Rdolomite ¼ �
kdolomiteS0HmCa2þ;initial

�
expðt=sÞ (15.7)

Thus, because of the constraint that volume be preserved, the growth rate of dolomite and
the concentration of Ca2þ in the pore fluid increase exponentially as shown in Figure 15.5(a).
This means that the growth rate of dolomite can outstrip the supply of Mgþþ as shown in
Figure 15.5(a) with the subsequent termination of dolomite growth because of the depen-
dence of the growth rate on H in (15.6). Following this hiatus in growth the concentration
of Mgþþ grows again and the process repeats as shown in Figure 15.5(b).

In this model the interfacial stress leads not only to pressure solution as discussed in
Section 15.5 but also to strain rate softening as discussed by Merino and Canals (2011); we
consider this effect in greater detail in Volume II.

15.2.3 Nucleation and Growth Models

Following insightful work by Kretz (1966, 1969, 1973, 1974, 2006), Carlson and co-workers
(Carlson, 1989, 1991, 2011; Carlson et al., 1995) have led the way in modelling the
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development of porphyroblast microstructures. The influence of deformation is not consid-
ered in these models. In Chapter 9 we point out that grain growth during deformation can be
treated using the concept of disconnections (Howe et al. 2000) with implication for coupled
grain boundary migration and consequences for preferred mineral grain shape and the
development of curved inclusion trails. The basic proposition in the Carlson models is that
the affinity that drives the porphyroblast reaction arises from temperature overstepping so
that the history of porphyroblast growth reflects the thermal history of the rock. The proce-
dure involves, first, the assumption of a nucleation rate, _N, per unit volume of rock in the
form

_N ¼ _N0 exp½kðT� T0Þ�
	
1

V

ZZZ
brðx; y; zÞdxdydz




where _N0 is the nucleation rate at time t¼ 0, T0 is the temperature at t¼ 0, k is an acceleration
factor related to the activation energy for nucleation, V is the volume of the model and
br (x, y, z) is the relative probability that a nucleation event occurs at the spatial position
(x, y, z). In the models developed by Carlson this nucleation law is expressed as an exponen-
tial dependence on temperature rather than an Arrhenius law with constant activation
energy.

A second step involves postulating a growth law of a form that is diffusion controlled:

RiðtÞ ¼

8><
>:

Z t

ti

DTðtÞdt

9>=
>;

1
2

(15.8)

FIGURE 15.5 The Merino model for pseudomorphic replacement. (a) Evolution of the dolomite replacement
system over one cycle of replacement. Mg2þ is supplied at a constant rate. Porosity is increased during the initial
dissolution of Ca2þ between t0 and t1. Coupling of Ca2þ concentration with dolomite growth arising from constant
volume replacement accelerates both dolomite growth and Ca2þ dissolution until dolomite growth outstrips the
supply of Mg2þ. Dolomite growth then dramatically ceases until the supply of Mg2þ can build up again.
(b) Repetition of (a) due to competition between accelerated dolomite growth and the constant input of Mg2þ. After
Merino and Canals (2011).
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RiðtÞ is the radius of the ith grain as a function of time, DTðtÞ is the diffusion coefficient at a
temperature T which is a function of time and ti is the time that the ith grain is nucleated.
The diffusion coefficient depends on temperature according to

DTðtÞ ¼ DN exp

��QD

RTðtÞ
�

where DN is a reference diffusion coefficient, QD is the activation energy for diffusion and an
explicit dependence of temperature on time is expressed by the function T(t). The model de-
pends on specification of a particular thermal history. The temperature provides for overstep-
ping of the reaction and the system evolves as the temperature increases above the
equilibrium value. Notice that, although most porphyroblasts preserve initial detail of the
matrix within them and hence are the result of constant volume replacement reactions,
such a constraint is not incorporated into the Carlson models. The proposal (Kretz, 1974)
is that the rate of growth for a particular radius can be obtained by measuring the normalised
distance, c*, between two growth zones at a particular radius, C*, in a given grain. Such mea-
surements are normalised with respect to measurements for the largest grain in the system
(Figure 15.6(c)). The assumption is that zonal patterns in porphyroblasts are growth zones
and not a result of intermittent supply of nutrients to the growing grain.

Adopting Carlson's model, the relation between c* and C* is

c� ¼ C�2ðgsi � 1Þ þ 1

C�ðgsi þ 1� C�2Þ (15.9)

where g is a parameter that appears in the rate law for growth and si is the dimensionless
time when the ith grain nucleates. C* is taken as a measure of the dimensionless radius cor-
responding to the dimensionless growth rate, c*. Plots of c* against C* are shown in
Figure 15.6(d) and a data set from natural porphyroblasts is shown in Figure 15.6(d).

This model produces grain microstructures that are very similar to natural examples. A
particular aim of such studies is to gain some information on grain growth kinetics.
Following Kretz (1974), the approach has been to compare observations with curves for spe-
cific kinetic laws on a plot of normalised growth rate, _Rhc�, against normalised radius,
RhC�. Such plots for natural examples are shown in Figure 15.6. Curves 1, 2 and 3 in
Figure 15.6(a) and (b) correspond, respectively, to interface-controlled, isothermal
diffusion-controlled and heat flow-controlled growth kinetics. The observation that none
of these laws is strictly followed suggests that other factors are at play. Since some of the
data follow approximately linear relations in Figure 15.6(a) and (b) we assume a general

(linear) relation between _R and R of the form

_R ¼ �aRþ b; a � 0

Then, for initial conditions given by R ¼ 0 when t¼ 0, R is given by

R ¼ b

a
f1� expð �atÞg

Since a series expansion gives expð�atÞz1� atþ a2t2

2 �..;R/bt as a/0: Thus, for
a/ 0 and b¼ 1 one obtains curve 1 in Figure 15.6(a) and (b) and the growth rate is
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independent of time. Otherwise, for as0; _R ¼ b expð�atÞ. If aw0:5 and bw1:5 one ob-
tains the blue line in Figure 15.6(a). As a/ 0, one obtains the red line in Figure 15.6(b)
with bw0:33. This suggests that an exploration of exponential growth laws would be of in-
terest. However, all of the growth laws shown in Figure 15.6 are either independent of time or
are decreasing functions of time (see Kretz, 1974). This contrasts with the models of Merino
(and as we shall see, of Putnis) where the growth rate increases with time. As shown by Me-
rino and Canals (2011), one way of generating such accelerating laws is for replacement of the
matrix to be coupled with dissolution in an isochoric reaction. Clearly, more work needs to be
done with respect to these models. As an indication of the zonal microstructures to be ex-
pected from various growth laws (assuming that zonation patterns are growth zones)
some models are shown in Figure 15.7.

FIGURE 15.6 Garnet growth laws. (a) and (b): Plots of normalised growth rate against normalised radius for (a)
case where MnO content at the centre of a grain correlates with grain radius and (b) case where garnets of inter-
mediate size possess the highest MnO content. In both plots the two open circles are from Kretz (1974). For details see
Carlson (1989). Curves 1, 2 and 3 correspond to interface-controlled growth, isothermal diffusion-controlled growth
and heat flow-controlled growth, respectively. Brown, blue and red lines represent three different normalised
growth laws, the blue one being an exponential growth law that decreases with time. (c) Measurements made on
growth zones in garnet. C* is the radial distance from the grain centre to the middle of a growth zone, c* is the width
of this zone. Both measurements are normalised with respect to similar measurements on the largest garnet in the
population. (d) Plot of (15.9) for si¼ 0.1 and for various values of g. (e). Data from natural garnet population. After
Carlson (1989).

15.2 SOME DETAILED MODELS OF METAMORPHIC REACTIONS 577

B: PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



Schwarz et al. (2011) obtain a range of grain size distributions but their measurements do
not fit the growth laws shown in Figure 15.6(a) and (b). They have extended porphyroblast
modelling to include the influence of nutrient supply, and hence the degree of supersatura-
tion, on the nucleation kinetics. Such modelling is important because it considers other mech-
anisms for generating an affinity for reaction rather than temperature overstepping.

15.2.4 DissolutionePrecipitation Models

Many reactions in metamorphic rocks are expressed as dissolutioneprecipitation reac-
tions. Thus, one common model is that material is dissolved at one place in a rock to be
precipitated at another place; in the simplest and most common models, the dissolution
and precipitation processes are not coupled. Clearly this kind of behaviour demands a rela-
tively high porosity. There is an extensive literature concernedwith modelling fluid transport
in porous rocks with uncoupled chemical reactions, although fluid transport is commonly
coupled with dissolution and precipitation through changes in porosity. An important re-
view with an historical summary is Steefel and Maher (2009) and the overall approach is
considered by Steefel and Lasaga (1994). Another important approach is that of Bethke
(1996), Reed (1997, 1998) and Grichuk and Shvarov (2002) where the extent of a reaction is
simulated by a series of steps each one of which is taken to be in local equilibrium. This at-
tempts to reproduce the approach discussed by Thompson (1959, 1970). The governing equa-
tions linking the rate of change of chemical composition with changes in composition arising
from advection and reaction rate are commonly written as:

vðfciÞ
vt

þ J,Vci ¼ _Ri (15.10)

FIGURE 15.7 Growth laws and resulting zonation patterns. Top left is a sketch of a (c*eC*) plot from
Figure 15.6(a) showing the red line (a) and blue line (b) from that figure. Top right are the resulting growth laws
(c* versus time) plots for the lines (a) and (b). Also included is a growth curve for exponentially increasing growth.
The bottom row shows the zone patterns that result from these growth laws.
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where ci is the concentration of the ith chemical species in solution (with units moles per unit
volume of the fluid), f is the instantaneous porosity, J is the sum of the fluxes (moles per unit
area of the rock per unit time) that arise from dispersive, diffusive and advective processes, V
is the gradient operator, , represents the scalar product and _Ri is the total reaction rate (moles
per unit volume of the rock per unit time) for the reaction involving the ith chemical species
and may be expressed as

_Ri ¼ _R
homogeneous
i þ _R

heterogeneous
i

_R
homogeneous
i is the reaction rate of the ith reaction occurring in solution and _R

heterogeneous
i is the

reaction rate of the ith reaction occurring at solid/liquid interfaces. Typically _R
heterogeneous
i is a

function of the surface area of the reacting grain and of pH (Lasaga, 1981, 1984).
A common approach (Phillips, 1991, 2009; Wood and Hewett, 1982) to using (15.10) is to

assume chemical equilibrium, so that one can neglect the term _Ri in (15.10), and ci then rep-
resents the equilibrium concentration of the species Ci in solution. The porosity is assumed to
remain constant and one writes

c
equilibrium
i ¼ ci

�
Pfluid;T; ca

�

where a is the number of species and Pfluid is the fluid pressure. Using the chain rule of dif-
ferentiation it follows that

f
vci
vt

¼ �J$

(
vci
vT

VT þ vci

vPfluid
VPfluid þ

Xk¼ a�1

k¼ 1

vci
vck

Vck

)
(15.11)

Clearly the assumptions involved here (equilibrium and constant porosity) are extreme
but nevertheless the approach has a wide following (Murphy et al., 2008; Phillips, 1991,
2009; Steefel et al., 2005; Wood and Hewett, 1982; Zhang et al., 2003; Zhang et al., 2008;
Zhao et al., 2009). (15.11) assumes that the processes involved are (1) dissolution of various
species so that equilibrium concentrations of these species are carried in solution, and (2) a
particular species is precipitated in existing open spaces according to the way in which the
Darcy flux is resolved along the gradients in temperature, in fluid pressure and in the other
chemical species in solution. The quantities vci

vT;
vci

vPfluid;
vci
vck
, (which are all functions of T, Pfluid and

ca), act as qualifiers on these gradients.
In these classical models the processes of dissolution and precipitation proceed indepen-

dently of each other and are uncoupled. Putnis (Putnis, 2002, 2009; Putnis and Austrheim,
2010; Putnis andMezger, 2004; Putnis and Putnis, 2007; Putnis et al., 2005, 2008) has proposed
a coupled model for dissolutioneprecipitation replacement reactions whereby the initial host
is replaced through a porous dissolution network that progressively migrates into the host,
dissolving the host and transporting the dissolved material into an adjacent fluid reservoir.
The fluid-saturated porous network acts as a conduit to precipitate newmaterial. The process
is illustrated in Figure 15.2(f) and an example of an experimentally produced porous network
is shown in Figure 12.11(a).

The characteristics of this model are (Putnis, 2009)

1. The dissolution and precipitation processes are coupled at the host/new phase interface.
This coupling preserves the initial morphology of the host.
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2. The reaction front between the host and the new phase is sharp with no obvious diffusion
profile in the host.

3. The new phase develops in the porosity network that allows fluid to maintain contact with
the reaction front.

4. In cases where there is a large change in molar volume between the host and the new
phase a system of fractures develops ahead of the reaction front.

5. If the structures of the host and new phase allow, there is an epitaxial relation between
the two.

Although the model is described as a coupled dissolution/precipitation process, the
mechanism of coupling is so far not completely understood. Experiments by Putnis and
Mezger (2004) and by Putnis et al. (2005) indicate that the layer of fluid next to the dissolving
host plays a fundamental role; the composition of this thin film may be quite different to that
of the bulk fluid.

Reactions between the solid host and this thin fluid layer may be the basis of the proposed
coupling. This is supported by Xia et al. (2009) who show that the length scale of pseudomor-
phism can be manipulated by changing the pH of the fluid. Xia et al. (2009) examined the
pseudomorphism of pentlandite by violarite experimentally between 80 and 210 �C and
room pressure with a range of Eh-pH conditions, grain sizes and other variables. The conclu-
sion, based on microstructures and the non-Arrhenius temperature behaviour of the kinetics,
is that the process consists of dissolution and precipitation and is not a solid state diffusive
process. The dissolution and precipitation are coupled presumably because the dissolution of
pentlandite increases the supersaturation of violarite thus enhancing nucleation rates. Pent-
landite dissolution is rate limiting for 1< pH< 6 and results in nanoscale pseudomorphism

FIGURE 15.8 Aspects of pseudomorphic models involving dissolution and precipitation. (a) Influence of
fluid pH on replacement morphology. (i) An image of violarite replacing pentlandite in the pH range 1< pH< 6.
The pseudomorphism is regular and pole figures from pentlandite (ii) and violarite (iii) are sharp and
demonstrate strong epitaxis. (iv) An image of irregular replacement structure for pH¼ 1. The pole figures, (v) for
pentlandite and (vi) from violarite, are diffuse demonstrating weaker epitaxis. From Xia et al. (2009). (b) The
Anderson et al. (1998a) model for coupling dissolution and precipitation within a thin liquid layer next to the
dissolving solid.
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at the<20 nm scale. Violarite precipitation is rate limiting for pH¼ 1 and results inmicroscale
pseudomorphism at the scale of w10 mm. Details of these microstructures are shown in
Figure 15.8(a).

Another way of achieving this coupling lies in the work of Anderson et al. (1998a, 1998b)
where microphases assist in enhancing reaction rates at interfaces between a solid and a
reacting fluid. A microphase is a dispersed phase (particles, droplets, bubbles) that is
smaller than the diffusion length of the solute. Thus, for instance, if the diffusion length
is 50 mm, an effective microphase size is 10 mm. The basic mechanism consists of (1) diffu-
sion of the microphase to the reacting interface; (2) the microphase reacts with dissolved
solute near the interface thus decreasing the concentration of solute and increasing the
dissolution rate; (3) the microphase, now carrying some solute, diffuses into the bulk fluid
thus facilitating the transport of solute into the bulk fluid (Figure 15.8). We are interested in
instances where the microphase consists of particles of the product which is to be precipi-
tated on the solid host. This means that the final precipitated phase enhances the
dissolution of the solid as precipitation occurs. This enhancement of reaction rate by the
product-microphase is a form of autocatalysis or accelerated reaction rate where dissolution
and precipitation are coupled.

Anderson et al. (1998a) develop a model for these processes that is expressed as a
reactionediffusion equation:

va
vt

¼ D
v2a

vx2
� kma

m � l0K0

	
a� amp

mA



(15.12)

where m is the reaction order for the reaction involved, km is a rate constant, l0 is the volu-
metric fraction of microphase in the liquid, K0 is the rate at which A is taken up by the
microphase, amp is the concentration of A on the microphase and mA is the distribution
coefficient of A between microphase and continuous phase. Anderson et al. (1998a,
1998b) show that these microphase processes result in acceleration of reactions by 20- to
30-fold depending on growth rates and initial microphase size distributions. The process
is important as an example of a dissolutioneprecipitation process that is coupled,
autocatalytic and takes place in the immediate vicinity of the dissolving/precipitation
interface.

15.3 HOMOGENEOUS AND HETEROGENEOUS NUCLEATION

The traditional approach to nucleation involves making a distinction between
homogeneous nucleation and heterogeneous nucleation. The former is strictly applicable to liq-
uids where a new phase nucleates within a host phase independently of position. The
latter applies to nucleation where the nucleation site depends on position and typically
is represented as the new phase nucleating at a surface. The theory is discussed by Vernon
(2006, pp 46e51) and involves a spherical nucleus. Nucleation is controlled by the balance
between a surface energy term that grows as the square of the radius of the sphere and a
volume energy term that involves the difference in Gibbs energy per unit volume, DGV,
between the host and new grains and decreases with the cube of the radius. The driving
force for growth is the difference in the total Gibbs energy, DG(R), as a function of radius,
R, between the host and new grain. The balance between the increasing surface energy
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and decreasing Gibbs energy per unit volume, DGV, defines a critical radius, Rcritical, and a
critical Gibbs energy difference, DGðRÞcritical, above which the new grain can grow:

Rcritical ¼ �2
sbV
DGV

; DGcritical ¼
16p

3

s3

ðDGVÞ2

where s is the surface energy. Clearly such a model predicts that the larger DGV, the smaller
both DGcritical and Rcritical. The relation between the Gibbs energy difference and the radius of
the nucleus is

DGðRÞ ¼ DGcritical

"
3

�
R

Rcritical

�2

� 2

�
R

Rcritical

�3
#

(15.13)

FIGURE 15.9 Nucleation of new grains. (a) The classical view of nucleation with no gradients in chemical
potential. Stable growth occurs once the Gibbs energy becomes negative at a radius R0. (b) A model of nucleation of
a new grain in a chemical potential gradient. (c) Change of Gibbs energy with radius of a nucleus in a chemical
potential gradient for conditions where nucleation is possible. (d) Three types of nucleation behaviour depending
on the magnitude of the chemical potential gradient. Values of the parameters in (15.14) are a¼ 3, b¼ 2, g¼ 1;
Vm ¼ 0:6 for curve A, Vm ¼ 0:38 for curve B, Vm ¼ 0:28 for curve C.
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This function is plotted in Figure 15.9(a). For embryos smaller than the critical radius,
local fluctuations mean that the embryonic grain may dissolve. At the critical radius an in-
crease in surface energy just balances the decrease in difference in (volumetric) Gibbs en-
ergy. Above the critical radius the nucleus can grow but the difference in Gibbs energy is
positive until the radius R0 is reached when the nucleus can undergo thermodynamically
stable growth.

The above treatment, while satisfactory for nucleation in liquids, neglects some impor-
tant issues that are relevant to nucleation in solids. First, the traditional model assumes
that there is no volume change associated with the formation of the new nucleus and hence
no stresses are generated between the new grain and the host. Second, spherical nuclei are
assumed. Third, and probably the most important, in solids subcritical embryonic nuclei
grow in chemical potential gradients that change with time (see Figure 15.10). New em-
bryos interact through diffusive mass transfer with the host phases and neighbouring em-
bryos. Heterogeneous kinetics governed by these diffusive processes control the process
and not solely a balance between surface energy formation and decrease in Gibbs energy
difference (Gusak, 2010).

For a situation that includes nucleation in a chemical potential gradient (Gusak, 2010) we
assume a one-dimensional model with again a spherical nucleus and no volume change be-
tween the host and new grain as shown in Figure 15.9(b).

DG ¼ n

Z �
gnewðmðxÞÞ � goldðmðxÞÞ

�
SðxÞdxþ sS

FIGURE 15.10 Chemical potential gradients in reacting and stressed solids. (a) Chemical potential gra-
dients between quartz and forsterite reacting to produce enstatite. The gradients set up fluxes in grain
boundaries as shown. (b) Chemical potential gradients and associated fluxes induced by a stress field. From
Wheeler (1987).
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where n is the atomic density (assumed the same in the nucleus and the host so that no
stresses are set up), g is the Gibbs energy per atom, S is the surface area of the nucleus
and s is the surface energy. Gusak (2010) shows that the equation describing nucleation,
(15.13), is replaced by an equation of the form:

DGðRÞ ¼ aR2 � bR3 þ gðVmÞ2R5 (15.14)

where a, b and g are parameters which are functions of the chemical potential gradient and
are given by Gusak (2010, Chapter 4). Nucleation is forbidden for

ðVmÞ > ðVmÞcritical1 ¼ b

a

ffiffiffiffiffiffi
b

5g

s

Nucleation is metastable for

ðVmÞcritical1 > ðVmÞ > ðVmÞcritical2 ¼ b

a

ffiffiffiffiffiffiffiffi
4b

27g

s

Nucleation can occur for

ðVmÞ < b

a

ffiffiffiffiffiffiffiffi
4b

27g

s

(15.14) is plotted for this last condition in Figure 15.9(c) and the other conditions are shown in
Figure 15.9(d).

Gusak (2010; Chapter 4) discusses the influence of a volume change associated with
nucleation on the above argument and shows that elastic strains induced by change in vol-
ume have only a small effect. However, chemical potential gradients do influence the shape
of the nucleus with flattened ellipsoidal nuclei favoured over spherical nuclei at large
gradients.

A complete analysis of the influence of deformation on the shape and orientation of new
nuclei depends on arguments presented by Kamb (1959) on the influence of elastic energy
and by Wulff (see Kelly and Groves, 1970) on the influence of interfacial energy. Preferred
growth of nuclei controlled by the deformation can either enhance or obliterate most orien-
tations and shapes of initial nuclei and hence is the dominating factor in controlling the final
microstructure. These issues are considered in Volume II.

15.4 STRESS-ASSISTED TRANSPORT

In order for mineral reactions to proceed, chemical components must be transported
from one part of the reacting system to another. For the most part the mechanism for
achieving such transport is unclear and depends on the details of the grain microstruc-
ture. In Chapter 12 we discuss mechanisms for mass transport that depend on the struc-
ture and size of apertures between grains. This in turn is probably a function of where the
reactingedeforming system sits relative to the metamorphic regimes outlined by Oliver
(1996; see Figure 12.1). As indicated in Figure 12.6, in regimes where the porosity is
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low (strictly, where the Knudsen number approaches N) the transport is presumably Fick-
ian in nature and takes place in films similar to those illustrated in Figure 12.8. At smaller
Knudsen numbers the transport is governed by the Burnett equations. This is a transport
regime that is fundamental to metamorphic systems but is poorly studied; it is currently
an area of active research in the nanofluidics industry and we expect important develop-
ments in this field in the future. At Knudsen numbers <0.1 (Figure 12.6) one moves into
conditions where the complete NaviereStokes equations need to be considered and then
into regimes governed by Darcy flow. In this section we consider only Fickian transport
and in particular, concentrate on the influence of stress on mass transport. This regime
is commonly called the diffusive transport regime.

Details of diffusive transport processes, including diffusion in multicomponent mate-
rials, are considered by Paterson (2013) and we do not repeat that material here. We
consider here only processes governed by Fick's first and second laws, namely (in one
dimension):

Fick's first law : J ¼ �cD

RT

vm

vx
(15.15)

and

Fick's second law :
vm

vt
¼ D

v2m

vx2
(15.16)

where J is the diffusive flux (units: amount of diffusing component per unit area per unit
time, e.g. moles per square metres per second), c is the concentration of the diffusing compo-
nent (units: moles per unit volume), D is the diffusion coefficient or diffusivity (units: square
metres per second), m is the chemical potential density of the chemical component that is
diffusing (units: joules per mole) and x is distance; R is the universal gas constant (units:
joules per mole per kelvin) and T is the absolute temperature.

In two or more dimensions Fick's second law becomes

vm

vt
¼ DV2m

which is the same form as the heat diffusion equation (11.5). Hence the results of heat diffu-
sion problems (Carslaw and Jaeger, 1959) can be used directly for the equivalent mass diffu-
sion problems. In particular for a one dimensional problem where c(x, t) is the concentration
of a chemical component that has a concentration c0 at t¼ 0 and x¼ 0, the concentration pro-
file at time t is given by

cðx; tÞ ¼ c0erfc

�
x

2
ffiffiffiffiffiffi
Dt

p
�

which is identical in form to (11.13) and the solution is shown in Figure 11.4.
It has long been known that rocks subjected to stress undergo preferred dissolution at

highly stressed interfaces (see Cox and Paterson, 1991; Lehner, 1995; Paterson, 1995; Rutter,
1976; Schutjens and Spiers, 1999 for examples and reviews). The mechanical background
for this process is largely based on Gibbs' treatment (Gibbs, 1906) of the dependence of the
solubility, in an adjacent fluid, of a solid with a normal stress, sN, on the solid/fluid interface.
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The concentration of the solid, c, dissolved in the adjacent fluid is given in terms of the local
chemical potential, m, of the solid dissolved in the fluid by

m ¼ m0

�
Pfluid;T

�
þ RT lnðgcÞ (15.17)

where m0 is a reference chemical potential and g is an activity coefficient (Paterson, 1973). The
chemical potential is given in terms of sN as (Kamb, 1959; Paterson, 1973)

m ¼ Jþ sN
bV (15.18)

where J is the specific Helmholtz energy of the solid phase, bV in this case is the molar vol-
ume and sN is the normal stress across the surface whose normal inN. The Helmholtz energy
is commonly considered to be only a function of the elastic energy of the solid. Notice that
Kamb (1959) and Paterson (1973) assume compressive stresses to be positive, whereas
Shimizu (1992) assumes compressive stresses are negative. This means (for the Shimizu
assumption) that þsN is replaced by �sN in (15.18).

The expressions (15.17) and (15.18) mean that for a stressed solid in contact with a fluid,
the concentration of the solid dissolved in the fluid is greater than that for an unstressed solid
and so the local fluid is supersaturated. As Gibbs noted, if an unstressed piece of the solid is
placed in the fluid then precipitation will occur on that piece. The usual treatments then
involve diffusion of the dissolved material driven by stress gradients, which induce gradi-
ents in chemical potential, with the presumption that material is transferred from highly
stressed regions in the aggregate to low-stressed regions (Figure 15.10(b)). Such a process
has now been recognised at all grades of metamorphism from essentially diagenetic condi-
tions to upper amphibolite grades. This process may in fact dominate as a deformation mech-
anism in many metamorphic environments and operate instead of plastic deformation by
dislocation processes (Wintsch and Yeh, 2013).

Most treatments of the subject consider a closed system. Paterson (1973), for instance, de-
rives expressions for (gc) in a uniaxial stress condition: for the face normal to the stress, s, the
concentration of dissolved material, c, in the fluid adjacent to the interface is given by

gc ¼ g0c0 exp
hbVs

�
RT

i

where c0 is a reference concentration in an unstressed situation and g0 is the activity coeffi-
cient in the reference state. For the face parallel to the uniaxial stress,

gc ¼ g0c0 exp
hbVs2

�
2ERT

i

where E is the Young's modulus of the solid. This means that chemical potential gradients are
set up on the surfaces of a stressed material and hence mass moves from one interface in the
aggregate to another under the influence of these gradients. Such a process is variously called
pressure solution or stress-assisted diffusion.

This process of stress-assisted dissolution and transport can clearly be dominated by one
of three grain scale processes: (1) chemical reactions (dissolution and replacement/precipita-
tion) at the stressed grain interface, (2) transfer of chemical components in the interstitial
fluid, and (3) rate of transfer of dissolved material at the reaction site. The constitutive
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relations for uniaxial straining with strain rate, _ε1, for these three situations considered by
Paterson (1995) are

fluid diffusion controlled: _ε1 ¼
bV2

cDff
m

RT

�
s3 � Pfluid

�þ 3ðs1 � s3Þ
d2

reaction controlled: _ε1 ¼
bV2

k

RT

d

di

�
s3 � Pfluid

�þ 3ðs1 � s3Þ
d

source=sink diffusion controlled: _ε1 ¼
bVdDgb

RTd2i

�
s3 � Pfluid

�þ 3ðs1 � s3Þ
d

In these expressions, c is the solubility, Df is the diffusion coefficient in the fluid, k is the
rate constant for dissolution or precipitation, Dgb is the diffusion factor in a grain bound-
ary, d is the grain boundary thickness, m is the Archie exponent (Paterson, 1995), f is the
porosity, d is the grain diameter, di is the diameter of the grain boundary island structure,
Pfluid is the fluid pressure and s1, s2, s3 are the principal stresses. In all three cases the
dependence of strain rate on stress is linear but different grain size and island size depen-
dencies arise.

Reactingedeforming systems that involve stress driven transport can be various combina-
tions of open or closed (see classification of Oliver: Figure 12.1), diffusion controlled, trans-
port controlled, reaction controlled, or, controlled by dissolution processes that take place
at the reacting interface. These various models are illustrated in Figure 15.11.

If the interface can support a shear stress (which is not the case at a fluid/solid interface),
Shimizu (1992, 1995) shows that the chemical potential, mþ, for a phase transition at a stressed
interface where the growth direction is a, is given by

mþ ¼ J� 2bV

FIGURE 15.11 Pressure solution models. From left to right: The classical Gibbs (1906), Kamb (1959), Paterson
(1973), Rutter (1976) model involving only normal stress and diffusion; next the Shimizu (1992, 1995, 1997, 2001)
model involving a general stress at the boundary and both diffusion and reaction at the interface; next the Lehner
(1995) model involving a normal stress at the interface and open flow; last the GhoussoubeLeroy model
(Ghoussoub and Leroy, 2001; Raphanel, 2011) which discusses the evolution of the interface under a normal
stress.
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where 2 ¼ sijNiaj
Nkak

and N is the normal to the interface (Figure 14.11(a)). If the shear stress on

the boundary is zero then the above reduces to the KambePaterson expression.
The cases considered by Shimizu (1995) involve diffusion-controlled and reaction-

controlled situations:

Diffusion controlled : _ε ¼
�
abV2

SiO2
KDw

��bVH2ORTd
3
��1

s

Reaction controlled : _ε ¼
�
bbV2

SiO2
kþ

��bVH2ORTd
��1

s

where a is a geometrical factor that is a function of grain shape and the stress distribution, b is
a geometrical factor describing the roughness of the stressed interface, K is the equilibrium
constant for the dissolution of SiO2 in H2O, Dw is the diffusion coefficient for diffusion of
the solute through channels at the interface, d is the grain diameter and kþ is the rate constant
for the dissolution reaction. Again, the strain rate is a linear function of the stress but different
dependencies on grain diameter are present depending on the process.

If the system is open (Lehner, 1995) a distinction between intergranular dissolution and
grain boundary diffusion (the KambePaterson model) as rate limiting processes can be
made on the basis of a complicated dimensionless number that involves among other quan-
tities, the area of contact between grains, the grain diameter and the chemical potentials.
The strain rates are now complicated functions of these quantities (see Lehner, 1995, Eqn
23). Evolution of the interfacial microstructure has been considered by Ghoussoub and
Leroy (2001) and by Raphanel (2011) but developments in this arena are still very
preliminary.

15.5 STRESSES GENERATED BY MINERAL GROWTH

We have seen that isochoric reactions (of which pseudomorphic replacement reactions are
a special but common subset) generate stresses at the interface between the new mineral and
the crystal or matrix that is being replaced. Since such stresses are involved in the conditions
for chemical equilibrium (Section 14.3.3c) and control dissolution/diffusion rates and path-
ways it is important to understand their origins and magnitudes. These stresses are
expressed in various ways. In some cases the surrounding material is fractured as in the
case of quartz polymorphically replacing coesite (Figure 15.12(a)); in other cases plastic
deformation may be clearly expressed as in the case of brucite replacing periclase
(Figure 15.12(b)) or pressure solution may occur at the interface as documented by Merino
and Canals (2011) and Stokes et al. (2012; see Figure 14.2(e)).

15.5.1 Stresses Induced by Constant Volume Replacement

The following discussion is taken from Fletcher and Merino (2001) where compressive
stresses are taken as negative. Consider a spherical volume of rock, with radius R, in which
the replacement reaction B/ A is progressing (Figure 15.13). We consider a uniform array of
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spherical grains of A, with radii, a, surrounded by shells of B with radii, b. This unit,
comprising A surrounded by B, is treated as a representative volume element (RVE). The reg-
ular array of RVEs means that transport of material is not a rate-controlling process. The large
spherical volume is under a far field hydrostatic stress, s0. Since A is replacing B and the
molar volume of A,bVA, is greater than that of B,bVB, dilational strains mean that the stress

(a) (b)

FIGURE 15.12 Examples of microstructures arising from replacement. (a) Constant mass and constant volume
polymorphic replacement. Quartz (clear, low relief) and coesite (cloudy, high relief) embedded in garnet with micro-
cracks radiating outwards from the quartz. From Chopin (1984). (b) Replacement of periclase by brucite. Kinks arise
in brucite and twins in calcite from stresses generated by isochoric replacement. Inspired by Turner and Weiss (1965)

and Carmichael (1987).

FIGURE 15.13 The model of Fletcher and Merino (2001). (a) Nucleation of a phase A shown, for discussion, at
triple junctions within a polygonal array of phase B. (b) A spherical volume, radius R, of distributed mineral
growth selected from the aggregate in (a) embedded in an infinite aggregate under a far field hydrostatic stress,
s0. The normal stress on the sphere is sR. (c) A microscopic representative volume element (RVE); a, b are the
radii of phases made of A and B; the normal stress on the interface between A and B is sN. (d) Spherical coor-
dinate system r, q and a.
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in the vicinity of the mineral reactions, sR, is different from s0 but it is still hydrostatic since
the growth of the grains of A is assumed to be uniform.

In order to calculate the stress in an RVE we adopt a spherical coordinate system, r, q and a

as shown in Figure 15.13(d). The nonvanishing stress components are srr and sqq¼ saa; the
radial displacement is ur with uq¼ ua¼ 0. Following Kamb (1959) the chemical potentials of
A and B at their interfaces are

mAðinterfaceÞ ¼ mA0 � s0
bVA þ DmA

mBðinterfaceÞ ¼ mB0 � s0
bVB (15.19)

where component A is supersaturated by an amount DmA ¼ RT lnðUAÞ relative to a hydro-

static value where the far field stress is s0 and whereUA is the saturation index for A. Compo-

nent B is saturated at the hydrostatic value, UB ¼ 1. bVA and bVB are the specific volumes of A
and B in an unstressed state. The chemical potentials of A and B at the A/B interface at equi-
librium are

mAðequilibriumÞ ¼ mA0 � sN
bVA

mBðequilibriumÞ ¼ mB0 � sN
bVB (15.20)

The rates of replacement and dissolution are given by

da
dt

¼ kA

h
m
interface
A � m

equilibrium
A

i

da0

dt
¼ kB

h
m
interface
B � m

equilibrium
B

i

where kA and kB are rate constants and da0
dt is the rate of change in the radial position of the

interface due to growth of B. Since the only mechanism of growth in this model is constant
volume replacement,

da
dt

þ da0

dt
¼ 0 (15.21)

From (15.19) to (15.21) we have

da
dt

¼ kA

�
DmA � ðs0 � sNÞbVA

�
¼ kBðs0 � sNÞbVB

so that

ðs0 � sNÞ ¼ kADmA=

�
kA bVA þ kB bVB

�
¼ ðkART ln UAÞ=

�
kA bVA þ kB bVB

�
(15.22)

which is positive since s0> sN.
If kA

kB
[1 and we assume bVAzbVB then the maximum stress difference is

ðs0 � sNÞmaximum ¼ DmA=bVA
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If kA
kB
� 1 then ðs0 � sNÞ is small and the growth rate is similar to that in a fluid. As an

example, the interfacial normal stresses generated at 100 �C for various combinations of A
and B are shown in Figure 15.14 assuming bVA ¼ 50� 10�6 m3 mol�1 and UA ¼ 2:
Clearly the very high stresses generated by some mineral combinations (such as calcite
replacing quartz) cannot be supported by elastic distortions and some form of dissolution,
plastic flow or brittle fracturing must ensue.

15.6 AN EXAMPLE: PORPHYROBLAST FORMATION

We present below a discussion of porphyroblast growth and microstructure evolution
partly as a summary of the concepts developed in this chapter and partly to emphasise
the differences between what is essentially a linear approach to microstructure evolution
and an approach built around nonlinear dynamics. In Chapter 13 we discuss the develop-
ment of microstructures in polycrystalline aggregates from the point of view of stochastic

FIGURE 15.14 Contours of the interfacial normal stress, sN, generated by growth with a saturation UA ¼ 2 at
100 �C assuming bVA ¼ 50� 10�6 m3 mol�1 for several mineral pairs. Based on data from Table 2 in Fletcher and

Merino (2001). Note that quartz replacing calcite generates negligible interfacial stress, whereas calcite replacing
quartz generates w100 MPa interfacial stress. From Fletcher and Merino (2001).
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processes described by the FokkerePlanck equation and from the point of view of determin-
istic processes described by reactionediffusion equations. We repeat some of that discussion
here but specifically for the development of porphyroblasts.

Discussions of porphyroblast development in the literature treat the problem from a nucle-
ation/growth/transport viewpoint with an emphasis on models that develop an affinity for
the garnet forming reaction(s) derived from temperature overstepping (Carlson, 2011) or from
chemical potential changes induced by supersaturation of nutrients (Schwarz et al. 2011).
Such effects are undoubtedly present in metamorphic systems; however, since the formation
of porphyroblasts is an example of a reactionediffusionetransport process we aim to empha-
sise that aspect here by employing reactionediffusionetransport equations. This is essentially
a nonlinear approach to porphyroblast formationwhere the results arise from competition be-
tween diffusion (or the rates of supply of reactants) and the rates of chemical reactions. We
consider only isothermal situations but the discussion could be readily extended to noniso-
thermal situations by including temperature dependent diffusion coefficients.

Understanding the development of porphyroblasts is fundamental to understanding the
formation of metamorphic microstructures and associated processes. The work of Kretz
and Carlson and co-workers (Carlson, 1989, 1991, 2011; Carlson et al., 1995; Kretz 1966,
1969, 1973, 1974, 2006) has emphasised the potential to establish grain growth laws and to
quantify values for diffusion coefficients, activation energies and thermal histories from as-
pects of the microstructure. Various authors have proposed that quantitative measures of the
microstructure (in particular grain size frequency distributions and correlation coefficients)
can be used to distinguish between various rate-controlling processes such as diffusion-
controlled growth, interface-controlled growth and mass/thermal flux-controlled growth
(see Carlson, 2011; Kretz, 2006; Schwarz et al., 2011). In particular, chemical mapping using
X-ray, electron and synchrotron sources enables finer resolution of chemical zoning
(Figure 15.15(a)). The development of three-dimensional X-ray tomography now enables

(a)
(b)

FIGURE 15.15 (a) X-ray Mn-compositional image of spiral garnet porphyroblast from Switzerland with
detailed inset. From Robyr et al. (2009). (b) Three-dimensional X-ray tomographic image of staurolite (orange) and
garnet (pink) porphyroblasts from the Picurus Range, New Mexico. From Ketcham and Carlson (2001).
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detailed quantitative description of microstructures (Figure 15.15(b)). With this arsenal of
equipment we are now in an ideal situation to compare the geometrical and chemical details
of microstructure with computer-generated microstructure and hence to test various pro-
posed models for microstructure development (Carlson, 2011). Although Carlson has shown
good fits between natural and simulated microstructures, the fits rely on matching certain
parameters in the computer models to observed features of natural microstructures, depend
on temperature overstepping to drive the reaction and on associated models for the thermal
history of the rock.

However, there is still much we do not understand. Schwarz et al. (2011) have reported
a range of grain size frequency distributions that do not agree with models for growth
driven solely by temperature overstepping and have proposed that the rate of supply
of nutrients is the dominating control on growth. The models proposed by Kretz and
by Carlson as typified by Figure 15.6(aee) all involve growth laws where the growth
rate is constant with time or a decreasing function of time. The models of Merino and
of Putnis as applied to the growth of pseudomorphs predict growth laws that are
increasing functions of time. There is the additional observation by Bell et al. (1986)
and Bell and Johnson (1989) that porphyroblast growth and periods of localised deforma-
tion alternate. And, of course, there remains the beleaguered issue of the origin of ‘spiral’
garnets (Figure 15.15(a)). Thus, the influence of deformation on porphyroblast growth re-
mains an outstanding issue. In what follows we first outline the linear models for por-
phyroblast formation and growth and then proceed to some nonlinear models. We
defer a discussion of the influence of deformation on porphyroblast development and
of the origin of spiral garnets to Volume II, although a model involving coupled grain
boundary migration (Cahn et al. 2006) is discussed in Chapter 9.

The development of a porphyroblast differs from models of recrystallisation and grain
growth discussed in Chapter 13 in that

• Grain growth must satisfy topological space filling requirements; porphyroblast growth
does not fulfil this requirement in that there is no constraint that individual porphyroblasts
need to stack together to fill space but commonly the porphyroblasts preserve initial fine-
scale structure from thematrix and hence the growth is at least homochoric and commonly
(perhaps always?) isochoric in order to maintain deformation compatibility with the
matrix.

• Grain growth obeys topological requirements that are constrained by the need to
minimise interfacial energy; porphyroblast growth is also constrained by a requirement
to minimise interfacial energy but does so by adopting idiomorphic forms as
opposed to polyhedral forms (with curved interfaces) that must pack together to fill
space.

• Grain growth in a monomineralic aggregate is essentially controlled by interfacial
energies and grain boundary diffusion and is driven by processes that reduce the
interfacial energy; porphyroblast growth is an example of reactionediffusionetransport
processes where reaction rates compete with diffusion rates and interfacial energies may
not be important.

Any realistic model of porphyroblast growth should incorporate these three growth
constraints.
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15.6.1 Stochastic Models of Porphyroblast Growth; the FokkerePlanck
Equation

The work of Carlson represents one of the best developed models of porphyroblast
growth. It is based on concepts of nucleation and of growth developed essentially for metals.
Examples include the classical work of Avrami (1939, 1940, 1941), Burke and Turnbull (1952)
and Christian (1975). Nucleation is heterogeneous and is presumably governed by the hetero-
geneous distribution of sites where the magnitude of the chemical potential differences be-
tween the new and host grains is greater than zero due to local arrangements of mineral
phases that produce favourable chemical potential gradients, local fluctuations in chemis-
try, stress, temperature or stored energy due to deformation (see Kretz, 2006). The nucle-
ation stage is described by a probability distribution in the Carlson model (see Section
15.2.3). This is essentially a stochastic description of part of the process but we should
note that the essential features of stochastic processes are not captured in existing models
in the geological literature. By a stochastic process we mean any process where the evolution of
the system is non-deterministic so that future states of the system must be based on probabilities.
We have seen in Chapter 13 that for microstructure development this involves the use of
the FokkerePlank equation. We return to this aspect later in the discussion.

The second step in the Carlson model is the proposal that the growth of nuclei is controlled
by the diffusion of nutrients to the growing grain (Carlson, 1989, Eqn (A1)):

RiðtÞ ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðt� tiÞ

p
(15.23)

where Ri is the radius of a grain that began growing at time ti, k is a dimensionless constant
and D is a diffusivity (a slightly different relation is quoted in (15.8)). In proposing such a

control the problem is posed as a system where the isothermal growth rate is vRi

vt ¼ 1
2 k

ffiffiffi
D
t

q

and so is a decreasing function of time. The model is linear where the form of the growth
law is fixed by the diffusion law and the rate of supply of heat to the system. We have dis-
cussed this model in greater detail in Section 15.2.3.

The nucleation of porphyroblasts is a problem that needs greater attention. Porphyroblast
growth occurs in a matrix of continuously reacting (and deforming) grains and represents a
phase transformation in a (locally) open heterogeneous system in which gradients in chem-
ical potentials exist and in which mass is being transported both to and from the growing
porphyroblast and perhaps through the system as a whole. Thus, the situation is different
from the classical AvramieChristian model of heterogeneous nucleation in an environment
with no gradients in chemical potential. As an example, consider the system described by
Carmichael (1969) and reproduced in Figure 15.16(a).

If we consider the four circles in Figure 15.16(a) to be neighbouring reaction sites as envis-
aged by Carmichael (1969) then garnet and quartz nucleate and grow in Box A at the interface
between albite and biotite with an influx of Hþ, Fe2þ and an outflow of Naþ,Mgþþ, H2O and
Kþ (Figure 15.16(b)). Clearly the nucleation and growth processes occur in an environment
involving gradients in chemical potentials and so are subject to the inhibition effects of large
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gradients in chemical potentials, jVmj, described in Section 15.3. However, while this process
is taking place, albite and biotite are being produced in Box C, thus creating sites where new
garnet can nucleate and grow. In this scheme there is continuous opportunity for new garnet
nucleation sites to be generated. Gusak (2010) refers to such processes as sequential growth
processes and proposes that they are characteristic of solid state growth processes that are
diffusion controlled.

In such circumstances the simplistic concepts of homogeneous and heterogeneous nucleation
discussed in Section 15.3 do not apply, although the basic idea of competition between surface en-
ergy increase and Gibbs energy decrease still applies. Nucleation occurs in gradients of chemical
potentials that can both enhance and suppress nucleation, depending onjVmj (Gusak, 2010; see
also Section 15.3), and in an environment that is continually evolving. Some nuclei are in environ-
mentswhere sustained growth is possible; others grow in an oscillatorymanner; some grow only
to be resorbed. In order to model such a process at the microscopic level one would need to track
the paths of individual atoms. One more realistic way is to model the process as a stochastic one
where probabilities play a fundamental role. This leads us to a nonlinear approach.

The nonlinear approach to the problem is to explore the phase portrait associated with
microstructure development by not constraining the growth rate of a single grain by
(15.8), (15.23) but to rewrite (15.8), (15.23) in a rate form, (15.24), where the grain size distri-
bution, defined by F(R), evolves with time in a stochastic manner (Pande, 1987; Thompson,
2001). This evolution is envisaged to take place in a field of fluctuating macroscopic variables
such as chemical potentials, temperature and grain sizes. The evolution of grain growth is
then expressed as a balance between a deterministic process expressed as a function, F, of

FIGURE 15.16 Metamorphic reactions as isolated diffusive systems. (a) Networked chemical reaction scheme
for the formation of garnet described by Carmichael (1969). (b) Diagram of microstructure and transport input/
output systems associated with the red box, A, in figure (a).

15.6 AN EXAMPLE: PORPHYROBLAST FORMATION 595

B: PROCESSES INVOLVED IN THE DEVELOPMENT OF GEOLOGICAL STRUCTURES



grain size, R, and time, t, that tends to increase grain size (grain growth) and some stochastic
noisy process, N(t), that tends to homogenise the process (in this case, diffusion):

dRiðtÞ
dt

¼ FfRiðtÞg �NðtÞ (15.24)

(15.24) describes a general case where the evolution of the grain size distribution can fluc-
tuate (including becoming narrower corresponding to resorption); the form of the growth
rate, _RiðtÞ, is not constrained solely by temperature-dependent diffusion and needs to be
established by other reasoning.

The evolution of the grain size distribution, F(R, t), is then expressed as a balance between
the diffusion of the grain size distribution through grain size distribution space and coars-
ening/reduction during grain growth or grain size reduction during deformation. Such a
change in the grain size distribution is called drift. The evolution of the final grain size dis-
tribution is then expressed as

vFfRðtÞg
vt

¼ D
v2FfRðtÞg

vR2
� v

vR

�
_RFfRðtÞg� (15.25)

(15.25) is a FokkerePlanck equation (Risken, 1996) which we consider in some detail in Chapter
13. Various authors have explored aspects of the FokkerePlanck equation including Hillert
(1965), Louat (1974), Mullins (1986), Atkinson (1988), Thompson (2001) and Streitenberger
and Zollner (2006). Many studies lead to a log-normal or Rayleigh distribution of grain sizes
with little difference between the two distributions (Figure 15.17(b)). Sometimes a Weibull
distribution is a better fit. It is important to note that this stochastic approach does not neces-
sarily lead to a diagnostic or unique grain size distribution such as log-normal or Weibull.
The distribution that does evolve is the result of competition between the diffusion and
growth (drift) terms in (15.25) and so the resultant distribution depends on the balance
between these two terms.

The two end members of the FokkerePlanck equation, namely, a situation where the drift
term dominates as opposed to a situation where the diffusion term dominates, have been
explored by Hillert (1965) and Louat (1974), respectively. The assumption that the diffusion
term is insignificant and that the drift term dominates (Hillert, 1965) leads to the Hillert distri-
bution (Figure 15.17(b)) which has not so far been observed in metals. The Hillert distribution
(Figure 15.17(b)) is skewed to larger grain sizes and has a cut-off at a large grain size limit. Louat
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(1974) proposed that the drift term in the FokkerePlanck equation was insignificant compared
to the diffusion term and arrived at a Rayleigh distribution of grain size, F(R), given by

FðRÞ ¼ pR

2
exp

�
�p

4
R2

�

This distribution is plotted in Figure 15.17(a) and is similar to the Weibull distribution. It
differs from the log-normal distribution which has a longer tail at large grain sizes. Since the
Louat assumption considers only the diffusion term it may be representative of diffusion-
controlled grain size evolution (see Streitenberger, 1998). We can perhaps expect grain size
distributions for porphyroblasts that lie within a spectrum somewhere between Louat and
Hillert distributions depending on the relative contributions from diffusion and drift terms.
Some natural grain size distributions are close to Weibull distributions (see Figure 15.17(b) as
an example) and such distributions do in fact lie between Louat and Hillert distributions (cf.,
Figure 15.17(a) and (b)). For a comparison of these distributions for models of grain growth
see Atkinson (1988). Expressions for various distributions can be found in Section 16.2.4 of
Bronshtein et al. (2007).

15.6.2 A ReactioneDiffusion Approach, the GrayeScott Model

The FokkerePlanck equation represents a stochastic approach to modelling porphyroblast
growth whereby the evolution of grain size distribution is tracked. Another way to model this
problem but with an emphasis on the physical position of grains is to use an approach
whereby spatial patterns, in this case, localised growth of grains, arise from deterministic compe-
tition between at least two coupled chemical reactions and diffusion. This approach utilises
reactionediffusion equations which we considered in some detail in Chapter 7.
Reactionediffusion equations (Chapter 7) express the coupling between diffusion processes
(that tend to homogenise the system) and chemical reactions (that tend to localise the

FIGURE 15.17 Comparisons of different grain size distributions. (a) A comparison of log-normal, Louat
(Rayleigh) and Weibull distributions. (b) A comparison of log-normal, Hillert, Weibull and Rayleigh distributions.
From Thompson (2001).
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system); the chemical reactions are commonly networked as described by Carmichael (1969),
Vernon (2004) and Wintsch and Yeh (2013). In addition, if the system is open (even on a local
scale) then a transport process may be added to the governing equations.

The balance between the two (or three) processes can lead to complicated spatial patterns.
Although one might suspect that only complicated chemical reaction schemes would lead to
complicated spatial patterns, Gray and Scott (1994) show that even the simplest of reactions
of the form A/B, provided the reaction is exothermic, can produce the complete array of
behaviours seen in complicated reaction systems depending on whether the system is
open to A or to A and B (see Section 14.4.4). We will not consider the details of the reaction
behaviour (see Gray and Scott, 1983, 1984, 1985; Ord et al., 2012) but note that a similar array
of behaviours results from the simplest of autocatalytic reaction schemes: Aþ B/ X,
Xþ Y/ 3B even if the system is isothermal. One does not need complicated reaction
schemes to produce complex behaviour.

Except for Carmichael (1969) there is no detailed discussion of the networked chemical re-
actions that develop garnet porphyroblasts; unfortunately there is no data available on the
grain size distributions and spatial patterning developed for the Carmichael example. Hence,
as an example, we explore the simplest of systems that produce spotlike spatial patterns as an
example of a deterministic route to modelling porphyroblast systems. This reaction is the so
called GrayeScott reaction (Pearson, 1993).

The GrayeScott chemical reaction model (Gray and Scott, 1983, 1984, 1985; Lee et al., 1993;
Pearson, 1993) is the simplest model that incorporates nonlinear coupled chemical reactions
and diffusive transport that holds the system away from equilibrium. Of course, real net-
worked reaction systems in metamorphic rocks are far more complicated than in the Graye
Scott reaction and involve many more degrees of freedom. Here, we are interested in the
minimal reactionediffusionetransport system that will produce patterns similar to natural
porphyroblast microstructures. It is amazing that a system as simple as the GrayeScott reac-
tion can produce many of these characteristics. The chemical reactions involved are written as

Uþ 2V/
k1
X

Xþ Y/
k2
3V

V/
k3
P

where X and Y are intermediaries that enable U to react with V to produce P. The equations
that describe the evolution of this system are

vu
vt

¼ DU
v2u

vx2
� uv2 þ Fð1� uÞ

vv
vt

¼ DV
v2v

vx2
þ uv2 � ðFþ k3Þv (15.26)

where u and v are the concentrations of U and VandDU,DVare the diffusion coefficients of U
and V. The term þFð1� uÞ is a replenishment term that supplies U to the system. F is the feed
rate of U and the maximum rate of replenishment is 1. The term �ðFþ k3Þv is a depletion term
and represents the net supply (or extraction) of V to (from) the system. A necessary condition
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for spatial patterns to develop from (15.26) is that the two diffusion coefficients, DU and DV,
are not equal. This corresponds to situations in silicate reactions where it is commonly pro-
posed that the diffusivity of Al is much less than that of other elements.

The results of the GrayeScott reaction for the parameters F¼ 0.02, k3¼ 0.056, DU¼ 0.18,
DV¼ 0.09 are shown in Figure 15.18 (d, e, f). For comparison the results for a natural example

(a)

(b)

(c) (f)

(e)

(d)

FIGURE 15.18 Natural porphyroblast population and population of reaction centres arising from a GrayeScott
reaction. (a) Garnet porphyroblasts. Specimen WR, garnet amphibolite from Carlson and Denison (1992). (b) Grain
size distribution for image in (a) with Weibull distribution for comparison (left); scalogram (right) for one-
dimensional scan across (a). (c) Singularity spectrum derived from scalogram in (b); D0¼ 0.45, D1¼ 0.44,
D2¼ 0.41 at a¼ 0.75. (d) Reaction centres, GrayeScott reaction. (e) Grain size distribution for image in (d) with
Weibull distribution for comparison (left); scalogram (right) for one-dimensional scan across (d). (f) Singularity
spectrum derived from scalogram in (e); D0¼ 0.60, D1¼ 0.59, D2¼ 0.54 at a¼ 0.58. For the GrayeScott model the
parameters in (15.26) are DU¼ 0.18, DV¼ 0.09, F¼ 0.02, k3¼ 0.056. Model has been constructed using software at
http://www.aliensaint.com/uo/java/rd/.
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(specimen WR, garnet amphibolite of Carlson and Denison, 1992) are shown in Figure 15.18
(a, b, c). The spatial distributions of both the natural example and of the GrayeScott reaction
centres are characterised by clustering so that large grains can be adjacent to other large
grains and relatively large vacant areas exist. Both the natural and GrayeScott scalograms
(see Chapter 7) have near to periodic intensity distributions at mid-scales (Figure 15.18(b)
and (e)). Both the natural example and the GrayeScott model are multifractal in the spatial
distribution of porphyroblasts. The grain size distribution for the natural example is near to
Weibull whereas the GrayeScott model gives a sharper distribution. The fractal dimension,
D0, of the natural example is 0.45, whereas that of the GrayeScott distribution is 0.60 which
means that the GrayeScott distribution tends to fill space slightly more than the natural
example. The information dimension for the Carlson specimen is D1¼ 0.44, while the corre-
lation dimension D2¼ 0.41 at a¼ 0.75. D1 for the GrayeScott reaction is 0.59 with D2¼ 0.54 at
a¼ 0.58. Both the Carlson specimen and the GrayeScott reaction show long-range spatial
correlations.

Thus, simple reaction diffusion transport models are capable of producing many features
of natural porphyroblast microstructures including, in particular, multifractal spatial distribu-
tions with long-range spatial correlations. Such models do not require temperature overstep-
ping to supply an affinity for the reaction. The affinity exists simply because the system is not
at equilibrium during the reaction and the system evolves to a non-equilibrium stationary
state; the (Ross) excess work drives the reaction to non-equilibrium stationary states and de-
rives from competition between the diffusive and reaction terms in (15.26). As an additional
observation, the reactionediffusionetransport models automatically produce zoned porphyr-
oblasts (Figure 15.19(a)) and these zonation patterns are similar to those that one would expect
from a growth law that decreases with time as shown by the blue lines in Figures 15.6(a) and

(a) (b)

FIGURE 15.19 Microstructures arising from reactionediffusion systems. (a) Zoning developed within grains
formed by the GrayeScott reaction; shown are contours of concentration of Vwith redmaximum. For the GrayeScott
model the parameters in (15.26) are DU¼ 0.18, DV¼ 0.09, F¼ 0.02, k3¼ 0.056. Model has been constructed using
software at http://www.aliensaint.com/uo/java/rd/ (b) Spiral travelling waves formed from a reactionediffusion
system (not the GrayeScott model). From Yang and Epstein (2003). For a movie showing the development of this
structure, see http://www.youtube.com/watch?v¼-71t565s1b4&list¼PL35FD96A5F8236109 and click on Isolated

Spirals in Yang 2003.
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15.7. As a contentious additional observation, these reactionediffusion models are also
capable of producing spiral compositional growth patterns (Figure 15.19(b)). We return
to reactionediffusionetransport models for microstructure formation in Volume II.

In order to understand the influence of deformation on the patterns developed by
reaction-diffusion-transport equations we need to introduce new terms into the governing
equations that describe the coupling between deformation and grain growth. This involves
the preferred motion of disconnections controlled by the imposed deformation and some as-
pects of this process have been considered in Chapter 9. Such a coupling introduces new
nonlinear terms and gives a preferred sense of rotation to the spirals in Figure 15.19(b). We
return to reaction-diffusion-transport models coupled to deformation as generators of micro-
structure in Volume II.

15.7 SYNTHESIS

Chapter 14 (in part) concerns the chemical equilibrium state of a system undergoing defor-
mation and diffusive processes. In common with the equilibrium mineral assemblages that
develop in a syn-kinematic-metamorphic environment that may not reflect the equilibrium
state under hydrostatic conditions, microstructures in deformed metamorphic rocks are
the result of coupled chemical/deformation/transport processes and hence reflect
the non-equilibrium history of the rocks. These processes can be expressed as reactione
diffusionetransport equations characterised by non-equilibrium stationary states.

We have seen in Chapter 14 that whether a mineral assemblage is ‘close’ or ‘far’ from an
equilibrium state, as defined by non-hydrostatic pressure conditions at a particular temper-
ature, depends on the stress distribution within the assemblage and the nature of deforma-
tion gradients between adjacent grains. For instance, these parameters appear in the term
EvFi3=F33Fds3i in the Clapeyron equation for a coherent interface. If the phase transitions
are such that the interface cannot sustain a shear stress, then deformation compatibility is
achieved by grain boundary sliding coupled with diffusive fluxes which also enter into
the Clapeyron equation, (14.65).

Thus, the mechanism(s) by which deformation compatibility is achieved in a deforminge
reacting mineral assemblage, as described in the present chapter, is of fundamental impor-
tance. Commonly such mechanisms involve pseudomorphic or isochoric replacement of
existing grains or matrix. However, such microstructures demand that the rate of replace-
ment matches the rate of reaction or dissolution of the material so that the replacement/
dissolution processes must be coupled at a very fine scale. Thus, the common pseudomor-
phic or isochoric microstructures are a geometrical expression not only of deformation
compatibility but of the metamorphic reaction process itself. As indicated, these processes
must be tightly coupled at the chemically reacting interface. The detailed mechanisms are
not well established at present but the work of Merino, Putnis and associated workers pro-
vides some important insights.

Presumably these reaction processes take place in a thin layer (probably fluid bearing such
as illustrated in Figure 12.8) adjacent to the reacting interface where the addition of material
to the grain being replaced is strongly influenced by the removal of material from that grain
and vice versa. In the Merino model this is a self-accelerating (autocatalytic) process that is
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driven ultimately by the coupling between replacement dissolution, the dissolution in turn
being driven by stresses arising from isochoric replacement. The process operates at a very
fine scale (nanometre to micrometre scales). In the Putnis model, as exemplified by the exper-
imental work of Xia et al. (2009), the process involves coupling of dissolution and precipita-
tion from solution at the interface. This is perhaps driven by the influence of the replacing
material on the saturation of the solution at the interface with respect to the host, and facil-
itated by epitaxial relations between the host and precipitate. This could perhaps involve the
microphase processes discussed by Anderson et al. (1998a, 1998b).

Clearly there is room for both the Merino (quasi solid state replacementedissolution,
stress driven) and the Putnis (fluid dominated dissolutioneprecipitation, epitaxial facili-
tated) models within the geological spectrum and perhaps these two models represent end
members in a spectrum of behaviours expressed by the Oliver classification in Figure 12.1.
Perhaps the Merino model is relevant at relatively high confining pressure and temperatures
at low permeabilities, whereas the Putnis model is relevant at low pressures and tempera-
tures in fluid dominated conditions? We need detailed microstructural studies to make a de-
cision and to gain a better understanding of these processes.

Independently of whether theMerino or Putnis model operates, the interface between host
and the reacting medium in a deforming metamorphic rock is a dynamic environment.
Strong gradients in chemical potential exist as pointed out by Wheeler (1987, 2014) and these
influence and control nucleation sites and rates (Figures 15.9 and 15.10). The reactions that
produce a new grain are commonly networked (in the sense of Carmichael, Vernon and
Wintsch) and each reaction in the chemical network proceeds at different rates so that the
supply of reactants to the reacting sites may be episodic as growth/reaction/diffusion rates
compete. Such systems are open flow chemical reactors at least at the scale of a few grains. In
addition, because these systems are driven by coupled diffusive fluxes and chemical reac-
tions they are archetypical examples of reactionediffusion systems.

It is important to note that diffusive fluxes are driven by gradients in chemical potentials
which in turn are functions of the stress at the interface. This may be simply the normal stress
if the interface cannot support a shear stress (the KambePaterson model), or more general
stress states otherwise (the Shimizu model). These stress-driven diffusive fluxes (and hence
mass transfer processes) are an integral part of the chemically reactingedeforming system
and the evidence seems to be accumulating (see the Wintsch network reactions and the
microstructural work of Williams in Figure 14.2) that such processes dominate as deforma-
tion mechanisms in many metamorphic environments instead of more conventional disloca-
tion creep mechanisms. The stresses involved here arise not only from the imposed tectonic
boundary conditions but also from grain scale stresses generated by chemical replacement
reactions.

Major progress has been made in understanding metamorphic microstructures, particu-
larly porphyroblast microstructures, by the quantitative work of Kretz (1969, 2006), Cashman
and Ferry (1988), Daniel and Spear (1999) and Carlson (1989, 2011) and co-workers. In partic-
ular it is evident that a range of grain size distributions exist (not simply or specifically log-
normal or Weibull), the microstructures are characterised by clustering (not other patterns
such as grain depleted haloes around larger grains as in the model proposed by Ortoleva,
1994, pp 196e199) and multifractal spatial distributions with long-range spatial correlations
(see Figure 15.18); growth rates can depend exponentially on grain size and evidently these
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growth laws can be both increasing and decreasing functions of time. To date such systems
have been modelled in terms of classical (Christian, 1975) nucleation-growth models where
the chemical affinity derives from temperature overstepping (Carlson models) together with
a temperature history or from supersaturation derived from supply of nutrients (Schwarz
model).

An alternative approach is to consider these systems as reactionediffusion systems. Then
the affinities of the reactions derive simply from the fact that the reacting/diffusing system
is not at equilibrium and is driven to one or more non-equilibrium stationary states by the
(Ross) excess work. The system is characterised by competition between diffusive (and fluid
transport) fluxes, that act to homogenise the system, and chemical reactions, that tend to
localise the system. The result, at a stationary state, is a microstructure, in this case an array
of porphyroblasts whose positions and grain size distribution depend on these competitive
processes. The precise equations describing the behaviour of natural networked reacting/
diffusing systems involved in porphyroblast development have not yet been written but expe-
rience from other systems (Gray and Scott, 1994; Pearson, 1993) shows that even the simplest of
reactionediffusion systems is capable of displaying many of the complexities developed in
complicated networked reacting systems. We have explored one example in Figure 15.18.
All of the microstructural features observed in natural examples are developed by such a sim-
ple reactionediffusion system including multifractal spatial patterns with long-range correla-
tions, clustering and zoning (Figures 15.18 and 15.19). As a recognised contentious observation,
spiral compositional patterns, as described by Yang and Rivers (2001), develop as well!

A reactionediffusion approach to metamorphic microstructures also emphasises that we
do not expect a specific grain size distribution (Gaussian, log-normal, Weibull) to develop
from metamorphic reactions. We do expect competition between diffusive and drift terms
in the FokkerePlanck equation and hence distributions that lie somewhere between Louat
and Hillert distributions.

In summary, we see an exciting future in detailed microstructural and microchemical
studies that examine and test models for coupled reaction diffusion systems and the influ-
ence of such processes on the position of syn-kinematic mineral equilibrium phase bound-
aries. In addition, a range of new questions arises to do with the multifractal nature of
metamorphic microstructures. For instance, are mineral growth laws decreasing or increasing
functions of time? And what are the detailed processes that lead to these two contrasted growth
laws? Are metamorphic microstructures an expression of criticality in the metamorphic process?
Do metamorphic microstructures develop the characteristics of classical critical systems (multifractal
behaviour, long-range correlations) only as an isograd is approached and passed?

Finally, we emphasise that much of the material in this chapter does not consider coupling
grain growth to deformation. In order to do so a number of new factors need to be consid-
ered. These are:

(i) The influence of elastic strain energy on the orientation of newly growing grains
(Kamb, 1959; MacDonald, 1960).

(ii) The influence of anisotropy of the surface energy of the newly growing grain and of the
difference in interfacial energy between the newly growing grain and its matrix. This
has an influence on the standard Wulff construction governing grain shape (Kelly and
Groves, 1970) as modified by Winterbottom (1967).
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(iii) The influence of anisotropic supply of nutrients, controlled by deformation, on the
growing grain.

(iv) The preferred motion of disconnections controlled by the deformation.
(v) The effects of coupling between grain boundary migration and internal grain

deformation (Cahn et al. (2006)).

Some of these aspects are considered in Chapter 9. A complete theory of grain nucleation
and growth during deformation involves a synthesis of these concepts and those discussed in
this chapter. Such a synthesis is deferred to Volume II.
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Epilogue

This volume has been concerned with the principles involved in the deformation and
metamorphism of rocks in the crust of the earth from the point of view of modern solid
mechanics. In doing so our goal has been to lay down the framework and a vocabulary for
applications that we consider in Volume II. Metamorphic systems are considered to be giant
chemical reactors that operate under non-equilibrium conditions and are driven by the ki-
nematic boundary conditions arising from motions in the mantle of the earth, the dead
weight load exerted by overlying rocks and by the influx of heat and fluids such as H2O and
CO2. In addition energy is dissipated throughout the history of the system arising from brittle
deformations, visco-plastic deformations and chemical reactions.

The evolution of these systems is governed by the following first-order principles which
are five in number.

1. Deforming metamorphic rocks are solids not fluids.
Although there is a complete gradation between elasticeviscouseplastic materials

that we refer to as solids and inviscid rate-insensitive materials we call fluids, our
discussion has been concerned with rocks as solids. The principle here is that deforming
rocks are characterised by a yield surface or in the rate-sensitive regime, a flow surface,
whose size and shape is strongly dependent on the temperature, the rate and the
amount of deformation. The existence of a yield surface means that elasticity is always
important in the deformation and is fundamental in controlling the conditions for
localisation. When the elasticity becomes anisotropic, as in strongly deformed rocks, it
not only controls the conditions for localisation but also the orientation of the localised
zone of deformation. Treatment of rocks as solids also means that constitutive laws
such as power law descriptions alone are inadequate since in most conditions of
interest, the deformation is not steady, elasticity is important as also is anisotropy of
both elasticity and plasticity.

The stress state in any material is governed by the history of the motions that the
material has experienced. This statement has far reaching implications for a solid. It
means that the stress state is not only a product of the boundary conditions, which in
general in rocks will be a combination of a dead weight vertically and velocity
boundary conditions horizontally, but most importantly, also a product of the internal
microstructural rearrangements that have contributed to the motions.

This control of the local stress state by the history of microstructural rearrangements
is by far the most important feature that characterises a plastic solid from an inviscid
fluid. It means that any constitutive law must be framed in terms of these
microstructural adjustments; this is fundamental for any thermodynamic treatment of
the deformation (Principle 5 below).
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2. The kinematic framework of the deformation is fundamental in determining the
structures we see in deformed metamorphic rocks and not the strain.

The quantity that appears in the constitutive equations that describe the
deformation of materials is the stretching tensor and not the strain tensor. The
exception is the constitutive equations that describe linear elasticity. This means that
the kinematics assume a dominant position in the mechanics of deformation. The
strain is simply a quantity that accumulates during deformation and, except for linear
elasticity, it does not enter directly into any constitutive relation. Moreover, fabric
elements in a deforming material are attracted to the eigenvectors of the velocity
gradient tensor which in general are not coincident with the eigenvectors of the
stretching tensor. In particular, the manifolds of the deformation (the planes that are
tangent to the eigenvectors) ultimately become the dominant features of the fabric.
Thus the axial planes of folds and the orientations of many foliations and lineations
are a representation of the manifolds of the velocity gradient tensor. These fabric
elements are not parallel to principal planes of strain and always have shearing
deformations parallel to their orientations. The strain may be expressed ultimately in
the deformed shape of inherited objects but at large deformations the manifolds of
the velocity gradient tensor prevail as the dominant features.

In a general affine deformation there are always two such manifolds both of which
can be parallel to surfaces of shear strain. Hence kinematic indicators always show
shear strains parallel to dominant fabric elements. The two manifolds are represented
in deformed rocks as arrays of fractures (joints and veins) and they control the
orientations of oblique foliations and S-C fabrics.

3. The processes that occur during deformation and metamorphism invariably lead to
some form of geometrical or constitutive softening and hence non-convex energy
functionals. This is the basis for all structure formation.

Many processes that occur during deformation and metamorphism lead to softening of
either a physical property such as the elastic or plastic hardening moduli or to a decrease
in the stress bearing capacity of the material with continuing deformation. Such softening
behaviour can arise from geometrical factors such as the rotation of a single slip plane
and any plane of anisotropy or from the geometrical percolation of a weak mineral
phase throughout the deforming aggregate. Softening also arises from constitutive
behaviour involving damage, chemical reaction or heat generated from dissipation
arising from any of the processes involved in metamorphism or in deformation.

This softening behaviour is reflected in a Helmholtz energy which is non-convex. The
implications of a non-convex energy functional are profound. In general the energy of
the system cannot be minimised by a single homogeneous deformation and still maintain
compatibility with an imposed deformation. However it is possible to come arbitrarily
close to minimising the energy, and simultaneously satisfy the constraint imposed by the
deformation, by developing an inhomogeneous deformation consisting of two or more
deformations at finer and finer spatial scales. A lower limit to the size of these structures
is set by competition with the energy required to produce surfaces between the
differently deformed regions. The continuous refinement of structure also leads to fractal
geometries.
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The non-convex energy is also the hallmark of critical behaviour in systems marked by
cascades of energy dissipation with multifractal characteristics in both space and time.
Such behaviour seems to be universal and is represented in both earthquake statistics
and in the fine-scale plastic deformation of crystals.

The development of non-convex energy functionals, and the resulting development of
continuously refining minimising structures, is the basis for the development of most
fabrics we see in deformed metamorphic rocks.

4. The motion of defects is the fundamental mode of deformation and of mineral
reactions.

Although the motion of dislocations (line defects associated with lattice translation)
and the migration of point defects have been widely explored in the deformation of
rocks over the past 50 years, other crystal/grain defects can be more important and
especially provide a link to solid-state mineral reactions. These other defects are
disclinations (line defects associated with lattice rotation), and disconnections (line
defects associated with a change in phase). At large deformations, disclinations
and disconnections, with the motion of dislocations and point defects, are important
deformation mechanisms that can be the dominant processes in subgrain formation,
grain size reduction and rotation, recrystallisation by grain-boundary migration and the
formation of foliations and lineations defined by mineral shape. These processes arise
through mechanisms of coupled grain boundary migration whereby the motion of a grain
boundary, driven by stress, curvature or the affinity of a chemical reaction, induces a
shear strain parallel to the moving boundary. The process is completely coupled so that
a shear strain parallel to a grain boundary induces a movement in the grain boundary
normal to the boundary. An important repercussion of this process is that material
markers in a grain undergo a rotation (due to simple shearing parallel to the grain
boundary) as the boundary moves. This is proposed as the dominant mechanism for
subgrain rotation and for the development of curved (even spiral) inclusion trails in
porphyroblasts.

An actively deforming, chemically reacting, metamorphic rock needs to be viewed as
a fully coupled system wherein the motion of grain boundaries driven by the affinity of
the chemical reactions (itself a function of temperature and the stored energy of
deformation) is closely coupled to the deformation and is in fact a deformation
mechanism in its own right so that the motion of these grain boundaries induces shear
strains and rotations, which are fundamental to the development of foliations and
lineations defined by mineral shape.

5. The thermodynamics of stressed, reacting solids provides the fundamental links
between the various processes that occur during deformation and metamorphism.
A thermodynamic treatment is essential to ensure that hypotheses are internally
consistent and thermodynamically admissible.

As with all systems not at equilibrium, the evolution of metamorphic systems (and
also the various stages that such systems might evolve through) is the result of
competition between the power (work done per unit time) associated with
thermodynamic forces that tends to move the system away from equilibrium and the
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dissipation arising from thermodynamic fluxes that tends to move the system towards
equilibrium. For most systems of interest the thermodynamic forces are gradients in
the deformation, in (1/T), in hydraulic potential and in chemical potentials. The
corresponding thermodynamic fluxes are the momentum per unit area (or the stress),
heat flux, fluid flux, and chemical transport/reaction rate.

The various processes that operate during the deformation and metamorphism of
rocks can be incorporated into a thermodynamic view of metamorphic systems by
expressing the rearrangements involved as internal variables such as grain size, damage
tensors, fabric tensors or the extents of chemical reactions. It is the presence of these
internal variables that distinguishes a solid from an inviscid fluid. The evolution of
these variables, with time, is associated with thermodynamic fluxes and for each
flux there corresponds a generalised thermodynamic force. In the case of chemical
reactions this force is known as the affinity of the reaction. The energy balance between
the thermodynamic forces and the fluxes enables stationary states to be defined; one
such stationary state is equilibrium but other non-equilibrium stationary states are far
more interesting and are responsible for most fabric development.

The thermodynamics of deforming metamorphic rocks is in its infancy but a number
of points are clear. Although the concepts of Gibbs energy and chemical potential have
a clear and unambiguous meaning when a chemical system is close to equilibrium
under hydrostatic pressure, the same statement is not true when the stress state is non-
hydrostatic. Chemical equilibrium can exist in a deforming solid but the conditions that
define equilibrium are not as straightforward as in a hydrostatic system. The quantity
called the Gibbs energy has three different interpretations for a non-hydrostatic system
and this emphasises the difficulty in generalising from the equilibrium to the non-
equilibrium theory. It is better to proceed from the general to the specific theory and we
attempt the beginnings of such an approach in this volume.
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Appendix A
Commonly Used Symbols

In an interdisciplinary book such as this, we have found it too demanding to stick to a unique
mathematical notation throughout. We have attempted to standardise on commonly used
quantities as defined in this appendix but for individual examples we have mainly used the
notation of the original authors of the example. Such terms are always defined where they are
first used.

Symbol Quantity Units

D, Dij Stretching tensor s�1

e Specific internal energy J kg�1

F, Fij Deformation gradient Dimensionless

J Jacobian of a matrix Dimensionless

P Hydrostatic pressure Pa

P �(Mean stress)/3 Pa

R Rotation matrix Dimensionless

s Specific entropy J kg�1 K�1

T Temperature K

t Time s

V Volume m3

X, Xi Cartesian coordinates in a reference state m

x, xi Cartesian coordinates in the current or deformed state m

x, y, z Cartesian coordinates m

ε, εij Small strain tensor Dimensionless

F Specific dissipation function J kg�1 s�1

r Mass density kg m�3

(Continued)
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Symbol Quantity Units

s, sij Cauchy stress Pa

J Specific Helmholtz energy J kg�1

MATHEMATICAL SYMBOLS

a � b Scalar product of vectors a and b

a� b Vector product of vectors a and b

a5b Diadic product of vectors a and b

A : B Scalar product of tensors A and B

EAF Jump in A

CHEMICAL SYMBOLS

A; SiO2 The chemical species, A; silica

a; [SiO2] The concentration (or activity) of A; the concentration (or activity) of SiO2 mol�1, kg�1
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Appendix B
Vectors, Tensors and Matrices

For a useful introduction to vectors, tensors and matrices see Tadmor et al. (2012). The
following is a brief summary of useful relations. For detailed proofs see Tadmor et al. (2012).
The Einstein summation convention is nicely discussed by Nye (1957).

1. Kronecker delta.
The Kronecker delta is defined as

dij ¼ 1 if i ¼ j

¼ 0 if is j

A useful identity is aidij ¼ aj.

2. Permutation symbol.
The permutation symbol, εijk for three dimensions is defined as.

εijk ¼ 1 if i; j; k form an even permutation of 1; 2; 3

¼ �1 if i; j; k form an odd permutation of 1; 2; 3

¼ 0 if i; j; k do not form a permutation of 1; 2; 3

Some useful identities are

εijkdij ¼ εiik ¼ 0; εijkεmjk ¼ 2dim; εijkεijk ¼ 6

3. The cofactor of a matrix.
The cofactor of a matrix, A ¼

�
A11 A12

A21 A22

�
, is

cof A ¼
�

A22 �A12

�A21 A11

�

4. The determinant of a matrix.
The determinant of a matrix, A ¼

2
64
A11 A12 A13

A21 A22 A23

A31 A32 A33

3
75 is

detA ¼ A11

����
A22 A23

A32 A33

�����A12

�����
A21 A23

A31 A33

�����þA13

�����
A21 A22

A31 A32

�����
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Also

εmnpdet A ¼ εijkAimAjnAkp ¼ εijkAmiAnjApk

5. The scalar (or dot) product of two vectors.
The scalar product of two vectors, a and b, is the scalar

a � b ¼ ab cosq ¼ aibi ¼ a1b1 þ a2b2 þ a3b3

where q is the angle between a and b.

6. The vector (or cross) product of two vectors.
The vector product of two vectors, a and b, is the vector, c

c ¼ a� b

where c is orthogonal to both a and b and has a magnitude jab sinqj. q is the angle between a
and b and c forms a right handed triplet with a and b. If i, j, k are unit vectors parallel respec-
tively to the x1, x2, x3 coordinate axes,

c ¼ a� b ¼
�
a2 a3
b2 b3

�
i�

� a1 a3

b1 b3

#
jþ

"
a1 a2

b1 b2

#
k

Note that a � b ¼ �b � a.

7. The scalar product of two tensors.
The scalar product of two tensors, A and B, is the scalar

A : B ¼ AijBij

8. The tensor (or dyadic) product of two vectors.
The tensor (or dyadic) product of two vectors, a and b, is a tensor, T, given by

T ¼ a5b ¼
2
4
a1b1 a1b2 a1b3
a2b1 a2b2 a2b3
a3b1 a3b2 a3b3

3
75

9. Polar decomposition theorem.
A pure rotation is a deformation where material vectors locally undergo changes in

orientation (rotations) but not changes in length. A pure stretch is a deformation where
three initially orthogonal material lines change lengths during the deformation but not
their orientations. A general affine deformation, expressed by the deformation gradient,
F, includes both rotations and stretches of local lines but there are local rotations that
do not involve a stretch. The polar decomposition theorem states that the local
deformation of a material vector can be expressed as a local pure rotation, R, together
with a local pure stretch. The nature of the pure stretch depends on whether the total
deformation, F, is expressed as a pure stretch followed by a pure rotation, or as a pure
stretch followed by a pure rotation. In the first case the pure stretch is expressed as the
tensor, U, and F ¼ RU. In the second case the pure stretch is expressed as the tensor, V,
and F ¼ VR.

APPENDIX B: VECTORS, TENSORS AND MATRICES612



The polar decomposition theorem says that one obtains the same final result
regardless of whether you rotate first or rotate last. The key equations involved are

U ¼ �
FTF

�1=2
; V ¼ �

FFT
�1=2 ¼ RURT; R ¼ FU�1; R ¼ V�1F

10. Rotation matrix in terms of components of the deformation gradient.
If a deformation gradient, F, is given in two dimensions as

F ¼
�
F11 F12

F21 F22

�

then the rotation matrix, R, associated with this deformation is (see (2.14))

R ¼
�
cos4 � sin4

sin4 cos4

�

The components of R can be calculated directly from the components of F as indicated by
the equations above but the process is tedious. The main issue concerns the calculation of the
square root of the matrix for C ¼ FTF.
For a matrix given by

C ¼
�
C11 C12

C12 C22

�

The two square roots of C, U�, are given by (Levinger, 1980):

U� ¼ ðC11 þ C22 � 2DÞ�1=2
�
C11 � D C12

C12 C22 � D

�

where D ¼ ðdet CÞ1=2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C22 � C2

12

q
. Having calculated U, one then needs to calculate

U�1 ¼ 1
det U cof U and then R ¼ FU�1. These calculations can be carried out in Mathematica.

The result is (2.15)1:

R ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF11 þ F22Þ2 þ ðF12 � F21Þ2

q
�
F11 þ F22 F12 � F21

F21 � F12 F11 þ F22

�
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Appendix C
Some Useful Mathematical
Concepts and Relations

A useful book to have is: Bronshtein, I. N., Semendyayev, K. A., Musiol, G., and Muehlig, H.
2007. Handbook of Mathematics. Springer. This contains a wealth of information concerning
mathematical relations, formulae, and concepts. In particular it contains a series of tables
involving mathematical and natural constants, units, series expansions, derivatives, integrals,
and commonly used mathematical symbols.

C.1 THE CHAIN RULE OF DIFFERENTIATION

If x ¼ F(x, y), h ¼ G(x, y), .. are all differentiable functions of x and y and a compound
function, u, is given by

u ¼ f ðx; h;..Þ
¼ ffFðx; yÞ;Gðx; yÞ;..g

Then

vu
vx

¼ vf
vx

vx

vx
þ vf
vh

vm

vx
þ..

and

vu
vy

¼ vf
vx

vx

vy
þ vf
vh

vm

vy
þ..

Thus, if J ¼ J(ε, T, a) where ε, T and a are all functions of t then

vJ

vt
¼ vJ

vε

vε

vt
þ vJ

vT

vT

vt
þ vJ

va

va

vt
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C.2 ELLIPTIC, PARABOLIC, AND HYPERBOLIC PARTIAL
DIFFERENTIAL EQUATIONS

The classification of partial differential equations into elliptic, parabolic, and hyperbolic is
important in mechanics because the transition from elliptic to hyperbolic is commonly
associated with a bifurcation that signals a transition from homogeneous deformation in the
elliptic regime to localization of deformation in the hyperbolic regime (Hill, 1962; Rice, 1976).
This transition is referred to as loss of ellipticity in the governing equations.

A general partial differential equation of the form

A
v2u
vx2

þ 2B
v2u
vxvy

þ C
v2u
vy2

þD
vu
vx

þ E
vu
vy

þ F ¼ 0

can be classified into three types:

If D ¼
����
A B

B C

���� ¼ AC� B2 > 0, the equation is said to be elliptic. Laplace’s equation,

P2u ¼ 0, is an example of such an equation.

If D ¼
����
A B

B C

���� ¼ AC� B2 ¼ 0, the equation is said to be parabolic. Diffusion equations,

vu
vt ¼ D v2u

vx2, are of this form.

If D ¼
����
A B

B C

���� ¼ AC� B2 < 0, the equation is said to be hyperbolic. The wave equation,

v2u
vt � c v2u

vx2 ¼ 0, is an example of such an equation.
The differences between elliptic and hyperbolic equations are summarized in Table C1

where f is a function of interest and n is the normal to a surface.
An example of the transition from elliptic to hyperbolic behavior is the flow of a perfect

fluid governed by the equation (Malvern, 1969)

A
v2f

vx2
þ B

v2f

vxvy
þ C

v2f

vy2
¼ 0

TABLE C1 The Differences between Elliptic and Hyperbolic Functions

Elliptic Equations Hyperbolic Equations

To avoid singularities either f or vf
vn must be

prescribed on a closed boundary.
f or vf

vn must be specified on an open boundary.

A change in boundary conditions affects the whole
region.

A change in boundary conditions only affects a limited
domain.

The solution must be analytic and the flow is
smooth and continuous.

Solutions need not be analytic and shocks or
discontinuities in the flow are permitted across curves
known as characteristic curves.

Perturbations are felt simultaneously everywhere in
the flow.

Perturbations are propagated along characteristics of the
flow (see Figure C1).
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where f is the stream function. One can show that the character of this differential equation is
governed by the sign of the discriminant (B2 � 4AC) which can be expressed as

B2 � 4AC ¼ 4c2
��v

c

�2
� 1

�

where v is the velocity of the fluid and c is the speed of sound. Thus the equation is

elliptic for
�
v
c

�
<1 (subsonic).

parabolic for
�
v
c

�
¼ 1 (transonic).

hyperbolic for
�
v
c

�
>1 (supersonic).

C3 THE TAYLOR EXPANSION

A Taylor expansion of a function, f (x), is a representation of that function, at a point x ¼ a,
as an infinite series of terms that involves the derivatives of f(x) with respect to x evaluated at
the point x ¼ a. It is common to truncate the series after a small number of terms in order to
approximate the function. Sometimes this means that a nonlinear function can be approxi-
mated as a linear function.

If f (n) is written for the nth derivative of f(x) with respect to x: f ðnÞ ¼ dnf ðxÞ
dxn , and n! is the

factorial of n then the Taylor series for a function, f(x), at the point a is given by

f ðaÞ þ f ð1Þ
�
x
�

1!
ðx� aÞ þ f ð2Þ

�
x
�

2!
ðx� aÞ2 þ f ð3Þ

�
x
�

3!
ðx� aÞ3 þ..

¼
XN
n¼ 0

f ðnÞ
�
x
�

n!
ðx� aÞn

FIGURE C1 Positive and negative characteristics oriented at an angle m either side of the tangent to the streamline
of a flow at P.
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If a¼ 0 then the series is called a MacLaurin Series. Thus the MacLaurin Series for ln (1� x) is

0� x� x2

2
� x3

3
� x4

4
�..

The Taylor Series for ln (x) at a ¼ 1 is

ðx� 1Þ � 1
2
ðx� 1Þ2 � 1

3
ðx� 1Þ3 � 1

4
ðx� 1Þ4 �..

Similarly, the expansion of sin(x), where x is in radians, is

0þ x� x3

3
þ x5

5
.. þ ð�1Þnx

2nþ1

n!
�..

Thus if x is small, sin(x) z x. Approximations such as this are used in linear stability
analyses. The accuracy of such an approximation is discussed in Bronshtein et al. (2007,
Table 7.3). Thus the approximation for sin(x) given above is good to within 1% for x
measured in degrees between �14� and +14�. Any analysis based on such truncations of a
Taylor series is clearly only applicable whilst such approximations hold. Once the range of
applicability is exceeded one expects nonlinear effects to appear. In nonlinear systems this
commonly appears as a slowing of the growth rate for instabilities and is known as nonlinear
saturation. The series expansions for a large number of functions are given by Bronshtein
et al. (2007, Table 21.5).

C4 SOME USEFUL MATRIX RELATIONS

1. vðdetAÞ
vA ¼ A�TdetA

Proof: We start with the identity for the expansion of the determinant of a matrix:

detA[
1
6
εijkεmnpAmiAnjApk ¼ εijkA1iA2jA3k

where εijk is the permutation symbol (Appendix B).
Then

vðdetAÞ
vArs

¼ 1
6
εijkεmnp

	
drmdisAnjApk þ drndjsAmiApk þ drpdksAmiAnj




¼ 1
2
εsjkεrnpAnjApk

(A3.1)

If we replace εrnp in (A3.1) by εqnp dqr then assuming that A�1 exists, so that,

dqr ¼ AqiA
�1
ir
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then

vðdetAÞ
vArs

¼
�
1
2
εsjkA

�1
ir

��
εqnpAqiAnjApk

�

or

vðdetAÞ
vA

¼ A�TdetA

2. A: (BC) ¼ (BTA): C

Proof: A: (BC) ¼ AjiBikBkj
Also, (BT A): C ¼ BkiAkjCij h AjiBikCkj ¼ A: (BC)

3. ða5NÞl ¼ aðl �NÞ
Proof: ða5NÞl ¼ ðaiNjÞlj [ aiðNjljÞ[ aðl �NÞ
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Arbitrary stress, 104, 105f
Arbitrary volume element, 49
Arrhenius temperature, 554
Associative constitutive behaviour, 497e498
Associative plasticity, 167, 502, 503f
Asymmetric shear zone, 269
Attractor, 212
Autocatalysis, 551
Autocatalytic reactions and systems, 558f, 556e560
Autocatalytic redox reaction, 204e205, 205f
Avalanche behaviour, 338, 338f
AvramieChristian model, 594
Aztec Sandstone, 274, 277f

B
Backofen model, 499, 500f
Baker’s transform, 392
Base state, linear stability analysis, 197e198
Bifurcations, 190e191
Biharmonic equation, 196, 196f
Biot modulus and coefficient, 401
Biot’s equation, 175
BishopeHill theory, 139, 141
Bistability and multistability, nonlinear dynamics, 216,

217f
Boundary value problems, 151e152, 152t
Box counting, 226
Breakage growth criterion, 279f
Breakage propagation criterion, 279f
Breccia, 246, 247f, 373
Brittle deformation, 243e244, 244f
Brittle failure, 338

Brittle fracture, 329
Brittleeductile transition, 244e245
Brusselator reaction, 205e206, 206f
Buckling behaviour, nonlinear material, 13e14, 14f
Bulge nucleation, 482
Bulge recrystallisation, 310e312, 315f
Burgers vector, 258e259, 288e289
Burnett equations, 373, 584e585
Byerlee Law, 170

C
Cahn non-conservation approach, 436
Cam Clay model, 148e150
Cantor sets, 236e238, 237f
Carlson models, 574e575, 594
Carrara marble deformation, 615
Cartesian coordinates, 20, 103, 104f
Cascading process, 225
Cataclasites/ultra-mylonites, 281f
Cauchy stress, 100f
CauchyeGreen tensor, 46
Cellular dislocation migration process, 453e454
Chain rule of differentiation, 68e71, 615
Chaotic advection, 373e375, 390, 391f
Chaotic behaviour, 207e208, 207f
Chaotic flow, 391
Characteristic time vs. length, heat diffusion, 349, 350f
Chemical component concentration, 233
Chemical dissipation, 527, 561e562
Chemical equilibrium, 516, 522
Chemical potential gradients, 583e584, 587f
Chemical potential surface, 543f, 541e542
Chemical reaction rate, 452
Clapeyron equation, 601
Clapeyron slope, 545e546
Classical orderedisorder transition, 342
Classification, damage evolution, 327, 328f
Classification, deformation, 366e367, 367f
ClausiuseDuhem equation, 151e152
ClausiuseDuhem inequality, 123, 131
ClausiuseDuhem relation, 7
Closed equilibrium system, 545
Coble behaviour, 454, 455f
Coefficient of thermal expansion, 361
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Coherent phase transformations, 539f, 539
Coleman-Noll procedure, 148e150, 156e157
Compaction bands, characteristics, 274e276, 275f
Compatibility, deformation, 63f
Complementary error function, 353, 354f
Complex fractal geometry, 227
Computer-generated grain shapes, 425, 428f
Conjugate variables, 128e129, 128t
Conservation of mass, 98
Constant mass and volume polymorphic replacement,

588, 589f
Constant velocity loading, 99, 99f
Constant volume replacement, 569, 571f, 575e576,

588e591, 591fe592f
Constitutive behaviour, grain size reduction, 505, 505f
Constitutive equations, deformation instabilities, 324
Constitutive models, 179, 180t
Constitutive parameters, 148
Constitutive relations, stress, 158e159
Constructal law, 416
Continuity equation, 98
Continuum thermodynamics, 113
Control parameters, damage evolution, 344
Convective rate, 70e71
Convex and non-convex potentials, 143e144
Convex energy functionals, 250e251
Convex function, 217e219
Coordinate system, 263e264, 263f
Correlation dimension, 226e227
Coupled deformation fluid chemical reactions,

276e277
Coupled exothermic/endothermic reactions, 556f,

555e556
Coupled grain boundary migration, 289e290, 483e484
Coupled grain crushing, fluid flow and dissolution,

276e277, 278f
Coupled rate equations, 551
Coupled shearing and grain boundary migration, 298,

300f
Coupling and feedback relations, 4, 4f
Coupling factor, 310, 312f
CPO. See Crystallographic preferred orientation (CPO)
Crack development, dislocation structures, 9e10, 12f
Crack propagation, 9
Creep/viscous fracture, 329
Crenulation cleavage zone, grain shape foliation, 62, 62f
Critical behaviour, damage evolution, 344e345, 344f
Critical energy release rate, 256
Critical Rayleigh numbers, 377, 410
Crustal plumbing systems, 417e420, 420f
Crystal defects, 244
Crystal deformation, 58, 59f, 305e306, 305f
Crystal lattice rotations, 474e475, 475f
Crystal plasticity, 248, 260, 338

Crystalline materials, 290
Crystalline solids, 112
Crystallographic orientation, 288
Crystallographic preferred orientation (CPO), 1e2, 103,

176e177, 184, 185f, 467e468, 468f, 470
Cumulative grain size distributions, 277e280
Curie principle, 2, 127e128
Curved inclusion trails, 316e317, 318fe319f
Cyclic reactions, linear stability analysis, 199, 200f

D
Damage evolution, 327
Damage mechanics, 245e246, 327e328
Damaged materials, 333e334, 334f
Darcy fluid velocity, 382
Darcy velocity, 375e376, 380f
Darcy’s law, 393
Dead weight loading, 99, 99f
Defect fraction vs. axial strain, 439, 441f
Deformation compatibility, 461e467, 465f, 484, 485f
Deformation defects, 533e534
Deformation gradient, 28, 33, 35e36, 40, 41f, 46,

251e252, 261, 269, 290e292, 291f
Deformation invariant surface, 63e64
Deformation mechanism map, 445, 447f
Deformed copper, 301, 301f
Deformed rocks, 10, 12f, 69, 69f, 327e328, 329f
Deforming reactingediffusing solid, 542
Deforming solid and constraints, 529
Deforming system, 516
Deformingereactingediffusing system, 565
Delamination, 360e361, 362f
Density and specific heat, 349
Determinism, constitutive relations, 154
Deviatoric stress, 106, 165
Devolatilisation, 368e369
Devolatilising/melting zone, 397
Diffusion coefficient, 307, 379
Diffusion of momentum, 100e101
Diffusion-controlled and reaction-controlled situations,

588
Diffusion-controlled deformation, 424
Diffusive system, 117
Dilatancy angle, 170
Dilating patterns, 276, 278f
Dimensionless wave numbers, 409
Dirichlet boundary conditions, 119
Disclination arrays, 296e297, 297f
Disclination configurations, 298, 299f
Disclination density tensor, 467
Disclination-dominated subgrain walls, 483
Disconnections geometry, 302, 304f
Dislocation, 258e259
Dislocation arrays, 482, 491
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Dislocation creep, 9
Dislocation glide and extrapolation,

viscouseplasticeelastic behaviour, 179e182,
181f

Dislocation motion, 450
Dislocation-pattern formation, 306e307
Disorientation vector, 298e300
Displacement boundary conditions, 250
Displacement field, 38, 39f, 71, 93e94
Dissipation density, 415
Dissipation function, 123, 132
Dissipation style, 284
Dissipation surface, hyperplasticity, 172
Dissipative process, 283e283, 519
Dissipative strain rate, 137
Dissolutioneprecipitation models, 578e581, 582f
Distortion and volume change, 44e46, 45f
Divergence/Gauss’ theorem, 92fe93f
Downscaling procedure, 5e7
Drift vs. diffusion, normal grain growth, 432e433,

433f
‘Dry’ and ‘wet’ environments, 327e328
Ductile damage, 335e337, 336fe337f
Dynamic crack growth, 245e246
Dynamic recrystallisation, 437e438

E
Earthquake cycle, 335, 335f
EBSD. See Electron back scattered diffraction (EBSD)
Effective saturation, 394e395
Effective stress, 366, 369e370, 370f
Effective thermal conductivity, 376
Eigenvalues, 37e38, 47, 80
Eigenvectors, 37e38, 47, 68, 80, 86e87, 268e269,

270fe271f
Einstein summation convention, 20, 611e613
Elastic anisotropy, 424, 492
Elastic curvature tensor, 298e300
Elastic cylinder, 258e259, 260f
Elastic modulus, 160e161
Elastic shear modulus, 501, 501f
Elastic stiffness matrix, 159e160
Elastic-Newtonian fluid, 523
Electron back scattered diffraction (EBSD), 445e447
Elliptic vs. hyperbolic functions, 616t
Elliptical crack, 255
Elongation/axial strain, 39
Embedding dimension, 227
En echelon arrays, 266
Energy conjugate, 282e283
Energy density, 253
Energy functions, 256, 256f, 272, 272f, 283
Energy minimising microstructural arrangements, 251,

252f

Energy-based approach, deformation compatibility, 257,
258fe259f

Entropy production, 142e143, 142f, 361e364, 415e416,
416f

Entropy production-based thermodynamics, 122f,
121e122

Environmental factors, 148
Equation of state, 148
Equilibrium chemical thermodynamics, 114, 132e133,

219e220
Equilibrium conditions, 107e109, 108f
Equilibrium constant, 525
Equilibrium isotherm, 396e397
Equilibrium phase boundary, 519, 532e533
Equilibrium state variables, 113, 128e129
Error function, 353, 354f
Eulerian strain rate tensor, 76e77
Exponential growth laws, 576e577

F
Fabric evolutionary law, 91
Fast fluid flows and brecciation/fluidisation,

385e386
Fault zone problem geometry, 407e409, 409f
Fault, brittle flow, 249e250
Fault-valve and seismic pumping models, 403
Feedback mechanism, 555
Fick’s law, 381e382
Fickian diffusion, 568
Fick’s first and second laws, 585
Finite rotation matrix, 38
Finite strain theory, 28e29
First law of thermodynamics, 130
First Piola-Kirchhoff stress, 100, 100fe101f
First-order open exothermal chemical reaction, 555f,

554e555
First-order phase transitions, 339, 341e342
First-order reaction, 550
Flow continuity, 383
Flow controlled systems, 117e119, 118f
Flow diagrams, linear stability analysis, 203
Flow eigenvalue contours, 90, 91f
Flow eigenvector grids, 87e90, 88fe89f
Flow surfaces, 182e184, 183f
Flow-through system, 411, 413f
Fluid content variation, 400e401
Fluid diffusivity, 371e372
Fluid flow, characteristics, 373, 374f
Fluid mixing, 390
Fluid pressure diffusion, 399e400, 399f
Fluid pressure gradient, 371e372
Fluid/heat flux, 91e92
Fluids and solids, elastic behaviour, 184e187
Fluidesolid boundaries, 390
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Fluid velocity fields, 93e94
Foam structures, 424e425
Focussing, 403e404, 404fe405f
FokkerePlanck equation, 424e425, 433e434, 460
Force of crystallisation, 517
Force-controlled loading, linear springs, 14e15, 16f
Forceedisplacement diagram, 15e16
Fourier’s law, heat conduction, 349, 350f
Fractal dimension, 225e226
Fractal distributions, 229, 230te232t
Fractal structures, 222f
Fractals and multifractals, 233t
Fractional breakage, 280e282
Fracture mechanics, 245e246, 245f
Fracture porosity, 378e379
Fracture toughness, 256
Frank vector, 258e259, 288e289, 296e297

G
Gamma law, 344e345
Garnet growth laws, 575e576, 578f
Generalised box, 227e229
Generalised dissipative stress, 175
Generalised state variables, 113
Generalised stress, 173e174
Generalised thermodynamics, 125e127, 120
Geometric and kinematic relations, elastic behaviour, 153
Geometrical features, deformation, 29e30
Geometrical nonlinearity, 14e15
Geometrical softening, 293e294, 294f
Geometrical transformations, 97e98
Geometrically necessary boundaries (GNBs), 438
Gibbs energy, 133e133, 134e134, 162e162, 331e332,

526f, 524, 525, 526, 535
GibbseDuhem equation, 528f, 540, 541, 527e529
GibbseKambePaterson model, 563e564
Grain boundary energy, olivine, 429, 430f
Grain boundary structure, 379
Grain configurations, 436, 436f
Grain microstructures, 424e425, 426f
Grain scale process, 586e587
Grain size growth, 439f
Grain size strengthening, 450e451
Grain size-insensitive dislocation creep field, 451
Grain-switching, 444e445, 445f, 447e448
GrayeScott model, 597e601, 599fe600f
Green elasticity, 162e163
Griffith theory, 256
Growth law, 431
GutenburgeRichter statistics, 342

H
H2O film, molecular structure, 373, 378f
H2O infiltration, 367e368, 367f

Hadamard jump condition, 65
HallePetch constant, 454
HallePetch effect, 424
HallePetch relation, 442e443
Heat advection, porous flow, 388e389, 390f
Heat flow, 348, 348f
Heat flux, 157e158, 348e349
Helmholtz energy, 3, 585e586
Hencky/natural logarithmic strain, 39
High-energy barriers, 341e342
Hillert distribution, 434e435, 442e443
Hill parabolic model, 493
Holder exponent, 229
Homochoric reactions, 531f, 530e532
Homogeneous deformations, 28
Homogeneous and heterogeneous nucleation,

583f
Homogeneous system, 190e191, 190f
Hooke’s law, 159e160
Hopf bifurcation, 216f
Hurst exponent, 507e509, 508f, 509t
Hydraulic head gradients, 383e384, 385f, 395, 395t
Hydraulic potential controlled systems, 119
Hydrostatic fluid pressure gradient, critical height, 372,

372f
Hydrostatic pressure, 352t
Hydrothermal system, 207e208, 277e280, 378
Hyperelasticity, 162e163

I
Ideal plasticity, 164e165
Identity matrix, 37e38
Incidental dislocation boundaries (IDBs), 438
Inclined fault, convective flow, 411, 413f
Inclusion trails shape, 319e320, 322f
Incremental strain measures, deformation, 59e61, 60f,

61t
Independent deformation mechanism, 33e35
Independent fracture systems, 261e265
Infinitesimal elastic deformation gradient tensor, 298
Infinitesimal strain components, 61
Infinitesimal strain theory, 28e29
Information dimension, 226e227
Inhomogeneous deformation, 221, 221f, 470
Inhomogeneous responses, 13e14
Instabilities, classification, 208e210, 209f
Intensive and extensive variables, 129, 129t
Interfacial energy anisotropy, 254e255, 314e315, 429
Intermittent avalanche behaviour, 338, 339f
Internal energy, 156
Internal heat production, 355e356, 356t
Internal variables, 128e129, 128t
Invariant surface, fracture development, 268e269
Isochoric deformation, 35, 265
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Isochoric plane deformation, 483
Isolated diffusive systems, 594e595, 595f
Isolated systems, 114, 116
Isolated thermal conduction system, 361e363, 363f
Isothermal chemical reaction, 546
Isothermal deformation, 331
Isotherms relative passage, 356
Isotropic elastic material, 160e161
Isotropic material, yield surface, 493e495, 494f
Isotropic von Mises yield surface, 493
Iterative function system (IFS), 225

J
Jacobian matrix, 200e201

K
KambePaterson expression, 587e588
KambePaterson model, 543
Kelvin polyhedron, 428
K-feldspar phases, 225
Kinematic advection equation, 392
Kinematic controls, 266e268, 267fe268f, 511e514,

512fe513f
Kinematic state variables, 113, 128e129
Kinematic vorticity number, 78, 86
Knudsen number, 375
Kronecker delta, 133, 611

L
Lagrangian approach, 150e151
Lagrangian strain, 39e40, 43
Lagrangian strain-rate tensor, 76e77
Lagrangian/Eulerian approach, 356
Lamé constants, 523
Lamé parameters, 159e160, 330
Laminar and turbulent flows, 375
Laminated elastic-plastic material, 148, 149f
Laminated elastic-viscous material, 148, 149f
Lattice preferred orientations, 467
Law of superposition, 190
Laws of thermodynamics, 148e150
Legendre transform, 134f
Length scale characteristics, pattern formation, 255
Line elements, 42, 43f
Line integral convolution plot, 30e31
Linear and nonlinear elastic response, 160e161, 160f
Linear and nonlinear process, 14e16, 15t
Linear chemical systems, 529e530
Linear dilational defects, 249
Linear elastic fracture mechanics, 246
Linear elasticity, 283e284
Linear instability analysis, 191e192
Linear optimisation, 470e472
Linear stability analysis, 190e191, 201te202t, 203

Linear thermodynamic system, 120t, 415, 119e120, 120t
Linear/nonlinear function, 68
Lithospheric pressure gradient, 372e373
Lithospheric scale system, 114e115, 115f
Loading and unloading cycle, 159, 174, 174f
Localisation styles, 498e499, 498f
Localised shearing, 57e58, 58f
Lognormal distributions and self-similarity, 459
Lognormal grain size distribution, 454
Log-normal, 596
Long-range stress fields, 461
Louat and Hillert distributions, 603
Louat distribution, 434e435
Lyakhovsky model, 331
Lyapunov exponent, 392e393
Lyapunov function, 527

M
Macroscopic deformation, 274
Mass dissolution and transfer, 521f, 520
Masumura approach, 457
Material constants and parameters, 371e372, 371t
Material reference frame, 30e31
Matrices and tensors, 69e70, 70t
Matrix cofactor, 611
Matrix determinant, 611e612, 618e619
Matrix operations, 35e36, 35t
Maxwell construction, 220e221
Mean dislocation velocity, 491
Mean grain size vs. axial strain, 439, 441f
Mean stress distribution, 106e106, 537f, 536
Mechanical behaviour types, 448, 449f
Mechanical dissipation, 136
Mechanical properties, metamorphism, 4
Mechanical tests, brittle flow, 248e249
Memory, constitutive relations, 155
Merino/Putnis model, 602
Mesh sensitivity, 154
Metamorphic porosity, 378e379
Metamorphic rock patterns, 193e195, 194f
Metamorphic system, 114, 191e192
Microcrack density, 330
Micro-cracking, 380
Microstructural process, 113
Microstructural rearrangement, compatibility

requirement, 506
Microstructure control, 424e425, 427f
Microstructure, compaction bands, 274, 276f
Millipede structure, 319e320, 321f
Mineral growth, 315e316, 316fe317f
Mineral nucleation, 313e314
Mineral phase equilibrium, 138
Mineral reaction models, 411, 412f, 569, 570f
Mineral-shape orientations, 313
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Misorientation distributions, 443e444
Mohr circle construction, 105
MohreCoulomb constitutive behaviour, 332e334, 333f
MohreCoulomb material, 343
Mohr-Coulomb plasticity, 168, 169f
Molecular dynamic calculations, 324e326, 325f
Molecular Peclet number, 390
Monofractal behaviour, 227
Mosaic equilibrium, 132
Multifractal behaviour, 227, 345
Multifractal geometry, 509e510, 509t, 510f
Multifractal spatial distributions, 602e603
Multiphase grain growth, 435e436
Multiscale/homogenisation approach, 5e7
Mylonites and vein systems, 368, 368f

N
NaviereStokes equations, 373
Net flux, 92
Network models, metamorphic reactions, 572e573, 572f,

575f
Networked mineral reactions, 550, 550t
Neumann boundary conditions, 119
Newtonian viscosity, 135, 142e143, 177
Non-affine deformation, 41e42, 77
Non-affine flow, 83e85, 84f
Non-affine isochoric transformation, 33, 34f, 52e53
Non-affine transformation, 30, 31f
Non-associative behaviour, 497e498
Non-associative DruckerePrager material, 502, 504f
Non-associative plasticity, 167
Non-convex energy functions, 223, 251
Nondeforming system, 516, 519e520
Non-dissipative materials, 163, 163f
Non-equilibrium approach, 112e113, 125e126, 126t
Non-equilibrium phase diagrams, 544f, 543e544
Non-equilibrium stationary states, 116e116, 548f, 548
Non-equilibrium thermodynamics, 2
Non-hydrostatic conditions, 519e520
Non-hydrostatic pressure gradient, 413e415
Non-hydrostatic stress, 534
Non-isochoric deformation, 482e483
Non-isochoric non-affine transformation, 53
Nonlinear approach, 595e596
Nonlinear chemical kinetics, 553f, 552
Nonlinear chemical thermodynamics, 120e121
Nonlinear constitutive equation, 330
Nonlinear coupled reactions, 203
Nonlinear dynamics, 507
Nonlinear elastic constitutive behaviour, 484
Nonlinear elasticity, 251
Nonlinear function, 334
Nonlinear saturation, 190e191
Nonlinear systems, 210, 211f

Nonlinear transformation, 53, 54f
Nonlocal constitutive relations, 154
Non-pulsating flow, 79, 79f
Non-pulsating velocity and velocity fields, 71e72
Non-recoverable energy function, 492
Non-uniform Cantor set, 236e238, 237f
Normal and shear stress, 101, 101f
Normal grain growth, chemical components, 431
Nucleation and mineral growth, 518f, 517e518
Nucleation, 594
Nye dislocation density tensor, 298, 461e467

O
OberbeckeBoussinesq approximation, 405e406
Objective and non objective quantities, constitutive

relations, 154e155, 155t
Octahedral shear stress, 106e107, 107f
Off-diagonal components, 44
One dimensional elasticity, 163e164, 164f
One dimensional frictional-elastic material, 175, 176f
One-dimensional flow, 323
One-dimensional model, 308
Open flow system, 207e208
Open fluid flow networks, 569
Open system, 114
Optimal topology, 426e428
Orientation distribution function (ODF), 452
Orthogonal vectors, 43
Oscillatory motion, 10

P
Palaeowattmeters, 457
Partial differential equation, 616
Partial melt systems, 396
Partition function, 235e236
Patterned fracture mechanics, 246, 246f
Peclet number, 376
Periclase replacement, 588, 589f
Permeability, 382e384, 384t
Permutation symbol, 611, 618e619
Phase change, 543e544
Phase diagram, 542f, 541
Phase rule, equilibrium systems, 545
Phase rule, non-equilibrium systems, 560
Phase transformations, 567e568
Physical properties, metamorphism, 5
Piezometer, 451
PiolaeKirchhoff stress, 540
Pitchfork bifurcation, 215, 215f
Plastic behaviour, 164e167, 164f, 166fe167f
Plastic deformation, 294e296, 295f
Plastic dissipation, 536
Plastic hardening modulus, 501, 501f
Plastic MohreCoulomb, 245
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Plastic potential, 169
Plastic yielding, plastic transition, 339e340, 341f
Plume impingement, lithosphere base, 360, 361f
PoincareeBendixson theorem, 203
PoincareeEuclid theorem, 431
Polar decomposition theorem, 40, 612e613
Pole figures, 467e468
Polycrystal, 257e258
Polycrystalline aggregates, yield surface, 182e184, 183f,

185f, 288
Polycrystalline aluminium aggregate, 461, 464f
Power-law viscosity, 135
‘Pressure solution’ mechanisms, 450e451
Polycrystalline solid, 7
POP behaviour, 345
Pore microstructures, 381, 384f
Pore pressure perturbations, 401, 402f
Porosity wave nucleation, 400, 400f
Porous materials, compaction bands, 274e276
Porphyroblast formation, microstructure evolution,

591e592
Porphyroblast growth, 319, 320f, 322
Position gradient tensor, 35e36
Power law viscous behaviour, 177, 178f
Power-law creep, 9e10
Power-law statistics, 338e339, 340f
Pressure distribution, layered crust, 386e388, 387fe388f
Pressure sensitive plasticity, yield surfaces, 170e172,

171f, 173f
Pressure solution models, 567e568, 568f, 587, 589f
Pressure-dependent elasticity, 283e284
Pressure-sensitive materials, 170e172, 171f
PrigogineeKondepudi approach, 549e550
Principle of local equilibrium, 113
Principle of superposition, 10e13, 13f
Pseudo phase portraits, 50e55, 50f, 55f
PeT phase diagram, 563
Ptygmatic fold structure, 239, 239f
Pulsating velocity and velocity fields, 72
Pure shear, 31e33

Q
Quadratic expression, 435
Quadri-junction arrays, 437
a-Quartz, 470, 471t, 472e474, 473f
Quartzequartz grain boundaries, 9e10
Quasi-convexity and pseudo-convexity, 219

R
Radioactive crust thickening, 357e359, 357fe358f
Radioactive decay, 359e360, 359fe360f
Ramsay mechanism, 320e321
Rank-1 matrix, 20
Rate equation, 552f, 551e552

Rate insensitive yield surface, 182e184
Rate of change of area, 83
Rate of change of deformation gradient, 82
Rate of change of stretch, 82
Rate of change of volume, 83
Rate of reaction, 548
Rayleigh distribution, 433e434, 596
Rayleigh number, 377
Reactingedeforming system, 584e585
Reaction diffusion equation, 334
Reaction induced porosity, 381
Reaction zone, 397
Reactionediffusion approach, GrayeScott model,

597e601, 599fe600f
Reactionediffusion equations, 193, 195, 197
Reactionediffusion process, 460e461, 462f
Reactionediffusionetransport systems, 517
Reciprocal strain ellipsoid, 40
Recrystallisation and grain growth, 593
Recrystallisation mechanism, 310
Reduced pressure, 398
Reference and deformed states, 29e30, 29f
Refinement process, 506
Relative breakage, 279f
Relative grain size, 432
Relative permeabilities, 394e395
Relaxation process, 536e538
Relaxed constraints, 476, 478f
Replacementedissolution models, 2e3, 573e574, 577f
Retrograding shear zone, 7
Reynold’s transport relation, 94e95
Reynolds number, 375e376, 392
Right and left CauchyeGreen tensors, 37
Right finite stretch tensor, 38
Rock fracture patterns, 246, 247f
Rock mass evolution, 2e3
Ross excess work, 560e561
Rotation creep, 491e492
Rotation matrix, 48, 103e104, 104t, 613
Rotation-dominated mode, 438
Rotations induced by diffusion, 495e497, 497f
RudnickieRice condition, 501e502
Rules, constitutive relations, 153
Rupture mechanics, 245e246

S
Saddle-node bifurcation, 212e213, 213f
Sawtooth/kinklike deformation, 253
Scalar damage parameter, 330
Scalar generalised viscosity, 323
Scalar product, 612
Schlegel diagrams, 426e428, 429f
Schmid’s law, 470
Second law of thermodynamics, 3, 130
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Second Piola-Kirchhoff stress, 100, 101f
Second-order tensor, 90, 94
Sectional kinematic dilatancy number, 78
Sectional kinematic vorticity number, 78
Seismic methods, 492
Self-consistent theories, 476e479, 480f
Self-organised criticality (SOC), 342, 343f
Self-similar fractals, 225e226
Self-similar refinement, 221, 222f
Semi-infinite half-space heating, 352, 353f
Sequential lamination, 221
SetheHill family, 39
Shear bands, 220e221, 220f, 505
Shear displacements, 536
Shear strains, 40, 318
Shear stress, 544, 544e545
Shear zone, 124e125, 335, 335f
Simple shear, 31e33, 47f
Simple shearing, 72e75, 73fe74f, 461, 463f
Single slip deformation geometry, 292e293, 293f
Single slip system, 476
Single slip theories, 479e482, 481f
Singular functions, 226
Singularity spectrum, 229, 229f
Slip plane rotation, 292e293, 292f
Smooth stressestrain curves, 329e330
Snakes and ladders behaviour, 223, 224f
SNAP-behaviour, 342, 343f
Snap-spring, 340e341, 343f
Snap-through instability, 14e15
Solid and fluid mechanics, 8e9, 8f
Solid state diffusion, 9
Solid state reactions, 567e568, 568f
Solids deformation, conjugate variables, 133, 133t
Spatial and temporal scales, 5, 6f
Spatial velocity gradient tensor, 73
Spatial/Eulerian representation, 69e70
Spatio-temporal patterns, 195, 205
Specific entropy, 131
Specific Helmholtz energy, 136
Specific internal entropy production, 331e332
Spin tensors, 76
State variable, 128e129, 128t
Stationary reaction rate, 553
Strain ellipses, 40e42, 42f, 55e57
Strain energy potential, 162
Strain hardening, 164e165, 167e168, 168f
Strain rate hardening, 178
Strain rates, 588
Strain softening, 164e165
Strain states, 86
‘Stretching’ lineation, 85
Strain tensor, 42t, 263
Strain-based approach, 173e174

Strange attractor, 227, 228f
Streamline flow, positive and negative characteristics,

617f
Stress at a point, 101e102, 102f
Stress ellipsoid, 102e103
Stress fields, 248e249
Stress induced fractures, 381
Stress invariants, 172
Stress stability, quartz, 9e10, 11f
Stress, definition, 100
Stress-assisted dissolution, 424
Stress-free aggregate, 428e429
Stressestrain behaviour, 210e212, 217e219, 219f,

283e284, 439, 441f, 457e459, 458f
Stretching tensors, 76
Strong flows, 79
Subgrain creep, 491e492
Subgrain formation, 484, 488f
Subgrain rotation, 310, 311fe312f, 314f, 484, 488f
Subgrain translation mechanisms, 438
Super-hydrostatic fluid pressure gradients, 367e368
Surface element, 36e37
Surface energy density, 255, 490e491
Surface vectors, 30
Swift-Hohenberg equation, 193, 195e196, 196f, 198e199
Symbols, deformation, 609e610
Symmetrical tilt boundaries, copper, 308e309, 313f
Syn-kinematic mineral equilibrium phase boundaries,

603
Syn-kinematic reaction, 533

T
Tangent and secant viscosities, 177
Tangential and normal motions, 309, 309f
Taylor expansion, 617e618
Taylor model, 468e470
Taylor principle, 139
Taylor series, 200e201, 332
TayloreBishopeHill approach, 424e425, 477f
TayloreQuinney coefficient, 137e138
Tectonic models, event classification, 355e356
Tectonic overpressure and overtemperature,

equilibrium stability, 538
Tectonic transport, 85
Temperature distribution patterns, 410e411, 410f
Tensile stress, 133
Tensor (dyadic) product, 612
Tensor internal variable, 135
Thermal conductivity, 348, 350, 351t
Thermal convection models, 367e368, 405, 406f
Thermal diffusivity, 349e352
Thermal expansion, 453
Thermal history, 354e355, 354f
Thermalemechanical relaxation spectra, 536e538
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Thermo-catalytic reactions, 206e207
Thermodynamic admissibility, 154
Thermodynamic flow, 347e347, 549
Thermodynamic forces, 112e112, 363e364,

518e519
Thermoelastic effect, 137e138
Thermo-mechanical systems, 151e152
Thin section scale system, 115e116, 115f
Third-order Levi-Civita tensor, 300e301
Three dimensional flows, admissible domain, 81, 81f
Three-dimensional convective flow, 406, 408f
Three-layer system, 16e18, 17f
Topographic gradients, 395
Topographically driven flow, 395e396
Total dissipation, 135
Total Gibbs energy, 581e582
Total rate of generation of fluid, 398
Transcritical bifurcation, 213, 214f
Transient flow field, 393
Translation-dominated mode, 438
Truncation zones in porphyroblasts, 321
Turbulent flow, 391
Turing instability, 307e308
Turing-Hopf patterns, 206
Twin disclination dipoles configurations, 466f, 467
Twins within twins structure, 273e274, 273f
Two dimensional deformation, 254
Two-component systems, 204
Two-dimensional growth, 431e432
Two-dimensional thermal convection, 405e406, 407f
Two-layer flow-through systems, 413e415, 414f
Two-phase aggregates, 437, 437f
Two-phase flow, 393, 394f
Type IC Folds, 56f, 57

U
Uncoupled kinetics, 547f, 546
Undeformed configuration, 461, 463f
Unstable bifurcation, 210
Upscaling approach, 5e7

V
Vector product, 612
Vein formation, 261, 262f
Vein systems, 264e266, 265f, 268e269, 270f
Velocity and velocity fields, coaxial and non-coaxial

histories, 71
Velocity gradient tensors, 76
Virtual networks, 538f, 538e539
Visco-plastic anisotropy, 493
Visco-plastic processes, 245
Viscosity strain rate softening, 178
Viscosity vs. temperature, 378, 383f
Volterra defects, 249
Von Mises criterion, 165e166
Von Mises strain, 184
Von NeumanneMullins law, 431e432
Vorticity, 77

W
Wavelet analysis, 18e20, 19f, 234e235, 235f
Wavelet based system, 227e229
Wavelet transform modulus maxima (WTMM) method,

235e239, 237fe239f
WeaireePhelan solution, 428
Wedge disclinations, olivine, 301, 303f
Wedge-shaped veins, 269
Weibull distribution, 596
Wetting saturation, 393
Whitmeyer-Wintsch reaction, 206e207

Y
Yield criterion, brittle flow, 282e283
Young’s modulus, 343

Z
Zero entropy production, 529
Zeroth law, 129e130
Ziegler orthogonality relation, 141, 141f, 175
Ziegler principle, 139e140
Zonation patterns, 576e577, 580f
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