
Mathematics for Economists

An Elementary Survey

Mathe1t1atics for Economists 

An Eletnentary Survey 





Mathematics

for Economists

An Elementary Survey

Taro JÂ£amane

Department of Economics

New York University

PRENTICE-HALL, INC. Englewood Cliffs, N. J.

Mathe~natics 

for Economists 

An Elementary Survey 

Taro _Jamane 
Department of Economics 

New York University 

PRENTICE-HALL, INC. Englewood Cliffs, N. J. 



-Ã³ y

Â©â��1962 by PRENTICE-HALL, INC., Englewood Cliffs, N. J.

All rights reserved. No part of this book may be reproduced

in any form, by mimeograph or any other means, without per-

mission in writing from the publishers.

Library of Congress Catalog Card No.: 62-10912

Fourlh prinling January, 1965

QA

Printed in the United Slates of America

56244-C'

·; I., 

®-1962 by PRENTICE-HALL, INC., Englewood Cliffs, N.J. 
All rights reserved. No part of this book may be reproduced 
in any form, by mimeograph or any other means, without per
mission in writing from the publishers. 

Library of Congress Catalog Card No.: 62-10912 

Fourth printing ..... January, 1965 

Printed in the United States of America 

56244-C 



To My Parents

To My Parents 





PREFACE

The increasing application of mathematics to various branches of eco-

nomics in the past decade has made it necessary for economists to have

an elementary knowledge of mathematics. A large number of articles cov-

ering many fields such as economic theory, public finance, etc. in, for ex-

ample, the American Economic Review and the Review of Economics and

Statistics use mathematics to varying degrees. Also, the use of elementary

mathematics in teaching graduate economic courses and courses such as

mathematical economics and econometrics are becoming common.

In teaching mathematical economics and econometrics, I found that

students who have had a year of calculus were not quite familiar with the

various mathematical techniques economists use. For example, the La-

grange multiplier technique used to explain maximum and minimum prob-

lems is usually not covered in an elementary calculus course. Further-

more, to ask the student to have a background in such topics as set theory,

differential and difference equations, vectors and matrices, and certain

basic concepts of mathematical statistics would require him to take a con-

siderable amount of mathematics at the expense of his main line of inter-

est, economics. And yet when discussing, for example, demand theory

in a mathematical economics course most of the above-mentioned topics

are necessary, although at an elementary level.

To fill in this gap I experienced in teaching these courses, I selected

certain topics from various branches of mathematics that are frequently

used and taught a separate course, mathematics for economists. I had

found it very difficult to teach mathematical economics and the necessary

mathematical techniques at the same time without disrupting the continuity

of an economic discussion.

These courses in mathematical economics and econometrics were intro-

ductory courses for graduate students, some of whom were planning to

major in mathematical economics or econometrics, but many of whom

were majoring in other branches such as labor, finance, etc. The mathe-
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Viii PREFACE

matics for economists course therefore had to be less than three or four

credits; it should not become too professional and yet should give enough

coverage to serve as a preliminary for the mathematical economics and

econometrics courses. With this in mind I have written a general survey

of four topics; calculus, differential and difference equations, matrix

algebra, and statistics at an elementary level for economists with only a

high school algebra background and have adopted the following points:

( 1 ) The topics are discussed in a heuristic manner. References are pro-

vided for those interested in proofs and derivations. Furthermore, the vari-

ous algebraic steps which are usually omitted in mathematics texts have

been included. For an experienced mathematician this is a trivial matter,

but for an unexperienced economist the omission of these steps sometimes

creates unusual difficulties.

(2) The selection of topics has been based on the need of economists

and is quite different from standard mathematics courses.

(3) Emphasis is on surveying the mathematics and not on applications.

It is assumed that students will take a course in mathematical economics

that is solely devoted to applications.

(4) Problems have been kept simple to avoid complicated algebraic

manipulations and yet give exercise of the material covered.

It is difficult to decide how much mathematics an economist should

know. It will probably depend on his field of interest. The mathematical

economics major will have to take advanced professional mathematics

courses, but for the other economists it is hoped that this book will enable

them to read the mathematically orientated articles in such journals as the

American Economic Review and the Review of Economics and Statistics.

I am indebted to the economists and mathematicians whose works have

formed the basis of this book; they are listed throughout the book. I would

also like to acknowledge my thanks to an unknown reviewer who provided

many helpful suggestions. Thanks are also due to the Graduate School of

Arts and Science of New York University and Professor Emanuel Stein for

providing the conducive environment for study and the necessary secre-

tarial work for typing the manuscript. Finally I wish to express my special

appreciation to Miss Cecilia Liang for her excellent job of typing the entire

manuscript.

Taro Yamane
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PREFACE IX

Suggested Outline

At New York University the course is given once a week for two hours

and is for two semesters. The first 10 Chapters are covered during the first

semester. Chapters 1 and 2 are mainly for background purposes. Chap-

ters 3 through 7 give basic calculus techniques. Either Chapter 8 (differen-

tial equations) or Chapter 9 (difference equations) are covered, the one

not covered being assigned for winter vacation homework.

During the second semester the Chapters 11 through 18 are covered.

Chapter 18 may be assigned as homework for spring vacation.

If the course is given twice a week for two hours each, the book

may be covered in one semester.

I require students to submit 3X5 cards at the beginning of the lectures

on which they indicate what homework problems they have been able to do.

Based on this students are called upon to do problems with which the ma-

jority of the class seems to have had difficulty. Then the problems are

discussed and questions answered. After all questions concerning home-

work and material covered during the last session are answered, the new

topics are lectured on very briefly. Since the students are graduate students,

only important key points are discussed and the rest is assigned as home-

work. A simple problem is usually assigned to do in class. Short (15 min-

ute) quizzes are given now and then.

Thus, theoretically, the student covers the same material six times. ( 1 )

He reads material before coming to class. (2) He listens to lectures, and

does a problem in class. (3) He does homework. (4) Homework is put

on blackboard and discussed; questions are answered. (5) He prepares

for a quiz. (6) He takes the quiz. When the quiz is difficult, the trouble-

some problems are put on the blackboard at the next session and discussed.
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CHAPTER 1

Sets

Set theory plays a basic role in modern mathematics and is finding increasing

use in economics. In this chapter we shall introduce some elementary

principles of set theory and follow this with a discussion of the Cartesian

product, relation, and the concept of functions.

1.1 Sets

A group of three students, a deck of 52 cards, or a collection of telephones

in a city are each an example of a set. A set is a collection of definite and well-

distinguished objects.

Let a set be 5, and call the objects elements. An element a is related to

the set as

a is an element of 5 a E S

a is not an element of 5 Ð° Ñ� S

We use the symbol e, which is a variation of e (epsilon), to indicate that a

"is an element of" the set S. The expressions, a "belongs to" 5, or a "is

contained in" S are also used. For example, the set 5 may be three numbers,

1, 2, and 3, which are its elements. We use braces (1, 2, 3} to indicate a set.

Then, for the element 2, we write,

2 6 {1,2,3}

In establishing a set, the elements must be distinct, repeated elements

being deleted: 1, 2, 3, 3, is a set {1, 2, 3}. For the present the order of the

elements does not matter. Also note that {2} is a set of one element, 2.

A set with no elements is called a null set or an empty set, and is denoted

by 0. Consider a set S of students who smoke. If three students smoke, we

have a set of three elements. If only one smokes, we have a set of one element.

If no one smokes, we have a set of no elements; i.e., we have a null set.

Another example is a set of circles going through three points on a straight

line. Note that 0 is a null set with no elements, but {0} is a set with one

element.
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CHAPTER 1 

Sets 

Set theory plays a basic role in modern mathematics and is finding increasing 
use in economics. In this chapter we shall introduce some elementary 
principles of set theory and follow this with a discussion of the Cartesian 
product, relation, and the concept of functions. 

1.1 Sets 

A group of three students, a deck of 52 cards, or a collection of telephones 
in a city are each an example of a set. A set is a collection of definite and well
distinguished objects. 

Let a set be S, and call the objects elements. An element a is related to 
the set as 

a is an element of S a E S 

a is not an element of S a ¢ S 

We use the symbol E, which is a variation of e (epsilon), to indicate that a 
"is an element of" the set S. The expressions, a "belongs to" S, or a "is 
contained in" S are also used. For example, the setS may be three numbers, 
I, 2, and 3, which are its elements. We use braces {I, 2, 3} to indicate a set. 
Then, for the element 2, we write, 

2 E {I, 2, 3} 

In establishing a set, the elements must be distinct, repeated elements 
being deleted: I, 2, 3, 3, is a set {I, 2, 3}. For the present the order of the 
elements does not matter. Also note that {2} is a set of one element, 2. 

A set with no elements is called a null set or an empty set, and is denoted 
by 0. Consider a set S of students who smoke. If three students smoke, we 
have a set of three elen1ents. If only one smokes, we have a set of one element. 
If no one smokes, we have a set of no elements; i.e., we have a null set. 
Another example is a set of circles going through three points on a straight 
line. Note that 0 is a null set with no elements, but {0} is a set with one 
element. 
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The elements of a set may be sets themselves. For instance, if we let S

be a set of five Y.M.C.A.'s, we may also say that each element (Y.M.C.A.)

is a set where its elements are its members. Another example:

5 ={{!}, {2,3}, {4, 5, 6}}

Two sets Si and S2 are equal if and only if they have the same elements.

This is shown by

Si = O2

For example, let 5! be the set of numbers

S, = {2, 3, 5, 7}

Let S2 be a set of one-digit prime numbers. Then 5i = S2. If Si and S2

are not equal, we write

S^S2

If every element in S, is an element of S, we say 5Â¡ is a subset of S.

Let 5 = (1, 2, 3}. Then the subsets will be

S0 = 0, $! = {!}, S2={2}, S3={3}

54 = {1,2}, S5 = {1,3}, Sv = {2,3}, S7 = {1,2,3}

S, Â£ S

and read : S, is a subset of S. The symbol Â£ is called the inclusion sign.

We can also say S "includes" 5, and write

S3 5<

When 5, Ñ� S, that is, when S contains at least one element not in 5i, S<

is called a proper subset of S. In our present example, S,(/ = 0, 1,... , 6)

are proper subsets.

With this concept of set inclusion, we can redefine the equality of two

sets 5i and S2 by the axiom : S1 and S2 are equal (i.e., Sl = S2) if and only

if Si Â£ S2 and S2 Â£ 5Ð�

Let S be any set. Then

0Â£ 5

This is so because, if 0 Â£ S were not true, then 0 must have an element that

is not in 5. But 0 has no elements. Thus, 0 Â£ 5 must hold.

Furthermore, 0 is unique. For if it were not unique, then there must be

a null set A such that O =Â¿ Ð�. This means Ð� must contain an element not in 0.

But it is a contradiction for Ð� to contain an element. Therefore, Ð� = 0,

and the null set is unique.

An alternative way to show this uniqueness is to let 0 and Ð� be two null

sets. Then, by definition, 0 Â£ Ð� and Ð� Â£ 0. But this implies by definition

that 0 = Ð�. Thus, 0 is unique.

We write
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There are 23 = 8 subsets from the set of three elements. There will be

2" subsets from a set ofn elements (See Chapter 13 for proof.)

Let A be a set of freshmen, B be a set of freshmen and juniors, and Ð¡

be the entire student body. The concept of set inclusion tells us that A Ñ� A.

That is, each set A is a subset of itself. We say set inclusion is reflexive.

Next, we see that A <=â�¢ B, which implies that A Ð¤ B; i.e., the set of fresh-

men is not equal to the set of freshmen and juniors. Or to state it differently,

A Ñ� Ð² implies that we cannot have B Ñ� A. We say that set inclusion is

anti-symmetric. We know that if A Â£ B and B Â£ A, then A = B.

Also, if

A (freshmen) Ñ� Ð² (freshmen and juniors)

B (freshmen and juniors) Ñ� C (student body)

then

A (freshmen) <= Ð¡ (student body)

We say that set inclusion is transitive.

To summarize:

A Â£ A ; i.e., set inclusion is reflexive. '

A Ñ� B and B Ñ� A cannot hold simultaneously (A Â£ B and B s A

implies A = B); i.e., set inclusion is anti-symmetric.

A Ñ� B, B Ñ� Ð¡, then, A Ñ� Ð¡; i.e., set inclusion is transitive.

Compare these properties of set inclusion with set equivalence.

A = A; i.e., set equivalence is reflexive.

A = B, then, B = A; i.e., set equivalence is symmetric.

A = B, B = C, then, A = C; i.e., set equivalence is transitive.

1.2 Set operations

Let Si = [a, b, c, 2} and S2 = {1, 2, 3}. Then the unlo/' (or sum) of

S1 and S2 will be the set S

S= Sl U S2 = {a, Â¿, r, 1,2,3}

5i U S2 is the set that consists of all the elements that belong to either

5l or S2 or both (Figure 1-1).

The intersection (or product) of 5i and S2 is the set 5

S = 5V Ð� S2 = {2}

Si Ð� S2 is the set of elements that belong to both S, and St (Figure 1-2).

If the set $! were {a, b, c,}, then, since 5l and S2 have no element in common,

Si n S2 = 0
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The seu S1 and Sa are called dl.sjollft (or lt()IH)~rlapplltg or mutWJ/Iy exclwiw). 
In this cue instead of using the symbol v, we sometimes use the symbol + 
for the union of disjoint seu. 

Let I 

S = ~ v Sa = {a. b, c, t, 2. 3} 

The set of all points Sis called the unll~r.ral HI for a given discussion, or 
simply the unl~rH. Frequently the universe is not explicitly specified. 

Let $1 = {a, b. l. 2} be a subset of S. The complement of Sa with respect 
to the universeS is the set 

Sa= {c, 3} 
That is, it will be those elements of the universe {a, b, c. 1, 2. 3} that are not 
elements of S1 = {a, b, I, 2} (Figure 1-3). 

s 

Next. the difference of sets S1 and Sa is the set S. 
S = S1 - ~ = {a. b, c, 2} - {I, 2. 3} = {a. b, c} 

where a, b. c, are elements of S1• but are not elements of Sa: 2 is an element 
of Sa (Figure t-4). 

I. Find the union of the following sets. 
(a) S1 ~ {a, b. c} 

~ ~ {I. 2,3} 
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(b) S1 = {a, b, c}

S2 ={a, 1,2}

(c) S, - {a, 6, r}

S2 = {a, b, 3}

2. Find the intersection of the sets given in Problem 1 above.

3. Given the following universal set

S = {a, b, c, 1,2,3}

Find the complement of S2 in Problem 1 above.

4. Find the difference between Sl and S2 of Problem 1 above.

1.3 Finite and infinite sets

.

Assume a set of three chairs $l = {A, B, C}, a set of three students

S2 = {K, L, M}, and a set of natural numbers S3 = [I, 2, 3}. There are two

ways we can compare S1 (chairs) and S2 (students) : by counting the elements

in both sets (in this case there are 3 elements in each set), or by matching

each element of 5l with one and only one element of S2. For example,

A^K, B^L, C-+M

There are altogether 3 ! = 6 different ways the elements may be matched.

We have what is known as a one-to-one correspondence between the

(1>

A-*K

Ð�-* Ð�

(2>

A-+L

<3)

B-+L

B-* M

B-+K

C-+M

C-+L

C^M

(4)

A-+L

A-*M

(5)

A-+M

i6i

B-+M

B-+K

B^L

C-+K

C-+L

C-*K

elements of Si and S2. As is seen, the elements of S1 (chairs) may be matched

with S2 (students) or, conversely, the elements of S2 (students) may be matched

with the elements of Sl (chairs). When such a one-to-one correspondence

holds for two sets 5\ and S2, we say the two sets are equivalent to each other.

It is apparent that 5! and S3 are equivalent, and likewise S2 and S3,

and this shows that two sets will be equivalent if they have the same number

of elements. If there are 3 chairs and 4 students in the sets Si and S2, they

are not equivalent.

If we abstract the physical properties such as student or chair from the sets,

the remaining common characteristic of the sets will be the number of elements

in the set. This may be expressed by a set of natural numbers equivalent to
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SETS

the sets, and it will suffice if we consider only sets of natural numbers in our

subsequent discussion.

So far only finite sets have been discussed. Let us now consider the follow-

ing set

{1,2,3,...n,...}

What is the number of elements in this set? Obviously, we cannot associate

a "number" to this set. Let us call such a set an infinite set. We consider it

to exist. For example, we usually say there are an infinite number of stars.

This set of all stars is considered as an infinite set.

Let us now compare the infinite set of numbers and the infinite set of

stars. There were two ways of comparing sets. The first was by counting

the elements. This we cannot do any more. However, the second method of

matching elements and establishing a one-to-one correspondence can be done.

Using this method, we can say that the infinite set of stars is equivalent to

the infinite set of natural numbers.

Several other examples of infinite sets that are equivalent to an infinite

set of natural numbers are

{2,4,6,8,...}

{3,5,7,9,...}

and so forth.

A set is said to be (Â¡enumerable if it can be put into a one-to-one corre-

spondence with a set {1,2,3,...Ð¸,...} of natural numbers. Finite and

denumerable sets are called countable sets. Sets other than countable sets

are called non-denumerable sets.

1.4 Non-denumerable sets

A technical explanation of non-denumerable sets is beyond the level of

this book. Only a heuristic explan-

ation will be presented.

The numbers we have been con-

sidering so far were integers and

fractions which are called rational

numbers. Let us draw a line segment

from 0 to 2 and then impose a square

that has sides of length 1 as shown in

Figure 1-5. We can plot points such

as i, J, 1i, 1J, and so forth. But what

is the point AI From Pythagoras'

1_5

theorem we know that

0/42 = 1* + 1* = 2
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The point A will correspond to a number that, when squared, will be 2 and

we know that O2 = 0 and I2 = 1. Thus, the number is neither 0 nor 1.

Any other integer will give us a number larger than 2 when squared. There-

fore, let us assume A to be a fraction p/q that has been reduced to its lowest

term (i.e., there is no common divisor other than 1), and set it

Then />2 = 2q2. We see that p is an even number, and since p/q has been

reduced to its lowest term, q must be an odd number. Now, since p is an

even number we can set p â�� 2k, then

Therefore, 2k2 = q2 and q must be an even number. But this contradicts

our first assertion that q is an odd number, so we conclude that there is no

fraction p/q that will satisfy the point A. This indicates that there is a gap

in this straight line at the point A which is not represented by an integer or

a fraction.

To fill in this gap, a number V 2 is defined. To the left of this are the

fractions smaller than Ð�/2, and to the right are the fractions greater than

Ð�/2. This number v'2, as we know, is called an irrational number. For any

two points on the line that represent rational numbers, we can find points that

correspond to irrational numbers between them.

Let us call the points that correspond to rational numbers rational points,

and the points that correspond to irrational numbers irrational points.

The rational numbers and irrational numbers together are called real

numbers. Thus, when we take a line segment, the points on that line segment

will be a set that corresponds to a set of real numbers.

Without proof, the following statement is made: The set of all real

numbers in an interval is non-denumerable. The common sense of this is,

if we have two successive points on a line segment, we can always find other

real points between them. Because of this, they cannot be put into a one-to-

one correspondence with a set of natural numbers. (But note that we have a

one-to-one correspondence between a set of real numbers and points on a line

segment.)

Examples of non-denumerable sets are sets that include irrational

numbers (or points). The set of points in a square, or circle or cube are

examples.

So far we have given a heuristic explanation of sets, denumerable sets,

and non-denumerable sets. No immediate use will be made of these ideas,

but they will serve as a background to subsequent discussions.
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1.5 Cartesian product

(/) Sentences

In mathematical logic (symbolic logic) we learn about the calculus of

sentences (or sentential calculus'). By sentence we mean a statement that is (1)

either true or false, or (2) neither. For example,

All men are married. (false)

All men will eventually die. (true)

are sentences that are either true or false. Let us call such sentences closed

sentences.

On the other hand, consider the following.

The number x is larger than 5.

This is neither true nor false. Let us call such a sentence an open sentence.

When x is given a specific number (value), the open sentence becomes a

closed sentence. For example,

The number x = 1 is larger than 5. (false)

The number x = 6 is larger than 5. (true)

The number x = 5 is larger than 5. (false)

This open sentence can be expressed mathematically as

x>5

which is an inequality. In this case, x is called a variable.

Take as another example the sentence

x + 5 is equal to 8

This is an open sentence. When x = 5, or x = 4, this sentence becomes a

closed sentence and is false. When x = 3, it is a closed sentence and is true.

We may write this sentence mathematically as

x + 5 = 8

which is an equation. The statement, x = 3, which makes it true, is a

solution.

Now let us consider a set S

5 = {0, 1,2,... , 10}

find the x such that

of x will be

Let x e S. Furthermore, find the x such that the sentence (inequality)

x > 5 is true. Then the set of x will be

{x e S: x > 5} = (6, 7, 8, 9, 10}
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When x is given a specific number (value), the open sentence becomes a 
closed sentence. For example, 

The number x = 1 is larger than 5. 

The number x = 6 is larger than 5. 

The number x = 5 is larger than 5. 

This open sentence can be expressed mathematically as 

x>5 

.(false) 

(true) 

(false) 

which is an inequality. In this case, xis called a variable. 
Take as another example the sentence 

x + 5 is equal to 8 

This is an open sentence. When x == 5, or x = 4, this sentence becomes a 
closed sentence and is false. When x == 3, it is a closed sentence and is true. 
We may write this sentence mathematically as 

x+5==8 

which is an equation. The statement, x == 3, which makes it true, is a 
solution. 

Now let us consider a set S 

s == {0, 1, 2, ... , 10} 

Let x E S. Furthermore, find the x such that the sentence (inequality) 
x > 5 is true. Then the set of x will be 

{xES: x > 5} = {6, 7, 8, 9, 10} 
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The left hand side is read : the set of all x belonging to (or contained in) the

set S such that (the sentence) x > 5 (is true).

For the other example we have

{xeS: x + 5 = 8} = {3}

The left hand side is read : the set of all x e S such that * + 5 = 8 is true.

What have we accomplished ? We have manufactured new sets (subsets)

by use of a sentence. That is, we have generated a subset from the universal

set whose elements make the sentence true.

We shall further state as an axiom that : When given a set A, we can find

a set B whose elements will make true (satisfy) the sentence (condition)

S(x). Here S(x) denotes a sentence.

Thus, if A = (4, 5, 6}, and S(x) is the condition, x > 4:

{x e A : x > 4} = {5, 6} = B

Likewise,

[xeA: x>5} = {6} = B

{xeA: x > 6} = { } = B = 0 (the null set)

Let us show set operations using our newly acquired concepts.

S = S1 U S2 = {x: xeSI or x e S2}

S = Si n S2 = {x : xeS1 and x e S2}

5 = S1 â�� S2 = {x: xeS, and x Ñ� S2}

Sl = 5 â�� S1 = {x: xeS and x Ñ� Si}

Recall that when S = {1, 2, 3}, we had 23 = 8 subsets. Let them be SÂ¡

(i = 0, 1, 2 ... 7). Then the collection of these 8 subsets also form a set where

each Si is an element. Let this set be R. Then

This R will be called the power of the set S, and will be denoted by R(S).

(//) Ordered pairs and Cartesian product

We now introduce the concept of ordered pairs. With the concept of

sentences and ordered pairs we will be able to define the concept of relation

which in turn will lead to the concept of a function. We say {Ã , b] is a set of

two elements. Furthermore we know that

That is, the two sets are equivalent, and the order of the elements are not
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(i == 0, 1, 2 ... 7). Then the collection of these 8 subsets also form a set where 
each Si is an element. Let this set be R. Then 

This R will be called the pou·er of the set S, and will be denoted by R(S). 

(ii) Ordered pairs and Cartesian product 

We now introduce the concept of ordered pairs. With the concept of 
sentences and ordered pairs we will be able to define the concept of relation 
which in turn will lead to the concept of a function. We say {a, b} is a set of 
two elements. Furthermore we know that 

{a, b} == {b, a} 

That is, the two sets are equivalent, and the order of the elements are not 
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considered. Let us now group together two elements in a definite order, and

denote it by

(a, b)

This is called an ordered pair of elements. The two elements do not need to

be distinct. That is, (a, a) is an ordered pair whereas the set {a, a} becomes

the set {a}. And as can be seen, (a, b)

b-

0-

(b,c) â�¢(Â£â�¢ c) This can best be described by using

a graph. Figure 1-6 shows three points,

M*(a,b) *(6,b) *(c,b) a, b, Ñ� on the horizontal and vertical

axis. The ordered Pair (e, Â¿) is 8iven

by the point M whereas the ordered

J Â¿ Â£ pair (b, a) is given by N. As we shall

see, ordered pairs of numbers (x,y) are

Fig. 1-6 shown as points on a plane. In connec-

tion with this form of presentation, the

first number x is called the x-coordinate, and the second number y is called

the y-coordinate.

Given a set

S ={1,2,3}

how many ordered pairs can we manufacture from 5? This can be approached

as follows: There are two places in an ordered pair. Since we have three

elements, we have three choices in the first place. Similarly, we have three

choices in the second place. Thus there are a total of

3 x 3 = 32 = 9

ordered pairs. This can be shown diagrammatically as

1st place 2nd place ordered pair

(M)

(1,2)

(1,3)

(2,1)

(2,2)

(2,3)

(3,1)

(3,2)

(3,3)

Ñ�-

If we have S1 = {1,2, 3}, S2 â�� {4, 5}, how many ordered pairs (x, y)

exist where Ð»: belongs to S! and j belongs to S21 Since there are three choices

10 SETS Sec. 1.5 

considered. Let us now group together two elements in a definite order, and 
denote it by 

(a, b) 

This is called an ordered pair of elements. The two elements do not need to 
be distinct. That is, (a, a) is an ordered pair whereas the set {a, a} becomes 

the set {a}. And as can be seen, (a, b) 
-=!= (b, a) if a -=!= b. 

c 

b M~o,b) 
(J 

0 b 

Fig. 1-6 

•(c,b) 

er.c,o) 

c 

This can best be described by using 
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as follows: There are two places in an ordered pair. Since we have three 
elements, we have three choices in the first place. Similarly, we have three 
choices in the second place. Thus there are a total of 

3 X 3 == 32 == 9 

ordered pairs. This can be shown diagrammatically as 

1st place 2nd place 

1 

1~2 
3 

l 

2 --cc:> 
3 

1 3<c:> 
3 

ordered pair 

( 1' 1) 
( 1' 2) 
(I, 3) 

(2, 1) 
(2, 2) 
(2, 3) 

(3, I) 
(3, 2) 
(3, 3) 

If we have S1 == {1, 2, 3}, S2 = {4 .. 5}, how many ordered pairs (x .. J') 
exist where X belongs to sl andy belongs to s2? Since there are three choices 
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for the first place and two choices for the second place, there are 3 x 2 = 6

ordered pairs. This is shown as

1st place 2nd place ordered pair

-4 (1,4)

-5 (1,5)

(2,4)

(2,5)

(3,4)

(3,5)

In general, if S1 has n elements and S2 has m elements, we may form

m x n ordered pairs.

The six ordered pairs we obtained above will form a set where each

ordered pair is an element. This set of ordered pairs will be denoted by

Si x S2 = {(x,y): x e Si and y e S2}

That is, Sl x S2 is the set of ordered pairs (*, y) such that the first coordinate

Ð»: belongs to Si and the second coordinate y belongs to S2.

In general if we have two sets A and B, the set of all ordered pairs (Ð»:, y)

that can be obtained from A and B such that x e A, y e B, is shown by

A x B = {(x,y): x&A and y Ðµ B}

This set is called the Cartesian product of A and B, or the Cartesian set of A

and B and is denoted by A x B. A x B is read A cross B.

As we saw earlier, ordered pairs were represented as points on a graph.

The Cartesian product may also be shown graphically. For example, let

A = {1,2,3,4,5,6}

We may think of A as the set of possible outcomes when a die is tossed.

Then the Cartesian product A x A is shown in Figure 1-7. There are

6 x 6 = 62 = 36

ordered pairs. The expression A x A is the set of these 36 ordered pairs.

This is interpreted as the 36 possible outcomes when a die is tossed twice.

If A is the set of all points on a line, then A x A is the set of all ordered

pairs on the plane, i.e., the whole plane.

It is possible to extend this to more than two elements. We then have

ordered triples, ordered quadruples, etc. In the case of ordered triples the

relationship may be shown in a three-dimensional Cartesian diagram. Each

appropriate point will consist of an ordered triple. Thus if

Sl = {a,b,c}, S2 ={1,2,3}, S3={4},
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then the Cartesian product P will be

P = S, x S2 x S3 = {(a, I, 4), (a, 2, 4), (a, 3, 4), (b, 1, 4), (b, 2, 4)

(Â¿, 3, 4), (c, 1,4),(c,2,4),(c,3,4)}

The first element of the ordered triple belongs to Slt the second to 52, and

the third to S3. Thus there are 3 x 3 x 1 = 9 ordered triples. Note that

6

5-

4-

3-

2-

t

Fig. 1-7

(3, 3, 3) is an ordered triple that would indicate a point on a three-dimensional

Cartesian diagram whereas {3, 3, 3} is not a set of three elements but rather

the set {3}.

Problems

1. Given the following sets, find the Cartesian product and graph your results.

(a) S, = (a, b, c}

(b) Sl = {a, b}

1.6 Relations

Let us now use sentences and ordered pairs to define relations. Consider

Figure 1-8 which shows the 36 possible outcomes when a die is tossed twice.

Let A and B be the sets of possible outcomes for the first and second throw

respectively. Then

A =B= {1,2, 3,4,5, 6}

and A x B is the Cartesian set. Let the ordered pair be denoted by (x,y).

Then .v Ðµ A, y Ðµ B.

Now consider the sentence (condition) : The sum of first and second throw

is greater than 6. This is shown by

12

x+y>6
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• • • • • • 
2 3 4 5 6 

X 

Fig. 1-7 

(3, 3, 3) is an ordered triple that would indicate a point on a three-dimensional 
Cartesian diagram whereas {3, 3, 3} is not a set of three elements but rather 
the set {3}. 

Problems 

1. Given the following sets, find the Cartesian product and graph your results. 

(a) sl = {a, b, c} 

(b) sl = {a, b} 

s2 = {c, d, e} 
1.6 Relations 

Let us now use sentences and ordered pairs to define relations. Consider 
Figure I-8 which shows the 36 possible outcomes when a die is tossed twice. 
Let A and B be the sets of possible outcomes for the first and second throw 
respectively. Then 

A == B == {I, 2, 3, 4, 5~ 6} 

and A x B is the Cartesian set. Let the ordered pair be denoted by (x, y). 
Then x E A, y E B. 

Now consider the ~entence (condition): The sum of first and second throw 
is greater than 6. This is shown by 

x+y>6 
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This is an open sentence, and we have two variables x and y instead of one

variable. The values of x and y that satisfy this sentence, i.e., make it true,

are

(1,6), (2,5), (2,6), (3,4), (3,5), (3,6)

(4,3), (4,4), (4,5), (4,6), (5,2)

(5,3), (5,4), (5,5), (5,6), (6,1)

(6,2), (6,3), (6,4), (6,5), (6,6)

These "solutions" are ordered pairs and are shown by the heavy dots of

1 2 3 4 5 6

Fig. 1-8

Figure 1-8. They form a subset of P = A x B. Let this subset be denoted

by R. Then we show this subset R by

As another example, let

Then

x+y>6, (x,y)eP}

= 6, (x,y)eP}

R = {(x,y): x

will be the set of ordered pairs

{(1,5), (2,4), (3,3), (4,2), (5,1)}

These ordered pairs are easily identified in Figure 1-8. Thus, the sentence

in two variables selects ordered pairs from the Cartesian product so that the

selected subset of ordered pairs makes the sentence true.

The subset A of a Cartesian product is called a relation.

Let us give several more examples. Let

x=y
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Figure 1-8. They form a subset of P =A x B. Let this subset be denoted 
by R. Then we show this subset R by 

R = {(x,y): X+ y > 6, (x,y) E P} 

As another example, let 
x+y=6 

Then 
R={(x,y): X+ y = 6, (x,y) E P} 

will be the set of ordered pairs 

{(1, 5), {2, 4), (3, 3), (4, 2), (5, 1)} 

These ordered pairs are easily identified in Figure 1-8. Thus, the sentence 
in two variables selects ordered pairs from the Cartesian product so that the 
selected subset of ordered pairs makes the sentence true. 

The subset R of a Cartesian product is called a relation. 
Let us give several more examples. Let 

x=y 



Sec. 1.6

SETS

That is, the number on the first throw of the die is equal to that of the second

throw. The relation R is

R = {(x,y): x=y, (x,y)eP}

This is shown in Figure 1-9.

6

5

4

Ð·^

2

l

3 4

Fig. 1-9

5 6

Next, consider the following case

That is, the number of the second throw is to be twice that of the first throw.

The relation R is

R = {(x,y): x = \y, (x,y)eP}

This is shown in Figure 1-10.

6

5

4

3

2-

14

234

Fig. 1-10
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That is, the number on the first throw of the die is equal to that of the second 
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2 3 4 5 6 X 
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Next, consider the following case 

X= tY 

That is, the number of the second throw is to be twice that of the first throw. 
The relation R is 

R = {(x,y): X= !y, (x, y) E P} 

This is shown in Figure 1-10. 

I 

6 • • • • • • 
5 • • • • • • 
4 • • • • • • 

3 • • • • • • 

2 • • • • • • 

• • • • • • 

2 3 4 5 6 X 

Fig. 1-10 
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Let A be a set of real numben. Then the relation obtained from X = y 
will be 

R = {(x,y): x = y, (x,y) e P} 

where P = A x A. Graphically, this is the straight line in Fipre 1- 1 t. 
, , 

I 

""t-Il Fta.t-12 

The relation obtained from x > y > 0 will be 

R = {(x,y): x > y > 0, (x,y) e P} 

Graphically, it is the shaded part in Figure 1-12. 

I 

A relation is formally defined u follows: Given a set A and a set B, a 
relation R is a subset of the Cartesian product A x B. The elements of the 
subset R whk:h are ordered pain (x, y) are such that x e A, y e B. 

Let us next te\'enc our procesa and assume we ha...e a relation R, 

R = {(x,y): x = jy, (x,y) E P} 

where Pis a Cartesian product A x B. Let A and B be the ouleomes or a 
toss or a die as in our pre'iious illustration. Then 

A = B = {1, 2, •.. , 6} 

The X andy or the ordered pairs (x,y) that are elements or R need not 
nccess.~rily ranse 0\'er all of the elements of A and B. In fact. usually x and 
y only ranp o...er some or the elements or A and B. How shall we show whk: h 
elements or A and B the x andy vary o...er? We may show this as 

set or x =- {x: for some y, (x,y) e R} 

This shows the set or x that are paired with they in (x. y) which belong to R. 
This set or X is called the domain or the relation R and is denoted by dom R. 

Similarly the subset or y in B 0\'er whtch y varies will be shown by 

{y: for some x, (x,y) E R} 

This subset is called the rt111g~ or R and is denoted by ran R. 
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In our present example, we know that

dornA = {1,2,3}

ran R = {2, 4, 6}

For the example where x < y, we have

domR = {1,2,3,4,5}

ran R = {2, 3, 4, 5, 6}

1.7 Functions

(/) Mappings of sets

Reconsider two of our previous examples of relations. They are repro-

duced in Fig 1-13(a) and 1-13(b) for convenience. In (a) for each x there is

6

9

4

3-

2

1

6-

5-

4-

3-

2-

3 4

(o)

3 4

(b)

Fig. 1-13

only one corresponding y, where in (b) for each x there are several corre-

spondingj's (except for x = 5). A. function is a special case of a relation where

4/ for each x (or several x), there is. only one corresponding y. Thus, the rela-

tion in (a) is also a function while the relation in (b) is not a function. We

may now investigate this idea of a function in more detail.

Consider a suburb that has three families and six telephones. Each family

has a telephone, and 3 are kept in reserve. Assume that after a certain period

of time the number of families have increased to 6 and so that each family has

a telephone and there are no extra telephones. Finally, let us assume the

number of families have increased to 12 and as a result two families share one

telephone.

16
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only one corresponding y, where in (b) for each x there are several corre
spondingy's (except for x == 5). A function is a special case of a relation where 
for each x (or several x), there is. only one corresponding _y. Thus, the rela
tion in (a) is also a function while the relation in (b) is not a function. We 
may now investigate this idea of a function in more detail. 

Consider a suburb that has three families and six telephones. Each family 
has a telephone, and 3 are kept in reserve. Assume that after a certain period 
of time the number of families have increased to 6 and so that each family has 
a telephone and there are no extra telephones. Finally, let us assume the 
number of families have increased to 12 and as a result two families share one 
telephone. 
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We shall denote the set of families by X and the set of telephones by Y.

The first case of 3 families (set X) and 6 telephones (set Ð£) may be shown as in

Figure 1-14. With every element x (family) of the set X there corresponds an

element y (telephone) of set Y. As Figure l-14(a) shows, only three of the

elements of Ð£ (telephones) are paired with the elements of X (families).

In such a case where all of the elements of Y are not paired with the elements

of X, we shall say the set X has been mapped into the set Y.

6

5-

4

3

2

1

(o)

(Ð«

Fig. 1-14

is

Let us look at this in terms of ordered pairs. The Cartesian product P

P = X x Y

and the ordered pairs (x,y) are shown in Figure l-14(b). As can be seen,

there are 3x6=18 such ordered pairs. The ordered pairs we are interested

in are

(1,1) (2,2) (3,3)

This set of three ordered pairs is a subset of P and thus is a relation R which

is shown as

R = {(x,y): x=y, (x,y)â�¬P}

The dorn R = {1, 2, 3} = X, ran R = (1, 2, 3} Ñ� Ñ�.

We now consider the second case where we have 6 families and 6 tele-

phones. This is shown in Figure 1-15, where every element x (family) of X

is paired with an element y (telephone) of Y and all the elements of Y are

paired. In this case, we shall say the set X has been mapped onto the set Y.

In terms of relations, we have the Cartesian product P = X x Y which

has 36 ordered pairs (x,y) as shown in Figure 1-15(b). We are concerned

with the relation (subset) R such that

R = {(x,y): x=y, (x,y)eP}
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This will be the subset of the six ordered pairs

(1, 1), (2, 2),... (6, 6)

The dorn R = X, ran R = Ð£.
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Fig. 1-15

Finally, we have the case where there are 12 families and 6 telephones.

This is shown in Figure 1-16 where to every element x (family) of X there is

associated (related) an element y (telephone) of Y, and conversely, to every

element y (telephone) there is associated at least one (in our present case two)

element x (family). In this case, we also say that the set X has been mapped

onto the set Y.

The Cartesian product P = X x Y has 6 x 12 = 72 ordered pairs.

The relation R we are interested in is the subset of 12 ordered pairs shown in

Figure 1-16(b).

(a)

â�¢ â�¢

2 3 4 5 6 7

(b)

8 9 10 11 12

18

Fig. 1-16
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The characteristics of all three cases is that to every element Ð»: (family)

there is associated only one element y (telephone) where for every element y

(telephone) there may correspond more than one element x (family). Further-

more, the mapping of X onto Ð£ can be obtained from the mapping of X

into Y as follows : Consider the first case where we had 3 families and 6

telephones. The three telephones (y) that correspond to the three families

(x) can be considered as a subset of Y for which there exists at least one x

in X. Let this subset of y's be A. Then X maps onto A, where A Ñ� Ñ�.

Fig. 1-17

(//) Functions

A function is a relation/(i.e., a subset of ordered pairs) such that to each

element x e X there is a unique element y e Y.

Thus, a function is a subset of ordered pairs characterized by certain

given conditions. The term mapping is used synonymously with function.

Mapping conveys the impression of an activity of relating the element of X

to Ð£. Sacrificing rigor, we shall occasionally use the word rule and say a

function is a rule of mapping which emphasizes the conditions under which

the mapping takes place.

These ideas are expressed symbolically as

/: X^ Y

which we shall read as: /is a function that maps X onto Ð£. Let us now

formally redefine a function as follows: A function is a relation / (i.e., a

subset of ordered pairs) that has the following characteristics:

(1) the domain of/ [i.e., the set of x that are paired with y in (x, y)] is

equal to X.

(2) to each * there corresponds a unique y Ðµ Ð£.

To show the association between the element x and the corresponding

unique element y of the ordered pair (x, y) that is an element of the function

(subset)/, we write,

f(x)=y

The set of the elements y that correspond to x such that f(x) = y is the
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range of the function /. For example, in our first case where we had three

families and six telephones, the set of three families (X) is the domain of the

function/. The set of six telephones is Y, but the range of the function is the

subset of three telephones for which there exists families such that/(x) = y.

In the second and third case the six telephones become the range. That is,

Ð£ itself becomes the range, and as we saw, this was the case where we said

X maps onto Y.

If x (family) is any element of X, the element y =f(x) (telephone)

of Ð£ which corresponds to x is called the image of x under (the mapping)

/. Conversely, the set of x (family or families) in X whose image is y e Y

is called the inverse image of y in the mapping/and is denoted by/"1 (y).

Note that we said the set of x. This is because there may be two or more x

(families) that correspond to a definite y (telephone). The image is unique,

but the pre-image or inverse image may be more than one element.

We can state what was just said about images and inverse images in terms

of sets. If A is a subset of X, the set of all elements {f(x): x e A <= A'} of

Ð£ is called the image of the subset A and is denoted by f(A). Conversely,

if B is a subset of Ð£, the inverse image of B is the set of elements

{/-47): yzB^ Y}

in X. This is denoted by/-1 (B).

When we use the term function and the symbol y =f(x), we say x

is the argument and y is the value of the function /. Functions such as

y â�� f(x) are sometimes called point functions because Ð»: can be considered

as a point on a line. f(A) is sometimes called a set function because A is a

set.

Problems

1. Given the following sets

S, = (a, b, c, d}

Â£,={1,2,3,4}

carry out the following steps.

(a) Find the Cartesian product P.

(b) Graph the Cartesian product.

(c) Construct a function/that maps S1 into S2.

(d) Show this function on your graph by connecting the points by straight

lines.

(e) Check and see that/is a subset of P.

(f)Let

y =/W

Find the values of y when x takes on the values, a, b, c, </according to the

function you have constructed.

(g) Construct another function and repeat what you have done in (c), (d),

(e), and (f) above.
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1.8 Point sets

We have discussed Cartesian products, relations, and functions using

basic ideas of sets. As another illustration let us discuss point sets. For

this we must introduce the idea of an ordered set.

(i) Ordered sets.

Consider the following sets.

$! = {!, 2, 3,4}

S2={4,3,2, 1}

S3 = {1,2,3,4,...}

54 ={..., 4, 3,2,1}

We shall say the sets SÂ¡ have an order in it if any two elements x and y are

such that

x precedes y x < y

or y precedes x y < x

Note that < or > are used to indicate "before" or "after" but not "greater

than" or "less than." We are for the moment not considering the "magnitude"

of the elements.

There is usually a rule that assigns the precedence of any two elements in a

set. For example, in S2 the rule is that the natural numbers will be ordered

in descending magnitude. If the elements of a set are boys, we may assign a

rule that they be ordered from the highest to the lowest in height. These

rules are using the magnitudes associated with the elements, but the relation

4 < 3 or 4 < 2 considers only the order of the elements.

When we consider the set S2 = (4, 3,2, 1} and attach an order to S2,

we usually assume the element written to the left of an element to be the

element that precedes, and the one to the right the element that follows.

Thus, in S2, 3 precedes 2, and 2 follows 3.

The characteristics of an ordered set are

(1) x < x does not hold. That is, the ordering relation is non-reflexive.

(2) x < y and y < x do not hold simultaneously. That is, the ordering

relation is anti-symmetric.

(3) If x < y, y < z, then x < z. That is, the ordering relation is

transitive.
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Therefore, 5! has a first element 1 and a last element 4. Similarly, the

first and last element of S2 is 4 and 1, and S3 has a first element 1 but no last

element, while 54 has a last element but no first element. Moreover, S^

and S2 have the same elements. Thus, as sets they are equal. But as ordered

sets they are different sets.

On the other hand, we may establish a one-to-one correspondence

between the two ordered sets 5l and S2.

Si = {1,2, 3,4}

U H

S2={4,3,2, 1}

When 1 < 2 for 5l, the relation holds for the corresponding elements in S2 ;

i.e., 4 < 3. When this relation holds between the elements of two sets like

S1 and S2, then we say the sets are similar. The relationship of similarity is

stronger than equivalence.

However, S3 is not similar to S4 because 54 does not have an element that

corresponds to 1 of S3.

Note also that similarity is reflexive, symmetric, and transitive.

Let us next consider the relation < ; (or a ). For example, let x e X

and y e X. Then x <. y means x < y or x = y. That is, x precedes y, or

x is equal to y. We shall also say, x is less than or equal to y. When we write

y ^ x, we shall say y is greater than or equal to x. It means x follows y or is

equal to y.

The characteristics of the relation < are :

(1) x <. x, i.e., reflexive

(2) x <, y, y <, x implies x â�� y, i.e., anti-symmetric

(3) x <; y, y < z implies x <, z, i.e., transitive

As an example, consider a set S1 with the relation <;

Ð¾ = \Xi, x2, x3, ..., xyii

Let Â£ be the subset

E = {x3, Ñ�Ð»,... , xlsÂ¡

which is also an ordered set. The elements xlt x2, x3 have the ordering

relation < with every element in E. That is, these three elements are less

than or equal to all the elements in E. For example, the ordering relation of

x3 and the elements of Â£ is x3 < x3 < , Ð»:4 ^ ... <, xls. The three elements

are called the lower bounds of the subset E. Similarly, the three elements

Ð»:18, Ð»:19, xZQ have the ordering relation ;> with every element in E, and they

are greater than or equal to all the elements in E. They are called the upper

bounds of the subset E.

Let EI = [xlt Ñ�2, Ñ�3}; i.e., the set of all lower bounds. Then

E, n Â£ = {Ð»:3}
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Let E be the subset 

which is also an ordered set. The elements x1, x2, x3 have the ordering 
relation :::;;: with every element in E. That is, these three elements are less 
than or equal to all the elements in£. For example, the ordering relation of 
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are called the lower bounds of the subset E. Similarly, the three elements 
x18, x19, x20 have the ordering relation 2: with every element in E, and they 
are greater than or equal to all the elements in E. They are called the upper 
bounds of the subset E. 

Let £ 1 = {x1, x2, x3}; i.e., the set of all lower bounds. Then 

£ 1 f1 E = {x3} 
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This x3 which is the last (or greatest) element of El is called the greatest

lower bound of E or the inÃ�mum of Â£. We write g. 1 .b. or inf of E.

Similarly, let Â£2 = {-*Ã�8, xlvÂ» Ñ�Ñ�,}- Then

Â£2 n Â£ = {*18}

This xlg which is the first (or /eos/) element of Â£2 is called the least upper

bound (l.u.b.) or supremum (sup) of E.

The set of numbers

S ={1,2,3, ...,19, 20}

Â£={3,4,5,..., 17, 18}

is an obvious example. The rule of ordering is according to the value of the

numbers where the element with the smaller value precedes the element with

the greater value. El = {1 2 3} and Â£2 = {18, 19, 20}. Then Â£i n E = {3}

and Â£2 n E = {18}.

(//) Linear point sets

We shall now consider a straight line as in Figure 1-18 where the points

1, 2, 3,4 can be thought of as the image . , , ,_

points of the ordered set 012345

S! = 0,2, 3,4}. FiÂ«'1-18

These points on the line will be called a linear point set. The set 5i has been

mapped onto the line and the position of the points on the line are fixed.

Thus, the linear point set and 5l are similar.

In general, let S be an ordered set of real numbers. Then these points can

be mapped onto a line and we will have a linear point set that is similar to 5.

Take the line segment from a to b, which we

0 a b shall call an interval (Figure 1-19). When we

Fig. 1-19 write

[a, b] = {x: a<x<b}

this will mean the points a and b are included in the interval, and it is called

a closed interval. The two intervals

[a, b) = {x: a<,x<b}

(a,b] = {x: a < x < , b}

are called half-open intervals where in the first case b, and in the second case

a is not included in the interval. Finally,

(a, b) = {x: a<x<b]

which does not include both points a and b, is called an open interval.
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CHAPTER 2

Functions and Limits

The idea of a limit is basic to our subsequent discussion of calculus. We

shall first discuss it in connection with a sequence which is a special kind of

a function, and then in connection with a function.

This idea of a limit is dependent on the idea of the distance between two

points. Very roughly speaking, as two points come closer together, we

eventually reach a situation which we call a limit. We first must determine

what is meant by the distance between two points. This is usually discussed

under the title space, but at the level of this book we cannot present such a

rigorous discussion of this topic. Only a heuristic explanation of one of the

spaces, viz., the metric space will be discussed. Furthermore, we shall

confine our discussion here to Euclidean space.

2.1 Metric spaces

Consider the ordered set

S={x,y,z,w}

We shall now ask the question : What is the distance between, say, x and y,

or x and z? To answer this, we need to define what is meant by distance.

Depending on the way distance is defined, various kinds of spaces may be

constructed. Here, we shall define distance so that the metric j/raceisobtained.

The elements of the set S will be called points, and 5 will be called a point

set. Let (x, y) be a pair of points, and assign a real number p = p(x, y)

and call it the distance between the two points x and y. Then, p = p(x,y)

must satisfy the following axiom :

p(x, x) = 0

That is, the distance between two points x, x which are the same point is zero.

p(x, y) = p(y, x)>0 for x Ð¤ y

That is, when x and y are two different points, the distance from Ð´: to y
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This idea of a limit is dependent on the idea of the distance between two 
points. Very roughly speaking .. as two points come closer together, we 
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what is meant by the distance between two points. This is usually discussed 
under the title space, but at the level of this book we cannot present such a 
rigorous discussion of this topic. Only a heuristic explanation of one of the 
spaces, viz., the metric space will be discussed. Furthermore, we shall 
confine our discussion here to Euclidean space. 

2.1 Metric spaces 

Consider the ordered set 

S === {x, y, z, w} 

We shall now ask the question: What is the distance between, say, x andy, 
or x and z? To answer this, we need to define what is meant by distance. 
Depending on the way distance is defined, various kinds of spaces may be 
constructed. Here, we shall define distance so that the metric space is obtained. 

The elements of the set Swill be called points, and Swill be called a point 
set. Let (x, y) be a pair of points, and assign a real number p = p(x, y) 
and call it the distance between the two points x andy. Then, p === p(x, y) 
must satisfy the following axiom: 

p(x, x) === 0 

That is, the distance between two points x, x which are the same point is zero. 

p(x, y) == p(y, x) > 0 for ~ =I= y 

That is, when x and y are two different points, the distance from x to y 
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equals the distance from y to x and the distance is a positive real number.

P(x,y) + p(y,Â¿) ^.p(x,2)

This is known as the triangle inequality and can be understood with the help

of Figure 2-1 and is the familiar axiom concerning a triangle we learn in

high school geometry.

When we have a set S and a distance function defined as above that is

associated to the points of 5, we call this point set a metric space.

Note that we have defined the distance between two points as p =

p(x, y). Depending on how we specify this real-valued function, we will

obtain various kinds of metric spaces. Let us now define thisdistancefunction

and construct a Euclidean space. The process is explained by a simple

illustration. Consider an ordered set

S ={1,2, 3,4}

When this is mapped onto a line as in Figure 2-2, we have a linear point set

01234

Fig. 2-2

that is similar to S. To each pair of points, such as (1, 2), (1, 3), (2, 4) and

so forth, we shall assign a real number p(1, 2), p(l, 3) p(3, 4) and call it

the distance between the two points. In our present case we shall define

p(2, 4) = |2 - 4| = 2

as the distance between the two points. That is, we have taken the absolute

value of the difference between two numbers. Let us call this linear point

set with such a distance function a one-dimensional Euclidean space.
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When we have a set S and a distance function defined as above that is 
associated to the points of S, we call this point set a metric space. 

Note that we have defined the distance between two points as p = 

p(x, y). Depending on how we specify this real-valued function, we will 
obtain various kinds of metric spaces. Let us now define this distance function 
and construct a Euclidean space. The process is explained by a simple 
illustration. Consider an ordered set 

S={1,2,3,4} 

When this is mapped onto a line as in Figure 2-2, we have a linear point set 
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that is similar to S. To each pair of points, such as (I, 2), (I, 3), (2, 4) and 
so forth, we shall assign a real number p( I, 2), p( I, 3) p(3, 4) and call it 
the distance between the two points. In our present case we shall define 

p( I , 2) = II - 21 == 1 

p( I , 3) == II - 31 == 2 

p(2, 4) === 12 - 41 == 2 

as the distance between the two points. That is, we have taken the absolute 
value of the difference between two numbers. Let us call this linear point 
set with such a distance function a one-dimensional Euclidean space. 
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Extending our discussion, consider the Cartesian product P = 5l x Sr

Here the set P will have as its elements ordered pairs which become the points

of P. Let two points be x and y which we shall denote by

x = (Ñ�lt xj

y = (yi,yt)

Then the question is : What is the distance between the points x and y of

P = 5! x 52? That is, what is

P(Ñ�, y) = p((*l. *Â«). (Ð�. j2Â»?

Illustrating by use of a simple example, we may let 51 = 5a = {1, 2, 3, 4}.

Then P = 5X x 52 is as shown in Figure 2-3.

5-

4-

5-

2

1 2 3 <

Fig. 2-3

Fig. 2-4

The point x = A corresponds to the ordered pair (1,1) and y = B to

the ordered pair (4, 3). Therefore, the distance is

,,,

But we know from Pythagoras' Theorem that

AB =

= V(l - 4)2 + (1 - 3)2

Using this relationship, we define the distance between two ordered pairs

(x!, x2) and (ylt y2) as

p(x,y) = p((xl, xj, (yl,yj) = V(xl-yP + (x2-ytf

We may extend our discussion one more step. Consider P = 5l x S2

x 5Ð�. Then the elements of P will be ordered triples. If we let x = (xlt Ñ�2, x3)

and y = (ylt y2, ya) be two points (elements) of P, what is

P(Ñ�, y) = X(*i. -Ñ�,. *3), CKi. Ð�. Ð�)) ?

This is defined as

(x, - ytf + (x3 -
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Extending our discussion, consider the Cartesian product p = sl X Sa. 
Here the set P will have as its elements ordered pairs which become the points 
of P. Let two points be x and y which we shall denote by 

x = (x1, xJ 

y = (yl,yJ 

Then the question is: What is the distance between the points x and y of 
P = S1 X S1 ? That is, what is 

p(x, y) = p((x1, Xz), (yt, yJ)? 

Illustrating by use of a simple example, we may let S1 = S1 = {1, 2, 3, 4}. 
Then P = S1 X S2 is as shown in Figure 2-3. 

y 12 
5 

~ 
8 I 

~ 

x2 
c lx,- Ytl 

0 2 3 4 X Xt Yt 

Fig. 2-3 Fig. 2-4 

The point x = A corresponds to the ordered pair ( l, 1) and y = B to 
the ordered pair ( 4, 3). Therefore, the distance is 

p((l, 1 ), (4, 3)) = AB 

But we know from Pythagoras' Theorem that 

AB = V AC2 + BC2 

= ,l(t - 4)2 + (1 - 3)2 

Using this relationship, we define the distance between two ordered pairs 
(x1, x 2) and (y1, y2) as 

p(x, y) = p((xl, X2), (yl, Y2)) = V (xl - Yt)2 + (x2 - YJ2 

We m~ extend our discussion one more step. Consider p = sl X s2 
x S3 • Then the elements of P will be ordered triples. If we Jet x = (x1, x2, x:J 

andy = {y1, y2, ya) be two points (elements) of P, what is 

p(x, y) = p((xl, Xz, Xs), (yl, Y2' Ya))? 
This is defined as 

p(x, y) = [(xt - Yt)2 + (xz - yJ2 + (xa - Ya)2]112 
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Thus we have a 3-dimensional Euclidean space with the distance between

any two points defined.

In general, if we let P â�� S1 x . . . x Sn and two of its points x and y be

x = (xi, x2, ..., Ñ�â��)

y = (yi,y2 , -..7Ñ�)

then the distance between the two points x and y will be

P(x, y) = [(*! - Ð�)2 + (x2 - yf + ... (xn - 7n)Y/2

The set P with a distance function as just defined is called an Ð¸-dimensional

Euclidean space.

Note that each ordered set is plotted as a point in the Euclidean space.

2.2 Sequences

When the domain of the function /is an ordered set that can be put into

a one-to-one correspondence with a set of positive integers in their order,

/ is called a sequence. Thus, we may say a sequence is a function / whose

domain is a set of positive integers and is shown by

This may be shortened to /n, n = 1, 2, 3, .... It may also be written as

{xn}, n = 1, 2, 3, .... Each/n is called an entry of the sequence.

A sequence may also be considered as a mapping of a set of positive

integers into another set. This other set (range) may be a set of real numbers,

a set of functions, or, in general, a set of points.

Let xn = 3 + n. Then the sequence will be

4,5,6,7, ...

If xn = 3 + (â�� 1)", the sequence will be

2,4,2,4,2,4, ...

The range in this case is the set (2, 4}

Another illustration is xn = I/n, where the sequence is

l.i.be, .-

2.3 Limit of a sequence

The sequence x â�� = 1 /n was,

or

1,i,i,i, -.

and is presented graphically as shown in Figure 2-5(a) or in 2-5(b).
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Thus we have a 3-dimensional Euclidean space with the distance between 
any two points defined. 

In general, if we Jet p = sl X . . . X sn and two of its points X andy be 

x = (x1, x2, .•• , Xn) 

Y = {yl, Y2' ... , Yn) 

then the distance between the two points x and y will be 

p(x, y) = [(xl - Y1)2 + (x2 - Y2)2 + · · · (xn - Yn)2J112 

The set P with a distance function as just defined is called an n-dimensional 
Euclidean space. 

Note that each ordered set is plotted as a point in the Euclidean space. 

2.2 Sequences 

When the domain of the function/ is an ordered set that can be put into 
a one-to-one correspondence with a set of positive integers in their order, 
f is called a sequence. Thus, we may say a sequence is a function f whose 
domain is a set of positive integers and is shown by 

f(I),f(2),f(3), 
or 

fl,f2,fa, · · · 
This may be shortened to f", n == I, 2_ 3, . . .. It may also be written as 
{x11 }, n = I, 2, 3, . . . . Each fn is called an entry of the sequence. 

A sequence may also be considered as a mapping of a set of positive 
integers into another set. This other set (range) may be a set of real numbers, 
a set of functions, or, in general, a set of points. 

Let Xn = 3 + n. Then the sequence will be 

4, 5, 6, 7, 

If x" = 3 + (-I)", the sequence will be 

2, 4, 2, 4, 2, 4, 

The range in this case is the set {2, 4} 
Another illustration is x n == 1 / n, where the sequence is 

l,!,l,!~ ... 
2.3 Limit of a sequence 

The sequence x" = Ifn was, 

1, !, !-, !, 
and is presented graphically as shown in Figure 2-5(a) or in 2-S(b). 
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The distance between any two entries of the sequence can be expressed as

xl â�� x2 = I 2, x2 ^3 == 2 3,

The distance between an entry xn and 0 is shown as xn â�� 0. We observe

*a

0

t 1

4 3

1

Ð³

(b)

2-5

i

Fig.

intuitively and from the graph that the sequence is getting closer to 0 as Ð¸

becomes larger so that the distance xn â�� 0 becomes smaller as Ð¸ becomes

larger. If this distance xn â�� 0 continues to diminish and hence approach

zero as Ð¸ becomes larger, we say the sequence is convergent, and converges to

(in this case) 0.

Another example is the sequence

*Â» = - + 2

n

If we take the distance between xn and 2 we have

x- â�� Â¿= I â��

We see that the distance

0 as Ð¸

oo

Then the sequence converges to 2 in this case.

In the above examples we determine intuitively that it converges to 0 in

the first case and to 2 in the second case. We may use a general symbol x

instead of 0 or 2 and state as follows : When given a sequence (xl t x2, x3, ...)
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The distance between any two entries of the sequence can be expressed as 

X1 - X2 === 1 - i, X2 - Xa === l - l, 
The distance between an entry xn and 0 is shown as xn- 0. We observe 
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4 5 6 n 

intuitively and from the graph that the sequence is getting closer to 0 as n 
becomes larger so that the distance X 1, - 0 becomes smaller as n becomes 
larger. If this distance x" - 0 continues to diminish and hence approach 
zero as n becomes larger, we say the sequence is convergent, and converges to 
(in this case) 0. 

Another example is the sequence 

1 
Xn ==- + 2 

n 
If we take the distance between xn and 2 we have 

Xn - 2 = (; + 2)- 2 = ~ 
We see that the distance 

1 
xn - 2 == - --+ 0 as n --+ oo 

n 

Then the sequence converges to 2 in this case. 
In the above examples we determine intuitively that it converges to 0 in 

the first case and to 2 in the second case. We may use a genera] symbol x 
instead of 0 or 2 and state as follows: When given a sequence (x1, x2, x3, ..• ) 
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and the distance between .t, and x which is denoted as /Ð§-?,,, x) approaches 0

as Ð» â�� x, Ñ�Ð¶ is a convergent sÃ©quence and converges to x which is called the

limit. In symbols this is expressed as

um Ñ�n = x

If xm should converge to x and also to v, that would

Ñ�(Ñ�â��Ñ�)-*0 and /Hxâ��.v)-*0

We know from the axiom of the triangle inequality that

P(x,y) < P(xâ�� x) ~ /K**. j)

When Ñ�(Ñ�,.,Ñ�)-Â«-0 and /Kx^v) â��0

as Ð»-* oc, then Xx^^-^Oako. But this means x = jr. Thus there can be

only one limit for a sequence {xm}.

When a sequence does not have a limit we say the sequence diverges

or is a divergent sequence. An example of a divergent sequence is

Ñ�n = Ñ� 4- 3; 4, 5, 6, 7, ...

Ñ� â�¢

i

i

i

i

Ð¿

3-

2

i

i

i

i

i

i-i

t 2

3 4 5 "

Fig. Ð³-*

As the reader will notice, all our examples have been in one-dimensional

Euclidean space. When we wrote

Ñ�(Ñ�n, x) -+ 0 as n â�� Ñ�Ñ�

the x., x were points in this one-dimensional Euclidean space. But since we

have denned a distance function for an /r-dimensional Euclidean space, we

may interpret our results as follows: Let xlt .v2, ... xm, ... be a sequence of

points in n-dimensional Euclidean space Â£n. Then

Xn = (Ð¥Ñ�), 'â�¢â�¢Â» â�¢â�¢â�¢Â» 'BV

is a point Â£n. This sequence of points will converge to a limit x if

hra Ñ�(Ñ�n, x) = 0
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and the distanc:c bctwcea .x. and .r which is denotEd as p(x.,. .x) approaches 0 
as n-.. x • .r. is a comet gent scqucnce and convcrp to .x which is called the 
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If .r. should converge to .x and also to .. v ... that woukliDQD 

p(.x., .x) _. 0 and p(.:c.,._v)-+ 0 

We know from the axiom of the triangle inequality that 

p(.x7 y) < p(.xlV :c) - p(.:r~ _v) 
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only one limit fOf' a scqUCDCC { x,. }. 
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As the reader will no~ all our e.umples have been in one-dimensional 
Euclidean space. When we wrote 

p(x", x)-+ 0 as 11-+ oo 

the x., x were points in this one-dimensional Euclidean space. But since we 
have defined a distance function for an n-dimensional Euclidean space, we 
may interpret our results as follows: Let :c1~ x~ ... x., ... be a sequence of 
points in If-dimensional Euclidean space E,.. Then 

x,. = (x,.1• x~ ...• x.J 

is a point £,.. This sequence of points will converge to a limit x if 

lim p(x.~ x) = 0 
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Let us restate our results in an alternative manner which in many cases

is more useful when proving theorems. Consider again the sequence

xn = - + 2, n = 1, 2,3, ...

n

dorn n

n+1

N

N+)

ron xâ�� = -

The limit was 2. Call the sequence of integersÐ¸ = 1, 2, 3, ... the domain and

the sequence of values xn = l/n + 2 the range. As the integers Ð¸ =1,2,

3, ... progress to larger numbers, the range xn = l/Ð¸ + 2 decreases toward

2, and the distance \xn â�� 2| becomes smaller. Let the distance be less than

a small positive number e, say e = i, i.e.,

(1) |x. - 2|< , = i

Can we find an integer N such that when n ^ N, the inequality (1) holds?

The answer is, yes. By letting W = 3, we find

. - 2| =

- + 2-2

=*<Â«=*

What if we let the distance be less than e = 1/10? For this take W = 11.

Then

1 1

n - 2| =

Letting e â��,â�¢ 0 is equivalent to saying that the distance between Ñ�â�� and 2

approaches zero. Then 2 is the limit of xn. Therefore, we can summarize the

process explained above and state as a definition of convergence of a sequence

to a limit as follows:

The sequence xlt Ñ�2, ..., xn, ... has a limit x as Ð¸ -* Ñ�Ð¾, if for each given

e > 0, no matter how small, we can find an N such that

\xn - x\<e

for all n Ã¤ N.

Example. Consider the sequence

1

n= 1,2,...
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Let us restate our results in an alternative manner which in many cases 
is more useful when proving theorems. Consider again the sequence 

l 
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dom n 
2 3 4 n n+1 N N+1 · · · 

(~6 ~ 
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The limit was 2. Call the sequence of integers n == l, 2, 3, ... the domain and 
the sequence of values xn = 1/n + 2 the range. As the integers n = 1, 2, 
3, ... progress to larger numbers, the range xn == 1/n + 2 decreases toward 
2, and the distance lxn - 21 becomes smaller. Let the distance be less than 
a small positive number £, say e == !, i.e., 

(I) lxn - 21 < E == ! 
Can we find an integer N such that when n ~ N, the inequality (1) holds? 
The answer is, yes. By letting N == 3, we find 

l 1 
lxn - 21 == - + 2 - 2 == ! < E == ! 

n n 

What if we let the distance be less than £ == 1/10? For this take N = 11. 
Then 

I 1 1 
lxn- 21 == ;; = Ti < E = 

10 

Letting £ ~ 0 is equivalent to saying that the distance between xn and 2 
approaches zero. Then 2 is the limit of xn. Therefore, we can summarize the 
process explained above and state as a definition of convergence of a sequence 
to a limit as follows: 

The sequence x1, x2, ••• , x 11 , ••• has a limit x as n --+ co, if for each given 
£ > 0, no matter how small, we can find an N such that 

lxn- xl < E 

for all n 2 N. 

Example. Consider the sequence 

1 
Xn = -

2 
, 11 == 1, 2, ... 

n 
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We observe that the limit is 0. Let us apply the definition of convergence

to a limit and check that it is the limit. Given an e say, e = 1/100, construct

the inequality (which shows the distance)

(2) \xn - 0|< e = 1/100

Can we find an ,V such that when n a N this inequality (2) is true? Let

N= 11. Then

Â» - 0| =

1

121

< e =

J_

100'

Thus when n ^N=11, inequality (2) is true, i.e., we have found an N

that satisfies our requirements. This process may be repeated and we can

find an N that corresponds to a given arbitrarily small e such that

Ð� - 0|< e

holds for n Ã  N. Thus 0 is the limit.

2.4 Cauchy sequence

We have stated that a convergent sequence converges to a limit and

Ñ�(Ñ�n, x) approaches to zero as n â��,â�¢ oo. It has been assumed here that the

limit x is known. But when x is not known, we cannot calculate p(xn, x)

and thus cannot tell whether or not a sequence is convergent.

Canchy's test enables us to determine whether or not a sequence is

convergent without first knowing the limit x.

If we have a sequence {xn}, and if

P(x!, x2), p(x2,x3) , o(x3, x4), ...

become smaller as Ð¸ becomes larger, we will finally come to a point xm and

from there on the distance

P\xmi Ð»:m+l)Â» P(.xm, Ñ�m-Ñ�), P\xm, xm+3),

becomes smaller than an arbitrary very small quantity e i.e.,

p(xm, *m.il) < e, p(xm, xm+2) < e, etc.

This may be written

(D P(xm,Ñ�â��)<e

where Ð» > m. A sequence that has the above properties is called a Cauchy

sequence or a fundamental sequence.

Cauchy's test says: Every Cauchy sequence possesses a limit. Thus, when

Cauchy's test is used we can tell whether or not a sequence is convergent

without beforehand knowing its limit.
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We observe that the limit is 0. Let us apply the definition of convergence 
to a limit and check that it is the limit. Given an € say, E = 1/100, construct 
the inequality (which shows the distance) 

(2) lxn - 01 < € = 1/100 

Can we find an N such that when n ~ N this inequality (2) is true? Let 
N = 11. Then 

lx - 01 = I _!_ - 0 I = 1-~ I = 1-~ I < € = _1 . 11 
n2 112 121 100 

Thus when n 2 N = II, inequality (2) is true, i.e., we have found an N 
that satisfies our requirements. This process may be repeated and we can 
find an N that corresponds to a given arbitrarily small € such that 

lxn- 01 < € 

holds for n ~ N. Thus 0 is the limit. 

2.4 Cauchy sequence 

We have stated that a convergent sequence converges to a limit and 
p(x"', x) approaches to zero as n ~ oo. It has been assumed here that the 
limit x is known. But when x is not known, we cannot calculate p(x", x) 
and thus cannot teH whether or not a sequence is convergent. 

Cauchy's test enables us to determine whether or not a sequence is 
convergent without first knowing the limit x. 

If we have a sequence {x11}, and if 

p(x1, x2), p(x2, x3), p(x3, x4), 

become smaller as n becomes larger, we will finally come to a point xm and 
from there on the distance 

becomes smaller than an arbitrary very small quantity E i.e., 

p{Xm, Xm+J < E, p(Xm, Xm+J < E, etC. 

This may be written 
(I) 

where n > m. A sequence that has the above properties is called a Cauchy 
sequence or a fundamental sequence. 

Cauchy's test says: Every Cauchy sequence possesses a limit. Thus, when 
Cauchy's test is used we can tell whether or not a sequence is convergent 
without beforehand knowing its limit. 
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2.5 Limit of a function

Instead of the domain being a set of positive integers, let it now be a set

of real numbers. The function / defined on this set S1 maps the elements of

S1 into the set 5a. Let x e Si and y e S2, then

y =/Â«

The set of real numbers 5 may be shown as a linear-point set. In Figure

2-7, this is the x-axis and 52 the j-axis.

Fig. 2-7

Consider as an example a function

y =f(x) = *2

which is shown in Figure 2-7. When Ð»: = 0, then y = 0. Obviously, we see

that

lim/(x) = 0

x-,0

That is, 0 is the limit of the function /(Ð»:) as x â��,â�¢ 0. The forma! definition

of the limit of a function is as follows:

The function/(x) = Ð»:2 has a limit L = 0 as x tends to xl = 0, if for each

given e > 0, no matter how small, we can find a positive Ð¾ (that depends on

e) such that

1/(x) - Â£I< Ñ�

is satisfied for all values of x in the interval

\x - xl\ < Ð¾

except at the point x = .Tl itself.

Note the difference between this definition and the previous definition of

a limit for a sequence. In the present case we look for a Ð¾ whereas in the

sequence case we looked for an N.
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Instead of the domain being a set of positive integers, let it now be a set 
of real numbers. The function f defined on this set S1 maps the elements of 
sl into the set s2. Let X E sl and y E s2, then 
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Fig. 2-7 

Consider as an example a function 

y == f(x) == x2 

which is shown in Figure 2-7. When x == 0, then y == 0. Obviously, we see 
that 

limf(x) = 0 

That is, 0 is the limit of the function f(x) as x ___. 0. The formal definition 
of the limit of a function is as follows: 

The function f(x) == x2 has a limit L = 0 as x tends to x1 == 0, if for each 
given £ > 0, no matter how small, we can find a positive ~ (that depends on 
£) such that 

ff(x)- Ll < e 

is satisfied for all values of x in the interval 

lx- xtl < ~ 
except at the point x == x1 itself. 

Note the difference between this definition and the previous definition of 
a limit for a sequence. In the present case we look for a b whereas in the 
sequence· case we looked for anN. 
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Let us check that L = 0 is the limit of f(x) = x2 when x -Â»â�¢ xl = 0 by

finding <5 = cKe). Assume we are given e = -fa. Then

(1) I/(x) -L\ = \x2 - 0| = |*2| < e = 1/10

Next let Ð¾ = V7. Then

(2) \x -xl\ = \x-Q\ = \x\<0 = VÃ�

which leads to

k2I < e

Therefore, if we let 6 = Ve, inequality (2) implies that inequality (1) is true.

This process may be repeated for an arbitrarily small e which means the

distance between f(x) and L = 0 may be made as small as we wish, and the

set of values of x that satisfy (1) are obtained from (2). Thus L = 0 is

the limit when x -* xl f c 0.

This is written

hm Ñ�2 = 0

3l-,0

/(x)-* 0 as

Example I. Consider the function/(*) = x2 which is shown graphically

in Figure 2-8. Then, obviously,

Iim/(x) = 4

x-a

7

6-

5-

rt,rÂ»-4

3-

2-

1-

/Lr)

Ð£

1 2 3 '

Hg. 2-Ð²

In terms of our definition, this is expressed as follows: The function

f(\) -= \Ð» has a limit L -- 4 as Ð»: -Â»â�¢ Ð»:, = 2, if for a given e > 0, no matter

how small, we can find a Ã³ such that

or

!/(*) - *.
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Let us check that L = 0 is the limit off (x) = x2 when x -+ x1 = 0 by 
finding d = <p{E). Assume we are given E = 1

1
6• Then 

(1) lf(x) - Ll = lx1 - Of = lx21 < E = 1/10 

Next let d = y;. Then 

(2) lx - x11 = lx - 01 = lxl < 6 = ~ 

which leads to 
1x21 < E 

Therefore, if we let d = ~, inequality (2) implies that inequality (I) is true. 
This process may be repeated for an arbitrarily small E which means the 
distance betweenf(x) and L = 0 may be made as small as we wish, and the 
set of values of x that satisfy (1) are obtained from (2). Thus L = 0 is 
the limit when x -+ x1 = 0. 

This is written 
lim x2 = 0 
z-+0 

or 
f(x)--+ 0 as x--+ 0 

Example I. Consider the function f(x) = r which is shown graphically 
in Figure 2-8. Then, obviously, 

limf(x) = 4 
~-+2 

7 ltx) 

2 

0 
2 3 I 

Fig. l-8 

In tenns of our definition. this is expressed as follo~·s: The function 
_((x) =:- _,.2 has a Iin1it L -=- 4 as x-+ x1 == 2.. if for a given f: > 0 .. no matter 
ho\\' sn1all .. "·e can find a ~ such that 

~.f(x) - 4! ' E 
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holds true for all x that satisfies the inequality

\x - 2| Â«5

except at the point x = 2.

The 0 is found as follows. We have

\f(x) - 4| = |x2 - 4|< e 0 < x < 2

Let 0 = e/(x + 2). Then

[x - 2|< a - -f-

x + 2

which leads to

I*2 - 4| < e

That is, we have found a Ð¾ = Â«/(* + 2) such that whenever |x â�� Ð»:j < <5,

the inequality \f(x) â�� 4| < e holds for a given e, no matter how small.

Thus, 4 is the limit of/(x) = x2 as x -* xl = 2.

Example 2. Consider the function /(x) = Vx. Then/(x) -* 1 as x -,â�¢ 1.

Let us find Ð¾ as follows. We have

|/(x)- 1| = \Vx- 1|<Â« 0<x<l.

Let Ð¾ = e. Then

|x - X,| = |X - 1| = \(Vx - l)(Vx + 1)1 <0 = e

From this we find, since V x + 1 > 1,

k/x - ll< r-*3

r-

^+1 Vx + 1

That is, we have found a Ð¾ (â�� e) such that whenever \x â�� xÂ¡\ < <5, the

inequality \f(x) â�� 1| < e holds for a given Â«, no matter how small. Thus,

1 is the limit off(x) = Vx as x -Â»â�¢ 1.

Example 3. Consider the following function

Ð£ - /W = 4 + - i - 0 < x < l

By observation, we see that

hm/(x) = 4

X-i

But we also note that when x = 1, 1/(1â�� x) will become meaningless, so that
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holds true for all x that satisfies the inequality 

lx- 21 < c5 
except at the point x = 2. 

The {J is found as follows. We have 

lf(x) - 41 = lx2 - 41 < E 

Let {J = Ej(x + 2). Then 

0<x<2 

E 
lx - 21 < {J = --

x+2 
which leads to 

lx2
- 41 < E 

35 

That is, we have found a {J = E/(x + 2) such that whenever lx - x11 < {J, 

the inequality lf(x) - 41 < E holds for a given E, no matter how small. 
Thus, 4 is the limit of f(x) = x2 as x --.. x1 = 2. 

Example 2. Consider the function f(x) = v'~. Then f(x) --+ 1 as x --+ I. 
Let us find {J as follows. We have 

lf(x)- II= 1Vx- 11 < E 0 <X< 1. 

Let {J = E. Then 

From this we find, since v'~ + 1 > 1, 

I t5 E 
lvx-tl< I ==I <E 

vx+l vx+l 

That is, we have found a {J ( = E) such that whenever lx - x11 < c5, the 
inequality lf(x) - I I < E holds for a given E, no matter how small. Thus, 

I is the limit of f(x) = Vx as x--+ 1. 

Example 3. Consider the following function 

1 
y ==f(x) == 4 + ---

1 +_I_ 
1-x 

By observation, we see that 

limf(x) == 4 
z-1 

O<x<l 

But we also note that when x == I, 1/(1-x) will become meaningless, so that 
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when finding the limit we must exclude the point x = 1. Let us find a

Ð¾ = <p(e) as follows. The function can be shown as

y=f(x) = 4

Then

Also

I/W - 4| =

1 - x

2-Ñ�

1 - x

0<x < 1

2-Ñ�

\xl - x\ = 11 - x\ <

<

Let Ð¾ = e. Then, since 0 < x < 1, we have 2 â�� x > 1, which leads to

1 - x

2-Ñ�

That is, for a given e, no matter how small, we have found a Ð¾ (= e) such that

|/(Ð»:) - 4| < e

is satisfied for all values of x in the interval

I*! - X| < Ã³

except at the point xL = 1 itself. Thus/(x) has the limit 4 as x -Â»â�¢ 1. Note

how the provision "except at the point Xi = 1 itself" was necessary.

2.6 Limit points (points of accumulation)

We have discussed the limit; now we take up the concept of a limit point,

or what is known as a point of accumulation.

As an example, let us use the sequence

+ 1

1 +

1

fooo + 1

Here we see intuitively that the sequence has a limit 2. The implication is

that when we take a small neighborhood around 2, then all of the entries

(point) of the sequence, after n has become sufficiently large, will be in that

neighborhood. We show this graphically as in Figure 2-9.

( ]In

If we take instead x = 1 + i r, as the sequence, then

Ð� I '

1 +

-1

36

1+-i, 1 +
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when finding the limit we must exclude the point x = 1. Let us find a 
lJ = q.{E) as follows. The function can be shown as 

Then 

Also 

1-x 
y = f(x) = 4 + --

2-x 
0<x<1 

1
1- XI lf(x) - 41 = < E 
2-x 

lx1 - xl = 11 - xl < 6 

Let lJ = E. Then, since 0 < x < 1, we have 2- x > I, which leads to 

1

1- XI -- < 11 - xl < lJ = E 
2-x 

That is, for a given E, no matter how small, we have found a lJ ( = E) such that 

lf(x)- 41 < E 

is satisfied for all values of x in the interval 

except at the point x1 = 1 itself. Thus f(x) has the limit 4 as x --+ I. Note 
how the provision "except at the point x1 = 1 itself" was necessary. 

1.6 Limit points (points of accumulation) 

We have discussed the limit; now we take up the concept of a limit point, 
or what is known as a point of accumulation. 

As an example, let us use the sequence 

1 1 
Xn = 1 + -1. -: 1 + !, 1 + --, 

n+1 1+1 ... ' 
1 

1+ L ' 
lOOO + 1 

Here we see intuitively that the sequence has a limit 2. The implication is 
that when we take a small neighborhood around 2, then all of the entries 
(point) of the sequence, after n has become sufficiently large, will be in that 
neighborhood. We show this graphically as in Figure 2-9. 

(-l)n 
If we take instead x == 1 + -

1 
--

1 
, as the sequence, then 

n+ 

1 -1 1+ 1 1+ 1+--
-

2
' ! + 1 ' ! + 1 ' 
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In this case we observe that the sequence will tend to 0 and 2. When we take

a small neighborhood around 2, we will find that there will be infinitely many

entries of the sequence in that neighborhood. We show this graphically as

1*4

i-

Ã� 2 3 4 5 6

Fig. 2-9

in Figure 2-10. The difference between the two sequences is that in the

second case, only the entries when n is an even integer will be in the neigh-

borhood around 2, and not all of them. The entries when n is an odd integer

and sufficiently large will be in the neighborhood around 0.

e.-

1 * y "

Â« J_ *

+1

1-

â�¢ _.<

1 -f -

1

1 1

1

j

i i

' Â«

Ñ� â��

1

,

Ã¼

1

I

t 2

3

4

i

(

Ð�Ð°

i

t-Ã

Fig. 2-10

In the case of a limit, all of the entries after a certain point must be in the

neighborhood. In the case of a point of accumulation we only need to have
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In this case \Ve observe that the sequence will tend to 0 and 2. When we take 

a small neighborhood around 2, we wiJI find that there will be infinitely many 

entries of the sequence in that neighborhood. We show this graphically as 

x, 
2+----------------------------------------

-- - - - - - - - -, 

4 5 6 n 

Fig. 2-9 

in Figure 2-10. The difference bet\veen the two sequences is that in the 

second case, only the entries when n is an even integer will be in the neigh

borhood around 2, and not all of them. The entries when n is an odd integer 

and sufficiently large will be in the neighborhood around 0. 

2~-----------------------------------------------------------------------------------------
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4 5 6 n 

In the case of a limit, all of the entries after a certain point must be in the 

neighborhood. In the case of a point of accumulation we only need to have 
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infinitely many entries in the neighborhood. When we add the condition

that if the infinitely many entries in the neighborhood of a point of accumu-

lation constitute all of the subsequent entries, the point of accumulation

becomes a limit. It turns out that when a sequence has only one point of

accumulation (limit point), then it is also the limit of that sequence.

If the sequence has several limit points, as in our second sequence,

the sequence approaches no limit.

In terms of our set theory, we may describe the point of accumulation as

follows: Let 5 be a space. Let x be a point in S (see Figure 2-11). Let p

Fig. 2-11

be a very small distance. Then, letting x be the center, draw a circle around

x with radius p. If there are infinitely many points within this circle, then x

is a point of accumulation. There may be more than one point like x in 5.

If there is only one point, it also becomes the limit.

Let the points in the small circle be represented by the variable y. Then

the set of points whose distance from x is less than p, i.e.,

p (x, y) < p

is called a neighborhood of x. Denote this by Nx.

The implication of a limit point (point of accumulation) is that when we

have a sequence [xn], it may have a number (infinite) of limit points.

2.7 Upper and lower bounds

If we have a sequence

xn=l--: 0, 1-1, 1 -Ã�, ...

n

we observe that no element in the sequence will be greater than 1. Or we

may say all elements will be smaller than 1, or for that matter 2, 3, etc. and

that 1 is an upper bound for this sequence as are 2, 3, etc. Although we used

a sequence for an example, this idea may be applied to a set of numbers.
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be a very small distance. Then, letting x be the center, draw a circle around 
x with radius p. If there are infinitely many points within this circle, then x 
is a point of accumulation. There may be more than one point like x in S. 
If there is only one point, it also becomes the limit. 

Let the points in the small circle be represented by the variable y. Then 
the set of points whose distance from x is less than p, i.e., 

P (x,y) < P 

is called a neighborhood of x. Denote this by Nx. 
The implication of a limit point (point of accumulation) is that when we 

have a sequence {xn}, it n1ay have a number (infinite) of limit points. 

2.7 Upper and lower bounds 

If we have a sequence 

1 
Xn ==- 1 - - : 0, - ~, 1 - 1, ... 

II 

we observe that no element in the sequence will be greater than I. Or we 
may say all elements will be smaller than 1, or for that matter 2, 3, etc. and 
that I is an upper bound for this sequence as are 2, 3, etc. Although we used 
a sequence for an example, this idea may be applied to a set of numbers. 
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Formally we say Ã� is an upper bound of a set of real numbers E if and only if

x <. Ã� for every x e E.

Likewise a will be a lower bound of a set of real numbers E if and only if

Ð»: > a for every x e E.

Of the numerous upper bounds that may exist, we may select the smallest

one. This will be called the least upper bound. It is also called the supremum.

More formally, Ã� will be the supremum if it is the upper bound and also if

any number 7 < Ã� is not an upper bound. In the case where x = 1 â�� 1/Ð¸,

anything less than 1, say 1-Â« where e is a very small positive number, is

not an upper bound, because by taking n large enough we can find infinitely

many points (entries of the sequence) that are larger than 1 â�� e, i.e. between

1 â�� e and 1.

e

The greatest lower bound is also defined in a similar way. It is also called

the infimum. We say a will be the infimum if it is a lower bound and also if

any number Ñ� > a is not a lower bound. For the case xn = 1 + l/n, I

is the infimum. In symbols

sup xn = 1 where

*â��=!-!

Ð¸

inf xâ�� = 1 where xâ�� = 1 -\â��

Ð¸

2.8 Continuity

A function was looked upon as a mapping from one space Sl (domain)

into another space S2 (range). The Cartesian graph (Figure 2-12) shows this

Â«rÂ«

^c' Â°

Fig. 2-12

relation graphically. Let us assume we have a function / and the variable

defined on S1 is x and that on S2 is y. Then the mapping /: Sl -* S2 in

the customary functional form is y = f(x).
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Formally we say {3 is an upper bound of a set of real numbers E if and only if 
x < f3 for every x E E. 

Likewise 'X will be a lo»'er bound of a set of real numbers E if and only if 
x > ex for every x E E. 

Of the numerous upper bounds that may exist, we may select the smallest 
one. This will be called the least upper bound. It is also called the supremum. 
More formally, {3 will be the supremum if it is the upper bound and also if 
any number y < {3 is not an upper bound. In the case where x == 1 - Ifn, 
anything less than I, say 1 - e where e is a very small positive number, is 
not an upper bound, because by taking n large enough we can find infinitely 
many points (entries of the sequence) that are larger than 1 - e, i.e. between 
I - e and 1. 

0 1- f 

The greatest lo»'er bound is also defined in a similar way. It is also called 
the infimum. We say 'X will be the infimum if it is a lower bound and also if 
any number y > ex is not a lower bound. For the case xn == 1 + Ifn, 1 
is the infimum. In symbols 

sup xn == 1 where 

infx, == 1 where 

2.8 Continuity 

1 
Xn == 1 --

n 

1 
X" == 1 + -

1l 

A function was looked upon as a mapping from one space S1 (domain) 
into another space S2 (range). The Cartesian graph (Figure 2-12) shows this 

y y 

Yo -+------...,A 

0 X 0 X 

Fig. 2-12 

relation graphically. Let us assume we have a function f and the variable 
defined on sl is X and that on s2 is Y· Then the mapping f: sl -+ s2 in 
the customary functional form is y = j(x). 
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We want to define what we mean by the statement that the function/(x)

is continuous at the point x, in its domain. We will approach this via the idea

of a neighborhood.

Construct a neighborhood (x0 â�� e, x0 + e) = Nx around x0 of Sv

Likewise, construct a neighborhood (y0 â�� Â£, y0 + I) = Na around y0 of

S2. If Wv -+f(y) when TVx -Â»â�¢ x, then we say y0 is the limit of the function

f(x) at x0. This is expressed as

hm /(x) = y0

Ð¥-Ð¥Ð§

which simply means that as x â��,â�¢ Ð»:0, then f(x) will approach j0 as its limit.

Using this idea, continuity is defined by saying, a function f(x) is con-

tinuous at point .YO of the domain if the limit exists. The limit will be y0 in

this case.

Note that we have said two things: First that the limit exists, and second

that the limit is

lim /(x) = y0

x-Â»xo

Let y0 = A be the limit when x = x0. When the above condition holds*

for all of the points in the domain Sl t then we say the function is continuous

over 5i (which may be an interval). We will get a succession of points A

which, when linked will give us the graph on the right.

We state without proof that the sum, difference, product, and quotient

of any finite number of continuous function is continuous.

Notes and References

The topics in this chapter are basic to mathematical analysis and is of

primary interest to professional mathematicians. Since our main object is not

mathematical analysis, but merely to obtain a general idea on certain subjects

which are useful in economic analysis, only a heuristic explanation of a limited

amount of topics have been considered to provide a background for subsequent

chapters.

References for the topics covered in this chapter are numerous but usually

on a mathematically advanced level. The student is advised to have on hand for

reference purposes a standard elementary calculus text, an advanced calculus

text, and a book on real variable theory. An excellent advanced calculus text is

Courant (1937, 1936), Vol. I and Vol. II. Along with this advanced text the

student is recommended Courant and Robbins (1941), What is Mathematics!

which explains basic ideas of mathematics in less technical terms.

In addition, the following five books are recommended: Taylor (1955);

Brand (1955); Buck (1956); SokolnikofT (1939); and Hardy (1938).

For real variable theory, see Rudin (1953); Thielman (1953); McShane

and Botts (1959); and Graves (1956). An excellent guide to the literature of

mathematics is a paperback edition of Parke's (1958) book.
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We want to define what we mean by the statement that the functionf(x) 
is continuous at the point x, in its domain. We will approach this via the idea 
of a neighborhood. 

Construct a neighborhood (x0 - E", x0 + £) == Nx around x0 of S1. 

Likewise~ construct a neighborhood (y0 - ~' y0 + ~) == N 11 around y0 of 
s2. If Nfl ~ f(y) when Nx ~X, then we say Yo is the limit of the function 
f (x) at x0• This is expressed as 

lim f(x) == Yo 
z-zo 

which simply means that as x ~ x 0 , then f(x) will approach y0 as its limit. 
Using this idea, continuity is defined by saying, a function f(x) is con

tinuous at point x0 of the domain if the limit exists. The limit will be Yo in 
this case. 

Note that we have said two things: First that the limit exists, and second 
that the limit is 

lim f(x) == Yo 
z-zo 

Let y0 = A be the limit when x == x0• When the above condition hold~ 
for all of the points in the domain S1, then we say the function is continuous 
over S1 (which may be an interval). We will get a succession of points A 
which, when linked will give us the graph on the right. 

We state without proof that the sum, difference" product, and quotient 
of any finite number of continuous function is continuous. 

Notes and References 

The topics in this chapter are basic to mathematical analysis and is of 
primary interest to professional mathematicians. Since our main object is not 
mathematical analysis, but merely to obtain a general idea on certain subjects 
which are useful in economic analysis, only a heuristic explanation of a limited 
amount of topics have been considered to provide a background for subsequent 
chapters. 

References for the topics covered in this chapter are numerous but usually 
on a mathematically advanced level. The student is advised to have on hand for 
reference purposes a standard elementary calculus text, an advanced calculus 
text, and a book on real variable theory. An excellent advanced calculus text is 
Courant (1937, 1936), Vol. I and Vol. II. Along with this advanced text the 
student is recommended Courant and Robbins (1941), What is Mathen1atics? 
which explains basic ideas of mathematics in less technical terms. 

In addition, the following five books are recommended: Taylor ( 1955); 
Brand ( 1955); Buck ( 1956); Sokolnikoff ( 1939); and Hardy ( 1938). 

For real variable theory, see Rudin ( 1953); Thielman ( 1953); McShane 
and Botts (1959); and Graves ( 1956). An excellent guide to the literature of 
mathematics is a paperback edition of Parke's (1958) book. 
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CHAPTER 3

Differentiation

In Chapters 3 through 5 we will discuss one aspect of the classical tech-

niques of calculus; differential calculus, which includes the concept of a

derivative of functions with a single variable and several variables, the idea

of differentials, and the problem of finding maximum and minimum values

of functions. In Chapter 6 the other main aspect, integral calculus, will be

discussed. We start with the basic idea of differential calculus, viz., the

derivative.

3.1 The derivative

Let us assume we have a product y produced by labor x and that as we

increase x (labor) by one unit, the amount of y (wheat) increases by two units.

This relationship is shown by

(1) y = 2x

When x is increased by a small increment Ð�Ñ�, y increases by Ð�Ñ�, and we have,

y + Ð�Ñ� = 2(x + Ð�Ñ�)

= 2x + 2 Ð�Ð»:

This becomes, since y = 2x

Ð�y = - y + 2x + 2 Ð�Ñ� = 2 Ð�Ñ�

Dividing through by Ð�Ñ�, we arrive at

^ = 2

Ð�Ñ�

That is, for a small unit change of x (labor), y (wheat) increases by 2 bushels.

The unit attached to the quotient is

Ð�Ñ�

â�� = 2 bushels/labor units

Ð�Ñ�
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3.1 The derivative 

Let us assume we have a product y produced by labor x and that as we 
increase x (labor) by one unit, the amount of y (wheat) increases by two units. 
This relationship is shown by 

(I) y = 2x 

When xis increased by a small increment ~x, y increases by ~y, and we have, 

y + ~y == 2(x + ~x) 
=== 2x + 2 ~x 

This becomes, since y == 2x 

~y == - y + 2x + 2 ~X == 2 ~X 

Dividing through by ~x, we arrive at 

~y == 2 
~X 
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~X 
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Another familiar example is the consumption function. Let

(2) Ð¡ = a + b Y

where Ð¡ is consumption expenditures and Y is income. When Y is increased

by a small increment Ð� Y, C increases by Ð�Ð¡ and we have

C+ &C = a + b(Y + Ð�Ð£)

= a + bY + b Ð�Ð£

Then

Ð�Ð¡=-Ð¡ + Ð° + Â£Ð£+Â¿Ð�Ð£=Â¿

Dividing through by the small increment Ð� Y, we find

^ = b

Ð�Ð£

That is, for a small unit change of Ð£ (income), Ð¡ (consumption) increases by

the amount b. The unit attached to this quotient is

â�� = b consumption S/income S

The b is called the marginal propensity to consume.

Let us present one more example. Consider a car that travels 3 meters

every second. This can be shown as

(3) y = 3/

where y (meters) is the distance the car travels, and / (seconds) is time. Then,

by a similar process, we find

Ð�Ð£

â�� = 3 meters/seconds

Ð�/

This shows that for a small unit change of t (seconds), y (meters) changes by

three units. It is the velocity of the car.

Let us call y of equation (1) the dependent variable and x the independent

variable. Then the quotient Ð�Ñ�/Ð�Ð»: ( Ð�Ð¡/Ð� Ð£, Ð�v/ Ð�/) shows the rate of change

of the dependent variable y(C, y) with respect to the independent variable

Ð»: ( Ð£, t). Or, we can say, the change of y with respect to a small unit change

(or increment) of x. For example, the change in consumption expenditures

Ð¡ with respect to a one dollar change in income Ð£.

Now, let us assume the relation between x (labor) and y (wheat) is

(4) y = 3Ð»:*
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When x increases by a small increment Ð�Ñ�, we have

y+ 1Â±y = 3(Ñ�+ Ð�Ñ�)2

= Ð�Ñ�2 + 6x Ð�Ñ� + 3 Ð�Ñ�2

Ð� Ð�Ñ� = 6* Ð�Ñ� + 3 Ð�Ð»:2

Dividing through by Ð�*, we find

Ð�Ñ�

When labor is increased by a very small amount, that is, when Ð�Ñ� is made

very small, 3 Ð� x is negligible compared to 6x, and we may delete it. Then we

have as an approximation,

&Ð£ ,

A =6X

Ð�Ñ�

where Ð�Ñ� is very small.

The reader may be puzzled at this point and ask: When there is a very

small change (increment) in x (labor), how can there be a change in y (wheat)

of 6x which seems large compared to Ð�Ñ�? The point to note is that we are

concerned with the rate of change. It is an average. For example, assume

one unit of labor produces 6 bushels of wheat. Then, (assuming a linear

relation) 0.1 unit of labor will produce 0.6 bushels of wheat. Thus, the average

amount of wheat labor produces is

â�� = 6 bushels/labor.

0.1

Now let us write dy for Ð�Ñ� and dx for Ð�x. Then

dy .

â�� = 6Ð»:

dx

The dy/dx is interpreted as the change in y due to a very small unit change

(increment) in x. Or, we may say, it is the rate of change of y with respect to

x. This dy/dx is called the derivative of the function y = Ð�Ñ�2 with respect to

x, which is a very non-rigorous interpretation of the idea of a derivative.

We shall now reconsider the derivative more rigorously and show it

as a limit, and also show h as a slope of a curve.

Instead of using such functions as y = 2x or y â�� Ð�Ñ�2, we may take a

more rigorous approach and write it in abstract form as y =/(Ñ�). The

function y =/(x) is shown as a curve on a two-dimensional graph as in
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Now Jet us write dy for ily and dx for ~x. Then 
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The dyfdx is interpreted as the change in y due to a very small unit change 
(increment) in x. Or, we may say, it is the rate of change of y with respect to 
x. This dyfdx is called the derivatil,e of the function y === 3x2 with respect to 
x, which is a very non-rigorous interpretation of the idea of a derivative. 

We shall now reconsider the derivative more rigorously and show it 
as a limit, and also show it as a slope of a curve. 

Instead of using such functions as y = 2x or y = 3x2, we may take a 
n1ore rigorous approach and write it in abstract form as .Y == f(x). The 
function y === j"(x) is shown as a curve on a two-dimensional graph as in 
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Sec. 3.1

DIFFERENTIATION

Figure 3-1. Using this graph to help explain the idea of a derivative,

consider a point P with coordinates (*1, yl) on the curve by y = /(x), and

another point Q expressed by (Ñ�l + Ð�Ñ�,^ + Ð�)'). We form a quotient

f(xl + Ð�x) -/(xQ = to + Ð�y) - y1 = _Ð�j

(x! + Ð�x) â�� *i (*i + Ð�x) â�� *i Ð�x

where Ð�y is the difference between the two points P and Q in terms of the

j-coordinates, and where we make a similar interpretation for Ð�Ñ� in terms

of the x-coordinate. This quotient is called the difference quotient.

Fig. 3-1

As the point Q moves toward P along the curve y =/(x), the Ð�y/Ð�x

also changes, and will approach a limit, providing a limit exists. This limit

is called the derivative of the function /(x) at the point P and is written as

follows :

,. Ð�y , ay

hm â�� = derivative = â��

/j-t,Ð�x dx

t

The symbol dy/dx is used to express the derivative. This process of Q-*P

is the same as Ð�Ñ� -Â»â�¢ 0. Thus, we write

derivative = lim

AZ-O

From our graph we see that

i + Ð�Ñ�) â�� *1

i = Iim L'

Ax-O Ð�Ñ�

Ð�x

in our present case, and we observe

lim â�� = tan a

AX-O Ð�Ñ�

which is the slope of the curve y =/(Ñ�) at the point (xl,yl).
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As the point Q moves toward P along the curve y = f(x), the L\yf L\x 
also changes, and will approach a limit, providing a limit exists. This limit 
is called the derivative of the function f(x) at the point P and is written as 
follows: 
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which is the slope of the curve y = f(x) at the point {x1, y1). 
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It should be noted that Ð�Ð»: ,Â£ 0, for if Ð�Ñ� = 0, the difference quotient

Ð�Ñ�/Ð�Ñ� is meaningless.

The process of obtaining the derivative is called differentiation of the

function/(x). When a function has a derivative, it is said to be differentiable.

Another notation that will be used frequently is

/'W =

dx

Strictly speaking, the derivative is a limit and dy/dx does not express a

quotient. But from a non-rigorous standpoint, it is helpful to interpret it as

a quotient. A quotient in turn shows an average, or rate of change. Thus

dy/dx may be interpreted as the amount of change of y per unit change

(increment) of x.

Another consideration from a practical standpoint is to interpret Ð�Ñ� -* 0

in a relative sense. For example, consider the aggregate consumption function

Ð¡ = a + b Y again. The derivative of Ð¡ with respect to Ð£ was b = dC/dY,

and the limiting process was carried out by letting Ð� Y â�� Â» â�¢ 0. The Y may be

S400 billion. Then, theoretically, Ð�Ð£-*0 means a change of Y that

approaches zero so that Ð� Y may be 1Ñ�,0.1Ñ�, 0.01<l; ..... However, a change of

income of 1Ñ� when Y = S400 billion has very little practical meaning. For

most applications, it will suffice to consider the small change in Y in relative

terms. That is, if Y = S400 billion, then Ð� Ð£ = S1 billion will be considered

a small unit change. If Ð£ = S500, then Ð� Ð£ = S1 will be considered a small

unit change.

But then the question arises; when one says a small change (increment)

of x (the independent variable) in a relative sense, how small should it be?

From our illustration in equation (4), y = Ð�Ð�:2, we found

Ð�Ñ�

When we say Ð�Ñ� is to be small in a relative sense, we shall mean it is small

compared to 6x so that it may be omitted without having practically any

effect on Ð�Ñ�/Ð�x. Thus when we say a small unit change in the independent

variable x in our subsequent discussion, it should be interpreted in this

manner. We shall use the terms small unit change of x, small change of x,

or small increment of x interchangeably. This Ð�Ñ� indicates a small increase,

not a decrease of x.

Although these practical compromises have been made, it should be

remembered that theoretically the derivative dy/dx is a limit. Let us check

this statement by applying the definition of a limit stated in Chapter 2 to an

example.
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Equation (4) was y = Ð�Ñ�2, and the difference quotient was

(5) -r- = 6x + 3 Ð�Ñ�

Ð�Ñ�

Let the difference between Ð�y/Ð�Ñ� and 6x be smaller than a fixed positive

(small) number e, say, e = -fa. That is,

(6)

Ð�Ð»:

-6Ð»:

A certain range of values of x will satisfy the inequality (6). Given e = -Ð�,

can we find an interval around x that is of width Ð¾ where 0 is dependent on e,

such that for all values of x in this interval except for the value x itself,

equation (6) is satisfied? In other words, let 0 = <p(e), then does

(7) |(x + Ð�Ñ�) - x|< 0

imply the inequality (6) ? Note that the proviso "except for the value x itself"

means x + AJC Ð¤ x, i.e., Ð�Ñ� Ð¤ 0, otherwise Ð�y/Ð�Ñ� will become meaningless.

Let us try 6 = e/3 = aV Then from equation (7)

|Ð�Ñ�| < 0 = - = â��

3 30

However,

so that equation (7) implies

.'. |3Ð�x|<e

= |6x + 3 Ð�Ñ� - 6x| = |3 Ð�Ñ�|

Ð�Ñ�

< e

This means that if the width of the interval around x is kept less than

# = 3lQ, then for all values of x in this interval, except at x itself, the difference

between Ð�J/Ð�x and 6x, i.e., |Ð�y/Ð�Ñ� â�� 6x|, will be less than e = -Â¿Ð².

Thus we have found a 0 for a given e such that |(x + Ð�Ñ�) â�� x| < Ð¾

implies |Ð�j/Ð�Ñ� â�� 6x| < e.

We can easily see that by repeating this process, a Ð¾ can be found for each

given i, no matter how small. If we make e = ,-oVoÂ» fÂ°r example, then

Ã  = e/3 = 3oVo- As we make e smaller, the Ð¾ that corresponds to each

successively smaller e also becomes smaller. And |Ð�Ñ�| < 0 implies that

Ð�x -* 0. Therefore, according to the definition of a limit, 6x is the limit of

Ð�Ñ�/Ð�Ñ� as Ð�Ñ� -Â»â�¢ 0.
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We may condense our statement and say,

Ð�v

-r- -* 6x as Ð�Ñ� -* 0

Ð�Ñ�

and 6x is the limit of Ð�Ñ�/Ð�Ñ� when Ð�Ñ� -Â»â�¢ 0. Or, we may write

and since lim Ð�Ñ�/Ð�Ñ� =f ' (x),

Ð�Ñ�

Hm ~r =

Ð´1-0 Ð�Ñ�

' (x) = 6x

An alternative and simpler way of expressing the above results is as follows

= 6x + 3 Ð�Ñ�

Ð�Ñ�

Take the limit on both sides. Then

Ð�Ñ�

lim -â�� = lim (6x + 3 Ð�Ñ�) = 6x

The point to notice is how the difference quotient Ð�Ñ�/Ð�Ñ� is transformed into

a continuous function 6x + 3 Ð�x. By this transformation we can find the

limit of 6x + 3 Ð�Ñ� as Ð�Ñ� -Â»â�¢ 0 by treating Ð�Ñ� -Â»â�¢ 0 as if Ð�Ñ� = 0 without

rendering it meaningless. In subsequent discussion we shall mainly use this

technique.

The functions y =/(Ñ�) can be classified into certain groups, and the

procedure of differentiation of functions belonging to a certain group follow

a definite pattern. Instead of finding a difference quotient for every problem,

and then finding the derivative, we can find a number of rules of differentia-

tion which, when applied to their respective groups, will immediately give

us the derivative.

3.2 Rules of differentiation

RULE 1. Differentiation of a power of a function.

Let y = x2. What is the derivative of this function ? We will first obtain

a difference quotient Ð�Ñ�/Ð�Ñ� and then perform a limiting process.

y + Ð�Ñ� = (x + Ð�Ñ�)2 = x2 + 2x-Ð�Ñ� + Ð�Ñ�2

Ð�Ñ� = 2x â�¢ Ð�Ñ� + Ð�Ñ�2

â�� = 2Ñ� + Ð�Ñ�

We have

lim â�� = lim (2x + Ð�Ñ�) = 2Ñ�
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We may condense our statement and say, 

L\y 
- -+ 6x as L\x -+ 0 
Llx 

and 6x is the limit of L\yf L\x when L\x--+ 0. Or, we may write 

and since lim L\yf L\x == f' (x), 
a.x-o 

. L\y 
hm -=6x 
~z-+0 L\x 

f' (x) = 6x 

Sec. 3.1 

An alternative and simpler way of expressing the above results is as follows 
We have 

L\y 
- = 6x + 3 L\x 
L\x 

Take the limit on both sides. Then 

lim ~y = lim (6x + 3 ~x) = 6x 
.6z-+O uX .6z-+O 

The point to notice is how the difference quotient L\yf L\x is transformed into 
a continuous function 6x + 3 Llx. By this transformation we can find the 
limit of 6x + 3 L\x as L\x --+ 0 by treating L\x --+ 0 as if L\x = 0 without 
rendering it meaningless. In subsequent discussion we shall mainly use this 
technique. 

The functions y === f(x) can be classified into certain groups, and the 
procedure of differentiation of functions belonging to a certain group follow 
a definite pattern. Instead of finding a difference quotient for every problem, 
and then finding the derivative, we can find a number of rules of differentia
tion which, when applied to their respective groups, will immediately give 
us the derivative. 

3.2 Rules of differentiation 

RuLE 1. Differentiation of a polrer of a function. 

Let y == x2 . What is the derivative of this function? We will first obtain 
a difference quotient L\yf nx and then perform a limiting process. 

y + L\y == (x + L\x)2 === x2 + 2x · L\x + L\x2 

L\y == 2x · Llx + ~x2 

L\v 
-· === 2x + L\x 
L\x 

lim L\y == lim (2x + L\x) == 2x 
~z-+0 L\x ilr .... o 
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Note that we have transformed the difference quotient Ð�Ñ�/Ð�Ñ� into a function

2x + Ð�x. When Ð�Ñ� = 0, Ð�Ñ�/Ð�Ñ� does not have any meaning. But by

transforming Ð�Ñ�/Ð�Ñ� into 2x + Ð�Ñ� we were able to find the limit by setting

Ð�Ñ� = 0 for 2x + Ð�Ñ� without rendering it meaningless.

The above is usually written

dy d fl . d . Â». -

= â��/(x) = â�� (x') = 2x

dx dx dx

For the general case where y = x", we find for an increment of Ð�Ñ�,

y + Ð�Ñ� = (x + Ð�Ñ�)n

Using the binomial expansion, this becomes,

Ð£ + Ð�Ñ� = x" + (Ð¿}Ñ�"-\^Ñ�) + l" )Ñ�"-2(Ð�Ñ�)2

..fc\-, . (Ð�Ñ�)"

n â�� l/

/ ft

Ð�Ñ� \1/ " f f \2/ " In- 1

Take the limit on both sides,

Ð´*-0 Ð�Ñ� \ 1

Thus the general formula is,

dx dx

Example 1. For y = x5, it will be

Â¿y = A (Ð»:*) = 5x5'1 = 5x4

dx dx

This means that when there is a small unit change of x, the rate of change

of y is dy/dx = 5x4.

Example 2. Let Ð¡ be total cost, q be output, and assume Ð¡ = Ñ�3. The

derivative of Ð¡ with respect to q is

dC

This shows the rate of change of total cost Ð¡ with respect to a small unit

change of output q, i.e., it is the marginal cost.
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Note that we have transforrned the difference quotient ~yf~x into a function 
2x + dx. When ~x = 0, ~y/ ~x does not have any meaning. But by 
transforming ~y/ ~x into 2x + ~x we were able to find the limit by setting 
dx = 0 for 2x + ~x without rendering it meaningless. 

The above is usually written 

dy = !!.__ f(x) = !!.__ (x2) = 2x 
dx dx dx 

For the general case where y = xn, we find for an increment of ~, 

y + ~Y = (x + ~x)n 
Using the binomial expansion, this becomes, 

y + ~y = xn + (;)x"-l(~x) + (;)xn-2(~x)2 

+ ... + ( n )x(~x)n-1+ (~x)n 
n- 1 

~y == (n)xn-1 + (n)xn-2(~x) + ... + ( n )x(~x)n-2 + (~x)"-1 
~x 1 2 n-1 

Take the limit on both sides, 

I. ~Y (n) n-1 n-1 tm- = x == nx 
Az-+0 ~X 1 

Thus the general formula is, 

dy = !!.__ (xn) == nxn-l 
dx dx 

Example 1. For y = .x5, it will be 

dy = _!!__ (x5) = 5x5 - 1 = 5x4 

dx dx 

This means that when there is a small unit change of x, the rate of change 
of y is dyfdx = 5x4. 

Example 2. Let C be total cost, q be output, and assume C = q3• The 
derivative of C with respect to q is 

dC- 3 2 --q 
dq 

This shows the rate of change of total cost C with respect to a small unit 
change of output q, i.e., it is the marginal cost. 
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RULE 2. Multiplication by a constant.

When y = cx2, where Ñ� is a constant, what is the derivative dy/dx?

When procedures similar to the first rule are carried out, the result is

y+!Â±y = c(x+ Ð�Ñ�)2

Ð�y

-Â¿- = 2cx + Ð�Ñ�

Ax

lim â�� = lim (2cx + Ð�Ñ�) = 2cx

which we write

= c-2x = câ��(x2)

dx

dy d , 2Ñ� Ã  , 2Ñ� ",

â�� = â�� (Ñ�x2) = Ñ� â�� (x2) = Ñ� â�¢ 2x

dx dx dx

In general when y = cu where uisa function of x, we have

dy du

* -- - Ð� _

dx' dx

Example 1. If y = Ð�Ñ�4, then

^ = A(3X4)=3^!=3.4*4-1=12X3

dx dx dx

Example 2. If y = 2x1/2, then

dx

Example 3.

y = Ð°Ñ�b

dx

RULE 3. Derivative of a sum.

If y = Ð¸ + v where Ð¼ =/(x) and v â�� Â£(x) are functions of x, then

dy du . dv ,,, , ,., .

j = T + 7" =/ W + S W

ax ax ax

y = x* + 3x4

Example I.

dx
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RuLE 2. Multiplication by a constant. 

When y = cx2, where c is a constant, what is the derivative dy/dx? 
When procedures similar to the first rule are carried out, the result is 

y + fly = c(x + ih)2 

!!iy = 2cx + lh 
lh 

lim !!iy = lim (2cx + !!ix) = 2cx 
~z~o Llx .1~~o 

d 
= c·2x = c -(x2

) 
dx 

which we write 

dy = !!_ (cx2) = c.!!._ (x2) = c • 2x 
dx dx dx 

In general when y = cu where u is a function of x, we have 

dy du 
-=c-
dx dx 

Example 1. If y = 3x', then 

dy = .!!._ (3x') = 3 dx' = 3 · 4x'-1 = 12i' 
dx dx dx 

Example 2. If y = 2x112, then 

Example 3. 

dy = 2(!)x<t/2)-1 = x-112 
dx 

y = axb 

dy = a. b. xb-t 
dx 

RULE 3. Derivative of a sum. 

If y = u + v where u = f(x) and v = g(x) are functions of x, then 

Example 1. 

dy = du + dv = f'(x) + g'(x) 
dx dx dx 

y = x2 + 3xt 

dy = 2x + 12~ 
dx 
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Perform this differentiation process by using the difference quotient, and prove

the result to yourself.

RULE 4. Derivative of a constant.

Let y = f(x) = c, where Ñ� is a constant. Then, since y does not change,

y + Ð�Ñ� =/(x + Ð�Ñ�) = Ñ�. The difference quotient becomes

(y + Ð�y) -y^f(x + Ð�Ñ�) -/(x) ^ Ñ� - Ñ� ^ 0

Ð�Ñ� Ð�Ñ� Ð�Ñ�

Thus, letting Ð�Ñ� -* 0,

dy_ = dÑ� = 0

dx dx

That is, the derivative of a constant is zero.

Example 1.

Let C =

AFbea linear consumption function where Ð¡ is consump-

Fig. 3-2

lion, Ð£ is income, and a and Â¿ are constants. The derivative of Ð¡ with respect

to Ð£ is

dY dY

dY

= 0 + b = b

dC/dY = b shows the change in Ð¡ when there is a small unit change of Y.

dC/d Y = b also shows that the marginal propensity to consume is equal to

the slope of the linear consumption function.

RULE 5. Derivative of a product.

Let y =f(x)g(x). To find the derivative dy/dx, let Ð¸ =/(x) and v =

Then

y = uv

y + Ð�Ñ� = (Ð¸ + Ð�Ð¼)(Â» + Ð�Â»)
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Perform this differentiation process by using the difference quotient, and prove 
the result to yourself. 

RULE 4. Derivative of a constant. 

Let y = f(x) = c, where c is a constant. Then, since y does not change, 
y + ~y = f(x + ~x) = c. The difference quotient becomes 

(y + ~y) - y = f(x + ~x) - f(x) = c - c = 0 
~X ~X ~X 

Thus, letting Llx --+- 0, 

dy =de== 0 
dx dx 

That is, the derivative of a constant is zero. 

Example 1. 
Let C = a + bY be a linear consumption function where C is consump-

y 

Fig. 3-2 

tion, Y is income, and a and b are constants. The derivative of C with respect 
to Yis 

dC = da + b dY 
dY dY dY 

==O+b=b 
dC/dY = b shows the change in C when there is a small unit change of Y. 
dC/dY = b also shows that the marginal propensity to consume is equal to 
the slope of the linear consumption function. 

RuLE 5. Derivative of a product. 

Let y = f(x)g(x). To find the derivative dyfdx, let u = f(x) and v = g(x) 
Then 

y == uv 

y + Lly = (u + ~u)(v + Llv) 
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The difference quotient becomes

(y + Ð�Ñ�) â�� y _ (Ð¸ + Ð�u)(t> + Ð�U) â�� uv

Ð�Ñ� Ð�Ñ�

-^ = (Ð¸ + Ð�ii) -^ + v â�� -^

Ð�Ñ� Ð�Ñ� Ð�Ñ�

Let Ð�Ñ� -* 0 and find the limit. Then

dy ,,,

-*â�¢ == no + vu

dx

Example 1.

y = (3x2 + l)(x3 + 2x)

y' = (3x2 + 1) â�� (x3 + 2x) + (x3 + 2x) â�� (3x2 + 1)

ax dx

= 15x4 + 21x2 + 2

Check this by multiplying out the product and then differentiate according

to the rule for the sum of functions of x.

Example 2. Let y = xv. We know, dy/dx = 6x*. As an illustration of

the use of the multiplication rule, let y = x0 = (x)(x2)(x3). Then using the

multiplication rule, we find

^ - (x)(x2) -f (x3) + (x2)(x3) f (x) + (x3)(x) -f (xa)

ax dx dx dx

= 3x5 + x5 + 2x5 = 6x5

RULE 6. Derivative of a quotient.

Given y =f(x)lg(x), find the derivative dy/dx. Let Ð¸ =/(x), v = g(x).

Then

The difference quotient becomes

u -f Ð�Ñ� w

(y + Ð� >â�¢) â�� Ñ� _ Ñ� + Ð�Ð£ f

Ð�Ñ� Ð�Ñ�

or

Ð�Ñ� _ 1 Ã� (Ð¸ 4- Ð�Ñ�) â�� Ð¸ (Ñ� + Ð�Â») â�� v

Ð�Ñ� (v + Ð�Ð )Ð� l Ð�Ñ� Ð�Ñ�
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The difference quotient becomes 

(y + ~y) - y (u + ~u)(v + ~v) - uv 

~X ~X 

Ay = (u +Au) (v + Av) - v + v (u +Au) - u 
~X ~X 6.x 

Let 6.x ~ 0 and find the limit. Then 

or 

Example 1. 

dy = uv' + vu' 
dx 

dy = f(x)g'(x) + g(x)f'(x) 
dx 

y = (3x2 + l)(x3 + 2x) 

y' = (3x2 + 1) !!__ (x3 + 2x) + (x3 + 2x) .!!._ (3x2 + 1) 
dx dx 

= 15x4 + 21x2 + 2 

Sec. 3.2 

Check this by multiplying out the product and then differentiate according 
to the rule for the sum of functions of x. 

Example 2. Let y = x 6 • We know, dyfdx = 6x5. As an illustration of 
the use of the multiplication rule: let y == x 6 = (x)(x2)(x3). Then using the 
multiplication rule, we find 

dy = (x)(x2) .!!._ (x3) + (x2)(x3) !!__ (x) + (x3)(x) .!!._ (x2) 
dx dx dx dx 

= 3x5 + x 5 + 2x5 == 6x5 

RuLE 6. Derivative of a quotient. 

Given y == f(x)/g(x), find the derivative dyfdx. Let u = f(x), v == g(x). 
Then 

u 
y==

v 

+ ~ _ u + ~u 
y y- v + ~v 

The difference quotient becomes 

u + ~u u 

(y + ~y) - y v + ~v v 
-

~X ~X 

~y == 1 {v. (u + ~u) - u _ 
11 

(v + ~v)- v} 
~x (v + ~v)v ~x ~x 
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Let Ð�Ñ� -Â»â�¢ 0, then the limit is

â�� = â�� [v â�¢ u' â�� Ð¸ â�¢ v'}

dx v21

or

/ =

Example 1.

x-f (3x2+l)-(3x2+l) â�� (x)

ay ax ax

â�¢ â�¢ . 9

dx x2

1

3x' + 1 . , 1 . _!

- = 3x H â�� = 3x + x

Let us check it by use of the formula for the sum.

y =

Example 2.

x

l) - x . - (Ñ�* + l)

/ Â» . \ ' / j â��

OX OX 1-Ð¥

dx (x2 + 1)2 (x2 + I)2

RULE 7. Derivative of an inverse function.

Consider a function

(1) y = a + x

From this we find

(2) x=y-a

The characteristic of the functions (1) and (2) is that the mapping from x

to y, and from j to x is one-to-one. For each value of x, there is one and only

one value of y. (2) is called the inverse function of (1), and (1) is the inverse

function of (2).

The equation

(3) y = x*

does not give a one-to-one mapping. That is, two different values x! = 1

Sec. 3.2 DIFFERENTIATION 

Let ~x ~ 0, then the limit is 

or 

(1) 

Example 1. 

y' == g(x)f'(x) - f(x)g '(x) 
[g(x)]2 

3x2 + 1 
y==---

X 

dy 
d d 

x - (3x2 + 1) - (3x2 + 1)- (x) 
dx dx --==------------------------dx x2 

==3-_!_ 
x2 

Let us check it by use of the formula for the sum. 

3x2 + 1 1 _ 
Y == == 3x + - = 3x + x 1 

X X 

Example 2. 

X 

y == x2 + 1 

dx d 
{x2 + 1) -- - x · - {x2 + 1) 

dy == dx dx 
dx (x 2 + 1)2 

RULE 7. Derivative of an inverse function. 

Consider a function 

y=a+x 

-
2 1-x 

(x2 + 1)2 

From this we find 

(2) x == y- a 

53 

The characteristic of the functions ( 1) and (2) is that the mapping from x 
toy, and from y to xis one-to-one. For each value of x, there is one and only 
one value of y. (2) is called the inverse function of (1), and (1) is the inverse 
function of (2). 

The equation 
(3) y = x 2 

does not give a one-to-one mapping. That is, two different values x 1 = 1 
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and x2 = â�� 1 give the same y value, y = 1. A one-to-one mapping requires

the condition that when xl Ð¤ x2 then/fo) Ð¤f(x2). In equation (3), if we

restrict * to non-negative numbers, i.e., x ^ 0 the mapping becomes one-to-

one. Then we can find the inverse function of (3) which is

(4) x = V~y

Let y =f(x) have a one-to-one mapping and thus have an inverse

function x = g(x). Then, we state without proof that

(5) f'(x).g'(x) = I

For example, from equations (1) and (2) we find

,

dx dy

Then,

dy.d? = i

dx dy

From equations (3) and (4) we find

,

dx dy

dx dy

The rule given by equation (5) is helpful in finding derivatives of functions

such as the inverse of the following one,

y = x3 + 3x

We observe that the mapping is one-to-one. Thus theoretically we can solve

for x and find the inverse function and calculate the derivative dx/dy. But

in this case, it is much simpler if we find dy/dx and note that dx/dy = (dy/dx)-1.

That is,

dy i 2 i t , Ã * !

â�� = 3x + 3, and â�� = -

dx dy 3x2 + 3

RULE 8. Differentiation of a function of a function â�� the chain rule.

This is one of the most useful rules for subsequent analysis, which we

shall explain by use of an example. Let x be land, y be wheat, and z be

bread. Assuming for every unit of x (land), we can produce 2 units of y

(wheat), we have

Then

y = 2x
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and x2 = -1 give the same y value, y = I. A one-to-one mapping requires 
the condition that when x1 =I= x2 then f(x1) =I= f(x,). In equation (3), if we 
restrict x to non-negative numbers, i.e., x ~ 0 the mapping becomes one-to
one. Then we can find the inverse function of (3) which is 

(4) 

Let y = f(x) have a one-to-one mapping and thus have an inverse 
function x = g(x). Then, we state without proof that 

(5) /'(x) · g'(x) = 1 

For example, from equations (1) and (2) we find 

Then, 

dy = 1, 
dx 

dx = 1 
dy 

dy. dx = 1 
dx dy 

From equations (3) and (4) we find 

Then 

dy 
- =2x 
dx ' 

dx = !yU/2)-1 
dy 

dy . dx = (2x)(ly-ll2) 
dx dy 

= (x)(x2)-l/2 = 1 

The rule given by equation ( 5) is helpful in finding derivatives of functions 
such as the inverse of the following one, 

y = x3 + 3x 

We observe that the mapping is one-to-one. Thus theoretically we can solve 
for x and find the inverse function and calculate the derivative d.xfdy. But 
in this case, it is much simpler if we find dyfdx and note that dxfdy = (dyfdx)-1• 

That is, 

dy = 3x2 + 3, 
dx 

and 
dx 1 
-=---
dy 3x2 + 3 

RULE 8. Differentiation of a function of a function-the chain rule. 

This is one of the most useful rules for subsequent analysis, which we 
shall explain by use of an example. Let x be land, y be wheat, and z be 
bread. Assuming for every unit of x (land), we can produce 2 units of y 
(wheat), we have 

y = 2x 
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For every unit ofj> (wheat), we can produce 15 units of z (bread), and this is

shown by

z = I5y

When there is a one-unit change of x (land), how many units of change of

z (bread) will there be? Obviously, setting x = 1,

z = 15y = 15(lx) = 30x = 30

Let us reinterpret this with derivatives. First, dy/dx shows the change in

y due to a small unit change in x and we have

dx dx

The change in z due to a small unit change in y will be

Ð» j

ay ay

Thus, the amount of change in z due to a small unit change x is

dx dy dx

As another example, let

y = 2x2 and z = 15/

Then the amount of change in z due to a small unit change in x will be

dx dy dx

= 30(2x2)(4x) = 240x3

In general, when we have

and y=f(x)

Then,

dz _ dz dy_

dx dy dx

This is called the chain rule. The proof for the case of two functions can be

sketched as

Then

Ð�z = g(y

_ _ Ð�y) - g(y) /(x + Ð´Ñ�) _

Ð�Ñ� Ð�.Ñ� Ð�Ñ� Ð�Ñ� Ð�Ñ�
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For every unit of y (wheat), we can produce 15 units of z (bread), and this is 
shown by 

z = 15y 

When there is a one-unit change of x (land), how many units of change of 
z (bread) will there be? Obviously, setting x = 1, 

z = 15y = 15(2x) = 30x = 30 

Let us reinterpret this with derivatives. First, dyfdx shows the change in 
y due to a small unit change in x and we have 

dy = !!_ (2x) = 2 
dx dx 

The change in z due to a small unit change in y will be 

dz = !!_ (15y) = 15 
dy dy 

Thus, the amount of change in z due to a small unit change xis 

dz = dz . dy = (15)(2) = 30 
dx dy dx 

As another example, let 

y = 2x2 and z = 15y2 

Then the amount of change in z due to a small unit change in x will be 

dz = dz. dy = (30y)(4x) 
dx dy dx 

= 30(2x2)(4x) = 240x3 

In general, when we have 

z = g(y) and y = f(x) 
Then, 

dz dz dy 
-=-·-
dx dy dx 

This is called the chain rule. The proof for the case of two functions can be 
sketched as 

Then 
z = g(y), 

~z = g(y + ~y) - g(y) 

~y = f(x + ~x) - f(x) 

y =f(x) 

flz ~z ~y g(y + ~y) - g(y) f(x + ~x) - f(x) 
-=-·-= ·------
~X Lly Llx ~y ~X 
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We can see that as Ð�x -* 0, then Ð�y -Â»â�¢ 0 also. And as Ð�y -* 0, then

Ð�z-Â»â�¢0. Thus,

m g(y + Ð�,) - gM\ / Hm /(x + Ð�Ñ�)-/(x)\

-0 Ð�y / \Ð´*-0 Ð�Ñ� /

dz _ dz dy

dx dy dx

Example 1.

z = y* + 3y3 and y = x2

Ð³ = Ñ� ' Ñ� = (4/ + 9Ñ�2)(2x)

dx aÃ ax

= 8x' + 18x5

Example 2.

z = (x3 + 3x)2

This can be differentiated with respect to x by factoring out the square.

But instead of doing that let us use the chain rule. For that we use a device

that will put the function into a form which will enable us to use the chain

rule. Let

y = x3 + 3x

Then, the original function can be written as

: = y2 and y = x3 + 3x

Thus, the derivative of z with respect to x becomes

W W f 3)

dx dy dx

= 2(x3 + 3x)(3x2 + 3)

= 6x5 + 24x3 + 18x

It is in this fashion, although under various different circumstances, that the

chain rule is most frequently used. The problem is to develop the knack of

spotting how to change the form of the function to enable the use of the chain

rule. A little practice and experience will develop this ability.

Example 3. Let Ñ� be total cost, q be output, and the total cost function be

Then

Ñ� = (3 + V)2
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We can see that as ~x--+ 0, then ~y--+ 0 also. And as ~y--+ 0, then 
~z --+ 0. Thus, 

1. ~z ( 1. g(y + ~y) - g(y)) ( 1. f(x + ~x) - f(x)) 1m - = rm rm ..;;;._ ____ .:.........;..._.;.. 
~z-o~x ~~~-o ~y ~z-o ~X 

dz = dz. dy 
dx dy dx 

Example 1. 

Then 

Example 2. 

z = r + 3y3 and 

dz = dz . dy = (4y3 + 9y2)(2x) 
dx dy dx 

= 8xy3 + 18xy2 

= 8x7 + 18x5 

z == (x3 + 3x)2 

This can be differentiated with respect to x by factoring out the square. 
But instead of doing that let us use the chain rule. For that we use a device 
that will put the function into a form which will enable us to use the chain 
rule. Let 

y = x3 + 3x 

Then, the original function can be written as 

z = y2 and y = x3 + 3x 

Thus, the derivative of z with respect to x becomes 

dz = dz . dy = (2y)(Jx2 + 3) 
dx dy dx 

= 2(x3 + 3x)(3x2 + 3) 

= 6x5 + 24x3 + l8x 

It is in this fashion, although under various different circumstances, that the 
chain rule is most frequently used. The problem is to develop the knack of 
spotting how to change the form of the function to enable the use of the chain 
rule. A little practice and experience will develop this ability. 

Example 3. Let c be total cost, q be output, and the total cost function be 
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Then, marginal cost, dc/dq will be, letting g = 3 + 2q2

dq dg dq

= 24q + I6q3

This chain rule applies to the case where there are more than two functions.

For example,

y =/M, w = g(z), z = h(x)

Then dy _ dy dw dz

dx dw dz dx

Example 4.

y = 2w* + 1, w = 3z2, z - 2x + x3

Then ex. = 4L fa fa

dx dw dz dx

= (4w)(6z)(2 + 3x2)

= 72*3(2 + Ñ�2)3(2

RULE 9. Differentiation of implicit functions.

is an explicit function because it expresses y directly in terms of x. When this

is in the form

x2y â�� x + y = 0

it becomes an implicit function and y is said to be defined implicitly as a

function of x. We may also say x is defined implicitly as a function of y.

But, if we know what x and y represent, and if Ð»: is considered the independent

variable, we take the first interpretation.

The derivative of y with respect to Ð»: may be found by considering y as

a function of x and differentiating term by term. Thus, in the above case it

would be

-Ð� (*V) - -f W + -r M = Ð¾

dx dx dx

.

dx dx dx

x2y' + 2xy - 1 + y' = 0

1 - 2x y

VJ ^-_^ __ ___ â�¢*

Ð£ x2 + 1
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Then, marginal cost, dcfdq will be, letting g = 3 + 2q2 

de de dg - = - . - = 2(3 + 2q2)(0 + 4q) 
dq dg dq 

= 24q + 16q3 

This chain rule applies to the case where there are more than two functions. 
For example, 

Then 

Example 4. 

Then 

y = f(w), »' = g(z), z = h(x) 

dy = dy . dw . dz 
dx dw dz dx 

y = 2w2 + 1, w == 3z2, z :.= 2x + r 
dy dy dw dz 
-=-·-·-
dx dw dz dx 

= ~ (2w2 + 1) !!._ (3z2
) !!__ (2x + x3

) 

dw dz dx 

= (4w)(6z)(2 + 3x2
) 

= 72r(2 + x2) 3(2 + 3x1
). 

RULE 9. Differentiation of implicit functions. 
X 

y = x2 + 1 

is an explicit function because it expresses y directly in terms of x. When this 
is in the form 

x2y- x + y = 0 

it becomes an implicit function and y is said to be defined implicitly as a 
function of x. We may also say x is defined implicitly as a function of y. 
But, if we know what x andy represent, and if xis considered the independent 
variable, we take the first interpretation. 

The derivative of y with respect to x may be found by considering y as 
a function of x and differentiating term by term. Thus, in the above case it 
would be 

.!!__ (x2y) - .!!__ (x) + .!!_ (y) = 0 
dx dx dx 

x2 dy + y .!!__ (x2) - 1 + dy = 0 
dx dx dx 

x 2y' + 2xy - 1 + y' = 0 

, 1 - 2xy 
y = x 2 + 1 
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RULE 10. Higher derivatives.

y = x* + *3 + x2

Then / = dy/dx = 5x4 + 3x2 + 2x is called the first derivative. But as

can be seen y' is also a function of x. Thus, we can differentiate again.

y" = â�� (y') = 20x3 + 6x + 2

dx

is called the second derivative. This process may be continued and we can

get derivatives of higher order. In general, the notation for the nth derivative

is

y<">, or /<n)(x), or ^

dxn

Example.

y = Ñ�Ð² + x* + x

Find the third derivative of y with respect to x.

Ñ� = Ð±Ñ�5 + 4X3 + 1

y" = 30Ð»:4 + 12Ñ�2

y" = 120Ð»3 + 24Ñ�

Problems

1. Find the derivatives of the following functions.

(a) y = x* (b) y = XÐµ

(Ñ�) j = xn+1 (d) y = Ð»:"+m

(e) y = xn/m (f) y = Ñ�"1

(g) J = x-m

2. Find the derivatives.

(a) y = Ð�Ñ�4 (b) jr = Ð±*5

(Ñ�) y = 3xn (d) j = axm+1

(e) J = (a + Â¿Oxa-*+1 (f) j = wxn/"-*-1

3. Find the derivatives.

(a) y = x3 + x4 (b) j = 2x* + 3xÂ«

(c) j = 3xm+1 + 4xm (d) y = x2 - x

(e) y = x2 + 2 (f) j = x3 + ax + b

4. Find the derivatives.

(a) y = Ñ�*(2** + 1) (b) y = (x5 + x2)(x3 + x)

x2 + 1

(c) j = (ax2 + exXcx4 + dx3) (d) J = â�� 5â��

x3 3x + 2
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RuLE 10. Higher derivatives. 

y=x5+x3+x2 
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Then y' = dyfdx = 5x4 + 3x2 + 2x is called the first derivative. But as 
can be seen y' is also a function of x. Thus, we can differentiate again. 

y" = !!__ (y') = 20x3 + 6x + 2 
dx 

is called the second derivative. This process may be continued and we can 
get derivatives of higher order. In general, the notation for the nth derivative 
is 

Example. 
y=x6+x'+x 

Find the third derivative of y with respect to x. 

y' = 6.x5 + 4r + 1 

y" = 30x' + 12x2 

y"' = 120x3 + 24x 

Problems 

1. Find the derivatives of the following functions. 
(a) y = x4 (b) y = x6 
(c) Y = xn+l (d) Y = xn+m 
(e) Y = xnlm (f) Y = x-1 
(g) Y = x-m 

2. Find the derivatives. 
(a) y = 3x4 
(c) y = 3x" 
(e) y = (a + b)_xa-b+I 

3. Find the derivatives. 
(a) y = r + x 4 

(c) y = 3xm+I + 4xm 
(e) y = x2 + 2 

4. Find the derivatives. 
(a) y = x5(2x2 + 1) 

(c) y = (ax2 + bx)(cxJ + dr) 

.r 
(e) y = x2 + l 

(b) y = 6x5 
(d) y = axm+l 
(f) y = mxnlm+l 

(b) y = 2x2 + 3.x4 
(d) y = x2 - x 
(f) y = x3 + ax + b 

(b) y = (x5 + r)(r + x) 

x2 + 1 
(d) Y = .r 

3x + 2 
(f) y = 4x2 + 3 
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5. Find the derivative of the inverse function.

(a) y = X3 + 3 (b) y = ax2 + bx, x>0

(Ñ�) y = x* - 2x2, x > 0

6, Find the derivative of the function z with respect to x.

(a) y = Xs + 3x, z = f + I (b) y = 4x, z

(Ð¡) J = X*. Z = l//

(e) x = 1//*, Ð³ - /â�¢

7. Find dyÂ¡dx.

(a) 2x - 3j = 6

(Ñ�) x.y = 6

(e) xj' + / = 4

8. Find the third derivative of y.

(a) _x = Ð�Ñ�Â« + 2x* + x*

(Ñ�) Ñ� = x4 + x2 + x

(d) x = / + 1, z = /s + 1

(f) z = w2 + 1, w = / + 1,

.y =xÂ« + 1

(b) 2x2 + 3xy = 3

(d) Ñ�*7 =6

(f ) x2 + 2xy + f = 4

(b) y = 4x* + 3x + 5

3.3 Differentials

/+Ð�/--

Fig. 3-3

The derivative was defined as

1-,0 (x + Ð�Ñ�) â�� x

0 Ã�x dx

In terms of our graph, we have a quotient QTJPT and the point Ã� gradually

approaches the point P. Then, the numerator and denominator of the

quotient QT/PT becomes smaller and smaller. Note that we are not saying

the quotient becomes smaller, but that QT and PT become smaller. The

extreme situation is where Q finally reaches the point P. The value of this

quotient when Q reaches P was called the derivative of y with respect to x.
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S. Find the derivdtive of the inverse function. 
(a) y = x3 + 3 (b) y = axl + bx, x > 0 
(c) y = ~ - lx', x > 0 

6. Find the derivative of the function z with respect to x. 
(a) y = x' + 3x, z = r + 1 (b) y = 4x, z = r 
(C) J = r, Z = 1/y'- (d) X = t + 1, Z = t1 + 1 
(e) X = 1/11

, Z = t1 (f) Z = r + 1, W = r + 1, 
y =r + 1 

(g) z = 3t1 + 1, 1 = r + r, y = x 

7. Find dy/dx. 
(a) 2x- 3y = 6 
(c) xy = 6 
(e) xy + r = 4 

8. Find the third derivative of y. 
(a) y = 3x' + 2,x4 + r 
(c) y = x' + x2 + x 

3.3 Differentials 

y 

y 

The derivative was defined as 

(b) 2x' + 3xy = 3 
(d) .ry =6 
<f> x2 + 2xy + r = 4 

(b) y = 4x5 + 3x + 5 

T 

X x+flx x 

Fig. 3-3 

lim (y + ~y) - Y = lim ~Y = dy 
6z-+o (x + ~x) - x 6z-o ~X dx 
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In terms of our graph, we have a quotient QT/PT and the point Q gradually 
approaches the point P. Then, the numerator and denominator of the 
quotient QT/PT becomes smaller and smaller. Note that we are not saying 
the quotient becomes smaller, but that QT and PT become smaller. The 
extreme situation is where Q finally reaches the point P. The value of this 
quotient when Q reaches P was called the derivative of y with respect to x. 
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This process was called a limiting process and the derivative is a limit. We

explained that theoretically dy/dx was not to be considered as a quotient

once Q reaches P but as a symbol expressing the result of a limiting process.

But, from a practical and less rigorous point of view, we may interpret

dyfdx as a quotient. That is, dy/dx can be thought of as showing the change

in y when there is a very small unit change in x.

Once we interpret it in this fashion, we may ask : How much of a change

will there be of y when there is a small change of Ð»:? Let the change ofj be

Ð�y, and the change of x be Ð�x. Since we have interpreted the derivative

dy/dx as the change in y due to a small unit change in x, the change in y when

there is a change of Ð�Ñ� will be

Ð� v = â�� Ð�Ñ�

dx

We shall write dy for Ð�y and dx for Ð�x. Then

, dy ,

dy = -f"dx

dx

This dy is called the differential of y.

Let us now interpret this graphically. We know that Ð�Ñ� = PT. We also

know that the derivative dy/dx is the slope of the curve at P, and, from our

graph we can show this as,

dy_ _RT

dx ~ PT

Thus,

dx PT

We have set Ð�y = QT. We see that (dyldx) Ð�Ñ� = RT. Thus, when we set

Ð�y = ^Ð�x

dx

as we did above to define the differential, we have QT = RT. However,

the graph shows that

QT = RT + QR

and there is a discrepancy of

QR = QT - RT

But as Q approaches P, this discrepancy QR becomes very insignificant

and may be disregarded.

When we disregard QR. we are using the straight line PR as an approxi-

mate substitute for the curve PQ. Thus, taking the differential of y can be

thought of as using a linear approximation for the curve (or function).
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This process was called a limiting process and the derivative is a limit. We 
explained that theoretically d)'/dx was not to be considered as a quotient 
once Q reaches P but as a symbol expressing the result of a limiting process. 
But, from a practical and less rigorous point of view, we may interpret 
dy/dx as a quotient. That is, dy/dx can be thought of as showing the change 
in y when there is a very small unit change in x. 

Once we interpret it in this fashion, we may ask: How much of a change 
will there be of y when there is a small change of x? Let the change of y be 
~y, and the change of x be Llx. Since we have interpreted the derivative 
dy/dx as the change in y due to a small unit change in x, the change in y when 
there is a change of ~x will be 

~y === dy ~X 
dx 

We shall write dy for ~y and dx for ~x. Then 

dy === dy dx 
dx 

This dy is called the differential of y. 
Let us now interpret this graphically. We know that ~x ===PT. We also 

know that the derivative dyfdx is the slope of the curve at P, and, from our 
graph we can show this as, 

dy RT 

dx PT 
Thus, 

dy fix=== RT PT== RT 
dx PT 

We have set ~y === QT. We see that (~vfdx) ~x === RT. Thus, when we set 

dy 
Lly-==- ~X 

dx 

as we did above to define the differential, we have QT === RT. However, 
the graph shows that 

QT= RT+ QR 

and there is a discrepancy of 

QR = QT- RT 

But as Q approaches P, this discrepancy Q R becomes very insignificant 
and may be disregarded. 

When we disregard QR. we arc using the straight line PR as an approxi
mate substitute for the curve PQ. Thus, taking the ditrerential of y can be 
thought of as using a linear approximation for the curve (or function). 
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Using general notation, let us write

y =Ð�>

Then, the differential of y is

dy=f'(x)dx

where f'(x) is the derivative of y =f(x).

We shall make considerable use of differentials later in applications.

Example 1.

y = x2 + 3

What is the change in y when there is a small change in xl This can be

obtained by finding the differential of y.

dx

where

dx dx

.'. dy = 2x dx

For example, let x = 2 change to x = 2.05. Then Ð�Ñ� = 0.05. Thus,

dy = 2x Ð�* = (2)(2)(0.05) = 0.2

When x changes from 2 to 2.05, the amount of change in y will be approxi-

mately 0.2.

Example 2. Let x be labor and y the product that labor produces. Let us

assume the relationship is

y = Ð�Ð»:2 - 2x

Then, when we increase labor by a small amount, how much of change will

there be of the product yl For this we find the differential of y.

= â�� (3x2 - 2x) dx

dx

= (6x - 2) dx

3.4 Logarithms

We know that 102 = 100; in logarithmic notation this becomes

loglo 100 = 2
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Using general notation, let us write 

Then, the differential of y is 
y == f(x) 

dy == f'(x) dx 

where f'(x) is the derivative of y == f(x). 

61 

We shall make considerable use of differentials later in applications. 

Example 1. 
y==x2 +3 

. What is the change in y when there is a small change in x? This can be 
obtained by finding the differential of y. 

where 

dy == dy dx 
dx 

dy == !!:_ (x2 + 3) == 2x 
dx dx 

dy == 2x dx 

For example, let x == 2 change to x == 2.05. Then Llx = 0.05. Thus, 

dy = 2x ~x == (2)(2)(0.05) == 0.2 

When x changes from 2 to 2.05, the amount of change in y will be approxi
mately 0.2. 

Example 2. Let x be labor andy the product that labor produces. Let us 
assume the relationship is 

y == 3x2 - 2x 

Then, when we increase labor by a small amount, how much of change will 
there be of the product y? For this we find the differential of y. 

dy == dy dx 
dx 

d == -. (3x2 
- 2x) dx 

dx 

== (6x - 2) dx 
3.4 Logarithms 

We know that 102 = 100; in logarithmic notation this becomes 

log10 100 == 2 
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which we read as, "log to the base 10, of 100, is 2." Thus,

Iog1010 = 1 (since 101 = 10)

Iog101000 = 3 (since 103 = 1000).

In general, 0x = y in logarithmic notation becomes

If the base is 10, it is called the common logarithm, and in most cases the base

is not explicitly written in.

In calculus, however, a base other than 10 is commonly used, viz. the

number e, which is obtained as a limit from the following process.

When n -*â�¢ oo, then (1 + l/Ð¸)" approaches a limit, denoted by e.*

limjl +-Y=e

n-Â»oo \ /I/

It is sometimes shown as

Hm (1 + h)llh = e

Ð»-O

The number e is an irrational number and is equal to (for three decimal

places)

e = 2.718

Thus, for example,

e2 = 7.389, e3 = 20.086

which, in terms of logarithms, is

log. 7.389 = 2, log, 20.086 = 3

Logarithms to the base e are called natural logarithms, and in many cases are

written In 7.389 = 2 to distinguish it from the common logarithm which is

usually written log 100 = 2.

Logarithmic Differentiation

CASE 1.

y = loga x

Let us first form the difference quotient Ð�Ñ�/Ð�Ñ� as follows.

y + Ð�Ñ� = logâ�� (x + Ð�Ñ�)

Ð�y = logâ�� (x + Ð�Ñ�) - y

= Ioga (x + Ð�Ñ�) - loga x

x + Ð�Ñ�

x

/. Ð�Ñ�\

= logn I 1 H -- I

\ x /

* See Courant (1937), Vol. I, p. 43
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which we read as, "log to the base 10, of 100, is 2." Thus, 

log1010 == 1 (since 101 == 10) 

log101000 == 3 (since lOS == 1000). 

In general .. lfl: = y in logarithmic notation becomes 

lo~y = x 
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If the base is 10, it is called the common logarithm, and in most cases the base 
is not explicitly written in. 

In calculus, however, a base other than 10 is commonly used, viz. the 
number e, which is obtained as a limit from the following process. 

When n ~ oo, then (1 + I/n)n approaches a limit, denoted by e.* 

lim (1 + .!)n == e 
n-+ 00 n 

It is sometimes sho,vn as 
lim (1 + h)11h == e 

The number e is an irrational number and is equal to (for three decimal 
places) 

e == 2.718 
Thus, for example, 

e2 = 7.389, e3 == 20.086 

which, in terms of logarithms, is 

log., 7.389 == 2, log., 20.086 = 3 

Logarithms to the base e are called natura/logarithms, and in many cases are 
written In 7.389 = 2 to distinguish it from the common logarithm which is 
usually written log 100 = 2. 

Logarithmic Differentiation 

CASE 1. 
y = lo&x 

Let us first form the difference quotient ,6.yf ~x as follows. 

y + ~y == lo&z (x + ~x) 
~y == loga(x + ~x)- y 

== loga (x + ~x) - lo~ x 

= lo&. x: /).x = logn ( 1 + /).:) 

• See Courant (1937), Vol. I, p. 43 
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... -^ =â��toga(l+ â��

Ð�Ñ� Ð�Ñ� \ x

l/x\. /. Ð�

= -I 7-I logâ�� 1 + â��

x\Ð�Ñ�/ I x

\ Av.

Ð�Ñ�'

1 1*/Ð�Â»

7

Let us set x/Ð�Ñ� = n. Then Ð�Ñ�/x = 1/n; and, as Ð�Ñ�-Â»â�¢0, Ð¸ -Â»â�¢ oo. Thus,

Ð�y 1 . /, . 1\"

-r- =-logâ��ll + -)

Ð�x x \ nl

,,-,-, Â» llrll lf\rv I 1 [ __ I

V ni

lim -^ = - lim loga

Ð�Ñ�-Ð� Ð�Ñ� Ð¥Ð�-Â»oo

But we have just seen that

limil +-\*=e

n->oo \ Ð�1

Thus, the rule we seek is

dy 1 .

-r = - ' logâ�� e

ax x

Using this basic formula, we derive the following rules.

CASE 2.

y = Inx

When natural logarithms are used, the derivative becomes

dy = 1

dx x

dy 1 , 1

â�� = - â�¢ In e = -

CASE3.

y = loga Ð¼

When Ð¸ is a function of x, then the chain rule is applied, and we get

dy dy du /1 . \ du

â�� â�� â�� â�¢ â�� = 1- Iogael- â��

dx du dx \u I dx

Example 1.

y = Ioga x2
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~y 1 ( ~X) - = -loga 1 +-
~X ~X X 

Let us set xf ~x = n. Then ~xfx = Ifn; and, as ~x-+ 0, n-+ oo. Thus, 

~Y 1 ( 1)n - = -lo~ 1 +-
~X X n 

lim ~y = llim log,. (1 + l)n 
~z-o ~X X n-+ oo n 

But we have just seen that 

lim (1 + l)n= e 
n-+ 00 n 

Thus, the rule we seek is 
dy 1 
- =- ·lo~ e 
dx x 

Using this basic formula, we derive the following rules. 

CASE 2. 
y = lnx 

When natural logarithms are used, the derivative becomes 

CASE 3. 
y = Ioga u 

When u is a function of x, then the chain rule js applied, and we get 

dy = dy. du = (! loga e)· du 
dx du dx u dx 

Example 1. 
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Let Ð¸ = x2 and apply the chain rule.

dy dy du /1 . \,â�� .

-f =/â�¢ â��= -log.Ñ� (2x)

ax Ð°Ð¸ dx \u I

Example 2.

LetK = x2+ 1. Then

dy dy du l 1 ,

â�� = â�� =\2 loga'

2x

loga'

X" -f- 1

X2+

j = log, Ð¼ = In Ð¸

where Ð¸ is a function of x. Then

dx du dx \u

l du

u dx

Example 1.

y = In x2

Let u = x2. Then

dx du dx u x

Example 2.

y = In (xÂ« + 1)

Letu = x2+ 1. Then

dx x2 + 1 dx x2 + 1

A characteristic of logarithms is that products become sums and quotients

become differences. That is,

log ab = log a + log b, log - = log a â�� log b

b

Using this characteristic, we can differentiate complicated functions of

products and quotients by first taking the logarithms to the base e of the

function.

CASE 4.
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Let u = x2 and apply the chain rule. 

dy = dy. du = (! loga e)(2x) 
dx du dx u 

= (! lo&. e)(2x) = ~ loga e 
x2 x 

Example 2. 

Let u = x2 + 1. Then 

dy = dy . du = ( 1 loga e)(2x) 
dx du dx x 2 + 1 

2x 
-

2 
lo~ e 

X + 1 
CASE 4. 

y = loge u = In u 

where u is a function of x. Then 

Example 1. 

Let u = x2• Then 

Example 2. 

dy = dy. du =(!In e)(du) 
dx du dx u dx 

1 du =-·-
u dx 

y =In x2 

dy dy du 1 1 2 
- = - · - = - (2x) == - (2x) = -
dx du dx u x2 x 

y ==In (x2 + I) 
Let u = x2 + I. Then 

dy = 1 . !!._ (x2 + 1) == ~ 
dx x 2 + 1 dx x2 + 1 
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A characteristic of logarithms is that products become sums and quotients 
become differences. That is, 

a 
log ab = log a + log b, log - == log a - log b 

b 

Using this characteristic, we can differentiate complicated functions of 
products and quotients by first taking the logarithms to the base e of the 
function. 
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Example 3.

y = x(x2 + 1)

In y = In x + In (x2 + 1)

â�� In y = â�� In x + â�� In (x2 + 1)

dx dx dx

..j â��3*2

y dx x x2 + l v x(x2 + 1)

dx ~

When using the product formula for differentiation, we get,

*Ð£ = x2 -j- 1 + x(2x) = 3x2 + 1

dx

This case is, of course, much simpler when differentiated in a straight-

forward manner as a product, but was used only to illustrate the procedure,

which, in general, we may show as

dy \d . .. Ð�

â�� = Ð» â�� In/Ð�)

dx (dx !

3.5 Derivative of exponential functions

CASE 1. Let an exponential function be

To find the derivative of y with respect to x, let us apply the technique of

taking logarithms to the base e and then differentiating. We have

In y = x In a

dx dx / \dx

\dy / dx

1 dy .

- â�¢ â�� â�� In a

Ð£ dx

dy

.'. â�� = v In a â�� a In a

dx
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Example 3. 
y === x(x2 + 1) 

In y = In x + In (x2 + 1) 

!!._ In y == !!_In x + _!!._ In (x 2 + 1) 
dx dx dx 

! . dy == ! + __ 1 _ (2x) = 3x
2 + 1 

y dx x x 2 + 1 x(x2 + 1) 

dy == 3x2 + 1 
dx 

When using the product formula for differentiation, we get, 

dy· 
- == x2 ·+ 1 + x(2x) == 3x2 + 1 
dx 
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This case is, of course, much sim pier when differentiated in a straight
forward manner as a product, but was used only to illustrate the procedure, 
which, in general, we may show as 

Y == f(x) 

dy = yfl !!_In f(x)} 
dx dx 

3.5 Derivati,·e of exponential functions 

CASE 1. Let an exponential function be 

y =ax 

To find the derivative of y with respect to x, let us apply the technique of 
taking logarithms to the base e and then differentiating. We have 

In y = x In a 

!!_ In y = (!!._ x )on a) + x('!!._ In a) 
dx .. dx I dx 

( !!_ In l') · d y --= In a -t- 0 
\dy ., dx 

! · d y =--= I n a 
y dx 

dy 

dx 
y In a =-= ax In a 
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Thus, the rule we seek is

â�� _ Â«

y = au

where Ð¸ is a function of x. Now, find dy/dx.

In Ð£ = Ð¸ In a

l dy du .

- â�� = â�� In a

>' dx

Example 1.

dy du ,

'. â�� = y â�� â�¢ In a

/. ^ = (a*') â�¢ (2x) In a = Zxa"' â�¢ In a

dx

Example 2.

y = ax'+1

.; & = (a*'+1)(2x) In a

dx

= 2xa"41 In a

Example 3.

Ð£ = 5X+1

dx dx

= 51+1 In 5

CASE 3.

where Ð¸ is a function of x. Then

dy du du

â�� = y â�� In e = y â��

dx dx dx

Thus, the rule we seek is

Tx~ ' dx

Example 1.

CASE 2.

dx dx
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Thus, the rule we seek is 

CASE 2. 
y =au 

where u is a function of x. Now, ·find dyfdx. 

Example 1. 

Example 2. 

Example 3. 

CASE 3. 

In y = u In a 

! dy = du ln a 
y dx dx 

dy = y du ·In a 
dx dx 

I 
y = az 

dy I I 

- = (a~) · (2x) In a = 2xaz · In a 
dx 

dy I - = (az +1)(2x) In a 
dx 

I 
= 2xa.z +1 1n a 

y = 5z+l 

dy = 5~+ 1 ~ (x + 1) In 5 
dx dx 

= 5~+t In 5 

where u is a function of x. Then 

Thus, the rule we seek is 

Example 1. 

dy = y du In e = y du 
dx dx dx 

dy u du 
-=e-
dx dx 

I 

y = ez 

dy z2 dx2 2 z• 
- = e - == xe 
dx dx 

Sec. 3.5 
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Example 2.

y = e'*'12

dx \dx

3.6 Cost curves

Since our main object is to learn various mathematical techniques and not

economics, the illustrations will not involve economic discussions. At this

early stage where the amount of mathematics at our disposal is very limited,

only simple illustrations can be presented. References will be given for those

interested in mathematical economics.

Several properties of cost curves will be derived to illustrate the use of

derivatives in economics. Let us assume Ñ�Ñ� is total cost and q is the quantity

of output produced and also that the cost function is given by

7Ð� = a + bq + cq2

where a, b, and Ñ� are constants.

(a) Marginal cost (MC)

Marginal cost is defined as dÑ�Ð³/dq. Thus, we have,

dq

(b) Average cost (AC)

Average cost is shown by,

Ð§ Ð§

(Ñ�) Relation between average and marginal cost

The slope of the average cost curve is obtained by finding the derivative

of TT/q. Thus, we have, using the formula for the quotient,

dq\q/ q\-dq qJ q

Let us assume we have a Ð¼-shaped cost curve as in Figure 3-4. Then, when

the average cost curve is sloping downward, â��I â�� I < 0, and this implies,

dq\q]

MC - AC < 0

which means when A Ð¡ is decreasing MC < AC. At the lowest point on the

average cost curve, the slope will be horizontal. That is,

-(-}="

dq\qI

and this means,

MC- AC=0
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Example 2. 

3.6 Cost curves 

Since our main object is to learn various mathematical techniques and not 
economics, the illustrations will not involve economic discussions. At this 
early stage where the amount of mathematics at our disposal is very limited, 
only simple illustrations can be presented. References will be given for those 
interested in mathematical economics. 

Several properties of cost curves will be derived to illustrate the use of 
derivatives in economics. Let us assume 7T is total cost and q is the quantity 
of output produced and also that the cost function is given by 

7T == a + bq + cq2 

where a, b, and c are constants. 

(a) Marginal cost (MC) 
Marginal cost is defined as dTT/dq. Thus, we have, 

d'TT 
- == b + 2cq 
dq 

(b) Average cost (AC) 
Average cost is shown by, 

7T a 
- ==- + b + cq 
q q 

(c) Relation between average and marginal cost 
The slope of the average cost curve is obtained by finding the derivative 

of TT/q. Thus, we have, using the formula for the quotient, 

d ('TT)' 1 [d7T 7TJ 1 
dq ;j = ;j dq - ";j = ;j [MC - AC] 

Let us assume we have a u-shaped cost curve as in Figure 3-4. Then, when 

the average cost curve is sloping downward,~(~) < 0, and this implies, 

MC- AC<O 

which means when AC is decreasing MC < AC. At the lowest point on the 
average cost curve, the slope will be horizontal. That is, 

d~(;)= 0 

and this means, 
MC- AC == 0 
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Thus, MC = AC at the lowest point as we have drawn it. In similar

fashion we may show that when the AC curve is rising, MC > AC.

Fig. 3-4

3.7 Demand curve

Let p be price and q be quantity. Then, the demand curve is shown as

Ñ� =f(p)

Example.

q = 30 - 4/> - p*

The total revenue R can be shown as

(i) Elasticity of demand rÂ¡

The elasticity of demand rÂ¡ is defined as

dq/q _ p dq - p l

dp/p q dp q dp/dq

We put a minus sign on the formula following A. Marshall.*

Example. rÂ¡ of the above demand curve for p = 3 is

q = 30 - 4p - p2 = 9

= -4 - 2p = -4 - 6 = -10

dp

9 9

68

â�¢ See A. Marshall (1920). mathematical appendix.
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Thus, MC = AC at the lowest point as we have drawn it. In similar 
fashion we may show that when the AC curve is rising, MC > AC. 

p 

AC 

(/ 

Fig. 3-4 

3. 7 Demand curve 

Let p be price and q be quantity. Then, the demand curve is shown as 

q = f(p) 
Example. 

q=30-4p-p2 

The total revenue R can be shown as 

R=pq 
(i) Elasticity of demand 1J 

The elasticity of demand 'YJ is defined as 

dqfq p dq p 1 
'YJ= --=- -·-=- -·--

dpfp q dp q dpfdq 

We put a minus sign on the formula following A. Marshall. • 

Example. 'YJ of the above demand curve for p = 3 is 

q = 30 - 4p - p2 = 9 

dq = -4 - 2p = -4 - 6 = -tO 
dp 

. p(dq) 3 30 
• • TJ = - q dp = - 9 ( -10) = 9 = 3.3 

• See A. Marshall (1920). mathematical appendix. 
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(Ð½) Marginal revenue

Marginal revenue is defined as dR/dq. We find

dp La dp\ L 1\

+ q Ñ� = p\l + j )= P\I- -J

dq \ p dq/ \ rÂ¡l

Example. For p = 3, q = 9 we have,

dR

â��

dq

(Hi) Relationship of AR and MR

The rate of fall of the MR curve is twice the rate of fall of the average

revenue curve. In terms of Figure 3-5, this means, AF = 2AB. Let us set

R =â�¢ pq. Then

Let

Now,

dR

-T

dq

dp

'T

dq

dq

dR

BD

Ã�Â£ = Â£>Ã� -
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(ii) Marginal revenue 

Marginal revenue is defined as dR/dq. We find 

~ = p + q ~: = p(l + ! . ~:) = p( 1 - ~) 
Example. For p == 3, q == 9 we have, 

dR == 3(1- !o)== 2.1 
dq 9 

(iii) Relationship of AR and MR 

The rate of fall of the M R curve is twice the rate of fall of the average 
revenue curve. In terms of Figure 3-5, this means, AF = 2AB. Let us set 

R = pq. Then 

Let 

p 
A 

0 0 

Fig. 3-5 

dR dp 
-=p+q·-
dq dq 

q 
AR 

P == DQ, q == OQ, dp __ AB dR = QE. 
dq- BD' dq 

Now, 

QE == dR == DQ + oQ(- AB) 
dq BD 

= DQ + OQ (- ~~) 
== DQ- AB 

QE == DQ- DE 
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Thus, DQ - DE = DQ - AB

DE = AB = BF

AF = 2AB

3.8 Other illustrations

(0 Constant elasticity curves

The constant elasticity curve that A. Marshall* has in his mathematical

appendix to his "Principles" is given by

where Ð¡ and n are constants. The theorem is that this curve has an elasticity

of Ð¸. Let us work this out as follows.

q = Ñ�p-

A -(

n

q dp Cp

Thus, when, for example, n = 1, then

pq=C

and these demand curves {called constant outlay curves) are of unit elasticity

throughout.

(//) Elasticity of curves expressed in terms of logarithms

Let the demand curve be

Ñ� =/0i)

Then, using the derivatives of logarithms,

d In q _ d In q dq _1 dq

dp dq dp q dp

dInp ^ 1

dp p

Thus, the elasticity of the demand curve is

d In q

= dp _ d(In q)

din p d(ln p)

Also,

dp

* See A. Marshall (1920), mathematical appendix.

70 

Thus, 

3.8 Other illustrations 

DIFFERENTIATION 

DQ - DE = DQ - AB 

DE= AB= BF 

AF= 2AB 

(i) Constant elasticity curves 
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The constant elasticity curve that A. Marshall* has in his mathematical 
appendix to his "Principles" is given by 

qpn = C 

where C and n are constants. The theorem is that this curve has an elasticity 
of n. Let us work this out as follows. 

q = Cp-n 

dq ( )C -n-1 -= -n P 
dp 

:. TJ =-!! · dq =-~ (-n)Cp_"_1 = n 
q dp Cp n 

Thus, when, for example, n = I, then 

pq= c 

and these demand curves (called constant outlay curves) are of unit elasticity 
throughout. 

(ii) Elasticity of curves expressed in terms of logarithms 

Let the demand curve be 
q = f(p) 

Then, using the derivatives of logarithms, 

d In q d In q dq 1 dq 
--=-- ·-=-·-

dp dq dp q dp 
Also. 

d Jn p =! 
dp p 

Thus, the elasticity of the demand curve is 

dIn q 

dp d(ln q) 
'Y} = - -- == - ___;,_~ 

dIn p d(ln p) 

dp 

• See A. Marshall ( 1920), mathematical appendix. 
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(in) Taxation problem*

Let y be income, u be total utility, and T the amount of tax paid. Then

u(y) â�� u(y â�� T) = constant for all y

is the required condition for equal absolute sacrifice. Differentiate with

respect to y. Then

du(y)

dy dy

Ð¸'00 - u'(y - T)(I - d-f) = Ð¾

\ d\l

dy

1 dT ^ u'(y)

dy u'(y â�� T)

dT _ u'(y - T) - u'(y)

dy u'(y - T)

u' is the marginal utility of income, dT/dy is the change in T with respect to /

necessary to keep equal absolute sacrifice.

Problems

1. Find the differential of y.

(a) y = Xs + 2Ð»:2 (b) y = Ð�*2 - 2*3

(Ñ�) J = xdx2 - 2*3) (d) j =

2. Find the approximate change in y when there is a small change in x in the

following functions.

(a) y = 3x2 + 4, x = 2 changes to x = 2.1

(b) y = Ð�Ð»:3 + 4x2, Ð»: = 2 changes to x = 2.01

(c) y = *(** + I), x = 3 changes to x = 3.05

3. Look up the following x from the common log table.

(a) 10x = 2 (b) 10* = 20

(Ñ�) 10x = 200 (d) 10* = 0.2

(e) 10* = 0.02 (f) 10* = 56

(g) 101 5 = x (h) 102 5 = x

(i) 103-12 = Ð»: (j) 10Â° 12 = x

(k) 10Â°-012 = x (1) 104 12 = x

4. Look up the following x from the natural log table.

(a) e* = 2 (b) e* = 20

(c) e* = 1 (d) e* = 5

* See Musgrave (1959), p. 100.
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(iii) Taxation problem* 

Let y be income, u be total utility, and T the amount of tax paid. Then 

u(y) - u(y - T) = constant for ally 

is the required condition for equal absolute sacrifice. Differentiate with 
respect toy. Then 

du(y) _ du(y - T) = 
0 

dy dy 

u'(y) - u'(y - T)( 1 - ~:) = 0 

1 _ dT = u'(y) 
dy u'(y- T) 

dT u'(y - T) - u'(y) 
-

dy u'(y- T) 

u' is the marginal utility of income, dT/dy is the change in T with respect toy 
necessary to keep equal absolute sacrifice. 

1. Find the differential of y. 
(a) y = r + 2x2 

(c) y = x(3r - 2r) 

Problems 

(b) y = 3x2 - 2r 
(d) y = (r + t)(3x2 - !r) 

2. Find the approximate change in y when there is a small change in x in the 
following functions. 
(a) y = 3x2 + 4, x = 2 changes to x = 2.1 
(b) y = 3r + 4x2, x = 2 changes to x = 2.01 
(c) y = x(x2 + 1), x = 3 changes to x = 3.05 

3. Look up the following x from the common log table. 
(a) lOX = 2 (b) lOX = 20 
(c) lOX = 200 (d) lOX = 0.2 
(e) lOX = 0.02 (f) lOX = 56 
(g) }()1· 5 = X (h) 102 ·5 = X 

(i) 1()3-12 =X (j) }00.12 =X 

(k) 100.012 =X (l) }()4·12 =X 

4. Look up the following x from the natural log table. 
(a) ez = 2 (b) eX = 20 
(c) ee = 1 (d) ez = s 

• See Musgrave (1959), p. 100. 
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5. Prove the following.

(a) elnx = x " (b) eln3x* = Ð�Ñ�2

(Ð¡) e21nÃ¼x = (3x)2 (d) ln gx = x

(e) Â«rln4 = ? (f)

6. Differentiate the following functions.

(a) y = loga x3 (b) y = loga x

(Ñ�) y = logâ�� (x2 + 1) (d) y = In x

(e) j = In x2 (f) y = In (2X2 + 1)

(g) y = in (2x2 + 3x) (h) y = In 1/*

(i) y = x2 In x (j) J = (** + D In (x2 + 1)

7. Differentiate by logarithmic differentiation.

(a) y = x*(2x2 + 1) (b) ,Ðº = (x5 + x'X*3 + x)

(c) 7 = (ax2 + exXcx4 + dx3) (d) y = (x2 + l)/x3

(e) _y = ^/(X2 + 1) (Ð� y = (Ð�Ð»: + 2)/(4*Â« + 3)

8. Differentiate the following functions.

(a) y = e21 (b) J = ex*

(Ñ�) _Ñ� = e1421 (d) y = e1/1

(e) j = e1 (f ) 7 = o2*

(g) 7 = a2*Â« (h) 7 = e**+*

Notes and References

For proofs and derivations of the various topics that have been explained

heuristically, see the following references. The number of references have been

limited to several books.

3.1 Courant and Robbins (1941), pp. 414-436; Courant (Vol. I, 1937), pp.

88-109; Titchmarsh (1959), Chapter 13.

It is customary in calculus texts to discuss the mean value theorem in order

to show a relationship between the derivative and the difference quotient. It is

called the mean value theorem of differential calculus. There is also a mean

value theorem of integral calculus. We have omitted discussion of both these

topics. For those interested, they are referred to Courant (Vol. I, 1937), p. 102

and p. 126.

3.2 Allen (1938), Chapter 7; Tintner (1953), Chapter 10.

3.3 Sokolnikoff(1939), pp. 43-45.

3.4 Allen (1938), Chapters 9 and 10; Courant and Robbins (1941), pp.

442-451; Tintner (1953), Chapter 11; Titchmarsh (1959), Chapter 7.

3.5 Same as 3.4.

3.6, 3.7, 3.8 Economic examples have been given, but with the limited amount

of mathematics at our disposal, not much can be done. Instead of spending

time trying to find applications at this point, it will be more economical if

the student devotes himself to covering the material in the next two

chapters first, since most applications use a combination of these various

mathematical techniques.
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(g) y = a2z' (h) y = ax•+z 
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CHAPTER 4

Functions of Several Variables

y-f(x)-

4.1 Functions of two variables

A function of one variable y = f(x) was considered as a mapping from one

space Sl (domain) into another space S2 (range). We dealt with a Cartesian

graph and had let S1 be the horizontal axis

and S2 be the vertical axis. The function

(rule) is shown by the curve we have drawn

in Figure 4â��1.

If we let SJL be a two-dimensional

Cartesian space, i.e., a plane, then we have

as shown in Figure 4-2. Each point on

this plane is an ordered pair, and is

mapped into the Ð¸-axis. The function (rule)

that does this is now shown by the surface

Fig. 4-1 Ð¸ = Ð¯*

For example, let x be labor, y be land, and Ð¼ be the wheat that is produced.

The various ordered pairs of x and y on the x-y plane show the various

Fig. 4-2
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4.1 Functions of two variables 

A function of one variable y == f(x) was considered as a mapping from one 
space S1 (domain) into another space S2 (range). We dealt with a Cartesian 

y 

X 

Fig. 4-1 

graph and had let sl be the horizontal axis 
and S2 be the vertical axis. The function 
(rule) is shown by the curve we have drawn 
in Figure 4-1. 

If we let S1 be a two-dimensional 
Cartesian space, i.e., a plane, then we have 
as shown in Figure 4-2. Each point on 
this plane is an ordered pair, and is 
mapped into the u-axis. The function (rule) 
that does this is now shown by the surface 

u = f(x,y) 

For example, let x be labor, y be land, and u be the wheat that is produced. 
The various ordered pairs of x and y on the x-y plane show the various 

Fig. 4-2 
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combinations of labor and land. Let P be a point on this plane. Then, the

Ð¸ = f(x, y) surface maps this point into the Ð¼-axis and shows how much wheat

will be produced by this combination of x and y. This surface may be called

the total product surface (in contrast to the total product curve for the two

dimensional case).

Another example would be where x is meat, y is bread, and Ð¸ is utility.

Then Ð¸ = f(x, y) is a utility surface, which shows how the various x, y

combinations map into the utility axis.

Fig. 4-3

When we set y = y0 = c, that is, equal to some constant, the diagram will

be as shown in Figure 4-3 (a-b). We have set up a plane going through

y = Ñ� and as a result have obtained a curve AB which is the intersection of

this plane and the surface as shown in the two-dimensional diagram in

Figure 4-3(b). This curve is the diagram of the function

which maps the points along the line y0 on the x-y plane into the Ð¼-axis.

/

Fig. 4-4

The domain S1 is sometimes called the region and the points within it

are called the argument points, or, simply, the argument. Figure 4-4 shows

two types of regions (domain), a rectangular region and a circular region.
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the total product surface (in contrast to the total product curve for the two 
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Then u == f(x, y) is a utility surface, which shows how the various x, y 
combinations map into the utility axis. 
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Fig. 4-3 

When we set y == y0 == c, that is, equal to some constant, the diagram will 
be as shown in Figure 4-3 (a-b). We have set up a plane going through 
y == c and as a result have obtained a curve A B which is the intersection of 
this plane and the surface as shown in the two-dimensional diagram tn 
Figure 4-3(b). This curve is the diagram of the function 

u == f(x, c) 

which maps the points along the line y 0 on the x-y plane into the u-axis. 

y 

o~--------~-----+
b X 0 

o~------------~--o X 

Fig. 4-4 

The domain S1 is sometimes called the region and the points within it 
are called the argument points, or, simply, the argument. Figure 4-4 shows 
two types of regions (domain), a rectangular region and a circular region. 
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The rectangular region may be expressed as

a <,x <.b, Ñ� <,y <d

and the circular region as

(x - a) 2 + 0 - Â¿)2 <; r2

4.2 Partial derivatives

Assume x is labor, y is land and Ð¸ is wheat. Then, we have the functional

relationship

What will be the change in Ð¸ (wheat) when there is a small change in the

amount of x (labor), holdingj (land) constant? What we are doing is letting

y=yo = Ñ�- Then,

Ð¼=/(Ð»:,70) =f(x,c)

Since y = y0 = constant, Ð¸ will become a function of x only. We know

how to find the derivative for this case. It will be

lim

Ð�x-Ð� (Ñ� + Ð�Ñ�) â�� X

This derivative is denoted by

du df

â�� or â��

ox ÐÑ�

VU VI m

â�� or ^ or fx

We use the letter Ð (delta) rather than the d to show that the other variables

in the function have been held constant. This derivative is called the partial

derivative of/(x, y) with respect to x (labor).

Thus, the technique of differentiation to obtain the derivative with respect

to one variable is, after holding the other variables constant, fhe same as in

the case of the single variable.

Example 1. Let us assume the Ð¸ (wheat) is related to x (labor) and y

(land) by

Ð¸ = x2 + 4xy + y2

What will be the change in Ð¸ (wheat) when there is a small unit change in x

(labor) holdingj (land) constant? For that we find the partial derivative of

Ð¸ with respect to x.
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The rectangular region may be expressed as 

a~ x ~ b, c ~y <d 

and the circular region as 

(x - a)z + (y - b)2 ~ r 2 

4.2 Partial derivatives 

Assume xis labor, y is land and u is wheat. Then, we have the functional 
relationship 

u = f(x,y) 

What will be the change in u (wheat) when there is a small change in the 
amount of x (labor), holding y (land) constant? What we are doing is letting 
y = y0 = c. Then, 

u = f(x, y0) = f(x, c) 

Since y = y0 =constant, u will become a function of x only. We know 
how to find the derivative for this case. It will be 

I. f(x + ~x, Yo) - f(x, Yo) 
tm~------~--~--~ 

~~ ... o (x + ~x) - x 

This derivative is denoted by 

Ou or Of or fz 
OX ox 

We use the letter o (delta) rather than the d to show that the other variables 
in the function have been held constant. This derivative is called the partial 
derivative of f(x, y) with respect to x (labor). 

Thus, the technique of differentiation to obtain the derivative with respect 
to one variable is, after holding the other variables constant, the same as in 
the case of the single variable. 

Example 1. Let us assume the u (wheat) is related to x (labor) and y 
(land) by 

u = x2 + 4xy + y2 

What will be the change in u (wheat) when there is a small unit change in x 
(labor) holding y (land) constant? For that we find the partial derivative of 
u with respect to x. 

Ou = 2x + 4y 
ox 
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Higher partial derivatives are obtained in the same manner as higher

derivatives. For example,

Ð¼ = x2 + 4xy + y2

ÐÐ¹ =2x + 4

dÑ� *

. . . " Â« Ð¾ J XX

ÐÑ�2

= 2^~ = fvx = 4

oy ox

Thus, /Vx means that the function has been differentiated with respect to x

first, then to y. The notation extends in similar fashion to other cases.

Change of order of differentiation. In general

Jxv â��Jvx

i.e., we can differentiate either with x or y first and it will make no difference

when/xV and/Bx are continuous in a region. The order of differentiation is

immaterial for cases where differentiation is repeated for more than two

times, provided the partial derivatives are continuous in the region.

4.3 Geometrical presentation of partial derivatives

Let the function be Ð¸ =f(x,y). Then the partial derivative of f(x,y)

with respect to x at the point (x0, y0) is

lim /(Ñ�Q + Ð�x, y0) - /(*Q, y0) = df

Ð´*-Â»0 (x0 + Ð�Ñ�) â�� x0 dÑ�

.. (Ð¸ + Ð�Ð¼) â�� u ..Ð�u

= lim -â��! = hm â��

Ð´*-0 (Ñ�o + Ð�Ñ�) â�� x Ð´x-0Ð�Ñ�

Here we have set y0 = Ñ� (a constant). Geometrically we have a plane M

that is parallel to the u-x plane (Figure 4-5). The point 5 is (x0, y0). The point

ris (x0 + Ð�Ñ�,y0). Thus the limiting process can be shown as

, TQ-SP ,. -PR

lim â�� = lim

T-S TS r-s QR

= â��tan a' = tan (180 â�� a') = tan a

.'. fx = tan a
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Higher partial derivatives are obtained in the same manner as higher 
derivatives. For example, 

ou 
ox = fx = 2x + 4y 

_E_(ou) = ~ =/, = 4 
oy ox oy ox 1/% 

Thus, f
11

z means that the function has been differentiated with respect to x 
first, then to y. The notation extends in similar fashion to other cases. 

Change of order of differentiation. In general 

i.e., we can differentiate either with x or y first and it will make no difference 
when fx 11 and f 11x are continuous in a region. The order of differentiation is 
immaterial for cases where differentiation is repeated for more than two 
times, provided the partial derivatives are continuous in the region. 

4.3 Geometrical presentation of partial derivatives 

Let the function be u = f(x, y). Then the partial derivative of f(x, y) 
with respect to x at the point (x0, y0) is 

lim f(xo + ~x, Yo) - f(xo, Yo) = of 
~:r:-o (x0 + ilx) - x0 ox 

=-= lim (u + ilu)- u = lim ilu 
~z-o (x0 + Llx) - X .6z-oLlX 

Here we have set y0 = c (a constant). Geometrically we have a plane M 
that is parallel to the u-x plane (Figure 4-5). The pointS is {x0, y0). The point 
Tis (x0 + ilx, y0). Thus the limiting process can be shown as 

I
. TQ- SP 

1
. -PR 

tm = 1m--
T-s TS T-s QR 

= -tan(/.,' = tan (180- ct') = tan(/., 

fz =tan Cl.. 
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Ð°' Ð�Ñ�0Â»&Ñ�,/0)

Fig. 4-5

The partial derivative of/(x, y) with respect to y at the point (x0, y0) is shown

in a similar way:

/, = tan Ã�

This geometrical presentation shows clearly that the partial derivatives of

f(x,y) at the point (x0,y0) are restricted in their direction. In the case of

fx it was shown that/. = tan a where the direction was parallel to the x-axis.

Similarly,/, gives a direction parallel to the/-axis.

4.4 Differentials, total differential

From a practical point of view, the partial derivatives gave us a small

change in Ð¸ â��f(x,y) when there was a small unit change in x holding y

constant, or vice versa. The total differential we are to discuss will give us a

linear approximation of the small change in Ð¸ = f(x, y) when there is a small

change in both x and y.

For example, let Ð¸ be wheat, x be labor, and y be land. We set Ð¸ = f(x, y).

Then, when there is a small change in Ð´: (labor) and in y (land), how much of a

change will there be in Ð¸ (wheat)? We have seen from our discussion of

partial derivatives that dÐ¸/dÑ� will be the small change in Ð¸ when there is a

small unit change in x holding y constant. Thus, if x should change by Ð�Ð»:,

78
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u=f(x,.f) 

Fig. 4-5 

The partial derivative off(x, y) with respect toy at the point {x0, y0) is shown 
in a similar way: 

!"=tan p 
This geometrical presentation shows clearly that the partial derivatives of 
f(x, y) at the point (x0, y 0) are restricted in their direction. In the case of 
f. it was shown that f. = tan ex where the direction was parallel to the x-axis. 
Similarly, fw gives a direction parallel to they-axis. 

4.4 Differentials, total differential 

From a practical point of view, the partial derivatives gave us a small 
change in u = f(x, y) when there was a small unit change in x holding y 
constant, or vice versa. The total differential we are to discuss will give us a 
linear approximation of the small change in u = f(x, y) when there is a small 
change in both x and y. 

For example, let u be wheat, x be labor, andy be land. We set u = f(x, y). 
Then, when there is a small change in x (labor) and in y (land), how much of a 
change will there be in u (wheat)? We have seen from our discussion of 
partial derivatives that oufox will be the small change in u when there is a 
small unit change in x holding y constant. Thus, if x should change by Ax, 
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then the change in Ð¸ will be (dÐ¸/dÑ�) Ð�Ð»:. Similarly, when there is a change in

y (land) by Ð�j% then the change in Ð¼ will be (dÐ¸/dÑ�) Ð�Ñ�.

Therefore, as a first approximation we can think that the change in Ð¸ due

to a small change in x and y will be

, du . , du Ð»

Ð�Ð¼ = â�� Ð�Ñ� + â�� Ð�y

ox ay

Let us write du = Ð�u, dx = Ð�*, and dy = Ð�y. Then,

du , , ou ,

â��dx + â�� dy

ox dy

, du , , ou

du=â��dx + â��

Or, in abbreviated form we write

du=fxdx+fvdy

This is a generalization of the differential we discussed previously forj =/(x)

which was

dy=fxdx

The du obtained above is called the total differential of the function

Ð¸ =f(x,y). Instead of the symbol du, the notation dfis also used.

If we have Ð¸ =f(x,y, z) where x is labor, y is land and z is fertilizer, then

the change in Ð¸ (wheat) when there is a small change in x, y and z will be

du=fxdx+fvdy+f,dz

and similarly for any number of variables. This total differential is a linear

approximation to the true amount of change just as in the previous case

with one variable*.

Example 1. u = f(x,y) = 4Ð»:2 + 3y2

The total differential is

du = fx dx + /, dy

, Ð¸ ,. n _ Â»Ñ� Â£

fv = r- = r- (4x2 + 3/) = 6y

ay ay

Thus,

du = 8x dx + 6y dy

Example 2. Let Ð¸ be utility, * and y be goods. Then, the utility function

is

* See Courant (Vol. II, 1936) pp. 59-68 for proof.
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then the change in u will be (oufox) ~x. Similarly, when there is a change in 
y (land) by ~y, then the change in u will be (oufoy) uy. 

Therefore, as a first approximation we can think that the change in u due 
to a small change in x and y will be 

ou au 
~u === -~x + -~y ax oy 

Let us write du === ~u, dx === ~x, and dy === ~y. Then, 

ou ou 
du === - dx + - dy ax oy 

Or, in abbreviated form we write 

du ==Ire dx + 111 dy 

This is a generalization of the differential we discussed previously for y = f(x) 
which was 

dy =fxdx 

The du obtained above is called the total differential of the function 
u = f(x, y). Instead of the symbol du, the notation df is also used. 

If we have u = f(x, y, z) where xis labor, y is land and z is fertilizer, then 
the change in u (wheat) when there is a small change in x, y and z will be 

du ===Ire dx + / 11 dy + /z dz 

and similarly for any number of variables. This total differential is a linear 
approximation to the true amount of change just as in the previous case 
with one variable*. 

Example 1. u = l(x,y) = 4x2 + 3y2 

The total differential is 

du =fredx +f11 dy 

au a 
fx = - = - ( 4x2 + 3 y2

) = Sx ox ox 
au a 

!11 = - = - ( 4x2 + 3 y 2
) = 6 y oy ay 

Thus, 
du = Sxdx + 6ydy 

Example 2. Let u be utility, x andy be goods. Then, the utility function 
IS 

u = l(x,y) 

• See Courant (Vol. II, 1936) pp. 59-68 for proof. 
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When there is a small change in x and y, the corresponding change of utility

is

du=fxdx+fvdy

where fx = dÐ¸/dÑ� is the marginal utility with respect to good x, and

/, = du/dy is the marginal utility with respect to good y.

Example 3. Let P be the product, a and b be inputs. Then, the production

function is

P=f(a,b)

A small change in a and b will bring about a small change in P that is

where /a = â�� = marginal product of a,

da

/;, = â�� = marginal product of b.

ab

4.5 Second and higher order differentials

(/) Two-variable case

The second and higher order differentials are frequently used in economics

in connection with minimizing and maximizing problems. They are obtained

by a repeated process. Let us illustrate this process using the function

u=/(*,;O

We know that the differential du which is also sometimes written as df is,

df=du=fxdx+fvdy

Then, the differential of df is

d*f = d (df) = Â¿ (df) ** + i

= (/, dx +/, <fy) A + j (Ð� dx +/, dF) dy

= [/â�� dx + /. 1 dx + /â�� dy+fv-j- (dy)] dx

+ [/â�� dx + /. 1 (d*) + /Ð¸ ^ + /, ^
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When there is a small change in x andy, the corresponding change of utility 
is 

du =hdx + f 11 dy 

where fa:= Ou/ox is the marginal utility with respect to good x, and 
!11 = autay is the marginal utility with respect to goody. 

Example 3. Let P be the product, a and b be inputs. Then, the production 
function is 

P = f(a, b) 

A small change in a and b will bring about a small change in P that is 

dP = / 4 da + h db 

where j,. = OP = marginal product of a, oa 

fb = OP = marginal product of b. 
ob 

4.5 Second and higher order differentials 

(i) Two-variable case 

The second and higher order differentials are frequently used in economics 
in connection with minimizing and maximizing problems. They are obtained 
by a repeated process. Let us illustrate this process using the function 

u = f(x,y) 

We know that the differential du which is also sometimes written as df is, 

df = du = /rz dx + / 11 dy 

Then, the differential of df is 

0 0 
rPf = d (df) = Ox (df) dx + Oy (dl) dy 

o a 
= Ox <J~ dx + 111 dy) dx + Oy <h dx + 111 dy) dy 

= [!~~ dx + f~! dx + f:n dy + fv! (dy)] dx 

+ [!:w dx + f~ ~ (dx) + !~11 dy + !11 ~ (dy)] dy 
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But since dx, dy are considered as constants,

, , --

oy oy

Thus,

d*f= (/Â« dx + fxv dy) dx + (fâ�� dx +fvv dy) dy

We notice that the form of the equation is similar to (a + Â¿)2 = a2 +

2ab + b2. Thus, using symbolic notation we can set

d*f=(fxdx+fvdy)*,

with the understanding that this expands into the above form.

It turns out that in general,

d-f=(fudx

For example,

= /â�� dx* + 3/Â«, dx2 dy + 3/â��, dx df + fvvv df

For most cases in application, we will use the second order differential.

Noticing the symmetry between the x and y, we can write this as

+ fvxdydx+fvvdf

This notation is applied to cases where we have three or more variables, as

we shall see in the next section (ii). We shall also discuss this form of

equation (a quadratic form) when we get to vectors and matrices.

(//) Three or more variable case

When we have a function with three variables, u =f(x,y, z), then,

df=du=fxdx+fvdy+f,dz

By a similar process to that in section (i) we find

= /Â« dxÂ« + /â�� dx dy + /â�� dx dz

+ fâ�� dy dx + /,, df + /â�� dy dz

+ /â�� dz dx+f,v dz dy+fâ�� dz*

In general,
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But since dx, dy are considered as constants, 

Thus, 

a a a a 
Ox (dx) = 0, Ox (dy) = 0, Oy (dx) = 0, Oy (dy) = 0 

d2J = (fzz dx + fxv dy) dx + (fxJJ dx + /"" dy) dy 

= fzz dx2 + 2fz11 dx dy + fvv dy2 

81 

\Ve notice that the form of the equation is similar to (a + b)2 = a2 + 
2ab + b2• Thus, using symbolic notation we can set 

with the understanding that this expands into the above form. 
It turns out that in general, 

For example, 

tPJ == (/z dx + /" dy )3 

== fx:u dx3 + 3fxx" dx2 dy + 3/zJ/11 dx dy2 + JJJJJJJ dj! 

For most cases in application, we will use the second order differential. 
Noticing the symmetry between the x andy, we can write this as 

d2J == f xx dx2 + fx 11 dx dy 

+ fuz dy dx + / 1111 dy2 

This notation is applied to cases where we have three or more variables, as 
we shall see in the next section (ii). We shall also discuss this form of 
equation (a quadratic form) when we get to vectors and matrices. 

(ii) Three or more variable case 

When we have a function with three variables, u == f(x, y, z), then, 

df == du == fz dx + [ 11 dy + fz dz 

By a similar process to that in section (i) we find 

ln general, 

tPJ ==(fa: dx + f" dy + fz dz)2 

== f :rx dx2 + fa: 11 dx dy + fzz dx dz 

+ fvz dy dx + / 1111 dy2 + f 11 z dy dz 

+ fz:z dz dx + fz 11 dz dy + fzz dz2 

d"J == (/z dx + fv dy + fz dz)n 
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and, when u =f(x,y, z, ...) we have

df= du =fx dx +/, dy +/. dz + ...

For the second order differentials, we may write

d*f=(fxdx+fvdy+fi dz +...)*

=/- <fc* +/Â« Ð� dy + fxidxdz+...

+ /â�� dy dx +/â�� d/ + /â�� dÑ� dz + ...

+ da dz dx + f,v dz dy +/â�� dz2 + ...

and, for higher order differentials,

dnf= (/. dx

Example. Let x, j be the two sides of a rectangle. Then, the area will be,

Ð¸ = xy. If x and j are increased by Ð�Ð»: and Ð�y, the increase in the area will

be

(Ðº + Ð�Ð¸) â�� Ð¸ = (x + &x)(y + &y) â�� xy

/. Ð�u = x ( Ð�Ñ�) + ( Ð�Ñ�) y + ( Ð�Ñ�)

Thus, if Ð�Ñ� and Ð�Ñ� are very small, we may omit (Ð�Ñ�)(Ð�Ñ�) so that

Ð�Ð¸ = Ñ�( Ð�Ñ�) + ( Ð�Ñ�) y

In terms of the total differential formula, we have

du=fxdx+fvdy

fx = r- = â�� (xy) = Ð£

Ñ�-Ð�Ñ�

Ð�Ñ�-Ð�Ñ�

U = X'7

y

jâ�¢Ð�Ñ�

x

= y dx + x dy

Thus, du gives an approximation of the increase of the area if dx and dy

show the small increases of x and y.

4.6 Functions of functionsâ��total derivative

(/) Total derivativeâ��two variable case

82

So far when we considered Ð¼ =f(x,y), the x and y were independent

variables that were also independent of each other. We now consider the
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and, when u = f(x, y, z, ... ) we have 

df = du = fz dx + /, dy + 1. dz + ... 
For the second order differentials, we may write 

diJ= {fz dx + /, dy +f. dz + ... )2 

= Ia tJx2 + frzv dx dy + /zz dx dz + ... 
+In dy dx + fvv dy2 + /vz dy dz + .. . 
+ d= dz dx + /zv dz dy +f., dz2 + .. . 
+ ... 

and, for higher order differentials, 

Example. Let x, y be the two sides of a rectangle. Then, the area will be, 
u = xy. If x andy are increased by Llx and 6.y, the increase in the area will 
be 

(u + du) - u = (x + Llx)(y + Lly) - xy 

Llu = x (~y) + (Llx) y + (Llx)(Lly) 

Thus, if Llx and Lly are very small, we may omit (Llx)(dy) so that 

du = x(Lly) + (Llx) y 

In terms of the total differential formula, we have 

du =fa:dx +f,dy 

of a 
/., = Ox = Ox (xy) = y 

f,=x 

du = y dx + x dy 

y 

x·6.y 

u=x·y 

X 

Ll.x·6.y 

y·~x 

Thus, du gives an approximation of the increase of the area if dx and dy 
show the small increases of x andy. 

4.6 Functions of functions-total derivative 

(i) Total derivative-two variable case 

So far when we considered u = f(x, y), the x and y were independent 
variables that were also independent of each other. We now consider the 
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case where x and y are not independent variables. Let them be dependent

variables of other functions, say,

y =

where / is the independent variable. Thus Ð¸ is a function of x and y; x

and y are functions of t. The question is, what is the derivative of Ð¸ with

respect to t ? That is, what is du/dt ?

Let us use an example and illustrate. Let Ð¸ be wheat that is produced,

Ð»: be labor, and y be land. Now the amount of labor (x) and land (y), will,

let us assume, depend on the amount of money (/) that is made available.

Thus when there is a small increase in t, it will bring about an increase in *

and y which in turn will bring about an increase in u. How much of a change

in the amount of Ð¸ will a small unit change in / bring about? We shall

express this by du/dt.

We know that dÐ¸/dÑ� is the change in Ð¸ due to a small unit change in x

holding y constant. Furthermore, dx/dt will be the change in x due to a small

unit change in t. Thus, - â�� - will be the amount of change in Ð¼ due to a

dxdt dudy

small unit change in t that is transmitted through x. Likewise, â�� â�� â��

ay at

will be the amount of change in Ð¼ due to a small unit change in / that is

transmitted through y. Therefore, the change in Ð¸ due to a small unit change

in t will be the sum of these two effects, which we shall write

du _ du dx du dy

dt dx dt dy dt

and may be also expressed as

du __ . dx , , dv

Ð� Ð�*+Ð�*

This du/dt is called the total derivative of Ð¼ with respect to /*.

Example I. Find the total derivative of Ð¸ with respect to /:

Ð¼ = x2 + y2, x = t2, y = /2 + 1

i*Ã¼= t dx _i_ Ð³ dy

dt J" dt Jv dt

, du , du

Ð� = r- = 2x, /, = â�� = 2y

ox ay

^=2t, ^ = 2/

dt dt

â�� = 2x(2r) + 2y(2t) = 4/x + 4ty

dt

â�¢ See Smail (1949) pp.424-427 and other references at end of the Chapter.
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case where x and y are not independent variables. Let them be dependent 
variables of other functions, say, 

X == g(t), J == h(t) 

where t is the independent variable. Thus u is a function of x and y; x 
and y are functions of t. The question is, what is the derivative of u with 
respect to t? That is, what is dufdt? 

Let us use an example and illustrate. Let u be wheat that is produced, 
x be labor, andy be land. Now the amount of labor (x) and land (y), will, 
let us assume, depend on the amount of money (t) that is made available. 
Thus when there is a small increase in t, it will bring about an increase in x 
andy which in turn will bring about an increase in u. How much of a change 
in the amount of u will a small unit change in t bring about? We shall 
express this by dufdt. 

We know that oufox is the change in u due to a small unit change in X 

holdingy constant. Furthermore, dxfdt will be the change in x due to a small 

. h ou dx . 1 f unit change In t. T us, ~ -d wll be the amount o change in u due to a 
ux r a d 

small unit change in t that is transmitted through X. Likewise, a; ~ 
will be the amount of change in u due to a small unit change in t that is 
transmitted through y. Therefore, the change in u due to a small unit change 
in t will be the sum of these two effects, which we shall write 

du == ou . dx + ou . dy 

dt ax dt oy dt 

and may be also expressed as 

du == f dx 1 , dy 
dt z dt 1 

Ju dt 

This dufdt is called the total dericatiz,e of u with respect to t*. 

Example 1. Find the total derivative of u with respect to t: 

u == x 2 -1- y2, x == t2, y == t 2 + 1 

du ==fx dx +J: dy 
dt dt u dt 

ou ou 
/.,=Ox= 2x, !M = Oy = 2y 

dx __ == 2t, dy == 2t 
dt dt 

du 
- == 2x(2t) -i- 2y(2t) == 4tx + 4ty 
dt 

• See Smail ( 1949) pp.424-427 and other references at end of the Chapter. 
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Example 2.

Ð¸ = x2 + y2, y = 2x

This is the same as

y = 2/, x = t

(/i) Ð�Ð�rÐµÐµ or more variables case

This formula holds for the case when there are more than two variables.

If we have

u=f(x,y, z, ...)

where,

du , dx , dy . dz

dt * dt "dt 1 dt

(Ñ�) Two or more independent variables case

If we have

Ð¸ =f(x,y), x = Â£(/!, /2), y = h(tlt

then,

du r dx

Ð�Ð¸ ÐÑ� ÐÑ�

dt2 JxdÂ¡2 Jvdt2

where ÐÐ¸/Ð^ is the total derivative of Ð¸ with respect to ^ holding /2 constant.

In general,

Ð¼ =/(*,7, Z, ...)

Ð§Â»

â�¢ â�¢â�¢

then,

Ð�Ð£.-Ð� **.+ { ^ 4- f ^ -

\

'

â�� -Ð£ â�� 4-/-^'-4-/-â�� 4

then,

Â» â�� Jx -, "Ð� Ð� -, ~1~ /Â« Z~ Ð� â�¢ â�¢ â�¢
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Example 2. 

This is the same as 
y = 21, X= t 

du =!. dx +!. dy 
dt II: dt 11 dt 

= (2xX1) + (2yX2) = 2x + 4y 

(ii) Three or more variables case 

SEC. 4.6 

This formula holds for the case when there are more than two variables. 
If we have 

u = f(x, y, z, ... ) 
where, 

X= g(t), y = h(t), 
then, 

(iii) Two or more independent variables case 

If we have 

then, 

Ou = f Ox + /, Oy 
ott z ott " ott 

Ou = f Ox +!. Oy 
ot2 z ot2 " ot2 

where oufott is the total derivative of u with respect to t1 holding t2 constant. 
In general, 

then, 

u = f(x,y, z, ... ) 

X = g(tt, 12, ••• ) 

y = h(tl, 12, ••. ) 

z = k(tl, 12, ••• ) 
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Example 1.

Ð¸ = x2 + /, x = /2 + s2, j = /2 - s2

2Ã¯ - 2/ â�� - 2*

^ â�� â�¢Â«, ~ â�� -Â¿Ñ�

Ð< ÐÑ�

Ðv -. du

- = 2/, â�� = 2.y

dt dt " dt

= (2x)(2r) + (2y)(2r) = 4x/ + 4yt

Student: Find du/ds.

Example 2.

u = x2 + 2/ + 3z2, x = /2 + 2j2 + 3Ð£2

y = t2 - 2s2 - Ð£2, z = 2/2 +s*- 2v2

dt Ñ�

= (2x)(20 + (4>0(20 + (6z)(4/)

= (4x + ÐªÐ£ + 24z)/

Student: Find du/ds, du/dv-

4.7 Implicit functions

In many cases relationships between variables are given in implicit form.

For example, let x, y, and z be inputs, and Ð¸ be output. Then, the transforma-

tion function that changes inputs into outputs can be written in abstract

form as

F(x, y, z, u) = 0

where x, y, z and Ð¸ are not independent. The marginal product of input x,

i.e., du/dx may be of interest. How may this be obtained? Let us work this

out as follows, by setting

W = F(x,y, z, u) = 0

and also by assuming we can set

Ð¼=/(x,y, z).

Then, the marginal product of x, y, and z will be

dÐ¸_ d_Ð¸= dÐ¸ =

", JXi ", JV ^ J*

ox ay oz

SEC. 4.7 

Example/. 
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ox - == 2t 
at ' 

ov _:_ == 2t 
at ' 

Ou = f Ox + /, Oy 
at X at ~~ at 

au= 2x 
ox 
ou 
- =2y oy 

== (2x)(2t) + (2y)(2t) == 4xt + 4yt 
Student: Find oufos. 

Example 2. 

Ou = f Ox+ j, Oy + f dz 
at z at ll at % at 

= (2x)(2t) + (4y)(2t) + (6z)(4t) 

= (4x + By + 24z)t 

Student: Find au; OS, oujav. 

4. 7 Implicit functions 
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In many cases relationships between variables are given in implicit form. 
For example, let x,y, and z be inputs, and u be output. Then, the transforma
tion function that changes inputs into outputs can be written in abstract 
form as 

F(x, y, z, u) == 0 

where x, y, z and u are not independent. The marginal product of input x, 
i.e., oujax may be of interest. How may this be obtained? Let us work this 
out as follows, by setting 

W == F(x,y, z, u) = 0 

and also by assuming we can set 

u = f(x, ~v' z). 

Then, the marginal product of x, y, and z will be 

au == f au I' au = f 
OX X' 0 Y == )JI' az % 
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From our discussion of total differentials we can set

d\V=Fxdx + Fvdy + Fidz + Fudu = 0

We also have

du=fxdx+fvdy+f,dz

Thus, by substituting du into the above equation

Fx dx + Fvdy + F, dz + Fu(fx dx +/, dy +/, dz) = 0

(F. + W dx + (Fv + Fufv) dy + (F, + FJi) dz = 0

No restrictions have been placed on the values of x, y, and z. A solution

for this equation when x, y and z can take on any values will be when the

coefficients of dx, dy, and dz are all zero. Thus, we get

F, + Fufx = 0,

Fv + Fufv = 0

F, + Fuf, = 0

Then we can find the desired terms, fx,fv, and/, as follows:

F F F

Ð¡ _ ' X f _ ' V f __ J Â»

Jx , J,- , J,- f c -

'u 'u l Ð¸

This can be generalized to more than three variables.

Example 1. Given the implicit function x2y â�� x + y = 0, find dy/dx.

Let

Ð¸ = F(x, y) = x2y â�� x + y = 0

y =/(x)

Then,

du = Fx dx + Fv dy = 0

dy=f.dx

Fx dx + Fvfx dx = 0

(F. + Ð°Ð´ dx = 0

Setting the coefficient of dx equal to zero, we find

F. + F./.-0 or /,= -Â£

But we know that

Fx = 2xy - 1, F, = Ð»2 + 1

Thus, our solution is

dy_= 2xy-1

Thus,

dx * x* + l
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From our discussion of total differentials we can set 

dW = Fz dx + F71 dy + F. dz + Fu du = 0 
We also have 

du = h dx + / 71 dy + fz dz 

Thus, by substituting du into the above equation 

~~+~~+~~+~~~+h~+h~=O 

(Fa: + Fu/z) dx + (F11 + Fu/11) dy + (F. + Fufz) dz = 0 

SEC. 4.7 

No restrictions have been placed on the values of x, y, and z. A solution 
for this equation when x, y and z can take on any values will be when the 
coefficients of dx, dy, and dz are all zero. Thus, we get 

F~ + Fuf~ = 0, 

F11 + Fuf" = 0 

F.+ Fufz = 0 

Then we can find the desired terms, /z, f¥, and/. as follows: 

/"'= -;"', fv=- ;v, f.=-:· 
u u u 

This can be generalized to more than three variables. 

Example 1. Given the implicit function x2y - x + y = 0, find dyfdx. 

Let 

Then, 

Thus, 

u = F(x, y) = x2y - x + y = 0 

y =f(x) 

du = F~ dx + F11 dy = 0 

dy =JzdX 

Fa:dx + F71/zdx = 0 

(F~ + F71 fJ dx = 0 

Setting the coefficient of dx equal to zero, we find 

F"' + Fvf"' = 0 or h = - :"' 
11 

But we know that 
Fz = 2xy - 1, F11 = x2 + 1 

Thus, our solution is 

dy = f = _ 2xy - 1 
dx z x2 + 1 
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Example 2. Given x2 â�� y* â�� z2 = 0, find dz/dx.

Let us set

F(x, y, z) = x2 â�� j2 â�� z2 = 0

z=/(*,jO

Then we have from our theorem

(Fx + F,fx = 0

IF, + F,/, = Ð¾

Fx = 2x, F, = -2z

9z_ / 2x \ x

' ' 1* ~ dx '" l-2z/ == z

Student: Find Ðz/ÐÑ�, dÑ�/dÑ�, dy/dz.

Example 3. The constant outlay curve is an implicit function of prices

(p) and quantities (q) and is shown as pq = Ñ� where Ñ� is a constant. Let us

find dq/dp by our present method and also by an alternative. Set

u = F(p, q) = pq - Ñ� = 0

Ð§ =/(/i)

Then, the differentials are

du = Fv dp + Fa dq = 0

dq=fvdp

By substitution we find

But we know that

r

â�� =q, FQ = â�� = p

op dq

Thus,

Ã©a. = f= _ q

dp P

Checking this result, let q = cp~l. Then

dq _ . -â�¢_ .Â£ _ .Â£.1_â��2

dp P P P P

because q â�� c/p. Thus, it checks.

SEC. 4.7 FUNCTIONS OF SEVERAL VARIABLES 

Example 2. Given x2 - y 2 - z2 = 0, find ozfox. 
Let us set 

F(x, y, z) = x2 - y 2 - z2 = 0 

z = f(x,y) 

Then we have from our theorem 

{
F., + F.J., - 0 

F11 + Fzfu- 0 

f., = Oz = _ (' ~) = ~ 
ox -2z. z 

Student: Find ozfoy, oyfox, oyfoz. 

87 

Example 3. The constant outlay curve is an implicit function of prices 
(p) and quantities (q) and is shown as pq = c where c is a constant. Let us 
find dq/dp by our present method and also by an alternative. Set 

u = F(p, q) = pq - c = 0 

q = f(p) 

Then, the differentials are 

du = F p dp + Fq dq = 0 

dq = fv dp 
By substitution we find 

But we know that 

Thus, 

Fpdp + Fqfpdp = 0 

fv = - ~" 
q 

dq =f =- q_ 
dp p p 

Checking this result, let q = cp-1• Then 

dq -2 c c 1 q 
- = -cp =--=--.- ==--
dp p2 p p p 

because q = cfp. Thus, it checks. 
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Example 4. Let Ð¼ be utility, x, y be goods. Then the utility function is

shown as Ð¸ = f(x, y). Assume Ð¸ is constant. This is when we are considering

a specific indifference curve where all different combinations of Ð»: and y on

that curve give us the same utility. Set

y = g(x)

The slope of the indifference curve dy/dx = gx can be found by

X ~ F. /v

â�� =/x â�¢â�¢â�¢ marginal utility of x

dx

du

dy

â�� =/, ... marginal utility of Ñ�.

Thus the slope of the indifference curve is

dy â�� /, _ marginal utility of x

dx /, marginal utility of Ð£

a well-known result.*

4.8 Higher order differentiation of implicit functions

Let us assume we have a function f(x, y) = 0. Then, we know that

*y= -Ã®Ã¯

dx /,

Let us now find the second derivative d2y/dx2.

dxdx> dx\ f

/,-Ð³Ð¨-/.-Ð³

dx dx

But

* See Hicks, J. R., Value and Capital, Oxford, 1939, Chapter. 1.
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Example 4. Let u be utility, x, y be goods. Then the utility function is 
shown as u = f(x, y). Assume u is constant. This is when we are considering 
a specific indifference curve where all different combinations of x and y on 
that curve give us the same utility. Set 

V = F(x, y) = f(x, y) - u = 0 

y = g(x) 

The slope of the indifference curve dy/dx = Kz can be found by 

F:t: fz Ko:= --= --
F" /11 

But 

au - = fz . . . marginal utility of x ax 
au - = ffl ... marginal utility of y. ay 

Thus the slope of the indifference curve is 

dy fz 
-=--= 
dx !11 

a well-known result.* 

marginal utility of x 

marginal utility of y 

4.8 Higher order difl'erentiation of implicit functions 

Let us assume we have a function f(x, y) = 0. Then, we know that 

dy fz -=--
dx fv 

Let us now find the second derivative tfly/dx2. 

d d /, dx U~J - f:e dx (f,) 

t: 
• See Hicks, J. R., Value and Capital, Oxford, 1939, Chapter. 1. 
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Using the total derivative formula we can work out the numerator as follows:

-/ +/

./ XX Â¡ ./ Xvl ,

= f â��ft*

JXX J XV f

1a

Similarly,

_ .

. ./V' -'1K Jvv r

dx fv

numerator = (/â�� -fj.)& - (/â�� -fj.\f.

* ' *

i

JxxJv JxvJx JxvJx ~T Jvv~r

/2

_/â�¢ f _ ")f f J- f Â¿S.

JxxJv *-J xv J x ' Jmi f

Ja

= â��[f f2â��2f ff+f /'21

,. LJxxJ Ñ� ^-JxvJxJviJvvJxJ

Jv

Example. Let Ð¼ be an index of utility, x be meat, and y be bread. Then,

we can set Ð¸ =f(x, y). Let us hold Ð¸ constant and find the differential of u.

Since Ð¸ is constant,

du=fxdx+fvdy = 0

This may be interpreted as showing the amount of y (bread) that will be

changed (in this case decreased) when there is a small unit increase of x (meat)

to keep Ð¼ constant. fx and /, are ordinal marginal utilities. In economics

dy/dx is defined as the marginal rate of substitution between x and y. Since

it is common to consider marginal utilities as positive, we have/x > 0 and

/, > 0. Thus, dy/dx < 0.

Now, what is the rate of change? Is the rate increasing or decreasing?

For this we need to find the second derivative, viz., d2y/dx2. But, we have

just found it in our discussion above, i.e.,

^ = - - [f f2 - If ff+f f2!

â�¢ 2 f3 l-Jx*J Ð¸ ^-JxvJxJu^JvvJxJ

u.X J v
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Using the total derivative formula we can work out the numerator as follows: 

Similarly, 

Thus, 

d a dx a dy 
dx (f.,)= Ox (f,) dx + Oy (f.,) dx 

dy 
= f~~ + fx11 dx 

numerator= (!.,.,- fxv5:)fv- (!zv- fwv%)!., 

!! = /.,., fv - fzv /., - fzv /., + /1111/
11 

2 

= /.,., fv - 2/.,v /., + fvv j ~ 
= lv [!.,.,/~ - 2/.,J.,fv + fvJ!J 

Example. Let u be an index of utility, x be meat, andy be bread. Then, 
we can set u = f(x, y). Let us hold u constant and find the differential of u. 
Since u is constant, 

du == fx dx + fu dy == 0 

dy fx 

dx fu 

This may be interpreted as showing the amount of y (bread) that will be 
changed (in this case decreased) when there is a small unit increase of x (meat) 
to keep u constant. fx and fu are ordinal marginal utilities. In economics 
d)'/dx is defined as the marginal rate of substitution between x andy. Since 
it is common to consider marginal utilities as positive, we have fz > 0 and 
f 11 > 0. Thus, dyfdx < 0. 

Now, what is the rate of change? Is the rate increasing or decreasing? 
For this we need to find the second derivative, viz., d2y/dx2• But, we have 
just found it in our discussion above, i.e., 

d
2
y 1 [ 2 2] 

d 
2 == -

1
3 fxxfu- 2f:r11fxfu + fvufx 

X u 
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Thus, the sign ofd2y/dx2 will depend on whether or not what is contained in the

brackets is positive or negative. If it is positive, then d2yÂ¡dx2 < 0. This

means, geometrically, that the curvature of the (indifference) curve is concave

upward. We shall have occasion to discuss this again.

4.9 Homogeneous functions

(i) Homogeneous functions

A special type of function that is used frequently in economics is the

homogeneous function. Let us first illustrate it by use of an example. Let

f(x,y) = x2â��y2

If we replace x by tx and y by ty in this function, where t is a positive constant,

then,

f(tx, ty) = (tx? - (ty? = t\x2 - /)

= t*f(x,y)

If the function is

f(tx,ty) = t3f(x,y)

By induction we see that if we have

f(x,y) = xn - y"

then,

Other examples of homogeneous functions are

f(x, y) = x2 + xy - 3/

then,

Ð� Ð£ Ñ�Ð� â��

Ð»Â» j) â�� â�¢

and then

f(tx, ty) =

When we have a function that behaves in this fashion, i.e.,

f(tx, ty) = thf(x,y)

we call/(x, y) a homogeneous function of degree A. A type of homogeneous

function used frequently in economics is that of degree zero.

Example I.

f(x, y,z)=* + y

then,

z z
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Thus, the sign of d2yfdx2 will depend on whether or not what is contained in the 
brackets is positive or negative. If it is positive, then d2yfdx2 < 0. This 
means, geometrically, that the curvature of.the (indifference) curve is concave 
upward. We shall have occasion to discuss this again. 

4.9 Homogeneous functions 

(i) Homogeneous functions 

A special type of function that is used frequently in economics is the 
homogeneous function. Let us first illustrate it by use of an example. Let 

f(x,y) = x2- y2 

If we replace x by tx andy by ty in this function, where tis a positive constant, 
then, 

f(tx, ty) = (tx)2 - (ty)2 = t2(x2 - y2) 

= t2J(x,y) 
If the function is 

then, 
f(x,y) = r- y3 

f(tx, ty) = t3j(x, y) 

By induction we see that if we have 

then, 
f(x, y) === x" - yn 

f(tx, ty) = t".f(x, y) 

Other examples of homogeneous functions are 

f(x, y) === x2 + xy - 3y2 

then, 
f(tx, ty) = t2J(x, y) 

f(x,y) = r + 3x2y- 3xy2 + y 
and then 

f(tx, ty) === t3J(x, y) 

When we have a function that behaves in this fashion, i.e., 

f(tx, ty) = thj(x, y) 

we callf(x, y) a homogeneous function of degree h. A type of homogeneous 
function used frequently in economics is that of degree zero. 

Example 1. 

f(x, y, z) == ~ + ~ 
z z 
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Thus, we have

f(tx, ty,tz) = - + ^ = - + ^

tz tz z z

Example 2.

f(Ñ�, y,z) =

yz xz xy

29 9

v

f(X, y,z) = *- + 2- + -

Then,

,22 Ð� 2 .22

/(/X,/y,Ã�Z)=^+-^ + -^

t2yz rxz Ð�Ñ�y

= tÂ°f(x, y, z)

Example 3. Let q be quantity, p be price and y be income. The demand

function is shown as

kp

where k is a constant. Then,

, 00 = - = = Ã�Â°/(P, JO

/c/p /fP

Thus,

q=f(p,y)=f(tp,ty)

which means, when prices p and income j change by the same proportion t,

that there will be no change in demand q (there is no money illusion).

Example 4. The Cobb-Douglas production function* is shown as

P =

where P is the amount of products, L is labor, Ð¡ is capital, b and k are con-

stants. We shall write this in functional form as

P =f(L, C)

Then,

f(tL, tC) = b(tL)k (tC)1-k = tbLk C1-* = tf(L, C

)

i.e., the production function is a homogeneous function of degree 1. This

means that if labor and capital are doubled, (/ = 2), for example, then product

P will also double.

Let us next find the marginal product due to labor.

â��

Ã�L

Â» Douglas, P. H., Theory of Wages (New York, 1934).
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Thus, we have 

Example 2. 

Then, 
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tx ty x y 
f(tx, ty, tz) = - + - = - + -

tz tz z z 

= f(x, y, z) = t0f(x, y, z) 

x2 y2 z2 
f(x, y, z) == - + - + -

yz xz xy 

12x2 12y2 12z2 
f(tx, ty, tz) = - + - + -

t2yz t2xz t2xy 

= t0f(x, y, z) 
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Example 3. Let q be quantity, p be price andy be income. The demand 
function is shown as 

q =f(p,y) = ~ 
where k is a constant. Then, 

ty y 
f(tp, ty) = - = - = t0f(p, y) 

ktp kp 
Thus, 

q = f(p, y) == f(tp, ty) 

which means, when prices p and income y change by the same proportion t, 
that there will be no change in demand q (there is no money illusion). 

Example 4. The Cobb-Douglas production function* is shown as 

p == bLkCI-k 

where P is the amount of products, L is labor, C is capital, b and k are con
stants. We shall write this in functional form as 

P == f(L, C) 
Then, 

f(tL, tC) == b(tL)k (tC)l-k == tbLk CI-k = tf(L, C) 

i.e., the production function is a homogeneous function of degree 1. This 
means that if labor and capital are doubled, (t == 2), for example, then product 
P will also double. 

Let us next find the marginal product due to labor. 

(Jp = bkLk-Ict-k 
oL 

• Douglas, P. H., Theory of Wages (New York, 1934). 
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In functional form, this is

Let us check its homogeneity.

fL(tL, tC) =

SEC. 4.9

C1-* = tÂ°fL(L, C)

that is, the marginal product of labor is homogeneous of degree zero. This

means that when labor and capital are doubled, the marginal product of

labor does not change (but recall the product doubles). Similarly, it can be

easily checked to see that the marginal product of capital is also homogeneous

of degree zero.

Example 5. Let qÂ¡ be the quantity consumed and qÂ° be the initial endow-

ment of a consumer. Then,

E, = q< - <7Â°

is the excess demand for QÂ¡. Let

a, <73)

be the utility function. (We consider only three goods for simplicity.) This

is shown in terms of the excess demand function as

Ð¸ =

Let y be income. Then,

qÂ°2, E3

q%) + p3(E3 + qÂ§

The consumer wishes to maximize his utility U subject to his income y.

The conditions for the maximum to be achieved are

U i n

â�� - Ð�P2 = 0

Ñ�1Ð�1 + Ñ�2Ð�2 + Ñ�3Ð�3 + ptfl +

+ p3q3 - y = 0

y =

These conditions will be derived in the next chapter, so for the moment,

let us accept them as given. We have four equations and four unknowns,
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In functional form, this is 

fL = fL(L, C) = bkL k-1 CI-k 

Let us check its homogeneity. 

fL(tL, tC) = bk(tL)k-1(tC)1-k 

= bkrk-1+1-kL k-1ct-k 

that is, the marginal product of labor is homogeneous of degree zero. This 
means that when labor and capital are doubled, the marginal product of 
labor does not change (but recall the product doubles). Similarly, it can be 
easily checked to see that the marginal product of capital is also homogeneous 
of degree zero. 

Example 5. Let qi be the quantity consumed and q? be the initial endow
ment of a consumer. Then, 

Ei=qi-q~ 

is the excess demand for Qi. Let 

u = u(q1, q2, q3) 

be the utility function. (We consider only three goods for simplicity.) This 
is shown in terms of the excess demand function as 

u = u(£1 + q~, E2 + q~, E3 + q~) 
Let y be income. Then, 

Y = P1q1 + P2q2 + Paqa = P1(£1 + q~) + P2(£2 + q~) + P3(Ea + q~ 
The consumer wishes to maximize his utility U subject to his income y. 
The conditions for the maximum to be achieved are 

ou 
(}£1- ).pl = 0 

au 
-- )~p2 = 0 
(}£2 

ou 
-- APa === 0 o£3 

P1E1 + P2E2 + p3£3 -t- P1q~ + P2q~ + Paq~ - }' = 0 

These conditions will be derived in the next chapter, so for the moment, 
let us accept then1 as given. We have four equations and four unknowns, 
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A, E1, E2 and E3. This means we can find the unknowns in terms of prices

and the initial quantities which are known.

This process can be shown as follows . From the third equation we find

â�� â��

Ð 3dÐ�3

Substituting this into the first two equations, and combining these two with

the fourth equation,

du l du

---- p, = 0

dÐ�1 ^

du l du

_ -

=

+ p2qÂ°2 + p3q% - y = 0

+ p2E2 + p3E3 +

Thus, we have three unknowns Â£\, Â£2, E3, which, when solved, will be in

terms of the given price plt p2, pa, and qÂ°{, q?2, qÂ® as follows :

PÂ«.

Â£2 =

, qÂ°2,

'l. ?2, Ð 3. '

Â£3 = Â£3(p1,p2,p3,g;,g^^)

The excess demand functions are homogeneous of degree zero, that is,

if prices change proportionately, there will be no change in excess demand.

To put it another way, only the relative prices affect excess demand. We

shall show this as follows: Let the prices increase by / times. Then,

The conditions for a maximum will become

du

du . _

â�� - A//i2 = 0

dÐ�2

du

-- XÃ�DÑ� = 0

dE3

Ð�Ð !^! + Ð 2Ð�2 + Ñ�3Ð�3

From the third equation we find

p3qÂ°3) - ty = 0

P3
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A., £ 1, £ 2 and £ 3 . This means we can find the unknowns in terms of prices 
and the initial quantities which are known. 

This process can be shown as follows. From the third equation we find 

A === _!_ ou 
Pa oEa 

Substituting this into the first two equations, and combining these two with 
the fourth equation, 

ou 1 ou 
-- --p1 === 0 
oE1 p3 o£3 

Ou _ _!_ Ou P
2 

= 0 
oE2 p3 o£3 

P1E1 + P2E2 + PaEa + Ptq~ + P2q~ + Paqg- y = 0 

Thus, we have three unknowns £ 1, £ 2, £ 3, which, when solved, will be in 
terms of the given price p1, p2, p3 , and q?, q~, qg as follows: 

E1 === E1(p1, P2, Pa, q~, qg, q~) 

E2 === E2(p1, P2, Pa, q~, q~, qg) 

Ea === Ea(Pt, P2, Pa, q~, qg, qg) 

The excess demand functions are homogeneous of degree zero, that is, 
if prices change proportionately, there will be no change in excess demand. 
To put it another way, only the relative prices affect excess demand. We 
shall show this as follows: Let the prices increase by t times. Then, 

ty === tp1q1 + tp2q2 + tp3q3 

The conditions for a maximum will become 

ou 
-- Atp === 0 
oE 

1 
1 

ou - Atp == 0 
o£2 2 

ou - 0 
OEa- A.tpa = 

t(ptEt + P2E2 + PaEa + Ptq~ + P2q~ + Paqg)- ty = 0 

From the third equation we find 

At === _!_ 0 OLI 
Pa oEa 
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Thus, the first and second equation becomes

du l du

Pi = 0

Ã¶Ei p3 dE3

du l du n

Ð 2 = 0

dE2 p3 dE3

and also from the fourth equation, dividing through by /,

PiÐ�i + P2E2 + Ð 3Ð�3 + Pi<?i + PtÃ¢2 + Ð 3<?3 â�� y â�� 0

Thus from these three equations, we find

El = EÃ�(PI, PÃ�, Ð 3, 4i, q2 , 93), / = 1. 2, 3

Even though we increased the prices by t times, we have obtained the same

excess demand functions, and they are homogeneous of degree zero.

(//) Properties of the homogeneous function

Let us look at several other properties of the homogeneous function.

Consider a homogeneous function of degree h

u=f(x,y)

Since / can be any value, let / = 1/x. Then,

(2) /(/x,ry)=

That is, f(ix, ty) becomes a function Ð¤ which has as its variable y/x. Also

(3) /'/(x, y) = (0/(x, y)

Thus, from the equations (2) and (3)

(4) f(x, y) =

That is, if/(x, y) is a homogeneous function of degree h, it can be shown as

equation (4).

In general if

u=f(x,y,z, ...)

f(tÑ�,ty,Iz,...) = thf(x,y,z,...)
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Thus, the first and second equation becomes 

ou 1 ou 
----p~=O 
oE1 p3 o£3 

Ou _ .!_ Ou P
2 

= O 
iJ£2 Pa oEa 

and also from the fourth equation, dividing through by t, 

P1E1 + P2E2 + PsEs + Ptq~ + P2q~ + Paqg- Y = 0 

Thus from these three equations, we find 

i = 1, 2, 3 

SEC. 4.9 

Even though we increased the prices by t times, we have obtained the same 
excess demand functions, and they are homogeneous of degree zero. 

(ii) Properties of the homogeneous function 

Let us look at several other properties of the homogeneous function. 
Consider a homogeneous function of degree h 

(1) 

u = f(x,y) 

f(tx, ty) = t"f(x, y) 

Since t can be any value, let t = lfx. Then, 

(2) f(tx, ty) = 1( 1, ;) = ~(~) 

That is, f(tx, ty) becomes a function cp which has as its variable yfx. Also 

(3) t"f(x, y) = (~)"f(x, y) 

Thus, from the equations (2) and (3) 

(4) f(x, y) = x"~(;) 

That is, if f(x, y) is a homogeneous function of degree h, it can be shown as 
equation (4). 

In general if 
u = f(x,y, z, ... ) 

f(tx, ty, tz, ... ) = th f(x, y, z, ... ) 
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then,

x x

y y

z

Example 1. Consider a homogeneous equation of degree 3:

/(*, Ð£) = x*y â�� xy2

then,

/(x, y) = x3^ - y = x3

where

Example 2.

f(x,y, z) = x3/ z - x/ + /z3

This is a homogeneous function of degree 6. Then,

\X X/

Work out the cases for j and z as exercises.

Example 3. Consider an individual demand function:

where /i,. are prices, ^ are the initial collection of commodities. The initial

position is in equilibrium and we shall assume the </, to be given. If we assume

the demand function to be a homogeneous function of degree zero, we find

in Pn Pn

= Â¿(Â£,A,....M

VPn Pn Pn 7
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then, 

f(x, y, z, ... ) = x11<f>(~ , ~ , ... ) 

= yh~(; '; ' ... ) 
=Zh#(;,;, ... ) 

Example 1. Consider a homogeneous equation of degree 3: 

f(x, y) = x2y - xy2 
then, 

where 

Example 2. 
f(x,y, z) = x3 y2 z- xy5 + _y1z3 

This is a homogeneous function of degree 6. Then, 

[y,2z ys ".aza] 
f(x, y, z) = x6 - - - + _.1 -

xa xs xs 

= xa[ (~r(~) - (~r + (~r(~rJ 
= x&cp(' :E '.:) 

X X, 

Work out the cases for y and z as exercises. 

Example 3. Consider an individual demand function: 

q; = q(pl, P2' · · ., Pn' ql, q2, · · ., qn) 

95 

where Pi are prices, qi are the initial collection of commodities. The initial 
position is in equilibrium and we shall assume the qi to be given. If we assume 
the demand function to be a homogeneous function of degree zero, we find 

q . == po,~._(Pt P2 Pn-t) 
1 n~ ' ' ••• ' 

Prl Pn Pn 

= ,~._(Pt P2 Pn-t)' 
~ ' ' ... ' 

Pn Pn Pn 
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Assume pn to be the numÃ©raire. Then our result tells us the demand for qÂ¡

is dependent on relative prices.

(Hi) Properties of homogeneous functions â�� continued

The next property is that iff(x, y) is a homogeneous function of degree

h, the fc-th partial derivative of/ is a homogeneous function of degree h-k,

provided the derivative exists. As an illustration, consider a homogeneous

function of degree 4 :

f(x,y) = *f + xf

Then, the partial derivative with respect to x is

fx =

As is easily seen, this is a homogeneous function of degree 4â��1 = 3. Let

us differentiate again.

/Â» - 2/

This is a homogeneous function of degree 4 â�� 2 = 2.

Sketching the proof as follows, we know that

f(x, y) = x

and the partial derivative becomes

= hxh~ 1Ð¤ -Ñ�*.Ð£-Ð¤' =

xÂ¿

Thus, we see that/. is a homogeneous function of degree A â�� 1. Differen-

tiating again,

/â�� = (Ð� - l)x"

X2 X X

Thus,/.,,, is a homogeneous function of degree Ð� â�� 2. When this process is

continued k times, we find that the A>th partial derivative of/will be a homo-

geneous function of degree Ð� â�� k.

96 FUNCTIONS OF SEVERAL VARIABLES SEC. 4.9 

Assume Pn to be the numeraire. Then our result tells us the demand for q1 
is dependent on relative prices. 

(iii) Properties of homogeneous functions-continued 

The next property is that if.f(x, y) is a homogeneous function of degree 
h, the k-th partial derivative off is a homogeneous function of degree h-k, 
provided the derivative exists. As an illustration, consider a homogeneous 
function of degree 4: 

Then, the partial derivative with respect to x is 

fz = 2xy2 + r 
As is easily seen, this is a homogeneous function of degree 4 - 1 = 3. Let 
us differentiate again. 

.f:u = 2y2 

This is a homogeneous function of degree 4 - 2 = 2. 
Sketching the proof as follows, we know that 

f(x, y) = x\b(~) 
and the partial derivative becomes 

Thus, we see that fz is a homogeneous function of degree h - 1. Differen
tiating again, 

/.,., = (h -- l)xh- 2
[ he/> - ~ cf>'] 

+ xh-1[h4>'(- L) + L cf>' + l. cp" ~] 
x2 x2 x x~ 

Thus,fxx is a homogeneous function of degree h- 2. When this process is 
continued k times, we find that the k-th partial derivative off will be a homo
geneous function of degree h - k. 
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4.10 Euler's theorem

Euler's theorem is a special relationship obtained from homogeneous

functions and is well known to economists in connection with marginal

productivity theory, usually under the name of adding up theorem.

Let Ð¸ =f(x, y) be a homogeneous function of degree h. Then, the follow-

ing relation holds identically :

du , du .

xâ�� + y â�� =hu

ax ay

This relation is proved very simply by use of implicit differentiation,

letting

f(tx, ty) = <Â»/(*, y)

3 0 h z ) = df(tx' ty) - dtx I df(tx' ty) - dty

dt dix dt dty dt

= xf,x + yflv

... ,

dt dt dt

= hth-lf(x, y) + 0

= A/Â»-y(x, y)

Since l.h.s. = r.h.s., we have

xf<*+yf,v = ht^f(x,y)

Thus, if t = 1, then, since / can be any number,

xfx + yfv = hf(x, y)

h is the degree of the equation. If we have a linear homogeneous function,

then h = 1, and

,f. + XÑ�*=f(x,y)

or

du du

*Ð¢ + Ð£Ñ�Ð� = Ð°

ax oy

When we have a second degree equation it will become

du , du Ð»

xT + yT = 2u

dx dy
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4.10 Euler's theorem 

Euler's theorem is a special relationship obtained from homogeneous 
functions and is well known to economists in connection with marginal 
productivity theory, usuaJly under the name of adding up theorem. 

Let u = f(x, y) be a homogeneous function of degree h. Then, the foJlow
ing relation holds identically: 

ou ou 
x- + y- == hu ox oy 

This relation is proved very simply by use of implicit differentiation, 
letting 

f(tx, ty) == t"/(x, y) 

!_ O.h.s.) = Oj(tx, ty) . Otx + 0/(tx, ty) . Oty 
ot otx at aty ar 

= xftx + Yhv 

!_ ( h ) = athf( ) + h aJ(x, y) 
~ r .. s. x, y t 
ut at at 

== ht"- 1/(x, y) + 0 

== ht"-I_t(x, y) 

Since l.h.s. == r.h.s., we have 

xftx + Yhv = hth-l f(x, y) 

Thus, if t = I, then, since 1 can be any number, 

xfx + Yfu == hf(x, )') 

h is the degree of the equation. If we have a linear homogeneous function, 
then h == I, and 

xfx + Yf" === f(x, y) 
or 

au au x-+v-==u 
ax . ay 

When we have a second degree equation it will become 

au au 
x - -+ y - == 2u ax ay 
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and similarly for higher degrees. Furthermore, this may be generalized for

more than 2 variables, i.e.,

du du du .

xT + Ð£Ð¢ + 2-Ð�+ - = ku(x, Ð£, z, ...)

ax ay oz

where k is the degree of the equation.

Example 1.

f(x,y,z) = 3x + 2y-4z

is a linear homogeneous function (degree 1). Then, according to Euler's

theorem :

*/. + y/, + zf* = 1 x VÑ� + 2y- 4z)

Check

fx = 3, /, = 2, /, = -4

Thus, the left-hand side is

l.h.s. = 3x + 2y â�� 4z = r.h.s.

f(x,y) = x2-3f

is a homogeneous function of degree 2. Thus, the Euler theorem tells us

*/.+.V/, = 2(*Â«-3/)

Check

f, = 2x, /, = -6y

Thus,

l.h.s. = 2x2 - 6y2 = 2(Ñ�2 - 3/) = r.h.s.

Example 3.

f(x,y) = x3 + 2x2y+y3

is a homogeneous function of degree 3. Then, Euler's theorem tells us

xfx + yfv = 3(x3 + 2x2y + y3)

Check

xfx = x(3x2 + 4xy) = 3x3 + 4x2y

yfv = y(2x2 + 3/) = 2x2y + 3y3

l.h.s. = 3x3 + 6x2y + 3/

= 3(x3 + 2x2y + y3) = r.h.s.

Example 4. The adding-up-theorem states that the product will be

exhausted if factors are paid according to the marginal productivity theory.

That is. if

Example 2.

q= f(a,b)
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and similarly for higher degrees. Furthermore, this may be generalized for 
more than 2 variables, i.e., 

ou ou ou 
x Ox + y Oy + z Oz + 00 o = ku(x, y, z, 00 o) 

where k is the degree of the equation. 

Example 1. 
f(x,y, z) = 3x + 2y- 4z 

is a linear homogeneous function (degree 1 ). Then, according to Euler's 
theorem: 

xfz + Y/11 + zfz == I X (3x + 2y - 4z) 
Check 

fz = 3, 

Thus, the left-hand side is 

fv = 2, /z = -4 

l.h.s. = 3x + 2y - 4z = r.h.s. 

Example 2. 
f(x, y) == x2 - 3y2 

is a homogeneous function of degree 2. Thus, the Euler theorem tells us 

xfz + Yfv == 2(x2 - Jy2) 
Check 

j~ == 2x, fv == -6y 
Thus, 

l.h.s. == 2x2 - 6y2 == 2(x2 - 3y2) = r.h.s. 
Exan1ple 3. 

f(x,y) == r + 2x2y + r 
is a homogeneous function of degree 3. Then, Euler's theorem tells us 

Check 
xfz == x(3x2 + 4xy) == 3x3 + 4x2y 

Yfv = y(2x2 + 3y2) == 2x2y + 3ya 

l.h.s. == 3x3 + 6x2y + 3y3 

== 3(x3 +- 2x2y + y3) == r.h.s. 

Example 4. The adding-up-theorem states that the product will be 
exhausted if factors are paid according to the marginal productivity theory. 
That is, if 

q = f(a, b) 
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where q is output and a, b are inputs, then,

q =e/. + bfb

where fa and/b will be the marginal products of a and b.

We shall first show how this works for a linear homogeneous production

function. The Cobb-Douglas function was such a function, so let us use that.

P = bLkCl-k = f(L, C)

The adding-up-theorem states that

If L + CfC = P

Check

l.h.s. = L(bkLk->Cl-k) + C(b(l - k)LkC-k)

= (k+l - k)bLkCl-k = bLkCl~k = r.h.s.

This linear function implies that average costs and, hence, marginal costs

are constant. A more general case of the adding-up-theorem will be discussed

after we have studied maxima and minima problems.

4.11 Partial elasticities

Let

9a =/(/in, A)

where qa is the quantity of good A that is demanded, pa is its price, pb the

price of good B. We have only the price of two goods but it can easily be

generalized to n goods.

Partial elasticities are defined as

This is the partial elasticity of good A with respect to pa. Likewise, we

may define the partial elasticity of good A with respect to pb by

Â°Pb la

Example.

qa = 50 - 5pa -

Then, elasticity with respect to pa is
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where q is output and a, b are inputs, then, 

q =afa + hh 
where Ia and h will be the marginal products of a and b. 
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We shall first show how this works for a linear homogeneous production 
function. The Cobb-Douglas function was such a function, so let us use that. 

P = bL kCl-k = f(L, C) 

The adding-up-theorem states that 

LfL + Cfc = p 
Check 

l.h.s. = L(bkL k-tct-k) + C(b( l - k)L kC-k) 

= (k + 1 - k)bL kCI-k = bL kCI-k = r.h.s. 

This linear function implies that average costs and, hence, marginal costs 
are constant. A more general case of the adding-up-theorem will be discussed 
after we have studied maxima and minima problems. 

4.11 Partial elasticities 

Let 
9a == J(pa, Pb) 

where qa is the quantity of good A that is demanded, Pa is its price, pb the 
price of good B. We have only the price of two goods but it can easily be 
generalized to n goods. 

Partial elasticities are defined as 

1J = _ oqa. Pa 
OPa qa 

This is the partial elasticity of good A with respect to p a· Likewise, we 
may define the partial elasticity of good A with respect to pb by 

oqa Pb 
1]==--·-

opb qa 
Example. 

qa == 50 - Spa - 4pb 

Then, elasticity with respect to Pa is 

1} = _ iJqa . Pa 
op(J qa 

oq~~ == -5 
opa 
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r, =-(-5)

50 - 5pa - 4Pb

At pa = 5 and pb = 5, we have

â�� (-5)

50 - 25 - 20

= 5

Problems

Find the partial derivatives fx and/, of the following functions.

(a) Ð¸ = 2x* + 3/ (b) Ð¸ = x3 + /

(Ñ�) Ð¸ = x2 + xy + y* (d) Ð¸ = x2y + xy*

(e) Ð¸ = Ð�Ñ�Ð£ + / (f) Ð¸ = x2//

(g) Ð¸ = x2// + fix3 (h) Ð¸ = Ð�Ñ�2 + xly

2. Find the partial derivatives /â��, /â��,, /Ð¾Ñ�, /ÐµÑ� of problem 1 above.

3. Find the total differential of the following functions.

(a) Ð¸ = xy (b) Ð¸ = x2 + y*

(Ñ�) Ð¸ = x2 + 2xy + y * (d) Ð¸ = x3 -f /

(e) Ð¸ = f(x,y,z)

4. Find the second order differential for the following.

(a) Ð¸ = xy (b) Ð¸ = x2 + /

(Ñ�) Ð¸ = Ñ�2 + 2Ñ�y + / (d) u = /(Ñ�, 7, Ð³)

5. (a) Let Ð¸ = xy. If Ð»: were to increase from 2.00 to 2.01 and y were to

increase from 3.00 to 3.01, give an approximation of the increase in u.

Draw a diagram and explain.

(b) Let Ð¸ = x2 + y2. This is an equation

for a circle with radius ~^u as shown in

Fig. Let x increase from 2.00 to 2.01

and let^ increase from 3.00 to 3.01. What

will be the approximate increase of the

radius?

6. Find the total derivativÂ» of Ð¸ with respect

to t.

(a) Ð¸ = x2 + /, x = t3, y = t3 + 3

(b) u = x2 + xy + f, x = t3 + 3, y = r3

(c) Ð¸ = x2 + xy + j3, x = f3, J = t3 + t*

(d) Ð¸ = x2y + xf, x = l - /2, y = l -4- /2
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Thus,

(e) Â« =/(x, 7, Ð³), x = g(f), y = A(/), z
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Thus, 

1J = _ ( -5). Pa 
50- Spa- 4pb 

Atp0 = 5 andpb = 5, we have 

5 ')')-- (-5) - 5 
., 50- 25-20 

Problems 

1. Find the partial derivatives [x and [ 11 of the following functions. 
(a) u = 2x2 + 3y2 (b) u = r + yt 
(c) u = x2 + xy + r (d) u = x2y + xy2 
(e) u = 3x2y2 + y2 (f) u = x2/y2 
(g) u = x2/,l + y2/x3 (h) u = 3x2 + x/y 

2. Find the partial derivatives fxz,f,,f11z,fn of problem 1 above. 

3. Find the total differential of the following functions. 
(a) u = xy (b) u = x 2 + r 
(c) u = x 2 + 2xy + r (d) u = x3 + y' 
(e) u = f(x, y, z) 

4. Find the second order differential for the following. 
(a) u = xy (b) u = x2 + r 
(c) u = x 2 + 2xy + y2 (d) u = f(x, y, z) 

5. (a) Let u = xy. If x were to increase from 2.00 to 2.01 and y were to 
increase from 3.00 to 3.01, give an approximation of the increase in u. 
Draw a diagram and explain. 

y 

X 

(b) Let u = x 2 + y. This is an equation 

for a circle with radius v; as shown in 
Fig. Let x increase from 2.00 to 2.01 
and let y increase from 3.00 to 3.01. What 
will be the approximate increase of the 
radius? 

6. Find the total derivative of u with respect 
tot. 
(a) u = x2 + y, x = t3, y = t 3 + 3 
(b) u = x 2 + xy + y, x = t3 + 3, y = t3 
(c) u = x 2 + ~y + j!, x = t 3

, y = t3 + t' 
(d) u = x 2y + xy2 , x = 1 - t2 , y = I + t2 

(e) u = f(x, y, z), x = g(t), y = h(t), z = k(t) 
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7. v = nr2h where r is the radius, h is the height of a cylinder. The v is the

volume. Let r = t2, h = t2 where / is time, i.e., r and h increase by the

square of time. Then what will be the rate of

increase of the volume of the cylinder per unit of

time?

8. Find the total derivative du/dx of the given

functions, assuming x = Ð»

(a) Ð¸ = x3 + Ñ�3, y = x2

(b) Ð¸ = x2y + xy2, y = Ñ�2 + Ñ�

(c) Ð¸ = Ñ�2 + 2Ñ� + y2, y = l/*

(d) Ð¸ = Ñ�2 - Ñ�, y = In x2

9. Find the partial derivatives Ð�Ð¸/dt, ÐÐ¼/Ðs of the following functions.

(a) Ð¸ = x3 + y3, x = t2 - s2, y = t2 + s*

(b) Ð¸ = x2y + xy2, x = t2s, y = ts2

10. Find dyldx by use of implicit differentiation.

(a) j?y-x +2y =0 (b) x2 - xy - 2x

3 = 0

(c) ** - xy + f = 0

(e) x3 + 4xy - / = 0

(d) x2 - y2 = 0

(f ) x2 + / =

11. Find dz|dx and dz/3y of the following functions.

(a) x2 - y2 + z2 = 0 (b) x2 + y2 + 2z2 - 6 = 0

(c) x2 + 3/ + z2 = 12 (d) xy - yz + zx = 0

(e) x2 - 2xy + z2 = 0

(f) The mass of a rectangular solid is xyz = v. If the mass v were kept

constant, what would be the change in z when there is a small change

in x, i.e., find dz/dx.

12. Show that /(Or, ty) = thf(x,y) for the following functions.

(a) f(x, y) = ax2 + bf, h = 2 (b) /(x, j) = ax2y + bxf, h = 3

(Ñ�) /U,J) = Ð°x3 + ex2J -i- Ñ�x/ + df, h = 3

13. Given the following demand curves find the partial elasticities with respect

to pâ�� and evaluate for the given prices.

(a) qa = 50 - 4pa - 5pb, pa =5, pb = 5,

(b) <ja = 10 - />a + 2/,,,, pa = 3, /ib = 2

Notes and References

For proofs and derivations of the various topics that have been explained

heuristically, see the following references.

4.1, 4.2, 4.3. Courant (Vol. I, 1937) Chapter 10. Sokolnikoff(I939) Chapter 3.

Tintner (1953) Chapter 16.

4.4, 4.5. Allen (1938) Chapter 8. Courant (Vol. II, 1936) pp. 59-69.
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7. v = TTr2h where r is the radius, h is the height of a cylinder. The vis the 
volume. Let r = t 2, h = t 2 where t is time. ·i.e., r and h increase by the 
square of time. Then what will be the rate of 
increase of the volume of the cylinder per unit of 
time? 

8. Find the total derivative dufdx of the given 
functions, assuming x = t. 

(a) u = r + y, y = x 2 

(b) u = x2y + xy2, y = x 2 + x 
(c) u = x 2 + 2x + y2

, y = 1/x 
(d) u = x2 - y2, y = In x 2 

9. Find the partial derivatives ou/ot, ou/ os of the following functions. 
(a) U = r + y, X = t2 - s2, J = t2 -t- s2 

(b) u = x 2y + xy, x = t 2s, y = ts2 

10. Find dy/dx by use of implicit differentiation. 
(a) ry - X + 2y = 0 (b) x 2 - X)' - 2x -f- 3 = 0 
<c> x2 

- xy + r = o <d> x2 
- r = o 

<e> .r + 4xy - y = o <r> x2 + y2 = , 2 

11. Find ozf ox and oz/ oy of the following functions. 
(a) x2 - y2 + z2 = 0 (b) x 2 + y2 + 2z2 - 6 = 0 
(c) x 2 + 3y2 + z2 = 12 (d) xy - yz + zx = 0 
(e) x 2 - 2xy + z2 = 0 

h 

(f) The mass of a rectangular solid is xyz = v. If the mass v were kept 
constant, what would be the change in z when there is a small change 
in X, i.e., find ozf OX. 

12. Show that f(tx, ty) = thf(x, y) for the following functions. 
(a) [(x, y) = ax2 + by, h = 2 (b) f(x, y) ~= ax2y + bxy2, h = 3 
(c) [(x, y) = ax3 + bx2y + cxy2 + dy3

, h = 3 

13. Given the following demand curves find the partial elasticities with respect 
to Pa and evaluate for the given prices. 
(a) 9a = 50 - 4pa - Spb, Pa = 5, Pb = 5, 
(b) 9a = 10 - Pn + 2pb, Pa == 3, Pb ~--= 2 
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4.11. For economic applications of partial derivatives, see Tintner (1953)

Chapter 16. It is better to first finish the next chapter before seeking

applications.
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CHAPTER 5

Maxima and Minima of Functions

5.1 Increasing and decreasing functions

Let us assume x is output and y is average cost. Furthermore, let us

assume that the relation between x and y is y = 40 â�� 6x + x2. This can be

thought of as an average cost function. Now, the question is, does y (average

cost) increase, decrease, or stay stationary as x (output) increases? Let us

first draw a graph (Figure 5-1) of this cost function, which shows that as

50

45

40

35

30

1 23456789'

Fig. 5-1

Ð»: (output) increases, y (average cost) decreases, reaches a minimum, and

then starts to increase. Graphing the first part of the function, we have

Figure 5-2. A function (curve) that is downward-sloping like this is called a

decreasing function, that is, the value of the function y decreases as x increases.

We shall show this mathematically, selecting a point Al on the curve and

103

CHAPTER 5 

Maxima and Minima of Functions 

5.1 Increasing and decreasing functions 

Let us assume x is output and y is average cost. Furthermore, let us 
assume that the relation between x and y is y == 40 - 6x + x2• This can be 
thought of as an average cost function. Now, the question is, does y (average 
cost) increase, decrease, or stay stationary as x (output) increases? Let us 
first draw a graph (Figure 5-1) of this cost function, which shows that as 

y 

50 

45 

40 

35 

30 

2 3 4 5 6 7 8 9 

Fig. 5-l 

x (output) increases, y (average cost) decreases, reaches a minimum, and 
then starts to increase. Graphing the first part of the function, we have 
Figure 5-2. A function (curve) that is downward-sloping like this is called a 
decreasing function, that is, the value of the function y decreases as x increases. 
We shall show this mathematically, selecting a point A1 on the curve and 
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Fig. 5-2

drawing a tangent to the curve. The slope of this tangent is given by tan a.

We also know that the derivative of the function at the point A1 is equal to

the slope of curve at that point. Thus,

dy

â�� = tan a

dx

But we see graphically that a > 90Â°. We know from trigonometry that

tan a = tan (180Â° â�� a') = â��tan a'

For example, if a = 135Â°, then a' = 45Â°. Thus,

tan 135Â° = tan (180Â° - 45Â°) = -tan 45Â° = -1

and the derivative will be equal to

2. = tan a = tan 135Â° = -1 < 0

dx

In general, when a > 90Â°, then dy/dx < 0. As a conclusion we may say that

y =f(x) is a decreasing function at the point x when/'(x) < 0. By a similar

argument we may say y = f(x) is an increasing function at the point x when

/'(x) > 0.

Example I. Using our average cost function, let us find whether it is a

decreasing or increasing function at the values where x = 2 and x = 4.

(a) When x = 2, y = 40 - 6Ð»: + x2

^ = -6 + 2x = -6 + 4 = -2 < 0

dx

Thus, at x = 2, it is a decreasing (cost) function. This is interpreted as follows :

When x increases by a small amount, y will decrease by 2 units, at the point

x = 2.

104
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Fig. 5-2 

drawing a tangent to the curve. The slope of this tangent is given by tan oc. 
We also know that the derivative of the function at the point A1 is equal to 
the slope of curve at that point. Thus, 

dy =tan ex 
dx 

But we see graphically that oc > 90°. We know from trigonometry that 

tan ex == tan ( 180° - oc') == -tan oc' 

For example, if oc == 135°, then oc' = 45°. Thus, 

tan 135° = tan (180° - 45°) == -tan 45° = -1 

and the derivative will be equal to 

dy 0 
-=tan oc =tan 135 = -1 < 0 
dx 

In general, when oc > 90°, then dyfdx < 0. As a conclusion we may say that 
y = f(x) is a decreasing function at the point x whenf'(x) < 0. By a similar 
argument we may say y == f(x) is an increasing function at the point x when 
f'(x) > 0. 

Example /. Using our average cost function, let us find whether it is a 
decreasing or increasing function at the values where x = 2 and x = 4. 
(a) When x == 2, y == 40- 6x + x2 

dy == -6 + 2x = -6 + 4 == -2 < 0 
dx 

Thus, at x == 2, it is a decreasing (cost) function. This is interpreted as follows: 
When x increases by a small amount, y will decrease by 2 units, at the point 
X= 2. 
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(b) When x = 4,

^=-6 + 2x=-6 + 8 = 2>0

dx

and it is an increasing function. When/(x)' = 0 the slope of the curve is

horizontal. That is, tan a = tan 0Â° = 0. At this point the curve is stationary.

We shall present this again in connection with our discussion of maxima and

minima.

Example 2. y = Ð»:2 â�� 4x

dx

When x = -1, then /'(x) = -6 < 0. Thus, y =f(x) is a decreasing

function at the point where x = â�� 1 .

When x = 2, then /'(x)"= 0, and thenj =/(x) is stationary at x = 2.

When x = 3, then /'(x) = 2 > 0, and then y =f(x) is an increasing

function at this point.

5.2 Convexity of curves

Consider a car that starts from a standstill position and reaches a certain

speed after a certain amount of time. Let y (meters) be the distance the car

has traveled and t (seconds) be time. We have the following relationship:

(1) y = t2

Thus, when t = 1 second, then y = 1 meter; / = 3 seconds, then y â�� 9

meters, and so forth. Let us differentiate with respect to t. Then,

a, *-*

dy/dt gives the velocity at time t. For example, when / = 2, i.e., 2 seconds

after the car has started, dy/dt = 4 meters/second, and so forth.

Let us graph equation (1). dy/dt = 2t shows the slope of this curve at

various points. For example, at the point (3, 9), we have

dt

:. a = 80Â°30' (approximately)

Next, let us differentiate (2) once more

= 2

SEC. 5.2 

(b) When x = 4, 
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dy = -6 + 2x = -6 + 8 = 2 > 0 
dx 
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and it is an increasing function. When f (x)' = 0 the slope of the curve is 
horizontal. That is, tan (X == tan 0° = 0. At this point the curve is stationary. 
We shall present this again in connection with our discussion of maxima and 
nuntma. 

Example 2. y = x2 - 4x 

dy = 2x- 4 
dx 

When x == -1, then f'(x) == -6 < 0. Thus, y == f(x) is a decreasing 
function at the point where x = -1. 

When x == 2, then f'(x)" == 0, and then y == f(x) is stationary at x == 2. 
When x == 3, then f'(x) = 2 > 0, and then y == f(x) is an increasing 

function at this point. 

5.2 Convexity of curves 

Consider a car that starts from a standstill position and reaches a certain 
speed after a certain amount of time. Let y (meters) be the distance the car 
has traveled and t (seconds) be time. We have the following relationship: 

(1) y == t2 

Thus, when t == 1 second, then y = l meter; t == 3 seconds, then y == 9 
meters, and so forth. Let us differentiate with respect to t. Then, 

(2) 
dy 
-=2t 
dt 

dy/dt gives the velocity at time t. For example, when t == 2, i.e., 2 seconds 
after the car has started, dyfdt = 4 meters/second, and so forth. 

Let us graph equation (l). dy/dt = 2t shows the slope of this curve at 
various points. For example, at the point (3, 9), we have 

(3) 

dy == tan rx == 2 x 3 == 6 
dt 

• •• rx == 80°30' (approximately) 

Next, let us differentiate (2) once more 

d2y 
- == 2 
dt2 
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Fig. 5-3

This gives us the change in velocity per second, i.e., acceleration. We have

2 meters per second, per second, as acceleration. This means velocity

increases every second by 2 meters per second. Summarizing this in table

form, we have

Table 5.1

t (seconds) 0 1234

y (meters) 0 1 4 9 16

dyldl (meters/second) 0 246 8

d'yldl* (meters/second2) 2 2222

We are interested in the second derivative d2y/dt2 =/"(/). This shows the

rate of change. In our present case /""(/) = 2 m/second2 and it is constant,

that is, the rate of change is the same. Thus, the velocity is increasing at a

rate of 2m/second every second whether it is one second or four seconds

after start.

Using this discussion we may define several terms. The function y = f(x)

in Figure 5-4(a) is our present case and we shall say y is increasing at an

increasing rate. This is shown by

g =/"ix)> 0

dx2

The curve y â��f(x) lies above the tangent, and we say the curve is concave

upward or convex downward.

The implication of/"(Ð»:) > 0 is that /'(x) = tan a is increasing at the

point of tangent. For/'(x) = tan a to increase, a needs to increase toward

90Â°. This can happen only if the curve gets steeper. Thus, the curve will be

convex downward as in Figure 5-4(a).
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This gives us the change in velocity per second, i.e., acceleration. We have 
2 meters per second, per second, as acceleration. This means velocity 
increases every second by 2 meters per second. Summarizing this in table 
form, we have 

Table 5.1 

t (seconds) ................. 0 2 3 4 

y (meters) .................. 0 4 9 16 

dy/dt (meters/second) ........ 0 2 4 6 8 

d2y/dt, (meters/second2) •••••• 2 2 2 2 2 

We are interested in the second derivative d2y/dt2 = f"(t). This shows the 
rate of change. In our present case f"(t) = 2 m/second2 and it is constant, 
that is, the rate of change is the same. Thus, the velocity is increasing at a 
rate of 2m/second every second whether it is one second or four seconds 
after start. 

·using this discussion we may define several terms. The function y == f(x) 
in Figure 5-4(a) is our present case and we shall say y is increasing at an 
increasing rate. This is shown by 

d2y = f"(x) > 0 
dx2 

The curve y = f(x) lies above the tangent, and we say the curve is concat,e 
up"~ard or conrex do~vnlvard. 

The implication of f"(x) > 0 is that f'(x) == tan (X is increasing at the 
point of tangent. For f'(x) == tan fY.. to increase, ~ needs to increase toward 
90°. This can happen only if the curve gets steeper. Thus, the curve will be 
convex downward as in Figure 5-4(a). 
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Figure 5-4(b) shows where the rate of increase of y is zero. That is,

For example, if

dt

There is no curvature of the curve. The curve is a straight line.

(a)

(b)

Fig. 5-4

(cÃ®

Figure 5-4(c) shows where the rate of increase of y is decreasing. This is

written

To summarize, the condition for convex downward is/"(je) > 0; straight

Ime,/"(x) = 0; and convex upward, /"(Ñ�) < 0. In the special case where we

have two curves tangent to each other,

we can draw a tangent going through

the point P where they touch. Then

the curve APB will be above and the

curve CPD will be below the tangent

line.

If we look upon Ð¡PB as a curve and

imagine the point P moving along the

curve, then, when P is between Ð¡ and

P of the curve, /" < 0 because CD is

convex upward. But, from point P up

to B, since APB is convex downward,

/" > 0. Thus, at point P, f" changes

signs and at that point, /" = 0. This

point P is called the point of inflexion. Fig. 5-5
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Figure 5-4(b) shows where the rate of increase of y is zero. That is, 

For example, if 

y = 2t, 

tfy === f"(x) = 0 
dx2 

dy == 2 
dt ' 

There is no curvature of the curve. The curve is a straight line. 

y = f(x) 

X 
(a) 

y 

(b) 

Fig. 5-4 

y 

( c; 

Figure 5-4( c) shows where the rate of increase of y is decreasing. This is 
written 

d2y == /"(x) < 0 
d 2 . 

X 

To summarize, the condition for convex downward isf"(x) > 0; straight 
line,f"(x) == 0; and convex upward,f''(x) < 0. In the special case where we 
have two curves tangent to each other, 
\\·e can draw a tangent going through y 
the point P where they touch. Then 
the curve APB will be above and the 
curve C P D will be below the tangent 
line. 

If we look upon CPB as a curve and 
imagine the point P moving along the 
curve, then, when P is between C and 
P of the curve, f" < 0 because CD is 
convex upward. But, from point P up 
to B, since A PB is convex downward, 
f" ~> 0. Thus, at point P, f" changes 
signs and at that point, f" == 0. This 
point Pis called the point of inflexion. 

A ----

, ,.o 

X 

Fig. 5-S 
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Example 1.

y = x2-4x, f ' = 2x - 4, /" = 2 > 0

Thus convex downward.

Example 2.

y = Â±Ñ�* - Ð�Ð»:2, /' = Ix3 - 6x, f" = 6x2 - 6

The point of inflexion is where/"(x) = 0. Thus, let

6x2 - 6 = 0, x2- 1=0, (x+ l)(x - 1) = 0

.'. x = 1, x = â��1

Thus, the point of inflexion will be at Ð´: = 1 and x = â�� 1. For * = 1

we have

y = Jx4 - Ð�Ð»:2 = -2.5

and one of the points of inflexion is at (1,â��2.5).

Problem

Draw a graph of the above function and find the two points of inflexion.

5.3 Maxima and minima of functions of one variable

(/) Maxima and minima of functions

Referring to Figure 5-6, we see that points on either side of Bl in a small

neighborhood are lower than Bv Then, the functionj =/(x) has a maximum

value at the point Bv In a similar way

we define B2 as the point where the

function y = /(x) has a minimum

value. The maximum and minimum

values together are called the extreme

values of the function.

As can be seen, as the domain of

x is enlarged, other maximum and

minimum values may occur at dif-

ferent points. To emphasize that Bl

and B2 may not be the only extreme

values, we sometimes say relative

Fig. 5-6

maximum or minimum values or relative extreme values.
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Example 1. 

y = x2 - 4x, f' = 2x- 4, f" = 2 > 0 

Thus convex downward. 

Example 2. 

y = ix'- 3x2, f' = 2r- 6x, f" = 6x2 - 6 

The point of inflexion is where f"(x) = 0. Thus, let 

6x2 - 6 = 0, x 2- 1 = 0, (x + 1)(x - 1) = 0 

X= 1, X= -1 

Thus, the point of inflexion will be at x = 1 and x = -1. For x = 1 
we have 

y = !x4- 3x2 = -2.5 

and one of the points of inflexion is at ( 1,-2. 5). 

Problem 

Draw a graph of the above function and find the two points of inflexion. 

5.3 Maxima and minima of functions of one variable 

(i) Maxima and minima of functions 

Referring to Figure 5-6, we see that points on either side of B1 in a small 
neighborhood are lower than B1. Then, the functiony = f(x) has a maximum 
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value at the point B1. In a similar way 
we define B2 as the point where the 
function y = f(x) has a minimum 
value. The maximum and minimum 
values together are called the extreme 
values of the function. 

As can be seen, as the domain of 
x is enlarged, other maximum and 
minimum values may occur at dif
ferent points. To emphasize that B1 

and B2 may not be the only extreme 
values, we sometimes say relatire 

maxitnum or minimum values or relative extreme ralues. 
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Symbolically, this may be shown as follows : Let e > 0 be a small number.

Then,

/(*! â�� E) </(*i) >/(*i + Â«) â�¢â�¢â�¢ maximum

f(x2 â�� e) >/(*2) <f(x2 + e) ... minimum

(//) Necessary and sufficient conditions for an extreme value

Assume we have two functions as shown in Figure 5-7(a) and (b). From

our previous discussion we know that when dy/dx = 0, the tangent to the

curve at that point will be parallel to the x-axis. Let A and B be two such

(a)

(b)

Fig. 5-7

(c)

points, then the tangents are parallel to the x-axis. As is evident from the

graph, point A is a maximum and point B a minimum. In other words, the

necessary conditions for a certain point such as A or B to be an extreme value

is that dy/dx = 0 at that point.

From our discussion of the convexity of curves, however, we may have a

situation such as in Figure 5-7(c) where the tangent going through the point

of inflexion is parallel to the x-axis. Thus,

dy/dx = 0 is a necessary condition for

v =/(Ð»â�¢) to have an extreme value but it

is not a necessary and sufficient condition.

Therefore, two questions arise: (1) how

may we be certain that we do not have a

point of inflexion such as in Figure 5-7(c),

and (2) how do we tell whether it is a

maximum or minimum? For this we

can use our knowledge of the curvature

of curves. Looking at Figure 5-8 below,

we see that, for the left side of the curve,

we have an increasing curve, that is, dy/dx > 0. But we also see that it is

increasing at a decreasing rate. That is, d2y/dx2 < 0, and thus the slope

dy/dx must gradually approach zero.

y*fM

Fig. 5-8
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Symbolically, this may be shown as follows: Let£ > 0 be a small number. 
Then .. 

f(x1 - e) <f(x1) > f(x1 + e) ... maxtmum 

f(x2 - e)> f(x2) <f(x2 +e) ... minimum 

(ii) Necessary and sufficient conditions for an extreme value 

Assume we have two functions as shown in Figure 5-7(a) and (b). From 
our previous discussion we know that when dyfdx = 0, the tangent to the 
curve at that point will be parallel to the x-axis. Let A and B be two such 
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points, then the tangents are parallel to the x-axis. As is evident from the 
graph, point A is a maximum and point B a minimum. In other words, the 
necessary conditions for a certain point such as A orB to be an extreme value 
is that dyfdx = 0 at that point. 

From our discussion of the convexity of curves, however, we may have a 
situation such as in Figure 5-7(c) where the tangent going through the point 
of inflexion is parallel to the x-axis. Thus, 
dj'/ dx == 0 is a necessary condition for 
.. v == f(x) to have an extreme value but it 
is not a necessary and sufficient condition. 
Therefore, two questions arise: (I) how 
may we be certain that we do not have a 
point of inflexion such as in Figure 5-7( c), 
and (2) how do we tell whether it is a 
maximum or minimum? For this we 
can use our knowledge of the curvature 
of curves. Looking at Figure 5-8 below, 
\Ve see that, for the left side of the curve, 

I 

1 = f(x) 

X 

Fig. 5-8 

\ve have an increasing curve, that is, dyfdx > 0. But we also see that it is 
increasing at a decreasing rate. That is, d2y/dx2 < 0, and thus the slope 
dJ'fd.-r: must gradually approach zero. 
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Looking on the right side of the curve, we see it is a decreasing curve.

Thus dy/dx < 0. But we see it is decreasing at an increasing rate. Since

dy/dx < 0, this means that d2y/dx2 < 0. Putting the two sides together, the

curvature of this curve is shown by d2y/dx2 < 0. So, when we have a point

that satisfies

0 = 0, ^<0

dx dx2

we must have a maximum, dy/dx = 0 and d2y/dx2 < 0 are the necessary and

sufficient conditions for the occurrence of a maximum. Note that d2y/dx2 < 0

alone tells us the curvature of the curve. Only when we have the necessary

condition dy/dx = 0 does d2y/dx2 < 0 have meaning as a sufficient condition

with respect to the occurrence of a maximum.

In a similar manner, we find that

^ = 0, ^>0

dx dx2

are the necessary and sufficient conditions for a minimum.

As was just discussed, the necessary and sufficient conditions need to be

considered together. But, in many cases in economics, the d2yÂ¡dx2 ^ 0

needs to be discussed for its implications. We shall call this, and its corre-

sponding part in functions of more than two variables, the sufficient

conditions with the understanding of the preceding discussion.

Example. Our cost function was

y = 40 - 6Ð»: + x2

Then, the necessary condition for this to have an extreme value is

^ = -6 + 2x = 0, /. x = 3

dx

Now, is the value of y a maximum or minimum at x = 3? For this we

determine the second derivative to find the curvature of the curve. This is

Thus, the curve is convex downward and the function has a minimum value

at x = 3, that is, at * = 3, we have the minimum average cost which is

y = 40 - 6Ð»: + x2 = 40 - 6 x 3 + 32 = 31

(/7) Maxima and minima â�� an alternative approach

An alternative way is to consider the change of signs of/(#).

maximum: /'(*) = 0, f'(x) changes from + to â��

minimum: f'(x) = 0, f'(x) changes from â�� to +

A heuristic explanation for this is obtained by studying Figure 5-6.
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are the necessary and sufficient conditions for a minimum. 
As was just discussed, the necessary and sufficient conditions need to be 

considered together. But, in many cases in economics, the d2yfdx2 ~ 0 
needs to be discussed for its implications. We shall call this, and its corre
sponding part in functions of more than two variables, the sufficient 
conditions with the understanding of the preceding discussion. 

Example. Our cost function was 

y = 40- 6x + x2 

Then, the necessary condition for this to have an extreme value is 

dy = -6 + 2x = 0 
dx ' 

x=3 

Now, is the value of y a maximum or minimum at x = 3? For this we 
determine the second derivative to find the curvature of the curve. This is 

d2y 
-=2>0 
dx2 

Thus, the curve is convex downward and the function has a minimum value 
at x = 3, that is, at x === 3, we have the minimum average cost which is 

y = 40 - 6x + x 2 = 40 - 6 x 3 + 32 === 31 

(ii) Maxima and minima-an alternative approach 

An alternative way is to consider the change of signs of f(x). 

maximum: f'(x) = 0, f'(x) changes from + to -

minimum: f'(x) == 0, f'(x) changes from - to + 
A heuristic explanation for this is obtained by studying Figure 5-6. 
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5.4 Maxima and minima of functions of two or more variables

We will only discuss the case for two independent variables since the case

for more than two variables is analogous to it.

(/) Maxima and minima of functions of two variables

Let Ð¸ =f(x, y). Then, instead of a curve we have a surface. The idea of

maxima and minima for this case can be explained in a similar way to that

of the one variable case. If e and ?? are small positive numbers and Ð¸ =

f(x,y) is a continuous function, then the maximum of the function at (x0, j0)

is defined as

- Â«, y Ð¸ - Ð�

and the minimum is denned as

/(*o - Â«,y0- 4) >f(x<>,y<Â¡) <f(x0 + e,y0 + rj)

where f(x0, y0) is the maximum or minimum value of the function respec-

tively.

Fig. 5-9

Fig. 5-10

(//) Necessary conditions for an extreme value

The necessary and sufficient conditions for an extreme value of Ð¸ =f(x,y)

may be explained in similar fashion. Assume we have a surface as shown in

Figure 5-10, where A is at the maximum point. If we cut the surface by two

planes going through the point A, each surface being parallel to the u-y

and u-x planes, we will obtain the two tangents tl and /2 as in the diagram.

The tangent /l is where a value of y is held constant and the partial derivative

of the function is zero. That is,
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5.4 Maxima and minima of functions of two or more variables 

We will only discuss the case for two independent variables since the case 
for more than two variables is analogous to it. 

(i) Maxima and minima of functions of l\·VO rariab/es 

Let u == f(x, y). Then, instead of a curve we have a surface. The idea of 
maxima and minima for this case can be explained in a similar way to that 
of the one variable case. If £ and 17 are small positive numbers and u = 
f(x, y) is a continuous function, then the maximum of the function at (x0, y 0) 

is defined as 

f(xo - £,Yo - 'Y}) < f(xo, Yo) > f(xo + £,Yo + 'YJ) 

and the minimum is defined as 

f(xo - £,Yo - 'YJ) > f(xo, Yo) < f(xo + £,Yo + 1J) 

where f(x0 , y 0) is the maximum or minimum value of the function respec
tively. 

u u 

a 
X 

y 
y 

Fig. 5-9 Fig. 5-10 

(ii) Necessar~y conditions for an extreme ra/ue 

The necessary and sufficient c~nditions for an extreme value of u == f(x, y) 
may be explained in similar fashion. Assume we have a surface as shown in 
Figure 5-10, where A is at the maximum point. If we cut the surface by two 
planes going through the point A, each surface being parallel to the u-y 
and u-x planes~ we will obtain the two tangents t1 and 12 as in the diagram. 
The tangent 11 is where a value of y is held constant and the partial derivative 
of the function is zero. That is, 

OLI == 0 
ox 
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Likewise, t2 is where x is held constant and

Ð�=Â°

dy

Thus, in our present case, we need the two partial derivatives set equal to

zero for the necessary conditions. That is

dx dy

(Hi) Necessary and sufficient conditions

But as with the one variable case, the first partial derivatives being equal

to zero is a necessary but not necessary and sufficient condition for the

(a)

Fig. 5-11

occurrence of an extreme value. We can conceive of two cases as shown in

Figure 5-11. In part (a), we have a point of inflexion and in part (b), we have

what is called a saddle point. In both cases the partial derivatives are equal

to zero.

We also know that when d2y/dx2 < 0, the curvature is convex upward as

was the case when we had a maximum for the one-variable case. Looking

at Figure 5-10 and observing the two cuts by the surfaces, we see that the two

curves projected on these cuts are also convex upward. Thus, we have

It turns out that when given the necessary conditions fx = 0, /, = 0, it

will be necessary and sufficient for Ð¸ = f(x, y) to have a maximum when

Ð.Ñ�2

<0

Ð/
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Likewise, t2 is where x is held constant and 

au= 0 
oy 
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Thus, in our present case, we need the two partial derivatives set equal to 
zero for the necessary conditions. That is 

au= 0 
ox ' 

au= 0 
oy 

(iii) Necessary and sufficient conditions 

But as with the one variable case, the first partial derivatives being equal 
to zero is a necessary but not necessary and sufficient condition for the 

u u 

y y 
(a) (b) 

Fig. 5-11 

occurrence of an extreme value. We can conceive of two cases as shown in 
Figure 5-11. In part (a), we have a point of inflexion and in part (b), we have 
what is called a saddle point. In both cases the partial derivatives are equal 
to zero. 

We also know that when d2y/dx2 < 0, the curvature is convex upward as 
was the case when we had a maximum for the one-variable case. Looking 
at Figure 5-10 and observing the two cuts by the surfaces, we see that the two 
curves projected on these cuts are also convex upward. Thus, we have 

It turns out that when given the necessary conditions fz = 0, f 11 = 0, it 
will be necessary and sufficient for u = f(x, y) to have a maximum when 
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and

.

'

dx2 Ð/ * dy/

For a minimum, the necessary and sufficient conditions will be

Ð� = Ð¾, Ð� = Ð¾

ÐÑ�2 a/

Ð^.Ð2u^ / aa

ÐÑ�2 ' Ð°/ > lax

When/, = 0,/, = 0, and

a*u aju /

ÐÑ�2 ' Ð° < \

ÐÑ�2 Ð°/ ÐÑ�

or

^.^!Ã®Â£= / g2Ð¸ V

ax2 ' a/ lax ay

we shall say that we do not have a maximum or minimum. We shall discuss

these sufficient conditions again when we get to Chapter 11. For the present

let us take them as given.*

In many cases the nature of the problem indicates whether a maximum

or minimum is to be expected and thus only the necessary conditions are

considered.

Example.

Ð¸ = Ñ�Ð� + x2-Ñ�y+y2 + 4

We first obtain

â�� = 3x2 + 2x - Ð£ = 0, - = -x + 2y = 0

3x ay

Solve simultaneously

3x2 + 2x - y = 0

â�� x + 2y = 0

We have x = 2y. Substitute this into the first equation. Then

3(2y)2 + 2(2jO -y = 0

y = 0 or y = â�� \

When y = 0 x = 2y = 0,

When y = -i x = 2v = â��i

* See Courant, (Vol. II, 1936) pp. 183-209 for proof.
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and 

a2
u . a2

u > ( a2
u )

2 

ax2 ay2 ax ay 
For a minimum, the necessary and sufficient conditions will be 

fx == 0, !11 == 0 

or 

a2
u . a2

u - ( a2
u )

2 

ax2 ay2 ax ay 
we shall say that we do not have a maximum or minimum. We shall discuss 
these sufficient conditions again when we get to Chapter 11. For the present 
let us take them as given.* 

In many cases the nature of the problem indicates whether a maximum 
or minimum is to be expected and thus only the necessary conditions are 
considered. 

Example. 
u == r + x2 

- xy + y2 + 4 
We first obtain 

au 
- == 3x2 + 2x - y == 0, ax 

au 
- == -X + 2y == 0 ay 

Solve simultaneously 
3x2 + 2x- y = 0 

-X+ 2y == 0 

We have x == 2y. Substitute this into the first equation. Then 

3(2y)2 + 2(2y) - y == 0 

y(I2y + 3) == 0 

y == 0 or y == -! 
When y == 0 x = 2y == 0, 

When y == -1 x = 2_,v == -·~ 

• See Courant, (Vol. II, 1936) pp. 183-209 for proof. 
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Thus, we have two points (0, 0) and (â��|, â�� J) obtained from the necessary

conditions.

We now check whether these values satisfy the maximum or minimum

conditions. We have

f^ = 6x + 2, ^ = 2, 5^-=-l

ox ay ox oy

For (0, 0), we have

Thus, (0, 0) satisfies the conditions for a minimum value. The minimum value

at the point (0, 0) is

Ð¸ = x3 + x2 â�� xy + y2 + 4 = 4

For (â�� |, â�� J), we have

jr. -Ð¹ -i-Â«Â»â�� 2

ÐÑ�2 Ð�Ñ�2

But this does not satisfy the condition that

ÐÑ�2 ' ÐÑ�2 \3Ñ�

Thus, (â�� i, I) does not give us an extreme value.

We can summarize the conditions as follows:

Maximum Minimum

/x = Ð¾, Ð» = Ð¾ /, = Ð¾, /, = Ð¾

/Â«<o, Ð�,<Ð¾ /Â«>o, /â��>o

/Â«Ð�Â» - (/Â«)2 > Ð¾ /Â«/w - (/xv)2 > Ð¾

(ir) Necessary and sufficient conditions using differentials

Let us next investigate an alternative way of presenting the conditions

for extreme values. Consider a function u =f(x,y). The necessary con-

dition for this to have an extreme value is

(1) du=fxd
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Thus, we have two points (0, 0) and ( -!, -!) obtained from the necessary 
conditions. 

We now check whether these values satisfy the maximum or minimum 
conditions. We have 

i1u 
oxl = 6x + 2, 

o2u 
--=-1 
oxoy 

For (0, 0), we have 

o2u 
-=6·0+2=2>0 
ox2 ' 

olu. OZu = 2 X 2 = 4 > ( 02u )2 = ( -1)2 = 1 
ox2 oy2 ox oy 

Thus, (0, 0) satisfies the conditions for a minimum value. The minimum value 
at the point (0, 0) is 

u = x3 + x2 - xy + y2 + 4 = 4 

For ( -l, -1), we have 

o2u o2u - = 6(-!) + 2 = -1 < 0, - = 2 
ox2 oy2 

o2u o2u 
-·-=(-1)(2)= -2 
ox2 oy2 

But this does not satisfy the condition that 

o2u . olu > ( o2u )2 
ox2 ox2 ox oy 

Thus,(-!, 1) does not give us an extreme value. 
We can summarize the conditions as follows: 

Maximum 

fz = 0, /11 = 0 

fzz < 0, /1111 < 0 

f =/1111 - (/zf/)2 > 0 

Minimum 

f:e = 0, fv = 0 

f= > 0, fvu > 0 

f :rzfvv - {/x")2 > 0 

(iv) Necessary and sufficient conditions using differentials 

Let us next investigate an alternative way of presenting the conditions 
for extreme values. Consider a function u = f(x, y). The necessary con
dition for this to have an extreme value is 

(I) du = f:c dx + /, dy = 0 
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The rationale is that at the point of extreme values, the tangents are parallel

to the x-y plane and the value of Ð¸ is stationary. Thus, du = 0.

This condition is consistent with our previous necessary conditions

fx = 0, /, = 0. We may argue that since dx and dy can be any value and

du = 0, then the condition for (1) to hold will be/, = 0, /, = 0.

The sufficient condition is related to the rate of change of du. d2u > 0

means that Ð¸ is increasing (decreasing) at an increasing (decreasing) rate.

In terms of curves we have a convex downward curve. Thus, when du = 0,

d*u > 0, we will have the necessary and sufficient conditions for a minimum,

with du = 0 and d2u < 0 as the necessary and sufficient conditions for a

maximum.

The second order differential d2u can be shown as

d*u=fxxdx2+fxvdxdy

We have noted that the form of this is similar to a quadratic

ax2 + 2hxy -r bf

This can be changed to

e.Ñ�2 + 2hxy + by2 =a(x + - y}Â¿+ aÂ±=-Â£ /

a i a

Thus, if this function is to be positive, we must have

a > 0, ah â�� A2 > 0

In terms of the differentials obtained, we have the following correspondence:

a -*/â�� (ab - Ð�Â«) - (/,,/â�� - (/â��)2)

For d*u > 0, we need

/â��>o, fâ��fâ��-(fâ��r>o

Thus, the necessary and sufficient conditions for a minimum, du = 0,

cÃ�u > 0 become in terms of partial derivatives

f. =0, /, = 0 necessary conditions

/â�� > 0, /â��/â�� â�� (/,,)* > 0 sufficient conditions

This is the same as what we had obtained previously. Note that

/Â»>0, /â��/â��-(/,Â»)Â« >0 implies /vv>0.
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The rationale is that at the point of extreme values, the tangents are parallel 
to the x-y plane and the value of u is stationary. Thus, du = 0. 

This condition is consistent with our previous necessary conditions 
_fz == 0, f" = 0. We may argue that since dx and dy can be any value and 
du = 0, then the condition for (I) to hold will be fz = 0, f

11 
= 0. 

The sufficient condition is related to the rate of change of du. d2u > 0 
means that u is increasing (decreasing) at an increasing (decreasing) rate. 
In terms of curves we have a convex downward curve. Thus, when du = 0, 
cf2u > 0, we will have the necessary and sufficient conditions for a minimum, 
\\'ith du == 0 and d2u < 0 as the necessary and sufficient conditions for a 
maxtmum. 

The second order differential d 2u can be shown as 

d2u == fzx dx2 + /zv dx dy 

+ fv:r dy dx + /"" d}'2 

== fr:r. dx2 + 2J:r.y dx d)' + / 1171 dy2 

\Ve have noted that the form of this is similar to a quadratic 

ax2 + 2hxy -r- by2 

This can be changed to 

(
- h ) 2 ab - h2 

ax2 + 2hxy -t- by2 == a x -+ - )' -+- y2 

. a , a 

Thus, if this function is to be positive, we must have 

a_>· 0, 

In terms of the differentials obtained. we have the following correspondence: 

For d 2u => 0. we need 

Thus. the necessary and sufficient conditions for a n11111mun1, du == 0, 
d 2u > ... 0 become in tern1s of partial derivatives 

fx == 0, JY =-=- 0 necessary conditions 

fx:r. > 0, !.r:r /, 11 - (fx 11 )
2 :> 0 sufficient conditions 

This is the same as \vhat \Ve had obtained previously. Note that 

fxz > 0, fx:cfyu - (f.ru) 2 :::> 0 implies fuu :> 0. 
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The necessary and sufficient conditions for a maximum, du = 0 and

cPu < 0, are obtained by similar reasoning

/ , = o, /, = Ð¾

(r) Afore /Ð�Ð°Ð¸ two-variable case

Â« =f(x,y,z, ...)

where there are a large number of variables, the method used in (iv) is the

easiest method to apply when we have the mathematical techniques of deter-

minants and matrices at our disposal. This will be discussed in Chapter 11.

For the moment, we can say that where we have many variables the necessary

and sufficient conditions for an extreme value are

Necessary Sufficient

du = O </2H > 0 ... minimum

du = 0 d2u < 0 ... maximum

The necessary conditions are easy to show

/ , = Ð¾, /, = o, /, = Ð¾, ...

The sufficient conditions will be given in Chapter 11.

5.5 Maxima and minima with subsidiary conditions â�� Lagrange multiplier

method

(/) Two-variable case

Consider Ð¸ =f(x, y) where the variables x and y are not independent of

each other but are connected by some function

Ð¤(Ñ�,y) = 0

which is called a subsidiary condition, which may be single or multiple valued,

Under such conditions what are the conditions for the extreme values of the

function Ð¸ = f(x,y)l For example, let

M = f(x, y) = x2 â�� y2 + xy + 5x

Assume that x and y are related by

When

We wish to find the extreme value of Ð¸ subject to the condition that Ð»: â��

2y = 0.
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The necessary and sufficient conditions for a maximum, du = 0 and 
tPu < 0, are obtained by similar reasoning 

fz = 0, fv = 0 

f = < 0, f :=/"" - Chv)2 > 0 

(v) More than two-variable case 

When 
u = f(x, y, z, ... ) 

where there are a large number of variables, the method used in (iv) is the 
easiest method to apply when we have the mathematical techniques of deter
minants and matrices at our disposal. This will be discussed in Chapter ll. 
For the moment, we can say that where we have many variables the necessary 
and sufficient conditions for an extreme value are 

Necessary 

du=O 

du=O 

Sufficient 

d2u > 0 minimum 

d2u < 0 maximum 

The necessary conditions are easy to show 

fa! = 0, JtJ = 0, fz = 0, · • • 

The sufficient conditions will be given in Chapter 11. 

5.5 Maxima and minima with subsidiary conditions-Lagrange multiplier 
method 

(i) Two-variable case 

Consider u = f(x, y) where the variables x and y are not independent of 
each other but are connected by some function 

cf>(x, y) = 0 

which is called a subsidiary condition, which may be single or multiple valued, 
Under such conditions what are the conditions for the extreme values of the 
function u = f(x, y)? For example, let 

u == f(x, y) = x2 - y2 + xy + Sx 

Assume that x and y are related by 

cf>(x,y) = x- 2y = 0 

We wish to find the extreme value of u subject to the condition that x -
2y = 0. 
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We shall discuss the method most widely used first, viz. Lagrange's

method of undetermined multiplier. Let us approach the problem backwards.

We know that if Ð¸ =f(x,y) is to have an extreme value at a point, then, at

that point, du = 0. Thus, we get

du=fxdx+fvdy = Q

Thus,

Â£=_&

/, dx

Furthermore, since <f,(x, y) = 0, we have

d</, = 4 dx + <f,v dy = 0

Thus,

Ã©s=_Ã©Â£

Ð¤v dx

At the point where both equations are satisfied, we shall have

/-=Â£.

Ð» Ð¤,

or

4 = Ð�

Ð¤x Ð¤,

This is a necessary condition for an extreme value. Let us set

4 = 4' _Ð�

Ð¤x Ð¤*

where Ð� is some constant. This becomes

fx + / Ð¤x = 0

/, + Ð�& = Ð¾

We also have

Ð¤(Ñ�,y) = 0

From these three equations, we solve for x0,y0 and A, and the (x0, y0) we

obtain will be the x, y that gives us an extreme value. Thus, if we reverse

what we have done and find the equations directly by some method and then

solve for x, y, and A, we will be able to find the extreme value of the function.

This is easily done by setting

z=f(x,y) + 1Ð¤(Ñ�,y)

Then find

Â¿Â£ = 0, Â¿Â± = 0, ^ = 0

dx dy aA
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We shall discuss the method most widely used first, viz. Lagrange's 
method of undetermined multiplier. Let us approach the problem backwards. 
We know that if u = f(x, y) is to have an extreme value at a point, then, at 
that point, du = 0. Thus, we get 

du = fx dx + / 11 dy = 0 
Thus, 

fz dy 
-=--
!11 dx 

Furthermore, since cp(x, y) = 0, we have 

dcp = cPz dx + c/> 11 dy = 0 
Thus, 

cPz dy 
-=--
cp11 dx 

At the point where both equations are satisfied, we shall have 

fz cPz - ===-
fu cpJI 

or 

fz fv 

cPz cpJI 

This is a necessary condition for an extreme value. Let us set 

where ) .. is some constant. This becomes 

We also have 

fz + A cfox == 0 

JY -t- A cfou == 0 

c/>(x, y) == 0 

From these three equations, we solve for x0 .. y0 and A, and the (x0 , y0) we 
obtain will be the x, y that gives us an extreme value. Thus, if we reverse 
what we have done and find the equations directly by some method and then 
solve for x, y, and A, we will be ·able to find the extreme value of the function. 

This is easily done by setting 

z == f(x, y) + A cp(x, y) 
Then find 

oz == 0 
ox ' 

oz- 0 
- ' oy 
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We see by implicit differentiation that this becomes

fx + Ð� Ð¤, = 0

as is required.

Using our example we have

z = (Ð»:2 - / + xy + Sx) + A(x - 2y)

Thus,

â�� =x-2y-2A =

dy

Solving these three equations we find

x=-2, 7=-1, A = 0, Ð¸ =-5

(//) Three-variable case

For three variables

"=f(x,y,z)

with the constraint

Ð¤(Ñ�,y, z) = 0

we set

" =/(x, Ñ�, z) + Ð�Â¿(Ñ�, y, z)

dÐ£

These are the necessary conditions for an extreme value. Solving for

x, y, z and A gives us the desired point.

The first three conditions are in many cases shown as

Ð¤x <f>v

118 MAXIMA AND MINIMA OF FUNCTIONS 

We see by implicit differentiation that this becomes 

I~+ A cfo~ = 0 

as is required. 

fv + A cp'll = 0 

cp(x,y) = 0 

Using our example we have 

z = (x2 
- r + xy + 5x) + A(X - 2y) 

Thus, 

oz ~ 
-=2x+y+5+~~r=0 ox 
oz 
-=x-2y-2A=-0 oy 
oz 
OA =X- 2y = 0 

Solving these three equations we find 

X= -2, y = -1, l = 0, 

( ii) Three-variable case 

For three variables 

with the constraint 

we set 

u = f(x,y, z) 

cp(x, y, z) = 0 

u = f(x, y, z) + lcp(x, y, z) 

ou 
Ox = !~ + Atfo~ = 0 

ou 
Oy = !, + Atf,, = 0 

ou 
Oz = !. + Atfo. = 0 

ou - = cp(x, y, z) = 0 oA 

U= -5 
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These are the necessary conditions for an extreme value. Solving for 
x, y, z and A gives us the desired point. 

The first three conditions are in many cases shown as 
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(///) Two subsidiary conditions

If we have a function u = f(x,y) with two subsidiary conditions

Ð¤(Ñ�,y)=0

then we set it up as follows

,=Ð�Ñ�,y) + 1Ð¤(Ñ�,y)

Setting the partial derivatives equal to zero

â�� ,,

dy

Then, we solve these two equations with the two subsidiary conditions for

x, y, Ð» and p.

In similar fashion this can be extended to other general cases.*

Example Â¡.

Ð¸ =f(x,y) = x2 â�� y2 + xy + 5x

Find the extreme value of the function subject to

Ð»: â�� 2y = 0

x + v = -3

Solution.

z = (x2 - y2 + -Ñ�v + 5x) + Ð�(.Ñ� - 2y) + p(x + y + 3)

dx

SÃ = -2y + x - 2A + Ñ� = 0

dÐ£

x â�� Ã®y â�� U + p = Q

Ñ�-2y = 0

Ñ�+ y = -3

Ð³ â�� â��2 v â�� - I 1 = * Â« â�� 10

* - Â¿, J - ', * â�� *i Ð�* -- Ð·

Ð� Ð¸ = 4 - l -i 2 - 10 = -5

* Sec Courant, (Vol. Il, 1936) pp. 194-202, for proof.
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(iii) T»-·o subsidiary conditions 

If we have a function u = f(x, y) with two subsidiary conditions 

~(x, y) === 0 

tp(x, ~v) = 0 
then we set it up as follows 

z = f(x, y) + )~ ~(x, y) + p. 1p(x, )'') 

Setting the partial derivatives equal to zero 

Oz =f.+ i. c/J., + fl 'Pz = 0 ox 
oz - r + , ,~.. -L - 0 

- )JJ A~~~ 1 Jl 1f'u -oy 

119 

Then, we solve these two equations with the two subsidiary conditions for 
x, y, A and p.. 

In similar fashion this can be extended to other general cases.* 

Example 1. 
u = f(x, y) == x2 

- }'2 + xy + 5x 

Find the extreme value of the function subject to 

X- 2y = 0 

X+ J = -3 
Solution. 

z = (x2 
- y 2 + xy + 5x) + )~(x - 2y) + p,(x + y + 3) 

oz 
- = 2x + y + 5 + A -+- p, === 0 ox 

Oz = -2y + x- 2A + fl = 0 ay 
2x + .. v + ). + p. == -5 

X - 2y - 2)~ + J.l = 0 

X - 2y = 0 

X+ y ::=: -3 

X= -2, l' = -1 ./ , 

u == 4- 1 --1- 2 - 10 = -5 

• See Courant, (Vol. II, 1936) pp. 194-202. for proof. 

u- 10 
I-- 3 
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The extreme value will be Ð¸ = â�� 5. We do not yet know whether or not this

is a maximum or minimum. This will be discussed in Chapter 11.

Example 2. As another example, let us find the equilibrium conditions

for a consumer.* Let plt p2, p3 be the prices of commodities qlt q2, q3 he

buys, M be the amount of money he has, and the utility function be

Ð¸ = u(qi, q2, q3) which he wishes to maximize subject to

+ Ð aq3

Using the Lagrange multiplier method, set

z = u(qlt q2, <73) + A(AÃ� - p^ - p2q2 â�� p3q3)

Ðz . _

â�� = Ð¼I - APl = 0

-Z = u2 â�� Ap2 = 0

oq.2.

-Ã¯ = u3 - AÑ�3 = 0

aq3

Thus, from these three equations we find

Ð´ = u1 = Ð� = *8

Pi P2 Ð 3

where Ñ�, for example, is the marginal utility ofqv This gives us the necessary

conditions for consumer equilibrium.

5.6 Maxima and minima with subsidiary conditions

An alternative way of finding the necessary and sufficient conditions of

maxima and minima will be given. It is different from the Lagrange multiplier

method only in that it does not use the Lagrange multiplier explicitly. The

principle involved is the same and the differences are more apparent than real.

Nevertheless, when we have matrices and determinants at our disposal, this

method is in many cases easier to use than the Lagrange method. We shall

present a simple case in this section, and in Chapter 1 1 discuss it in connection

with determinants and matrices.

Consider a function with three variables

(1) u=f(x,y,=)

with the constraint

ttqt

(2) Â¿(*,>', z) = 0

* Hicks; Value and Capital, 1939, Appendix.
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The extreme value will be u = -5. We do not yet know whether or not this 
is a maximum or minimum. This will be discussed in Chapter 11. 

Example 2. As another example, let us find the equilibrium conditions 
for a consumer.* Let p1, p2, p3 be the prices of commodities q1, q2, q3 he 
buys, M be the amount of money he has, and the utility function be 
u = u(q1, q2, q3) which he wishes to maximize subject to 

M == Pt9t + P2q2 + Paqa 

Using the Lagrange multiplier method, set 

z == u(qt, q2, qa) + A(M - Ptqt - P2q2 - P3qa) 

oz - = u1 - Ap1 == 0 
oql 

oz - = u2 - lp2 = 0 
oq2 

oz 
- == Ua - APa == 0 
oqa 

Thus, from these three equations we find 

;., == ul == u2 == Ua 
Pt P2 Pa 

where u1, for example, is the marginal utility of q1• This gives us the necessary 
conditions for consumer equilibrium. 

5.6 Maxima and minima with subsidiary conditions 

An alternative way of finding the necessary and sufficient conditions of 
maxima and minima will be given. It is different from the Lagrange multiplier 
method only in that it does not use the Lagrange multiplier explicitly. The 
principle involved is the same and the differences are more apparent than real. 
Nevertheless, when we have matrices and determinants at our disposal, this 
method is in many cases easier to use than the Lagrange method. We shall 
present a simple case in this section, and in Chapter II discuss it in connection 
with determinants and matrices. 

Consider a function with three variables 

(I) u == f(x, y, =) 

with the constraint 

(2) cf>(x, y, z) == 0 

• Hicks: Value and Capital, 1939, Appendix. 
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The necessary condition for Ð¸ to have an extreme value is

(3) du=fxdx+fvdy+f,dz = Q

d<f, = Ð¤x dx + <f>v dy + Ð¤Â« dz = 0

The Lagrange multiplier method at this stage inserts the undetermined

multiplier A, and sets

du - Ð� d<f> = 0

which becomes

(4) (/. - Ð� Ð¤x) dx + (/, - A <f,v) dy + (f, - A &) Ð� = 0

The Lagrange multiplier method sets the coefficients of dx, dy, and dz

equal to zero. The results,/,, â�� ).Ð¤x = 0,/, - Ð�<Â£, = 0, and/, â�� Ð�Â¿Â« = 0,

turn out to be the partial derivatives we had set equal to zero in the Lagrange

multiplier method. These three equations and equation (2) give us the

necessary conditions.

Now we wish to find the necessary conditions without the help of L

For this we do as follows. From equation (3) we eliminate the dx term by

(A) &-(</#/,.

Ð¤,f. dx + Ð¤xfv dy + Ñ�,f, dz = 0

<f,xfx dx + Ð¤JX dy + <f,Jx dz = 0

(5) /. (<f,Ð�-

The reason why we did this is because we wish to set the coefficients of dy

and dz equal to zero. To do this we must be able to say that dy and dz can

take on any value. When dy and dz can take on any value, the necessary

conditions for (5) to hold are that the coefficients be equal to zero.

For dy and dz to take on any value, y and z must be considered as inde-

pendent variables. This is possible if x is considered as the dependent variable

in equation (2). That is, y and z can take on any value, but then, because of

equation (2), x is automatically determined. Thus, when we do not have the

help of A, it is necessary to eliminate one of the variables x so that the other

two can be considered as independent variables. As is seen in equation (4),

where we have dx, dy, and dz, we cannot argue that they can take on any value

and set the coefficients equal to zero ; but with the use of A we set them equal

to zero.

Thus, from (5) we find

*,f, - Ð¤J, = Ð¾

&Ð� - Â«Ð�./ , = Ð¾

This becomes

Ð�=Ð�=Ð�

Ð¤v Ð¤* Ð¤x
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The necessary condition for u to have an extreme value is 

(3) du == fx dx + / 11 dy + fz dz == 0 

dcfo == cPz dx + cP11 dy + cfo, dz == 0 
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The Lagrange multiplier method at this stage inserts the undetermined 
multiplier ) .. , and sets 

du - A dcfo === 0 
which becomes 

The Lagrange multiplier method sets the coefficients of dx, dy, and dz 
equal to zero. The results, fx - AcPx === 0, fv - AcP11 == 0, and fz - Acfo z = 0, 
turn out to be the partial derivatives we had set equal to zero in the Lagrange 
multiplier method. These three equations and equation (2) give us the 
necessary conditions. 

Now we wish to find the necessary conditions without the help of A. 
For this we do as follows. From equation (3) we eliminate the dx term by 
(du) ~z - (dcfo)fx· 

(5) 

cPxfx dx + cPxfv dy + cPxfz dz == 0 

cPxfx dx + cP 11 /x dy + cPzfx dz = 0 

(¢>zfu - cPufx) dy + (¢>xfz - cPz/z) dz = 0 

The reason why we did this is because we wish to set the coefficients of dy 
and dz equal to zero. To do this we must be able to say that dy and dz can 
take on any value. When dy and dz can take on any value, the necessary 
conditions for (5) to hold are that the coefficients be equal to zero. 

For dy and dz to take on any value, y and z must be considered as inde .. 
pendent variables. This is possible if xis considered as the dependent variable 
in equation (2). That is, y and z can take on any value, but then, because of 
equation (2), x is automatically determined. Thus, when we do not have the 
help of A" it is necessary to eliminate one of the variables x so that the other 
two can be considered as independent variables. As is seen in equation ( 4), 
where we have dx, dy, and dz, we cannot argue that they can take on any value 
and set the coefficients equal to zero; but with the use of A we set them equal 
to zero. 

Thus, from (5) we find 

This becomes 

cPx/11 - cPvfx = 0 

cPxfz - cP z fx === 0 
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which is the same as the conditions obtained by the Lagrange multiplier

method.

This method, which uses the method of undetermined coefficients, is used

frequently in economics. We shall be using this line of reasoning frequently.

An additional advantage of this approach is that the sufficient conditions are

easier to express. The sufficient conditions, given the necessary conditions,

can be shown as

Maximum Minimum

d*u < 0 d2u > 0

d<f> = 0 d<f, = 0

These conditions are discussed in section 11.11.

Example. Given the utility function and budget constraint

Ð¤ (Ð§l, Ð§2 , Ð§3) = Piq, + Ð Ñ�Ð§2 + Ð 3Ð§3 - M = 0

find the necessary conditions for maximum utility. The necessary conditions

are

<fti = 0

We know that

du = Ð¼! dql + ut dq2 + u3 dq3 = 0

d(f, = Ð¤1 dql + <f,2 dq2 + <f,3 dq3 = 0

Thus, du <^ â�� d<f, Ñ� becomes

(Ð¼2 Ð¤1 - M! Â¿2) dqt + (u3 Ð¤1 - ^ Ð¤3) dq3 = O

If we assume q1 to be dependent on q2, q3, then dq2, dq3 can take on any values,

and the necessary conditions for the equation to hold are for the coefficients

of dq2, dq3 to be zero. Thus,

Ð¸2Ð¤1 - "1Ð¤2 = 0

Â«3Â¿1 - "1Ð¤a = Â°

Uj = ^2 ^ Ð¸3

Ð¤1 <f>2 Ð¤3

But

dÐ¤

Ð¤^ = = Pi
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which is the same as the conditions obtained by the Lagrange multiplier 
method. 

This method, which uses the method of undetermined coefficients, is used 
frequently in economics. We shall be using this line of reasoning frequently. 
An additional advantage of this approach is that the sufficient conditions are 
easier to express. The sufficient conditions, given the necessary conditions, 
can be shown as 

Maximum 

d2u < 0 

dcfo = 0 

Minimum 

d2u > 0 

dcfo = 0 

These conditions are discussed in section 11.11. 

Example. Given the utility function and budget constraint 

u = f(ql, q2, qa) 

cfo (ql, q2, q3) = P1q1 + P2q2 + p3q3 - M = 0 

find the necessary conditions for maximum utility. The necessary conditions 
are 

We know that 

du == 0 

dcfo == 0 

du == u1 dq1 + u2 dq2 + u3 dq3 = 0 

dcfo = c/>1 dql + c/J2 dq2 + c/>3 dqa == 0 

Thus, du c/>1 - dcfo u1 becomes 

If we assume q1 to be dependent on q2, q3 , then dq2, dq3 can take on any values, 
and the necessary conditions for the equation to hold are for the coefficients 
of dq2, dq3 to be zero. Thus, 

u2cfo1 - u1cfo2 == 0 

ul u2 Ua 

cfot cfo2 cfoa 
But 
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Thus, the necessary conditions for a maximum are

Ð¸i = u2 = Ð¸3

Pi P2 Ð 3

which is the same as that obtained by the Lagrange multiplier method.

5.7 Competitive equilibrium of a firm

As an illustration of finding the conditions for a maximum, we shall

discuss how a firm will maximize its profits in pure competition. When we

AC

Fig. 5-12

have pure competition, the demand curve for a firm is horizontal. Graphi-

cally, it is as in Figure 5-12. Let p be price and q be output, p as we see, is

given in pure competition. Let R be revenue. Then,

The marginal revenue is

R=pq

dR dp

â�� = p + q -Â£-

dq dq

But since p is given, i.e. a constant in this case, we have

dR

Thus, MR = p â�� AR as we have drawn it in our diagram.

Now, let Ð¡ be total cost. Then profits Ñ�Ñ� will be

7Ð� = R - Ð¡

For maximum profits we need

dq2

dq
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Thus, the necessary conditions for a maximum are 

ul u2- Ua 

Pt P2 Pa 

which is the same as that obtained by the Lagrange multiplier method. 

5. 7 Competitive equilibrium of a firm 

As an illustration of finding the conditions for a maximum, we shall 
discuss how a firm will maximize its profits in pure competition. When we 

p 

AC 

(/ 

Fig. 5-12 

have pure competition, the demand curve for a firm is horizontal. Graphi
ca11y, it is as in Figure 5-12. Let p be price and q be output. p as we see, is 
given in pure competition. Let R be revenue. Then, 

R == pq 
The marginal revenue is 

dR == p +qdp 
dq dq 

But since p is given, i.e. a constant in this case, we have 

dR 
-==p 
.dq 

Thus, MR == p = AR as we have drawn it in our diagram. 
Now, let C be total cost. Then profits TT will be 

TT=R-C 
For maximum profits we need 

dTT == Q 
dq ' 
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From our necessary condition we get

This means

dq dq dq

MR - MC = 0

Thus, the necessary condition for maximum profits is MR = MC. But, as

the diagram shows, we have two points, A and B. Which one should it

be? The sufficient condition gives us

==_

dq2 ~ dq2 dq2 <

dq* dq*

This means that the rate of increase of MR must be smaller than the rate of

increase of MC when there is a small increase in q. Graphically, when the

MR curve is steeper (downward) than the MC curve, this condition is fulfilled.

To put it another way, the MC curve should cut the MR curve from below.

- In terms of our graph, the point B is

ruled out and the equilibrium point

that satisfies the necessary and suffi-

cient conditions will be A.

5.8 Monopoly price and output

Assume a monopolist with demand

and cost curves as in Figure 5-13. We

know from elementary economics that

his profits 7Ð� will be maximum when

MC = MR and prices will be Ñ�l and

output OA, as in the diagram. Let

Fig. 5-13

us illustrate this by use of a simple example. Let the demand curve be

and average cost be

Then, total cost will be

and profits

q = 400 - 20/)

AC = 5+2-

50

Ð¡ = Sq + *-

50

i.e.,

7Ð�= R- Ð¡
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From our necessary condition we get 

This means 

d1r == dR _ dC = O 
dq dq dq 

MR- MC == 0 

Thus, the necessary condition for maximum profits is M R = MC. But, as 
the diagram shows, we have two points, A and B. Which one should it 
be? The sufficient condition gives us 

i.e., 

tJ21r d2R d2C 
-==---<0 
dq2 dq2 dq2 

d2R d2C -<-
dq2 dq2 

This means that the rate of increase of M R must be smaller than the rate of 
increase of MC when there is a small increase in q. Graphically, when the 
MR curve is steeper (downward) than the MC curve, this condition is fulfilled. 
To put it another way, the MC curve should cut the MR curve from below. 
p In terms of our graph, the point B is 

ruled out and the equilibrium point 

Fig. 5-13 

that satisfies the necessary and suffi
cient conditions will be A. 

5.8 Monopoly price and output 

Assume a monopolist with demand 
and cost curves as in Figure 5-13. We 
know from elementary economics that 
his profits 7T will be maximum when 
MC == M R and prices will be p1 and 
output OA, as in the diagram. Let 

us illustrate this by use of a simple example. Let the demand curve be 

and average cost be 

Then, total cost will be 

and profits 

q == 400- 20p 

AC == 5 + !L 
50 

') 

c == 5q + qM 
50 

1r==R-C 
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Conditions for maximum profits are

drr = dA_dC = M/?_MC = 0

dq dq dq

From dC/dq we get

"~dq~'dq\-' ' 50/ f f 25

For dR/dq, let us first change the demand function as follows:

P~ '20

Then,

R = p - q = 2Qq - ?-

20

Thus,

dq~ 10

and we have

20 - 3- = 5 + S-

10 25

so that

q = 107 (approximately)

We can find/> = 14.6 (approximately) and maximum profits will be Ñ�Ð³ = 7 99 .

The sufficient condition is

dq2 dq \ 10/ 10

^ = A/5-tH-1

dq* dq\ 25/ 25

_ _^

i/q2 ~ dq2 dq2 ' 10 25

Thus, the sufficient condition is satisfied.

5.9 Discriminating monopolist

When the monopolist can sell his products in two markets that are

economically isolated and, when the demand elasticities are different, he can

maximize his profits by charging different prices in each market. Let us

assume he sells ql in market I and qt in market II. Let -R(<?i) and R(q2) be the

SEC. 5.9 MAXIMA AND MINIMA OF FUNCTIONS 

Conditions for maximum profits are 

dTT == dR _ dC === MR _ MC = O 
dq dq dq 

From dC/dq we get 

de == !!_ (sq + q2) === s + !L 
dq dq 50 25 

For dR/dq, let us first change the demand function as follows: 

Then, 

Thus~ 

and we have 

so that 

p === 20- !L 
20 

q2 
R === p · q == 20q - - -· 

20 

dR === 20- 9_ 
dq 10 

q q 
20-- === 5 +-

10 25 

q === I 07 (approximately) 
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We can find p = 14.6 (approximately) and maximum profits will be TT = 7 99. 
The sufficient condition is 

d
2
R d ( q ) 1 

dq 2 = dq 
20 - 10, = - 10 

d2c - !!_ (s + !L) - _!_ 
dq 2 - dq 25 - 25 

~TT == d
2
R _ d

2
C == _ _!_ _ _!_ < O 

dq 2 dq 2 dq 2 10 25 

Thus, the sufficient condition is satisfied. 

5.9 Discriminating monopolist 

When the monopolist can sell his products in two markets that are 
economically isolated and, when the demand elasticities are different, he can 
maximize his profits by charging different prices in each market. Let us 
assume he sells q1 in market I and q2 in market II. Let R(q1) and R(qJ be the 
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revenue from each market which are functions of what they sell in each

market. Total cost is given by C(ql + q2). The profits Ñ�Ñ� are

For the monopolist to maximize Ñ�Ñ�, we have

â�� = 0, â�� = 0

Let us set q = q1 + q* Then, the above becomes

i.e., MR1 = MC

â�� - â�� = 0

dq2 dq

i.e., MR2 = MC

Thus, the conditions for n to be maximum are

MR1 = MRZ = MC

That is, the MR of each market must be equal to each other and also equal

to the M Ð¡ of the total output. i , Ñ�

We have seen previously that MR â�� p\ 1 â�� â��I. Thus, if we let ^

a d rÂ¡2 be the elasticity in each market then, since MRl =

where pl and />2 are the prices in each market. Thus,

Â» (i-i)

\ %/

Since r? ranges from 0 to +00, we can say, if ^ > rÂ¡2 that is, if demand is more

elastic in market I, we get

Pa

This means that the monopolist will charge a lower price in market I (elastic

market) and the ratio of the prices is related to the elasticities in the above

form.
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revenue from each market which are functions of what they sell in each 
market. Total cost is given by C(q1 + qJ. The profits 1r are 

1r = R(q1) + R(q.J - C(q1 + qJ 

For the monopolist to maximize '"' we have 

Let us set q = q1 + q2• Then, the above becomes 

i.e., MR1 = MC 

i.e., MR2 = MC 
Thus, the conditions for 1r to be maximum are 

MR1 = MR2 = MC 

That is, the MR of each market must be equal to each other and also equal 
to the MC of the total output. ( 1) 

We have seen previously that M R = p 1 - ~ . Thus, if we let TJ1 

a d 172 be the elasticity in each market then, since MR1 = MR2 

P1( 1 - :) = Pz( 1 - :J 
where p1 and p2 are the prices in each market. Thus, 

Since 1J ranges from 0 to + oo, we can say, if 'f/1 > 1'}2 that is, if demand is 1nore 
elastic in market I, we get 

PI< 1 
P2 

This means that the monopolist will charge a lower price in market I (elastic 
market) and the ratio of the prices is related to the elasticities in the above 
form. 
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5.10 Equilibrium conditions for a producer

Assume a producer buys inputs a and b to produce output q. We show the

production function by

q =f(a, b)

Furthermore, assume the price of the inputs are/ia andpb. Let his budget be

M. Then,

paa + pbb = M

Thus, the problem is to produce the maximum amount of q (output) given

the budget constraint. Let us set

z=/(a, ft)

b

Ob

dz

â�� = M - paa - pbb = 0

Ð¾Ð»

If we find a and b from these equations, that will be the amount of input that

should be purchased to produce the maximum amount of q (output). We

usually show these conditions by

fa _ fb _ Ð´

Pa Ð b

where fa and /,, are the marginal physical products of a and b. This is the

well-known law of equi-marginal productivity and when we follow it we get

the least-cost combination of inputs.

5.11 Adding-up theorem

Let us discuss the adding-up-theorem again in a more general form.

Assume we have

C=paa+pbb

IT = pq â�� Ð¡

where q is output, p is the price of the product, a, b are inputs, pa, pb are
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5.10 Equilibrium conditions for a producer 

Assume a producer buys inputs a and b to produce output q. We show the 
production function by 

q == f(a, b) 

Furthermore, assume the price of the inputs are Pa and Pb· Let his budget be 
M. Then, 

Thus, the problem is to produce the maximum amount of q (output) given 
the budget constraint. Let us set 

z ==f(a, b)+ A.[M- Paa- pbb] 

oz 
Oa =fa - A.pa = 0 

If we find a and b from these equations, that will be the amount of input that 
should be purchased to produce the maximum amount of q (output). We 
usually show these conditions by 

fa= Jb =A 
Pa Pb 

where fa and h are the marginal physical products of a and b. This is the 
well-known /a~v of equi-marginal productivity and when we follow it we get 
the least-cost combination of inputs. 

5.11 Adding-up theorem 

Let us discuss the adding-up-theorem again tn a more general form. 
Assume we have 

q == f(a, b) 

C == Paa + pbb 

7f = pq- c 

where q is output, p is the price of the product, a, b are inputs, Pa' pb are 
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prices of inputs, Ð¡ is total cost, and Ñ�Ñ� is profits. The conditions for maximum

profits are _

! djr = d(pq) _dÂ£^Q

dÐ° dÐ° dÐ°

djT = d(pq) dC = Q

db db db

Next we find

n dq dp dq dp dq

~==p^~+'l^~=p^~+q^"^~

dÐ° dÐ° dÐ° dÐ° dq da

p

= â�� x MR (MR â�� marginal revenue)

da

= fa x MR

fa = dq/da is the marginal product of input a. The/a x MR is the marginal

revenue product of a (MRPa). Thus, we have

MRPâ�� = i

= (VMPofa)\l --]

L rÃ§J

where (VMP of a) = pfa is the value of the marginal product of a, and 77

is the elasticity of demand.

On the other hand,

da da

where ea is the elasticity of supply of input a and pa is the price of input a.

Thus, we can set it as the average factor cost (afc) of a. Since we have

d(pq) dC = Q

da da

i.e., d(pq)lda = dC/da, we get

(afc of a)(l + -) = mfca = MRPa = vMPÃ�I - - }

\ ej \ r)l

This will be the condition for maximum profits with respect to input a and

also for input b.
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prices of inputs, C is total cost, and TT is profits. The conditions for maximum 
profits are 

Next we find 

oTT == o(pq) _ ac == 0 
oa oa oa 

oTT== o(pq) _ ac == 0 
ob ob ob 

a pq = P aq + q a P = P aq + q a P . aq 
oa oa . oa oa oq oa 

= aq P [ l + q_ . o p] 
oa p oq 

= aq x MR (MR =marginal revenue) 
oa 

==fa X MR 

fa == oqfoa is the marginal product of input a. The fa X M R is the marginal 
revenue product of a (MRPa). Thus, we have 

MRPa = Pia[ 1 - ~] 
= (VMP of a>[l- ~] 

where (VMP of a) ==Pia is the value of the marginal product of a, and 1J 
is the elasticity of demand. 

On the other hand, 

ac = Pa + a apa = Pa[l + ~ . opa] 
oa oa Pa oa 

= Pa[l + e:J 
where ea is the elasticity of supply of input a and Pa is the price of input a. 
Thus, we can set it as the average factor cost (afc) of a. Since we have 

o(pq) _ ac == 0 
oa oa 

i.e., o(pq)foa = oCfoa, we get 

(afc ofa)(t + l) = mfca = MRPa = VMPa(t-!) 
ea ~ 

This will be the condition for maximum profits with respect to input a and 
also for input b. 
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When we have pure competition in the commodity market and factor

market, then e â�� Ñ�Ð¾, rÂ¡ = oo. Thus, for a given input we have

afc = mfc = MRP = VMP

Next let us derive the adding-up theorem. We have just derived the

relationship

pa(l + ^} = MRPa = MR x fa

\ Ð¡ a I

Thus,

Pa = MR Sf

ka

where ka = 1 + 1/Ðµn, and likewise for pb. Thus,

Ð q = Paa + Ð bÐ¬

= MR Ð� ^ a + &â�¢ b\

Lfca kb J

This is the general form of the adding-up-theorem. If we assume pure

competition in the commodity market, MR = p and, thus,

If we assume pure competition in the factor market, then e = oo and thus

ka = kb = 1. Thus,

? = Â«/â�� + bfb

5.12 Method of least squares

As another application, let us dis-

cuss the method of least squares. As

is well known, we have a set of data

y l (i â�� l, 2, ... n) to which we fit a

straight line

yc = a + bx

such that

n

2 (Ð� ~ Ð£Ñ�)2 = minimum

where we sum over all the points. Let

Fig. 5-14

/(a, b) =2 [y, - ycT =2 [Ð£, - (a +
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When we have pure competition in the commodity market and factor 
market, then e = oo, 'YJ === oo. Thus, for a given input we have 

afc = mfc == MRP = VMP 

Next let us derive the adding-up theorem. We have just derived the 
relationship 

Thus, 

where ka == 1 + Ifea, and likewise for Pb· Thus, 

pq == Paa + Pbb 

= MR [!a a + fb b] 
ka kb 

q === MR[fa a+ fb b] 
p ka kb 

This is the general form of the adding-up-theorem. If we assume pure 
competition in the commodity market, M R == p and, thus, 

q == fa a + fb b 
ka kb 

If we assume pure competition in the factor market, then e = oo and thus 
ka == kb === 1. Thus, 

q == afa + bh 

5.12 Method of least squares 

As another application, let us dis
cuss the method of least squares. As 
is well known, we have a set of data 
}'; (i === I, 2, ... n) to which we fit a 
straight line 

Yc ==a+ bx 

such that 
n 

y 

I (yi - Yc)2 == minimum 
i=l 

where we sum over all the points. Let 

Fig. 5-14 

f(a, b)== 2 [.v,- Yc] 2 == l [y,- (a + bx)] 2 

Yc = o+/Jx 
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The problem Is to find the values of the coefficients a and b such that /(a, b)

will be a minimum. For this we need /â�� = 0, fb = 0 as the necessary con-

ditions. For ease of calculations, let

z = y - (a + bx)

Thus,

/(a,b) = 2>?

Thus,

j/-=yaL2

dÐ° dÐ°

= yÂ§^.az

'"" Ðz Ða

= 2(2z)(0-l-0)

2z = 0 or z = 0

Za-Zbx = 0

/. 27 = !e + Â¿2*

Likewise for

.'. ^7 = a

Thus, by solving the two equations

we find a and b that minimizes /(a, Â¿). These equations are called the

normal equations associated to the method of least squares.

Problems

1. Determine whether the curves are rising or falling at the given points. Also

find the x that gives y a stationary value. Draw a rough graph for your own

visual aid.

(a) y = 2x2 - 6x + 2, (1) x = 2, (2) x = 6

(b) y = x3 - Ð�Ð»:2 (1) x = 1, (2) x = 4

(c) y = Ð»:2 - 2Ñ� (1) Ñ� - -1, (2) Ð»: = 3

(d) j = -Ñ�* + 4Ñ� (I) Ñ� = 1, (2) Ñ� =5
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2. Using the problems in 1 above, determine whether the curves are convex

downward or convex upward.

3. Find the point (or points) of inflexion on the following curves, if any.

(a) y = x* - 6x2

(b) y = 3*3 - 6X2

(c) y = ce-x2'2

4. Using the problems in (1) and (3) above, find the extreme values and show

whether they are maxima or minima.

5. Examine the functions for maximum or minimum.

(a) z = x2 - 2xy + y>

(b) z = Ð»:2 - / + xy

(c) z = xy

(d) z = Xs - y3

(e) z = x3 + Ð�x2 - y2 + 4

6. (a) Find the minimum of Ð¸ = 2Ð»:2 â�� Ð±Ñ�2 under the condition that x + 2y â��

4. What is the value of ul

(b) Find the maximum of Ð¸ = Ð»:2 + Ð�Ð»Ñ� â�� 5y2, given 2x + Ðªy = 6. What

is the value of Ð¸?

(c) Find the minimum of Ð¸ = 6Ð´:2 + y2, given 4x â�� y = 1. What is the

value of Ñ� ?

(d) Find the minimum of Ð¸ = x* + xy + y* + 3z2 given x + 2y + 4z = 60.

What is the value of Ð¸?

(e) Let the utility function be Ð¸ = q^. Let prices be pl = 1, Ñ�2 = 3, and

income be M = 15. (pll]l + Ñ�^2 = 15). Find ft and y2 that will

maximize u.

7. Find the normal equations that will minimize

(a) f(a, b, c) = 2 [y - (a + bx + Ñ�x2)]2

(b) Ð�Ð°, b, c, ...) = 2 iy - (a + bx + Ñ�x* + ...)P

Notes and References

For proofs and derivations of the various topics that have been explained

heuristically, see the following references.

5.1-5.3 Allen (1938) Chapter 14. Courant (Vol. I, 1937) pp. 158-167. Courant

and Robbins (1941) pp. 341-345. Smail (1949) pp. 64-85. Sokolnikoff (1939)

pp. 315-317, explains maxima and minima using Taylor's formula. We discuss

Taylor's formula in Chapter 7. Tintner (1953) Chapter 15.

5.4 Allen (1938) Chapter 19, uses Taylor's formula for explanation. Courant

(Vol. II, 1936) pp. 183-209. Sokolnikoff (1939) pp. 321-326 also uses Taylor's

formula for explanation. Tintner (1953) pp. 166-169.

5.5-5.6 Allen (1938) Chapter 19. Courant (Vol. II, 1936) pp. 183-209. Sokolnikoff

(1939) pp. 327-334. Maxima and minima techniques are used extensively in

economics. This topic will be taken up again in Chapter 11 with the help of
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matrices. "Mathematical Appendix A" of Samuelson (1947) discusses the

maxima and minima problem but should be read after Chapter 11 of this book

has been finished.

5.7-5.11 With this much background, a fairly large amount of mathematical

economics literature should become accessible. Henderson and Quandt (1958),

Davis (1941), Lange (1959), Hicks (1935), and Samuelson (1949) Chapter

4 provide many illustrations.

Davis, H. T., The Theory of Econometrics. Bloomington, Ind.: Principia

Press, Inc., 1941.

Henderson, J. M. and Quandt, R. E., Microeconomic Theory, A Mathematical

Approach. New York: McGraw-Hill Book Co., Inc., 1958.

Hicks, J. R., "The Theory of Monopoly," Econometrica, Vol. 3, pp. 1-20,1935.

Lange, O., Introduction to Econometrics. New York: Pergamon Press, Inc.,

1959.

Samuelson, P. A. Foundations of Economic Analysis. Cambridge, Mass.:

Harvard University Press, 1947.
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CHAPTER 6

Integration

The first limiting process discussed was differentiation. From a geometrical

standpoint, differentiation was a study of the tangent of a curve. The second

limiting process we take up is integration. In geometrical terms, this will be a

study of area under a curve. Analytically speaking, however, integration and

differentiation do not depend on geometry. A geometrical interpretation is

used only to help foster intuition.

6.1 k i Ñ�Ñ�Ð° nn integral

Assume a continuous function y = f(x) as shown in Figure 6-1. The

domain of the function is the closed interval [a, b] which may be considered a

Fig. 6-1

set of points. Assume the values of y =f(x) are finite. We are interested in

calculating the area under the curve y =f(x) between a and b.

Let us divide the interval [a, b] into equal or unequal subintervals and

set

a = x0<xl<x2< ... <xn = b

Looking at the strip between x0 and xl t we can find an approximation to the

area under the curve by either the rectangles

A! = x0CDxl or RI = x0EFxl
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and R1 and R\ can be calculated by

Let the area under the curve be R". Then we can see from Figure 6-1 that

R1 < R? < R(

This was because x0 and xl was picked so that/(jÑ�0) would be the smallest

andyXÐ»:i) would be the largest f(x) value in (x0, Xi).

In general, if we take an interval (*,-!, x,) as in Figure 6-1, from all the

values that/(jÑ�) can take in this interval, we can find an upper bound Mi

and a lower bound mi as shown. Then, Mi(xi â�� xÂ¡-^ would give the upper

bound of the area, and w^Ð»:j â�� ^i-i) the lower bound of the area.

Let us carry this operation out for all of the intervals, first for the mi

then for the MÂ¡. Thus,

z = wi(-xi - *0) + m2(x2 - xi) + ... + mâ��(xn - xnâ��Â¿

Let (xÂ¡ â�� *i_!) = Ð�*Ã�. Then we can abbreviate the above as follows.

n

Z = 2 mi Ð�XI

> = 1

Likewise for the Mi we have

Z = Ã�M,.Ð�X,.

1 = 1

If we consider [a, b] a set 5 and all the n subintervals 5, disjoint subsets,

S= S1 + S2 + S3... + Sn

Then we can think of (xÂ¡ â�� xi_l) as a measure (in our present case, length)

of the set 5, (in our present case, a subinterval). Designate the measure as

/i(S,). Then the above sums can be shown as

z = r

which would be their most general forms. Let us call this'the lower and

upper sums associated with this division of the set S.

If we let m be the lower bound of the function /(Ð»:) and M be the upper

bound, then, obviously

<z <Z
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Furthermore, if we let the area under the curve be A, then

z < A <Z

We now apply the limiting process to the sums. We want to show that

z and Z will tend to a limit, and that the limit will be A. Obviously all we

need to show is that z and Z converge to one limit.

Let us superimpose a finer division on the one we already have. It is

intuitively clear that the new combined partition which is much finer than the

original will produce new sums, where the difference between mi and Mi

in an interval (xl_lt xÂ¿) will become smaller. Let

z - z = 2 (Ð»/, - rnMS,)

Let e be the largest difference between Mi and m,. Then e ;> Ð�/,. â�� m^

Thus,

Z - z = (Ð�/, -

e will tend toward zero as the subdivision is repeated over and over again.

Thus,

Z - z < e (Â¿ - Ð°) -.-0

as the subdivision is repeated. This is a limiting process and in the limit

we can set

Z = z = A

When a limit is obtained, the common value is written as

and we say/(jÑ�) is integrable over S. (In our present case, over the interval

[a, ti\.)

Graphically, the process of _ â�� ,â�¢ A can be thought of as approaching the

area under the curve from inside the curve, and Z -* A as approaching it from

outside. In the limit, : and Z become equal to the area under the curve A.

Thus, the integral is defined as the limit of a finite sum of numbers

(f(x) dx). Integration is the process of obtaining a limit, and the integral is

the limit. In our particular example, it so happens that it becomes the area

under the curve.

But, for most practical purposes in economics, this "pure" attitude will

be compromised, and it will be convenient to interpret J/(Ð»:) dx as a summa-

tion process and look upon it as the area under the curve, or volume, or

whatever we are applying it to.
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In contrast to the definite bounds of the interval, we now let b = x

become a variable. Then we have

noting that f(x) and dx have been changed Ã�o/(Ð¼) and du. F(x) is called an

indefinite integral and we shall see that

it is one of the integrals obtained by

changing the lower limit a. f(u) is

called the integrand.

The integrand /(Ð¸) is independent

of x. That is to say, the rule of

mapping that is given Ð¬Ñ�/(Ð¼) will be

the same regardless of what x is, so

long as x is in the domain of defini-

tion. This is shown by the geometrical

illustration, Figure 6-2.

From Figure 6-2 we have

Fig. 6-2

Let

J'/(ii) du = /"'/(,O du + /* /(ii) du

I a'/(Ð¸) du â�� Ð° definite integral = constant = Ñ�

Ja

/"Ð�Â«) du = F(x), /" /(u) du = G(x)

*>a J aI

Then,

F(x) = G(x) + Ñ�

Thus, we have a whole family of indefinite integrals that differ only by con-

stants.

6.2 Fundamental theorem of the calculus

We saw that differentiation was a limiting process where we obtained the

limit of a difference quotient dy/dx of a function y = /(x). We also saw that

integration was a limiting process where we obtained the limit of a sum. It

turns out that these two processes are the inverse of each other. This can be

shown intuitively by starting from the integration process and interpreting

it from the standpoint of an area.

According to the indefinite integral we discussed, the area under y =/(Ñ�)

of Figure 6-3 can be shown as

F(x) = /*Ð�Ð¸) du

F(x + Ð�Ñ�) = /*+Ax/(u)</u

F(x + Ð�Ñ�) - F(x) = Ð� ff'f(u)du
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The area in the interval (x, x + Ð�Ñ�) can be approximated, as we did in

Section 6.1 by

ml x (Ð�Ñ�) and Mi x (Ð�Ñ�).

We have

m,(Ð�Ñ�) < F(x + Ð�Ñ�) - F(x) < Ð�/<(Ð�Ñ�)

where mi and MÂ£ are, as before, the smallest and largest values of/(x) in

(x, x + Ð�Ñ�). Thus,

F(x + Ð�Ñ�) - F(x)

If we let the interval (x, x + Ð�Ñ�) become smaller, that is undertake a

limiting process by letting Ð�Ñ� â��Â»â�¢ 0, then ml and Mi will become equal in the

limit to/(x), provided/(x) is continuous. The difference quotient

will approach a limit F'(x),

lim

F(x + Ð�Ñ�) - F(x)

Ð�Ñ�

Ð�Ñ�) - F(x)

Ð�Ñ�

Since mt and Ð�/, will approach a common limit /(x) as Ð�Ñ�-*0, and since

That is, differentiation of the indefinite integral F(x) at x gives us the value

of the f unction /(Ð¼) at x. This is called the fundamental theorem of calculus.

We may state more formally as follows: Given the indefinite integral,

F(x) = /*/(u) du

as a function of x, the derivative of F(x) at x is equal to/(x). That is,

F'(x) =/(x)
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The area in the interval (x, x + Llx) can be approximated, as we did in 
Section 6.1 by 

mi X (~x) and Mi x (~x). 
We have 

ml~x) < F(x + ~x)- F(x) < Ml~x) 
where mi and Mi are, as before, the smallest and largest values of f(x) in 
(.'t"', x + ~x). Thus, 

F(x + ~x) - F(x) M m-< < . 
' ~X ' 

If we let the interval (x, x + ~x) become smaller, that is undertake a 
limiting process by letting ~x --+ 0, then mi and Mi will become equal in the 
limit to f(x), provided f(x) is continuous. The difference quotient 

F(x + ~x) - F(x) 

~X 
will approach a limit F'(x), 

lim F(x + ~x) - F(x) === F'(x) 
~z-o ~X 

Si nee mi and Mi will approach a common limit f(x) as ~x ~ 0, and since 
mi :.:;: F'(x) < M;, 

F'(x) == f(x) 

That is, differentiation of the indefinite integral F(x) at x gives us the value 
of the functionf(u) at x. This is called the fundamental theorem of calculus. 
\Ve may state more formally as follows: Given the indefinite integral, 

F(x) = J: f(u) du 

as a function of x, the derivative of F(x) at xis equal to f(x). That is, 

F'(x) == f(x) 
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Note the following points : First, we defined the definite integral of f(x)

over the interval [a, b] as the limit of a sum. We noted that this definite

integral was dependent on the lower and upper limits of integration, i.e.,

a and b. Second, to show the relation of the definite integral and its limits,

we let the upper limit b become b = x, that is, a variable. The definite

integral then became a function of b = x, and we called it an indefinite

integral. Since it has become a function of x, we can differentiate it with

respect to x. Thirdly, this led to the result that the derivative of the indefinite

integral

i.e., F'(x), is equal to /(Ð¸) at x, i.e., F'(x) =/(x).

Although F(x) is an integral, to emphasize its relation with/(Ð»:) and also

that it is a function of x, it is preferably called a (not the) primitive function

of /(Ð»:). It can be seen that f(x) will have a whole family of primitive

functions,

G(x) = F(x) + Ñ�

where Ñ� is some constant. When we differentiate, we have

ff(x) = F'(x) = /(x)

a result already obtained in Section 6.1.

The fundamental theorem has shown us that differentiation and inte-

gration of a function f(x) are the inverse of each other. When the process

of integrating f(x) is differentiated, the process is reversed and we obtain

the original situation, viz, /00- It also shows us a method of evaluating the

definite integral. Let us explain this second point.

Let /00 be a continuous function in the interval (a, b). Then the definite

integral over (a, Â¿) will be

/>(*><**â�¢

Let F(x) be a primitive function of f(x). Then,

F(x) = /"/(x) dx

We have just seen from the fundamental theorem that

G(Ð»:) = F(x) + Ñ�

where Ñ� is a constant. Thus, we obtain

GOO = /*/(x) dx + Ñ�

Let x = a. Then,

G(a) = /"/(x) dx + c = c

Ja
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i.e., F'(x), is equal to f(u) at x, i.e., F'(x) = f(x). 
Although F(x) is an integral, to emphasize its relation with f(x) and also 

that it is a function of x, it is preferably called a (not the) primitive function 
of f(x). It can be seen that f(x) will have a whole family of primitive 
functions, 

G(x) = F(x) + c 

where c is some constant. When we differentiate, we have 

G'(x) = F'(x) = f(x) 

a result already obtained in Section 6.1. 
The fundamental theorem has shown us that differentiation and inte

gration of a function f(x) are the inverse of each other. When the process 
of integrating f(x) is differentiated, the process is reversed and we obtain 
the original situation, viz, f(x). It also shows us a method of evaluating the 
definite integral. Let us explain this second point. 

Letf(x) be a continuous function in the interval (a, b). Then the definite 
integral over (a, b) will be 

J:J(x) dx. 

Let F(x) be a primitive function of f(x). Then, 

F(x) = f" f(x) dx 
• a 

We have just seen from the fundamental theorem that 

G(x) === F(x) + c 

where c is a constant. Thus, we obtain 

G(x) = f"' f(x) dx + c 
• a 

Let x == a. Then, 

G(a) == ra f(x) dx + c == c 
.. a 
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Thus,

F (x) = G(x) - Ñ� = G(x) - G(a)

Let x = b. Then

/r/(x) dx = G(b) - C(a)

= {F(b) + c} - (F(a) + c]

= F(b) - F(a)

Thus, we obtain the following result: If f(x) is a continuous function in

(a, b), and

is an indefinite integral of /(x), the value of the definite integral f /(x) dx is

x = F(b) - F(a)

Unless otherwise stated we shall be using the Riemann integral. Then,

we shall write

and call this the definite integral. This can be interpreted to mean that when

this integral is evaluated we will get a definite numerical answer. In our

present case, we get the area under the curve between a and b.

6.3 Techniques of integration

When discussing the derivative, we saw how derivatives could be evaluated

by using the definition. But we also saw how tedious the calculations were,

and as a result adopted various convenient rules for differentiation. As for

the evaluation of the integral, we can follow the steps in the definition and

construct a finite sum and evaluate it by a limiting process. But as was in the

case of derivatives, we can adopt various convenient rules that will facilitate

our calculations.

The evaluation of various integrals is not easy. Various tables of

standard forms of integrals have been compiled to help the applied mathe-

matician. We shall discuss only three such standard forms. We shall first

state the standard form, give a few examples, and then interpret its meaning in

geometric terms. It should be noted again that the integral does not depend

on such geometric interpretation, but rather when certain conditions are

satisfied, the integrals can be interpreted geometrically.

SEC. 6.3 

Thus, 

Let x = b. Then 
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F(x) = G(x) - c = G(x) - G(a) 

J: f(x) dx = G(x) - G(a) 

I: f(x) dx = G(b) - G(a) 

= {F(b) + c} - {F(a) + c} 

= F(b)- F(a) 
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Thus, we obtain the following result: If f(x) is a continuous function in 
(a, b), and 

F(x) = J: f(x) dx 

is an indefinite integral of f(x), the value of the definite integral I: f(x) dx is 

I: f(x) dx = F(b) - F(a) 

Unless otherwise stated we shall be using the Riemann integral. Then, 
we shall write 

tf(x) dx 

and call this the definite integral. This can be interpreted to mean that when 
this integral is evaluated we will get a definite numerical answer. In our 
present case, we get the area under the curve between a and b. 

6.3 Techniques of integration 

When discussing the derivative, we saw how derivatives could be evaluated 
by using the definition. But we also saw how tedious the calculations were, 
and as a result adopted various convenient rules for differentiation. As for 
the evaluation of the integral, we can follow the steps in the definition and 
construct a finite sum and evaluate it by a limiting process. But as was in the 
case of derivatives, we can adopt various convenient rules that will facilitate 
our calculations. 

The evaluation of various integrals is not easy. Various tables of 
standard forms of integrals have been compiled to help the applied mathe
matician. We shall discuss only three such standard forms. We shall first 
state the standard form, give a few examples, and then interpret its meaning in 
geometric terms. It should be noted again that the integral does not depend 
on such geometric interpretation, but rather when certain conditions are 
satisfied, the integrals can be interpreted geometrically. 
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RULE 1. The power formula.

Ð¡ un+1

undu=^â�� n^-1

J n + 1

Ð¸ is a function of x, i.e., Ð¸ = u(x)

Example I.

d /x4 \

check: â��I \- Ñ� I =

dx\4 I

Ð� yÂ« + l

2. x" dx = + Ñ�

J a + 1

- j-f^C-; +c) = xÂ°

dx\a + 1 /

3. Ã�3x2dx

3

check: â�� (x3 + c) = 3x2

dx

4. J dx = x + Ñ�

check: â�� (x + c) = 1

dx

5. J h dx = hx + Ñ�

check: â��(hx + c) = h

dx

Example 2. Let

y = /(x) = h a < x < b

= 0 otherwise

Graphically, this is a straight line as in Figure 6-4. Then, the integral of y

will be

I y dx = \ h dx â�� hx + Ñ�

Now we wish to find the integral of y between a and b. For that we write

check

and this is the definite integral of the single valued and continuous function
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RULE 1. The power formula. 

J 
un+l 

u"du =-
n + 1' 

n-::/= -1 

u is a function of x, i.e., u = u(x) 
Example 1. 

J 
x4 

1. x3 dx= 4 +c 

d (x4 
) check: - - + c = x3 

dx 4 

J 
xa+l 

2. X
4 dx = -- + c 

a+ 1 

check: .!!._( xa+I +c) = xa 
dx a+ 1 

3. r 3x2 dx = Jx
3 

+ c = x3 + c 
~ 3 

check: !!__ (x3 + c) = 3x2 

dx 

4. J dx = x + c 

d 
check: - (x + c) = 1 

dx 

5. J h dx = hx + c 

check: .!!._ (hx + c) = h 
dx 

Example 2. Let 
y = f(x) = h 

=0 otherwise 
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Graphically, this is a straight line as in Figure 6-4. Then, the integral of y 
will be 

J y dx = J h dx = hx + c 

Now we wish to find the integral of y between a and b. For that we write 

J: y dx = J: h dx 

and this is the definite integral of the single valued and continuous function 
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v =/(x) = h between a and b. As we have explained, this will be the area

under the straight line y = h.

How is this definite integral evaluated? This will be done as follows:

= Ð�Ñ�

= hb - ha = h(b - a)

As can be seen h(b â�� a) is the area of the rectangle under the straight line

y = h between a and b.

Ð£

Ñ�

h -

h-

a

Fig. 6-4

Fig. 6-5

Example 3. Let us now try a function that goes through the origin as in

Figure 6-5. This function is shown by y = Bx, where B is the slope of the

curve and B = A/a. The integral of y = Bx over (0, a) will be

\

Jo

But since B = h/a, we have

x-\

2 1Â°

â��a2 h a2 ha

Bâ�� = - â�¢ â�� = â�� = area of triangle

2 a 2 2

Example 4. Let us now find the area of the trapezoid in Figure 6-6. The

function for this straight line is y = Bx, where B = h/a = k/b. Then the

integral of y over (a, b) is,

f1 y dx = f * Bx dx = B -

Ja * Ja 1

b2

â��

2

kb

2

ha

2

Now kb/2 is the triangle over (0, b),

and ha/2 is the triangle over (0, a).

Thus, the difference of the two triangles Â°

gives us the trapezoid.
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J' === f(x) = h between a and b. As we have explained, this will be the area 
under the straight line y = h. 

How is this definite integral evaluated? This will be done as follows: 

J: h dx = hxl: = hb - ha = h( b - a) 

As can be seen h(b - a) is the area of the rectangle under the straight line 
y === h between a and b. 

y 
y 

h --------p----..... 

0 0 
X 

Fig. 6-4 Fig. 6-5 

Example 3. Let us now try a function that goes through the origin as in 
Figure 6-5. This function is shown by y = Bx, where B is the slope of the 
curve and B = hfa. The integral of y = Bx over (0, a) will be 

J
·a Ja x21a a2 a2 y dx = Bx dx = B .__ = B - - 0 = B -
0 0 2 ° 2 2 

But since B = hfa, we have 

a2 h a2 ha . 
B- == - · - = - = area of triangle 

2 a 2 2 

Example 4. Let us now find the area of the trapezoid in Figure 6-6. The 
function for this straight line is y = Bx, where B = hfa = kfb. Then the 
integral of y over (a, b) is, 

' 

.. b Jb x21b 
y dx = Bx dx == B -

• a a 2 a 

b2 a2 kb ha 
=B--B-==---

k 

2 2 2 2 

Now kb/2 is the triangle over (0, b), 
and ha/2 is the triangle over (0, a). 
Thus, the difference of the two triangles 0 
gives us the trapezoid. 

y 

a 
Fig. 6-6 

X 
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Example 5. Let us now have a

function y = x2, as shown in Figure

6-7. Then the area under this curve

between (a, b) will be

y dx = x2 dx

Ja Ja

RULE 2. Logarithmic Formula. We have seen that when y = hi x, the

derivative of y is

dy _ _!

dx x

Thus, we shall define (without explanation)

- dx = In x + Ñ�

J x

For our present purpose, we shall always assume that x > 0. Graphically,

the function y = 1/x is as shown in

Figure 6-8, the area between (a, b)

being the shaded part. This is shown

by

\

|^ Â£;*-*Â»

/4 In general, the

Â¿

fifc-

Fig. 6-8 J M

b

= In b â�� In a

a

ogarithmic formula

In Ð¸ + Ñ�

where Ð¸ is a function of x and we assume Ð¼(Ñ�) > 0.

Example 1.

2

x

1

f-dx = 21n

â�¢ V

x + c

check: â�� (2 In x + c) = -

dx x

2.

d(x + D

= In (x + 1) + Ñ�

142

check: â�� In (x + 1) = â��â��

dx x + 1
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Example 5. Let us now have a y 

function y = x2, as shown in Figure 
6-7. Then the area under this curve 
between (a, b) will be 

I: y dx = J: x2 dx 

xalb 1 =- =- (bs- as) 
3 a 3 

0 
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y= x2 

0 b X 

Fig. 6-7 

RuLE 2. Logarithmic Formula. We have seen that when y = In x, the 
derivative of y is 

dy 1 
-=-
dx x 

Thus, we shall define (without explanation) 

I !dx =In x + c 
X 

For our present purpose, we shall always assume that x > 0. Graphically, 

y 

1 

the function y = 1/x is as shown in 
Figure 6-8, the area between (a, b) 
being the shaded part. This is shown 
by 

Jb! dx = In xjb =In b -In a 
a X a 

1 =-; In general, the logarithmic formula 
is 

Fig. 6-8 
f! du =In u + c 

.. u 

where u is a function of x and we assume u(x) > 0. 

Example 1. 

1. I ~ dx = 2 In x + c 
X 

d 2 
check: - (2 In x + c)=-

dx x 

2. f - 1- dx = f d(x + t) =In (x + 1) + c 
·x+t x+l 

d 1 
check: -In (x + 1) == --

dx · x + l 
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3.

x2 + l 2 J x2 + l 2

check: â�� l- In (x2 + 1) + c) = - â�¢ â��â�� (2x) = â��^â��

dx \2 / 2 x2 + l x2 + l

Thus, it is evident that one of the important problems in the technique is

to be able to spot the form of the integrand and modify it so that it fits the

standard formula, an ability to be gained by practice.

RULE 3. Exponential Formula. We have seen that when y = 6x, then

Tx = e

Thus, we can expect that

J y dx = J ex dx = ex + Ñ�

and in general, the standard formula is

J eu du = eu + Ñ�

where Ð¸ = u(x). Since, when y = a" we have

dx '

the standard form for the integral will be

f a" du = â�� + Ñ�

In a

Examples:

check: â�� (ex+3 + c) = ex+3

dx

2. j e2x dx = -j e2* d(2x) = - e2* + Ñ�

check: â��(- e2* + c] = e2x

dx\2 '

3. |" e-to+1dx = -- / ^~^+1 d(-3x + 1)=-! e"^1 +c

check: â��I

dx\ 3
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3. r X dx = ! J d(x2 + 1) =!In (x2 + 1) + c 
· x 2 + 1 2 x2 + 1 2 

check: !!.._ (!In (x2 + 1) +c) == ! · 1 
(2x) = x 

dx 2 2 x 2 + 1 x 2 + 1 

Thus, it is evident that one of the important problems in the technique is 
to be able to spot the form of the integrand and modify it so that it fits the 
standard formula, an ability to be gained by practice. 

RuLE 3. Exponential Formula. We have seen that when y =eX, then 

dy z - =e 
dx 

Thus, we can expect that 

J y dx = J ez dx = ez + c 

and in general, the standard formula is 

J eu du = eu + c 

where u = u(x). Since, when y = au we have 

dy == au In a 
dx 

the standard form for the integral will be 

Examples: 

J 
au 

au du ==- + c 
In a 

1. J ez+a dx = J ez+a d(x + 3) = ez+a + c 

d 
check: - (ez+ 3 + c) == ex+ 3 

dx 

2. J e2
z dx = i J e2

" d(2x) = ~ e2
"' + c 

check: !!.._(! e2x + c) = e2x 

dx 2 

3. ~ e-3z+l dx = _! J e-3.r+l d( -3X ~t- 1) == -~ e-3x+I +c 
. 3 3 

check: - -- e-axt-I -+c) = e-3.rtl d ( 1 . . 
dx 3 , 
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Ð� 1Ð� 1 Ð»2x + 3

4. Ð� Ð°2x+3 dx = -\ a2x+a d(2x + 3) = - + Ñ� '

J 2J 2 Ina

i /i â��21 + 3 \ 1

check: â�� (-â�¢- + c =â��â�� (a2x+3 In a) x 2

dx\2 In Ð° I 2 In a

= Ð°2x+3

We list some important fundamental rules of the technique of integration.

Observation of Figure 6-9 should help the student to grasp the meaning

intuitively.

RULE 1.

Â£/(x) dx = -JÂ°/(x) dx, aÐ¤b

RULE 2.

JV(x) dx + f Â° /(x) dx = f'/(x) dx, a<b<c

Ja ' /i â�¢'Q

RULE 3.

| cf(x) dx = Ñ� J /(x) dx

where Ñ� is a constant.

RULE 4. When/(x) = Â£(x) + A(x), then

(V(x) dx = Â£ Â£(x) dx + Â£ h(x) dx

RULE 5.

J"o /(x) dx = 2 Jo"/(x) dx

when/(x) is an even function.

when/(x) is an odd function.

144

/(â��x) =/(x) is an even function; e.g., x2"

/(â��x) = â��/(x) is an odd function; e.g., x2n+1
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4. I a2:r:+a dx = ! I a2z+s d(2x + 3) = ! a
2

"'+
3 + c · 

2 ·2 In a 

d (1 a2
z+a ) 1 

check: - - • -- + c = -- (a2z+a In a) X 2 
dx 2 In a 21n a 

We list some important fundamental rules of the technique of integration. 
Observation of Figure 6-9 should help the student to grasp the meaning 
intuitively. 

y 
y= l(x) 

X 0 
0 b c 

Fig. 6-9 

RULE 1. 

J: f(x) dx = -I: f(x) dx, a -=/= b 

RULE 2. 

J: f(x) dx + I: f(x) dx = fa" f(x) dx, a < b < c 

RULE 3. 

I: cf(x) dx = c J: f(x) dx 

where c is a constant. 

RuLE 4. Whenf(x) = g(x) + h(x), then 

J: f(x) dx = J: g(x) dx + J: h(x) dx 

RULE 5. 

J:a f(x) dx = 2 J: f(x) dx 

when f(x) is an even function. 

J:a f(x) dx = 0 

when f(x) is an odd function. 

f( -x) = f(x) is an even function; e.g., x2n 

/( -x) == -f(x) is an odd function; e.g., x2n+l 
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6.4 Improper integrals

So far we have considered only continuous functions for the integrand and

the value of the function was finite in the intervals (a, b). Secondly, we

assumed that (a, b) was a finite interval. When the integral under consider-

ation has an integrand that can take on infinite values, or when the interval

(a, b) is not a finite interval, that is, when a â�� oo or b = oo or both, then we

have an improper integral.

(/) Improper integrals with discontinuous integrand

If the integrand f(x) is continuous in (a, b) but takes on an infinite value

at either a or b, then we approach the problem as follows: Assume/(x) to

be continuous in a < x <L b, but that

lim/(x) = oo or lim/(x) = oo

x-Â»d ft-,0

Then, if

lim Ð� /(x) dx

Ð»-0

has a limit, we say the improper integ-

ral converges and

Ð»-Â»0

f(x)dx,

(fc>0)

The definition is similar for the case 0

when/(x) takes on an infinite value at b.

When there is an infinite jump dis-

continuity at Ñ� where a < Ñ� < b, we

split the integral into two improper integrals and define as

JaV(x) dx = Â¡Â°af(x) dx + j'f(x) dx

If each improper integral on the right side converges to a limit, then the value

of the integral will be the sum of the two improper integrals.

fi>i

Ñ�*

Example 1. \ â��dx. When x-Â»â�¢0, then, l/x2-* oo. Thus, we evaluate

JO Y-Z

as

Pldx = hmfÃ�dx = lim(-i

Jo x2 Ð»-0 JÐ» x2 A-O \ x

= lim I 1â�� I â��,â�¢ oo

Ð»-0\ b h!

Thus, the integral diverges.
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6.4 Improper integrals 

So far we have considered only continuous functions for the integrand and 
the value of the function was finite in the intervals (a, b). Secondly, we 
assumed that (a, b) was a finite interval. When the integral under consider
ation has an integrand that can take on infinite values, or when the interval 
(a~ b) is not a finite interval, that is, when a = oo orb = oo or both, then we 
have an improper integral. 

(i) Improper integrals »'ith discontinuous integrand 

If the integrand f(x) is continuous in (a, b) but takes on an infinite value 
at either a or b, then we approach the problem as follows: Assume f(x) to 
be continuous in a < x ~ b, but that 

limf(x) = oo or limf(x) = oo 
h-+0 

Then, if 

lim (b f(x) dx 
h-+o·a+h 

has a limit, we say the improper integ
ral converges and 

f" f(x) dx = lim r f(x) dx, 
.a h-+O a+h 

(h > 0) 

The definition is similar for the case 0 
whenf(x) takes on an infinite value at b. 

When there is an infinite jump dis
continuity at c where a < c < b, we 

y 

q o+h 

Fig. 6-10 

split the integral into two improper integrals and define as 

J: f(x) dx = J: f(x) dx + t f(x) dx 

b 
I 

If each improper integral on the right side converges to a limit, then the value 
of the integral will be the sum of the two improper integrals. 

as 

Example 1. fb ~ dx. When x---+- 0, then, l/x2 ---+- oo. Thus, we evaluate Jo x2 

f.b 1 ib ·l ( 1) lb - dx = lim - dx = lim - -
.. o x2 h-+o h x 2 h-o x th 

= lim (- ! + !) ~ oo 
h-+0 b h 

Thus, the integral diverges. 
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Example 2. f â�� dx. As x varies from â��1 to +1, it will take a value

J â�� 1 Ð´^2

0 which will make 1/x2 -Â»â�¢ oo. Thus, we split the integral into two parts:

â�� dx and â�� dx

x ' X

Then these become

fo 1 f-* 1 / l\|-*

â�� dx = lim â�� dx = hm I 1

J-1x* Ð»V'1 x2 *-HÂ»\ x/l-i

= lim I 1 )-Â»â�¢ oo

Ð»-o \h I

â�� dx = lim â��-dx = lim I â�� 1 + -)->â�¢ oo

Jo x2 Ð�-.0J* x2 Ð»- \ ht

Thus the integral diverges.

Example 3. ! , . When x = 3 the denominator of the integral

J3 Vx - 3

becomes zero. Thus, set

Using a table of integrals, we can find that this becomes

r.

- 3 Â»-Ð² 3+Ð»

Â¡â�¢ [275^3 - Ð³Ñ�Ð· + Ð» - 3]

(Ð½) Improper integrals with infinite limits

In the second case where either a or Â¿ or both are infinite, we say, for

example,

I f(x)dx converges if lim f(x)dx

Ja i- + ooJa

has a limit. Otherwise if it does not have a limit, it is divergent. What is

being done is to first find the value of Ð� /(x) dx and then let / ->â�¢ oo and

find the limit. The same is true when the lower limit b is infinite.
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Example 2. J+t _.!_ dx. As x varies from -1 to +1, it will take a value 
-1 x2 

0 which will make l/x2 -+ oo. Thus, we split the integral into two parts: 

Jo 1 f.1 1 
-

2 
dx and -

2 
dx 

-1 X .. o X 

Then these become 

Jo 1 J_, 1 ( 1) ~-A _ - dx = lim _ - dx = lim - -
1 x2 

A-+o 1 x
2 

A-+o x -1 

· = lim (! - 1) -+ oo 
h-+0 h 

J.•!. dx = lim f !. dx = lim (-1 + !) -+ oo 
o x 2 A-+o h x 2 h-+ h 

Thus the integral diverges. 

rs dx 
Example 3. J!

3 
V . When x = 3 the denominator of the integral 

.. X- 3 
becomes zero. Thus, set 

is dx - lim t dx 
3 .Jx-3- , ... o 3 +"-Jx-3 

Using a table of integrals, we can find that this becomes 

I. is dx I" 2 ,--3~s 1m = 1m vx-
h-+0 3 +1& .J X - 3 h-+0 3 +h 

= lim [2 's - 3 - 2 '3 + h - 3] 
h-+0 v v 

(ii) Improper integrals with infinite limits 

In the second case where either a or b or both are infinite, we say, for 
example, 

},.'2> f(x) dx converges if lim J' f(x) dx 
t-+ + oo 0 

has a limit. Otherwise if it does not have a limit, it is divergent. What is 

being done is to first find the value of j~J(x) dx and then let t - oo and 

find the limit. The same is true when the lower limit b is infinite. 
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There is also the case where both the upper and lower limits are infinite.

An example is the integral of the normal distribution curve. Another

important example of an improper integral is the Gamma Function.

Example 1.

b a

Example 2. The normal distribution curve (Figure 6-11) is a bell-shaped

curve that is symmetrical around the mean Ñ�. The function is given by

n(x) = -i- e-(x-"l'l2a*,

-oo <

oo

where a is the standard deviation. As is well known x varies from â�� oo to

+ 00.

We also know from elementary statistics that the area under the normal

curve is unity. That is

f " n(x) dx = 1

J â�� oo

which is an improper integral. It can easily be proved that the integral from

â�� oo to +00 will be one.*

Example 3. The improper integral

Ð�(Ð°) = JoÂ°V-V*dx,

a>0

is called the gamma function and the symbol Ð� (Gamma) is usually used to

designate this special function.

* See Mood (1950), p. 190.
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There is also the case where both the upper and lower limits are infinite. 
An example is the integral of the normal distribution curve. Another 
important example of an improper integral is the Gamma Function. 

Example 1. 

Joo dx Jb (x- 1
) lb 2 =lim x- 2 dx =lim -

a X b-,x; a b-oo -1 a 

Example 2. The normal distribution curve (Figure 6-11) is a bell-shaped 
curve that is symmetrical around the mean p,. The function is given by 

( ) 
1 _ ( .r _ , ) 21 2az 

n x = --:-=:=-- e ,.. , 
-J2na 

-oo<x<oo 

where a is the standard deviation. As is well known x varies from - oo to 
+ 00. 

y 

0 fL 

Fig. 6-11 

X 

We also know from elementary statistics that the area under the normal 
curve is unity. That is 

J~oo 11(x) dx = 1 

which is an improper integral. It can easily be proved that the integral from 
- oo to + oo will be one.* 

Example 3. The improper integral 

r(IX) = fo"" X"-le-z dx, <X>O 

is called the gamn1a function and the symbol r (Gamma) is usually used to 
designate this special function. 

• See Mood (1950), p. 190. 
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When a > 0, this function converges for all values of a and has the

following characteristics which we give without proof.

Ñ�*-1e-"Ð°Ñ�, Ð°>0

Ð�(Ð° + 1) = JoÂ°Â° x"e'* dx = Ð°Ð�(Ð°)

Let a = 1. Then,

Ð�(1) = fV* dx = lim IV" dx

^ ' Jo , Jo

= lim (-e~x)

= lim (-Ðµ-Â» + eÂ°) =

Ð�-Â»oo

Next, if a' = a + 1, then,

Ð�(Ð° + 2) = Ð�(Ð°' + 1) = Ð°'Ð�(Ð°') = (a + 1)Ð�(Ð° + 1)

= (a + 1)Ð°Ð�(Ð°)

This process can be repeated and we obtain

Ð�(Ð° + n) = (Ð° + n - 1)(Ð° + Ð¸ - 2) ... (Ð° + 1)Ð°Ð�(Ð°)

Let Ð° = 1, then

Ð�(n + 1) = Ð¿(Ð¿ - 1)(Ð¸ - 2) ... 2 â�¢ 1 â�¢ Ð�(Ð°)

The Gamma function in statistics provides the Gamma distribution.

For example, a particular form of the Gamma distribution gives us the Chi-

square distribution.*

6.5 Multiple integrals

When we had a function y = f(x), we defined the integral as [ f(x) dx,

JS

where S was the set of points given by the interval (a, b). We can interpret this

as the limit of the sum ^f(x) dx, where dx can be looked upon as indicating

a subset of S.

In the present case where we had an interval as the set S, dx could be

interpreted as a small subinterval S,.

We can now extend this kind of thinking to the two-dimensional case.

Let us assume we have a continuous function Ð¸ = f(x, y). Then we can define

the integral off(x, y) as

lsf(x,y)dxdy

â�¢ See Mood (1950), Chaps. 6 and 10, Sokolnikoff and Sokolnikoff(1941) p. 272.

then,
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When cx > 0, this function converges for all values of cx and has the 
following characteristics which we give without proof. 

r(«) = J
0

00 

x'"-1e-"' dx, cx>O 
then, 

Let cx = I. Then, 

r(t) = («> e-a; dx = lim (" e-z dx 
Jo h~«> Jo 

= lim ( -e-"')111 
= lim ( -e-11 + e~ = 1 

h~ CX) 
0 h~ CX) 

Next, if cx' = cx + 1, then, 

r(cx + 2) = r(cx' + 1) = cx'f(cx') = {cx + t)r(ex + 1) 

= (ex + l)exf(oc) 

This process can be repeated and we obtain 

f(ex + n) = (ex + n - l)(ex + n - 2) ... (ex + l)exf(oc) 

Let ex= 1, then 
r(n + 1) = n(n - l)(n - 2) ... 2. 1 . f(ex) 

f(n + I)= n! 

The Gamma function in statistics provides the Gamma distribution. 
For example, a particular form of the Gamma distribution gives us the Chi
square distribution.* 

6.5 Multiple integrals 

When we had a function y = j(x), we defined the integral as f
8
J(x) dx, 

where S was the set of points given by the interval (a, b). We can interpret this 
as the limit of the sum !f(x) dx, where dx can be looked upon as indicating 
a subset of S. 

In the present case where we had an interval as the set S, dx could be 
interpreted as a small subinterval S.,. 

We can now extend this kind of thinking to the two-dimensional case. 
Let us assume we have a continuous function u = f(x, y). Then we can define 
the integral of f(x, y) as 

fs f(x, y) dx dy 

• See Mood (1950), Chaps. 6 and 10, Sokolnikoff and Sokolnikoff (1941) p. 272. 
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In this case our set 5 is a two-dimensional set, i.e., a region in a plane as

shown in Figure 6-12.

Similar to the one-dimensional case, we can find lower and upper sums

Z =

In this case mi and Ð�/, are the lower and upper bounds of the function

f(x, y) defined in a two-dimensional sub-region Si of S. ^(S,) is the measure

(in this case, area) of this sub-region Sl. In the one-dimensional case it was

an interval when we were considering the Riemann integral. In the two-

dimensional case, we can consider it as the product of two intervals, i.e.,

an area. Let us call this area a two-dimensional interval. By use of this

terminology we can call a three-dimensional sub-region, which will be a

volume, a three-dimensional interval. If we are dealing with Ð¸-dimensions,

we will have an n-dimensional interval.

Fig. 6-13

Thus, we can interpret z = S mi Â¡i(S,) geometrically as a cylinder between

the X X-plane and the Ð¸ = f(x,y) surface as shown in Figure 6-13. Then,

the process of integration can be thought of as finding the volume of mass

between the surface Ð¸ and the X Ð£-plane over the region defined by u =f(x,y)

on the A'Ð£-plane.

But aside from such geometrical interpretations, we shall define the inte-

gral as follows: Undertake a limiting process by subdividing the regions

into smaller and smaller sub-regions until Z â�� : becomes arbitrarily small.

Then we can eventually set Z = ; as the common value reached after the

limiting process. This limit of a finite sum is defined as the integral and we

shall denote it as

J f(x,y)dxdy
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In this case our set S is a two-dimensional set, i.e., a region in a plane as 
sho\\'n in Figure 6-12. 

Similar to the one-dimensional case, we can find lower and upper sums 

z == "2 m,p.(S;) 

z == L M;f.l(S;) 

In this case mi and M; are the lower and upper bounds of the function 
f(x, J') defined in a two-dimensional sub-region S; of S. f.l(S;) is the measure 
(in this case, area) of this sub-region S;. In the one-dimensional case it was 
an interval when we were considering the Riemann integral. In the two
dimensional case, we can consider it as the product of two intervals, i.e., 
an area. Let us call this area a two-dimensional interval. By use of this 
terminology we can call a three-dimensional sub-region, which will be a 
volume, a three-dimensional interval. If we are dealing with n-dimensions, 
we will have an n-dimensional interval. 

u 

y 

X 

dx X 

Fig. 6-12 Fig. 6-13 

Thus, we can interpret z == L m; J.1(S;) geometrically as a cylinder between 
the X Y-plane and the u == f(x, y) surface as shown in Figure 6-13. Then, 
the process of integration can be thought of as finding the volume of mass 
between the surface u and the X Y-plane over the region defined by u === f(x, y) 
on the XY-plane. 

But aside from such geometrical interpretations, we shall define the inte
gral as follows: Undertake a limiting process by subdividing the regions 
into smaller and smaller sub-regions until Z - = becomes arbitrarily small. 
Then we can eventually set Z :.:~= = as the common value reached after the 
limiting process. This limit of a finite sum is defined as the integra) and we 
shall denote it as 

J.o.; f(x, y) dx dy 
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This can be extended to a more general case. The integral for a function

/(Ñ�L x2... xn) is defined as

which is also written as

/ ...//(*!, .-,*.)'

Ñ�

6.6 Evaluation of multiple integrals

We evaluate this by first evaluating

/' (x2 + /) dy = (x*y + Ð·Ñ�3)|0* - x3 + Ð¬3 = Ix3

Then

Ð¡1 * v3 /Ãv â�� * . AVÂ» 1 * . i . i n â�� i

Ð�Ð¥ OX = 3 4X = 3*1 â�� U=3

Jo o

As can be seen, we first treat x as a parameter and y as the variable of the

first integration. Then we integrate with respect to x. Integrals such as

(1) are called the iterated (or repeated) double integral.

6.7 Total cost, marginal cost

Let x be output and the total cost function be

/(x) = 100 + 3x + 4x2 + 5x3

Then, the marginal cost is

/'(x) = ^r* = 3 + 8x + 15x*

ax

We can reverse the procedure and, if given the marginal cost function,

determine the total cost function. We know/(x) = J/'(x) dx. Thus,

f(x) = (3 + 8x+ 15x*)dx

a)

= 3x + i(8x2) + J(15x3) + Ñ�

= 3x + 4x2 + 5x3 + Ñ�
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This can be extended to a more general case. The integral for a function 
f(x1, x 2 ••• x ") is defined as 

Is f(x1, .•• , Xn) dx1, ••• , dxn 

which is also written as 

I ... I f(xl> ... , Xn) dx1, ••• , dxn 

n 

6.6 Evaluation of multiple integrals 

(1) 

We evaluate this by first evaluating 

Then 
rz (x2 + y2) dy = (x2y + ly3)1z = x3 + ix3 = fx3 
~o o 

J. l 4 3 d .i 1 411 4 1 1 0 l. 
O aX X = 3 • 4X O = 3 " 4 · - = 3 

As can be seen, we first treat x as a parameter and y as the variable of the 
first integration. Then we integrate with respect to x. Integrals such as 
( 1) are called the iterated (or repeated) double integral. 

6. 7 Total cost, marginal cost 

Let x be output and the total cost function be 

f(x) = 100 + 3x + 4x2 + 5x3 

Then, the marginal cost is 

J'(x) = df(x) = 3 + 8x + 15x2 

dx 

We can reverse the procedure and, if given the marginal cost function, 
determine the total cost function. We know f(x) == J f'(x) dx. Thus, 

f(x) = I (3 + 8x + 15x2
) dx 

== 3x + ~(8x2) + i(15x3
) + c 

= 3x + 4x2 + 5x3 + c 
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We can determine the Ñ� if we have an additional condition. Let it be that

/(0) = 100. Thus,

/(0) = 3(0) + 4(0) + 5(0) + Ñ� = 100

c= 100

Ð� f(x) = 100 + 3* + 4x2 + 5x3

6.8 Law of growth

(/) Geometric progression

Let a be a population that doubles itself every time-period. Then we

have a geometric progression

a, a -2, a -4, a â�¢ 8, ...

or

a, ar, ar2, ar3, ... , ar', ...

where r = 2 (= 200%) is the relative increase per time period. This geo-

metric progression can be shown as

y = ar' = a â�¢ 2'

or v = a(I + /)', where / = 1 in our present case. This is the familiar

compound interest formula where usually y is the value of capital at time /,

a is the initial value of capital, and / is the rate of interest. In our present

case /=!(= 100%) is the rate of increase.

Note the difference between r and i. To distinguish the two, i will be

called the rate of increase and r the coefficient of growth.

(ii) Compound interest formula

Effective raie of interest â�� /. In terms of capital values, the compound

interest formula is

Pl = Ð�i( I + 0<

Pl = value of capital at time /

P0 = initial value of capital

/ = number of years

/ = effective rate of interest.

The initial capital is compounded annually, and the rate of interest is i,

which will be called the effective rate of interest.
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We can determine the c if we have an additional condition. Let it be that 
f(O) == 100. Thus, 

/(0) == 3(0) + 4(0) + 5(0) + c == 100 

c == 100 

f(x) == 100 + 3x + 4x2 + 5r 

6.8 Law of growtb 

(i) Geometric progression 

Let a be a population that doubles itself every time-period. Then we 
have a geometric progression 

a, a · 2, a · 4, a · 8, 
or 

a, ar, ... , art, 

where r == 2 ( == 200 %) is the relative increase per time period. This geo
metric progression can be shown as 

y == art == a · 2 t 

or .. v == a(l + i)t, where i == I in our present case. This is the familiar 
compound interest formula where usually y is the value of capital at time t, 
a is the initial value of capital, and i is the rate of interest. In our present 
case i == 1 ( == 100 %) is the rate of increase. 

Note the difference between r and i. To distinguish the two, i will be 
called the rate of increase and r the coefficient of growth. 

(ii) Compound interest formula 

Effective rate of interest-i. In terms of capital values, the compound 
interest formula is 

Pt == value of capital at time t 

P0 == initial value of capital 

t == number of years 

i == effective rate of interest. 

The initial capital is compounded annually, and the rate of interest is i, 
which will be called the effective rate of interest. 
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Nominal rate of interestâ��j. Instead of compounding on an annual basis,

assume the compounding takes place four times a year. For example, let

' = 8%, PO = S100. Then, on an annual basis, it becomes

Pl = S100(1 + 0.08) = SÐ®8

When it is compounded four times a year, it becomes

Pl = $1001 I + ^=1 = S108.2432

Thus, the rate of interest on an annual basis is 8.2432% rather than 8%.

Noting this difference let us define as follows. When

this/ will be called the nominal rate of interest. 1 + / is the total amount of

investment of S1 after one year when the effective interest rate is /, and the

compounding is on an annual basis. (1 + j/m)m is the total amount of

investment of S1 after one year when it is compounded m times per year.

The rate of interest j which equates the two is called the nominal rate of

interest. As can be seen from our example, i = 8 % and j will be less than

8%. From the formula defining y, we find

; = m[(l + i)1'" - 1]

The total amount of investment Pl will be

mi

The force of interest â�� b. The nominal rate was defined by

m

Thus, y will differ depending on m. When m â��Â» â�¢ Ñ�Ð¾, that is the compounding

is continuous (or instantaneous), Ñ� is called the force of. interest and it will be

denoted by Ð¾ to distinguish it from the other cases. Thus, we have

(ft\m

1 + -

. _ m'

Ð� I s.\miÂ»"\i

-Hml(l + Â¿) ^

m-ooLV m/ J

The total amount of investment is, then,

Pl = P0eÂ»
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Nominal rate of interest-j. Instead of compounding on an annual basis, 
assume the compounding takes place four times a year. For example, let 
i = 8%, P0 = SlOO. Then, on an annual basis, it becomes 

Pt = SlOO (I + 0.08) = Sl08 

When it is compounded four times a year, it becomes 

P, = s100( 1 + O~Sr= $108.2432 

Thus, the rate of interest on an annual basis is 8.2432% rather than 8 %. 
Noting this difference let us define as follows. When 

1 + i = (1 + ~)m 
this j will be called the nominal rate of interest. 1 + i is the total amount of 
investment of Sl after one year when the effective interest rate is i, and the 
compounding is on an annual basis. (I + j/m)m is the total amount of 
investment of Sl after one year when it is compounded m times per year. 
The rate of interest j which equates the two is called the nominal rate of 
interest. As can be seen from our example, i = 8% and j will be less than 
8%. From the formula definingj, we find 

j = m[(l + i)llm - 1] 

The total amount of investment Pt will be 

P1 = P0 (1 + ~)mt 

The force of interest~. The nominal rate was defined by 

1 + i = (1 + ~)m 
Thus, j will differ depending on m. When m -+ oo, that is the compounding 
is continuous (or instantaneous), j is called the force of interest and it will be 
denoted by {J to distinguish it from the other cases. Thus, we have 

1 + i == lim (1 + !) m 
m .... oo m 

[( lJ) m/6]6 
= lim 1 + - == e6 

m-oo nl 

The total amount of investment is, then, 

P, == P0e!Jt 
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This is the compound interest formula for the continuous case where

0 = In (1 + i)

What is the rate of increase of Pl with respect to time /? It is

0l

at

Since Ð¾ is a constant, P, increases at a rate proportional to Pl (itself).

Let us now reverse the process and show that when a function increases

at a rate proportional to itself, it will be an exponential function.

(///) Exponential law

Let y = y(t) be a function that increases at a rate proportional to itself.

Then this means the rate of increase dy/dt will be

o, Â£-â��

where r is a constant.

From equation (1) we obtain

-dy = r dt

Ð£

Integrating both sides, we have

rt = In Ñ�(/) - In XO) = In

X0)

LetXO) = 1- Then,

Thus, a function y which increases at a rate proportional to itself is an

exponential function. Let us next generalize it.

It turns out that the constant r corresponds to the force of interest 0 of

section (ii) which is what we expected.

(/r) Exponential law â�� generalized

We are now interested in the case where r is a function of t. Thus, (1)

becomes

SEC. 6.8 INTEGRATION 153 

This is the compound interest formula for the continuous case where 

d = In (l + i) 

What is the rate of increase of Pt with respect to time t? It is 

dPt - p ~ 6t - sp 
- 0 ue - u t 

dt 

Since lJ is a constant, Pt increases at a rate proportional to Pe (itself). 
Let us now reverse the process and show that when a function increases 

at a rate proportional to itself, it will be an exponential function. 

(iii) Exponential lalv 

Let y == y(t) be a function that increases at a rate proportional to itself. 
Then this means the rate of increase dyfdt will be 

(1) 

'\Vhere r is a constant. 

dy === ry 
dt 

From equation (l) we obtain 

1 
- dy = r dt 
y 

Integrating both sides, we have 

Let y(O) = 1. Then, 

lt 1 lt - dy = r dt 
0 y 0 

I
t It 1 n y( t) 
0 

== rt 
0 

rt == In y(t) - In y(O) == In y(t) 
y(O) 

y(t) == e" 

Thus, a function y which increases at a rate proportional to itself is an 
exponential function. Let us next generalize it. 

It turns out that the constant r corresponds to the force of interest <5 of 
section (ii) which is what we expected. 

(iv) Exponentiallal-,·-generalized 

We are now interested in the case where r is a function oft. Thus, (1) 
becomes 

dy -' == r(t)y 
dt 
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which is the generalized exponential law.

This can be approached in an alternative manner. Let Pl be the capital

value at time /. Pl is a function of time t. Thus, set Pl =/(/)â�¢ Then the

relative increase of Pl from t to / + Ð�/ is

/(/ + Ð�Q-Ð�Ð�

Ð�Ð�

The rate of increase of this relative increase is shown by

/(/ + Ð�Q-/(Q

Ð�Ð³Ð�Ð�

Let us set this equal to r(t) and let Ð�/ -* 0. Then,

~Ð´â�¢ Ð�//(0 hm Ð�/ " Ð�Ð�

=7w

Thus,

KO d! = â�� d/(0

Ð�Ð�

Integrate both sides over 0 to t. Then,

o o/(Ð� - Ð² Ð�Ð¾)

Assume /(0) = P0 = 1. Then,

Â« Ñ�

which gives us the value of capital at time t when: (1) the rate of the relative

increase r(f) changes with / (i.e., a function of t), (2) the compounding is

continuous, and (3) P0 = 1.

If we assume r(t) = Ð³ constant, then,

and

which is the result we obtained (iii).
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and 

f.' ! dy = I' r(t) dt 
0 y 0 

y(t) = y(O))~ r(l)dl 

which is the generalized exponential law. 
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This can be approached in an alternative manner. Let P1 be the capital 
value at time t. Pt is a function of time t. Thus, set P, = f(t). Then the 
relative increase of P, from t to t + ~~is 

f(t + ~t) - f(t) 

f(t) 

The rate of increase of this relative increase is shown by 

f(t + ~t) - f(t) 

~tf(t) 

Let us set this equal to r(t) and let ~~ -+- 0. Then, 

Thus, 

r(t) = Iimf(t + ~t)- f(t) = Iimf(t + ~t)- f(t). _1 
At-.o ~if( t) ~~ f( t) 

1 df(t) 
=---

f(t) dt 

r(t) dt = - 1 
df(t) 

f(t) 

Integrate both sides over 0 to t. Then, 

f. t r(t) dt = J.' -1 
df(t) = lnf(t)l' = In f(t) 

o o f(t) o f(O) 

Assumef(O) = P0 = 1. Then, 

f(t) = eJ~r(l)dl 
I.e., 

(2) 

which gives us the value of capital at time t when: (I) the rate of the relative 
increase r(t) changes with t (i.e., a function of t), (2) the compounding is 
continuous, and (3) P0 = 1. 

If we assume r(t) = r constant, then, 

J~ rdt rt 
P1 = e = e 

which is the result we obtained (iii). 
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Problem

Prove that when the initial capital is P0, the formula becomes (r constant)

P l = P0eÂ«

(v) Present value ofPl

The present value of Pl is from equation (2)

P __p -

"o â�� rie

Let / > t1 > 0. Then what is the value of P, at time /i? It can be shown that

O) pll = Ñ�/Ð�*1-

Problem

Prove the result shown in equation (3).

(r/) Summary

(a) P l = P0(I + /)'. Compounded annually at the effective interest rate i.

(b) P , = .P0(l + j/m)ml. Compounded m times per year; j is the nominal

rate.

(c) P l = P0eÐ¹1. Compounded continuously; 0 is the force of interest.

(d) = r(t)y

(e) i = effective rate

j = m[(l + i)llm â�� 1] = nominal rate

0 = In (1 + 0 = force of interest

1 + / = coefficient of growth

(vH) Present value of capital

Discounting. From the compound interest formula, the initial value P0

will be

P0 = Pl(l + i)-'

where / is the annual rate of interest. This process of finding the value of an

investment PÂ¡ at some earlier time, say / = 0, is called discounting.

For continuous compounding, P0 will be

n = Pf-"

where Ð¾ is the force of interest.
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Problem 

Prove that when the initial capital is P 0, the formula becomes (r constant) 

pt = Poert 
(v) Present value of Pt 

The present value of Pt is from equation (2) 

P0 ==Pte 
j·t -

0
r(t)dt 

Let t > t1 > 0. Then what is the value of Pt at time 11 ? It can be shown that 

(3) 

Problem 

Prove the result shown in equation (3). 

(vi) Summary 

(a) Pt == P0( I + i)'. Compounded annually at the effective interest rate i. 
(b) P, == P0(1 + j/m)m'. Compounded m times per year; jis the nominal 

rate. 

(c) Pt == P0ed
1
• Compounded continuously; t5 is the force of interest. 

(d) 

(e) i == effective rate 

dy 
- == r(t)y 
dt 

Jt ,.( t) dt 

y(t) == y(O)e 0 

j == m[( I + i)11m - 1] == nominal rate 

t5 == Jn (I + i) == force of interest 

I + i == coefficient of growth 

(vii) Present value of capital 

Discounting. From the compound interest formula, the initial value P0 

will be 
P0 == Pt(I + i)-t 

where i is the annual rate of interest. This process of finding the value of an 
investment Pt at some earlier time, say t = 0, is called discounting. 

For continuous compounding, P0 will be 

P P -6t 
o == te 

where ~ is the force of interest. 
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Value of a capital asset. Let j0, ylt y2, ... be the expected yield of a capital

asset. Then the present value of the capital asset will be, assuming con-

tinuous compounding,

If we assume that y, = f(t) = y = constant, (e.g., rent) then Ð¡ becomes

C = 'ye-rldt = y e~ridt

r

Thus, the present value of capital, C, will be

Ð¡ = y- (1 - e-rl)

r

If t -Â»â�¢ oo, then Ð¡ = J/r.

Problem

Show that the accumulated value of a constant income stream will be

6.9 Â»Dinar's model of public debt and national income*

Y = national income

D = public debt

a = national income at beginning

a = fraction of national income borrowed by government

r = relative annual rate of growth of national income

/ = time (in years)

Let Y, be income at time /. Then we have seen in the previous section that

if Y, grows continuously at a constant rate of r,

Y, = Y0erl = aerl

* E. D. Domar, "The Burden of Debl and the National Income," American Economic

Review (1944). See notes and references at end of lhis chapter.
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C = J:ye-r1dt = y J e-rtdt 
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Thus, the present value of capital, C, will be 

If t ~ oo, then C = yfr. 

Problem 

Show that the accumulated value of a constant income stream will be 

y 
V =- (ert - 1) 

r 

6.9 Domar's model of public debt and national income* 

Y = national income 

D == public debt 

a = national incorne at beginning 

a == fraction of national income borrowed by government 

r == relative annual rate of growth of national income 

t == time (in years) 

Let Yt be income at time t. Then we have seen in the previous section that 
if Yt grows continuously at a constant rate of r, 

• E. D. Domar, uThe Burden of Debt and the National Income;' Atnerican Economic 
Review (1944). See notes and references at end of this chapter. 
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since y0 = a. Thus, the debt at time t will be

D, = DO + Â£ Â«Ð£, dt = 00 + Â«Ã� aeri Ð�

= DO + aa - (er< - 1)

r

The ratio of debt to income becomes

Ð¾,= Ð�, + ^(Ðµ,_1}

Y, Y, rFtV

ae

Thus, if we let / -* oo

lim â�� ' = lim ^ + lim - (1 - e"

â�¢v ri ^

- - '-

'l-Â»oo r

=0+?=?

r r

and the ratio approaches a/r.

Problem

Assume income increases at an absolute annual rate of b. That is, Yl = a

-f bt. Show that in this case the ratio of debt to national income approaches oo.*

lim â�� = oo

/-,oo Ð£

6.10 Domar's capital expansion modelt

(i) Let P be productive capacity, Ð£ be national income, / be investment.

Let v be the net value added due to the new investments. Then,

s = - or v = Is

I

is the potential output of these new projects. The potential social average

investment productivity a is defined as

dPIdt

a =

/

* See op. cit, Domar's Essay.

â�¢f E. D. Domar, "Capital Expansion, Rate of Growth, and Employment," Econometrica

(1946). See notes and references at end of this chapter.
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Ye Yt rYt 
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ae'"t r 

Thus, if we let t ~ oo 

I. Dt 1. Do -L 1. ex (1 -rt) 
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t-+XJ 1 1 t-XJae t-oor 

and the ratio approaches r~..fr. 

Problem 

Assume income increases at an absolute annual rate of b. That is, Yt = a 
+ bt. Show that in this case the ratio of debt to national income approaches oo. • 

I
. D 
liD-== 00 

t-oc Y 

6.10 Domar's capital expansion modelt 

(i) Let P be productive capacity, Y be national income, I be investment. 
Let v be the net value added due to the new investments. Then, 

v 
s == - or v == Is 

I 

is the potential output of these new projects. The potential social average 
investment productivity a is defined as 

dPfdt 
a=--

1 

• See op. cit, Domar's Essay. 
t E. D. Damar, HCapital Expansion, Rate of Growth, and Employment," Econometrica 

(1946). See notes and references at end of this chapter. 
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Assume s and a are constant. Then,

fi-./Â»

dt

Next let a be the marginal propensity to save. Then,

â�� = i

d/~a

dY=dJ_ .1.

if/ df a

Equilibrium is obtained when supply is equal to demand. That is

Ð�i = Ð£Ð�

It will remain in equilibrium when

dP = d.Y

dt â�¢ rt

Substituting in our results above, we have

Thus we have

. dl l

la = â�� -

dt a

aa dt = -

Integrate both sides from time 0 to t

P aa dt = P â�� dl(t)

Jo Jo Â¡iÂ¡I

= In /(r) - In l(o)

0

Thus, aff is the relative rate of increase of / that maintains full employ-

ment. Domar illustrates by letting a = 12%, a = 30%. Then aa = 3.6%

per year. (This is the force of interest.)

(//) a.a is called the equilibrium rate. Domar considers two cases where

the actual rate r (constant) is not equal to Ð°Ñ�Ñ�. He assumes // Y â�� a and

P/k = s where k is capital. Only the case where a â�� s will be considered.

Thus,
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Assume s and a are constant. Then, 

dP 
-=a I(t) 
dt 

Next let ex. be the marginal propensity to save. Then, 

dY 1 ---
dl ex. 

Thus, 
dY dl 1 

dt dt ex. 

Equilibrium is obtained when supply is equal to demand. That is 

Po= Yo 

It will remain in equilibrium when 

dP dY 
-=-
dt dt 

Substituting in our results above, we have 

Thus we have 

dl 1 
la=-·-

dt ex. 

1 
CX.(J dt = - dl 

I 

Integrate both sides from time 0 to t 

lt CX.(J dt = lt -1- dl(t) 
0 0 J(t) 

otatl: = In J(t) - In I(o) 

cx.at === In I(t) 
J(o) 

l(t) == /(o)eaat 
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Thus, cx.a is the relative rate of increase of I that maintains full employ
ment. Do mar illustrates by letting ex. == 12%, a == 30%- Then cx.a = 3.6% 
per year. (This is the force of interest.) 

(ii) cx.a is called the equilibriutn rate. Domar considers two cases where 
the actual rate r (constant) is not equal to cx.a. He assumes 1/ Y == a and 
P/k == s where k is capital. Only the case where a ~ s will be considered. 
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Capital k(f) at time / will be

k = k0 + j'o V" dt = /c0 + ^ (erl - 1)

As / becomes large, eri becomes large and k0 relatively small. Thus k will

approach

fc-^e"

r

which implies that k will also grow at a rate approaching r.

Problem

/ 1

Note that Y = - = - I0er,. Using this, prove that

lim - = -

<-.<*, k a

What does this imply? (See Domar (I946).)

6.11 Capitalization

Let Y1 â�� Ð£2 = Ð£3 = ... = Ð£ be a constant stream of yield from a capital

good, e.g., land. The present value of Yl is

Yle~rl

where risa constant rate of interest. Thus, the present value of the capital

good is

o o

-

r r

Thus the present value of the capital good is Ð£/r, which we usually call

capitalization.

6.12 Pareto distribution

Vilfredo Pareto in his Cours d'economiÑ� politique (1897) gave the following

hypothesis concerning income distribution: The distribution of income is

given by the following empirical law

where W is the number of incomes greater than the income level x; a is a

constant, and b is an exponent that has a value of 1.5 according to Pareto.

We shall not discuss this law, but show some results that can be derived

mathematically.

SEC. 6.12 INTEGRATION 159 

Capital k(t) at time t will be 

k = k0 + f 10ert dt = k0 + Io (ert- 1) 
o r 

As I becomes large, ert becomes large and k0 relatively small. Thus k will 
approach 

r 

which implies that k will also grow at a rate approaching r. 

Problem 
I 1 

Note that Y = - = - 10ert. Using this, prove that 
ex ex 

y r 
lim - =
t--oo k ex 

What does this imply? (See Domar (1946).) 

6.11 Capitalization 

Let Y1 == Y2 = Y3 = ... = Y be a constant stream of yield from a capital 
good, e.g., land. The present value of Yt is 

Yte-rt 

where r is a constant rate of interest. Thus, the present value of the capital 
good is 

J. oo Y:e-rt dt = yJ.oo e-rt dt 
0 t 0 

= _!' J.oo e-rt d(rt) = _!' ( -e-rtf" = _!' 
r 0 r o r 
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capitalization. 

6.12 Pareto distribution 

Vilfredo Pareto in his Cours d'economic politique (1897) gave the following 
hypothesis concerning income distribution: The distribution of income is 
given by the following empirical law 

N == ax-b 

where N is the number of incomes greater than the income level x; a is a 
constant, and b is an exponent that has a value of 1.5 according to Pareto. 
We shall not discuss this law, but show some results that can be derived 
mathematically. 
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(/) The total number of income recipients between income levels yl

and y2.

Ð¡-'*-Ð£Ð¼Ð©

-b + i1-

(Ð½) Total amount of income over income level y.

N = ax~b

:. dN = fxdx = a(â��fyx-b-1 dx

Let

Ndx = -dN = Ð°Ð¬Ñ�~b-1 dx

dN is the small change in the number of people when there is an increase

in income. As the level of income increases, there is a decrease. Thus,we

have â�� dN. The total income at level x is

xN dx = abx-h dx

Total income over y will be

b-

Problem

Using the results above show that the average income over y is

b

Ð£ = V

' b-V

Problems

1. Evaluate the following integrals, then differentiate your results and check

your answers:

(a) | x*dx (b) I xn+1dx

(c) Ã� xa dx (d) [ (xa + xÂ») dx

(e) J (Ð»:Ð°+b - xc+d) dx (f ) f -5 <*Ñ�

(g) Â¡Â¡-dx (h) Â¡2dx

â�¢f Ð� J

(i) j (a + 2) dx (j) Ð¡ Ðµ"(Ðµ* + 2) <Â¿c

(k) l Ðµ*(Ðµ* - t 2)2 Ð�; (1) j e2x dx

160 INTEGRATION SEC. 6.11 

(i) The total number of income recipients between income levels y1 

and y2• 

f"' ax b dx- a( 1 
) (-

1 )1'1 

11t -b + 1 xb-1 111 
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- -b + l Yt - Y2 

(ii) Total amount of income over income level y. 
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N dx = -dN = abx-,_1 dx 
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have -dN. The total income at level x is 
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Problem 

Using the results above show that the average income over y is 

- b y=--y 
b- 1 

Problems 

1. Evaluate the following integrals, then differentiate your results and check 
your answers : 

(a) J x4 dx 

(c) J x"dx 

(e) J (x"-tb - r+<~) dx 

(g) J ;n dx 

(i) J (a + 2) dx 

(k) J e"(e"' + 2)2 dx 

(b) J xn+I dx 

(d) J (x" + x") dx 

(f) J ~dx 
(h)J2dx 

(j) J e"'( e"' + 2) dx 

o> J eu dx 
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2. Draw graphs of the following functions and find the area under the curves

according to the data given :

(a) y = 5, 2 < x < 6

(b) y = 2x, 2 < x < 6

(c) y = 3 + 2x, 2 < x <6

(d) y = Ð�Ð»:2, 2 < x < 6

3. Evaluate the following integrals:

â�¢dx

J 2 - x

f^dx

2* + l f 2x - 2

â�� 2

x + 3

Hint:

x + 5 x + 5

3e*

4. Evaluate the following integrals. Differentiate the results for a check.

(a) J ' e* dx

(c) ^e-xdx

(b) Â¡e**dx

(d) ) Ð»:Ðµ11^

(e) | xc â�¢ *2dx

(f) J ,*+â�¢<&

(g) \ae-midt

(h) J ate-ml*dt

(i) J (ex - e-x) dx

(j) j (Ñ�x - e-)

(k) / aÂ° dx

(m) \yx+1dx

(D fa- Ð»

(n) ) <r'^<ÃÑ�

Hint: efe*

(Ð¾) Ð� XÐ�1" Â¿Ðº

(p) f*2Ð�^Ð�:

(q) J Ð»^Ð�*41 dx

(r) J *3-r1 dx
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5. Evaluate the following integrals:

Â¡"2. C2x fl Ð�**

(a) Ji \x dydx (b) Jo j, (x + 2)dydx

^ io/3 Ð� dx *Ð£ (d> Jo JJW (Ñ�

6. Given the Marginal Cost Function,/''^), find total cost/(Ð»:).

(a) f'(x) = 2+x +x2 (b) f'(x) =2 + 5lx

/(0) = 50 /"(I) = 15

(c)f(x) = 10 -2x

/(0) = 50

7. Given the marginal propensity to consume dCldy = f'(y), find Ð¡ = f(y).

1. f(y) =0.680 -0.0012>'

/(0) = 0.128

2. f(y) = -0.23 (l/jo), where jo is constant.

/(0) = 117.96

Notes and References

Integration is a very difficult topic and no attempt has been made to give

rigorous proofs of the various results that have been presented. For further

study at an elementary level, see Courant and Robbins (1941) pp. 398-416;

Titchmarsh (1959) Chapter 14, Courant (Vol. I, 1937) Chapters 2, 3, 4 and pp.

486-500. For advanced treatment of the multiple integral see Courant (Vol. II,

1936) Chapter 4 and appendix; Sokolnikoff (1939) Chapters 4, 5, 10.

The generalization of the Riemann integral is the Riemann-Stieltjes

integral. References for this are Rudin (1953) Chapter 6 and Thielman (1953)

Chapter 9.

For further studies of integration, it is necessary to study set theory more

extensively. This will lead into measure theory, and then into Lebesgue-

Stieltjes integration. Lebesgue-Stieltjes integrals are used in such topics as

mathematical statistics and game theory. For those interested, they are

referred to Thielman (1953) Chapters 8, 9; McShane (1944); Munroe (1953);

and Cramer (1951).

For techniques of integration, see a standard elementary calculus textbook

like Smail (1949) Chapters 1 1, 12, 13, 15, 20.

6.4 Discussion of the normal distribution can be found in Mood (1950) pp. 108-

112; Fraser (1958) pp. 68-71; Courant (Vol. I, 1937) p. 496. The Gamma

function is discussed in Sokolnikoff and Sokolnikoff (1941) pp. 272-276. The

distribution can be found in Mood (1950) pp. 112-115; and pp. 199-201 in

the form of a Chi-square distribution.

6.8 Discussion of law of growth or law of organicgrowth can be foundin elementary

calculus texts, such as Smaii (1949) pp. 270-272. Also see Allen (1938) pp.

401-408; Courant and Robbins (1941) pp. 454^57; and Davis (1941)

Chapter 13.
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6.9-6.10 The illustrations were taken from articles by Domar. Domar's (1957)

book is a compilation of articles he has written. See in particular his articles

"The Burden of Debt and the National Income" (reprinted from AER 1944

pp. 798-827) and "Capital Expansion, Rate of Growth, and Employment"

(reprinted from Econometrica, 1946, pp. 137-147). Also see Allen (1957) pp.

64-69, section 3.3, "Harrod-Domar Growth Theory."

6.12 Pareto's curve of income distribution is discussed in Lange (1959) pp. 185-

205 and Davis (1941) pp. 23-35.
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CHAPTER 7

Series

In this chapter we shall discuss series, and several other topics which we shall

need in subsequent discussions.

7.1 Series

Consider an infinite sequence alt a2, a3, ... . Let

Then we have a new sequence, jl, s2, s3, ... . If this sequence approaches a

limit S, then

S = lim sâ��

n-Â» oo

oo

lim sâ�� = 2 aâ�� = a! + a2 + a3 + ...

n-Â»oo n = l

which is the sum of the terms of an infinite sequence, is called a series.

When sn approaches a limit S as n -* oo, we say the series is convergent.

S is called the sum of the series. When it does not converge, we say the series

is divergent.

The problem is thus to determine whether or not a series is convergent.

For this let us use the Cauchy test mentioned in Chapter 2.

We have a sequence sl t st. s3, ... sn. Let p(slt s2), p(s2, j3), and so forth

be the distance between the two j,.. If p(sm, sm+l) becomes smaller as m

becomes larger, we will finally reach a point where beyond that point sm

the distance between the two points and some point further ahead, say

sâ��(n > ni), will be arbitrarily small. That is,

p(sm, ij < Â«

for sufficiently large m and n where e is an arbitrarily small positive number.

This is the Cauchy sequence we have in Chapter 2 which we know converges

to a limit (say S).
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7.1 Series 

Consider an infinite sequence a1, a2 , a a, . . . . Let 

Then we have a new sequence, s1, s2, sa, . . . . If this sequence approaches a 
limit S, then 

s ==lim sn 

Thus, 
.-r:_ 

lim sn === 2 an == al + a2 + aa + 0 •• 

n- ·r: n=l 

which is the sum of the terms of an infinite sequence, is called a series. 
When sn approaches a limit S as n --+ oo, we say the series is convergent. 
Sis called the sum o.f the series. When it does not converge, we say the series 
is divergent. 

The problem is thus to determine whether or not a series is convergent. 
For this let us use the Cauchy test mentioned in Chapter 2. 

We have a sequence s1, s2 .. s3 , ..• sn. Let p(s1, s2), p(s2 , sa), and so forth 
be the distance between the two s;. If p(srn, sm·+ 1) becomes smaller as m 
becomes larger, we will finally reach a point where beyond that point s,. 
the distance between the two points and some point further ahead, say 
s,.(n > m), will be arbitrarily small. That is, 

p(sm, sn) < £ 

for sufficiently large rn and n where £is an arbitrarily small positive number. 
This is the Cauchy sequence we have in Chapter 2 which we know converges 
to a limit (say S). 
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The distance p(sm, sn) can be shown as

n - i = lÂ«i + e2 + ... + am + am+1 + ... + an

-(a, + ... + aj\

= |am+i + am+2+ -+Â«â�¢!

We have thus found the conditions necessary for a series to converge.

But the practical problem of finding the limit, i.e., the sum (or value) of the

series remains. Various methods are used to find the sum of series. Let us

illustrate this process by several examples.

7.2 Geometric series

Let a be a constant and 0 < r < 1. Then

a + ar + ar2 + ... + arm + ...

is a geometric series. Since a is a constant, let us set a = 1 for simplicity and

consider

1 + Ð� + Ð�2 +...+!â�¢" + ...

Let us perform the following "trick"

Sn= 1 + Ð� + Ð�2 + ... +Ð�Ð�'1

rsn= r + r2 + r3+ ... + r"

:. sn - rsâ�� = i - r"

l - r" l r"

n

l - r l - r l - r

Since 0 < r < 1, lim r" =0. Thus,

nâ��* oo

limsâ�� = -

n-oo l â�� Ð�

and

(1) l+r + r + .

l - r

The multiplier in economics uses this series. When the marginal propensity

to consume is 0 < a < 1, the income propagation process is given by

1 -a

If a = 0.8, then the multiplier is 1/(1 â�� 0.8) = 5. The principle of credit

expansion of banks also uses this series.
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The distance p(sm, sn) can be shown as 

lsn - sml == lal + a2 + ... + am + am+ I + ... + an 

-(al + ... + am) I 
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We have thus found the conditions necessary for a series to converge. 
But the practical problem of finding the limit, i.e., the sum (or value) of the 
series remains. Various methods are used to find the sum of series. Let us 
illustrate this process by several examples. 

7.2 Geometric series 

Let a be a constant and 0 < r < I. Then 

a + ar + ar2 + ... + arm + ... 
is a geometric series. Since a is a constant, let us set a == 1 for simplicity and 
consider 

1 + r + r 2 + ... + rn + ... 
Let us perform the following "trick" 

1 + + 2 + + n-1 sn == r r ... r 

rsn == r + r 2 + r 3 + ... + rn 

sn == --- - -- - --
1-r 1-r l-r 

Since 0 < r < 1, lim r11 = 0. Thus, 
n-oo 

and 

(1) 

I
. 1 
tms == --

n-oo n 1 - r 

., 1 
1 + r + r .. + ... = --

1 - r 

The multiplier in economics uses this series. When the marginal propensity 
to consume is 0 < r;., < 1, the income propagation process is given by 

2 1 l+r;..+':l.. + ... =--
1-ct. 

If oc == 0.8, then the multiplier is 1/(1 - 0.8) = 5. The principle of credit 
expansion of banks also uses this series. 
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Problems

1. Given the geometric progression 2, 4, 8, 16, ... find st. (Use formula)

2. Let a be the marginal propensity to consume. 0 < a < 1. Find the value of

a + a2 + a3 + ...

7.3 Taylor's theorem

(/) Expansion of a function

Consider a function

(1) y = *2

as shown in Figure 7-1. The value of the function at Ð»: is

Let us now select a point a and draw in

a tangent as shown. Then the function

f(x) at the point * can be shown as

f(x) = xC = xA + AB + BC

where xA is equal to Ð�Ð°), AB is equal

to/'(a) â�¢ AD =/'(<*)(* -a). Thus,

f(x)=f(d)+f'(a)(x-d) + BC

where we shall call BC the remainder. What we have shown is that the

functionj = f(x) = x2 can be expressed in terms off(x) and its derivatives

at another point a. We shall say the function f(x) has been expanded about

the point x = a, and a is called the center of expansion.

Let us now approach it algebraically and generalize the result. Let

/Mbe

Differentiating the function with respect to x

f'(x) = al + 2Ð°2Ñ� + 3a3x2 + ... + Ð¸Â«,,*"-1

f'(x) = 2Ð°2 + 2 x 3 x a3x + ... + (n - I)nanx"-2

and so forth. Let x = 0. Then,

/(0) = Oo

/'(0) - a,

/40)= 2a2 = 2!a2

f"(0) = 2 x 3 x a, = 3! a.
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Problems 

1. Given the geometric progression 2, 4, 8, 16, ... find s4• (Use formula) 

2. Let ~ be the marginal propensity to consume. 0 < ~ < 1. Find the value of 

~ + oc2 + ~3 + ... 
7.3 Taylor's theorem 

(i) Expansion of a function 

Consider a function 
(1) 

as shown in Figure 7-1. The value of the function at xis 

y y= x2 

0 X X 

Fig. 7-1 

f(x) = xC 

Let us now select a point a and draw in 
a tangent as shown. Then the function 
f(x) at the point x can be shown as 

f(x) = xC = xA + AB + BC 

where xA is equal to f(a), AB is equal 
tof'(a) ·AD= f'(a)(x -a). Thus, 

f(x) = f(a) + f'(a)(x - a) + BC 

where we shall call BC the remainder. What we have shown is that the 
function y = f(x) = x2 can be expressed in terms of f(x) and its derivatives 
at another point a. We shall say the functionf(x) has been expanded about 
the point x = a, and a is called the center of expansion. 

Let us now approach it algebraically and generalize the result. Let 
f(x) be 

(2) f(x) = a0 + a1x + a2x2 + ... + anxn 

Differentiating the function with respect to x 

f'(x) = al + 2a2x + 3aax2 + ... + nanxn-l 

f"(x) = 2a2 + 2 X 3 X a3x + ... + (n - l)nanxn-2 

and so forth. Let x = 0. Then, 

f(O) = ao 

f'(O) == at 

f"(O) == 2a2 == 2! a2 

f"'(O) == 2 X 3 X a 3 == 3! a 3 
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and so forth. Thus, substituting these values back into (2), we obtain

(3) /(Ð»:) = /(0) + /'(0)x + ^/"(0)x2

+ ... + â�� /(n)(0)xn

n !

This is called a Taylor series, although later we shall show it in other forms.

The function f(x) has been expanded around 0.

Let us apply this to our function y = x2 which can be shown as

y = x2 = a0 + alx + a2x2

where a0 = 0, al â�� 0, a2 = 1 . The corresponding Taylor series is

/(x) =/(0) + /'(0)x + ^/"(O)*2

/(0) = a0 = 0, /'(0) = a, = 0, /"(0) = 2a2 = 2

Substituting these values,

/(x) = 0 + Ox + â�� x 2 x x2 = x2

which is as we expect.

Let us expand another function

(4) y = 5 + 3x + 8x2

Then, we see that

/(0) = 5, /'(0) = 3, /"(0) = 16

Thus,

= 5 + 3x + i x I6x2 = 5 + 3x + 8x2

Let us now expand (4) around point a instead of zero. For this let

x = a -\- h or x â�� a = A. The derivatives of (4) are

/(x) = 5 + 3x + 8x2

/'(x) = 3 + 16x

/"(x) = 16

Since we have set x = a + A,

/(x) =/(a + A) = 5 + 3(e + A) + 8(a + A)2

/'(x) = 3 + 16(<7 + A)

Ax) = 16
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and so forth. Thus, substituting these values back into (2), we obtain 

(3) f(x) == f(O) + f'(O)x + !__ f"(O)x 2 

2! 

+ ... + -1 /(n)(O)x" 
n! 
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This is called a Taylor series, although later we shall show it in other forms. 
The functionf(x) has been expanded around 0. 

Let us apply this to our function y == x 2 which can be shown as 

y == x2 == a0 + a1x + a2x2 

where a0 = 0, a1 = 0, a2 = 1. The corresponding Taylor series is 

f(x) == /(0) + /'(O)x + _!_ f"(O)x 2 

2! 

/(0) = a0 == 0, /'(0) == a1 = 0, /"(0) == 2a2 = 2 

Substituting these values, 

f (X) = 0 + Ox + _!_ X 2 X x2 == x2 
2! 

which is as we expect. 
Let us expand another function 

(4) y == 5 + 3x + 8x2 

Then, we see that 

Thus, 
f(O) == 5, f'(O) == 3, /"(0) = 16 

f(x) == /(0) + f'(O)x + _!_ /"(O)x2 

2! 

== 5 + 3x + ! x 16x2 == 5 + 3x + 8x2 

Let us now expand (4) around point a instead of zero. For this let 
~~ == a+ h or x- a == h. The derivatives of (4) are 

f(x) = 5 + 3x + 8x2 

.f'(x) == 3 + 16x 

f"(x) = 16 

Since we have set x = a + h, 

f(x) == f(a + h) == 5 + 3(a + h) + 8(a + h)2 . 

f'(x) = 3 + l6(a + h) 

f"(x) == 16 
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Next, let us set

/(*) = /(a + A) =

where in g(h), h is considered the variable. Then,

g(h) = 5 + 3(e + A) + 8(a + A)2

Differentiate g(h) with respect to A. Then,

g'(h) = 3 + 16(a + A)

Â£'(A) = 16

and we can see that

/W = g(h), f '(x) = g'(h), f"(x) = g"(h)

Since x = a + A, if we let A = 0, then x = a, and what we have derived

(5) /(a)=Â£(0), f'(a)=g'(0), f(d) = g\(S)

Next, let us expand g(h) around 0. Then,

g(h) = g(Q) + hg'(Q) + g"(Q)

Substituting the results (5) into this equation we find

/M = g(h) =/(<0 + hf'(a) + ^f"(a)

Thus, we have shown how/(x) can be expanded around a point a, where

a â�� x â�� A.

Letting A = x â�� a, our result becomes

(6) /(x) ^ f(a) + (x - a)f'(a) + (jL^ /Â»

Let us apply this to our function

7 = 5 + 3* + 8x2

/(a) = 5 + 3a + 8a2

/'(a) = 3 + I6a

f\a) = 16

/(x) = /(a) + (x - a)/'(a) + (jL^-V"(a)

becomes

= (5 + 3a + 8a2) + (x - a)(3 + 16a) + i(x - a)216

= 5 + 3x + 8x2
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Next, let us set 
f(x) = f(a + h) = g(h) 

where in g(h), his considered the variable. Then, 

g(h) = 5 + 3(a + h) + 8(a + h)1 

Differentiate g(h) with respect to h. Then, 

and we can see that 

g'(h) = 3 + 16(a + h) 

g"(h) = 16 

f(x) = g(h), f'(x) = g'(h), f"(x) = g"(h) 
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Since x = a + h, if we let h = 0, then x = a, and what we have derived 
becomes 
(5) f(a) = g(O), f'(a) = g'(O), f"(a) = g"(O) 

Next, let us expand g(h) around 0. Then, 

g(h) = g(O) + hg'(O) + h
1 

g"(O) 
2! 

Substituting the results ( 5) into this equation we find 

f(x) = g(h) = f(a) + hf'(a) + h
1 

/"(a) 
2! 

Thus, we have shown how f(x) can be expanded around a point a, where 
a= x- h. · 

Letting h = x - a, our result becomes 

(x a)2 
(6) f(x) = f(a) + (x - a)f'(a) + - /"(a) 

Let us apply this to our function 

y = 5 + 3x + 8x2 

f(a) = 5 + 3a + 8a2 

f'(a) = 3 + 16a 

f"(a) = 16 

2! 

(x a)2 

f(x) = f(a) + (x - a)f'(a) + - /"(a) 
2! 

= (5 + 3a + 8a2
) + (x - a)(3 + 16a) + !(x - a)216 

= 5 + 3x + 8x2 
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We have illustrated how/(x) expanded around a point a by Taylor's series

is equal to the original function.

Generalizing the results, let

/(x) = c0 + Ñ�lÑ� + c2x2 + ... + cnxn

Expand this function around the point a by Taylor's series. Then,

(7) /(x) = f(a) + (x - a)f'(a) + OLâ��^/'Ca) + ... + (* ~ a)"/<n) (Ð°)

2! n!

(//) Taylor's formula with a remainder

So far we have applied Taylor's theorem to polynomials and showed how

a function can be expanded around a given point. Let us now consider an

arbitrary function. Taylor's theorem (which we give without proof) states

that a function /(x) can be expanded around a point a as follows

(8) /(x) = f(a) + (x- a)f'(a) + 1 (x - aff "(a)

+ - + ~ (x ~ a)n"1/(""1i^ + *n

where Rn is called the remainder.

When Rn becomes very small as n becomes large, then,

f(a) + (x - a)f'(a) + -7 (x - a)2f"(d) + ... + ; - Ð¦^ (x - a)"-1/'"""^)

2! (n â�� 1)!

will be a good polynomial approximation to the function f(x). Thus, an

important mathematical problem is to show the form of Rn and how it

behaves when n becomes large. Lagrange's form of the remainder is

Rn = 1 (x - Ð°Ð�/<n)(Â£)

n!

where f is between x and a.

A special case of Taylor's Theorem is where a = 0. Then,

.

Rn = -xnf(n\S)

n\

where f is between 0 and x. This is sometimes called Maclaurin's theorem.

SEC. 7.3 SERIES 169 

'Ne have illustrated how f(x) expanded around a point a by Taylor's series 
is equal to the original function. 

Generalizing the results, let 

f(x) = c0 + c1x + c2x2 + ... + cnxn 

Expand this function around the point a by Taylor's series. Then, 

(7) f(x) = f(a) + (x- a)f'(a) + (x - a)
2
f"(a) + ... + (x- a)nj<nl (a) 

2! n! 

(ii) Taylor's formula »-'ith a remainder 

So far we have applied Taylor's theorem to polynomials and showed how 
a function can be expanded around a given point. Let us now consider an 
arbitrary function. Taylor's theorem (which we give without proof) states 
that a functionf(x) can be expanded around a point a as follows 

(8) f(x) === f(a) + (x - a)f'(a) + _!_ (x - a)2f"(a) 
2! 

+ ... + 1 (x - a)n-1/(n-1>(a) + Rn 
(n - 1)! 

where Rn is called the remainder. 
When Rn becomes very smaH as n becomes large, then, 

f(a) + (x- a)f'(a) + -1 
(x- a)2f"(a) + ... + 1 

(x- a)n-JJ<n- 1>(a) 
2! (n-1)! 

will be a good polynomial approximation to the function f(x). Thus, an 
important mathematical problem is to show the form of Rn and how it 
behaves when n becomes large. Lagrange's form of the remainder is 

where ; is between x and a. 
A special case of Taylor's Theorem is where a == 0. Then, 

f(x) === f(O) + xf'(O) + _! x'lJ"(O) 
2! 

+ ... + 1 xn-1/n-1(0) + Rn 
(n - 1)! 

Rn = ~ xnf(niW 
n. 

where ~ is between 0 and x. This is sometimes called Maclaurin's theorem. 



170 SERIES SEC. 7.3

What we wish to do now is to tie this in with our series discussion. But

before that, a few illustrations of the expansions will be given.

Example 1. Expansion of e?

/(x) = e* /(0) = 1

/'(x) = e /'(0) = i

fn-\x) = e* /n-40) = 1

/Â»00 = * /"(0) = 1

Ð¯ L Ð³Ð¿

Ñ� â�� Ñ�

Ñ�

,

Ð�

Example 2. In (1 + x)

/00 = In (l + Ñ�) /(0) = In (l + 0) =-. 0

/'(x) = (l + x)-1 /'(0) = l

/"(x) = -(l + x)-2 /"(0)=-1

/'"(x) = 2(1 + x)-3, /"'(0) = 2!, ^/'"(0) = ^

/"(x) = (-ir~\n - D' (l + x)-", 1/-(0) = (-1)"-1 -

n! n

/. In (l +x) = 0+ Ix-ix2 + -x3 + ... + Râ��

~ J

â��2 Y3 V4 â��n -l

.'. In (l + x) = x - Ã®- + ^ - Ã�- + ... + (-1)"-2 ^â��

234 n â�� l

R -(-D"-1 â��

where f is between 0 and x.
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What we wish to do now is to tie this in with our series discussion. But 
before that, a few illustrations of the expansions will be given. 

Example 1. Expansion of ez 

f(x) = ez 

f'(x) = ez 

J"-1(x) = eZ 

f"(x) = ez 

/(0) = 1 

/'(0) = 1 

J"-1(0) = 1 

/"(0) = 1 

ez = 1 + x + !_ x2 + ... + 1 
xn- 1 + R,. 

2! (n -- 1)! 

1 e 
R = -x"e 

n ' n. 

Example 2. In (1 + x) 

f(x) = In (1 + x) 

f'(x) = (1 + x)- 1 

f"(x) = --(1 + x) - 2 

f(O) = In (1 + 0) =-= 0 

/'(0) = 1 

/"(0) = --1 

f'"(~) = 2(1 + x)- 3
, f'"(O) = 2!, ;,f'"(O) = ~ 

f"(x) = (-l)n-l(n _ 1)! (1 + x)-n, _.!._ F'(O) = (-l)n-1! 
. n! n 

1 2 1 3 R In (1 + x) = 0 + 1x -- - X + - X + ... + n 
2 3 

R n == (-- 1) n -1 ! X n ( 1 + ~)- n 
n 

x2 x3 x4 xn-1 
In (1 + x) = X -- - + - --- + ... + ( -1)"- 2 + Rn 

2 3 4 n--1 

Rn == ( -1)"-t x" (1 + ~)-n 
n 

where ~ is between 0 and x. 
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Example 3. The results of expansions of several functions are given

X3 x5

v""1 fl 1

(1) sinx = x--+ â�� - ... + â�� - sin -(n -1)Ñ�Ð³ \+ Rn

3! 5! (n-1)! 1-2 V I

x" / 1

x2 x4 x""1 I 1 1

(2) cos x = 1 -- + - + ...+ â�� - cos - (n - l>r + Rn

2! 4! (n-1)! L2 J

Problems

1. Expand the following functions by Taylor's formula, around a â�� 0

(a) e~*

(b) In (2 + x)

(c) Vx

2. Expand the following function by Taylor's formula around a.

(a) e~x, a = 2

(b) Vx, a = I

7.4 Taylor series

From Section 7.3 we have

/(x) =/(0) + x/'(

... â��

= s- + Ð¯â��

where jn is the sum of the first n terms. Thus, as n -Â»â�¢ oo, sn can be considered

an infinite series. Furthermore, if Rn â�� + 0 as n â�� + oo, then sn -Â»â�¢/(x). Thus,

we shall state the infinite series

(1) /(0) + x/'(0) + . . . + r~7j *" " '/" " 40) + ...

converges to the function /(x) if Rn -* 0 as n -* oo where Rn is the Lagrange

remainder, provided all the derivatives exist.

This was the special case of the Taylor series where a = 0. It can also

be expressed for Ð° Ð¤ 0. Then the series will be

(2) f(a) + (x - a)f'(a) + .

(n â�� 1)

SEC. 7.4 SERIES 171 

Example 3. The results of expansions of several functions are given 

(1) 

(2) 

x3 xs xn-1 [1 J 
sin x = x - - + - - ... + sin - (n - l}n- + R 

3! 5! (n-1)! 2 n 

R = x" sin (~ + ! n1r) 
n n! 2 

x2 x4 xn-1 [1 J 
cos x = 1 - - + - + . . . + cos - ( n - 1 }rr + R 

2! 4! (n- 1)! 2 " 

x" ( 1 ) R = - cos ~ + - n1r 
n n! 2 

Problems 

1. Expand the following functions by Taylor's formula, around a = 0 

(a) e-z 
(b) In (2 + x) 

(c) vi 

2. Expand the following function by Taylor's formula around a. 

(a) e-z, a = 2 
(b) vx, a = 1 

7.4 Taylor series 

From Section 7.3 we have 

f(x) = /(0) + xf'(O) + _!_ x2/"(0) + ... + 1 
x"- 1/n- 1(0) + Rn 

2! (n-1)! 
= Sn + Rn 

where sn is the sum of the first n terms. Thus, as n --+ oo, sn can be considered 
an infinite series. Furthermore, if Rn --+ 0 as n --. oo, then sn --+ f(x). Thus, 
we shall state the infinite series 

(1) /(0) + xf'(O) + ... + - 1
- x"- 1

/"-
1(0) + ... 

(n - 1)! 

converges to the functionf(x) if Rn ~ 0 as n-+ oo where Rn is the Lagrange 
remainder, provided all the derivatives exist. 

This was the special case of the Taylor series where a = 0. It can also 
be expressed for a =I= 0. Then the series will be 

(2) f(a) + (x - a)f'(a) + ... + 1 
(x - a)"- 1f"- 1(a) + ... 

(n- 1) 
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which will converge to/(x) when Rn -* 0 as Ð¸ -Â»â�¢ Ñ�Ñ�, provided all the deriv-

atives exist.

Let us now apply this to the exponential function.

7.5 Exponential series

We know that

x2 x3

ex=l + x-\ 1

21 3!

1 f n

"~^ie x

(n - 1)!

If we can show that Râ�� -* 0 as n -,â�¢ Ñ�Ð¾, then the series

will converge to f?.

First, let us show that the series (1) converges. Take the ratio of two

consecutive terms. Then,

/V\ _._ / x""1 \ = x

In!/ ' \(Ð²- 1)!/ n

(n - D!

If we let n become large, it will after some point become larger than x.

Let that point be Ð¸0. Then,for Ð¸ > n0

Let

for brevity. Then,

and so forth. Thus,

XÑ�*

v:

bi

(no+l)!

<q < 1

= blt ...

lbiÐ� ? IM

Ib2I < Ñ� IM <

(1)

\bn\ < qn |Â¿ol
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which will converge to f(x) when Rn --+- 0 as n-+ oo, provided all the deriv
atives exist. 

Let us now apply this to the exponential function. 

7.5 Exponential series 

We know that 

(1) 
x2 x3 xn-1 

e"' = 1 +X+ 2! + J! + ... + (n _ 1)! + Rn 

If we can show that Rn --+- 0 as n -+ oo, then the series 

(2) 
x2 xn-1 

1+x+-+ ... + + ... 
2! (n- 1)! 

will converge to ex. 
First, let us show that the series (I) converges. Take the ratio of two 

consecutive terms. Then, 

(x") ( x"- 1 
) x 

n! --;-- (n - 1)! = ~ 

If we let n become large, it will after some point become larger than x. 
Let that point be n0• Then,for n > n0 

Let 
xno+1 

--- = b1,··· 
(n0 + 1)! 

for brevity. Then, 

and so forth. Thus, 
lhtl < q lhol 

lh2l < q lh1l < q2 lhol 
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Thus, for that part of the series beyond n0, we have

Â¿o + bi + Â¿2 + Â¿3 + â�¢â�¢â�¢ + bn + ... < b0[l + q + f ... + q" + ...]

Since q < 1, the geometric series 1 + q + cf ... converges. Thus, we con-

clude that series (1) converges.

The second step is to show that the general term in this series approaches

0 as n â�� ,- oo. But we know that this is a necessary condition for the series to

converge. Thus,

lim

= Ð¾

n!

The third step is to show that Râ�� -* 0 as n -,â�¢ oo. We know that

Ð¸t

where f is between 0 and x. Since e( is bounded, and since xn/n\ â��Â»â�¢0 as

n â��Â» â�¢ oo, Rn will also approach zero and, Rn -* 0 as n -Â»â�¢ oo.

Thus, from our discussion in Section 7.4, we conclude that the infinite

series (2) will converge tof(x) = ex.

Using this result we can calculate e, where x = 1.

â�� â��

= 2.7182...

7.6 Taylor's theorem for several independent variables

Consider a function f(x, y) that has continuous partial derivatives at the

point (x, y) and (x + h, y + k) where A and k are sufficiently small numbers.

We wish to expand the function f(x + h,y + k) around the point (x, y).

This will be (without proof)

/(x + h,y + k) = f(x, y) + df+Â±. d*f + ... + -dj + Rn

2! Ð¸!

where

f. l t n 4-1 /â�¢

' (n + 1)!

The df's show the differentials of/(Ð»:, y). Thus,

Ð²h,y + 0fc), 0 < 0

+ k'fâ��

and so forth as we have seen in Section 4.5.

In applications we are usually interested in the difference,
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Thus, for that part of the series beyond n0 , we have 

b0 + b1 + b2 + b3 + ... + bn + ... < b0[1 + q + q2 
••• + q" + ... ] 

Since q < 1, the geometric series 1 + q + q2 
••• converges. Thus, we con

clude that series (1) converges. 

The second step is to show that the general term in this series approaches 
0 as n ~ oo. But we know that this is a necessary condition for the series to 

converge. Thus, . 

1 

xn 

1 

hm - == 0 
n-+ •X) n! 

The third step is to show that Rn ~ 0 as n ~ oo. We know that 

n 

R 
X ~ 

== -e 
n f n. 

where ~ is between 0 and x. Since ee is bounded, and since xnfn! ~ 0 as 
n ~ oo, Rn will also approach zero and, Rn ~ 0 as n ~ oo. 

Thus, from our discussion in Section 7 .4, we conclude that the infinite 
series (2) will converge to f(x) == ex. 

Using this result we can calculate e, where x === 1. 

1 1 e==l+1+-+-+ ... 
2! 3! 

== 2.7182 ... 

7.6 Taylor's theorem for several independent variables 

Consider a function f(x, y) that has continuous partial derivatives at the 
point (x, y) and (x + h, y + k) where h and k are sufficiently small numbers. 
We wish to expand the function f(x + h, y + k) around the point (x, y). 
This will be (without proof) 

f(x + h, Y + k) == f(x, y) + df + _!_ d2_{ + ... + .!_ dnf + Rn 
2! n! 

where 

Rn == 
1 

dn+l(x + Oh, y + Ok), 
(n + 1)! 

The df's show the differentials of f(x, y). Thus, 

df == fxdx + f11dy == hfx + kfv 

d2j === h2 fxx + 2hkfxv + k2J1171 

and so forth as we have seen in Section 4.5. 

In applications we are usually interested in the difference, 

f(x + h,y + k)- J(x,y). 
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For example, let p\, p\ be equilibrium values and Ñ�lt pt be small deviations

from the equilibrium values. Let Â£>(pi,/i2) be the demand function. Then,

i, P,) - Ð�Ð ;, P2Â°) = d/ + d*f +

where

If we assume that (p1 â�� /i?) and (/i2 â�� p$) are very small deviations, then

(Pi â�� Pi)2Â» (Ð 2 ~ Ð t)2 will be smaller and in many cases can be neglected.

Then the excess demand can be shown as

i, A) - Ð°Ð´, P?) = (PI - PO/,, + (Ð» -

where fp is the change in demand due to a small change of pl holding Ñ�2

constant, and vice versa forfff.

This can be generalized to any number of variables.

7.7 Complex numbers

(i) Complex numbers

Let a and b be two real numbers. Then Ñ� = a + b i where i = Vâ��l is

called a complex number, Ñ� = a + b i will be interpreted to mean a pair of

ordered numbers (a, A). Thus, the

complex number d = (b, a) = b + ai

is different from c.

Complex numbers, which we de-

nned as an ordered pair, can be shown

geometrically on a complex (or Gaus-

sian) plane as in Figure 7-2. The

x-axis is called the real axis. The com-

plex number Ñ� = a + b i is shown by

Fig. 7-2 the point Ñ� that has the coordinates

x = Ð°, y = b.

Next, let the angle of the point Ñ� be Ð± and the distance from the origin

be r as in Figure 7-2. Then,

sin Ð± = -

r

cos Ð± = -

.'. r sin Ð± = b

.'. r cos Ð² = a

174

Ñ� = Ð° + b i = r(cos Ð± + i sin Ð±)
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For example, let p~, pg be equilibrium values and p1, p2 be small deviations 
from the equilibrium values. Let D(p1, p2) be the demand function. Then, 

D(pt, P2) - D(p~, p~) = df + _!_ d2_{ + ... 
2! 

where 
df = {pl - p~) h1 + (p2 - pg) fP

2 

tJ2f = (pl - py)2h1P1 + 2(pl - p~)(p2 - pg)hiPt 

+ (p2 - pg)2 
h2P2 

If we assume that (p1 - p?) and (p2 - pg) are very small deviations, then 
{p1 - p~)2, (p2 - pg)2 will be smaller and in many cases can be neglected. 
Then the excess demand can be shown as 

D(pl, P2) - D(p~, p~ = (pl - p~)f Pl + {p2 - p~)fp. 
where h

1 
is the change in demand due to a small change of p1 holding p2 

constant, and vice versa for h.· 
This can be generalized to any number of variables. 

7. 7 Complex numbers 

(i) Complex numbers 

Let a and b be two real numbers. Then c = a + bi where i = V-I is 
called a complex number. c = a + bi will be interpreted to mean a pair of 

ordered numbers {a, b). Thus, the 
y 

Fig. 7-2 

complex number d = (b, a) = b + ai 
is different from c. 

Complex numbers, which we de
fined as an ordered pair, can be shown 

x geometrically on a complex (or Gaus
sian) plane as in Figure 7-2. The 
x-axis is called the real axis. The com
plex number c = a + bi is shown by 
the point c that has the coordinates 
x = a,y =b. 

Next, Jet the angle of the point c be (J and the distance from the origin 
be r as in Figure 7-2. Then, 

. 8 b 
SID =-

r 

a 
cos (J =-

r 

r sin()= b 

r cos (J =a 

c = a + bi = r(cos (J + i sin 0) 
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0 is called the amplitude of the complex number Ñ�. Ð³ is called the modulus

of c, which is also written \c\. We can see that

r2(sin2 0 + cos2 Ð±) = Ð°2 + b2

The conjugate complex number Ñ� is

Ñ� = a â�� b i = r(cos 0 â�� / sin 0)

It is shown as Ñ� in Figure 7-2. The product of a complex number with its

conjugate is

cc = (a + ib)(a - ib) = a2 - W = a2 + Â¿2

Thus,

Ð�2 = cc- = |c|2

Example 1. Find the roots of

Ð»:2 + 1 = 0

x2= -1

.'. * = Â± V^T = Â±i

Thus, T! = i, r2 = â�� /. In terms of our definition

rI = i = a + 6/

where a = 0, Â¿ = 1, and

r2 = â��i = a + bi

where a = 0, Â¿ = â�� 1 .

Example 2.

x2 + x + l = 0

The roots are

x = 1 (-1 Â± v;l - 4) = 1 (-1 Â± /V3)

*l = -l + i^=e+W

.

x,= --- / â��

2 2 2

where a = â�� |, Â¿ = Ð�/3/2.
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0 is called the amplitude of the complex number c. r is called the modulus 
of c., which is also written lei. We can see that 

r 2(sin2 0 + cos2 0) = a2 + b2 

The conjugate complex number cis 

c = a - hi = r(cos 0 - i sin 0) 

It is shown as c in Figure 7-2. The product of a complex number with its 
conjugate is 

cc == (a + ib)(a - ib) = a2 - i 2b2 = a2 + b2 
Thus, 

r 2 = cc == lcl2 

Example 1. Find the roots of 

x2 +1==0 

x2 = -1 

x==±V-l=±i 

Thus, r1 = i, r2 == -i. In terms of our definition 
I 

r 1 == i == a + bi 

where a == 0, b == 1, and 

r 2 == -i ==a+ bi 

where a== 0, b = -1. 

Example 2. 
x2 +x+l==0 

The roots are 

X = ! ( -1 ± J 1 - 4) = ~ ( -1 ± iJJ) 
2 2 

/-
1 . v 3 b. 

X 1 = -- + l -==a + l 
2 2 

1 . J3 b. x2 == - - - 1 - === a - 1 
2 2 

where a == -!, b == '\13/2. 
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In terms of trigonometric functions,

xl = r (cos Ð² + i sin Ð²)

x2 = r(cos O â�� / sin Ð±)

where

r = Va2 + Ð¬2 = V(-i)2 + (V3/2)2 = l

Ð² = tan-1- = tan'1 (-VJ)

We know that tan Ð± = â�� V3, or

V3 = -taÃ±o = tan (180- 0)

From trigonometric tables we find

180 - Ð± = 60Â°

0 = 120Â°

Problems

1. Expand the function f(x + h, y + k, z + ni) around the point (x, y, z) by

Taylor's formula, for the first three terms only.

2. Given the conjugate complex number Ñ� = 1 + /, Ñ� = 1 â�� /, change this

into a polar coordinate system.

(//) De MoivrÃ©'s theorem

Using the results in section (i) we have

ci = ai + Ð¬i/ = ''lÃeos 0i + i sin 0i)

c2 = Ð°2 + Â¿Ð£ = r2(cos 62 + / sin 02)

Thus,

^r2[cos (Ð�! + 62) + /sin (0i + 02)]

Thus, if rl = c2, then,

c^ = c\ = r^[cos 26l + / sin 20J

We can repeat this process. Then,

cn = r"[cos n Ð± + / sin Ð¸ 0]

But,

Ñ�" = r"[cos0 + /sino]"

Thus,

(cos Ð± -f" / Sin 6)" = cos Ð� Ð� + / sin Ð¸ 0

This is known as De MoivrÃ©'s theorem and will be used when discussing

cyclical fluctuations in connection with difference equations.
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In terms of trigonometric functions, 

where 

x 1 = r (cos 0 + i sin 0) 

x2 = r(cos 0 - i sin 0) 

r = Ja2 + b2 = .J(-!)2 + (JJ/2)2 = 1 

0 = tan-• £=tan -t ( -JJ) 
a 

We know that tan 0 = -'\/3, or 

v3 = -tan 0 = tan (180- 0) 

From trigonometric tables we find 

180- 0 = 60° 

(J = 120° 

Problems 
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1. Expand the function f(x + h, y + k, z + n1) around the point (x, y, z) by 
Taylor's formula, for the first three terms only. 

2. Given the conjugate complex number c = l + i, c = 1 - i, change this 
into a polar coordinate system. 

(ii) De Moivre's theorem 

Using the results in section (i) we have 

Thus, 

c1 = a1 + b1i = r1(cos 01 + i sin 01) 

c2 = a2 + b2i = r2(cos 02 + i sin 02) 

Thus, if c1 = c2, then, 

c1c2 = c~ = r~[ cos 201 + i sin 201] 

We can repeat this process. Then, 

en = rn[cos n 0 + i sin n 0] 
But, 

en = rn[cos 0 + i sin O]n 
Thus, 

(cos 0 + i sin 0)" == cos n 0 + i sin n 0 

This is known as De MoiL're's theorem and will be used when discussing 
cyclical fluctuations in connection with difference equati\Jns. 
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(Ñ�) Euler formulas

We have seen that

v.2 3

, = ! + , + Â£ + Â£

3

Thus,

X Y

1 = 1-Ñ� + Ã�. _*. + ...

2! 3!

2! 3!

(:rI2 fivV

K + Ð£2. _ 4Â±L

2! 3!

Thus,

Ð� + Ð� + Ð�Ð�+ I

2! 4! 6! "J

2! 4! 6!

But we have seen that (p. 171)

x2 x4 xe

cos x = 1 - â�� + â�� - â�� -

2! 4! 6!

Thus,

e1'* + <r~<x

cos x = â��-!â��-â��

2

Next, we find that

eix â��

3! ' 5!

But,

x3 x5

smx = x - â�� + â�� -

3! 5!

Thus,

i" - e-'x

sin x =

2/

or

*'â�¢-Ðµ-"

/ sin x =

2

Thus,

cos x + i sin x = e'

cosx â�� /sin* = Ðµ-'

These formulas are called Â£Ð¼/Ðµr relations.

SEC. 7.7 SERIES 

(iii) Euler .formulas 

We have seen that 

Thus, 

Thus, 

x2 xa ez=l+x+-+-+ ... 
2! 3! 

x2 x3 
e-z = 1 -X+--- + ... 

2! 3! 

iz = 1 + . + (ix)
2 + (ix)

3 + e zx ... 
2! 3! 

e-iz = 1 - ix + (ix)2 - (ix)3 + ... 
2! 3! 

eiz + e-iz = 2[1 + (ix)2 + (ix)4 + (ix)6 + ... ] 
2! 4! 6! 

[ 
x2 x4 xs J 

= 2 1 - 2! + 4! - 6! + ... 
But we have seen that (p. 171) 

Thus, 

x2 x4 xs 
COS X = 1 - - + - - - + ... 

2! 4! 6! 

eiz + e-tz 
COSX = ----

2 
Next, we find that 

But, 

Thus, 

or 

Thus, 

iz - iz 2 . ( x3 + x5 ) e -e ==IX-- -- ... 
3! 5! 

. x3 xs 
Sin X = X - - + - - ... 

3! 5! 

eiz - e-iz 
sinx = ----

2i 

eiz _ e -i:c 
isinx = ----

2 

cos x + i sin x = ei:c 

cos x - i sin x === e~ ix 

These formulas are called Euler relations. 

177 
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(/r) Trigonometric functions

We list here several trigonometric formulas for reference.

Ð�

b

Fig. 7-3

Ð¾

sin A = -

cos A = -

Ñ�

a sin A

tan A = - =

Ð¬ cos A

cot A = -

a

Signs of functions. We shall list frequently used relations concerning

signs of functions. They can be interpreted geometrically with the aid of

Figure 7-4.

Fig. 7-4

sin (â��0) = â��sin 0,

cos(â��0) = cos0,

tan(-0)= -taÃ±o,

sin (90 + 0) = cos 0,

cos (90 + 0) = -sin0,

tan (90 + 0) = -cot 0,

sin (180 - 0) = sin 0,

cos (180 - 0) = â��cos0,

tan (180 - 0) = -tan 0,

sin (90 â�� 0) = cos 0

cos (90 - 0) = sin 0

tan (90 â�� 0) = cot 0

sin (180 + 0) = -sin 0

cos (180 + 0) = -cos0

tan (180 + 0) = tan0

sin (Ð¸ 360 Â± 0) = Â¿sin 0

cos (n 360 Â± 0) = cos 0

tan (n 360 Â± 0) = +tan0

178
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(iv) Trigonometric functions 

We list here several trigonometric formulas for reference. 

IJ 

Fig. 7-3 

0 

. A a stn =-
c 

b 
cos A=-

c 

a sin A 
tan A=-=--

b cos A 

cot A=~ 
a 
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Signs of functions. We shall list frequently used relations concerning 
signs of functions. They can be interpreted geometrically with the aid of 
Figure 7~. 

-b 

-(/ 

sin ( -0) = -sin 0, 

cos ( -0) = cos 0, 

tan ( -0) = -tan 0, 

sin (90 + 0) = cos 0, 

cos (90 -t- 0) == -sin 0, 

tan (90 + 0) == -cot 0, 

sin (180 - 0) === sin 0, 

cos (180- 0) == -cos 0, 

tan (180 - 0) == -tan 0, 

b 

(/ 

-o 

Fig. 7-4 

sin (90 - 0) === cos 0 

cos (90 - 0) == sin 0 

tan (90 - 0) == cot 0 

sin (180 + 0) == -sin 0 

cos (180 + 0) === -cos 0 

tan (180 -t- 0) ==tan 0 

sin (n 360 ± 0) == ±sin 0 

cos (n 360 ~~ 0) === cos 0 

tan (n 360 +~ 0) == ::-f:~tan 0 
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Problem

Check these relations geometrically using Figure 7-4. Let Ð± =45Â°.

Identities.

sin2 Ð² + cos2 0 = 1

sin (a + Ã�) = sin a cos Ã� + cos a sin Ã�

sin (a â�� Ã�) = sin a cos Ã� â�� cos a sin Ã�

cos (a + /9) = cos a cos Ã� â�� sin a sin Ã�

cos (a â�� Ã�) = cos a cos /3 + sin a sin /3

Problems

Prove the following relations:

1. sin 26 = 2 sin Ð± coso

2. cos 26 = cos* Ð± - sin* Ð²

3. cos 20 = 1 - 2 sin* Ð² = 2 cos2 0 - 1

7.8 Inequalities

Rules concerning inequalities sometimes prove to be tricky to deal with

for the less experienced. This is especially so when absolute values of numbers

are involved. Since inequalities play an important role in higher mathematics,

a few elementary rules will be given.

(/) Sum of two absolute numbers

The sum of the absolute values of the numbers a and b is greater than or

equal to the absolute value of the sum of a and b. That is

\a + b\ < \a\ + \b\

Examples.

(a) â�¢-!, ft-2

then,

\a + b\ = \a\ + \b\ = 1 + 2 = 3

(b) a = 1, b = -2

then,

|e + b| = |l-2| = l

M + 1Â¿1 = HI + |-2| = 1 +2 = 3
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Problem 

Check these relations geometrically using Figure 7-4. Let 0 = 45°. 

Identities. 
sin2 () + cos2 () == I 

sin (a + {J) == sin ex cos {J + cos ex sin {3 

sin (ex - {3) == sin ex cos {3 - cos ex sin {3 

cos (ex + {3) == cos ex cos {3 - sin ex sin {3 

cos (ex - {3) == cos ex cos {3 + sin ex sin {3 

Problems 

Prove the following relations: 

J. sin 20 = 2 sin 0 cos 0 

2. cos 20 = cos2 0 - sin2 0 

3. cos 20 = I - 2 sin2 0 = 2 cos2 0 - 1 

7.8 Inequalities 

179 

Rules concerning inequalities sometimes prove to be tricky to deal with 
for the less experienced. This is especia11y so when absolute values of numbers 
are involved. Since inequalities play an important role in higher mathematics, 
a few elementary rules will be given. 

(i) Sum of t~fo absolute numbers 

The sum of the absolute values of the numbers a and b is greater than or 
equal to the absolute value of the sum of a and b. That is 

Examples. 

(a) 

then, 

(b) 

then, 

Ia + hi < lal + lhl 

a == 1, b==2 

Ia + hi == lal + lbl == I + 2 == 3 

a== I, b == -2 

I a -t- b I == 11 - 21 = l 

lal + lbl =Ill+ 1-21 == I + 2 == 3 

Ia + hi < lal + lbl 
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(//) Difference of two absolute numbers

The difference of the absolute values of the numbers a and b is less than

or equal to the absolute value of the sum of a and b. That is

\a + b\ > \a\ - \b\

Examples.

(a) o=1, b = 2.

\a + b\ = 3, \a\ - \b\ = 1 - 2= -1

Ð� \a + b\ > \a\ - \b\

(b) a = 1, b = -2.

\a + Â¿| = |1-2| = 1

Ð� \a + b\> \a\-\b\

(c) a=-l, b = 2.

\a + b\ = 1-1 + 2| = 1

(d) a = 2, ft â�� â��I.

(/Â«) Multiplication by a negative number

Multiplication by a negative number reverses the direction of the in-

equality. For example, consider

3 > -2

Multiply both sides by â��1. Then,

-3 < 2

(iv) Schwartz's inequality

Let a!, a2, and Â¿! , bi, be any real numbers. Set

kl y _ \Ñ�,\

a? + al Vb? + b*
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(ii) Difference of two absolute numbers 

The difference of the absolute values of the numbers a and b is less than 
or equal to the absolute value of the sum of a and b. That is 

Ia + hi ~ lal - lbl 
Examples. 

(a) a= 1, b = 2. 

(b) 

(c) 

(d) 

Ia + bl = 3, lal - lhl = 1 - 2 = -I 

Ia + hi > lal - lhl 

a= 1, b = -2. 

Ia + hi = II - 21 = I 

lal - I hi = Ill - 1-21 = 1 - 2 = -I 

:. Ia +hi> lal -lbl 
a= -I, b = 2. 

Ia + hi = 1-1 + 21 = I 

lal-lhl = 1-11 -121 = -1 

Ia + hi > lal - lhl 

a= 2, b = -1. 

Ia + hi = 12 - II = 1 

lal -lbl = 121-l-11 = 1 

:. Ia + hi = Ia I - I hi 

(iii) Multiplication by a negative number 

Multiplication by a negative number reverses the direction of the in
equality. For example, consider 

3 > -2 

Multiply both sides by -I. Then, 

-3 < 2 
(iv) Schwartz"s inequality 

Let a1, ~' and b1, b2 be any real numbers. Set 
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Now,

(*, - Ñ�,.)2 = x? - 2xi>v + >f > 0

Ð�

Thus,

< x? + Ñ�?

i)(;

\a2\ \ / I fy,l J < "2 , "2

2 _L â��2/ W/,2 _L i,2/ ~ a2 + Ð�2 Ð¬2 +

/Ti, 2/ \ /L2 i

'a* + al VbÃ¯ +

21 Ifl2l \ / |bzl I < "2

\ / 2 , 2/ \ /~ ' ' ' ' '

Sum these inequalities. Then,

Ð§Ð°* + Ð°* .Jb\ +

.'. la^il + |Ð°Ð�1 ^ Va? + ej Vb+b

Since both sides are positive, we can square both sides.

This can be generalized to more variables and is called Schwartz's inequality.

Notes and References

7.1-7.2 See Courant (Vol. I, 1937) Chapter 8; Sokolnikoff (1939) Chapter 7;

Sokolnikoff and Sokolnikoff (1941) Chapter 1. For Computational

illustrations see Smail (1949) Chapter 18 and Titchmarsh (1959) Chapter

18.

7.3-7.4 See Courant (Vol. I, 1937) pp. 320-325; Smail (1949) Chapter 17 and

pp. 400^01 and Sokolnikoff (1939) pp. 293-305.

7.5 See Smail (1949) p. 402 and Sokolnikoff and Sokolnikoff (1941) pp. 30-35.

7.6 See Courant (Vol. II, 1936) pp. 80-81 and Sokolnikoff (1939) 317-321.

The student is also recommended to read pp. 321-326 which uses Taylor's

formula to explain the conditions for maxima and minima of a function

with several variables. This is also discussed in Allen (1938) Chapter 29.

7.7 Courant and Robbins (1941) pp. 88-100, Titchmarsh (1950) Chapter 10,

Churchill (1948) Chapter 1 will provide an excellent introduction. Allen

(1956) devotes a whole chapter (Chapter 4) to complex numbers. Complex

numbers lead to complex variables and analytic functions. Economists

have borrowed from electrical engineers who use this technique for model

building. See Allen (1956) Chapter 9 for economic illustrations. References

for complex variables are Churchill (1948), Franklin (1958), Hille (1959).
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Now, 

Thus, 

Sum these inequalities. Then, 

2 ( I at btl + la2b2l ) < 2 , J a2 + a2 I b2 -L b2,. 
1 2'\J 1 I 2 

I at btl + la2b21 < .J a~ + a~ .J b~ + b~ 
Since both sides are positive, we can square both sides. 

(a1b1 + a2b2)
2 < (ai + a~)(b~ + b~) 

This can be generalized to more variables and is called Schwartz's inequality. 

Notes and References 

7.1-7.2 See Courant (Vol. I, 1937) Chapter 8; Sokolnikoff (1939) Chapter 7; 
Sokolnikoff and Sokolnikoff ( 1941) Chapter 1. For Computational 
illustrations see Smail ( 1949) Chapter 18 and Titchmarsh (1959) Chapter 
18. 

7.3-7.4 See Courant (Vol. I, 1937) pp. 320-325; Smail ( 1949) Chapter 17 and 
pp. 400--401 and Sokolnikoff (1939) pp. 293-305. 

7.5 See Smail ( 1949) p. 402 and Sokolnikoff and Sokolnikoff ( 1941) pp. 30-35. 

7.6 See Courant (Vol. II, 1936) pp. 80-81 and Sokolnikoff ( 1939) 317-321. 
The student is also recommended to read pp. 321-326 which uses Taylor's 
formula to explain the conditions for maxima and minima of a function 
with several variables. This is also discussed in Allen (1938) Chapter 29. 

7. 7 Courant and Robbins ( 1941) pp. 88-100, Titchmarsh ( 1950) Chapter I 0, 
Churchill ( 1948) Chapter 1 will provide an excellent introduction. Allen 
(1956) devotes a whole chapter (Chapter 4) to complex numbers. Complex 
numbers lead to complex variables and analytic functions. Economists 
have borrowed from electrical engineers who use this technique for n1odel 
building. See Allen ( 1956) Chapter 9 for economic illustrations. References 
for complex variables are Churchill ( 1948), Franklin ( 1958), Hille ( 1959). 
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7.8 Discussion of inequalities was mainly a review, except for Schwartz

inequality. The classic reference is Hardy, Littlewood, and Polya (1952).

Inequalities related to matrices are discussed by Bellman (1960) Chapter 8.

This is necessary for those interested in the mathematical aspects of

programming. There is an excellent bibliography at the end ofthat chapter.

Bellman, R., Introduction to Matrix Analysis. New York: McGraw-Hill Book

Co., Inc., 1960.

Churchill, R. V., Introduction to Complex Variables. New York: McGraw-

Hill Book Co., Inc., 1948.

Franklin, P., Functions of Complex Variables. Englewood Cliffs, N.J.:

Prentice-Hall, Inc., 1958.

Hardy, G. H., Littlewood, J. E., and Polya, G., Inequalities, 2nd ed. New

York: Cambridge University Press 1952.

Hille E., Analytic Function Theory, Vol. I. Boston: Ginn and Co., 1959.
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CHAPTER 8

Differential Equations

8.1 Introduction

Consider a functional relationship between x and y as

(1) y = x2 0<:Ð»:<3

where x is the independent variable. Equation (1) is shown in Figure 8-1.

The derivative of y will be

(2)

dx

Thus, for x = 2, i/y/At = 4, which is

the slope of the curve at the point

(2, 4). For x = 3, dy/dx â�� 6, which

is the slope of the curve at the point

(3, 9).

Let us now reverse the process.

Assume we have an equation such as

(2) that implicitly assumes a functional

relation between x and y and includes

x, y, the derivatives of y, and some-

times the differential. Such an equation

is called a differential equation.

For example, assume we wish to

find the relation between total cost (y) and quantity produced (x). We know

that marginal cost (dy/dx) doubles for every unit increase of production.

This is shown by

10

9

6

7

5-1

4

3.1

2

1

0"

Fig. 8-1

dx

The problem then is to solve this differential equation and find the relation

between Ð»: (product) and y (total cost).
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9 
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is the slope of the curve at the point 6 
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Let us now reverse the process. 4 

Assume we have an equation such as 3 
(2) that implicitly assumes a functional 2 
relation between x andy and includes 
.. \", y, the derivatives of y, and some
times the differential. Such an equation 0 
is calJed a differential equation. 

For example, assume we wish to 

I 

2 3 X 

Fig. 8-1 

find the relation between total cost (y) and quantity produced (x). We know 
that marginal cost (dyjdx) doubles for every unit increase of production. 
This is shown by 

dy == 2x 
dx 

The problem then is to solve this differential equation and find the relation 
between x (product) andy (total cost). 
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Now let us be more precise and ask the question : "What do we mean by

a solution?" Let us illustrate as follows. Select a point, say, (1, 1) on the

curve given by (1). Then the slope of the curve at (1, 1) is

dx

On the other hand, the differential equation (2) tells us that the slope at (1, 1)

of a function (curve) that it implicitly assumes must be

dÐ£ .. Ð¾

â�� = 2x = 2

dx

Thus, the curve given by (1) has the slope of a curve (function) that is

predetermined by the differential equation (2) at the point (1, 1).

Let us take another point (2, 8) as in

Figure 8-2. Then (2) predetermines the

slope of a curve as

^ = 2x = 2x2 = 4

dx

and the question is: "Can we find a

curve that passes through the point

(2, 8) that has the slope 4?" If so, it

would satisfy (2). The answer is yes,

and the curve is given by

(3) y = x2 + 4

As can be seen, when x â�� 2, then y = 8.

Fig. 8-2 Thus, the curve passes through the point

(2, 8) as required.

Furthermore the slope of this curve (3) at the point (2, 8) is

^ = â�� (x2

dx dx ^

= 2x = 2x2 =

required by the differential equation (2).

Let us try another point (1, 3). The differential equation (2) requires that

urve passing through this point have a slope of

= 2x = 2X1=2

dx

Is there such a curve? Yes, it is

as

(4) y = x2 + 2
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dy = 2x == 2 x 2 = 4 
dx 

and the question is: "Can we find a 
curve that passes through the point 
(2, 8) that has the slope 4 ?" If so, it 
would satisfy (2). The answer is yes, 
and the curve is given by 

(3) y=x2 +4 

As can be seen, when x = 2, then y = 8. 
Thus, the curve passes through the point 
(2, 8) as required. 

Furthermore the slope of this curve (3) at the point (2, 8) is 

dy d 
- = - (x2 + 4) == 2x = 2 X 2 = 4 
dx dx 

as required by the differential equation (2). 
Let us try another point (I, 3). The differential equation (2) requires that 

a curve passing through this point have a slope of 

dy 
- = 2x = 2 X l = 2 
dx 

Is there such a curve? Yes, it is 

(4) y==x2 +2 
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As can be seen, when x = 1, then y = 3. Thus, the curve (4) passes through

(1, 3) as required. Furthermore, the slope at (1, 3) is

dx dx

as required by (2).

The equations (3) and (4) that we found are solutions of the differential

equation (2). More specifically, by a solution of a differential equation we

shall mean a function f(x) that satisfies the differential equation for all values

of the independent variable under consideration. In our present example

this can be shown by substituting/^) in (2) as

/'(x) = 2*

where the identity relation indicates that this equation must hold for all

values of x that are being considered. In our present case 0 <; x <; 3.

We have seen that

/(x) = Ð»:2 + 2

f(x) = *2 + 4

are solutions of (2). If we selected other points in the graph, we would have

been able to find other solutions which may be found as follows. Equation

(2) is a very simple differential equation and, solving it, we find

dy = 2x dx

Integrating both sides, we get

y = x2 + Ñ�

where Ñ� is a constant. Thus, we have a whole family of solutions. We had

found three specific cases, Ñ� = 0, Ñ� = 2, and Ñ� = 4.

Now let us be a little more careful and ask the following questions:

(a) When we selected a point, say (1,3), how did we know a solution

existed ?

(b) We found one curve (function) that passed through the point (1, 3)

and satisfied the differential equation. Is there only one, or are there other

curves that will also be solutions that pass through (1,3)?

These are difficult questions and the proofs will not be given. Only the

results will be explained.

The answer to these questions are: (a) yes, there exists a solution, and

(b), there is only one solution. Let us state this as a theorem:

Let y' =f(x,y) be a differential equation. Let the function f(x,y)

be continuous and its derivatives be continuous with respect to y in a region
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As can be seen, when x == 1, then y = 3. Thus, the curve (4) passes through 
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as required by (2). 
The equations (3) and ( 4) that we found are solutions of the differential 

equation (2). More specifically, by a solution of a differential equation we 
shall mean a function .f(x) that satisfies the differential equation for all values 
of the independent variable under consideration. In our present example 
this can be shown by substitutingf(x) in (2) as 

f' (x) ==-= 2x 

where the identity relation indicates that this equation must hold for all 
values of x that are being considered. In our present case 0 < x < 3. 

We have seen that 
f(x) == x2 

j"(x) == x 2 + 2 

f(x) == x 2 + 4 

are solutions of (2). If we selected other points in the graph, we would have 
been able to find other solutions which may be found as follows. Equation 
(2) is a very simple differential equation and, solving it, we find 

~v == 2x dx 
Integrating both sides, we get 

y == x2 + c 

where c is a constant. Thus, we have a whole family of solutions. We had 
found three specific cases, c == 0, c == 2, and c == 4. 

No\v let us be a little more careful and ask the following questions: 
(a) When we selected a point, say (I, 3), how did we know a solution 

existed? 
(b) We found one curve (function) that passed through the point (I, 3) 

and satisfied the differential equation. Is there only one, or are there other 
curves that will also be solutions that pass through (I, 3)? 

These are difficult questions and the proofs will not be given. Only the 
results will be explained. 

The answer to these questions are: (a) yes, there exists a solution, and 
(b), there is only one solution. Let us state this as a theorem: 

Let y' == f(x, y) be a differential equation. Let the function f(x, y) 
be continuous and its derivatives be continuous with respect toy in a region 
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R of the x â�� y plane. Let (x0, y0) be a point in R. Then for each point

(a) there exists a solution/(Ð»:) of the differential equation, and

(b) there is one and only one solution such that/(x0) = y0.

This is known as the fundamental existence theorem.

In terms of our example, this means, if we select a point, say (1,3) in

the region R (where in our case 0 <. x < 3), there exists a curve passing

through (1,3) such that the slope of this curve will satisfy the requirements

set out by the differential equation, and furthermore there will be only one

such curve going through (1, 3). The two characteristics given to us by the

existence theorem are stated succinctly by the terms existence of a solution,

and uniqueness of a solution.

The implication of the existence theorem is: If we have a differential

equation and if by some method, even though it may be by reading tea

leaves or gazing into a crystal ball, we find a solution of the differential

equation, it will become the solution of the differential equation and we do not

need to look any further. For example, in our subsequent discussion we shall

use the function y = eâ�¢* as a solution of linear differential equations. The

existence theorem tell us that this function is the solution of the differential

equation, and we do not need to look for other solutions.

With this much background concerning solutions of differential equations,

we shall in our subsequent discussion mainly be concerned with techniques of

finding solutions.

Differential equations are broadly classified into ordinary differential

equations and partial differential equations. The ordinary differential equa-

tions are those having only one independent variable and its derivatives.

When the differential equation has several independent variables then the

derivatives become partial derivatives and we have partial differential equa-

tions.

The order of a differential equation is determined by the order of the

highest derivative in the equation. The degree of a differential equation is

determined by the highest exponent of the derivatives when the equation is

rationalized.

An ordinary differential equation is said to be linear if the dependent

variable is of the first degree; i.e., the j-variable and its derivatives are of the

first power only. We also say, in this case, that the j-variable and its deriv-

atives are linearly combined. The general form of a linear differential

equation is

h0(x) Ã�Ã¯ + hÂ¿x) Ã�^ + ... + hn_Â¿x) ^ + hn(x)y =f(x)

dx dx dx

This is an ordinary linear differential equation of order n.

(x0,y0):

If the coefficients of y and its derivatives, i.e., h0(x), hÂ¡(x), ... hn(x) are
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all constants, then it is called a linear differential equation with constant

coefficients. Let a0, alt ... an be constants, then

-" .-

dxn dxn dx

If /(x) = 0, then we have a homogeneous linear equation with constant

coefficients.

For convenience, we will classify differential equations as follows :

1. Non-linear differential equations of the first order and first degree.

(a) variables are separable case

(b) homogeneous differential equation

(c) exact differential equation

2. Linear differential equation of first order.

(a) homogeneous differential equation with constant coefficients

(b) non-homogeneous differential equation with constant coefficients

(c) general case

3. Linear differential equation of the second order with constant co-

efficients.

8.2 Solutions

Assume we have an equation

(1) y = x* + ciX3 + c2x2 + Â£3* + c4

Then, if we perform successive differentiation, we get

(2) ^ = 4x3 + 3clx2 + 2c2x + c3

dx

(3) & = 12x2 + 6c!x + 2c2

dx

(4) g = 24* + 6cl

(5) ^ = 24

dx

The equation (1) is a solution of equation (5). Equation (5) is a differential

equation of the 4th order, and the solution (1) has four arbitrary constants.

In general, if we have an Ð¸th order differential equation with Ð¸ constants,

we can eliminate the constants by n successive differentiations. And, con-

versely, it can be shown that a differential equation of order n will have a

solution with n arbitrary constants, and it can have no more than n arbitrary
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Then, if we perform successive differentiation, we get 
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dy = 4x3 + 3c1x
2 + 2c2x + c3 dx 

The equation (I) is a solution of equation (5). Equation (5) is a differential 
equation of the 4th order, and the solution (I) has four arbitrary constants. 

In general, if we have an nth order differential equation with n constants, 
we can eliminate the constants by n successive differentiations. And, con
versely, it can be shown that a differential equation of order n will have a 
solution with n arbitrary constants, and it can have no more than n arbitrary 
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constants. Such a solution is called the general solution of the differential

equation. Thus, equation (1) is the general solution of equation (5).

Depending on the value of the constants, a whole family of solutions exist.

Any one of these specific solutions obtained from the general solution is

called a particular solution.

In general, we are interested in a particular solution that fits the particular

circumstances we are in. This means we must determine the values of the

constants to suit our situation. This in turn is dependent on the so-called

initial conditions.

8.3 Non-linear differential equations of the first order and first degree

In general we can only solve a very few of the various differential equations

and we are restricted to linear differential equations. There are some special

types of non-linear differential equations that can be solved, which are of the

first order and first degree, for instance:

â�� = f(x

dx~

An example of this is

7x"

and, in differential form,

fl(x,y)dx+f2(x,y)dy = 0

of which an example is

(f â�� x2) dx â�� 2xy dy = 0

We will now take up certain types of easily-solved non-linear differential

equations of the first order and first degree and then discuss linear differential

equations.

8.4 Case Iâ��variables separable case

If the differential equation

dx

can be put in the form

f1(x)dx+f2(y)dy = 0

where with dx we associate a function /i(Ð»:) which is only a function of x

and with dy we associate a function ft(y) which is only a function of y,

we have the variables separable case. This is easily integrable.
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An example of this is 

and, in differential form, 

dy 
- =f(x, y) 
dx 

dy = 3xy2 
dx 

/ 1(x, y)dx + h(x, y) dy = 0 

of which an example is 
(y2 - x2) dx - 2xy dy = 0 

We will now take up certain types of easily-solved non-linear differential 
equations of the first order and first degree and then discuss linear differential 
equations. 

8.4 Case 1-variables separable case 

If the differential equation 
dy 
dx = f(x, y) 

can be put in the form 
/ 1(x) dx + h{y) dy = 0 

where with dx we associate a function JI(x) which is only a function of x 
and with dy we associate a function h(y) which is only a function of y, 
we have the L,ariables separable case. This is easily integrable. 
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For example, solve

dy

â�� = xy

dx

By inspection we see we can separate the variables. Thus, we get

-dy - x dx = 0

y

We integrate and get

In j> â�� \x2 = Ñ�

y = Ñ�'e*1'1 (Ñ�' = Ð�

where Ñ�' is an arbitrary constant. This gives an exponential curve and, as

the value of the constant c' changes, we will have a family of such curves.

In general, the solution will be of the form

g(x, y) = Ñ�

which will be a family of curves.

Problems

Solve the following differential equations.

1.Â£=*

dx y

2 ^ =y-

dx x

dx l + x

dy l + y

dx 1 + x

dy

S. -y- + ? + >Ðµ* = 0

dx '

8.5 Case II â�� differential equation with homogeneous coefficients

lff(x, y) is a homogeneous function of degree n, then

If the differential equation

fl(x,y)dx+f2(x,y)dy =
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dy == xy 
dx 

By inspection we see we can separate the variables. Thus, we get 

l 
- dy - x dx === 0 
y 

We integrate and get 

, x2t·' y===ce- (c' = e'-") 
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\.vhere c' is an arbitrary constant. This gives an exponential curve and, as 
the value of the constant c' changes, we will have a family of such curves. 
In general, the solution will be of the form 

g(x, y) == c 

which will be a family of curves. 

Problems 

Solve the following differential equations. 

dy X 
1.- =-

dx y 
dy y 

2.- =
dx x 

3. dy =-y
dx l+x 

4. dy = 1 + y 
dx l+x 
dy 

s. dx + ez + yez = o 
dy 

6. - = xy 2 - x 
dx 

8.5 Case 11--differential equation with homogeneous coefficients 

If f(x, y) is a homogeneous function of degree n, then 

j(Ax, AJ') == ;.n_l(x, y) 
If the differential equation 

/ 1(x, y) dx -t- f 2(x, y) dy == 0 
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has homogeneous coefficients, that is if/i(Ð»:, y) and/2(x, y) are homogeneous

functions of the same order, then by change of variable we can reduce it to

the variables separable case. Let/i and/2 be of order n; i.e., of the same

order. Now let

y = vx, dy = v dx + x dv

Then

/!(x, vx) dx + /2(x, vx)(v dx + x dv) = 0

/2(Ñ�, Â»Ñ�)

Since /i and /2 are homogeneous functions we can divide out the x. Thus,

dx + x dv = 0

/aV1Â» "

and we have the variables separable case which we can solve by integration.

Example. Solve

x2 + 2xy ^ - / = 0

dx

This can be put in the form

(x2 â�� y2) dx + 2xy dy = 0

By inspection we see this has a homogeneous function of degree 2 for its

coefficients. Thus, letting

y = vx, dy = v dx + x dv

x2 - rV

dx + v dx + x dv = 0

2x(,,x)

â��

x 1 + Ð�2

We integrate and get

In x + In (1 + r2) = Ñ�

=4 =lnc'

x2 + y* = x Ñ�

Problems

Solve the following differential equations.

1. (x + y) dx + x dy = 0. Ans. x2 + 2xy = Ñ�

2. (x - y)dx - (x + y) dy = 0. Ans. y? - Ixy - f = Ñ�
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h~s homogeneous coefficients, that is if f 1(x, y) and fe(x, y) are homogeneous 
functions of the same order, then by change of variable we can reduce it to 
the variables separable case. Let / 1 and fe be of order n; i.e., of the same 
order. Now let 

Then 
y = t,x, dy = l'dx + xdv 

/ 1{x, vx) dx + /2(x, vx)(v dx + x dv) = 0 

/ 1(x, vx) dx + v dx + x dv = 0 
/ 2(x, vx) 

Since / 1 and h are homogeneous functions we can divide out the x. Thus, 

( / 1(
1, v) + v) dx + x dv = 0 

/ 2(1, v) 

and we have the variables separable case which we can solve by integration. 

Example. Solve 

x2 + 2xy dy - y2 = 0 
dx 

This can be put in the form 

(x2 - y2) dx + 2xy dy = 0 

By inspection we see this has a homogeneous function of degree 2 for its 
coefficients. Thus, letting 

y = vx, dy = v dx + x dv 

x2- vBx2 
---dx + vdx + xdv = 0 

2x(vx) 
1 dv 
-dx+2v =0 
x 1 + v2 

We integrate and get 
In x + In (1 + v2

) = c 

In x ( 1 + ~:) = In c ' 

Problems 

Solve the following differential equations. 

1. (x + y) dx + x dy = 0. 

2. (x - y) dx - (x + y) dy = 0. 

Ans. r + 2xy = c 

Ans. r - 2xy - y = c 
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x + y dx

3. - - = â�� . Ans. y * + 2xy - x2 = Ñ�

x â�� y dy f J

4. (/ - x2) dy + 2xy dx = 0. Ans. x2 + f + cy = 0

5. y*dx = (xy - x2) dy. Ans. y + ce*'* = 0

8.6 Case III â�� exact differential equations

Consider a function

f(x,y) = x*y

The differential of this function is

#-**+*<,

ox dy

= 2xy dx + x2 dy

Let

P(x,y) = 2xy, Q(x,y) = x2

We know that

3P = f = 2x = f = ?Q

Ð» J XV *~Ð» Jvx Ñ�

oy ax

Now let us reverse the procedure. We are given an expression

2xy dx + x2 dy

or

(1) P(x,y)dx+Q(x,y)dy

This expression is said to be the exact differential of some function f(x, y),

if the following (necessary and sufficient) condition holds

Let us check

oP d

â�� = â�� (2xy) = 2x

oy dy

Thus, the condition (2) holds, and we know (1) is an exact differential of

some function f(x,y).
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3 
x+y _dx 

• X- J- dy. 

4. (y2 - x 2) dy + 2xy dx = 0. 

5. y2dx = (xy - x 2) dy. 

8.6 Case Ill-exact differential equations 

Consider a function 
f(x, y) === x2y 

The differential of this function is 

df = Of dx + Of dy 
ax ay 

=== 2xy dx + x 2 dy 
Let 

P(x, y) === 2xy, Q(x, y) === x2 

We know that 
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Ans. y2 + 2xy - x 2 
:z:: c 

Ans. x2 + y2 + cy = 0 

Ans. y + ce111z = 0 

Now Jet us reverse the procedure. We are given an expression 

2xy dx + x 2 dy 
or 

(I) P(x, y) dx + Q(x, y) ~v 

This expression is said to be the exact differential of some function f(x, y), 
if the following (necessary and sufficient) condition holds 

(2) 

Let us check 
oP a .

2 2 - = -( xy) == x ay ay 

aQ = ~ (x2) = 2x 
ax ax 

Thus, the condition (2) holds, and we know (I) is an exact differential of 
some function f(x, y). 
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Let us now set (1) equal to zero.

(3) P(x,y)dx+Q(x,y)dy = 0

.'. 2xy dx + x2 dy = 0

This is called an exact differential equation.

With this much background let us argue as follows:

We are given a differential equation (3). Upon checking we find that it

satisfies the condition (2). Thus, we conclude we have an exact differential

equation. This means there is a function f(x, y) whose differential is equal

to the left side of the equation (3). Let this differential be df (x, y). Then,

from(3)

#(x,y) = 0

Integrating both sides we write

(4) f(x,y) = c

which is a solution of (3).

It can be shown that the solution f(x, y) will be

(5) f(x,y) = Pdx + Q-- Pdxdy

In our present case,

J P dx = J 2xy dx = x2y

- \Pdx =x2

dyj

Thus, from (4)

2 - â�� f P dx] dy = f [x2 - Ð»:2] dy = 0

.'. f(x, y) = x2y + 0 + c' = x2y + c'

x2y = Ñ�

which is the solution where Ñ� is an arbitrary constant.

Example. Solve the following differential equation:

(2x + 3y) dx + (Ð�Ð»: - 2y) dy = 0

P = 2x + 3y, Q = 3x-2y

dP = 3, ?0 = 3

dy dx
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(3) 
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Let us now set (1) equal to zero. 

P(x, y) dx + Q(x, y) dy = 0 

:. 2xy dx + x2 dy = 0 

This is called an exact differential equation. 
With this much background let us argue as foJiows: 
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We are given a differential equation (3). Upon checking we find that it 
satisfies the condition (2). Thus, we conclude we have an exact differential 
equation. This means there is a function f(x, y) whose differential is equal 
to the left side of the equation (3). Let this differential be df (x, y). Then, 
from (3) 

df(x,y) = 0 
Integrating both sides we write 

(4) f(x,y) = c 

which is a solution of (3). 
It can be shown that the solution f(x, y) will be 

(5) f(x, y) = I P dx + I [ Q - ~ I P dx J dy 

In our present case, 

I Pdx =I 2xydx = x2y 

.£.I Pdx = x2 

oy 

I[ Q- :YIP dx J dy =I [x2
- xl] dy = 0 

· f(x, y) = x2y + 0 + c' = x2y + c' 
Thus, from (4) 

x2y = c 

which is the solution where c is an arbitrary constant. 

Example. Solve the following differential equation: 

(2x + 3y) dx + (3x - 2y) dy = 0 

p = 2x + 3y, 

oP = 3 oy , 

Q = 3x- 2y 

oQ = 3 
ox 
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Thus, we have an exact differential equation and

-- Pdxdy

a y J J

P dx = J (2x + 3y) dx = x2 + 3xy

= 3x-2y-3x = -2y

dyj

:. f(x, y) = x* + 3xy + j (-2y) dy = x* + 3xy - /

The solution is

Ð»:2 + Ð�Ñ�y â�� y2 = Ñ�

Note that the exact differential equation we solved is also a differential

equation with homogeneous coefficients.

Problems

Solve the following differential equations by the method discussed in Section

8.6.

1. (2x + 3y + 1) dx + Ox - 2y + 1) dy = 0.

2. xy* dx + x2y dy = 0.

3. 2xy dx + (Ñ�2 + 4y) dy = 0. Ans. x2y + 2y* = Ñ�

8.7 Linear differential equations of the first order

So far we have discussed certain types of non-linear differential equations

that were easy to solve. Let us now take up linear differential equations.

The general expression is

% + Py = Q

dx

where P and Q are functions of Ð»: or constants. The general solution for this

equation is given by*

(1) y = e-H1'dx e^'dxQ dx + ce~$ rdx

(/) Case I. â�� Homogeneous differential equation

When Q = 0, and P is a function of x, we have a homogeneous differ-

ential equation and the solution is, from (1).

(2) y = ce-$I'dx

* For proof see Sokolnikoff and Sokolnikoff (1941) p. 284.
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Thus, we have an exact differential equation and 

f(x, y) = J P dx +I [ Q- :y J Pdx J dy 

I P dx = J (2x + 3y) dx = x2 + 3xy 

Q - ~ { P dx = 3x - 2y - 3x = -2 y oy .. 

:. f(x, y) = x2 + 3xy + I ( -2y) dy = x2 + 3xy - y2 

The solution is 
x2 + 3xy - y 2 == c 
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Note that the exact differential equation we solved is also a differential 
equation with homogeneous coefficients. 

Problems 

Solve the following differential equations by the method discussed in Section 
8.6. 

1. (2x + 3y + 1) dx + (3x - 2y + 1) dy = 0. 

2. xy2 dx + x2y dy = 0. 

3. 2xy dx + (x2 + 4y) dy = 0. 

8. 7 Linear differential equations of the first order 

So far we have discussed certain types of non-linear differential equations 
that were easy to solve. Let us now take up linear differential equations. 
The general expression is 

dv -· + Py == Q 
dx 

where P and Q are functions of x or constants. The general solution for this 
equation is given by* 

(1) y = e- f l'dz J ef l'd"'Q dx + ce- f J>dz 

(i) Case J.-Hon1ogeneous differential equation 

When Q == 0, and P is a function of x, we have a homogeneous differ
ential equation and the solution is" from (1). 

(2) y = ce-.f /'ttx 

• For proof see Sokolnikoff and Sokolnikoff (1941) p. 284. 
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Example.

dy

â�¢y- + xy = 0

ax

i.e., P = x, and Q = 0. Thus, from (2) we get

Check. Substitute this solution into the left side of the differential

equation.

(//) Case 2 â�� Non-homogeneous differential equation

When P and Q are constants and we have a non-homogeneous differential

equation with constant coefficients the solution becomes

y = e'"'* J eaixa2 dx +

ce'

Example.

^ + 3y = 4

dx

y = ce-** + I

Check. Check this solution.

(Hi) Case 3â��General case

When P and Q are functions of Ð»: and we have the general case, the solution

is equation (1).

dy , 1

-f + -y = x

dx x

X2 , Ð¡

Example.

Check. Work out the details of the above example, noting that e1" x = x.

Then check the solution by substituting it in the original equation.
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Example. 
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dy 
- +xy=O 
dx 

i.e., P = x, and Q = 0. Thus, from (2) we get 

SEC. 8.7 

Check. Substitute this solution into the left side of the differential 
equation. 

(ii) Case 2-Non-homogeneous differential equation 

When P and Q are constants and we have a non-homogeneous differential 
equation with constant coefficients the solution becomes 

Example. 
dy - + 3y =4 
dx 

-:b 4 y = ce +-
3 

Check. Check this solution. 

(iii) Case 3-General case 

When P and Q are functions of x and we have the general case, the solution 
is equation (1). 

Example. 
dy 1 
-+-y=x 
dx x 

-In z J In z d + C -In x y=e e x x e 

x2 c 
== -+-

3 X 

Check. Work out the details of the above example, noting that e10 z == x. 
Then check the solution by substituting it in the original equation. 
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Problems

Solve the following linear first-order differential equations.

, *Ð£

dl

2. â�� - 2tl = 0.

dt

dl

3. â�� - 2/ = k.

dt

dy

4. -f +6y =4.

dx

dy

5. -f + Ixy = 3x.

dx

6. â�� - 3c*/> = 2P.

dc

8.8 Linear differential equation of second order with constant coefficient

This type of equation is expressed by

dx dx

The solution is obtained in two steps. Step one is to set/(X) = 0 and solve

(2) Ð¡Ð£ + Ð°^ + Ð°2Ð£ = 0

dx* dx

This is called a homogeneous equation, and the solution is called the com-

plementary function for equation (1). Let this be/c.

Step two is to find a particular solution of equation (1). Let this be yv.

Then the general solution y will be*

y = complementary function + particular solution

= y, + yÂ»

Step I. Find the general solution of the homogeneous equation: i.e.,

the complementary function.

The method we will be using depends on the following theorem which we

give without proof, t

yÑ� =

â�¢ For proof see Smail, (1949), pp. 508-515, and Sokolnikoff and Sokolnikoff (1941)

pp. 283-398.

Ã� See W. Leighton (1952), Chap. 4, or Smail (1949), p. 510.
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Problems 

Solve the following linear first-order differential equations. 

dy 
1. dx + 3x2y = 0. 

dl 
2. dt - 211 = 0. 

dl 
3. dt - 2/ = k. 

dy 
4. dx + 6y = 4. 

dy 
5. dx + 2xy = 3x. 

dP 
6. de - 3c'-P = 2P. 

8.8 Linear differential equation of second order with constant coefficient 

This type of equation is expressed by 

(1) 
tfv dy d;2 + at dx + a2y = f(x) 
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The solution is obtained in two steps. Step one is to setf(x) = 0 and solve 

tfy dy 
(2) -

2 
+ a 1 - + a2y = 0 

dx dx 

This is called a homogeneous equation, and the solution is called the com
plementary function for equation (1). Let this be Yc· 

Step two is to find a particular solution of equation (1). Let this bey,. 
Then the general solution y will be* 

y = complementary function + particular solution 

= Yc + YP 

Step I. Find the general solution of the homogeneous equation: i.e., 
the complementary function. 

The method we will be using depends on the following theorem which we 
give without proof. t 

• For proof see Smail, (1949), pp. 508-515, and Sokolnikoff and Sokolnikoff (1941) 
pp. 283-398. 

t See W. Leighton (1952), Chap. 4, or Smail (1949), p. 510. 
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is the general solution of (2) if yi and y2 are linearly independent solutions of

(2) and q and c2 are arbitrary constants. By linearly independent we mean

there are two arbitrary constants dl and d2 (did2 ^ 0) such that

d1y1 + d2y2 = 0

Since (2) is a second order equation, we expect the solution to have two

arbitrary constants.

The method of approach is to set

Ñ� = emx

where m is a constant and look for a solution in this form. From this we

obtain

*Ð£ = â��f, ^ = mV

dxj dx2

Thus, (2) becomes

(m2 + ajn + a2)em* = 0

If mi is any root of

tr? + Â«|w + a2 = 0

which is called the auxiliary or characteristic equation, then y = eâ�¢1* will

be a solution of (2). This is clear because, if we substitute j' = eâ�¢1* into (2),

the auxiliary equation will become zero.

As can be seen, the solution of the auxiliary equation will have three

cases, where the two roots are distinct, two roots are equal, and the two roots

are conjugate complex numbers.

CASE 1â��Two roots distinct case. We set the auxiliary equation equal to

zero and solve

nr + a-jn + a2 = 0

/Ð�i. w2 = Kâ��a1 Â±

where d\ > 4at. Then the general solution of (2), i.e., the complementary

function of (1) is

yc = ciÐµ1"1* + Ñ�2em*x

Example.

&-5*y + â�¬y = Ñ�Â»

dx2 dx Ð£

Set:

*Â£-54Ð£ + 6y = 0

dx* dx

m2 - 5m + 6 = 0

ml = 2, Ð¾Ñ�2 = 3

Ð� JÑ� = qe2* -(- c2CÐ�1

Check. Check by substituting this into the original equation.
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is the general solution of (2) if y1 and y1 are linearly independent solutions of 
(2) and c1 and c2 are arbitrary constants. By linearly independent we mean 
there are two arbitrary constants d1 and d2 (d1d2 =I= 0) such that 

diJl + t4y2 = 0 

Since (2) is a second order equation, we expect the solution to have two 
arbitrary constants. 

The method of approach is to set 

y = emx 

where m is a constant and look for a solution in this form. From this we 
obtain 

dy mx 
-=me , 
d:x 

tP Y 2 n&X -=me 
dx2 

Thus, (2) becomes 

If m1 is any root of 
m2 + a1m + a2 = 0 

which is called the auxiliary or characteristic equation, then y = em•z will 
be a solution of (2). This is clear because, if we substitute y = em•z into (2), 
the auxiliary equation will become zero. 

As can be seen, the solution of the auxiliary equation will have three 
cases, where the two roots are distinct, two roots are equal, and the two roots 
are conjugate complex numbers. 

CASE I-Two roots distinct case. We set the auxiliary equation equal to 
zero and solve 2 + + 0 m a1m iZt = 

m1, m2 = !(-at ± V ai - 4a2) 

where ai > 4a2• Then the general solution of (2), i.e., the complementary 
function of (I) is 

Example. 

tfy - 5 dy + 6y = i"" 
dx2 dx 

Set: 

tfy - 5 dy + 6y = 0 
dx2 dx 

m2 - Sm + 6 = 0 

m1 = 2, m2 = 3 

:. Yc = Ctetz + c2e3Z 

Check. Check by substituting this into the original equation. 
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CASE 2 â�� Two roots equal case. The solution in this case takes the following

form which we give without proof.*

yc = Ñ�lemx + c2xemx

Example.

d2y Ð» dy

â�� - â�� 4 â�� + 4 Ñ� = 0

dx2 dx

m2 - 4m + 4 = 0

ml = m2 = 2

:. yc =

Check: Check by substituting this into the original equation.

CASE 3â�� Conjugate complex numbers. The solution is as follows which we

give without proof, t

yc = ea'(cl cos bx + c2 sin bx)

where m1 = a + bi, m2 â�� a â�� bi.

Example.

^ + 2^ + 10y = o

dx2 dx

m2 + 2m + 10 = 0

m1, m2 = â�� 1 Â± 3/

a=-l, Â¿ = 3

.'. yc = e~,(cl cos 3x + c2 sin 3x)

Step 2. Find a particular integral of (1). The general solution for (1)

was made up of two parts, the general solution yc of the homogeneous

equation (2) which was called the complementary function and the particular

integral of (1), yp so that y = yc + yv- We now want to findj'â��. The two

methods used to find the particular integral are the method of iteration and

the method of partial fractions. We will discuss only the method of iteration.

The method of iteration uses the following formula to find the particular

integral, which we give without proof.Ã®

yp = em

where ml and m2 are obtained from the auxiliary equation.

* See e.g., Smail (1949) p. 513.

Ã�SeeSmail(1949)p. 514.

t See SokolnikofT and Sokolnikoff (1941) p. 296.
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CASE 2-Tl~'o roots equal case. The solution in this case takes the following 
form which we give without proof.* 

Example. 

d2y - 4 dy + 4y = 0 
dx2 dx 

m2 - 4m + 4 == 0 

Check: Check by substituting this into the original equation. 

CASE 3-Cof1jugate complex numbers. The solution is as follows which we 
give without proof. t 

J'c == ea.r(cl cos bx + c2 sin bx) 

where m1 == a + bi, m2 == a - bi. 

Example. 

d'ly + 2 dy + lOy = 0 
dx2 dx 

m 2 + 2m + 1 0 == 0 

m1, m2 == -1 ± 3i 

a== -1, b=3 

Yc == e-.r(c1 cos 3x + c2 sin 3x) 

Step 2. Find a particular integral of ( 1 ). The general solution for ( 1) 
was made up of two parts, the general solution Yc of the homogeneous 
equation (2) which was called the complementary function and the particular 
integral of ( 1 ), y P. so that y = .. Vc + y p· We now want to find y v· The two 
methods used to find the particular integral are the method of iteration and 
the method of partial fractions. We will discuss only the method of iteration. 

The method of iteration uses the following formula to find the particular 
integral, which we give without proof.! 

where m1 and m2 are obtained from the auxiliary equation. 

• See e.g., Smail (1949) p. 513. 
t See Smail (1949) p. 514. 
! See Sokolnikoff and Sokolnikoff (1941) p. 296. 
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Example 1.

^-7^+12, = *"

ax ax

m2 - 1m + 12 = 0

/Ð�! = 3, Ñ�t = 4

y9 = e3* J e<4-3)* J e-^e3* (dx)2

= Er*i{[e1JV!rdx] dx

= <?xj[ex(-e-x)']dx

= -e3* dx = -xesx

Check: Check the solution by substituting into original equation.

Example 2.

&-5& + 6y = Â¿.

dx* dx

m2 â�� 5m + 6 = 0

/Tii := 2, /iÃ�2 == 3

Check: Work out the details and check the solution by substituting in

the original equation.

Step 3. Thus the general solution of

J = yÑ� + yv

where, for instance when we have two distinct roots,

yc = clemix + c2emix

will be

= eâ�¢ix j e(m*~mi)x J e~mlxf(x) (dx)2
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Example 1. 

d'ly - 1 dy + t2y = rz 
dx2 dx 

m2 - 1m+ 12 = 0 

= rz I[e"' I e-"'dx] dx 

= e'"' I [e"'( -e-"')] dx 

= -e'"' I dx = -xe'"' 

• y = -xeaz 
• • f) 

Check: Check the solution by substituting into original equation. 

Example 2. 

d'ly - 5 dy + 6y = tft"' 
dx2 dx 

m2 -5m+6=0 

Check: Work out the details and check the solution by substituting in 
the original equation. 

Step 3. Thus the general solution of 

tfly dy 
dx2 + at dx + a2y = f(x) 

will be 

where, for instance when we have two distinct roots, 
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Example.

^l_5ay x

dx* dx

From our previous calculations we have

yc = c^2* + cZe3*

V â�� â�� Ð£Ð 

y v - Ð»Ð¸

.'. y = cle2i + c2e3* â�� xetx

Problems

Solve the following linear second order differential equations.

d2y dy

1. -Ñ�4 - 4 / - 5>' = 0.

dx* dx

cP-y dy

.\ S f f â�¢ Cl f\

3. â��4 - 6 â�� I 9y = 0.

dx dx

dZy dy

4. j^ + 3 j- + 3y = 0.

d2y dy

8.9 Domar's capital expansion model

In Section 6.10 Domar's capital expansion model was solved by use of

integration. Let us now approach it via differential equations. We obtained

the relation

dl l

la =

dt a

where / is investment, a is investment productivity, and a is marginal pro-

pensity to consume. This is a linear first-order differential equation. The

dependent variable is /. From Section 8.7 we know the solution is

J = ce~^'dx
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Example. 

d'ly - 5 dy + 6y = il"' 
dx2 dx 

From our previous calculations we have 

Problems 

Solve the following linear second order differential equations. 

d2y dy 
1. dx2 - 4 dx - 5y = 0. 

d2y dy 
3. dx2 - 6 dx + 9y = 0. 

d2y dy 
4. dx2 + 3 dx + 3y = 0. 

d2y dy 
5. dx2 - 5 dx + 1y = 0. 

8.9 Domar's capital expansion model 
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In Section 6.10 Damar's capital expansion model was solved by use of 
integration. Let us now approach it via differential equations. We obtained 
the relation 

dl 1 
Ia =- ·-

dt (X 

where I is investment, a is investment productivity, and r:t. is marginal pro
pensity to consume. This is a linear first-order differential equation. The 
dependent variable is /. From Section 8. 7 we know the solution is 

-S l'dx 
I== ce 
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where Ñ� is an arbitrary constant to be determined by initial conditions and P

is

P= â��Ñ�Ñ�a

Ð� â�� j aa.dt = â�� (/ Ñ�Ñ�a)

Thus, the solution is

/ = ce""

If

/(0 = /(0)

when / = 0, then,

/(0) = ceÂ° = Ñ�

Thus,

l

= â��tact.

0

which is the same result obtained in Section 6.10.

Notes and References

References for proofs, derivations and further studies are Leighton (1952),

SokolnikofT and Sokolnikoff(1941) Chapter 7, and Wylie (1960) Chapters 2-4.

It will probably be more economical and useful if an elementary calculus

text like Smail (1949) Chapter 21 is studied in addition to what has been

covered in this chapter and then study the following two references: Baumol

(1959) Chapters 14, 15, 16; and Allen (1956) Chapter 5. Baumol gives non-

technical discussions of the interpretation of differential equations and also

explains systems of differential equations. Allen discusses the topic at an

advanced level and emphasizes linear differential equations and Laplace

transforms.

Both ordinary and partial differential equations are used frequently in

economics in connection with equilibrium and stability conditions. In this

case, it is generally not necessary to solve these equations. Many illustrations

of such use can be found in Mosak (1944), and the appendix of Lange (1944),

and of Hicks (1939). It is also used in business cycle theory and in this case

solutions are sought, but the equations are generally of the type that are not

difficult to solve. An excellent summary is in Allen (1957) Chapter 8, where he

discusses the trade cycle models of R. M. Goodwin, M. Kalecki and A. W.

Phillips. He also discusses how electric circuit theory involving differential

equations has been used in economics.

Differential equations used in connection with general equilibrium theory

and stability conditions (e.g. Mosak) usually involve systems of differential

equations. Determinants and matrices are frequently used to solve these

systems of equations. Thus, it is advisable to first concentrate on covering the

mathematics up through Chapter 12 in this text before going to Mosak, Lange,

and other economic references. There is also a brief discussion of systems of

equations in Chapter 12.
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where c is an arbitrary constant to be determined by initial conditions and P 
is 

p = -(](¥. 

- J: aoc dt = -(t aoc)l: = -taoc 

Thus, the solution is 

If 
l(t) = /(0) 

when t = 0, then, 
/(0) = ce0 = c 

Thus, 
I(t) == l(O)eaat 

which is the same result obtained in Section 6.10. 

Notes and References 

References for proofs, derivations and further studies are Leighton ( 1952), 
Sokolnikoff and Sokolnikoff (1941) Chapter 7, and Wylie (1960) Chapters 2-4. 

It will probably be more economical and useful if an elementary calculus 
text like Smail (1949) Chapter 21 is studied in addition to what has been 
covered in this chapter and then study the following two references: Baumol 
(1959) Chapters 14, 15, 16; and Allen (1956) Chapter 5. Baumol gives non
technical discussions of the interpretation of differential equations and also 
explains systems of differential equations. Allen discusses the topic at an 
advanced level and emphasizes linear differential equations and Laplace 
transforms. 

Both ordinary and partial differential equations are used frequently in 
economics in connection with equilibrium and stability conditions. In this 
case, it is generally not necessary to solve these equations. Many illustrations 
of such use can be found in Mosak ( 1944), and the appendix of Lange ( 1944), 
and of Hicks ( 1939). It is also used in business cycle theory and in this case 
solutions are sought, but the equations are generally of the type that are not 
difficult to solve. An excellent summary is in Allen ( 1957) Chapter 8, where he 
discusses the trade cycle models of R. M. Goodwin, M. Kalecki and A. W. 
Phillips. He also discusses how electric circuit theory involving differential 
equations has been used in economics. 

Differential equations used in connection with general equilibrium theory 
and stability conditions (e.g. Mosak) usually involve systems of differential 
equations. Determinants and n1atrices are frequently used to solve these 
systems of eCJuations. Thus, it is advisable to first concentrate on covering the 
mathematics up through Chapter 12 in this text before going to Mosak, Lange, 
and other economic references. There is also a brief discussion of systems of 
equations in Chapter 12. 
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CHAPTER 9

Difference Equations

Although the differential equations we have discussed had exact solutions,

there are many cases where they cannot be obtained. In these cases, approxi-

mate numerical solutions are obtained by various methods. The finite

difference method is one, and a study of this method for solving equations

leads to difference equations and there develops a parallel between difference

equations and differential equations. Because the variable time in various

economic data is usually treated discretely, the difference equation frequently

expresses economic relationships more adequately than differential equa-

tions. We shall first discuss a few elementary concepts concerning finite

differences and then take up difference equations without any discussion of

the various techniques for numerical solutions.

9.1 Finite differences

Consider a function y =f(x) as in Figure 9-1. The derivative of/(x)

was defined as

Ð�x-,0 (Ñ� + Ð�Ñ�) â�� X AX-O Ð�Ñ�

Instead of taking a limiting process we will now let Ð�* be a finite quantity and

write

f(x + Ð�Ñ�) -/(x) = y(x + Ð�Ñ�) - y(x) = Ð�y(Ð»:)

Ð� is a symbol denoting that we are operating on j in the above fashion and

is called a difference operator. The finite quantity Ð�Ñ� is called the difference

interval.

Thus, we have a relationship

(1) Ð¬y(Ñ�)=y(Ñ�+ Ð�Ñ�)-j(Ñ�)

which means that we take a difference interval Ð�Ñ� from the point x and find

the difference between the two values of y at the points x and x + Ð�x.
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Although the differential equations we have discussed had exact solutions, 
there are many cases where they cannot be obtained. In these cases, approxi
mate numerical solutions are obtained by various methods. The finite 
difference method is one, and a study of this method for solving equations 
leads to difference equations and there develops a parallel between difference 
equations and differential equations. Because the variable time in various 
economic data is usually treated discretely, the difference equation frequently 
expresses economic relationships more adequately than differential equa
tions. We shall first discuss a few elementary concepts concerning finite 
differences and then take up difference equations without any discussion of 
the various techniques for numerical solutions. 

9.1 Finite differences 

Consider a function y = f(x) as in Figure 9-1. The derivative of f(x) 
was defined as 

I
. f(x + dx) - f(x) 

1
. dy 

tm =1m-
~z~o (x + dx) - x ~Q:~o dx 

Instead of taking a limiting process we will now let dx be a finite quantity and 
write 

f(x + dx)- f(x) = y(x + dx)- y(x) = ~y(x) 

Ll is a symbol denoting that we are operating on y in the above fashion and 
is called a difference operator. The finite quantity Llx is called the difference 
interval. 

Thus, we have a relationship 

(I) Lly(x) = y(x + Ax)- y(x) 

which means that we take a difference interval Llx from the point x and find 
the difference between the two values of y at the points x and x + Ax. 
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When we were dealing with functions we assumed a domain in which Ð»:

could take on real values. Any two neighboring points in this domain could

be as close as we wished. For example, if an interval on the horizontal axis

was the domain, the distance between two neighboring points could be zero.

In the present case when we are dealing with finite differences, the dis-

tance between any two successive points in the domain are a finite distance

apart. For our subsequent discussion, not only will two successive points

be a finite distance apart, but this will also be a constant. Thus, if we have

one point x, we can then specify the succeeding points by letting Ð�Ð»: = h,

so that

x, x + h, x + 2h, x + Ð�Ð�, ...

The points have formed a sequence which will have the characteristics of

an arithmetic progression.

Once we have decided that the difference interval Ð�* = h will be a con-

stant, we can simplify matters further by changing the scale of the Ð»:-axis so

that h = 1. Then, successive points starting from x will be

x, x + 1, Ð»: + 2, x + 3, ...

Ð�y of equation (1) is called the first difference. By repeating the process

we get

+ A) -

which is called the second difference. This is usually written as

tfy(x) = Ð�Ñ�(Ñ� + h) - Ð¬y(Ñ�)

Now,

Ð�K* + h) = y(x + 2h) -y(x + h)

Thus,

= 1y(Ñ� + Ð©- y(x + A)] - IX* + A) - X*

= y(x + 2h) - 2y(x + A) +Xx)
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y l(x) 

l(x) 
l(x+flx) 

0 
X x+flx x+2~x 

X 

Fig. 9-1 

When we were dealing with functions we assumed a domain in which x 
could take on real values. Any two neighboring points in this domain could 
be as close as we wished. For example, if an interval on the horizontal axis 
was the domain, the distance between two neighboring points could be zero. 

In the present case when we are dealing with finite differences, the dis
tance between any t\vo successive points in the domain are a finite distance 
apart. For our subsequent discussion, not only will two successive points 
be a finite distance apart, but this will also be a constant. Thus, if we have 
one point x, we can then specify the succeeding points by letting ~x == h, 
so that 

X, X + h, X + 2h, X + 3h, 

The points have formed a sequence which will have the characteristics of 
an arithmetic progression. 

Once we have decided that the difference interval ~x == h will be a con
stant, we can simplify matters further by changing the scale of the x-axis so 
that h == 1. Then, successive points starting from x will be 

X, X+ 1, X+ 2, X+ 3, 

~y of equation (1) is called the first difference. By repeating the process 
we get 

Ll(Lly(x)) == ~y(x +h)- Lly(x) 

which is called the second difference. This is usually written as 

Ll2y(x) == dy(x +h)- Lly(x) 
Now, 

Thus, 
Lly(x +h)== y(x + 2h)- y(x +h) 

~2y(x) == [y(x -t- 2h) - y(x + h)] - [y(x + h) - y(x)] 

== y(x + 2h) - 2y(x + h) + y(x) 



204 DIFFERENCE EQUATIONS SEC. 9.1

If we repeat this process once more, we have

= X* + Ð�Ð�) - 2Ñ�(Ñ� + 2Ð�) + X* + Ð�)

-[XÑ� + 2Ð�)-2X* + Ð�)+Xx)1

.'. Ð�'Xx) = X* + Ð�Ð�) - Ð�X* + 2Ð�) + Ð�X* + Ð�) - X

By repeating this process we can obtain the general formula

(2) Ð�-XX) = (-l)Â°(j)x* + "A) + (-l^1JX* + 0' - Ð�Ð�)

+ ... + (-l)"-^ " )xx + A) + (-l

\n â�� 1/

m!(n-m)!

Examples. Find the first difference of the following functions.

(a) Xx) = x2 where x = 2.

Ð�Xx) =X* + D -Xx) =X3) -X2) = 32 - 22 = 5

(b) Xx) = x2 + x where x = 2.

Ð�X*) = X* + !) - Xx) = X3) - X2)

= 32 + 3-22-2 = 6

Problems

Find the first difference of the following functions.

2. X^) = 3x2 + 2x.

3. X^) = Xx - D-

From equation (2) we can write

X* + D = Xx)

= ixx) + Ð�Xx)] + [Ð�Xx) + Ð�2Xx)1

= Xx) + 2Ð�Xx) + Ð�'Xx)

where

X* + 3) = x*) + 3Ð´Ñ�x) + Ð·Ð´Â«Ñ�x)
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If we repeat this process once more, we have 

Ll[ Ll2y(x)] = Ll2y(x + h) - Ll2y(x) 

= y(x + 3h) - 2y(x + 2h) + y(x + h) 

- [y(x + 2h) - 2y(x + h) + y(x)] 
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~3y(x) = y(x + 3h) - 3y(x + 2h) + 3y(x + h) - y(x) 

By repeating this process we can obtain the general formula 

(2) Ll"y(x) = (-l)0 (~)y(x + nh) + (-l)1 (~)y(x + (n- l)h) 

where 

+ ... +(-l)n-l( n )y(x+h)+(-l)"y(x) 
n- 1 

( n) n! 
m -m!(n-m)! 

(~) = l, 0! = 1 

Examples. Find the first difference of the following functions. 

(a) y(x) = x2 where x = 2. 

Lly(x) = y(x + 1) - y(x) = y(3) - y(2) = 32 - 22 = 5 

(b) y(x) = x2 + x where x = 2. 

Lly(x) = y(x + 1) - y(x) = y(3) - y(2) 

== 32 + 3 - 22 - 2 = 6 

Problems 

Find the first difference of the following functions. 

t. y(x) = 3r. 
2. y(x) = 3x2 + 2x. 

3. y(x) = x(x - 1). 

From equation (2) we can write 

y(x -1- I) = y(x) + Lly(x) 

y(x + 2) == y(x + I) + Lly(x + I) 

== [y(x) + Lly(x)] + [~y(x) + Ll2y(x)] 

== y(x) + 2Lly(x) + Ll2y(x) 

y(x + 3) = y(x) + 3Lly(x) + 3Ll2y(x) + Ll3y(x) 
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In general,

(3) x* + n) = Xx) + Ð�Xx) +

9.2 Some operators

(/) Ð�Ð�Ðµ operator Ð�

We have already defined the use of this operator as

Ð�2Xx) = Ð�X* + D - Ð�Xx)

and so forth.

(//) The operator E

The operator E is defined as

(1)

When we assume h = 1 , then

+ Dl = X* + 2)

By induction,

(2) Â£"Xx) = X* + "). n = 1 , 2' 3, -.

For completeness the case for n = 0 is defined as

Â£Â°Xx)=Xx)

(ill) Relation between Ð� and E

Ð�Xx) = x* + D - xx) = Ð°Ð´ - xx)

= (Â£ - 1)Xx)

From this we can see the relation

(3) Ð� = E - 1

For the case where

+ ri) = X* + n + 1) - X* + ")

= Ey(x + n) â�� y(x + n)

= (Â£ - 1)X* + Ð¸)

Ð� = E- l
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In general, 

(3) y(x + n) = y(x) + (~)dy(x) + (;)d2y(x) 

... + (n .:_ l)dn-ly(x) + (:)dny(x) 

9.2 Some operators 

(i) The operator ~ 

We have already defined the use of this operator as 

~y(x) = y(x + 1) - y(x) 

~2y(x) = ~y(x + I) - ~y(x) 
and so forth. 

(ii) The operator E 

The operator E is defined as 

(1) Ey(x) == y(x + h) 

When we assume h = 1, then 

Ey(x) = y(x + I) 

E 2y(x) == E[Ey(x)] = E[y(x + 1)] = y(x + 2) 
By induction, 

(2) Eny(x) == y(x + n), n == 1, 2, 3, ... 

For completeness the case for n == 0 is defined as 

E 0y(x) == y(x) 

(iii) Relation between ~ and E 

~y(x) == y(x + I) - y(x) == Ey(x) - y(x) 

= (E- 1)y(x) 

From this we can see the relation 

(3) ~=£-I 

For the case where 

~y(x + n) = y(x + n + 1) - y(x + n) 

= Ey(x + n) - y(x + n) 

== (E- l)y(x + n) 

~=E-1 
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Thus, the relation between the two operators is, in general,

Ð� = Â£- 1

(iv) The relation E = eÂ°

The Taylor series shows

f(x+ h) = /oo + Ð¹/'W + y/"(x) + ...

or

X* + Ð�) = Xx) + A/M + y y"(x) + ...

Let

Then, if we let A = 1 we get

X* + 1) = Xx) + OXx) + D*Xx) + 0Â«Xx) + ...

= ÐµDXx)

But

X* + 0 = EXx)

.'. EXx) = e"Xx)

/. E=e'i =I + b*

9.3 Difference equations

Difference equations may be defined in a similar manner to differential

equations. An equation that shows the relation between the independent

variable x, the dependent variable y and its finite difference is called a differ-

ence equation.

The order of a difference equation is the maximum difference of the

difference intervals of the equation. Thus,

X* + 3) + X* + 2) - Xx) = x (order 3)

X* + n) - X* + 1) = 0 (order n - 1)

These equations may be presented in a form involving finite differences by

the use of equation (9.1.3). For example, the first equation becomes,

X* + 3) = Xx) + 3Ð�Xx) + 3Ð�2X*) + Ð�*Xx)

X* + 2) = Xx) + 2AX*) + Ð�2Xx)

.'. 2X*) + 5Ð�X*) + 4Ð�2X*) + Ð�Ð�Xx) ~ Xx) = *

.'. Xx) + 5Ð�Xx) + 4Ð�ZXx) + Ð�3Xx) = x

The order of the equation is now shown by the highest difference which is 3.
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Thus, the relation between the two operators is, in general, 

li=E-I 

or 

Let 

(iv) The relationE= eD 

The Taylor series shows 

f(x+ h) = f(x) + hf'(x) + hz f"(x) + ... 
2 

h2 
y(x + h) = y(x) + hy'(x) + - y"(x) + ... 

2 

d tP 2 
- = D, -

2 
= D, ... 

dx dx 
Then, if we let h = I we get 

But 

1 1 
y(x + 1) = y(x) + Dy(x) + - D2y(x) +- D3y(x) + ... 

2! 3! 

= (1 + D + .!_ D2 + .!_ D3 + ... ) y(x) 
2! 3! 

y(x + 1) = Ey(x) 

Ey(x) = eDy(x) 

:. E = e» =I+ d 

9.3 Difference equations 
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Difference equations may be defined in a similar manner to differential 
equations. An equation that shows the relation between the independent 
variable x, the dependent variable y and its finite difference is called a differ
ence equation. 

The order of a difference equation is the maximum difference of the 
difference intervals of the equation. Thus, 

y(x + 3) + y(x + 2)- y(x) = x (order 3) 

y(x + n)- y(x + 1) = 0 (ordern- 1) 

These equations may be presented in a form involving finite differences by 
the use of equation (9.1.3). For example, the first equation becomes, 

y(x + 3) = y(x) + 3~y(x) + 3~2y(x) + ~3y{x) 

y(x + 2) = y(x) + 2~y{x) + Ll2y{x) 

. ·. 2y(x) + 5Lly(x) + 4~2y{x) + ~3y(x) - y(x) = x 

. ·. y(x) + S~y(x) + 4~2y(x) + ~3y{x) = x 

The order of the equation is now shown by the highest difference which is 3. 
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Change of notation. For convenience we shall now change our notation

as follows.

y(Ñ� + 3) =

y(x + n)= yx+n

and so forth.

Thus, the equations above can be written

yx+n - yÐ¥+1 = 0

9.4 Solutions

Consider the following difference equation :

(1) yx+n -yx = n, x = 0, 1, 2, ...

We wish to solve (1). Similar to the discussion of solutions in Chapter 8,

let us ask ourselves three questions :

(a) What do we mean by a solution (definition of a solution) ?

(b) Is there a solution (existence of a solution) ?

(c) How many solutions are there (uniqueness of solutions) ?

/ *+i **Ð³ /+Ð·

Fig. 9-2

A function y of Ð»: is a solution of a difference equation, if every value of y

satisfies the difference equation for all values of the independent variable x

that are being considered. Let us illustrate. As a solution of (1), try the

function

(2) y. = x

This is the equation for a straight line going through the origin at a 45-degree

angle (Figure 9-2). For x + n, equation (2) becomes

yx+n = x + Ð�
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Change of notation. For convenience we shall now change our notation 
as follows. 

y(x + 3) = Yx+3 

y(x + n) = Yx+n 

and so forth. 
Thus, the equations above can be written 

Yz+3 + Yz+2 - Yz == X 

Yz+n - Yz+l = 0 

9.4 Solutions 

Consider the following difference equation: 

(I) Yz+n - Yz == n, X= 0, I, 2, ... 

We wish to solve ( 1 ). Similar to the discussion of solutions in Chapter 8, 
let us ask ourselves three questions: 

(a) What do we mean by a solution (definition of a solution)? 
(b) Is there a solution (existence of a solution)? 
(c) How many solutions are there (uniqueness of solutions)? 

0 X x+1 x+2 x+3 X 

Fig. 9-2 

A function y of xis a solution of a difference equation, if every value of y 
satisfies the difference equation for all values of the independent variable x 
that are being considered. Let us illustrate. As a solution of (I), try the 
function 

(2) Yx ==X 

This is the equation for a straight line going through the origin at a 45-degree 
angle (Figure 9-2). For x + n, equation (2) becomes 

Yxt-n == X + n 
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If this is substituted in the difference equation (1), we get

left side = (x + n) â�� x = Ð¸ = right side.

The function (2) will therefore satisfy the difference equation (1) for all values

of x (x = 0, 1, 2, ...) and the function (2) is a solution of (1).

Consider the function

(3) y. = x + k

where A: is a constant. Substituting this in (1), we find

left side = (Ð»: + k + n) â�� (x + k) = n = right side.

We see that (3) satisfies (1) for all values of Ð»:. Thus, (3) is a solution of (1).

In fact, (3) is the general solution and (2) is the particular solution where

k = 0. Graphically, (3) gives us a family of straight lines parallel to the

45-degree line of Figure 9-2.

Now, when we select a point, say (1, 3), is there a solution corresponding

to this point; or expressed graphically, is there a straight line going through

point (1,3) that satisfies the requirements of the difference equation (1)?

The answer is: yes, there exists a solution. Let us approach it as follows:

When the point (1,3) is given, this means we are given the condition

that y = 3 when x = 1 . That is

Ð�-i = 3

From the general solution (3), we find

Thus, k becomes k = 3 â�� 1 = 2 and the general solution becomes a

particular solution

yx = x + 2

As can be seen, for every value of x (x = 0, 1, 2, ...) there will be a unique

value of y. For example, when x = 0, then y = 2, or when x = 1 then y = 3,

and so forth. This means once we are given a specific value of y for a given

x, i.e., given a point on the graph, all the other y values will be uniquely

determined for every x that is being considered. That is, the function y is

uniquely determined. Thus, when we are given a point, say (1, 3), not only

will there be a solution, but it will be the solution.

We have shown heuristically that there exists a solution, and also that it

will be the solution.

For a second order linear difference equation we shall consider

Ð�Ð½-2 - 4>Wi + 4Ð� = 2x

When we are given two j-values for two consecutive x-values, it can be

shown that there is one and only one solution y for every value of x that is

being considered.
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If this is substituted in the difference equation ( 1 ), we get 

left side = (x + n) - x = n == right side. 
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The function (2) will therefore satisfy the difference equation (1) for all values 
of x (x == 0, 1, 2, ... ) and the function (2) is a solution of (I). 

Consider the function 
(3) Yx ==X+ k 

where k is a constant. Substituting this in (I), we find 

left side == (x + k + n) - (x + k) == n == right side. 

We see that (3) satisfies (1) for all values of x. Thus, (3) is a solution of (1). 
In fact, (3) is the general solution and (2) is the particular solution where 
k == 0. Graphically, (3) gives us a family of straight lines parallel to the 
45-degree line of Figure 9-2. 

Now, when we select a point!' say (I, 3), is there a solution corresponding 
to this point; or expressed graphically, is there a straight line going through 
point (I, 3) that satisfies the requirements of the difference equation ( 1)? 
The answer is: yes, there exists a solution. Let us approach it as follows: 

When the point (I, 3) is given, this means we are given the condition 
that y = 3 when x = 1. That is 

Yz=l == 3 

From the general solution (3), we find 

Yz=l = 1 + k == 3 

Thus, k becomes k == 3 - 1 == 2 and the general solution becomes a 
particular solution 

Yz ==X+ 2 

As can be seen, for every value of x (x = 0, 1, 2, ... ) there will be a unique 
value of y. For example, when x == 0, then y == 2, or when x == I then y == 3, 
and so forth. This means once we are given a specific value of y for a given 
x, i.e., given a point on the graph, all the other y values will be uniquely 
determined for every x that is being considered. That is, the function y is 
uniquely determined. Thus, when we are given a point, say (I, 3), not only 
will there be a solution, but it will be the solution. 

We have shown heuristically that there exists a solution, and also that it 
will be the solution. 

For a second order linear difference equation we shall consider 

Yz+2 - 4y.r+l + 4y:c == 2x 

When we are given two y-values for two consecutive x-values, it can be 
shown that there is one and only one solution y for every value of x that is 
being considered. 
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Let us state as a theorem that : For a linear difference equation of order

Ð», when we are given Ð¸ j-values for Ð¸ consecutive x-values, there is one and

only one solution y for every value of x that is being considered.

Note two things: First, the theorem is stated for linear difference equa-

tions. Secondly, when a solution of the difference equation that satisfies

the given initial conditions is found, regardless of method, this solution will

be the solution.

With this much background concerning solutions, we will take up certain

types of difference equations and discuss techniques of how to solve these

difference equations, and also discuss additional aspects of solutions as they

arise.

9.5 Homogeneous linear difference equation with constant coefficients

The general equation of a homogeneous linear difference equation with

constant coefficients of order Ð¸ can be shown as

(1) JWn + -V*+n-i + - + An-lyx+i + Â¿Â»y* = Ð�

When we had a similar equation in differential equations we found a general

solution by first obtaining an auxiliary equation. That was accomplished

by setting

y = emx

In the case of difference equations we will let

y* = Ã�*

where Ã� is a constant. Then (1) becomes

(0Â» + Arfn-1 + ... + AJF = 0

Thus, we set

Ã�Â» + AJÂ»-1 + ... + An = 0

and call this the auxiliary or characteristic equation.

The roots of this equation will be solutions of (1). The general solution

is shown as

(2) y, = Ñ�^+... + Ñ�^:

It will be noted that this is similar to the results we had when discussing

differential equations. The proof is omitted but examples are given to

demonstrate that it holds true.* (2) will be called the general solution.

CASE 1 â��Linear homogeneous difference equation with constant coefficients

of t he Ã�rs t order.

= 0

* For proof see Goldberg (1958) Chapter 3.
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Let us state as a theorem that: For a linear difference equation of order 
n, when we are given n y-values for n consecutive x-values, there is one and 
only one solution y for every value of x that is being considered. 

Note two things: First, the theorem is stated for linear difference equa
tions. Secondly, when a solution of the difference equation that satisfies 
the given initial conditions is found, regardless of method, this solution will 
be the solution. 

With this much background concerning solutions, we will take up certain 
types of difference equations and discuss techniques of how to solve these 
difference equations, and also discuss additional aspects of solutions as they 
arise. 

9.5 Homogeneous linear difference equation with COMtant coefficients 

The general equation of a homogeneous linear difference equation with 
constant coefficients of order n can be shown as 

(I) 

When we had a similar equation in differential equations we found a general 
solution by first obtaining an auxiliary equation. That was accomplished 
by setting 

y= em::t 

In the case of difference equations we will let 

Yz = pz 

where fJ is a constant. Then (1) becomes 

({Jn + Al{Jn-1 + ... + An)fJ:z: = 0 
Thus, we set 

pn + Al{Jn-1 + • •. + An = 0 

and call this the auxiliary or characteristic equation. 
The roots of this equation will be solutions of (1). The general solution 

is shown as 

(2) Yz = c1fJt + · · · + cnfJ: 
It will be noted that this is similar to the results we had when discussing 
differential equations. The proof is omitted but examples are given to 
demonstrate that it holds true. • (2) will be called the general solution. 

CASE l-Linear homogeneous difference equation with r.onstant coefficients 
of the first order. 

Yz+t - AIJ~ = 0 

• For proof see Goldberg (1958) Chapter 3. 
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Let y, = Ã�x, then

Ã�x+1 - AJX = 0

Ã�*(Ã� - AÂ¿ = 0

Ð� Ã� = Al

Thus, the solution of the difference equation is

(3) y, = M?

Check:

yx+1 = Ð�Ð�1

the left side = q/4^1 - A&Af

= c!/4f+1 - <v4Ã®+1 = 0 = right side

JWi - 2Ð£x = 0

Let

Then, by substitution, we obtain the characteristic equation

/9*+i _ 2Ã�* = 0

/8'OÃ� - 2) = 0

Ð� /Ã® = 2

Thus, the solution is

y, = clÃ�* = cÂ¿*

CASE 2 â�� Linear homogeneous difference equation with constant coefficients

of order 2 or higher. Take the case of order two. Then ,

= 0

Let yx = Ã�x. Then the auxiliary equation is

/32 + Aj + A2 = Q

In this case we have three different situations.

A. When the two roots Ã�l and Ã�2 are real and distinct, the solution is

(4) yx = ctf + c&

Example.

yx+2 - 6yx+i + 8yx = 0

The auxiliary equation is

Ã�* - 6/3 + 8 = 0

Thus,

A = 2, ft = 4
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Let y :z = pz, then 
pz+l - Atf3;z; = 0 

{3z({3 - Al) = 0 

{3 =At 

Thus, the solution of the difference equation is 

(3) 

Check: 

Thus, 
Y C Ax+l 
~+1 - 1 1 

the left side = c1A~+t - A1c1A: 

= c1A:+t - c1A~+t = 0 =right side 
Example. 

Y.r+t - 2y.r = 0 
Let 

Y.r = pz 
Then, by substitution, we obtain the characteristic equation 

px+l _ 2{3x = 0 

{3z({3 - 2) = 0 

fJ=2 
Thus, the solution is 

Y.r = ctf3:r = ct2z 

SEC. 9.5 

CASE 2-Linear homogeneous difference equation with· constant coefficients 
of order 2 or higher. Take the case of order two. Then, 

Yz-t2 + AIJ.r+t + A2Jz = 0 

Let Y.r = px. Then the auxiliary equation is 

{32 + A1{1 + A2 = 0 

In this case we have three different situations. 

A. When the two roots {31 and {32 are real and distinct, the solution is 

(4) 

Example. 
Yz+2 - 6y.r+t + Sy~ = 0 

The auxiliary equation is 
{P- 6{3 + 8 = 0 

/11 = 2, f12 = 4 
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Thus the general solution is

yx = cÂ¿* + cÂ¿*

Check:

Ð�Ð½-2 = cil**2 + Â¿24*+2 = 4^i2x + 16Ñ�24*

6yx+l = Ð±Ñ�^1 + 6Â£-24I+1 = Ð�Ñ�l2x + 24c24x

%y, = ZcÂ¿x + 8Ñ�24*

left side = 4^2* + 16Ñ�24* - 12^2* - 24c24*

+ 8ci2* + 8c24x = 0 = right side.

Problems

Solve and check the following equations.

1. y1+2 - 7Jx+i + 127x = 0-

2- 3j1+2 - 9Ð£Ñ� + 6yx = 0.

3. yÐ¥+* + 2Ñ�^2 - yx+1 - 2yx = 0.

B. When the two roots are equal, the solution is, where Ã�i = Ã�2 = Ã�,

(5) y, = cj* + c2xÃ�*

The point to notice is that the second part of the solution is multiplied by *.

If we had a third-degree equation with three equal roots, Ã�l = /32 = /93 = Ã�,

the solution would be

yx = clÃ�* + c2xÃ�* + cax2Ã�*

where the third part of the solution is multiplied by x2. Solutions for higher-

order equations with equal roots are obtained in a similar fashion.

Example.

yÐ¥+Ã� - 4y*+i + 4^ = 0

Ã�>â�¢ - 4Ã� + 4 = 0

Ã�i = Ã�2 = 2

Ð� Ð» = fl2-+ Ñ�,*2*

Check: Substitute the solution in the difference equation and check.

Problem

Solve and check the following equation.

yx+2 - fyx+1 + 9y* = 0
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Thus the general solution is 

Check: 
Y:e+2 = c12z+2 + c24z+2 = 4c12.r + 16c24z 

6yz+l = 6c12z+I + 6c24z+l = 12c12z + 24c24z 

8yz = 8c12z + 8c24z 

left side= 4c12z + 16c24z- 12c12z- 24c24z 

+ 8c12z + 8c24z = 0 = right side. 

Problems 

Solve and check the following equations. 

1. YZ+2 - 7yZ+l + 12Jz = 0. 

2. 3Jz+2 - 9JZ+l + 6yz = 0. 

3. Yz-t3 + 2Jz+2 - Yz+l - 2yz = 0. 

211 

B. When the two roots are equal, the solution is, where {31 = {32 = {J, 

(5) 

The point to notice is that the second part of the solution is multiplied by x. 
If we had a third-degree equation with three equal roots, {11 = {32 = {33 = {3, 
the solution would be 

Yx = ctf3z + c2xpx + cax2fJ~ 
where the third part of the solution is multiplied by x2• Solutions for higher
order equations with equal roots are obtained in a similar fashion. 

Example. 
Yz+2 - 4yz+l + 4yz = 0 

{32 - 4{3 + 4 = 0 

f11 = f12 = 2 

Check: Substitute the solution in the difference equation and check. 

Problem 

Solve and check the following equation. 

Yz+2 - 6J.r+l + 9y.r = 0 



212 DIFFERENCE EQUATIONS SEC. 9.5

When we have an equation of order three and two of the roots are equal,

the solution is

yx+3 - 5yx+2 + 8jWi - 4yx = 0

Ã�3- 5Ã�2 + 8/3 -4 = 0

(Ã� - 2)\Ã� - 1) = 0

.'. A=1, Ã�* = Ã�3 = 2

Thus, the solution is

Problems

1. Check the above solution.

2. Solve and check the following equation.

yÐ¥+Ð� - 5jx+z + lyx+1 -Ð�y*=0

Ð¡. When the roots are conjugate complex numbers, let the roots be

ft = a + ib = p(cos 0 + / sin 0)

Ã�2 = a â�� ib = p(cos 0 â�� / sin 0)

where i . Â¿

p = Va2 + Ð¬2, Ð± = tan 1 -

The solution is

(6) Ð£. = d,K + dJl

where yx needs to be a real number. But if Ã�l and /92 are complex numbers

while d-i and i/2 are not, jX maÐ£ be a complex number. To avoid this, we

shall assume dl and d2 are complex conjugates. We can do this because dl

and i/2 are arbitrary. Thus, let us set

</! = m + in, d2 = m â�� in

To avoid complex numbers, let us show our solution in terms of polar

coordinates. We have

dj* = dlPx(cos Ð² + i sin 0)*

= dlpx(cos 0 x + i sin 0 Ð»:)

d2Ã�l = d2px(cos 0 x â�� / sin 0 x)

because of de Moivres' Theorem. Thus,

Example.

yx = Ð ^[(^ + 4) cos 0 x + i(di - </2) sin 0 Ð»:]

(6') .'. yx = P^c! eos 0 x + c2 sin
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When we have an equation of order three and two of the roots are equal, 
the solution is 

Example. 
Yz+s - Syz+l + 8yz+l - 4yz = 0 

{J3 - Spt + 8{J - 4 = 0 

({J - 2)Z({J - 1) = 0 

fJ1 = 1, fla = fJs = 2 
Thus, the solution is 

Problems 
1. Check the above solution. 

2. Solve and check the following equation. 

YZ+I - SyZi-2 + 1yZ+l - 3yz = 0 

C. When the roots are conjugate complex numbers, let the roots be 

{J1 = a + ib = p( cos 8 + i sin 8) 

{J1 = a - ib = p(cos 8 - i sin 8) 
where p=~a2 +b1, 8=tan-1 E 

a 
The solution is 
(6) 

where Yz needs to be a real number. But if {J1 and {J2 are complex numbers 
while d1 and d, are not, Yz may be a complex number. To avoid this, we 
shall assume d1 and t4. are complex conjugates. We can do this because d1 

and t4. are arbitrary. Thus, let us set 

d1 = m +in, d2 =m-in 

To avoid complex numbers, let us show our solution in terms of polar 
coordinates. We have 

d1f3: = d1pz( cos 8 + i sin 8)z 

= d1pz(cos 8 x + i sin 8 x) 

d2f3: = d2p:e(cos 8 x - i sin 8 x) 

because of de Moivres' Theorem. Thus, 

Yz = p,(d1 + d,.) cos 0 x + i(d1 - d2) sin 8 x] 

(6') Y~ = pz[c1 cos (J x + c1 sin() x] 
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where

ci = di + Â¿k = (m + i") + (m â�� in) = 2m

c2 = /(</! - <Ð£ = /(2/Ð¸) = -2/1

Thus, c! and c2 are real numbers and the yx we have obtained is a real number.

The solution is sometimes shown in the following form which is easier to

interpret when discussing business cycles or economic growth. Let

i/! = m + in = k(cos B + i sin B)

\

d2 = m â�� in = k(cos B â�� i sin B)

n

Then,

cl = </! + d2 = 2k cos 5

c2 = /(</! â�� rf2) = â�� 2k sin Ð�

Substituting these into our solution, we find

y, = px[2k cos 5 cos 0 Ñ� â�� 2fc sin B sin 9 x]

which becomes (see Section 7.7)

(7) y, = Ap*cos(Ox + S)

where y4 = 2k. Then, for example, if yx is income, p* shows the amplitude

and 0 x shows the period of oscillations of yx.

Example.

* - 2x + 2, = 0

Ã�1 = l + /, ft, = 1 - /,

i.e., a = 1, b = 1. Thus, p= Ð�/2, 0 = 7Ð�/4 and the solution is

_,,,/ Ñ�Ð³X . . TTx\

Ð£x = 2 ' Ñ�, cos h Ñ�, sin â�� I

\l 4 4/

Problems

Solve and check the following:

1. Jx+2 - Ð�Ñ�IÑ�-i + 5yx = 0

2. x2 + 2Ñ�x1 + 4 = 0

SEC. 9.5 

where 
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c1 = d1 + d2 = (m + in) + (m - in) = 2m 

c2 = i(d1 - dJ = i(2in) = -2n 
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Thus, c1 and c2 are real numbers and the Yx we have obtained is a real number. 
The solution is sometimes shown in the following form which is easier to 

interpret when discussing business cycles or economic growth. Let 

d1 = m + in = k( cos B + i sin B) 

d2 = m - in = k(cos B- i sin B) 

where 
B=tan_ 1 m 

n 
Then, 

Ct = dl + d2 = 2k cos B 

c2 = i(d1 - d2) = -2k sin B 

Substituting these into our solution, we find 

Ya: = px[2k cos B cos 0 x - 2k sin B sin() x] 

which becomes (see Section 7.7) 

(7) Yx = Apx COS(() X + B) 

where A = 2k. Then, for example, if Yx is income, px shows the amplitude 
and 0 x shows the period of oscillations of Yx· 

Example. 

Yx+2 - 2Yx+l + 2yx = 0 

{32 - 2{3 + 2 == 0 

f3t = 1 + i, {32 = 1 - i, 

i.e., a == 1, b = I. Thus, p= V
1l, () = TT/4 and the solution is 

/2 ( 7TX . 7TX) Yx == 2x cl cos 4 + c2 SID 4 

Problems 

Solve and check the following: 

1. Yz+2 - 3yx+l + 5ya; = 0 

2. YX+2 + 2J:r+l + 4yx = 0 
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9.6 Geometric interpretation of solutions

The solution when Ã�1 Ð¤ Ã�2 and real was

Since cl and c2 are constants, the main influence on yx when x â�� Â»â�¢ <xÐ· will be

the values of Ã�1 and /32. When Ã�l Ð¤ Ã�2, the larger one will eventually deter-

mine the behavior of yx. Let us call the larger root in absolute terms the

dominant root and assume for the moment it is /31. We shall illustrate several

cases assuming certain values for cl and Ã�v Letting x = 0, 1, 2, ..., we have

the following cases :

(i) When Ñ�l> 0, Ã�1> l:

Figure 9-3.

yx = cffi would appear graphically as in

Fig. 9-3

Fig. 9-4

(ii) When ci > 0, 1 > Ã�i > 0, then we have the curve shown in Figure

9-4.

Fig. 9-5

(iii) When cl > 0, 0 > Ã� > â��I, then we have the curve shown in Figure

214

9-5.
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9.6 Geometric interpretation of solutions 

The solution when {31 ~ {32 and real was 

SEC. 906 

Since c1 and c2 are constants, the main influence on Yz when x ~ oo will be 
the values of {31 and {32 0 When {31 ~ {32, the larger one will eventually deter
mine the behavior of Yzo Let us call the larger root in absolute terms the 
dominant root and assume for the moment it is {310 We shall illustrate several 
cases assuming certain values for c1 and {310 Letting x = 0, I, 2, 0. 0, we have 
the following cases: 

(i) When c1 > 0, {31 > I : Yx = c1{3f would appear graphically as in 
Figure 9-3. 

1 y 

0 X 0 X 
Fig. 9-3 Fig. 9-4 

(ii) When c1 > 0, l > {31 > 0, then we have the curve shown in Figure 
9-40 

1 

0~--~--~----+----+----~-----------x 

F1g. 9-5 

(iii) When c1 > 0, 0 > fJ > -1, then we have the curve shown in Figure 
9-50 
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(iv) When c]_ > 0, â�� 1 > Ã�, then we have the curve shown in Figure

9-6.

Fig. 9-6

Since yx = clÃ�* + c$x, this will be a combination of any of the above

situations.

The complex number case is

yx = P*(cI cos Ð² x + c2 sin 0 x) = Apx cos (0 x + B)

px will give the magnitude of the oscillation while 0 x will determine the

periodicity.

(v) When p > 1, we get explosive oscillations (Figure 9-7).

Fig. 9-7

(vi) When p = 1, we get a simple harmonic motion (Figure 9-8).

(vii) When p < 1 we get damped oscillations (Figure 9-9).

These will be discussed again when applications are considered.

9.7 Particular solutions of non-homogeneous linear equations

The general expression of a non-homogeneous difference equation can be

shown as

n-i + â�¢ â�¢â�¢ An-iy*-i + Anyx = gx

where gx is an arbitrary function of Ð»:, or it may be a constant.
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(iv) When c1 > 0, -1 > {3, then we have the curve shown in Figure 
9-6. 

y 

,.....-

--, 
I 

0 X 

Fig. 9-6 

Since Yz = c1{3z + c2{3z, this will be a combination of any of the above 
situations. 

The complex number case is 

Yz = p:r(c1 cos 0 x + c2 sin() x) = Apx cos (0 x + B) 

pz will give the magnitude of the oscillation while () x will determine the 
periodicity. 

(v) When p > 1, we get explosive oscillations (Figure 9-7). 

Fig. 9-7 

(vi) When p == 1, we get a simple harmonic motion (Figure 9-8). 
(vii) When p < 1 we get damped oscillations (Figure 9-9). 

These will be discussed again when applications are considered. 

9.7 Particular solutions of non-homogeneous linear equations 

The general expression of a non-homogeneous difference equation can be 
shown as 

(1) Yx+n + AtYx+n-t + · · · A u-tYz-1 + AnYx == g:r 
where g~ is an arbitrary function of x, or it may be a constant. 
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Fig. 9-8

Fig. 9-9

When dealing with differential equations, the method of iteration to find

the particular integral was used. There were other methods, such as the

method of undetermined coefficients, and the method of partial fractions,

which we did not discuss. We shall mainly study the method of undetermined

coefficients to obtain the particular solution for difference equations. As in

the differential equation case, the solution is expressed as

general solution = (homogeneous solution) + (particular solution)

We will consider (1) linear first-order difference equations with constant

coefficients, and (2) linear second-order difference equations with constant

coefficients. The higher orders can be solved in a similar manner to the

second-order equation.

9.8 Linear first-order difference equations

Let us assume we have adjusted the equation so it is in the form

(1) yx+1 = Ay, + B

216

where A and B are constants and the coefficient of yx+l is unity. Then the
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)' 

X 

Fig. 9-8 

y 

o~--------~------~------~~----x 

Fig. 9-9 

When dealing with differential equations, the method of iteration to find 
the particular integral was used. There were other methods, such as the 
method of undetermined coefficients, and the method of partial fractions, 
which we did not discuss. We shall mainly study the method of undetermined 
coefficients to obtain the particular solution for difference equations. As in 
the differential equation case, the solution is expressed as 

general solution == (homogeneous solution) + (particular solution) 

We will consider (1) linear first-order difference equations with constant 
coefficients, and (2) linear second-order difference equations with constant 
coefficients. The higher orders can be solved in a similar manner to the 
second-order equation. 

9.8 Linear first-order difference equations 

Let us assume we have adjusted the equation so it is in the form 

(1) Yx+l == Ayx + B 

where A and B are constants and the coefficient of J'.r+I is unity. Then the 
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homogeneous solution can be obtained by letting B = 0. Thus,

yx+1 = Ayx

In the case of differential equations we had set y = ex to obtain a solution.

For difference equations of the present kind let us set

yx = Ã�X

Substituting this into our equation we obtain

Ã�*+1 = AÃ�"

Thus, the homogeneous solution will be

Ð� = CA*

where Ð¡ is a constant. The particular solution in this case is

Dl - Ax .

B when

*.-: l~A

Bx when A = 1

Thus, the general solution will be

Ð¡ A* + B l ~ A* A Ñ� 1

Ð¡ + Bx A = l

where Ð»: = 0, 1,2,3, ....

In this simple case we can show how this solution is obtained as follows.

Let y0 be a given initial value. Then,

y! = Ay0 + B

y2 = Ayl + B = A% + AB + B

y3 = Ay2 + B = A*Ñ�0 + A*B + AB + B

For Ñ� = Ð¸ we will have, by repeating this process,

Ð£ n = Ð�"Ñ�0 + (Ð�>1'1 + Ð�""2 + ... + A + 1)B

Ñ�

i=o 1 â�� A

Example.

3jWi = 6y. + 9 x = 0,1,2,3,.
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homogeneous solution can be obtained by letting B = 0. Thus, 

Yx+1 = Ayz 

217 

In the case of differential equations we had set y = ez to obtain a solution. 
For difference equations of the present kind let us set 

Yx = px 

Substituting this into our equation we obtain 

px+1 = A{3z 

f3=A 

Thus, the homogeneous solution will be 

Yx = CAz 

where C is a constant. The particular solution in this case is 

{ 

B 1 -Ax 

1-A 
Yx == 

Bx 

when A =1=- 1 

when A= 1 

Thus, the general solution will be 

Yz = { 

CAx + B 1- Az 
1-A 

C+Bx 
where x = 0, 1, 2, 3, .... 

A=1 

In this simple case we can show how this solution is obtained as follows. 
Let y0 be a given initial value. Then, 

Y1 = Ayo + B 

Y2 = Ay1 + B == A2y 0 + AB + B 

y3 == Ay2 + B == A3y0 + A2B + AB + B 

For x = n we will have, by repeating this process, 

Yn = AnYo + (An- 1 + An- 2 + ... +A+ l)B 

n-1 

== AnYo + B 2 Ai 
I=O 

y., = A"'y0 + B :t: A; = A"'Yo + B 
1

1 -=-~ 
Example. 

3Jz+l == 6yx + 9 X == 0, 1, 2, 3, ... 

(A =I= 1) 
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First change this to the form of (1).

Ð�+1 = 2Ð» + 3

Thus since the coefficient A = 2 Ð¤ 1, from (2) we obtain as a solution

I 2*

L Â¿*

If the initial value of yx is given as y0 = 7, we can determine the C. By sub-

stituting in this value we get

7 = C.20 + 3>-ZJ!

1 -2

/. Ð¡ = 7

Thus, the general solution becomes

yx = 7 â�¢ 2x + 3 i-^^ = 10 â�¢ 2x - 3

1 â�� 2

Problems

1. Substitute the solution of the above example in the original equation and

check the answer.

Solve and check the following equations.

2- J*4i =tyx +4 jo =2

3. 2yx+1 = 6y*-4 y0 = 2

4. yx+1 = yx + 3 jo=2

5- J*+i = -yx + 3 Jo = 2

9.9 Linear second-order difference equations with constant coefficients

Let the equation be

(1 ) yx+2 + Alyx+1 + AÂ¿yx = gx

Here the function gx may be a constant as in Section 9.8, or a function of x.

The method of undetermined coefficients will be used to find the particular

solution and it is suitable when gx assumes certain functional forms. Several

cases of particular interest are considered.

p â�� A"

Sx â�� Ð»

When the form of gx is A* where A is a constant, we try as a particular

solution

CASE 1

(2) y. = CA*
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First change this to the form of ( l ). 

Y:e+l = 2yz + 3 

Thus since the coefficient A = 2 =I= 1, from (2) we obtain as a solution 

= C2Z + 31-2:1: 
Y:z: 1-2 

If the initial value of Yz is given as y0 = 7, we can determine the C. By sub
stituting in this value we get 

7=C·2o+31-2o 
1-2 

C=7 
Thus, the general solution becomes 

1-2:1: 
Y = 7 . 2:1: + 3 = 10 . 2:1: - 3 

a: 1- 2 

Problems 

1. Substitute the solution of the above example in the original equation and 
check the answer. 

Solve and check the following equations. 

2. Yz-tt = 4y:z; + 4 Yo = 2 

3. 2yz-t1 = 6yx - 4 Yo = 2 

4. Yz+t = Yz + 3 Yo = 2 

Yo= 2 

9.9 Linear second-order difference equations with constant coefficients 

Let the equation be 

(1) Yx+2 + AJ..Yz+l + A2J:z: == Kz 

Here the function Kz may be a constant as in Section 9.8, or a function of x. 
The method of undetermined coefficients wiJl be used to find the particular 
solution and it is suitable when Kx assumes certain functional forms. Several 
cases of particular interest are considered. 

CASE 1 
Kx ==Ax 

When the form of Kx is Az where A is a constant, we try as a particular 
solution 

(2) 
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Example 1.

yx+2 - 4>Wi + 3.X* = 5*

From the homogeneous equation we find Ã�1= I, Ã�2 â�� 3. Thus, the homo-

geneous solution is

yx = Cil* + Ð¡2Ð£ = Q + C23*

For the particular solution, let yx = C5X. Substitute this into the equation.

Thus, we have, after the necessary calculations,

C5*+* - 4C534-1 + 3C5* = 5x

8C5* = 5x

Equating coefficients we get

8C= 1

Ñ� = i

Thus the particular solution is yx = Â£5* and the general solution is

Problems

1. Substitute the particular solution of the above example into the equation

and check.

Solve and check the following equations.

2. y*+2 - 5jx+i + fyx = 4x

3. Jx+2 + 5.JV+! - 6yx = 2x

Example 2.

yx+2 - 4^+1 + 3yx = Ð£

The homogeneous solution is the same as above, viz.,

y. = Q + C2y

Note in this case part of the homogeneous solution is the same as the function

gx; i.e., Ð£. In such a case where the homogeneous solution includes a term

similar to the function gx, we multiply the particular solution we are about to

try by x. Thus, we try

(3) y. = Ð¡Ñ�Ð£

Substituting this into the original equation we get

C(x + 2)3x+2 - 4C(x + 1)3X+1 + Ð�Ð¡Ñ�Ð£ = 3x

6Ð¡Ð£ = Ð£
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Example 1. 
Yz+2 - 4Yz+t + 3y~ = s~ 

From the homogeneous equation we find {31 = I, {32 = 3. Thus, the homo
geneous so]ution is 

Yz = Cllz + C23Z = cl + C23z 

For the particular solution, let Yx = csx. Substitute this into the equation. 
Thus, we have, after the necessary calculations, 

csz+2 - 4csz+l + 3csx = sz 

scs~ = sz 
Equating coefficients we get 

8C = 1 

C=l 
Thus the particular solution is Yx = i5x and the genera] solution is 

Yx = cl + C23X + l . sx 

Problems 

1. Substitute the particular solution of the above example into the equation 
and check. 

Solve and check the following equations. 

2. YZ+2 - 5yZ+1 + 6yx = 4x 

3. YX+2 + 5y%+1 - 6yz = 2z 

Example 2. 
Yx+2 - 4yx+1 + 3yx = 3x 

The homogeneous solution is the same as above, viz., 

Yz = cl + C23Z 

Note in this case part of the homogeneous solution is the same as the function 
g(E; i.e., 3z. In such a case where the homogeneous solution includes a term 
similar to the function gx, we multiply the particular solution we are about to 
try by x. Thus, we try 

(3) 

Substituting this into the original equation we get 

C(x + 2)3x+ 2 - 4C(x + 1)3x+I + 3Cx3x == 3x 
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Equating coefficients, we get

6C = 1 or Ð¡ = Â¿

and the particular solution becomes

Ð£,=

Thus, the general solution is

Problems

1. Substitute the particular solution of the above example into the equation

and check.

Solve and check the following equations.

2- y*+2 â�� tyx+1 + fyx = 2x.

4 v o â�� 5 v i â�� 6 v â�� 61

Example 3.

Ñ� Alt _L Qy â�� V

/1+2 Â°Ð£Ñ�+1 \ "Ð£x â�� J

In this case, Ã�1 = Ã�2 = 3 and the homogeneous solution is

To find the particular solution we try yx = Ð¡Ð£. But, since the terms in the

homogeneous solution include Ð£, we multiply by x and set yx = Ð¡Ñ�Ð£

as we did in example 2. There is still a term in the homogeneous solution

which is the same as the particular solution we propose to try, viz., Ð¡2Ñ�Ð�Ð¶,

so we multiply by x once more and obtain

yx Ð¡"ÐÐ¡ J

Now, there is no term in the homogeneous solution similar to this. Thus,

substituting this in, we have, after the necessary calculations

18C3* = Ð£

Equating coefficients we get as a result

and the particular solution is

v~~ 18

Ð³ â�� -i-

Â»- 18

x2

= - Ð£

Thus, the general solution is

- /"r 1* _L f* vi* i â�¢rÂ» la

Ð»-2

yx â�� Ð§3 + C2*3 + â�� 3
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Equating coefficients, we get 

6C = 1 or C = t 
and the particular solution becomes 

Y:z: = l-x3:z: 
Thus, the general solution is 

Y:z: = cl + C23z + l· X. 3:z: 

Problems 

SEC. 9.9 

1. Substitute the particular solution of the above example into the equation 
and check. 

Solve and check the following equations. 

2. Yz.t-2 - Syz.t-1 + 6y:z; = 2Z. 

3. Yz+2 - Syz-t-1 - 6y:z; = -6z. 

4. Yz+2 - Syz-t-1 - 6y:z; = 6z. 

Example 3. 
Y:z:+2 - 6Jz+l + 9yz = 3z 

In this case, {31 = {32 = 3 and the homogeneous solution is 

Yz = Cl3z + C2x3z 

To find the particular solution we try Yz = C3x. But, since the terms in the 
homogeneous solution inc1ude 3z, we multiply by x and set Yz = Cx3:z: 
as we did in example 2. There is still a term in the homogeneous solution 
which is the same as the particular solution we propose to try, viz., C2x3z, 
so we multiply by x once more and obtain 

Y:z: = Cx23x 

Now, there is no term in the homogeneous solution similar to this. Thus, 
substituting this in, we have, after the necessary calculations 

18C3z == 3x 

Equating coefficients we get as a result 

and the particular solution is 

Thus, the general solution is 

2 
- ~3% 

Yx- 18 

x2 
v == C13z -t·- C.,x3z + - 3x 
~ z "" 18 
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Problems

1. Check the above particular solution.

Solve and check the following equations.

2. JW2 - 4)kn + 4y, = 2x.

3. y^Ã. -2y1+1+yx = !â�¢

CASE 2

fr â�¢â�� jr"

Ð±Ð°Ñ� â�� â�¢*

When the form of the function gx is xn, we try, as a particular solution

(4) y, = A0 + Ai* + A2y* + ... + Anxn

The procedure is similar to Case 1. We first find the homogeneous solution,

say,

y, = Ð°Ð´ + c,fÃ¤

if it is a second-order equation. Then we check to find if the particular

solution has any terms similar to the terms in the homogeneous solution.

If it has, we multiply with x just as in Case 1. This procedure will be

illustrated by examples.

Example I.

Ð�+2 - tyx+1 + tyx = x2

The homogeneous solution is, since Ã�l = 1, Ã�2 = 3

y. = Q + Ñ�2Ð·*

1 he particular solution we assume is

yx = Ð� + Ð�* + 4sx2

This has a constant A0. The homogeneous solution also has a constant Q.

Thus, we multiply by x and get

yx = A0x + Alx2 + A2x*

Now there are no similar terms in the homogeneous and particular solution.

We substitute this in the equation and, after the necessary calculations, get

-6A2x2 + (-4Al)x + (-2A0 + 4A2) = x2

Equating coefficients we get

-6Ð�, = 1

-4Al = 0

-2A0 + 4A2 = 0
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Problems 

1. Check the above particular solution. 

Solve and check the following equations. 

2. YZ+2 - 4yx+1 + 4yx = 2x. 

3. Yz-t2 - 2Y:e-tt + Yx = 1. 

CASE 2 

When the form of the function gx is xn, we try, as a particular solution 

(4) 

The procedure is similar to Case I. We first find the homogeneous solution, 
say, 

Yx == Ct/3~ + C2fl: 
if it is a second-order equation. Then we check to find if the particular 
solution has any terms similar to the terms in the homogeneous solution. 
If it has, we multiply with x just as in Case 1. This procedure wiH be 
illustrated by examples. 

Example 1. 
Yx+2 - 4yx+t + 3yx == X

2 

The homogeneous solution is, since {31 == I, {32 == 3 

Yx == Ct + C23x 

1 he particular solution we assume is 

Yx == A0 + A 1x + A 2x
2 

This has a constant A0• The homogeneous solution also has a constant C1• 

Thus, we multiply by x and get 

Yx == AoX + Atx2 + A2.~ 
Now there are no similar terms in the homogeneous and particular solution. 
We substitute this in the equation and, after the necessary calculations, get 

-6A2x 2 + ( -4A1)x + ( -2A0 + 4A2) == x 2 

Equating coefficients we get 
-6A2 == I 

-4A1 == 0 

-2A0 + 4A2 == 0 
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Solving these equations we find

Ð� = -i Ð�i = 0, Â¿2= -J

Then the particular solution is

yx = â�� Ã�* - Ã�*3

Thus the general solution is

Problems

1. Work out the details of the above example. Also substitute in the particular

solution and check.

Solve and check the following equations.

2. y*+2 - tyx+1 + 4y* = x2.

(Hint: A0 = 8, Ð� = 4, Ð�2 = 1)

Â£* = /4* + fix"

In this case, the previous Case 1 and Case 2 are used simultaneously. We

will illustrate with an example.

Example 1.

Ð�+2 - 4>Wi + 3yx = 5* + 2*

The homogeneous solution is

Ð� = Q + Q3*

The particular solution for gx = 51 is

Ð� = C5I

The particular solution for Â£x = 2x is

7x = Ð� + Ð�*

We note we have a constant term Ð�0 and also a constant term in the homo-

geneous solution, viz., Ci. We multiply by x and get

*

Thus, the combined particular solution is

yx = A0x + Alx* + C5*

Substituting this in, and, after the necessary calculations, we get

-2A0 - 4/4,x + 8C5* = 5x + 2x

CASE 3
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Solving these equations we find 

Ao = -!, 
Then the particular solution is 

Y:z: = -!x -lr 
Thus the general solution is 

Y~ = cl + C23Z - !x - ix3 

Problems 

SEC. 9.9 

1. Work out the details of the above example. Also substitute in the particular 
solution and check. 

Solve and check the following equations. 

2. Yz+2 - 4yZ+t + 4yz = x2
• 

(Hint: A0 = 8, A1 = 4, A2 = 1) 

3. YZ+2 - 3yZ+l + 2yz = 1. 

CASE 3 
Kx = Az + Bx" 

In this case, the previous Case 1 and Case 2 are used simultaneously. We 
will illustrate with an example. 

Example 1. 
Y«+2 - 4yz+l + 3yz = 5z + 2x 

The homogeneous solution is 
Yx = cl + C23Z 

The particular solution for gz = sz is 

Yx = C5z 

The particular solution for g:z: = 2x is 

Y:z: = Ao + Atx 

We note we have a constant term A0 and also a constant term in the homo
geneous solution, viz., C1• We multiply by x and get 

Yz = AoX + Atx2 

Thus, the combined particular solution is 

Yx == A0x + A1x
2 + C5z 

Substituting this in, and, after the necessary calculations, we get 

-2A0 - 4A1x + 8C5z = sz + 2't 
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Equating coefficients we get

â�� 2A0 = 0 thus A0 = 0

-4Al = 2 Â¿i=-Â¿

8C = 1 Ð¡ = i

Thus, the particular solution is

y. = -**2 + t â�¢ 5x

and the general solution is

y.= Ð¡! + C23* - *x2 + J5-

Problems

1. Work out the details of the above problems and check the particular solution.

Solve and check the following equation.

2. .)W2 - 4>Wi + Ð�Ð£x = 41 + Ix.

CASE 4

g, = A*BxÂ»

The particular solution is given as

yx = A*(A0 + A,x + ... + Anx")

The method of solution is similar to the above cases and will be omitted.

Problem

Solve and check the following equation.

*t - 4i + x = 5Z â�¢ 2x.

9.10 Interaction between the multiplier and acceleration principle

Economic illustrations of the use of difference equations are abundant

but we shall only present one in this text. This will be the well-known article,

"Interactions between the Multiplier Analysis and the Principle of Acceler-

ation" by P. Samuelson in the Review of Economic Statistics (1939). We

shall present only the mathematical aspect. It serves as a good illustration

because it requires use of the various mathematical techniques we have

studied. Let

(1) Yl = Gl + C, + fl
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Equating coefficients we get 

- 2A0 = 0 thus A0 = 0 

- 4A1 = 2 

8C = 1 

Thus, the particular solution is 

Y:z = -!x2 + i· sz 
and the general solution is 

Ya: = cl + C23'r - !x2 + l5Z 

Problems 
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1. Work out the details of the above problems and check the particular solution. 

Solve and check the following equation. 

2. Y.r+2 - 4yX+1 + 3y.r = 4.r + 2x. 

CASE 4 
K.r == AxBx" 

The particular solution is given as 

Y.r = Az(A0 + A 1x + ... + Anxn) 

The method of solution is similar to the above cases and will be omitted. 

Problem 

Solve and check the following equation. 

YZ+2 - 4y.r+1 + 3y.r = 5.r · 2x. 

9.10 Interaction between the multiplier and acceleration principle 

Economic iJiustrations of the use of difference equations are abundant 
but we shall only present one in this text. This wiJI be the well-known acticle, 
ulnteractions between the Multiplier Analysis and the Principle of Acceler
ation" by P. Samuelson in the Review of Economic Statistics ( 1939). We 
shall present only the mathematical aspect. It serves as a good illustration 
because it requires use of the various mathematical techniques we have 
studied. Let 

(I) 
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where Yl is national income, G, is government expenditures, C, is consump-

tion expenditure, and /, is induced private investment, all at time t.

We assume the following relations:

(2) Ð¡, = Â«Ð�â��

(3) I, = Ã� [Ð¡, - Ð¡,_,] = *Ã� Y,., - Ð°/3 Yt_2

(4) Gl = 1

Equation (2) is the consumption function, and a is the marginal propensity

to consume, Ã� is called the relation. We have assumed for simplicity that

G l = 1. Substituting these relations into (1) we get

(5) Yl-aHl

We wish to solve this second-order linear difference equation and find how

Y, is functionally related to a and Ã�. We first find the homogeneous solution,

then the particular solution, combining the two to get the general solution.

(/) Homogeneous solution

(6) Yl-ai(l+Ã�)Yl-1 + aLÃ�Yl-2 = 0

Let Yl = A'. Then the characteristic equation becomes

(7) A2 - Ð°(l + /3)A + a/3 = 0

Let the two roots be A1, Ð�2- Assuming A! > A2, we find

(8)

( _

A, = |[a(l + Â« - Va2(l + ^)2 - 4a/Ã®]

Then, the homogeneous solution will be

y _ (- J.1 I (- 2<

/Ã â�� *-1Ð»1 i Â»^2"2

where C\ and C2 are constants to be determined from initial conditions. But,

before that let us find the particular solution.

(//) Particular solution

The constant term in (5) is 1. Thus, we set

Y, = C,l' = C3

Substitute this particular solution in (5),

C3 - a(l + /?)C, + a/Ã®Ð¡3 = 1

or

1 â�� a
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where Yt is national income, G t is government expenditures, Ct is consump
tion expenditure, and It is induced private investment, all at time t. 

(2) 

(3) 

(4) 

We assume the following relations: 

C, == ex yt-1 

11 == f1 [ Ct - C,_1] == ex{J Y,_1 - ex{3 Y,_2 

Gt == 1 

Equation (2) is the consumption function, and ex. is the marginal propensity 
to consume. P is called the relation. We have assumed for simplicity that 
Gt = 1. Substituting these relations into (1) we get 

Yt = 1 + ex(1 + {3) Yt_1 - ex{3 Y,_2 

or 

(5) Y, - ex.( 1 + {3) Yt_1 + ex{J Yt_2 = 1 

We wish to solve this second-order linear difference equation and find how 
Yt is functionally related to ex and {3. We first find the homogeneous solution, 
then the particular solution, combining the two to get the general solution. 

(i) Homogeneous solution 

(6) Yt - ex(1 + {3) Y1_ 1 + exfl Y1_ 2 = 0 

Let Yt == At. Then the characteristic equation becomes 

(7) A2 - ex( 1 + {3)A + exfl === 0 

(8) 

Let the two roots be A1, A2• Assuming A1 > 12, we find 

A1 == ~ [ex( 1 + {3) + v' ex2( 1 + {3)2 - 4exfJ] 

~ = ![ex( 1 + {J) - v' ex2
( 1 + {3)2 

- 4exfJ] 

Then, the homogeneous solution will be 

Yl == C~A~ + c2;~~ 
where C1 and C2 are constants to be determined from initial conditions. But, 
before that let us find the particular solution. 

(ii) Particular solution 

The constant tt:rm in (5) is 1. Thus, we set 

yt ~ C3It == C3 

Substitute this particular solution in (5), 

C 3 - ex( I -t- /J)C 3 -t- ex{3C 3 == 1 

1 c3 ~- --
1-ex 

(0 <ex< 1) 
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Thus, the particular solution becomes

l - a

and the general solution is

(9) Ð£, = CJÃ� + C2A2 +

1 -a

Let us now find Q and C2.

(Ð¸/) Q, C2

For initial conditions let us assume that when t = 0, then Yl = 0, and

when / = 1, then Ð£, = 1. From (9) we find

Ð£0 = Q + C2 + -â�� = 0

1 â�� a

/^ â�� ^1^1 "T" ^-'22 â�¢" â��

1 â�� a

Solving for Q and C2, we find

/~ 4? â�� a

(1 - a)(Ai - A,)

(10)

C2 = ?â��^

(1 - a)(Ai - A2)

Let us illustrate its use. Assume a = 0.5, /9 = 0. Then from (8) we find

A1 and A2 as follows

A! = 0.5, A2 = 0

Thus,

Q = -2, C2 = 0

and the general solution is

yi = (-2)(0.5)' + 2

The results of letting / = 0, 1, 2, ... 9 are given by Samuelson in his article

(Samuelson's Table 2). Let us reproduce several values for this case and also

for a = 0.5, Ã� = 2.

Table 1

a = 0.5 a = 0.5

Period Ã� = 0 0 = 2

1 1.00 1.00

2 1.50 2.50

3 1.75 3.75

4 1.875 4.125
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Thus, the particular solution becomes 

and the general solution is 

Ye = Calt = _1_ 
1-r:J. 

(9) , t ~ t l 
~ = ClAl + C2A2 + --

1-r:J. 

Let us now find cl and c2. 

(iii) C1, C2 
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For initial conditions let us assume that when t = 0, then Yt = 0, and 
when t = 1, then Yt = 1. From (9) we find 

Solving for C1 and C2, we find 

(10) 

A2 - r:J. 
Ct=--~---

(1 - r:J.)(A1 - )~) 

r~.. - At c2 = ____ .::..__ 
(1 - r:J.)(A1 - A2) 

Let us illustrate its use. Assume r:J. = 0.5, {3 === 0. Then from (8) we find 
A1 and A2 as follows 

Thus, 
C1 = -2, 

and the general solution is 
yt = ( -2)(0.5)t + 2 

The results of letting t = 0, 1, 2, ... 9 are given by Samuelson in his article 
(Samuelson's Table 2). Let us reproduce several values for this case and also 
for r:J. = 0.5, {3 = 2. 

Table 1 

C( = 0.5 C1. -= 0.5 
Period {3=0 /3=2 

1.00 1.00 
2 1.50 2.50 
3 1.75 3.75 
4 1.875 4.125 
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(iv) When A!, A% are real

As we saw in (ii) above,

Yl =

1

l -a

Thus, the behavior of Y, will depend on the values of Clt Al, C2, and A^ We

will first consider the case where Ai and A2 are real and find the values of

Q, C2, and then the case where Ai and A2 are conjugate complex numbers.

The condition for A!, A2 to be real is

that

(11) a2(l + /3)2 - 4a/3

This can be shown as

0

-(1 + /3)2

Let us graph this as in Figure 9-10.

We see that when /3 = 0, then a = 0; as

0 â�¢ 1 1 1 1 n a-Â»â�¢ 1, then Ã�-Â»- 1; when a = 1, then

1 " Ã� = lÂ¡ when 1 > Ã� -* oo, then a -Â»â�¢ 0

Fig. 9-10 again. The shaded region A is where

1 ^ a > 0, 1 > Ã� ^ 0, and where (11)

holds. The shaded region D is where 1 ^ a ^ 0, oo > /3 ;> 1, and (11) holds.

Let us first investigate the behavior of Y, when the a and Ã� values are in the

/4-region.

A -REGION CASE. 1 > Ã� ;> 0. From (10) we can see that the sign of C1 and

C2 will depend on A2 â�� a and a â�� A!. So let us check these values first.

A2 - a = |[a(/3 - 1) - Va2(l + Ã�)2 - 4afl < 0

This implies that Ð¡l < 0. Furthermore, since 1

1 > a > Ð�2- Next,

a > 0, we find that

a - A! = i[a(l - Ã�) - Va2(l + Ã�)2 ~ 4Ð°/Ã®]

But since 1 > /3 ^ 0, we have a( 1 â�� Ã�) ^ 0. The square root element is

also positive and we can square both elements to check the sign. We find

a2(l - /3)2 - a*(l + Ã�)2 + 4xÃ� = 4a/Ã®(l - a) > 0

Thus, a â�� A! > 0. This implies that C2 > 0 and 1 > a > Al ^ 0.

Using these results let us check the behavior of Yl. For t = 0,

1

Ñ�, = C,A; + c2AÂ» +

1 -a

1

1

1

1-a 1-a

= 0

226

1 -a

226 DIFFERENCE EQUATIONS 

(iv) When A1, ~ are real 

As we saw in (ii) above, 

'lt ~t 1 Yt = c1~~.1 + c1"'2 + --
1-cx 
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Thus, the behavior of Y, will depend on the values of C1, A.1, C2, and ~· We 
will first consider the case where A.1 and A.2 are real and find the values of 
C1, C2, and then the case where A.1 and A.2 are conjugate complex numbers. 

The condition for A.1, ~ to be real is 
a that 

(II) cx2{1 + {1)2 - 4ex{J ~ 0 

This can be shown as 

(X ~ 4{1 
(1 + {1)2 

Let us graph this as in Figure 9-10. 
We see that when {J = 0, then ex = 0; as 

o {3 IX -+ 1 , then P -+ 1 ; when IX = 1 , then 
{J = 1 ; when 1 > {J --. oo, then ex --. 0 

Fig. 9-10 again. The shaded region A is where 
I ~ ex > 0, I > {J ~ 0, and where ( 11) 

holds. The shaded region D is where 1 > ex ~ 0, oo > {J ~ I, and ( 11) holds. 
Let us first investigate the behavior of Yt when the ex and {J values are in the 
A-region. 

A-REGION CASE. 1 > {J ~ 0. From (10) we can see that the sign of C1 and 
C2 will depend on A.2 - ex and ex - A.1• So let us check these values first. 

A2 - ex = t[ ex({J - I) - V ex2(1 + {1)2 - 4ex{J] < 0 

This implies that C1 < 0. Furthermore, since 1 ~ ex > 0, we find that 
1 > ex > ~- Next, 

ex - A1 = ![ex(l - {J) - V cx2(l + {J)2 - 4ex{J] 

But since 1 > {J 2 0, we have ex(l - {3) ~ 0. The square root element is 
also positive and we can square both elements to check the sign. We find 

ex2(1 - {3)2 - ex:t(l + {3)2 + 4ex{J = 4ex{3(I - ex) > 0 

Thus, ex - A.1 > 0. This implies that C2 > 0 and 1 > ex > A.1 2 0. 
Using these results let us check the behavior of Y,. For t == 0, 

~0 ,o 1 Y, == C1A1 + C2A2 + --
1 -ex 

1 1 1 
== c1 + c2 + -- = - -- + -- == o 

l-ex l-ex l-ex 



227

SEC. 9.10

DIFFERENCE EQUATIONS

For / ^ 1, since we have a > ^ > A2 ^ 0, then,

I*, - a| > |a - Ð�Ð�

which in turn implies that IC\| > |C2|. Thus,

But we know that Ð¡^\ < 0, C24 =Â£ 0. Thus,

C^( + C2A2 < 0

When we let / -* oo, we find that

lim Ð£, = limÃ�Q/i + C2A2 H -- â�� ) = â�� !â��

/-oo V l â�� Ð°/ 1 â�� Ð°

since l > A! > Ð�2, and 1/(1 â�� a) will be approached from below. This is

illustrated in column one of Table 1 where Ð° = 0.5, Ã� = 0. Graphically, it

is as in Figure 9-11.

Fig. 9-11

Ã� = I CASE. When /3=1, then

Â«*-*Ð¦-1

(l + Ã�f

But we assume that 1 > a > 0. Thus, a = 1 in this case. Then, from (5).

Ñ� 9 y L Ñ� ._ i

11 Â¿'<-l -1- /<-2 â�� l

This can be written as

(12) Yl â�� 2Ð£,-1 + Ð£,-2 = 1'

Let us now first find the homogeneous solution, then the particular solution,

and determine the Q and C2. The homogeneous solution is

Ñ� /"â�¢ ji i f-, Â¡il

"l â�� 11 !" Â»-'2'"2

= Q + C2t

because Al = ^ = 1.

For the particular solution, we note that we have 1 ' as the constant which

is the same as the roots of the homogeneous solution. Thus, we set

Ð�- f f2l Ã� /" Ð�

l â�� *~3l l ' ~ *"3l
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Fort > 1, since we have (X> AI > A2 ~ 0, then, 

I~ - (XI > I(X - Ail 

which in turn implies that ~CII > IC2(. Thus, 

ICIA-il > IC2~l 
But we know that CIA~ < 0, c2~ < 0. Thus, 

CIA~ + C2A~ < 0 
When we let t _. oo, we find that 

lim Ye = lim (ci;.~ + C2A~ + - 1
-) = -

1
-

t- 00 1 - (X 1 - (X 
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since 1 > AI > ~' and 1/(1 - (X) will be approached from below. This is 
illustrated in column one of Table 1 where (X = 0.5, {1 = 0. Graphically, it 
is as in Figure 9-11. 

t-a 

o--------------------------1 

Fig. 9-11 

{1 = 1 CASE. When fJ = 1, then 

(X > 4{3 = 1 
- (l + {3)2 

But we assume that 1 > (X > 0. Thus, (X = 1 in this case. Then, from (5). 

Yt- 2Y,_I + Y,_2 = 1 
This can be written as 

(12) 

Let us now first find the homogeneous solution, then the particular solution, 
and determine the CI and C2• The homogeneous solution is 

yt = CIA! + C2tA~ 
= ci + C2t 

because AI = ~ = 1. 
For the particular solution, we note that we have It as the constant which 

is the same as the roots of the homogeneous solution. Thus, we set 

Y, == C3t21 t = C3t2 
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Substituting this into (12) we find that

C3/2 - 2C3(/ - 1)2 + C3(/ - 2)2 = 1'

C3 = Â¿

/. Y, = i/2

Thus, the general solution is

Ð£, = QA| + Ñ�2/^ + \?

Yl = d + C2/ + i/2

The initial conditions were

Ð£o = Ci + 0 + 0 = 0

Ð£! = Ð¡, + C2 + * = l

Ð� Ð¡l=0, C2 = Â¿

Thus, the general solution is

(13) Ð£, = i/ + e/2

As can be seen, when / -Â»â�¢ oo, then Ð£,-* oo. Thus, when a = 1, Ã� = 1,

we have a steadily explosive situation.

D-REGION CASE, Ã� > 1. Let us start by checking the signs of Cl and C2.

A, - a = j[a(/Ã® - 1) - Va2(l + /3)2 - 4a/Ã®]

a(^ â�� 1) > 0. Thus, we can square the factors in the brackets to test the

magnitude.

af(Ã� - 1)2- a2(l + Ã�)2 + 4*Ã� = 4ai9(l - a) > 0

so that li â�� a > 0 and write

Cl > 0, AÐ° > a

Ð° - Ð�i = 4[Ð°(1 - A - Va2(l + /3)2 -

.'. a â�� A! < 0

/. C2 < 0, A! > a

Next let us check the magnitude of Ai. We know that

Sign of Q.

Ã�)
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Substituting this into ( 12) we find that 

C3t2 - 2C3(t - 1)2 + C3(t - 2)2 = 1 t 

c3 =! 
Y, = !t2 

Thus, the general solution is 

Yt = C1A~ + C2tli + !t2 

Yt = C1 + C2t + lt2 

The initial conditions were 

Y0 = C1 + 0 + 0 = 0 

Y1 = cl + C2 + i = 1 

C1 = o, C2 =! 
Thus, the general solution is 

(13) 
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As can be seen, when t ~ oo, then Ye ~ oo. Thus, when ex= 1, p = 1, 
we have a steadily explosive situation. 

D-REGION CASE. {3 > I. Let us start by checking the signs of c1 and c2. 
Sign ofC1• 

~ - ex == ~[ ex(/1 - 1) - v' ex2(l + {3)2 - 4ex,8] 

ex({3 - 1) > 0. Thus, we can square the factors in the brackets to test the 
magnitude. 

ex2({3 - I )2- ex2( 1 + {3)2 + 4ex{3 = 4ex{3( 1 - ex) > 0 

so that ~ - ex > 0 and write 

~>ex 
Sign ofC2 • 

ex - A1 = -~[ cx(1 - {3) - V cx2(1 + {J)2 - 4cx{3] < 0 

ex-l1 <0 

C2 < o, .A.1 >ex 

Next let us check the magnitude of .A.1• We know that 

A1 === ![ex( 1 + {J) + v' cx2( 1 + {3)2 - 4ocfJ] 

A1 > icx( 1 + fJ) 
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we have

Since Ã� > 1, we have

: 2Ã� 2
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>

4/3

(l + Ã�)2

>Mi + /3)>4-^--Ã¼+/?) = ^

(i + /3)2

l+Ã�

> l

Furthermore, we know that Al > A^ That

is, Ai is the dominant root. Thus,

1

1 -a

Fig. 9-12

will increase toward infinity as t -Â»â�¢ oo. It can easily be checked if Y0 = 0,

Y,-l = 1. Graphically we have as in Figure 9-12.

(v) When A!, A2 are conjugate complex roots

This is when

of (I + Ã�)* - 4<tÃ� < 0.

Then we have

where

A! = i[a(l + /3) + /V4a/3 - a2(l + Ã�)2] = a + ib

^ = i[a(l + /3) - /V4a/3 - a2(l + Ã�)2] = a - ib

a =

+ /3), Â¿ = iV4a/3 - a2(l + /3)2

It will be easier to find the behavior of Yl if we change the A's into polar

coordinates. So let us set

Then,

a = p cos 6, b = p sin 0

a Â± ib = p(cos Ð² Â± i sin 6)

p = Va2 + b2

tan Ð² = -

Ð°

Recall that the Euler's formulas were

cos Ð± + i sin Ð² = eiv

cos Ð± â�� / sin Ð± = e~i0
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Since 

ct > 4{3 
- (1 + {3)2 

we have 

1.1 > !cx(l + /3) > ! 4{3 2. (1 + {3) = _ll_ 
(1 + {3) 1 + f1 

Since {3 > I, we have 

2{3 2 
A1 >--=-->1 

l+f1 I+t 
{3 

Furthermore, we know that A.1 > ~- That 
is, A.1 is the dominant root. Thus, 

Ye = CIA.~ + C2A~ + - 1
-

1-cx 

Yt 

Fig. 9-12 
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will increase toward infinity as t-+ oo. It can easily be checked if Y0 = 0, 
Yt=l = 1. Graphically we have as in Figure 9-12. 

(v) When A.1, ~ are conjugate complex roots 

This is when 

Then we have 

A.1 = i[ ex{ I + {3) + tv 4cxf1 - cx2(1 + fl)2] == a + ib 

~ = i[ ex{ I + {3) - iV 4cxf1 - cx2(1 + {1)2] = a - ib 
where 

a = !cx(l + {1), 

It will be easier to find the behavior of Yt if we change the A.'s into polar 
coordinates. So let us set 

Then, 
a = p cos 0, b = p sin () 

a ± i b = p( cos () ± i sin 0) 

p = ~a2 + b2 

tan() = ~ 
a 

Recall that the Euler's formulas were 

cos () + i sin () = ei8 

cos() - i sin () == e-iB 
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A! = a + ib = p et0

A2 = a â�� ib = p e~i0

:. AA = P2

p2 = A, â�¢ A, = Â¿(4a/3) = a/3

.-. p =

Y, = C,AÃ� + C2A2 = C^e'")' + C2(pe-'9)<

= p't(V" + Ð¡*-"']

= p'CQÃ�cos Ð²t + Â¿sin Ð²t) + C2(cos o/ - Â¿ sin O/)]

= />'[(Q + C2) eos o/ + i(Ci - C2) sin o/]

We know that

= - Ð�Ð·^Ð° - ^ _

(l - a)(/! - A,)

C2 = - â�� ^ - â�¢ Ã�(a - Ð�,)

^

+ C2 = Q[Ð�2 - a + a - AJ =

-1

1 - a

- C2 = Q[/2 + A! - 2o<]

= 6[a â�� /6 + a + ib â�� 2a] = 2Q[a â�� a]

Ã�-1 = (1 - Ð°Ð¥Ð�, - A,) = 2ift(l - a)

â�� 2(a â�� a) a â�� a

.'. /(Ð¡,. - C2) =

- a) /b(l â�� a)

a â�� a

- a)

Let us set

C, + C2 - A1, i(C, - C2) = /Ã�2

where Ð�l and /42 are real numbers, as we saw above. Thus, Y, becomes

Yl = P\AI cos 6/ + A2 sin Ot]

We shall now perform one more trick to change YÂ¡ into a more suitable

form for investigation. Let us set

Thus,

Al = A cos e, At = A sin e

230 

Thus, 
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At = a + i b = p ei8 

l 2 = a - ib = p e-iB 

• 'l ~ - 2 
• • At~- p 

P2 = At . ~ = !( 4rJ.{3) = rJ.{J 

p == v' rJ-{3 

Yt =CIA!+ C2A~ = CI(peiB)t + C2(pe-iB)t 

= pt[CteiBt + c
2
e-iBt] 

= p'[CI(cos Ot + i sin Ot) + C2(cos Ot - i sin Ot)] 

= p'[(Ct + C2) cos Ot + i(Ct - C2) sin Ot] 

SEC. 9.10 

We know that 

Let us set 

C = A2 - rJ. = Q(A. - rJ.) 
t (l )(.. "' ) - 2 ·- rJ. A.t - ~ 

rJ. - At -
Cz = (l - oc)(Al - ~) ,= Q(oc - ).1) 

ct + C2 = Q[~ - rJ. + rJ. - AI] = Q(A2 - A1) 

-1 

1-rJ. 

C1 - C2 == Q[A2 + At - 2rJ.] 

== Q[a - ib +a + ib- 2rJ.] == 2Q[a - rJ.] 

Q-t == (1 - rJ.)(li -- ~) == 2ib(l - rJ.) 

2(a - rJ.) a - rJ. ci - c2 == == ---
2 i b( 1 - rJ.) ; b( l - rJ.) 

. a-rJ. 
t(CI- C2) = ---

b( I -- rJ.) 

where AI and A2 are real numbers. as we saw above. Thus, Y, becomes 

Yt ~~ p 1[A 1 cos Ot -t- A2 sin Ot] 

We shall now perform one more trick to change Y, into a n1ore suitable 
form for investigation. Let us set 
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where

A2 = A\ + Al, tan e = Ã Ã®

Then, Ð£, becomes,

Ð£, = Ñ�'[A cos e cos 0/ + A sin e sin 0/]

= Ap' cos (0/ â�� e)

This is the homogeneous solution we seek.

The general solution, then, is

1

Yt = Ap' cos (0/ â�� e) +

1 -a

Let us now check the behavior of Y,. As can be seen, Yl is affected by

two elements, p' and cos (Ot â�� e). p' gives the amplitude of the fluctuations

and cos (0/ â�� e) gives the period of the fluctuations.

We have seen that

f = v.$

Thus, when p < 1, then a/3 < 1 ; when p = 1, then a/3 = 1; and when

p > 1, then a/3 > 1. These three cases can be shown diagrammatically as in

1

1

t

-

s

V""Â¿

Ð§^

m

0

1 2 3 4 Ã�

Fig. 9-13

Ð²

l Ã�

Fig. 9-14

Figure 9-13. Let us superimpose Figure 9-13 and 9-10. Then, we obtain

Figure 9-14. The region Ð¡ is where the conditions

a2(l + /3)2 < 4a/9, a/3 > 1

hold, and the region B is where

Ð°2(1 + Ã�)2 < 4a/9, a/3 < 1

hold. Let us discuss region B first.

B-REGION CASE.

Ð¯2 = a/ 9 < 1
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where 

Then, Yt become~ 
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A 
tan e == ~ 

AI 

Yt == pt[A cos e cos Ot + A sin e sin Ot] 

= Apt cos (Ot - e) 

This is the homogeneous solution we seek. 
The general solution, then, is 

1 
Yt = Apt cos (Ot - e) + --

1-~ 
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Let us now check the behavior of Y1• As can be seen, Ye is affected by 
two elements, pt and cos (Ot - E). pt gives the amplitude of the fluctuations 
and cos (Ot - e) gives the period of the fluctuations. 

We have seen that 
p2 == rJ.{3 

Thus, when p < 1, then rJ.{3 < I ; when p == 1, then rJ.{3 == l ; and when 
p > 1, then rJ.f3 > 1. These three cases can be shown diagrammatically as in 

a __________ _ 
ar---.----------------

2 3 4 {3 

Fig. 9-13 Fig. 9-14 

Figure 9-13. Let us superimpose Figure 9-13 and 9-10. Then, we obtain 
Figure 9-14. The region Cis where the conditions 

ct2( 1 + /3)2 < 4a{J, 

hold, and the region B is where 

a2
( I + /3)2 < 4:t..{J, 

hold. Let us discuss region B first. 

B-REGION CASE. 

a{J > 1 

rJ.fl < I 
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It can easily be checked that when t = 0, then Y0 = 0; t = 1, then 1^=1.

Since p < 1, we have

lim Ð£, = lim AÑ�' cos (0/ - e) -\ â��

i-Ñ�Ð° /-oo L 1 â�� OÃ�

l -a

The period of fluctuation is / = 2Ñ�Ð³/Ð². Graphically, we have damped-

oscillations that converge to 1/(1 â�� a) as in Figure 9-15.

i-a

Fig. 9-15

\T

Fig. 9-16

C-REGiON CASE, p2 = a/3 > 1. In this case,

lim YI â��* oo

I-"K

Thus, we have explosive oscillations where the amplitude of the oscillations

become larger as / -* oo. This is shown in Figure 9-16. When p2 = a/9 = 1,

we have simple harmonic oscillations.
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It can easily be checked that when t == 0, then Y0 == 0; t == I, then Y1 = 1. 
Since p < 1, we have 

lim Yt == lim [Apt cos (Ot - E) + _l_l 
t-oo t-oo 1-~ 

1 
l-ex 

The period of fluctuation is t == 2TTj0. Graphically, we have damped
oscillations that converge to 1/( 1 - ex) as in Figure 9-15. 

1-a 

o~---------------------------------1 

Fig. 9-15 

r, 

Fig. 9-16 

C-REGION CASE. p2 == a.{J > I. In this case, 

lim Yt--+ oo 

Thus, we have explosive oscillations where the amplitude of the oscillations 
become larger as 1 _,.. oo. This is shown in Figure 9-16. When p2 == ex{J == 1, 
we have simple harmonic oscillations. 
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Notes and References

For various proofs and derivations that have not been covered, the reader

is referred to an excellent book by Goldberg (1958). This book should be

sufficient for all practical mathematical needs of an economist. Also see

Appendix B of Samuelson (1947), but note that it is very difficult.

For economic applications, see Baumol (1959) Chapters 9-13, 15, and 16;

and Allen (1956) Chapter 6. Illustrations of its use can be found in various

sections of Allen (1956). Chapters 15,16 of Baumol (1956) require a knowledge

of matrix algebra. We shall discuss briefly systems of difference equations in

Chapter 12.

Difference equations are widely used in economics but in many cases only

state economic relations without actually solving them. And when they are

solved, a qualitative rather than a quantitative solution is usually sought. That

is, the economist is interested in the behavior of the dependent variable given

certain conditions concerning the independent variable. Samuelson's article

discussed in Section 9.10 is an illustration. After studying 9.10 the reader is

recommended Allen (1956) Chapter 3, "The Acceleration Principle."

Goldberg, S., introduction to Difference Equations. New York: John Wiley &

Sons, Inc., 1958.

Samuelson, P. A., "Interactions between the Multiplier Analysis and the

Principle of Acceleration," R.E.S., pp. 75-78, 1939. Reprinted in

American Economic Association, Readings in Business Cycle Theory, pp.

261-269. New York: Blakiston Division, McGraw-Hill Book Co., Inc.,

1951.
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CHAPTER 10

Vectors and Matrices (Part 1)

Two main topics, calculus and difference equations, have been covered. A

third topic of importance is vectors and matrices, which we will discuss in the

next three chapters. Our object will be to learn how to manipulate groups of

numbers so that we will be able to solve equations and systems of equations.

10.1 Vectors

Let us consider a set of numbers S = (1, 2, 3, ...}; i.e., a set of positive

integers. We notice that when we add any two of these numbers we will get

a positive number that will be a member of this set. The same holds true

when we multiply. But when we subtract, we might get, for example,

4-6= -2

â��2 is not a member of the set S. Similarly, when dividing, we might get

10/3 = 3.333 ..., which again is not a member of the set 5.

Addition, subtraction, multiplication, and division (except by 0) will be

called operations. The question is, is there a set of numbers which, when

subjected to these operations, will produce a result that will still be in the

same set of numbers that the original numbers were taken from to perform

the operations? We may answer, "yes," and lead from this idea into the

concept of a field. The two fields that we are familiar with are the real

field which is composed of all real numbers and the rational field which is

composed of all numbers that can be written in the form p/q where p and q

are integers.

A field will be defined as a set of numbers which contain the sum, differ-

ence, product, and quotient, (except by 0) of every two numbers in the set.

Furthermore: (1) the numbers must be commutative and associative with

respect to addition and multiplication, and (2) the numbers must be dis-

tributive with respect to multiplication.
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SEC. 10.1

VECTORS AND MATRICES

By commutative we mean

a + b = b + a or ab = ba

By associative we mean

a + (b + c) = (a + b) + Ñ� or (ab)c = a(bc)

By distributive we mean

a(b + c) = ab + Ð°Ñ�

In subsequent discussion we shall be assuming a field of real numbers.

(//) Vectors

Let F be a field, and let alt a2, ... be numbers of F. We shall call an ordered

set of numbers

v' = fa, a2,..., a

a Â»ÐµÑ�/or of order n. alt a2, ..., an are called the components of the vector v.

The numbers a, are also called scalars when we consider them only as numbers

rather than components taken from F. When the components are written

in a row this is called a row vector and it is denoted by v'. When the com-

ponents are written in a column, it is called a column vector and written v.

/92--

Ð¡t-\-

Let us first consider a vector of order 2, say

v' = fa, a2}

Note that this is an ordered pair of numbers and thus can be shown geo-

metrically as follows: Let us draw a two-dimensional space with coordinates

XI and X2, and define our unit points E1 and E2. If

.' = {3,2}

we find a point on Xl that will be three units away from 0 and designate
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By commutative we mean 

a + b = b + a or ab == ba 

By associative we mean 

a + (b + c) = (a + b) + c or (ab)c = a(bc) 

By distributive we mean 

a(b + c) = ab + ac 

In subsequent discussion we shall be assuming a field of real numbers. 

(ii) Vectors 

Let Fbe a field, and let a1, a2, ••• be numbers of F. We shall call an ordered 
set of numbers 

a vector of order n. a1, ~' ..• , an are called the components of the vector v. 
The numbers ai are also called scalars when we consider them only as numbers 
rather than components taken from F. When the components are written 
in a row this is called a row vector and it is denoted by v'. When the com
ponents are written in a column, it is called a column vector and written v. 

82 p 

0 2 

Fig. 1~1 

Let us first consider a vector of order 2, say 

v' == { a1, a2} 

Note that this is an ordered pair of numbers and thus can be shown geo
metrically as follows: Let us draw a two-dimensional space with coordinates 
X1 and X2, and define our unit points £ 1 and £ 2. If 

v' == {3, 2} 

we find a point on X1 that will be three units away from 0 and designate 
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it 3. We likewise find a point on X2 that will be two units from 0 and designate

it 2. Then, a point (3, 2) = P will be determined in the plane. The directed

segment OP is the vector

v = K, a2] = {3, 2}

It will also be noted that v{ = {3, 0} is the vector OA and v!i = {0, 2}

is the vector OB. Also v'3 = {0, 0} = 0 is called the zero vector or null

vector, and in terms of our graph, it will be the origin 0.

Furthermore, OE1, and OE2 can be shown as

OE1 = {1,0}

OE,= {0, 1}

These will be called unit vectors. They are sometimes denoted by elt e2.

When we have a three-dimensional space, we have

Â«1 = {1,0,0}

Â«2 = {0,1,0}

e3 = {0, 0, 1}

And so forth for higher-dimension cases.

We have interpreted the vector v = {3, 2} as OP. But we can also under-

stand v = (3, 2} to mean the point P. In subsequent discussion, a vector

will also be interpreted as a point in the given space, and called a vector

point.

Two vectors v{ = (o!, a2}, v!i = {blt Ð¬2} of the same order are equal if

and only if Ð°l = blt Ð°2 = Ð¬2. The same is true for higher-order vectors.

The sum of two vectors is defined as

v( + v'2 = {Ð°l + Ð¬1, a2 + Ð¬2}

Thus,

v( + 4= {3, 0} + {0, 2} = {3 + 0, 0 + 2} = {3, 2}

The product of a vector with a scalar is defined as

kv\ = {/ca!, ka,i}

Thus, if k = 2, v' = {3, 2}, then,

kv' = (6, 4}

The product of two vectors is defined as

v'M = {a i, ^j = Â« A + Â«A

This is called the inner product of two vectors and it is a number. The meaning
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is the vector 08. Also v3 = {0, 0} = 0 is called the zero vector or null 
vector, and in terms of our graph, it will be the origin 0. 

Furthermore, OEt, and 0~ can be shown as 

OE1 = {1, 0} 

0~ = {0, 1} 

These will be called unit vectors. They are sometimes denoted by E1, €1• 

When we have a three-dimensional space, we have 

E1 = {1,0,0} 

E2 = {0, }, 0} 

E3 = {0, 0, 1} 

And so forth for higher-dimension cases. 
We have interpreted the vector v' = {3, 2} as OP. But we can also under

stand v' = {3, 2} to mean the point P. In subsequent discussion, a vector 
will also be interpreted as a point in the given space, and called a vector 
point. 

Two vectors vJ. = {a1, a2}, v2 = {b1, b2} of the same order are equal if 
and only if a1 = b1, a2 = b2• The same is true for higher-order vectors. 

The sum of two vectors is defined as 

v~ + v~ = { a1 + b1, a2 + b2} 

Thus, 

vi + v~ = {3, 0} + {0, 2} = {3 + 0, 0 + 2} = {3, 2} 

The product of a vector with a scalar is defined as 

kv~ = { ka1, ka2} 

Thus, if k = 2, v' = {3, 2}, then, 

kv' == {6, 4} 

The product of two vectors is defined as 

v~v2 = {a1, a2}[~~] = a1b1 + a2b2 

This is called the inner product of two vectors and it is a nuntber. The meaning 
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and use of this will be taken up later. For the present we are interested with

the operation. Also note that

and that

We also arrive at the relationship

(vi H

which is shown by

' = v{

This leads to

Also

= (a! + b!, Ð°2 + Ð¬2)

= (alt a2) + (Â¿!, b2) = v[ + v'2

(Ð£! + v^'VT, = (v'i + v'2) Ui = v[vi + o

+ t^'K + Â»2) = (Â«Ã + Â»2)(fi + ^2)

Problem

Put Â¡n the a's and Â¿'s and check the last two formulas.

Although we have distinguished between a row vector and a column

vector,

v = [2]' v' = {3

the meaning will be the same; viz., both will represent the point (3, 2)

in a two-dimensional space.

Problems

1. Given: i-; . (3, 5, 8), r; = (15, 22,19),

(a) Find: ri + r2.

(b) Find: 2U! + v2.

2. Given: r; =(2,3), Â»; =(4,5),

(a) Plot Ã ! and v2 on diagram.

(b) Plot Â£-l + u2.

(c) Plot 2Ã�1.

(d) Plot Ð£2 - D!.
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and use of this will be taken up later. For the present we are interested with 
the operation. Also note that 

and that 

We also arrive at the relationship 

(v1 + v2)' = Vi + li~ 

= (at + bl, a2 + b2) 

= (a1, a2) + (b1, b2) = vi + v~ 
This leads to 

Also 

Problem 

Put in the a's and b 's and check the last two formulas. 

Although we have distinguished between a row vector and a column 
vector, 

v = [;]. v' = {3 2} 

the meaning will be the same; viz., both will represent the point (3, 2) 
in a two-dimensional space. 

1. Given: c~ = (3, 5, 8), 
(a) Find: v1 + v2• 

(b) Find: 2v1 + v2• 

Problems 

1)~ = (15,22, 19), 

2. Given: v~ = (2, 3), v~ = (4, 5), 
(a) Plot r 1 and v2 on diagram. 
(b) Plot t·1 + v2• 

(c) Plot 2v1 . 

(d) Plot v2 - v1• 
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3. Find o!, Ð°2, Ð°3 of the following:

4. (a) Let us have 6 apples at 5,Â£ each, 8 oranges at 7</> each, 9 pears at 9Ñ� each.

Then, calculate the total cost,

aÃ� = [6, 8, 9]

(b) What if we let

Is *Ã� = Ã�v.1

[5, 7, 9]

= total cost

= ?

5. Given v\ = (3, 5, 10), v'2 = (10, 2, 4),

(a) Find (Ð£! + v2)'-

(b) Find v\ + v'2.

(c) Find (Ñ�! + Â»2)'Â»!.

(d) Find v\i\ + v'Zo^

(e) Find (p, + ^'(i-'i + Â»2).

(f) Find Ð£^Ð£! + l^Â»i + "i!>2 + "a^a-

(Hi) Geometric interpretation

Let us show some of these relationships geometrically by letting

The relation

,

is shown in Figure 10-2. As is seen, l\ has been extended to twice its length.

For,

-Â»Â»-Ð¸

the vector l\ has been extended in the opposite direction. The minus sign

has reversed the direction of the vector. Note the direction of the arrow sign.

The relation
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3. Find a1, a1, a3 of the following: 

[n + [::J = [iJ 
4. (a) Let us have 6 apples at 5~ each, 8 oranges at 7~ each, 9 pears at 9~ each. 

Then, calculate the total cost, 

r4J = [6, 8, 9] [~] =total cost 

(b) What if we let 

[5, 7, 9] [!] = ? 

Is a.{J = {Ja.? 

5. Given vi = (3, 5, 10), v2 = (10, 2, 4), 
(a) Find (v1 + v1)'. 

(b) Find vi + v2. 
(c) Find (v1 + v~'v1 • 
(d) Find vi v1 + v2v1• 

(e) Find (v1 + vJ'(v1 + vJ. 
(f) Find viv1 + v2v1 + viv1 + v2v2 • 

(iii) Geometric interpretation 

Let us show some of these relationships geometrically by letting 

k=2 

The relation 
V1 = [~]. Vz = [iJ. 

kvl = 2nJ = [~] 
is shown in Figure 10--2. As is seen, v1 has been extended to twice its length. 
For, 

the vector v1 has been extended in the opposite direction. The minus sign 
has reversed the direction of the vector. Note the direction of the arrow sign. 

The relation 

V1 + Vz = [~] + [i] = [~] 
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-4 -3 -2 -1

-2f,

01234

Fig. 10-2

is shown in Figure 10-3. Note that i\ + v2 is the diagonal of the parallelo-

gram made up of i\ and v2. For i\ â�� r2, we can show this as

This is shown in Figure 10-4. By changing I'i â�� u2 to i\ + (â��u2), we have

the sum of two vectors and the result r! â�� v2 becomes the diagonal of the

3-

2

1-

1 2 3

Fig. 10-3

Fig. W-4

parallelogram as we saw in our previous example. Let us now consider a

vector v{ = {Ñ�lt Ñ�2} as in Figure 10-5. We know from elementary geometry

that the length of the vector i^ which we write as HuJ is
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2v.=(2,4) 

-4 -3 3 4 

Fig. to-2 

is shown in Figure 10-3. Note that v1 + v2 is the diagonal of the parallelo
gram made up of v1 and v2• For v1 - v2, we can show this as 

This is shown in Figure 10-4. By changing v1 - v2 to v1 + ( -v2), we have 
the sum of t\YO vectors and the result v1 - v2 becomes the diagonal of the 

3 

2 

2 

0 2 3 

Fig. lD-3 Fig. lD-4 

parallelogram as we saw in our previous example. Let us now consider a 
vector vi_ = {x1, x2} as in Figure 10-5. We know from elementary geometry 
that the length of the vector v1 which we write as II v1 ll is 

1Jv1 ll = .Jxi + x~ =(xi+ x~)112 
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But note that the inner product of i\ with itself is

r \ Thus, || l\ || can be shown as

r\"-\'l,'z}

r =

Fig. 10-5

Let us summarize this into a theorem.

Theorem: Let t^ be a vector. Then the

length of the vector which we denote by

\\L\\\ will be

M = WÂ»i)1/2

Instead of the term length, we also use the term norm,

(iv) Geometrical interpretation (Continued)

The vectors t\ = , r2 = and v} f v2 are shown in Figure 10-6.

Let us now remove the vectors from the coordinate system and show it as in

Figure 10-6(a). The vector !\ + v2 is obtained by attaching v2 on !\ as in

"i + 'z

Ð³,Ñ�Ð³Ð³

(b)

Figure 10-6(b). Often in subsequent discussion, the addition of vectors will

be shown geometrically as in Figure 10-6(b). We are not adhering to the

conventional geometry we studied in high school but have here an abstract

mathematical structure following a set of axioms that are consistent with the

vector algebra we will use. That is, it will be the vector algebra that is of

principal concern and the geometric interpretation will be incidental. It

will be helpful, however, in developing an intuitive understanding of the

algebra we are doing.

This method can be extended for i\t v2, v3 as in Figure 10-7.

Now let us consider the case for r, â�� r2. The geometric presentation is as

shown in Figure 10-8. Let us now take the vectors out of the coordinate

system and show it as in Figure 10-9(a). Instead of taking l\ â�� r2 as the

240
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But note that the inner product of r.,1 with itself is 

viv1 = {x1, x2}[;:] = xi + x: 

x
2 

____________ , 
111 

={x,,x
2

} Thus,l\v1 \l can be shown as 

Fig. to-5 

II vtll === (vi vt)112 

Let us summarize this into a theorem. 

Theorem: Let v1 be a vector. Then the 
length of the vector which we denote by 
II v1 ll will be 

II vtll === (vi vt)112 

Instead of the term length, we also use the term norm. 

(iv) Geometrical interpretation (Continued) 

The vectors 1'1 = [~]. r·2 = [:J and 1'1 + t'2 are shown in Figure 10-6. 

Let us now remove the vectors from the coordinate system and show it as in 
Figure 10-6(a). The vector v1 + v2 is obtained by attaching v2 on v1 as in 

(a) 

Fig. lo-6 

(b) 

Figure I 0-6(b ). Often in subsequent discussion, the addition of vectors will 
be shown geometrically as in Figure 10-6(b). We are not adhering to the 
conventional geometry we studied in high school but have here an abstract 
mathematical structure following a set of axioms that are consistent with the 
vector algebra we will use. That is, it will be the vector algebra that is of 
principal concern and the geometric interpretation will be incidental. It 
will be helpful, however, in developing an intuitive understanding of the 
algebra we are doing. 

This method can be extended for v1, r 2, r3 as in Figure I 0-7. 
Now let us consider the case for l,1 - f 2. The geometric presentation is as 

shown in Figure I 0-8. Let us now take the vectors out of the coordinate 
system and show it as in Figure 10-9(a). Jnstead of taking v1 - l'2 as the 
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Fig. 10-7

Fig. 10-8

diagonal of the parallelogram made by vl and â�� v2 as in Figure 10-9(a),

we can show it as in Figure 10-9(b).

Fig. 10-9

What if we have r2 ~ "i? Then, we reverse the direction of i^

As shown in Figure 10-10,

â�� v2.

Â¡Ð². 10-10

Fig. 10-11

Let us give one more illustration. Let t'3 be a vector that goes to the mid

point of !^ â�� t'2 as in Figure 10-11. Then,

"2 + i(Â»i â�� Â»Â«) = Â»a
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Fig. 16-7 Fig. lo-8 

diagonal of the parallelogram made by v1 and -v2 as in Figure 10-9(a), 
we can show it as in Figure 10-9(b). 

I 
I 

I 

I 

I 
I 

I 

\ 
\ 

\ 
\ 

\ 
\ 

\ ..,. ____ _.. _______ ~ 
(a) 

Fig. to-9 
(b) 

What if we have v2 - v1 ? Then, we reverse the direction of v1 - v2• 

As shown in Figure 10-10, 

Fig. to-to Fig. to-11 

Let us give one more illustration. Let v3 be a vector that goes to the mid 
point ofv1 - v2 as in Figure 10-11. Then, 

v3 + ~(vl - v2) = vl 

l'2 + ~(vl - v2) = Va 
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From these two equations we get

and we have a consistent relationship.

(v) Geometrical interpretation (Continued)

Let us now see how our ideas of analytical geometry fit in with the ideas

we just developed. First we find the distance between two points A and B,

in Figure 10-12(a). We know from geometry that

AB =

Fig. 10-12

In terms of vectors, points A and B can be shown as

Then, the line AB will be shown as the vector

AB = t'i â�� v2

Recall that the norm (length) of a vector was given as

Ð� = (v'v)"*

Let us apply this to (i\ â�� r2). Then,

II (V _ V )|| = UV _ V V(V _ V )]1/

Now we have

.. - Ð�Ð°Ð� M _ Ð�Â«1 - a,l

Ã¼l Â°2 " LbJ UJ " IA - Â¿1

Thus, we get
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From these two equations we get 

v1 = v3 + l(v1 - vJ 

= [v2 + i(v1 - vJ] + i(v1 - vz) 

and we have a consistent relationship. 

(v) Geometrical interpretation (Continued) 

Let us now see how our ideas of analytical geometry fit in with the ideas 
we just developed. First we find the distance between two points A and B, 
in Figure 10-12(a). We know from geometry that 

AB = V(a1 - aJ2 + (b1 - bJ" 

A 
IJ, -----~ 

"2 ----1---~ 8 I I 
I I 
I I 
I I I . 
I I 
I I 

0 0 

Fig. 1()-11 

In terms of vectors, points A and B can be shown as 

Then, the line AB will be shown as the vector 

AB = v1 - v2 

Recall that the norm (length) of a vector was given as 

llvll = (v'v)112 

Let us apply this to (v1 - vJ. Then, 

ll(vl - v2)ll = [(vl - v2)'(vt - v2)]112 

Now we have 

Thus, we get 
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and the norm of \\i\ â�� DZ|| becomes

IIÂ»i - Â»2 II = [(Ð²! - Â«2)2

- b* = AB

Thus, we find that AB = \\1\ â�� r2||. Let us summarize this into a theorem.

Theorem: If we have two vectors i\ and v2, the

distance between the two vector points t^ and v2 is

given by

Next, let Ð± be the angle between two vectors !\ and

v2 as in Figure 10-13. The direction of rotation will be,

for our subsequent discussion, in a counter-clockwise

direction. We say that sense of rotation is positive.

Recall that the law of cosines is Fig. 10-13

= a2 + b2 - 2ab cos 0

In vector notation, it will be

We know that

= '

- 2

I cos 0

H - v2 = Ð� - r2)'(ri - v2) = vfa - uÃ®vl - v[v2 + v'2v2

When we substitute these results in we get, noting that v{v2 = v2vlÂ»

t

OV-i vn

= !-iâ��

To summarize, we have the following theorem.

Theorem: When given two vectors /^ and v2,

and the angle Ð² between them, then,

Let us check this with a simple example as

given in Figure 10-14. In this case, we have

Fig. 10-14
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and the norm of llv1 - v2 11 becomes 

llvt- v2ll = [(a1 - aJ2 + (b1 - bJ2
]
1

'
2 

= V(a1 - a2)
2 + (b1 - bJ2 = AB 

Thus, we find that AB = llv1 - v2 11- Let us summarize this into a theorem. 

Theorem: If we have two vectors v1 and v2, the 
distance between the two vector points v1 and v2 is 
given by 

II V1 - v2ll = [(v1 - vJ1(v1 - v2)]112 

Next, let () be the angle between two vectors v1 and 
v2 as in Figure I 0-13. The direction of rotation will be, 
for our subsequent discussion, in a counter-clockwise 
direction. We say that sense of rotation is positive. 
Recall that the law of cosines is 

c2 = a2 + b2 - 2ab cos () 

In vector notation, it will be 

We know that 

Fig. 16-13 

llv1 - v2 ll 2 = (v1 - v2)'(v1 - v2) == viv1 - v~v1 - viv2 + v~v2 
llvtll 2 

=== vi_vl 

II v2ll 2 
= v~v2 

When we substitute these results in we get, noting that Vi v2 = v2v1, 

I 

cos 0 == vlv2 
llvtll II v2ll 

To summarize, we have the following theorem. 

0 

Fig. lD-14 

Theore1n: When given two vectors v1 and v2, 

and the angle 0 between them, then, 
I 

COS 0 === VtV2 

II vtll II v2ll 
Let us check this with a simple example as 

given in Figure 10-14. In this case, we have 
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*-[. Ð§ Ð¹-

II Â»ill = Ð�Â»i)"2 = e

Kll =

Thus,

n rÃ"

cos Ð² = *-

Kll Ð°2 + b2 Va2 + Â¿2

We have used a two-dimensional space and a vector of order-2 to illus-

rate the relationships, but this can easily be extended to three and higher

dimensions and orders.

Problems

Given the following vectors, show the various relationships geometrically.

v\ = [1, 3], 4 = [3, 1]

1. kv-i for the case where k = 2 and k = â�� 2.

2. ,'! + vt.

3. PI â�� v2.

4. Find IlUj and ||r2||.

5. Find the distance between the two vectors v1 and r2.

6. Find the angle 0 between ^ and v2. Let i^ = [1, 0], v't = [1 , 3] for this case.

10.2 Vector spaces

A field was a set of numbers {al t a2, ...}, and the characteristic of this set

of numbers was that the sum, difference, product, or quotient of these

numbers were in this set. Instead of numbers let us use vectors to see if we

can define something similar for a set of vectors.

First, we recall that a vector was an ordered Ð¸-tuple of numbers taken from

a field F. We then had a vector of order n, say

where the numbers a were called components of the vector.

Now, we say a vector space is a set of vectors {vlt v2, ...} which we denote

by R. The characteristic of this set R is such that the sum of every two vectors

and the product of kv for every vector r in the set with a scalar A: taken from

the field of components F, is in the set.

Thus,

244 

Thus, 

Thus, 
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viv2 = [a 0] [:] = a2 

llv1 ll = (v~v1)112 = a 

II v2 1l == (v~v2)112 = .J a2 + b2 

SEC. 10.1 

We have used a two-dimensional space and a vector of order-2 to illus
rate the relationships, but this can easily be extended to three and higher 
dimensions and orders. 

Problems 

Given the following vectors, show the various relationships geometrically. 

v~ = [1, 3], v~ = [3, 1] 

1. kv1 for the case where k = 2 and k = -2. 

2. v1 + v2• 

3. v1 - v2• 

4. Find llv1 11 and llv2 ll. 

5. Find the distance between the two vectors v1 and v2• 

6. Find the angle 8 between v1 and v2• Let v~ = [1, 0], v~ = [I, 3] for this case. 

10.2 Vector spaces 

A field was a set of numbers {a1, a2, ••• }, and the characteristic of this set 
of numbers was that the sum, difference, product, or quotient of these 
numbers were in this set. Instead of numbers let us use vectors to see if we 
can define something similar for a set of vectors. 

First, we recall that a vector was an ordered n-tuple of numbers taken from 
a field F. We then had a vector of order n, say 

where the numbers a were called components of the vector. 
Now, we say a Z'ector space is a set of vectors {l' 1 ~ v2, ... } which we denote 

by R. The characteristic of this set R is such that the sum of every two vectors 
and the product of kv for every vector z, in the set with a scalar k taken from 
the field of components F, is in the set. 
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When we say the sum of every two vectors is in the set R, this implies that

the sum of n vectors will also be in the space (or set) R. For example,

assume we have i\t v2, v3. Then,

t'! + r2 = t'4

is in the space R. But now

Ð£4

is also in R. Clearly,

= t'4

and we may repeat this procedure for n vectors and show that the sum of Ð¸

vectors is in R.

Furthermore, if k^ and k2vt are in the space R,

is also in R. This is called a linear combination of the vectors i\ and r2.

In general, if we have vl, r2, v3, ... vm, then,

is also a vector in the vector space R.

Let us interpret this geometrically. Assume a two-dimensional space

R2 (Figure 10-15), and a typical vector

V = fo, e2}

'2

0

When v is multiplied by a scalar k, the Ðº "*1"

vector // will extend in both directions

according to the value of k, as shown in

the diagram. This straight line can be

considered as a one-dimensional vector

space generated by r', and the points on

it are obtained by kv' and written

kv' = {*e!, ka2} Fig. 10-15

We shall say, the vector space Rl has

been generated by the given vector (.â�¢. Or we may say, R! is spanned by the

given vector l\

Let us now consider a three-dimensional vector space R3. Let L\, v2

be two vectors in /?3. Then k^^ and A-2r2 will extend the vectors Â¿'i and v2

in both directions according to the values of A^ and k2. Furthermore, k^i\

and k2vt will define a plane in R3. Let this plane be R2- Then this /?2 is a

vector space generated by (or spanned by) the set of given vectors Â»l and v2.

Since /?2 has rl and v2 in it, it will also contain ki\ + kv2.

We can do the same thing for an Ð¸-dimensional space Rn. Just as we did

above, we can pick two vectors l\ and r2 and determine a plane. This will be
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When we say the sum of every two vectors is in the set R, this implies that 
the sum of n vectors will also be in the space (or set) R. For example, 
assume we have v1, v2, v3 . Then, 

vi + v2 == v4 
is in the space R. But now 

is also in R. Clearly, 

and we may repeat this procedure for n vectors and show that the sum of n 
vectors is in R. 

Furthermore, if k1v1 and k 2v2 are in the space R, 

klvl + klvl . 

is also in R. This is called a linear combination of the vectors v1 and v2• 

In general, if we have v1, v2, v3, ... vm, then, 

klvl + k2v2 -t-- · ·· + kml'm 

is also a vector in the vector space R. 
Let us interpret this geometrically. Assume a two-dimensional space 

R2 (Figure 10-15), and a typical vector 

When v' is multiplied by a scalar k, the 
vector v' will extend in both directions 
according to the value of k, as shown in 
the diagram. This straight line can be 
considered as a one-dimensional vector 
space generated by v', and the points on 
it are obtained by kv' and written 

kv' == {ka1, ka2} 

We shall say, the vector space R1 has 

Fig. lD-15 

/ 
/ 

been generated by the given vector v. Or we may say, R1 is spanned by the 
given vector v. 

Let us now consider a three-dimensional vector space R3 . Let v1, v2 

be two vectors in R3• Then k 1L'1 and k 2L'2 will extend the vectors v1 and v2 

in both directions according to the values of k1 and k 2. Furthermore, k1v1 

and k 2v2 will define a plane in _R3 • Let this plane be R2• Then this R2 is a 
vector space generated by (or spanned by) the set of given vectors v1 and v2• 

Since R2 has l'1 and v2 in it, it W:ill also contain kv1 + kv2• 

We can do the same thing for·an n-dimensional space Rn. Just as we did 
above, we can pick two vectors v1 and v2 and determine a plane. This will be 
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a two-dimensional vector space R2 spanned by the two vectors i\ and v2

(which are vectors of order n).

10.3 Linear dependence

Assume we have a Ð¸-dimensional space Rn. Let us pick out p vectors

vlt v2, ..., vp each of order n. The vector

a = k^ + k2v2 + ... + Â£â��Â£'â��

is called a linear combination of the given vectors, where the k's are scalars.

The vectors i\, v2, ...,vp are said to be linearly dependent if there is a set

of p scalars klt k2, ... kp, not all zero, such that

*iri + k2v2 + ... + kvvv = 0

where 0 is a zero vector.

If there is no such set of p scalars, then vl t v2, ... vp are said to be linearly

independent. In this case a = 0 only if

kl = kt = ... =A:â�� = 0

For example, the three vectors

{1,4,3}, {2,3,1}, {-1,1,2}

are linearly dependent because there is a set of klt k2, k3 such that

^{1,4, 3} + k2{2, 3, 1} + *,{-!, 1, 2} = 0

To find the values of the k's, we first find the scalar product and then sum

the vectors, as follows

fo + 2k2 - *3, 4A:, + 2k2 + k* 3kl + A:2 + 2A:3} = {0, 0, 0}

Thus, when we equate the components of the vectors on both sides of the

equation, we get

A:i + 2k2 - k3 = 0

4/ti + 3*2 + k3 = 0

3*! + k2 + 2k3 = 0

Solving Â¡n terms of A, we get

I- I- - ^L- I- - If

Ð�1' Ð�2 â�� Ð�1, Ð�3 â�� ^1

Thus, if we let kl = 1, one set of values we seek will be (1, â�� 1, â��1}.
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a two-dimensional vector space R2 spanned by the two vectors v1 and v2 

(which are vectors of order n). 

10.3 Linear dependence 

Assume we have a n-dimensional space R". Let us pick out p vectors 
v1, v2, ••• , v P each of order n. The vector 

is called a linear combination of the given vectors, where the k's are scalars. 
The vectors v1, v2, ••• , v P are said to be linearly dependent if there is a set 

of p scalars k1, k2, ••• k~'' not all zero, such that 

k1v1 + k2v2 + ... + k~'vD = 0 

where 0 is a zero vector. 
If there is no such set of p scalars, then Vtt v2, ••• v P are said to be linearly 

independent. In this case ex = 0 only if 

kl = k2 = ... = k'P = 0 

For example, the three vectors 

{1, 4, 3}, {2, 3, 1 }, {-I, I, 2} 

are linearly dependent because there is a set of k1, k2, k3 such that 

k1{1, 4, 3} + k2{2, 3, 1} + k3{-1, I, 2} = 0 

To find the values of the k's, we first find the scalar product and then sum 
the vectors, as follows 

Thus, when we equate the components of the vectors on both sides of the 
equation, we get 

k1 + 2k2 - ka = 0 

4k1 + 3k2 + k3 = 0 

3k1 + k2 + 2k3 = 0 

Solving in terms of k1 we get 

kt, k2 = -kt, ka = -kl 

Thus, if we let k1 = 1, one set of values we seek will be {1, -1, -1}. 
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On the other hand, {1, 0}, {0, 1} are linearly independent because

implies that /cl = k2 â�� 0. This can be shown as follows : Take the scalar

product and then sum the vectors, obtaining

{*!, A:2} = 0 = (0, 0}

Thus,

fci = k2 = 0

This result also holds true for higher-order unit vectors and we can say that

unit vectors are linearly independent.

10.4 Basis

Using the ideas of vector space and linear independence we may now

define a basis for a vector space. Let us assume that we have a set of two

linearly independent vectors i\t />2 each of order 2.

Â»Ã� = [2, 3], v'2 = [3, 1]

Construct as in Figure 10-16 a vector space with ri and v2. Then, any vector

(point) in this vector space is shown as a linear combination of i\ and v2.

For example, take v3 = [2, 2]. We wish to

find A-1 and k2 such that 3_, ^ ,,

= v3

For this, we have

2kl

= 2

1 2

Fig. 10-16

Solving this set of equations we get kl = $, k2 = f. Thus, the linear com-

bination will become

* Â»! + f r2 = r3

This means that when we have three vectors i\, v2, v3, we can always reduce

this to r!, r2, and *i^ + |r2. That is, the three vectors t>1, r2, and v3 can be

represented by the two vectors i\ and r2. Likewise, if r2 and v3 are linearly

independent, then !\ can be represented by v2 and v3.

We also see that
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On the other hand, {I, 0}, {0, I} are linearly independent because 

ki{l, 0} + k2{0, 1} = 0 
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implies that ki = k2 = 0. This can be shown as follows: Take the scalar 
product and then sum the vectors, obtaining 

{ki, k2} = 0 = {0, 0} 
Thus, 

This result also holds true for higher-order unit vectors and we can say that 
unit vectors are linearly independent. 

10.4 Basis 

Using the ideas of vector space and linear independence we may now 
define a basis for a vector space. Let us assume that we have a set of two 
linearly independent vectors vi, v2 each of order 2. 

v~ = [2, 3], v~ = [3, 1] 

Construct as in Figure 10-16 a vector space with vi and v2• Then, any vector 
(point) in this vector space is shown as a linear combination of vi and v2• 

For example, take v3 = [2, 2]. We wish to 
find ki and k2 such that 3 

k I VI + k2V2 === Va 

For this, we have 2 

kl[~] ~ k2[~] == [;] 

[2ki + 3k2] = [2] 
3k1 + k2 2 

2k1 + 3k2 = 2 
0 2 3 

3kl + k2 === 2 
Fig. to-16 

Solving this set of equations we get k1 === ~' k2 = f. Thus, the linear com
bination will become 

_j v -!- _g_ l' - l' 
1 I • 1 2 - -a 

This means that when we have three vectors vi, v2, v3, we can always reduce 
this to t·1, v2• and ~L-' 1 + -~-v2 • That is, the three vectors vi, v2, and v3 can be 
represented by the two vectors vi and v2• Likewise, if v2 and v3 are linearly 
independent, then v1 can be represented b) v2 and v3. 

We also see that 
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Thus, there is a set of scalars {f, f, â�� 1} that makes the linear combination of

Â»!, r2 and r3 equal to 0 and i\t v2, v3 are thus linearly dependent.

The basis in (or for) a vector space R is the set {t^, r2} of linearly inde-

pendent vectors spanning the vector space R. From our definition of vector

space we see that every vector in Ð� is a linear combination of i\, v2.

We define the dimension of the vector space R as the maximum number

of linearly independent vectors in R. In our present case, the maximum

number is 2. Thus, we have a two-dimensional vector space.

In general, if we select p linearly independent vectors we can form a

/7-dimensionaI vector space Rp, and the/Â» vectors that were selected will be a

basis for Rv.

From a geometrical standpoint, what we are doing is selecting a coordinate

system. If the basis is finite, we have a finite-dimensional vector space.

It should be noted in passing, that a space may be spanned by infinitely

many vectors. For example, a three-dimensional vector space could be

spanned by infinitely many vectors, but only three of them are linearly

independent, and all the other vectors spanning the vector space can be shown

as a linear combination of the three linearly independent vectors.

10.5 A matrix

An ordered set of numbers {alt Ð°2, ... , Ð°â��} from a field F was called a

vector of order n. What if we now have an ordered set of vectors? This

leads us to the concept of a matrix.

Let us have an ordered set of three vectors of order 3.

v2 = {Ð²2i, a22. Ð°tÐ�}

v3 = {a3i, Â«32. Ð°Â»}

Then, we define a matrix A as

''au al2 al3

a2i fl22 Â°23

_aai Ð°32 Ð°33_

Each row of the matrix is a vector. We may also define a matrix independently

as a square array of numbers, but shall define it in connection with the idea

of vectors.

We will now tie the idea of a matrix in with a vector space and also with

an Euclidean space. The concept of a matrix does not confine itself to an

Euclidean space but, for our purposes, it will be sufficient to limit ourselves

to this special case.
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Thus, there is a set of scalars {t, f, -1} that makes the linear combination of 
v1, v2 and v3 equal to 0 and v1, v2, v3 are thus linearly dependent. 

The basis in (or for) a vector space R is the set { v1, v2} of linearly inde
pendent vectors spanning the vector space R. From our definition of vector 
space we see that every vector in R is a linear combination of v1, v2• 

We define the dimension of the vector space R as the maximum number 
of linearly independent vectors in R. In our present case, the maximum 
number is 2. Thus, we have a two-dimensional vector space. 

In general, if we select p linearly independent vectors we can form a 
p-dimensional vector space R~, and the p vectors that were selected will be a 
basis for RfJ. 

From a geometrical standpoint, what we are doing is selecting a coordinate 
system. If the basis is finite, we have a finite-dimensional vector space. 

It should be noted in passing, that a space may be spanned by infinitely 
many. :vectors. For example, a three-dimensional vector space could be 
spanned by infinitely many vectors, but only three of them are linearly 
independent, and all the other vectors spanning the vector space can be shown 
as a linear combination of the three linearly independent vectors. 

10.5 A matrix 

An ordered set of numbers {a1, a2, ••• , an} from a field F was called a 
vector of order n. What if we now have an ordered set of vectors? This 
leads us to the concept of a matrix. 

Let us have an ordered set of three vectors of order 3. 

Then, we define a matrix A as 

Each row of the matrix is a vector. We may also define a matrix independently 
as a square array of numbers, but shall define it in connection with the idea 
of vectors. 

We will now tie the idea of a matrix in with a vector space and also with 
an Euclidean space. The concept of a matrix does not confine itself to an 
Euclidean space but, for our purposes, it will be sufficient to limit ourselves 
to this special case. 
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OE3 =

Consider a three-dimensional Euclidean space as in Figure 10-17. Let

EI, Ð�2, Ð�3 be the unit points on the three axes. Then the three unit vectors

Ð�Ð�^ Ð�Ð�2, OE3 are shown as

.4 = {1.0,0}

r2 = {0, 1,0}

^3 = {0,0,1}

and the vector OP, for example, would

be

This three-dimensional Euclidean

space is a vector space spanned by i\t

v2, v3 and the three vectors form a basis

for this vector space because they are

linearly independent.

It should also be noted that, for example, ki\, v2, v3, where Â£ is a number

from the field F, is also a basis because the three vectors are linearly inde-

pendent. It will also turn out later that all these various bases can be reduced

to one unique basis.

Thus, the three-unit vectors we have picked are the simplest ones we can

find in the vector space. Furthermore, we also know that all vectors in this

vector space are a linear combination of these three vectors.

We now write the above vector space in matrix notation as

Fig. 10-17

A =

1 0 0

0 1 0

0 0 1

Then, when we are confining our attention to Euclidean space, we can inter-

pret A as indicating the coordinate system in its simplest form.

Let us now reverse the process and see what happens. If we have a matrix

B, so that

D - -

l3

a2i

we would like to see if we can do the following:

1. Reduce B by some kind of an operation to a form similar to the

matrix A.

2. Then, we would have a set of ordered vectors that are linearly inde-

pendent in its simplest form.
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Consider a three-dimensional Euclidean space as in Figure 10-17. Let 
£ 1, £ 2, £ 3 be the unit points on the three axes. Then the three unit vectors 
0£1, 0£2, 0£3 are shown as 

0£1 == v~ == {1, 0, 0} 

0£2 == v; == {0, 1, 0} 

0£3 == v~ == { 0, 0, 1} 

and the vector OP, for example, would 
be 

OP == v~ + v~ + v~ == {I, I, I} 

This three-dimensional Euclidean 
space is a vector space spanned by v1, 

v2, v3 and the three vectors form a basis 
for this vector space because they are 
linearly independent. 

£2 

' 
' 

0 ...... / 
', ' ' / ', I , 

---------'-'v' 

Fig. to-17 

£, 

It should also be noted that, for example, kv1, v2, v3, where k is a number 
from the field F, is also a basis because the three vectors are linearly inde
pendent. It will also turn out later that all these various bases can be reduced 
to one unique basis. 

Thus, the three-unit vectors we have picked are the simplest ones we can 
find in the vector space. Furthermore, we also know that all vectors in this 
vector space are a linear combination of these three vectors. 

We now write the above vector space in matrix notation as 

[v~] [1 0 OJ A == v~ == 0 1 0 
v~ 0 0 1 

Then, when we are confining our attention to Euclidean space, we can inter
pret A as indicating the coordinate system in its simplest form. 

Let us now reverse the process and see what happens. If we have a matrix 
B, so that 

we would like to see if we can do the following: 

1. Reduce B by some kind of an operation to a form similar to the 
matrix A. 

2. Then, we would have a set of ordered vectors that are linearly inde
pendent in its simplest form. 



VECTORS AND MATRICES

SEC. 10.5

3. Then, we could interpret the resulting simplified matrix as giving us a

set of vectors that span a vector space and that are also the basis of

that vector space. The number of linearly independent vectors would

give us the dimension of the space which is also the order of the basis.

It turns out that we can do this. Let us now take up the operations for this

process.

10.6 Elementary operations

By elementary operations on rows of a matrix we will mean the following:

1. The interchange of two rows in a matrix,

2. The multiplication of any row by a non-zero number from F (i.e.,

a scalar),

3. The addition to one row of k times another row, where k is in F.

For example, assume a matrix A where we have three linearly independent

row vectors as follows

1 43"

A= 3-31

-1 1 2_

Let us perform elementary row operations on this matrix and see if it can be

reduced to the simple form where we have Ð� s in the diagonal and zero else-

where. Let us first interchange row 2 and row 3. Thus,

1 4 3

-1 1 2

L 3 -3 U

Next, let us multiply the third row by 3 and subtract from the first, then

multiply third row by 2 and subtract from the second. Then,

-8 13 0

-7 70

3 3 1

Divide the second row by 7 and then perform operations so that all elements

in the second column will become zero except the diagonal element in row

two which will be 1. Then, do similar operations for the first row. The result

will be

"1 0 0~

A' = 0 I 0

(1 0

250
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3. Then, we could interpret the resulting simplified matrix as giving us a 
set of vectors that span a vector space and that are also the basis of 
that vector space. The number of linearly independent vectors would 
give us the dimension of the space which is also the order of the basis. 

It turns out that we can do this. Let us now take up the operations for this 
process. 

10.6 Elementary operations 

By elementary operations on rows of a matrix we will mean the following: 

I. The interchange of two rows in a matrix, 
2. The multiplication of any row by a non-zero number from F (i.e., 

a scalar), 
3. The addition to one row of k times another row, where k is in F. 

For example, assume a matrix A where we have three linearly independent 
row vectors as follows 

A== [ ~ 
-1 

4 3] 
-3 I 

1 2 

Let us perform elementary row operations on this matrix and see if it can be 
reduced to the simple form where we have rs in the diagonal and zero else
where. Let us first interchange row 2 and row 3. Thus, 

4 3] 1 ., 

~3 ; 

Next, let us multiply the third row by 3 and subtract fro1n the first, then 
multiply third row by 2 and subtract from the second. Then, 

[

-8 
A2 = ~~ 

13 OJ 
----~ ~ 

Divide the second row by 7 and then perform operations so that all elements 
in the second column will become zero except the diagonal elen1ent in row 
two which will be I. Then, do similar operations for the first row. The result 
will be 

A'::....:: [~ ~ ~l 
0 () J_. 
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On the other hand, assume a matrix of three row vectors that are not

linearly independent as follows

"143"

Then, when we perform the elementary operations we get

000"

A' = 110

.-1 0 1.

In general, given a square matrix (i.e., a matrix where the number of rows

and columns are equal), we can reduce it to the following form:

1. Every element above the main diagonal that runs from the upper left

hand corner to the lower right hand corner is zero.

2. Every element in the main diagonal is zero or 1.

3. If the diagonal element is zero, the entire row is zero.

4. If the diagonal element is 1, every element below it is zero.

When a matrix is reduced to such a form, it is called the Hermite canonical

form or simply the Hermite form. The above two matrices have been reduced

to their Hermite form.

What does this tell us? Looking at the second matrix reduced to its

Hermite form, we see that the first row is all zeros. In terms of a vector space

or a coordinate system, this matrix shows that instead of a three-dimensional

coordinate system, we have a two-dimensional one. The second and third

rows are linearly independent and give the dimension of this vector spaces.

In terms of basis, we have a basis of order 2.

From the first matrix reduced to its Hermite form, we see that we have a

three-dimensional coordinate system, or

we can say three linearly independent

vectors, or a basis of order 3.

The rank of a matrix is defined as the

number of non-zero vectors in its Her-

mite form; i.e., the number of linearly

independent row vectors in the matrix.

Thus, the rank of a matrix shows the

dimension of the coordinate system, or

the order of the basis for the vector

space.

Consider the following three-dimen-

sional figure (Figure 10-18) to better FÂ¡ 1O-ig

understand these ideas.

A matrix was a collection of vectors. Let there be three vectors vlt v2, v3
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On the other hand, assume a matrix of three row vectors that are not 
linearly independent as follows 

A == [ ~ ~ ~] 
-1 1 2 

Then, when we perform the elementary operations we get 

A'=[_! ! ~] 
Jn general, given a square matrix (i.e., a matrix where the number of rows 

and columns are equal), we can reduce it to the following form: 

1. Every element above the main diagonal that runs from the upper left 
hand corner to the lower right hand corner is zero. 

2. Every element in the main diagonal is zero or I. 
3. Jf the diagonal element is zero, the entire row is zero. 
4. If the diagonal element is I, every element below it is zero. 

When a matrix is reduced to such a form, it is called the Hermite canonical 
form or simply the Herntite jor1n. The above two matrices have been reduced 
to their Hermite form. 

What does this tell us? Looking at the second matrix reduced to its 
Hermite form, we see that the first row is all zeros. In terms of a vector space 
or a coordinate system, this matrix shows that instead of a three-dimensional 
coordinate system, we have a two-dimensional one. The second and third 
rows are linearly independent and give the dimension of this vector spaces. 
In terms of basis, we have a basis of order 2. 

From the first matrix reduced to its Hermite form, we see that we have a 
three-dimensional coordinate system, or 
we can say three linearly independent x3 

vectors, or a basis of order 3. 
The rank of a matrix is defined as the 

number of non-zero vectors in its Her
mite form; i.e., the number of linearly 
independent row vectors in the matrix. 
Thus, the rank of a matrix shows the 
dimension of the coordinate system, or 
the order of the basis for the vector 
space. 

Consider the following three-dimen
sional figure (Figure I 0-18) to better 
understand these ideas. 

Fig. to-ts 

A matrix was a collection of vectors. Let there be three vectors v1, l-'2, v3 



SEC. 10.6

VECTORS AND MATRICES

as in Figure 10-18. If, for example, v3 should be on the (Xlt XÂ¿ plane as

shown by the dotted line, instead of on the i^-axis, then the three vectors

would not be linearly independent, but linearly dependent, and in this case

v3 could be shown as a linear combination of l\ and v2.

= v

Then, the basis is of order 2. In terms of the Hermite form, one of the rows

would be all zero. In terms of our graph, we can find k1 and k2 where

/^2 Ð¤ 0 such that v3 â�� 0, and the vector space would be a two-dimensional

plane. The rank of the matrix is 2.

A question naturally arises : When we have a matrix A and by elementary

operations reduce it to its Hermite form B, will A and B have the same rank?

The answer is yes, elementary operations do not change the rank of a matrix.*

Furthermore it can be shown that the Hermite form is unique, t This means

that there is only one basis and implies that if we have a vector space or

coordinate system spanned by a set of vectors, we can put this set of vectors

in matrix form and then reduce it to its Hermite form. The set of vectors in

this Hermite form span the vector space and are linearly independent and all

other vectors in the vector space can be found as a linear combination of these

linearly independent vectors.

To put it another way, a matrix will have just one Hermite form, but

many matrices may have this Hermite form.

So far, by elementary operations, we have meant operations on rows. Can

we perform elementary operations on columns ? If so, what will the results

be? We can perform column operations and shall obtain the Hermite form

due to the column operations. This Hermite form will be the transpose

(see 10.7) of the Hermite form obtained from row operations. By replacing

the word row in the rules for elementary operations we get elementary column

operations. Let us illustrate with our previous example.

A =

1 4 3

3 -3 1

-1 1 2

Multiply the first column by 4 and subtract it from the second column, and

then multiply the first column by 3 and subtract it from the third column.

We get

1 0 0"

Al= 3 -15 -8

--1 5 5.

252

* For proof, see MacDuflee (1949), pp. 31-32.

t See MacDuffee (1949), pp. 37-38.
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as in Figure 10-18. If, for example, v3 should be on the (X1, X2) plane as 
shown by the dotted line, instead of on the X 3-axis, then the three vectors 
would not be linearly independent, but linearly dependent, and in this case 
v3 could be shown as a linear combination of v1 and v2. 

Then, the basis is of order 2. In terms of the Hermite form, one of the rows 
would be all zero. In terms of our graph, we can find k1 and k2 where 
k1k2 =I= 0 such that v3 = 0, and the vector space would be a two-dimensional 
plane. The rank of the matrix is 2. 

A question naturally arises: When we have a matrix A and by elementary 
operations reduce it to its Hermite form B, will A and B have the same rank? 
The answer is yes, elementary operations do not change the rank of a matrix.* 
Furthermore it can be shown that the Hermite form is unique. t This means 
that there is only one basis and implies that if we have a vector space or 
coordinate system spanned by a set of vectors, we can put this set of vectors 
in matrix form and then reduce it to its Hermite form. The set of vectors in 
this Hermite form span the vector space and are linearly independent and all 
other vectors in the vector space can be found as a linear combination of these 
linearly independent vectors. 

To put it another way, a matrix will have just one Hermite form, but 
many matrices may have this Hermite form. 

So far, by elementary operations, we have meant operations on rows. Can 
we perform elementary operations on columns? If so, what will the results 
be? We can perform column operations and shall obtain the Hermite form 
due to the column operations. This Hermite form will be the transpose 
(see 10.7) of the Hermite form obtained from row operations. By replacing 
the word row in the rules for elementary operations we get elementary column 
operations. Let us illustrate with our previous example. 

A= [ ~ 
-1 

4 3] -3 1 
1 2 

Multiply the first column by 4 and subtract it from the second column, and 
then multiply the first column by 3 and subtract it from the third column. 
We get 

• For proof, see MacDuffee (1949), pp. 31-32. 
t See MacDuffee (1949), pp. 37-38. 
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Continuing in this manner, we will finally get

A' =

1 0 0

0 1 0

0 0 1

In this case the Hermite form obtained from elementary row operations and

elementary column operations are the same.

Elementary operations in subsequent discussions will mean row opera-

tions.

Problems

1. Given

Â»i=(3,t, -D,

= (1,0,0)

(a) Find (,l + v2.

(b) Find 3l>! + 2Ð£2.

(c) Show that i\t v2, v3 are linearly independent.

(d) Find klt k2, k3 so that

2. Let F be a rational field. Find a basis for the vector space spanned by

o, = (3, i , 2,5), *={-!, | -, -2, 3) v3 = (2, 2, 0, 8), vt = (5, f , 2, 1 3)

3. Determine the rank of the vector space spanned by

Â»,=(1, -3,3,4), Ð³, =(0,2,1, -3)

v3 =(1,1,4, 1), Â»4 =(3, -5,8,9)

4. Show that by means of elementary operations, A can be carried into Av

5. Show that A and Al have the same row vector space.

A =

10 -13 1 7

2 31-1

2-40 2

A, =

10.7 Matrix algebra

In high school we learned various rules of manipulating numbers, solving

equations and so forth, and called it algebra. What we wish to do now is to

set up a system of rules that can be applied to matrices. We shall call this,

non-rigorously, matrix algebra. To be mathematically rigorous it would be

necessary to begin with a system called a ring. But, for our purposes, we will
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Continuing in this manner, we will finally get 

[
1 0 OJ 

A' == 0 1 0 
0 0 1 

In this case the Hermite form obtained from elementary row operations and 
elementary column operations are the same. 

Elementary operations in subsequent discussions will mean row opera .. 
tions. 

Problems 
1. Given 

v1 = (3, }, -1), va = (1, 0, 0) 

(a) Find v1 + v2• 

(b) Find 3v1 + 2v2• 

(c) Show that v1, v2, v3 are linearly independent. 
(d) Find ki, k2, k3 so that 

k1vi + k2v2 + kava = (1-l-, --J, -2) 

2. Let F be a rational field. Find a basis for the vector space spanned by 
v1 = (3, l, 2, 5), v2 = ( -1, ~-, -2, 3) va = (2, 2, 0, 8), v4 = (5, f, 2, 13) 

3. Determine the rank of the vector space spanned by 

VI = (1, -3, 3, 4), 

v3 = (1, 1, 4, 1), 

v2 = (0, 2, 1, -3) 

V4 = (3, -5, 8, 9) 

4. Show that by means of elementary operations, A can be carried into AI. 

A=[~ 
I -4] [I 0 OJ -1 3 , At= 0 1 0 
0 1 0 0 1 

S. Show that A and At have the same row vector space. 

[0 -13 1 

-rJ AI=[: 
0 0 

~] A= ~ 3 1 1 1 
-4 0 -2 0 

10.7-Matrix algebra 

In high school we learned various rules of manipulating numbers, solving 
equations and so forth, and called it algebra. What we wish to do now is to 
set up a system of rules that can be applied to matrices. We shall call this, 
non-rigorously, matrix algebra. To be mathematically rigorous it would be 
necessary to begin with a systen1 called a ring. But, for our purposes, we will 
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skip such a discussion and simply illustrate the workings of the various

operations.*

1. Addition. Let

Ð°1 + Ã�i u Ñ� Ñ�Ð¸ <i12 + Â¿Ð¸

Then, we define,

A+B=l ,a

LÐ°2 + PZJ

A H B = B +

2. Scalar multiplication

= Ð�*Â«Ð¿

L/ca

J2i

Also,

kA = Ak

3. Product. The rule concerning the product of two matrices is different

from that of ordinary algebra. We need to distinguish between pre-multi-

plying and post-multiplying as shown below. Pre-multiplying vector B by

matrix A, or post-multiplying matrix A by vector B is

AB

_ [Â«u Â«iÂ«irÐ¬i] _ pu bi + Â«Ð¸ ft2!

lan Ð²22J lb.,] Ia2l /i! ; a22 ft2J

Post-multiplying vector B by matrix A, or pre-multiplying matrix A by

vector B is

B'A ~ [fci Ð¬2] Â°n Ð°

La2l Â°2Z

Note that AB ^ B'A. The product of two matrices A and B is

l- "1 Ð�" ""l l~ ."

_ I Â«u al2 bn /i,2 an bu Ð³ Â«Ð¸ bn Â«u Ð¬12 + a

Ð� D â�� I,, i I l

[_Â£?21 Ã�22J L"2l O22J LÂ«2l "1 1 Ð¢ "â�¢'â�¢, "21 "'i1 ^12 T" Â«

-\Ã�a b]

where

r -- row --1,2

Ã = column --= 1,2

0,2

Also,

* Sec Birkoff und MucLanc (1953). for discussion of rings and groups.
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skip such a discussion and simply illustrate the workings of the various 
operations.* 

1. Addition. Let 

Also, 
A -t- B == B -1- A 

2. Scalar lnultijJ/ication 

Also, 
kA == Ak 

3. Product. The rule concerning the product of two matrices is different 
from that of ordinary algebra. We need to distinguish between pre-multi
plying and post-multiplying as shown below. Pre-multiplying vector B by 
matrix A, or post-multiplying matrix A by vector B is 

AB =-...:..: [all a12] [bt] [an b1 -1- al2 b2] 
a2t a22 h2 -- 021 ht -~-- £122 h2 

Post-multiplying vector B by matrix A, or pre-multiplying matrix A by 
vector B is 

==-= [ h1 all + b2 a21 ht 012 -r- b2 a22J 

Note that AB =ft B'A. The product of two 1natrices A and B is 

[
all a12] [bn b12] [au hu +- "12 b:n . all b12 + at2 b22] 

A 
8 

= 021 a22 h21 b22 - U21 h 11 ,_ ''2:! b2I ·· £l21 b12 + a22 b22 

where 
r -=- row I, 2 

s -:::-: colun1n : L 2 

• St..'C BirkofT and Mac lane ( 1953). for discus:-.ion ,,r rings and groups. 
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Also note that AB Ð¤ BA.

ll ll 21 12 12 11 2

ll Â¿21 + Â«21 Â¿22 Â«12 Ð¬21 + Ð¯2

where

r-1,2

s = 1,2

2 + 9 -

+ 6

-4 + 0] [11 -4]

-2 + Oj ~ L 7 -2J

â��[2-2 3 -fl.ro -

" [Ð± + 0 9 + Oj [Ð± 9

A condition necessary to be able to multiply two matrices is that the

number of columns in the first matrix must be equal to the number of rows

in the second matrix. For example, if

A is 4 x 3, i.e., 4 rows, 3 columns.

,Ã�is 3 x 2, i.e., 3 rows, 2 columns.

A and B can be multiplied, with the result that

A â�¢ B is 4 x 2

i.e., 4 rows, 2 columns. In general, when matrix A is m x n, B is Ð¸ X p,

then A â�¢ B is m x p.

4. Zero matrix

' Lo

Thus, we have

A + 0 = A, and 0 + A = A

QA = 0, and A0 = 0

SEC. 10.7 VECTORS AND MATRICES 

Also note that AB =1=- BA. 

where 

Example. 

BA = [b11 b12] [all a12] 
b21 b22 a~n G22 

=== [all btl + a21 b12 al2 b11 + a22 b12] 
all b21 + a2t b22 al2 b21 + a22 h22 

r = I, 2 

s = 1, 2 

AB = [~ ;]U ~2] 
=== [2 + 9 -4 +OJ === [11 -4] 

1 + 6 -2 + 0 7 -2 

BA = c ~2][~ ;] 
= [~ + ~ ~ + ~] = [~ -!] 

AB I=- BA 

255 

A condition necessary to be able to multiply two matrices is that the 
number of columns in the first matrix must be equal to the number of rows 
in the second matrix. For example .. if 

A is 4 X 3, 

B is 3 X 2, 

i.e., 4 rows, 3 columns. 

i.e., 3 rows, 2 columns. 

A and B can be multiplied, with the result that 

A · B is 4 >~ 2 

i.e., 4 rows, 2 columns. In general, when matrix A is m x n, B is n x p, 
then A · B is 1n x p. 

4. Zero matrix 

Thus, we have 
A+ 0 ==A, and 0 +A ==A 

OA == 0, and AO == 0 
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5. Identity (unit) matrix ... In

el

1

0

0 .

1 .

. 0

. 0

:

=

_en_

_0

0

1_

This is also expressed as

= (ar,)

n rows and columns

or, = 1 for r = s

Ð´â�� = 0 for Ð³ Ð¤ s

where 0ri is called Kronecker^s delta. The el are the unit vectors and /â��

shows the coordinate system, i.e., the vector space in its simplest form.

Then, we have

6. Transpose

IA = A, and AI = A

AÑ� =

i.e., row and columns have been interchanged. The AT is the transpose of A.

We also have (A + Ð²)T = ^ + Ð²T

(AB)T = BT-AT

(ABC)T = CT- BT- AT etc.

Instead of a superscript T, a prime is sometimes used to indicate the transpose

of A, i.e., A'.

7. Multiplication is associative

A(BC) = (AB)C

8. Inverse matrix

When A-1 A = /, A~l is called the inverse of A and when such a relation

holds, A is called non-singular. Also,

(AB)-1 = B-1A->

We shall discuss inverse matrices again in section 11.

Problems

1. Compute the indicated operation.

(a)

(b)

[; 5] , [; -i

256

(c) 3 x
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5. Identity (unit) matrix ... In 

J n = [:

1 

= [ ~ ~ ~l' n rows and columns 

E'n _ 0 0 1 

This is also expressed as 
~rs = I for r = s 
~rtf = 0 for r #- s 

where c5rs is called Krg1_1_ec_ker's__ del(q. The E'i are the unit vectors and In 
shows the coordinate system, i.e., the vector space in its simplest form. 
Then, we have 

6. Transpose 
/A = A, and AI = A 

AT = [a11 a21] 
a12 a22 

i.e., row and columns have been interchanged. The AT is the transpose of A. 
We also have 

(AB)T = BT. A71 

(ABC)T = cT . BT . AT etc. 

Instead of a superscript T, a prime is sometimes used to indicate the transpose 
of A, i.e., A'. 

7. Multiplication is associative 

A(BC) = (AB)C 
8. Inverse matrix 

When A-1 A = I, A-1 is called the inverse of A and when such a relation 
holds, A is called non-singular. Also, 

(AB)-1 = B-1A-1 

We shall discuss inverse matrices again in section 11. 

Problems 

1. Compute the indicated operation. 

(a) [; ~] + [~ -~J 

(b) [~ -~J + [ -~ ~] 

(c) 3 x [ ~ ~ J 
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2.

M

Ð¡

Ã� 3]

Ð� 41

Â»

Ð�

Ð¯

Ð�-

Ã�]

(g)

Ð�

4

]Ð�

Ñ�

(h)

"2

5

Ð±

3

6

7

4

7

8.

"6

2

1

7

3

2

8

4

3.

Ð�

4

5

2"

7_

"6

2

1

7

3

2

8"

4

3.

(i) [3

4

2]

"6

2

1

7

3

2

8"

4

3_

(j)

"2

4

3

5

4

6

"1

0

0

1

0"

0

Ð±

7

8_

0

0

1.

"1

0

0"

"2

3

4"

0

1

0

4

5

6

0

0

.Ð²

1

_6

3.

7

8

Ð� Ð�

A

Find

(a) ,

(Ñ�)(Ð�

(e) (

47

/t

+ Ð¯)Ð�.

Bf.

=

(Ð¬)

(d)

(0

BÑ�.

AÑ� +

BÐ¢AÐ¢.

BÑ�.

/3.

A =

Ð²Ð°

(b)

Find

(a)

Â¡ 4. Prove

- (/4Ã�C)r = CTBTAT

(Hint: (/ISC)7' = {Ð�(Ð�7)}Ð�.

Using the matrices in problem 3, check your proof numerically.

5.

2 6 24

6 12 36

24 36 48

L-/

2 -i

5 Ã�

= ?

4 ' 24-
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(d) [~ ~] [~] 
[2 3] [~ -~J 

(e) [~ ~] [~ -~J 
(f) [~ -~J [~ ~] 
(~ [! 3 

~] [: 
7 

~J 6 3 
7 2 

(h) [! 4 ~] 
[: 

7 

~] 5 3 
2 

(i) [3 4 2] 

[: 
7 

~] 3 
2 

(j) 

[! 
3 

:J [~ 
0 

~] 5 1 
7 0 

[~ 
0 

~] [! 
3 

:J 1 5 
0 7 

2. A=[~ ~] B = [; !] 
Find 
(a) AT. (b) BT. 
(c) (A + B)1'. (d) AT+ BT. 
(e) (AB)T. (f) BT AT. 

v 3. A= D ~] B = [~ ~] c = [: i] 
Find 
(a) A(BC). (b) (AB)C. 

4. Prove 

/ s. 

. (ABC)T = CT BT AT 
(Hint: (ABC)T = {A(BC)}T. 
Using the matrices in problem 3, check your proof numerically. 

[ 
~ 1~ ~:] X [-; -~ -i] = ? 

24 36 48 -! ! -l4 

257 
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10.8 Equivalence

A matrix obtained from an identity matrix / by elementary operations is

called an elementary (elementary transformation) matrix. The first elementary

row operation was the interchange of two rows. Let

LO i

Interchange row 1 and 2. Then,

Â£

- Ð�Â° '1

1 - U Oj

This is an elementary matrix. Now consider a matrix A

-Ð² Ð°

Then ElA is the same as applying the elementary operation of interchanging

the first and second row of A

Note that we pre-multiply A by Â£l. If we post-multiply A by Â£1, i.e., Ð�Â£1,

this will give us the elementary operation of interchanging the first and second

column of A.

The second elementary row operation was multiplication of a row by a

scalar k. Thus, multiply the first row of / by k. Then the elementary matrix

will be

k Ol 3 2l 3fc 2k

That is, E2A gives us the elementary row operation of multiplying the first

row of A by k. If we post-multiply, that will give us the elementary column

operation.

[3 21 pc Ol [3k 21

Ð�Â£2=Ð¬ 4jLo l\-[k 4\

Then,

The third elementary row operation was addition to one row of k times

258 VECTORS AND MATRICES SEC. 10.8 

10.8 Equivalence 

A matrix obtained from an identity matrix I by elementary operations is 
called an elementary (elementary transformation) matrix. The first elementary 
row operation was the interchange of two rows. Let 

I= [~ ~] 
Interchange row 1 and 2. Then, 

E1 = [~ ~] 
This is an elementary matrix. Now consider a matrix A 

A=[~ ~] 
Then E1A is the same as applying the elementary operation of interchanging 
the first and second row of A 

Note that we pre-multiply A by £1. If we post-multiply A by £ 1, i.e., A£1, 

this will give us the elementary operation of interchanging the first and second 
column of A. 

AE = [3 2] [0 l] = [2 3] 
1 14 10 41 

The second elementary row operation was multiplication of a row by a 
scalar k. Thus, multiply the first row of I by k. Then the elementary matrix 
will be 

Then, 

That is, E2A gives us the elementary row operation of multiplying the first 
row of A by k. If we post-multiply, that will give us the elementary column 
operation. 

AE == [3 2] [k OJ == [3k 2] 2 14 0 t k 4 

The third elementary row operation was addition to one row of k times 
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another row. Let us multiply the second row of / by k and add it to the first

row. Then, the elementary matrix will be

Then,

Ð�1 fcl

= Lo ij

[j't'T,

3 + k 2 +4k

4 _

Thus, we have performed the third elementary row operation on A. If we

pre-multiply, i.e., AE3, then it will become an elementary column operation.

3 3k + 2

Thus, we shall conclude that elementary operations can be shown by

elementary matrices.

But recall that the Hermite form Ð¯ of a matrix A was obtained by

applying elementary operations. Thus, we can state: If A is a matrix and

H is its Hermite form, there are a finite number of elementary matrices such

that

Furthermore, let us set

Ð�Ð¯-Ð�Ð�-1...Ð�Ð�'-Ð�1 = B

Then we can say that there exists a (non-singular) matrix B such that

B- A = H

Let us define one more term. Two matrices A and B are said to be

equivalent if B can be obtained from A by applying elementary matrices.

Thus, if P and Q are products of elementary matrices and

PAQ = B

then A and B are equivalent. For the moment, we shall confine ourselves

to square matrices.

This idea of equivalence and elementary matrices will be used later.

Problem

From the illustration in Section 10.6, we know that A was reduced to /.

I 4 3"

3 -3 1

1 0 0

0 1 0

0 0 1

-1 1 2

SEC. 10.8 VECTORS AND MATRICES 259 

another row. Let us multiply the second row of I by k and add it to the first 
row. Then, the elementary matrix will be 

Then, 

E3A = [~ ~] [i ~] = [i + k 2 + :k J 
Thus, we have performed the third elementary row operation on A. If we 
pre-multiply, i.e., A£3, then it will become an elementary column operation. 

AE === [3 2] [1 k] == [3 3k + 2] 
3 1 4 0 1 1 k+4 

Thus, we shall conclude that elementary operations can be shown by 
elementary matrices. 

But recall that the Hermite form H of a matrix A was obtained by 
applying elementary operations. Thus, we can state: If A is a matrix and 
H is its Hermite form, there are a finite number of elementary matrices such 
that 

En · l:..,n-1 · · · £2 · E1 • A == H 

Furthermore, let us set 
J 

En . En-1 · · · £2 . £1 == B 

Then we can say that there exists a (non-singular) matrix B such that 

B·A===H 

Let us define one more term. Two matrices A and B are said to be 
equivalent if B can be obtained from A by applying elementary matrices. 
Thus, if P and Q are products of elementary matrices and 

PAQ=B 

then A and B are equivalent. For the moment, we shall confine ourselves 
to square matrices. 

This idea of equivalence and elementary matrices will be used later. 

Problem 

From the illustration in Section I 0.6, we know that A was reduced to I. 
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by elementary row operations. Write out all these elementary operations in

terms of elementary matrices and show that

â�¢E* ' Ek-i... Ð�2- Ð�l- A = I.

10.9 Determinants

We interrupt our discussion of vectors and matrices to introduce the

concept of a determinant. A determinant is a number associated to a square

matrix. For example,

Matrix

Ð� Ð¯

2 3

4 5

3 2

5 5

Determinant

= 2x5-3x4=-2

=3x5-2x5=5

and so forth. Determinants will be denoted by straight lines and matrices

by brackets as we have used in the examples above. As can be seen, a deter-

minant is always square.

Let us now investigate some of the properties of a determinant.

(/) Definition

Consider a 2 x 2 matrix A

A =

The determinant associated to A is

= a,,00, â��

"21

which was obtained by the cross-multiplication of the elements. We note

that this can also be expressed as

"il

where a and Ã� are the numbers 1 and 2, and the sum is over all possible

permutations of 1 and 2. There are 2! = 2 x 1 = 2 permutations of 1 and

2. That is,

(a= !,/3 = 2) and (/3 = 2, a = 1)

If we have a 3 x 3 determinant, then,

12

22

'13

260

"32
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by elementary row operations. Write out all these elementary operations in 
terms of elementary matrices and show that 

Ek · Ek-t ... £ 2 • £ 1 • A = I. 

10.9 Determinants 

We interrupt our discussion of vectors and matrices to introduce the 
concept of a determinant. A determinant is a number associated to a square 
matrix. For example, 

Matrix Determinant 

[~ ;] I~ ; I = 2 X 5 - 3 X 4 = -2 

[; ;] I; ~~=3x5-2x5=5 
and so forth. Determinants will be denoted by straight lines and matrices 
by brackets as we have used in the examples above. As can be seen, a deter
minant is always square. 

Let us now investigate some of the properties of a determinant. 

(i) Definition 

Consider a 2 x 2 matrix A 

A= [:~: ::J 
The determinant associated to A is 

which was obtained by the cross-multiplication of the elements. We note 
that this can also be expressed as 

I all al21 == a1fla21l - alfla2fJ == ! ± alfla21l 
a21 a22 

where ex and fJ are the numbers 1 and 2, and the sum is over all possible 
permutations of I and 2. There are 2! == 2 x 1 == 2 permutations of I and 
2. That is, 

( ct == 1, f3 == 2) and ({J == 2, ex == 1) 

Jf we have a 3 x 3 determinant, then, 

an al2 ala 
a21 a22 a2a == ! ± alfla2/laa., 

aat a32 a33 
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The number of possible permutations of a, Ã� and y are 3 ! = 6. They are

Ã�

Ã�-y ... ap> = l 23

y - Ã� ... Ð¾Ñ�Ñ� Ã� = 132

Ñ� â�� a ... /3 Ñ� a = 2 3 l

= 2 1 3

Ã�O il ,Ñ� j ^

a â�� p ... yap = 312

/3 â�� a ... Ñ� Ã� a = 3 2 l

Thus, the determinant, when written out, will be the six terms

An Ð¸ Ñ� Ð¸ determinant will then be

11 Ð¯Ñ� â�¢.- OÃ

In

Â«21 Â«22

Ð¿1 Ð°â��2 ... Ð°,

where the sum is extended over the Ð¸ ! possible permutations of the Ð¸ terms

(a,/3,...,v).

Now let us investigate how the + and â�� are attached to the Ð¸! terms.

For this we need to discuss odd and even permutations. Consider the

numbers (1, 2, 3, 4) in their natural order. When we interchange 2 and 4, we

have

(1,4,3,2)

An interchange of two numbers such as above without changing the rest of

the numbers, is called a transposition. Thus, we have transposed 2 and 4.

But now several of the numbers after transposition are not in their natural

order. They are (4, 3), (4, 2), and (3, 2). These are called inversions. Hence,

we have three inversions.

If we transpose 1 and 4 of the original numbers we have (4, 2, 3, 1).

Thus, we have (4, 2), (4, 3), (4, 1), (2, 1), (3, 1) as inversions. There are five

inversions.

When there are an even number of inversions, we have even permutations,

and when there are an odd number we have odd permutations,. A systematic

way of calculating the number of inversions is as follows: Consider (1, 2, 3,

4, 5, 6). Let us tranpose 2 and 6. Then,

(1,6,3,4,5,2)
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The number of possible permutations of ~, {J and y are 3! == 6. They are 

(X {P.- y <X{3y==123 
y-{3 <Xy{3==132 

{3 {r- t£ {3y<X==231 
<X-y {3<Xy=213 

y {oc- p y~f1==312 
{3-<X yfJ<X==321 

Thus, the determinant, when written out, will be the six terms 

G11a2~33 - a11a23a32 + a12a23a31 

- a1~21G33 + a13G21a32 - at3a2~3t 

An n X n determinant will then be 

all al2 aln 

a21 a22 a2n 

anl an2 ann 

where the sum is extended over the n! possible permutations of the n terms 
(a., fJ, ... , v). 

Now let us investigate how the + and - are attached to the n! terms. 
For this we need to discuss odd and even permutations. Consider the 
numbers ( 1, 2, 3, 4) in their natural order. When we interchange 2 and 4, we 
have 

(1,4,3,2) 

An interchange of two numbers such as above without changing the rest of 
the numbers, is called a transposition. Thus, we have transposed 2 and 4. 

But now several of the numbers after transposition are not in their natural 
order. They are (4, 3), (4, 2), and (3, 2). These are called inversions. Hence, 
we have three inversions. 

If we transpose 1 and 4 of the original numbers we have ( 4, 2, 3, 1 ). 
Thus, we have (4, 2), (4, 3), (4, 1), (2, I), (3, 1) as inversions. There are five 
0 0 

Inversions. 
When there are an even number of inversions, we have even permutations, 

and when there are an odd number we have odd permutation~. A systernatic 
way of calculating the number of inversions is as follows: Consider (I, 2, 3, 
4, 5, 6). Let us tranpose 2 and 6. Then, 

(1, 6, 3, 4, 5, 2) 
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Let A! , A,, ... , A6 be the number of inversions with respect to 1, 2, ... , 6. Then,

A! = 0

A2 = 0

Ð�Ð� = 1

A4 = 1

A5 = 1

There are no inversions.

There are no inversions.

The 3 and 2 are inverted.

The 4 and 2 are inverted.

The 5 and 2 are inverted.

The 6, and 3, 4, 5, 2 are inverted.

Av = 4

Thus, the total number of inversions are

A = A! + A2 + Ð�3 + A, + A5 + A6

=0+0+1+1+1+4=7

so we have an odd permutation.

Using this notion of odd and even permutations we can complete our

definition of a determinant as follows: An n x n determinant is defined as

2 Â± ai* a2Ã� â�¢ â�¢ â�¢ aâ�¢

where the sum is taken over all possible n\ permutations of (a, Ã� , ..., v)

and when we have an odd permutation the term will have a negative sign,

and when we have an even permutation the term will have a positive sign.

Let us now check this with the examples we have already given. For

a 2 x 2 determinant we have

"u

= I Â± Â«

For the first term we have (a, Ã�) = (I, 2) and thus we have no inversions.

For the second term we have (/3, a) = (2, 1) and thus one inversion, and thus

a negative sign.

For the 3x3 case we have

Â«11 Â«12 Â«13

Â«31 Â«32 Â«33

Â«12Â«23Ð°31

i l t ., ' ' .â�¢ i Ã*T,i "Ñ�* a i oÃ/oi * / â�¢< i Â« ioÃ/.).iiÃ'n

1Â¿ Â¿l ,W ' lo 21 oÂ¿ < â�¢ ' Â¿Â¿ oÃ

(Ð°, Ð�, y) = (1,2,3), A = 0 +

(a, y, /3) = (!, 3,2), A=l

(/3, y, a) = (2, 3,1). A = 2 +

1st term

2nd term

3rd term

262

Check the other terms and note that the signs correspond to the rule.
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Let At, ~' ... , As be the number of inversions with respect to 1, 2, ... , 6. Then, 

A1 = 0 There are no inversions. 

At = 0 There are no inversions. 

As = 1 The 3 and 2 are inverted. 

A4 = 1 The 4 and 2 are inverted. 

A5 = 1 The 5 and 2 are inverted. 

A.e = 4 The 6, and 3, 4, 5, 2 are inverted. 

Thus, the total number of inversions are 

A = At + At + Aa + At~ + As + As 
=0+0+1+1+1+4=7 

so we have an odd permutation. 
Using this notion of odd and even permutations we can complete our 

definition of a determinant as foHows: An n x n determinant is defined as 

I ± alex a2p ..• a,. 

where the sum is taken over all possible n! permutations of (at, {3 , ... , t~) 
and when we have an odd permutation the term will have a negative sign, 
and when we have an even permutation the term will have a positive sign. 

Let us now check this with the examples we have already given. For 
a 2 x 2 determinant we have 

I alt at21 = I ± ala.a2fJ 
a2t a22 

= ata.a2p - a1ptz2a. 

= Q11Q22- Ql~21 

For the first term we have (at, {3) = (I, 2) and thus we have no inversions. 
For the second term we have ({J, ot) = (2, 1) and thus one inversion, and thus 
a negative sign. 

For the 3 x 3 case we have 

1st term 

2nd term 

3rd term 

all a12 ats 

a21 a22 a23 = I ± al«a2/la3y 

aat a32 a33 
= a11a22a33- a11a23aa2 + D12a23aat 

-at2a2taaa + ataa21aa2 - a1aa22aat 

(at, {3, y) = (1, 2, 3), A = 0 + 
(cx,y,tJ)=(l,3,2), A=l 

({J, y, ex) = (2, 3, 1), A = 2 + 
Check the other terms and note that the signs correspond to the rule. 
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(//) Evaluation of a determinant

A 2 x 2 determinant can be evaluated by cross multiplying because the

result we obtain by this cross multiplication satisfies our definition. Thus,

2 3

5 4

= 2x4-3x5=-?

For higher order cases, we can "expand" the determinant to the 2 x 2 case

by use of minors and cofactors which we shall discuss next. But before dis-

cussing these ideas, let us present a convenient cross-multiplication scheme

for a 3 x 3 determinant. This cross-multiplication scheme does not hold

for higher-order determinants.

We can find the 3x3 determinant as follows

Ñ�3

Schematically we have

Example.

1 2 3

233

465

= 1 -3-5 + 2-6-3 +4-3-2

-3-3-4 â��3-6-1 â��5-2-2 = 1

(///) Minors and cofactors

Consider a 3 x 3 determinant

"21

Â«31

'12

'13

"22 Â«23

a32 a33
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(ii) Evaluation of a determinant 

A 2 x 2 detern1inant can be evaluated by cross multiplying because the 
result we obtain by this cross multiplication satisfies our definition. Thus, 

~~ !1=2x4-3x5=-7 

For higher order cases, we can "expand" the determinant to the 2 x 2 case 
by use of minors and cofactors which we shall discuss next. But before dis
cussing these ideas, let us present a convenient cross-multiplication scheme 
for a 3 x 3 determinant. This cross-multiplication scheme does not hold 
for higher-order determinants. 

We can find the 3 x 3 determinant as follows 

al a2 aa 
bi b2 ba == alb2ca + blc2aa + ctbaa2 
cl c2 Ca -aab2cl - bac2al - cabla2 

Schematically we have 

Example. 

11 2 3 

14
2 3 3 ==1·3·5+2·6·3+4·3·2 

6 5 -3 . 3. 4 - 3. 6. 1 - 5. 2. 2 == 1 

(iii) A1inors and cofactors 

Consider a 3 >( 3 determinant 

ali G12 ala 
021 a22 Oz3 

0 31 a32 a33 
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Then, the minor of an is the determinant obtained by deleting the row and

column in which we find an. Thus,

minor of an =

minor of a,Â» =

= Mu1

minor of Ð° =

When the minor is given a sign (+ or â�� ) depending on a rule, it is called a

signed minor or cofactor. The rule is

cofactor of ar, = (-]Ñ�+'\Aâ��\ = Aâ��

where |Ð�â��| = minor of ar,. Thus, the cofactor of au is

Example.

Mul =

3 3

6 5

2 3

4 5

2 3

4 5

1 2 3

233

465

= 15 - 18 = -3

(minor of au)

\1+1

3 3

6 5

= â�� 3 (cofactor of au)

= 10 â�� 12 = â��2 (minor of cr12)

= -(10 - 12) = 2 (cofactor of a12)

Problem

Given

\A\ =

1 2 3

233

465

264

Find cofactors and minors of al3, a32.
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Then, the minor of a11 is the determinant obtained by deleting the row and 
column in which we find a11• Thus, 

minor of all = I a22 a231 = lAlli 
a32 a33 

minor of a22 = I all ala = IA221 
aal a33 

When the minor is given a sign ( + or -) depending on a rule, it is called a 
signed minor or cofactor. The rule is 

cofactor of a,, = ( -l)'+'IA,I = A,, 

where IA,,I = minor of a,,. Thus, the cofactor of a11 is 

An = ( -1)1+1 IAnl = I a22 
a32 

a231 
a33 

Example. 
1 2 3 

IAI = 2 3 3 
4 6 5 

IA111 = I! ~I = 15 - 18 = -3 (minor of a11) 

An = ( -1)1+1 IA111 = ( -1)1+1 I! ~ I = -3 (cofactor of au) 

IA12I = I! ~ I = 10 - 12 = -2 (minor of a1J 

A12 = ( -1)1
+

2 IA12I = -I! ~I= -(10- 12) = 2 (cofactor of a1J 

Given 
Problem 

1 2 3 
IAI = 2 3 3 

4 6 5 

Find cofactors and minors of a13, a32• 
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(iv) Expansion of a determinant

The determinant was defined as

Â«11

Â«n

Â«:Ñ�

Â«1Â«

022

a23

= Z Â± alÂ«a2/ia3y

For a2Ñ�2Ð¾raÐ�Ñ�Ð� determinant there was a simple cross multiplication

scheme that gave us all the terms in S Â± alaa2Ã�a3r But when we have a

4x4 determinant or higher, these simple cross multiplication schemes will

not work. The problem is to find some kind of a computational scheme that

will allow us to expand the higher order determinants to lower order ones;

i.e., a 2 x 2, or 3 x 3, so that they can be computed easily. It turns out that

this can be done by use of signed minors (cofactors).

Let us investigate a 2 x 2 determinant. We find

Ð�1 =

22

a12a21 = anAu

where Au = |o22| Â¡s the cofactor of an, and Al2 = â�� |o2il is the cofactor of

a12. Thus, the determinant \A\ has been expanded by multiplying the elements

of a row by its cofactor and summing the results. A check will show we can

use any row or any column and expand A in the above manner. That is,

\A\ = anAn + a12A12

+ Â«22^2

where the Atl are cofactors.

Let us apply this to a 3 x 3 determinant. Then, letting the Ð�â�� be cofactors

Ð�1 =

al3A

l313

= a

11

â�¢'22

'12

-â�¢31

'23

"'Ð�Ð�

-"13

Thus, this procedure is valid for a 3 x 3 determinant. Note that each

cofactor is a 2 x 2 determinant and is thus made up of two terms. There

are three elements in a row so that there are altogether 3x2 = 6 terms in

the sum. We know that (a/ty) can be permuted in 3 ! = 6 different ways.
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(iv) Expansion of a determinant 

The determinant was defined as 

all al2 ala 

a21 a22 a2a = ! ± alaa2paay 
aat Ga2 aaa 
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For a 2 x 2 or a 3 x 3 determinant there was a simple cross multiplication 
scheme that gave us alJ the terms in ~ ± a12a211a3.,. But when we have a 
4 X 4 determinant or higher, these simple cross multiplication schemes will 
not work. The problem is to find some kind of a computational scheme that 
will allow us to expand the higher order determinants to lower order ones; 
i.e., a 2 x 2, or 3 x 3, so that they can be computed easily. It turns out that 
this can be done by use of signed minors (cofactors). 

Let us investigate a 2 x 2 determinant. We find 

where A11 = la22 l is the cofactor of a 11, and A 12 = -la21 l is the cofactor of 
a12. Thus, the determinant lA I has been expanded by multiplying the elements 
of a row by its cofactor and summing the results. A check will show we can 
use any row or any column and expand A in the above manner. That is, 

IAI = a11A11 + a12A12 
I 

= a21A21 + a22A22 

= a11A11 + a21A21 

= a12A12 + a22A22 
where the A iJ are co factors. 

Let us apply this to a 3 x 3 determinant. Then, letting the Aii be cofactors 

all G12 ala 

IAI = G21 a22 a23 

aal aa2 aaa 

= a11A11 + a12A12 + alaAta 

= all(-1)1
+

1 1Altl + at2(-1)1 +2 1At21 + ata(-1)1+3
1Atal 

a22 a23 a2I 
= all - G12 

a32 aaa aat 

== ! ± al~a2paay 
Thus, this procedure is valid for a 3 x 3 determinant. Note that each 
cofactor is a 2 x 2 determinant and is thus made up of two terms. There 
are three elements in a row so that there are altogether 3 x 2 = 6 terms in 
the sum. We know that (r:J..f3y) can be permuted in 3! == 6 different ways. 
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A check will show that the \A\ can be expanded using any row or column

and its corresponding cofactors.

Furthermore, this procedure is applicable to higher-order determinants.

For a 4 x 4 determinant, we expand it by cofactors that are 3x3, and these

can in turn be expanded by 2 x 2 cofactors. By repetition of this process,

higher order determinants can be reduced to sums of lower-order deter-

minants.

Also note that for the 4 x 4 determinant we first find four 3x3 cofactors.

Each of these cofactors expand to three 2x2 cofactors, and each 2x2

cofactor expands to two 1 x 1 cofactors and we have 4x3x2x1=4!

terms, which is the same as the number of terms obtained by permutating the

four numbers (a, Ã�, Ñ�, Ð¾).

Example.

l 2 4

456

789

= K-D1

5 6

8 9

+ 2(-

Il + 2

4 6

7 9

+ 4(-

Il + 3

4 5

7 8

= (45 - 48) - 2(36 - 42)+ 4(32 - 35) = -3

Problems

1. Expand the above determinant using row 2.

2. Expand it by using row 3.

3. Expand it by using column 1.

4. Find the value of the determinant using the cross-multiplication scheme.

(/i) Properties of a determinant

We will next list several important properties.

1. The interchange of rows and columns leaves the value of the deter-

minant unchanged.

Q. QQ <

! b"Â« /

2. The interchange of two adjacent rows or columns in a determinant

multiplies the value of the determinant by â�� 1.

"l Â«2 Ð�3

bi Ð¬2 Ð¬3

Ñ�l Ñ�2 Ñ�3

= â��

h\ Ð¬2 /)3

Ð°1 e/a Ð°3

cl Ð¡2 Ð¡3

=

/i, Ð¬2 Ð¬Ñ�

Ñ�, Ñ�2 Ñ�3

Â«i Â«2 Ð°3

266
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A check will show that the lA I can be expanded using any row or column 
and its corresponding cofactors. 

Furthermore, this procedure is applicable to higher-order determinants. 
For a 4 x 4 determinant, we expand it by cofactors that are 3 x 3, and these 
can in turn be expanded by 2 x 2 cofactors. By repetition of this process, 
higher order determinants can be reduced to sums of lower-order deter
minants. 

Also note that for the 4 x 4 determinant we first find four 3 x 3 co factors. 
Each of these cofactors expand to three 2 x 2 cofactors, and each 2 x 2 
cofactor expands to two I x I cofactors and we have 4 x 3 x 2 x I = 4! 
terms, which is the same as the number of terms obtained by permutating the 
four numbers (ex, {1, y, t5). 

Example. 

1 2 4 
4 5 6 = aiiAil + a12A12 + ataAta 

7 8 9 

= I (- I )1 + 1 I ~ : I + 2(- I )1 + 21 ~ :I + 4( -1)1+
31 ~ ~I 

= (45- 48)- 2(36- 42)+ 4(32- 35) == -3 

Problems 

1. Expand the above determinant using row 2. 

2. Expand it by using row 3. 

3. Expand it by using column I. 

4. Find the value of the determinant using the cross-multiplication scheme. 

(v) Properties of a determinant 

We will next list several important properties. 
I. The interchange of rows and columns leaves the value of the deter

nlinant unchanged. 

al a2 a3 

bl b2 b3 
CI C2 Ca 

at bl cl 
a2 b2 c2 

a3 b3 c3 

2. The interchange of two adjacent rows or columns in a determinant 
multiplies the value of the determinant by -1. 

al a2 a3 hl b2 b3 h) b2 b3 
bl b2 h3 at (/2 Cl:J (' I ('2 c3 
c 1 c2 c 3 c 1 c 2 (.'3 a I a:! (/3 
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3. If each element in a row or column is multiplied by a factor A the value

of the determinant is also multiplied by A.

<J2 a3

Ð¬2 b3

c2 c3

Ð°.,/. Ð¸.Ð»l.

4. If a determinant has two columns or two rows that are identical or are

multiplies of each other, its value is zero.

Â« Â« a

a3

= 0,

Ð°, Ð°,

Â«3

Ð¬,

= 0

5. The following holds :

2 bt

6. The following holds:

c2

cÐ�

a â�� a

Using the results of property (4) above, and our discussion of signed

minors, we find the following result: Let Ð� be a 3 x 3 determinant and

expand it by its first row

Ð� =

= Â«ll^ll

Let us now replace the first row by a row identical to the second row and

expand the determinant by cofactors. Then we have

21 "22

a,

Â«21 Ð¯22 Â«23

Â«31 Ð¯32 Â«33

But from property (4) above, Ð�i = 0. Thus,

This can be generalized as follows: Let A be an Ð¸ Ñ� Ð¸ determinant. Then,

Ð� = anAn + aiZAi2 + ai3AÂ¡3 + ... + ainAJn

where A,k are the cofactors. If / = j, then Ð� has been expanded by the /th
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3. If each element in a row or column is multiplied by a factor;. the value 
of the determinant is also multiplied by A. 

al a2 as 
A b1 b2 b3 -

a1l a2A a3l 

bl b2 ba 
a1A a 2 a3 

b1A b2 b3 

c1A c2 c3 cl c2 Cs cl c2 Ca 

4. If a determinant has two columns or two rows that are identical or are 
multiplies of each other, its value is zero. 

al a2 aa al a2 as 
b1 b2 b3 == 0, b1 b2 b3 == 0 
al a2 aa a1A a2A a3l 

5. The following holds: 

a 1 b1 c 1 a 1 + Ab1 b1 c 1 

a 2 b2 c 2 - a 2 + Ab2 b2 c 2 

a 3 b3 c 3 a 3 + lb3 b3 c 3 

6. The following holds: 

cl al - ai bl 

c2 + a2 - a; b2 

c3 a:3 -a; b3 

Using the results of property ( 4) above, and our discussion of signed 
minors, we find the following result: Let ~ be a 3 X 3 determinant and 
expand it by its first row 

a11 al2 ala 

~ == a21 a22 a2s == a11A11 + a12A12 + a1sA1s 

aal a32 ass 

Let us now replace the first row by a row identical to the second row and 
expand the determinant by cofactors. Then we have 

a21 a22 a2a 

Ll1 == a21 a22 a23 == a21A11 + a22A12 + a2sA1a 

asl a32 ass 

But from property (4) above., ~1 == 0. Thus, 

~1 == a21A11 + a22A12 + a23A1a == 0 

This can be generalized as follows: Let A be an n x n determinant. Then, 

where A,k are the cofactors. If i == j, then Ll has been expanded by the ith 
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row and its cofactors. If iÐ¤j, then the expansion is equal to zero, i.e.,

Ð� = 0.

Example.

1 2 4

456

789

Ð� = auA

un Ð°12A12 + a13Al3

5 6

8 9

Il + 2

4 6

7 9

Il + 3

= (45 - 48) - 2(36 - 42) + 4(32 - 35) = -3

I1 + 1

5 6

8 9

4 6

7 9

Il + 3

4 5

7 8

4 5

7 8

4(45 _ 48) - 5(36 - 42) + 6(32 - 35)

-12 + 30- 18 = 0

Problems

Ð¡ 1. Evaluate the following determinant first by expanding it and reducing it to

2x2 determinants. Then evaluate it by using the permutation scheme.

235

6 5 1

478

2. Expand and find value of the determinant.

1234

2235

3445

566

3. Evaluate the following determinants.

(a)

(b)

(c)

234

264

6 5 1

1

357

478

4 i

8

6 5 1

235

6 5 1

478

478

2 :

1 5

2Ð� Ð�Ð¯ 5Ð¯

6 5 1

478

, A

235 2Ð� 3 5

651, 6Ð¯ 5 1

478 4Ð¯ 7 8

268
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row and its cofactors. If i =I= j, then the expansion is equal to zero, i.e., 
~=0. 

Example. 
1 2 4 

~ = 4 5 6 

7 8 9 

~ = a11A11 + a12A12 + a1sA1a 

5 6 4 6 4 5 
= 1(-1)1+1 + 2(-1)1+2 + 4(-1)1+3 

8 9 7 9 7 8 

= (45- 48)- 2(36- 42) + 4(32- 35) = -3 

~1 = a21A11 + a22A12 + a23A1s 

5 6 4 6 4 5 
= 4(-1)1+1 + 5(-1)1+2 + 6(-1)1+3 

8 9 7 9 7 8 

= 4(45 - 48) - 5(36- 42) + 6(32 - 35) 

= -12 + 30 - 18 == 0 

Problems 

. 1. Evaluate the fo11owing determinant first by expanding it and reducing it to 
2 x 2 determinants. Then evaluate it by using the permutation scheme. 

2 3 5 
6 5 1 
4 7 8 

2. Expand and find value of the determinant. 

1 2 3 4 
2 2 3 5 
3 4 4 5 
4 5 6 6 

3. Evaluate the following determinants. 

(a) 2 3 4 2 6 4 
6 5 1 ' 3 5 7 
4 7 8 4 1 8 

(b) 6 5 1 6 5 I 
2 3 5 , 4 7 8 
4 7 8 2 3 5 

(c) 2A 3A 5l 2 3 5 
6 5 l 

' 
l 6 5 1 ' 

2l 
6A 

4 7 8 4 7 8 4). 

3 5 
5 I 
7 8 
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(d)

(e)

4.

Ð� =

1 2 3

1 2 3

,

1 2 3

246

446

446

235

2 + 535

6 5 1

478

t

6 + 151

4+878

1 3 5

2 1 4

502

(a) Expand the determinant Ð� by cofactors Au, Al2, A13, using different

rows and check the cases where Ð� becomes zero.

(b) Expand the determinant Ð� by cofactors An, An, A31, using different

columns and check the cases where Ð� becomes zero.

10.10 Inverse matrix

We now return to our discussion of matrices.

(/) Inverse matrix

Let

We wish to find a matrix B such that

AB = I

This matrix B is called the inverse of A and is written /4"1. Thus,

AA~l = I

It is also called the reciprocal matrix. The analogy in algebra is

a x - = Ð° x a~> = 1

a

Let us set

â�¢-[â�¢ '1

LZ wj

Then, if B is the inverse matrix of A, we have

fen Â«12] Ð�* /I [1 0]

U2i a22J LZ wj " [O 1J

1 1 + al2z any + al2wl = fl 0"1

Ð°Ñ�

LO 1J

SEC. 10.10 

'i 4. 

(d) 1 2 3 
1 2 3 
4 4 6 

(e) 2 3 5 
6 5 1 ' 
4 7 8 

1 3 5 
L\ = 2 1 4 

5 0 2 
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1 2 3 
2 4 6 
4 4 6 

2+5 3 5 
6 + 1 5 1 
4+8 7 8 

(a) Expand the determinant ~ by cofactors A11, A12, A13, using different 
ro\vs and check the cases where ~ becomes zero. 

(b) Expand the determinant ~ by cofactors A11, A21, A3h using different 
columns and check the cases where ~ becomes zero. 

10.10 Inverse matrix 

We now return to our discussion of matrices. 

(i) Inverse matrix 

Let 

We wish to find a matrix B such that 

AB= I 

This matrix B is called the inverse of A and is written A-1• Thus, 

AA-1 =I 

It is also called the reciprocal matrix. The analogy in algebra is 

1 
a x - = a x a-1 = 1 

a 
Let us set 

Then, if B is the inverse matrix of A, we have 



VECTORS AND MATRICES

Src. 10.10

Thus, we obtain the following simultaneous equations

/anx + a12z = 1, Â¡auy + al2w - 0,

+ aKw â�� 1

a22z = 0

Using Cramers' rule (see Section 12.4). we find

a.

\

Ð�

a,, 1 |

Ð� ,, Ã� -

x -r"

Â£22

D

Â£Ð¼

2 â�� "' -- â�¢

l D

12

a,, a,

--Â¿0

D

Substituting these values back into B. we find

B = J. Ð� a22 -al-i] _ J

D Lâ�� Ð²Ñ� anJ Â£

where the /Ã�,,- are cofactors. Note that the rows and columns in the last

matrix are transposed. Let us now check to see whether AB â�� I.

D

D

But recall that the determinant Â£> can be expanded by its cofactors and that

when we replace a row by another row and expand, the sum will be zero.

Thus, we find

AB-LD

"

o i

and B is the inverse matrix of A.

Note two things: First, that D Ð¤ 0 is a necessary condition for B to be

an inverse. Second, the order of the cofactors in B were transposed.

Keeping these in mind, let us apply 'them to a 3 x 3 determinant. We

find that

A =

'12 "13

a

a

Â«23

Â«33J

and according to our results from above.

2l

422

AÂ«

270
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Thus, we obtain the folrowing simultaneous equations 

{
a11x + a12z = 1, 
a21x + a22z = 0 {

a.ltY + a12\V ~ 0, 
a21Y -1- D22w = 1 

Using Cramers' rule (see Section 12.4), we find 

rx= :
2 

{y= 
1z=--!! w= 
L D 

a12 
D 

Substituting these values back into B .. we find 

SF.c. 10.10 

"'- -= ~ ,\(\ (A,,' 
~ o u~l 

Z3_- ~ !a,, 1 \ 
\) 1'-... \(l1, v . 

where the Aii are cofactors. Note that the rows and columns in the last 
matrix are transposed. Let us now check to see whether AB = I. 

AB = [a11 a12] . _!_ [A11 A21l 
a21 a22 D A12 A2J 

= .!_ [a11A11 + a12A12 a11A21 -1·· a12A22] 
D a21 all + a22A12 a21A21 -!- a22A22 

But recall that the determinant D can be expanded by its cofactors and that 
when we replace a row by another row and expand, the sum will be zero. 
Thus, we find 

and B is the inverse matrix of A. 

4
' _ Note two things: First, that D =I= 0 is_ a necessary condition for B to be 

an inverse. Second, the order of the co factors in B were transposed. 
Keeping these in mind, let us apply 1them to a 3 x 3 determinant. We 

find that 

and according to our results from above, 
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where the Aii are the cofactors. Thus, when A and B are multiplied, we find

D

0

0

0

D

0

1 0 0

0 1 0

001.

A check will show that the results we have obtained are generaI. So let

us summarize our results as follows: Let \A\ = Ð� be the determinant of A.

Assume Ð� Ð¤ 0. Then the matrix A is said to be non-singular (when Ð� = 0,

it is said to be singular). Let Aa be the cofactor of element aii. Furthermore,

let us denote an element of A~l as a'*. Then, the elements of A~l are

a" =

Noting that [AÑ�] is obtained by transposing [Ali,] we can write the inverse

matrix as

Let us illustrate.

Ð¾Ñ�-i

A =

^12 ^22 3

23

1 2 3"

574

2 l 3

-4x1x1-3x5x2 = -24

The cofactors Ali are, for example,

= 21 -4= 17

7 4

1 3

5 4

2 3

and so forth. Thus, we obtain the matrix of the cofactors

A

= -(15 - 8) = -7

AI

A,

A,

17

-3

-13 11

7 -9

3 3

and the transpose matrix of the cofactors becomes

17 -3 -13"

-7 -3 Ð�

-9 3 -3J
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where the A;; are the cofactors. Thus, when A and Bare multiplied, we find 

AB == _![g 
D 0 

0 
D 
0 

OJ [1 0 OJ 0 == 010 =I 
D 0 0 1 

A check wi1l show that the results we have obtained are general. So let 
us summarize our results as follows: Let IAI = ~ be the determinant of A. 
Assume ~ ::/= 0. Then the matrix A is said to be non-singular (when d = 0, 
it is said to be singular). Let A;; be the cofactor of element ai;· Furthermore, 
let us denote an element of A-1 as aii. Then, the elements of A-1 are 

I· 

.. A ... 
a"==-"'' 

~ 

Noting that [A;i] is obtained by transposing [Aii,] we can write the inverse 
matrix as 

Let us illustrate. 

[
1 2 3] 

A== 5 7 4 
2 1 3 

I 

IAI == ~ = 1 x· 7 x 3 + 5 x 1 x 3 + 2 x 4 x 2 - 3 x 7 x 2 

- 4 X 1 X 1 - 3 X 5 X 2 == -24 

The cofactors Ai; are, for example, 

A11 =(-1)1 +I~~ ~~=21-4=17 

A12 =(-1)1 +2~~ ~~=-(15-8)=-7 
and so forth. Thus, we obtain the matrix of the cofactors 

[
A11 A12 A13J [ 17 -7 -9

3
J 

[AH] = A21 A22 A23 == -3 -3 
A31 A32 A33 -13 11 -3 

and the transpose matrix of the cofactors becomes 

[A 1;] = [~; =; -!iJ 
-9 3 -3 
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The inverse matrix will be

-1

-24

17 -3

-7 -3

-9 3

-13

11

-3

We check this by AA- 1 = /. Thus,

574

2 1 3

-24

17 -3 -13

-7 -3 11

-9 3 -3.

"-24 0 0

0 -24 0

0 0 -24

100

0 1 0

0 0 1

Problem

Work out the above multiplication. Also work out the case for

A'1A = /

(//) Properties of inverse matrices

>* (a) AA-1 = A-1A = /

Let A*A = I. Then, since AA~l = I,

(A* A) A'1 = A-1

A*(AA~l) = A-1

.'. A* = A-1

(AB)-1 = B-lA~l

Because

But

(B~lA-l)AB = B~\A~lA)B =

(AT)- 1 = (Ð�-1)7

'

V (A-1A)T = AT(A'l

(A-1AÐ� = (I)T =

:. AT(A-1)T = /

= /

(Hi) Gauss elimination method

Another method of finding the inverse of a matrix which is sometimes

called the Gauss elimination method or pivotal method will be presented. An

identity matrix is placed along side a matrix A that is to be inverted. Then,

(c)
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The inverse matrix will be 

A- 1 ==!_[A .. ]== _l_ [~~ =i -!~] 
~ 1l - 24 -9 3 -3 

We check this by AA-1 == I. Thus, 

[~ ; !] . (-1
-) [~~ =i -!i] 

2 1 3 - 24 -9 3 -3 

= _1_ [-2~ -2~ ~] = [~ 001 ~1] 
- 24 0 0 -24 0 

Problem 

Work out the above multiplication. Also work out the case for 

A-1A =I 

(ii) Properties of inverse matrices 

~ (a) AA-1 == A-1A = I 

~(b) 

(c) 

Let A* A = I. Then, since AA-1 == I, 

Because 

(A* A)A-1 = A-1 

A *(AA-1) == A-1 

:. A*== A-1 

(B-1A--1)AB == B-1(A-1A)B == B-1B = I 

(AT)-1 == (A-l)T 

(A-lA)T == AT(A-l)T 

But 
(A-1A)1' == (J)T == I 

AT(A-l)T ==I 

:. (A--l)T = (AT)-1 

(iii) Gauss elin1ination method 

Another method of finding the inverse of a matrix which is sometimes 
called the Gauss eli1nination n1ethod or pil'Ota/Jnethod will be presented. An 
identity matrix is placed along side a matrix A that is to be inverted. Then, 
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the same elementary row operations are performed on both matrices until A

has been reduced to an identity matrix. The identity matrix upon which the

elementary row operations have been performed will then become the inverse

matrix we seek. Let us show this process by an example.

Ð�2 3] Ð�1 01

L4 2_]|_0 ij

Change the au = 2 to 1 by dividing the first row by 2 and then perform the

necessary elementary operations so that all the elements below it will become

zero.

1 t1p 01

4 2-1LO lJ

Fi f1Ð� i oÃ

Lo -4-1L-2 lJ

Next let a22 = ~4 become 1 and everything above (and below) it become

zero. Thus,

The inverse is

i Ð¨ 41

Ð� Ð¯[1 4]

- H fl

-1 i -il

Various commutational steps were carried out to show what was being

done. But when we have two rows (Ð¸ rows), we can show the process

schematically in two steps (n steps);

Ð�2 3-1 Ð�1 01

L4 2j[o lJ

Step 1. an â�� 1 and all elements below it are zero,

Ð�1 Ð�Ð� \ ol

LO -4JL-2 iJ

Step 2. a22 = 1 and all elements above (and below) it are zero.

.a

Check:
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the same elementary row operations are performed on both matrices until A 
has been reduced to an identity matrix. The identity matrix upon which the 
elementary row operations have been performed will then become the inverse 
matrix we seek. Let us show this process by an example. 

Change the a11 = 2 to I by dividing the first row by 2 and then perform the 
necessary elementary operations so that all the elements below it will become 
zero. 

[! ;J[~ ~J 
[1 ~J [ t OJ 
0 _; -2 l 

Next let a22 = -4 become 1 and everything above (and below) it become 
zero. Thus, 

[ 1 _;!J [! OJ 
0 ~ t -! 

[ 1 OJ[-! iJ 
0 1 l -! 

The inverse is 

A-1 = [-1 iJ 
! -! 

Various commutational steps were carried out to show what was being 
done. But when we have two rows (n rows), we can show the process 
schematically in two steps (n steps); 

Step 1. a11 = 1 and all elements below it are zero, 

[1 ~J [ t OJ 
0 -4 -2 1 

Step 2. a22 = l and all elements above (and below) it are zero. 

[1 OJ [-t iJ 
0 1 ! -! 

Check: 
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Recall our discussion of equivalence and elementary matrices and notice

that the Gauss elimination method is an application of these ideas. Let us

illustrate this using our example.

G Ð¶ Ð°

Ð² Ð¶ Ñ� -Ð² Ñ�

t-b ' *-'\ '

f1Ð�i fifi oÃ

iJLo u Lo ij

fi -II Ð�1 oÃ [ i oÃ p oiri Ð¾]Ð�2 3]

~Lo iJLo -iJL-4 iJLo iJLo lJL4 2j

-Ð�Ð¯"

-2]

In terms of the scheme we set up, step 1 is a combination of E3 â�¢ E2 â�¢

and step 2 is a combination of (Â£5 â�¢ Et)(E3 â�¢ Â£2 â�¢ Ð�l)

-Ð�

L

~*

-Ã¨

(/y) Inverse of elementary matrices

The first elementary matrix in Section 10.9 was the interchange of rows.

Thus,

Â°
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RecalJ our discussion of equivalence and elementary matrices and notice 
that the Gauss elimination method is an application of these ideas. Let us 
illustrate this using our example. 

Thus, 

= [1 -lJ [1 OJ [ 1 OJ[! OJ [1 OJ [2 3J 
0 1 0 -! -4 1 0 1 0 1 4 2 

= [~ ~J =I 

In terms of the scheme we set up, step I is a combination of £ 3 • £ 2 • £ 1 

and step 2 is a combination of (£5 · £ 4)(£3 · £ 2 · £1) 

E3 • E2 · E1 = [ _! ~J [~ ~J [~ ~J = [ -~ ~J 

(E5 • E4)(E3 • E2 • E1) = [~ -;J [~ -~J [ _; ~J 

= [-! iJ =A-t 
-l -! 

(iv) Inverse o.f elementary matrices 

The first elementary matrix in Section 10.9 was the interchange of rows. 
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That is, the inverse of El is Â£l itself.

The second elementary matrix was the multiplication of a row by a scalar

k.

Â£Â« =

o

But

k 0

- 0

k

_0 1.

Lo L

That is, the inverse of Â£, is obtained by replacing k by l/k.

The third elementary matrix was the addition to a row of k times another

row.

But

Ð�Ð�=[0 Ã�J

Ð�1 kl [l -kl [l 0]

Lo iJLo ij Lo Ã¼

Thus, the inverse is obtained by replacing k by â��k.

We have seen that a matrix A can be reduced to / by elementary matrices.

For example,

Then,

A Jdl ' ' â�¢â�¢( * Ã�'â�¢; * '

But Â£f', E21, Eyl as we saw are also elementary matrices and we may

conclude that a matrix A can be factored into elementary matrices.

Problems

1. Find the inverse of the following matrices. Use the cofactor method, and

the Gauss elimination method. Check that it is non-singular.

(a)

(b)

(c)

A =

A =

A =

"3

1

Ð³

2

0

2

.5

"2

1

-2 3"

2_

1

0 -3

3

4 0_

"5

1

Ð�

0

2

2

_3

1

4.
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But 

£1£1 = [~ ~][~ ~] = [~ ~] 
That is, the inverse of £ 1 is £ 1 itself. 

The second elementary matrix was the multiplication of a row by a scalar 
k. 

E == [k OJ 2 
0 1 

But 

[; ~] [~ ~] = [~ ~] 
That is, the inverse of £ 2 is obtained by replacing k by 1 fk. 

The third elementary matrix was the addition to a row of k times another 
row. 

£ 3 = [~ ~] 
But 

[~ ~][~ -~] = [~ ~] 
Thus, the inverse is obtained by replacing k by - k. 

We have seen that a matrix A can be reduced to I by elementary matrices. 
For example, 

Then, 
A ==E!l·£21·£31·1 

But £1 1, £;; 1, £3~ 1 as we saw are also elementary matrices and we may 
conclude that a matrix A can be factored into elementary matrices. 

Problems 

1. Find the inverse of the following matrices. Use the cofactor method, and 
the Gauss elimination method. Check that it is non-singular. 

(a) 

A=[~ 1 1] 
0 2 
I 2 

(b) 

A=[; -2 3] 
0 -3 
4 0 

(c) [5 I 

i] A= 0 2 
3 1 
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2. Factor the following matrices into elementary matrices.

w "- Ð� Ã®]

(b) A

G a

3. Using the results of Problem 2, find the inverse of the elementary matrices,

and then find the inverse of A.

10.11 Linear and quadratic forms

Before getting into the topic of linear transformations let us define a few

terms. An expression

2 Ð°aÑ�, = 0,1*1 + a,2Ñ�2 + ... + ainxn, i = 1, 2, ... m

i

is called a linear form in the variable x.

2x! + 5x2 â�� x3

An expression

m n

2 2 a

t i

alnxlyn

+ ami*mÑ�i + Â«ma^m^ + â�¢â�¢â�¢ + Ð°mnÑ�myn

is called a bilinear form in Ð»:i and _j^.

- 3x2y2

+ 5*2^! â�� 3x^2 +

+ 0 + x3y2 + 0

A special case of the bilinear form where

Example.

yÂ¡ = xÂ¡ and a,, = Ð°Ñ�
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2. Factor the following matrices into elementary matrices. 

(a) A = [~ ~] 

(b) A = [! !] 
3. Using the results of Problem 2, find the inverse of the elementary matrices, 

and then find the inverse of A. 

10.11 Linear and quadratic forms 

Before getting into the topic of linear transformations Jet us define a few 
terms. An expression 

! ai;X J = ai1X1 + a;2X2 + · · · + ainxn, 
; 

i = 1, 2, ... m 

is called a linear form in the variable x. 

Example. 

An expression 
m n 

! ! a;;XiY; 
i j 

= ! (aitXiYt + ai2XiY2 + ··· + ainxiy") 
i 

= a11X1Yt + a12X1Y2 + · · · + a1nX1Yn 

+ a21X2Y1 + a22X2Y2 + · · · + a2nX2Yn 

+ ... 

is called a bilinear form in xi andY;· 

Example. 

2XtYt + 3XtY2 + Sx2Y1 - 3X2Y2 + XaY2 

= 2x1Y1 + 3xtY2 + OxtYa 

+ 5x2Yt - 3x2y2 + Ox2Ya 

+ 0 + x3y2 + 0 

A special case of the bilinear form where 

V· == x. and 
"' J 1 
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is called a quadratic form in xi and is expressed as (for n = 3)

n n

aa â�¢ xixi = anxl + ^2*1*2 + Â«13*1x3

i "21 21 ". 22 2 "T" "23 23

+ Â«31x3*1 + Â«32x3*2 + Â«33*3

â��â�� Â« ii JX-. ":" Â«22.^2 "T* 33^3 "T" â�¢^^*12"1^2 t" 13 13

(Â«12 = Â«2i. Â«13 = Â«31. Â«23 = Â«32)

Examples.

(D

Let

+

an = a, al2 = an = b, a22 = c,

xl y i x, x2 yt y

Then the expression becomes

axx + bxy + bxy + cyy = ax2 + 2bxy + cy2

which is a quadratic form.

(2) 2Ð»:2 + 4xy + 3/

= 2Ð»:x + 2xy

+ 2xy + 3j7

where

fl!2 = Â°21 = 2, Â«22 =

If we use matrix notation and let

Â«11 Â«12 â�¢â�¢â�¢ Â«lr,

... a.

and

y=

X =
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is called a quadratic form in xi and is expressed as (for n = 3) 

n n 

! ! aii. xixJ = allx~ + al2xlx2 + alaxtxa 
i i 

+ a 21x 2x 1 + a 22x: + a 23x 2x3 
2 + a 31x 3x 1 + a 32x 3x 2 + a 33xa 

277 

= a11x~ + a 22x: + a33x~ + 2a12x 1x 2 + 2a13x1x 3 + 2a23x 2x3 

(al2 = a21' ala = aat' a23 = aa2) 
Examples. 

(I) 

Let 
all =a, 

a11XtY1 + a12XtY1 

+ a21X2Y1 + a22aX2Y2 

al2 = a21 = b, 

X1 == Y1 = x, 

Then the expression becomes 

axx + bxy + bxy + cyy = ax2 + 2hxy + cy2 

which is a quadratic form. 

(2) 

where 

2x2 + 4~y ·-1- 3y2 

= 2xx + 2xy 

+ 2xy + 3yy 

== a11XI)'1 + 012XI)'2 

+ a21X2)'1 + a22X2)'2 

X1 = Y1 = x, 

If we use matrix notation and let 

[au al2 aln] 
A== 

a,&I an2 ann 

and 

xl Y1 

X== Y= 

_Xn_ Yn 
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linear form

bilinear form

quadratic form

AX = [an a12]

AX

XTA Y

XTAX

+

where a12 = a21.

Examples.

(D

= [2 5 -1]

*i

*2

-X3J

*2j'! -f

Note that aw = an = 3.

= Ð»:f + 3Ð»:,x, + 3xL

= x\ + 6x!*2 + 2x2

Problems

1. Given A, find the bilinear form XTA Y.

5*2 - x3

278
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linear form 

bilinear form 

quadratic form 

AX = [au atz] [~~ = auxt + atzXz 

XT A Y = ( x1 x2] [::~ ::~ [~:] 
= DttXtYt + a21X2Y1 + a12X1Y2 + D22X2Y2 

= DttXtYt + a12X1Y2 

+ a21X2Y1 + a22X2Y2 

XT AX= [xt x2] [au atzl [xt] 
D21 a2J X2 

= DttXtXt + al2xlx2 

+ a21x2x1 + a22X2X2 

= a11x~ + 2a12x 1x 2 + a22x: 
where a12 = a 21• 

Examples. 

(1) 

(2) 

(3) 

AX = [2 5 -1] [~~ = 2x1 + 5x2 - x3 

XTAY= [x1 x2J[~ i][~~ 
= XtYt + Jx2Y1 + 2x1Y2 + X2Y2 

= XtYt + 2x1Y2 

+ Jx2Y1 + X2Y2 

T [1 23] [xx21J X AX = [ x1 x2] 
3 

= x~ + 3x1x2 + 3x1x2 + 2x; 

= x~ + 6x1x2 + 2x: 
Note that a12 = a21 = 3. 

Problems 

1. Given A, find the bilinear form XT A Y. 

A=-[ 4 2] 
-1 3 

SEC. 10.11 
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2. Given A, find XTA Y.

A =

-1

3 -2

3. Find the quadratic form XTAX.

0 4

2 -l

0

Ð�Ð»:2 -

+ f

4. Find the quadratic form XTAX.

"3 4 6"

A = 4 -20

6 0 1

5. Given the bilinear expression

3*Xyi + 2xij2 â�� 4xÂ¡y3 + x2y2 + 2x^3 â�� x3yl + 5x3y3

find A of Ð�Ð� Ñ�/4 Ð£

6. Given the quadratic

find the matrix A of

7. Given the quadratic

x2 + 2Ñ�2 + 3z2 + 4Ð»:y â�� 2yz + 6zx

fina A of XTAX.

8. Let A = / in the quadratic form. Work out the case where

m = Ð¿ = 3 for XT1X

10.12 Linear transformations

(/) Mapping

In our previous discussion of mapping, we used a simple illustration

(Figure 10-19)

Â» ^fM

where 5l and S2 were given sets. The points

in 5! were called pre-image and those in S2

were called the image points. In the con-

ventional functional form, this was

?=/(*)

Fig. 10-19

and the function / showed a rule of

mapping.

Let us generalize this idea in the following way: Assume S1 is a two-

dimensional space and S2 a one-dimensional space. We shall show this
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2. Given A, find XT A Y. 

A= [ -: 

3. Find the quadratic form XT AX. 

0 
2 

-2 -!] 
A=[! -~J 

4. Find the quadratic form XT AX. 

A = [! -~ ~] 
6 0 1 

5. Given the bilinear expression 

3Xl}'t + 2xtY2 - 4xl}'3 + x2y2 + 2X2)'a - XaYt + 5xaYa 
find A of XT A Y 

6. Given the quadratic 
3x2

- 6xy + r 
find the matrix A of XT A X. 

7. Given the quadratic 

r + 2y2 + 3z2 + 4xy - 2yz + 6zx 

find A of XT AX. 

8. Let A = I in the quadratic form. Work out the case where 

m = n = 3 for XTJX 

10.12 Linear transformations 

(i) Mapping 

279 

In our previous discussion of mapping, we used a simple illustration 
(Figure I 0-19) 

where S1 and S2 were given sets. The points 
in sl were called pre-image and those in s2 
were called the image points. In the con- S2 
ventional functional form, this was 

y == j(x) 

y 

and the function f showed a rule of Fig. 16-19 
mapping. 

f(x) 

X 

Let us generalize this idea in the following way: Assume S1 is a two
dimensional space and S2 a one-dimensional space. We shall show this 
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Fig. 10-20

graphically in Figure 10-20. A point in S1 is shown as (xlt *2) which, in our

newly acquired terminology, can be called a vector point. We wish to map

this vector point X = (Ð»:1, Ð»:2) into S2. Let us now denote this mapping by Ð¢

instead of/. Thus,

or we may express this as

T: S,

T(X) = Y

where Y is the vector point in S2 to which the vector point X has been

mapped by T.

Let us illustrate by a simple example. Assume Si is a space made up of

points that are combinations of the numbers of two dice. There will be

6 x 6 = 36 points in Si.

Fig. 10-21

Let us pick a vector point, say, X â�� (3, 4). We wish to map this point X

from Sl into S2 where the vector points Y in St will be defined as the sum of

two elements in X. This is the rule of mapping. Since the smallest number on

a die is 1 and the largest is 6, we can see that the points in S2 will be 2, 3, ...

11, 12. We have 11 points.

280
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12 -- - - --- --

y 

Fig. lD-20 

graphically in Figure 10-20. A point in S1 is shown as {x1, x2) which, in our 
newly acquired terminology, can be called a vector point. We wish to map 
this vector point X== {x1, x2) into S2. Let us now denote this mapping by T 
instead off Thus, 

or we may express this as 
T(X) == Y 

where Y is the vector point in S2 to which the vector point X has been 
mapped by T. 

Let us illustrate by a simple example. Assume S1 is a space made up of 
points that are combinations of the numbers of two dice. There will be 
6 x 6 == 36 points in S1. 

12 

6 • • • • • • 

5 • • • • • • 

4 • • 

3 • • 

2 • • 

• 

0 2 3 4 5 6 It 2 4 6 8 tO t2 I 

Fig. ID-21 

Let us pick a vector point, say, X=== (3, 4). We wish to map this point X 
from sl into s2 where the vector points yin s2 will be defined as the sum of 
two elements in X. This is the rule of n1apping. Since the smallest number on 
a die is 1 and the largest is 6, we can see that the points in S2 will be 2, 3, ... 
II, 12. We have ll points. 
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Now that we have set up the rule that Ð£ will be the sum of the elements of

X, how are we going to show this in the form of T(X) = Ð£? This is an easy

case and we can see that when

then,

i.e.,

x

= y = Y

T(X)T = Ð£

What if we set up the rule that Ð£ is to be the arithmetic mean of the x's ?

What would Ð¢ be then ? We can see that it will be

T(X)T - Ð¦, Ð¹ = K*! + x2) = y = Ð£

L*aJ

Suppose we toss n dice. Then 5l will be a n-dimensional (vector) space and

-Ð�Ð�...Ð�1

Ln n nJ

Thus, we have mapped the vector points X of the Ð¸-dimensional space Sl

into a one-dimensional vector space S2, and this mapping can be shown in

general as

T(X)T = Ð£

Let us now let SÂ¡ be three-dimensional, and S2 be two-dimensional.

Graphically we have Figure 10-22. In this case, using the ordinary functional

notation, the mapping is

y I =/l(*l,*2,*3)

/gives the rule of mapping. Let us assume that the rule is, "yi is the sum of

xi, *â�� *,." Thus,

x =
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Now that we have set up the rule that Y will be the sum of the elements of 
X, how are we going to show this in the form of T(X) = Y? This is an easy 
case and we can see that when 

T = (1, l) 
then, 

I.e., 
T(X) 7' = Y 

What if we set up the rule that Y is to be the arithmetic mean of the x's? 
What would T be then? We can see that it will be 

Suppose we toss n dice. Then S1 will be a n-dimensional (vector) space and 

XI 

x2 
T(X)T == [!, _! , ... !] 

n n n 

Thus, we have mapped the vector points X of the n-dimensional space S1 

into a one-dimensional vector space S2, and this mapping can be shown in 
general as 

T(X)T = Y 

Let us now let S1 be three-dimensional, and S2 be two-dimensional. 
Graphically we have Figure 10-22. In this case, using the ordinary functional 
notation, the mapping is 

Y1 == ft(xl, X2, Xa) 

Y2 == /2(x1, X2, Xa) 

f gives the rule of mapping. Let us assume that the rule is, "yi is the sum of 
x 1, x2, x3." Thus, 
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Fig. 10-22

Using matrix notation, we write this mapping as

i i i

Thus,

If we set up the rule that

= *! + JC2 + x3 |

Lxl Ð³ x2 -l- x3J

= Ð�1 l I"

Ll 1 1.

y

then, in matrix notation, we write this mapping as

~an a12 a13-j

_Â«21 Â«22 Â«23J

and

This is easily generalized to Ð¸-dimensions. When S1 is Ð¸-dimensions and

is w-dimensions, then T(X)T = Y is written

an al2 ... aln

xl

y!

atl a22 ... a.in

xt

.

yÂ«

â��aml am'i â�¢â�¢â�¢ amn_

-xÂ»_

Jm_
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0'--------ir-------r. 
Fig. 16-22 

Using matrix notation, we write this mapping as 

Thus, 

1 
1 

If we set up the rule that 
T= D ! !] 

a11x1 + a12X2 + a13xa = Y1 

DztXl + ar2 + Q23Xa = Y2 

then, in matrix notation, we write this mapping as 

and 

This is easily generalized to n-dimensions. When S1 is n-dimensions and S2 
is m-dimensions, then T(X)T = Y is written 

Ym 
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Note that when mapping from Sl (Ð¸-dimensions) to 52 (w-dimensions), the

T will be an m x Ð¸ matrix.

Thus, we see that Ð¢ is a matrix, and, conversely, that a matrix can be

interpreted as a mapping. But also note that for T(X)T we get a linear form

in the variable x,. Let us discuss this point a little further.

1. For the case where

Problems

Ti i

u i i

what will the graph of S2 look like?

2. What would S2 look like when

â�¢T1

1 1 Ð�

1 1 1

1 1 1

3. Given the transformation

2*2

x3 =

2*3 =

write this out in matrix notation showing all the elements. Draw a graph

showing what is being done. What will the graph of Y look like in S2?

(//) Linear transformations

Consider S1 (two-dimensions) and S2 (two-dimensions) and map the

points of S1 into S2 by some rule. (Figure 10-23). Let the rule (transformation)

be as follows:

T(X)T = Y

where

T =

Fig. 10-23
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Note that when mapping from S1 (n-dimensions) to S2 (m-dimensions), the 
Twill be an m x n matrix. 

Thus, we see that T is a matrix, and, conversely, that a matrix can be 
interpreted as a mapping. But also note that for T(X)T we get a linear form 
in the variabJe xi. Let us discuss this point a little further. 

Problems 
1. For the case where 

T = [! ! !] 
what will the graph of s2 look like? 

2. What would S2 look like when 

T = [: : :J 
3. Given the transformation 

xi + X2 + Xa = Yt 

2x1 + 2x2 + 2x3 = Y2 

write this out in matrix notation showing all the elements. Draw a graph 
showing what is being done. What will the graph of Y look like in S2 ? 

(ii) Linear transformations 

Consider S1 (two-dimensions) and S2 (two-dimensions) and map the 
points of S1 into S2 by some rule. (Figure 1 0-23). Let the rule (transformation) 
be as fo11ows: 

T(X)T == Y 
where 

T 

0 0 

Fig. to-23 
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Thus, when we write it out, we have

*â�¢1

I_a2l ayd b

or

1021*2 + 022*2J \_y2

or, in conventional simultaneous equation form,

1*1 T Â«12x2 = y1

122

a22x2 = y2

Note three things. First, 5t and S2 are of the same dimensions. Thus,

instead of saying we are mapping from S1 into 52, we could also say we are

mapping 51 into itself. Second, the equations are of a linear form. Third,

we are assuming that the rows of Tare linearly independent. Or we may say

that the row rank of 7. is 2. The implication is that the simultaneous equations

have a unique solution. This in turn means that for each value of X there is

only one unique image vector Y.

Now let us juggle the above mapping and find more of its characteristics.

First, let us multiply A' by a scalar A and map XX into 52 by T. Then,

.!^ + ^22*2

= A

L

In general, we may state

T(XX)T =

i.e., if Y is the image of X then A Y is the image of A A' under the transformation

T. Second, let us try

T(X + X')T

i.e., map X + A" from 5t into S2. Then,

T(X

a21 a22

a21(xr

Â£"\

2)J

a22x2)

= T(X)T + T(X'f =Y+Y'

f^li-xl + Â«l2x2l , [fln*i + 0

a22x2J La2l*i
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Thus, when we write it out, we have 

[ all au l [x1l = [Y1] 
a11 an-J xJ Yz 

or 

[:~:;: ! ::;:] = [~:] 
or, in conventional simultaneous equation form, 

{
allxl + alzXz = Y1 
a11X1 + assXz = Yz 

SEC. 10.12 

Note three things. First, S1 and S2 are of the same dimensions. Thus, 
instead of saying we are mapping from S1 into S2, we could also say we are 
mapping S1 into itself. Second, the equations are of a linear form. Third, 
we are assuming that the rows ofT are linearly independent. Or we may say 
that the row rank ofT is 2. The implication is that the simultaneous equations 
have a unique solution. This in turn means that for each value of X there is 
only one unique image vector Y. 

Now let us juggle the above mapping and find more of its characteristics. 
First, let us multiply X by a scalar A and map AX into S2 by T. Then, 

T(AX)T = [a11 a12] . [h1l 
azt an AxJ 

In general, we may state 

= [,la11X1 + Aa11x2l 
Aa21x1 + Aa21xJ 

= A[a11X1 + a1zX2] = AT(X)T = AY 
a21X1 + aux2 

T(AX)T = AT(X)T = A Y 

i.e., if Y is the image of X then A Y is the image of A. X under the transformation 
T. Second, let us try 

T(X + X')T 

i.e., map X + X' from S1 into S2• Then, 

T(X + X')T = [all a12] [x1 + x~J 
a21 a22 X2 + X2 

= [a11(x1 + x~) + a12(X2 + x~)J 
a21(x1 + x~) + a22(x2 + x~) 

[
(allxl + a12X2) + (altxi + a12xJ] 

= (a21X1 + a22X2) + (a21xi -+- a22X~) 

= [a11x1 + a12x2] + [aux; + a12x~)J 
a21X1 + a22X2 a21X1 -+- a22X2) 

= T(X)1
' + T(X')1' === Y + Y' 
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Thus, we say that if Y and Y' are images of X and X' under the transform-

ation T, then Y + Y' will be the image of X + X' under the transformation

T. Graphically, this can be shown as Figure 10-24.

Fig. 10-24

A transformation that has the above two characteristics will be called a

linear transformation. We can show the characteristics compactly by

T(X + X')Ñ� = T(Xf + Ð¢(X')Ð¢ = Y + Y'

Thus, we have shown that a square matrix can be interpreted as a linear

transformation.

(Hi) Other properties of transformations

We have seen that a linear transformation T is a square matrix. Instead

of using T, we can use a square matrix A in our subsequent discussion.

Recalling some of the properties of matrix algebra, we now interpret those in

connection with linear transformations.

Singular and non-singular transformations.

A =

Â«11

fc/12

722

_ "nl

When the n-row vectors were linearly independent, we said that the rank

of A was n. This meant in graphic terms that we had an n-dimensional vector

space.
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Thus, we say that if Y and Y' are images of X and X' under the transform
ation T, then Y + Y' will be the image of X+ X' under the transformation 
T. Graphically, this can be shown as Figure 10-24. 

o----------------------xt 

Fig. 10-24 

A transformation that has the above two characteristics will be called a 
linear transformation. We can show the characteristics compactly by 

T(AX)T == AT(X)T == AY 

T(X + X')T == T(X)T + T(X')T == Y + Y' 

Thus, we have shown that a square matrix can be interpreted as a linear 
transformation. 

(iii) Other properties of transformations 

We have seen that a linear transformation Tis a square matrix. Instead 
of using T, we can use a square matrix A in our subsequent discussion. 
Recalling some of the properties of matrix algebra, we now interpret those in 
connection with linear transformations. 

Singular and non-singular transformations. 

all al2 aln 

G21 G22 a2n 

A=== 

- a111 an2 ann 

When the n-row vectors were linearly independent, we said that the rank 
of A was n. This meant in graphic terms that we had ann-dimensional vector 
space. 
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When only Ð¸ â�� 1-row vectors were linearly independent, this meant that

one of the row vectors could be shown as a linear combination of the other

Ð¸ â�� 1-vectors, that we had an Ð¸ â�� 1-dimensional vector space, and that the

matrix A was made up of Ð¸ vectors in this Ð¸ â�� 1-dimensional vector space.

We can also interpret this as a case where we have an n-dimensional space but

one of the coordinates is zero.

Now what will happen when we apply this transformation matrix A to

an Ð¸-dimensional vector ? We can explain the result heuristically as follows :

The Ð¸-dimensional vector (point) will be defined by Ð¸-coordinates. When the

transformation A is applied, one of the coordinates will be mapped into a

null (zero) vector.

Or we could say that the Ð¸-coordinates (each which can be considered as

a vector) are linearly dependent, and only Ð¸ â�� 1 of them are linearly inde-

pendent. We can find whether or not the row vectors of a matrix are linearly

independent by applying elementary operations to the matrix and reducing

it to Hermite form to find if any of the rows are zero.

Recalling our discussion of determinants, we saw that a determinant

would be zero if any of the rows were zero or if any row was a linear combi-

nation of the other rows. This implies that the rows of the matrix are not

linearly independent. When the determinant \A\ = 0, we say we have a

singular transformation. On the other hand, when the row vectors of a matrix

are linearly independent, then \A\ Ð¤ 0. In this case we say that the trans-

formation matrix (or linear transformation) is non-singular.

(iv) Other examples of transformations

We have discussed linear transformations in terms of a square matrix.

But, as the following examples show, depending on the dimensions of St

and S2, the transformation matrices need not be square. The transformation

matrix will have m rows if S2 is an w-dimensional space and Ð¸ columns if

$! is an n-dimensional space. Let us now examine several examples of the

transformation process.

Example I. Given the transformation

"G Ð¯

find the point X = {xlt x2} that maps into Y = {5, 9}. For this we set

TXT = Y
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When only n - 1-row vectors were linearly independent, this meant that 
one of the row vectors could be shown as a linear combination of the other 
n - 1-vectors, that we had an n - 1-dimensional vector space, and that the 
matrix A was made up of n vectors in this n - !-dimensional vector space. 
We can also interpret this as a case where we have ann-dimensional space but 
one of the coordinates is zero. 

Now what will happen when we apply this transformation matrix A to 
an n-dimensional vector? We can explain the result heuristically as follows: 
The n-dimensional vector (point) will be defined by n-coordinates. When the 
transformation A is applied, one of the coordinates will be mapped into a 
null (zero) vector. 

Or we could say that then-coordinates (each which can be considered as 
a vector) are linearly dependent, and only n - 1 of them are linearly inde
pendent. We can find whether or not the row vectors of a matrix are linearly 
independent by applying elementary operations to the matrix and reducing 
it to Hermite form to find if any of the rows are zero. 

Recalling our discussion of determinants, we saw that a determinant 
would be zero if any of the rows were zero or if any row was a linear combi
nation of the other rows. This implies that the rows of the matrix are not 
linearly independent. When the determinant IAI = 0, we say we have a 
singular transformation. On the other hand, when the row vectors of a matrix 
are linearly independent, then IAI * 0. In this case we say that the trans
formation matrix (or linear transformation) is non-singular. 

(iv) Other examples of transformations 

We have discussed linear transformations in terms of a square matrix. 
But, as the following examples show, depending on the dimensions of S1 

and S2, the transformation matrices need not be square. The transformation 
matrix will have m rows if S2 is an m-dimensional space and n columns if 
S1 is an n-dimensional space. Let us now examine several examples of the 
transformation process. 

Example 1. Given the transformation 

T= [~ ;] 

find the point X= {x1, x2} that maps into Y == {5, 9}. For this we set 

TXT= y 
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0 1

In terms of equations this becomes

2xl + 3*2 = 5

4*! + 5x2 = 9

Solving this we get

Ð´Ti = 1, x2 = 1.

Thus the point we seek is X = {1, 1}.

Example 2. Given the transformation

^ =[2,3]

x2} that maps into Y =

find the point X =

l} = {5}. For this we set

Thus,

2xl + 3*2 = 5

SEC. 10.12 VECTORS AND MATRICES 

9 ------ r={s.9} 
I 
I 
I 
I 
I 

0 t A't 0 

Fig. to-25 

In terms of equations this becomes 

Solving this we get 

2x1 + 3x2 = 5 

4x1 + 5x2 = 9 

x1 = I, x2 = I. 

Thusthepointweseekis X= {1, I}. 

Example 2. Given the transformation 

T = [2, 3] 

T 

Fig. lD-26 

5 

2 

287 

,, 

3 4 I 

find the point X= {x1, x2} that maps into Y == {y1} = {5}. For this we set 

TXT== y 

Thus, 
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and the solution to this equation will be

xl = *(5 â�� 3w), x2 = m

where we have set x2 = m, which is an arbitrary constant. The point we are

seeking can thus be shown as

X = {i(5 - Ð�iÐ¸), m}

For example, when m = 1, X = {1, 1); when m = 2, X = {â��\, 2}, and so

forth. We have an infinite set of points in 5l that will map into y = 5 in

S2, and these points are given by the straight line 2xL + 3*2 = 5 as shown in

Figure 10-26.

Example 3. Map the point X = {Ð´C!, x2, x3} into y = 5, given the

following T:

Ð¢ ={2,2,1}

This gives us

Fig. KK-27

TXT =y

[2 2 1]

= 5

2*! + 2x2 + *3 = 5

Let us set xl = m, x2 = n where m and Ð¸ are arbitrary constants. Then,

288

Ð»:3 = 5 â�� 2m â�� 2n

m=1, and n = 1, for example, gives us
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and the solution to this equation will be 

x 1 == !(5 - 3m), x 2 == m 

where we have set x2 == m, which is an arbitrary constant. The point we are 
seeking can thus be shown as 

X== {~(5 - 3m), m} 

For example, when m = I, X== {1, 1}; when m = 2, X={-!, 2}, and so 
forth. We have an infinite set of points in S1 that will map into y = 5 in 
S2, and these points are given by the straight line 2x1 + 3x2 = 5 as shown in 
Figure 10-26. 

Example 3. Map the point X== {x1, x2, x3} into y = 5, given the 
following T: 

T == {2, 2, I} 

Fig. 16-27 

This gives us 
TXT=y 

[2 2 1][~~ = 5 

2x1 -+- 2x2 + x3 == 5 

Let us set x1 = m, x2 = n where n1 and n are arbitrary constants. Then, 

x3 == 5 - 21n - 2n 

m = 1, and n = I, for example, gives us 

x3 == 1 
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Thus, a point in Sl that maps into y = 5 of S2 will be X = {1, 1, 1}. And

we can find an infinite number of points X that will satisfy our trans-

formation and map into y = 5. As can be seen, these solution points will be

the hyperplane* given by

2*! + 2x2 + x3 = 5

Example 4. Map X = {xl t *2, x3] into Y = {yltyZ} by the transformation,

â�¢= P 3 41

Li 3 Ð¸

Fig. 10-28

Let us assume Y = (18 10}. Then we have

2xl + 3x2 + 4Ð»:3 = 18

xl + 3*2 + x3 = 10

Ñ�l = 8 - 3x3

Solving this we find

18

where m is an arbitrary constant. When m = 2, then x2 = 2, X1 = 2.

Therefore X = {2, 2, 2} is one of the points that maps into Y. The points in

Si that map into S2 are the points of the intersection of the two hyperplanes

given by the two equations.

* A hypersurface is the locus of a point in n-dimensional space. When the point is

restricted by a linear function as in our present case, we have a hyperplane.
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Thus, a point in S1 that maps into y = 5 of S2 will be X= {1, 1, 1}. And 
we can find an infinite number of points X that will satisfy our trans
formation and map into y = 5. As can be seen, these solution points will be 
the hyperplane* given by 

2x1 + 2x2 + x3 = 5 

Example 4. Map X= {x1, x2, x3} into Y = {y1,y2} by the transformation, 

T= [2 3 4] 
1 3 1 

Fig. to-28 

Let us assume Y = {18 10}. Then we have 

Solving this we find 

2x1 + 3x2 + 4x3 = 18 

x1 + 3x2 + x3 == 10 

x3 == m 

where m is an arbitrary constant. When m = 2, then x2 = 2, x1 = 2. 
Therefore X== {2, 2, 2} is one of the points that maps into Y. The points in 
sl that map into s2 are the points of the intersection of the two hyperplanes 
given by the two equations. 

• A hypersurface is the locus of a point in n-dimensional space. When the point is 
restricted by a linear function as in our present case, we have a hyperplane. 
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Problems

1. Given the following set of equations

*i + 3Ð»:2 = 7

4xl â�� Ñ�2 = 2

(a) Rewrite this in matrix form TXT = Y.

(b) Find the vector point X that maps into Y by the transformation T.

(c) Draw a graph of this mapping.

2. (a) Using the results of Problem 1, find Ð¯A'where A is an arbitrary constant.

Let A = 1,2, 3, and plot these points on the graph and show what ).X

will be.

(b) Then map ).X into Y where A = 2. Explain graphically what happens

as A takes on various values.

(c) Let

*, = [1, 5], X2 = [5, 2]

Ð� 41

(1) Map Xl into Ð£!,

(2) Map X2 into Ð£2,

(3) Find *! + X2,

(4) Map Xi + X2 into the Ð£-space.

(5) Find Ð£! + X2 and show that TX* + TX% = Y1 + Y2.

3*! + 4x2 = 12

(a) Rewrite this in matrix form TXT = Y,

(b) Find the vector point X that maps into Y,

(c) Draw a graph.

4. Find the points X = {xlt x2, x3} that map into Ð£ = {y} = {6}, given the

following T:

T = [2,3, -6]

Draw a rough graph schematically and show what has been done.

5. Find the points X = {xltx2, x3} that map into Ð£ = {ylt y2} = {27, 19}

given 7".

Ð�1 3 41

[4 1 2\

3. Given

Draw a rough graph and visualize the process.

(Hint: xl - Ð� [30 - 2*3], x2 = Ð� [89 -
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Problems 

1. Given the following set of equations 

x1 + 3x2 = 7 

4x1 - x2 = 2 

(a) Rewrite this in matrix form TXT = Y. 

SEC. 10.12 

(b) Find the vector point X that maps into Y by the transformation T. 
(c) Draw a graph of this mapping. 

2. (a) Using the results of Problem 1, find AX where J. is an arbitrary constant. 
Let A = 1, 2, 3, and plot these points on the graph and show what ).X 
will be. 

(b) Then map AX into Y where A = 2. Explain graphically what happens 
as A. takes on various values. 

(c) Let 

(1) Map X1 into Yh 
(2) Map X2 into Y2, 

(3) Find X1 + X2, 

X1 = [t, 5], X2 = [5, 21 

T= [!: _:] 

(4) Map X1 + X 2 into the Y-space. 
(5) Find Y1 + Y2 and show that TXf + rxr = Y1 + Y2• 

3. Given 

(a) Rewrite this in matrix form TXT = Y, 
(b) Find the vector point X that maps into Y, 
(c) Draw a graph. 

4. Find the points X = {x1, x2, x3} that map into Y = {y} = {6}, given the 
following T: 

T = [2, 3, -6] 

Draw a rough graph schematically and show what has been done. 
5. Find the points X = {x1, x 2, x3} that map into Y = {y1 , y 2} = {27, 19} 

given T. 

T = [! : ~] 
Draw a rough graph and visualize the process. 
(Hint: x1 -= l-~ [30 - 2x3], x2 = /i [89 - 14x3].) 
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10.13 Orthogonal transformations

Orthogonal transformations will be discussed again in the next chapter.

At this point only a few definitions will be presented.

(/) Orthogonal vectors

When the inner product of two vectors is zero, the two vectors are said to

be orthogonal. For example, let a and Ã� be two vectors of the same order.

When a/3 = 0, then a and Ã� are orthogonal. We know that

cos 0 =

OLÃ�

Thus, when a/3 = 0, then cos 6 = 0. Thus, 0 = 90Â° and so a and Ã� are

perpendicular. Furthermore, if ||a|| = 1, \\Ã�\ = 1, then cos 0 = a/3.

Example.

= Ã- â�� -}

~ \V2'3V2'3/

372'3

V2

1

1 1 1 1 4 1

2

3

2 ' 9 x 2 ' 9

Likewise for Ã�. Thus, cos 0 = aÃ�. Furthermore,

cos

-HjrÃ¨-Ð·)

-1

72

1

9x2

Thus, 0 = 90Â°, i.e. a and Ã� are orthogonal.

(//) Orthogonal matrix

When
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10.13 Orthogonal transformations 

Orthogonal transformations will be discussed again in the next chapter. 
At this point only a few definitions will be presented. 

(i) Orthogonal vectors 

When the inner product of two vectors is zero, the two vectors are said to 
be orthogonal. For example, let ex and f3 be two vectors of the same order. 
When cxfl = 0, then ex and {J are orthogonal. We know that 

cos () = cx{J 
!lex II II /111 

Thus, when r:xfl = 0, then cos 0 = 0. Thus, 0 = 90° and so ex and {J are 
perpendicular. Furthermore, if II ex II = I, llfJII = I, then cos () = cxf1. 

Example. 

(X == (-1 _1 ~)' 
J2' 3J2' 3 

(-1 1 2) 
{3 = .J2 ' 3.J2 ' 3 

1 -

~2 

llrlll
2 

= (rl'rl) = (Ji '3~2' ~) 3~2 = i + 9 ~ 2 + ~ = 1 

2 

3 

Likewise for {3. Thus, cos 0 === cx{J. Furthermore, 

-1 

~2 

cos 0 = tl{J = (J2 ' 3~2 ' ~) 3~2 
2 

3 

Thus, 0 = 90°, i.e. ex and fJ are orthogonal. 

(ii) Orthogonal matrix 

When 

1 1 4 
=--+--+-=0 

2 9 X 2 9 
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where A is a square matrix, it is called an orthogonal matrix. Having defined

an orthogonal matrix, let us investigate some of its properties. Let

AT =

Â«22 a23

12

32

..

Â«13"

Â«11 Â«21

a

3l

Â«23

Â«12 Â«22

a

32

Â«33-

-Â«13 Â«23

a

33-

,V3"

"1

0

0"

v2V3

=

0

1

0

V3V3.

.0

0

1.

Thus, the implication of the definition is that

vÂ¡Vl = 1 when / = j

viVi = 0 when i

But when two vectors vlvÂ¡ = 0, (/ Ð¤j ), it meant that they were perpendicular

to each other. Also if gave us the length of vector t',.. Thus, the definition

implies we have a set of coordinates that are perpendicular to each other and

we have 1 as the unit length of the vector. Since AAT â�� /we can multiply

Ð¬Ñ�Ð�-1. Then,

A~lAAf= A~l

.'. AT = A-1

(Hi) Orthogonal transformations

Let X = A Y be a linear transformation. If A is an orthogonal matrix,

then this is called an orthogonal transformation.

We will discuss these ideas again in more detail in the next chapter.

Notes and References

Matrix algebra is a broad topic and as economists we have selected certain

parts of it that are of special interest. The topics we have discussed are also

mentioned under similar headings in the following references, so specific page

references have been omitted. The student will find that three useful but

not too difficult references for finding proofs and derivations are Ferrar

(1941), Murdoch (1957), and Mirsky (1957). Also recommended is Chapter 4,

"Linear Algebra" of Kemeny (1958) which discusses mainly vectors and linear

transformations. Since matrix algebra is a broad topic, it is probably advisable

to first read Chapters 10 and 11 of this book. Then read Allen (1956) Chapters
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where A is a square matrix, it is called an orthogonal matrix. Having defined 
an orthogonal matrix, let us investigate some of its properties. Let 

AT == [L,l v2 va] 

[an al2 ala] [au a21 
AAT:::::: a21 a22 a23 at2 a22 

aal a32 a33 ala a23 

[V1V1 vlv2 V1Va] 
= [~ V2VI v2v2 v2v3 

v3vl VaV2 v3v3 

Thus, the implication of the definition is that 

rivi == 1 when i == j 

z~;z,; == 0 when i #:- j 

aal] 
a32 

a33 

0 

~] 1 
0 

But when two vectors L\V; == 0, (i =Fj }. it meant that they were perpendicular 
to each other. Also z·r gave us the length of vector vi. Thus, the definition 
implies we have a set of coordinates that are perpendicular to each other and 
we have 1 as the unit length of the vector. Since AAT == I we can multiply 
by A-1

• Then, 

AT :::::: A-1 

(iii) Orthogonal transjorn1ations 

Let X== A Y be a linear transformation. If A is an orthogonal matrix, 
then this is called an orthogonal transformation. 

We will discuss these ideas again in more detail in the next chapter. 

Notes and References 

Matrix algebra is a broad topic and as economists we have selected certain 
parts of it that are of special interest. The topics we have discussed are also 
mentioned under similar headings in the following references, so specific page 
references have been omitted. The student will find that three useful but 
not too difficult references for finding proofs and derivations are Ferrar 
( 1941 ), Murdoch ( 1957), and Mirsky ( 1957). Also recon1mended is Chapter 4, 
.. Linear Algebra'' of Kemeny ( 1958) which discusses mainly vectors and linear 
transformations. Since matrix algebra is a broad topic, it is probably advisable 
to first read Chapters I 0 and II of this book. Then read Allen ( 1956) Chapters 
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12,13 and 14. Then, Chapter 12 of this book and Chapter 12 of Baumol (1959)

which deals with systems of equations would be helpful. This should provide

an adequate background for economists who do not plan to become mathe-

matical economists or econometricians.

For economic illustrations see Allen (1956) Chapter 10 "General Economic

Equilibrium," and Chapter 11 "Inter-Industry Relations" which discuss

input-output analysis. An excellent book at an advanced level dealing with

topics of interest to economists, programmers, or statisticians is Bellman (1960).

Aitken, A. C., Determinants and Matrices, 9th ed. London: Oliver & Boyd,
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CHAPTER 11

Vectors and Matrices (Part Ð�)

Using the basic ideas of vectors and matrices discussed in Chapter 10, we

shall now develop additional ideas which will enable us to investigate

properties of equations and systems of equations. We will find ways of

transforming a complicated equation into a simple form, and, using this

simple form, find conditions that will qualify the behavior of the equations or

systems of equations. These techniques are used frequently in mathematical

economics when discussing general equilibrium analysis, input-output

analysis, matrix multipliers, sector analysis, and linear programming. They

are also used in statistics when discussing analysis of variance, and multi-

variate analysis. In the natural sciences they are used in connection with

stability problems.

11.1 Characteristic equation of a square matrix

Let A be a square matrix that is non-singular.

"Ð�Ð¯

Let us construct a matrix [A â�� A/] where A is a scalar variable and / is

the unit matrix. Then,

2 3"| Ti OÃ [2-Ð� 3

2\-*[o lj==|_3 2-

The [A â�� A/] is called the characteristic matrix of A. The determinant

\A â�� A/I is called the characteristic determinant of A. We can expand

the determinant as

\A - A/| = (2 - A)(2 - A) - 3 â�¢ 3 = A2 - 4A - 5

This scalar polynomial

/(A) = \A - A/I = A2 - 4A - 5
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stability problems. 

11.1 Characteristic equation of a square matrix 

Let A be a square matrix that is non-singular. 

Let us construct a matrix [A - AI] where A is a scalar variable and I is 
the unit matrix. Then, 

A _ AI == [2 3] _ A[t OJ == [2 - A 3 J 
3 2 0 1 3 2-A 

The [A - AI] is called the characteristic matrix of A. The determinant 
lA - All is called the characteristic deternzinant of A. We can expand 
the determinant as 

lA - All == (2 - A)(2 - A) - 3 · 3 == A2 - 4A - 5 

This scalar polynomial 

/(A.) == lA - All == )~2 - 4A - 5 
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is called the characteristic function (polynomial) of the matrix A. As seen, we

have a polynomial of degree two in the scalar variable L If we had an order-n

matrix Ð�, the function will be of order-/?.

Next set

/(A) = A2 - 4A - 5 = 0

This is called the characteristic equation of matrix A. Let us solve this. We

find

/(A) = (A + 1)(A - 5) = 0

Thus, A! = â�� 1, A2 = 5, satisfies this characteristic equation. These two

roots are called the characteristic roots of the matrix A.

The Hamilton-Cayley theorem* tells us that every matrix satisfies its

characteristic equation. Using our example, this means

f(A ) = (A + 1 1)(A- 51) = 0

Let us check this.

f(A) = (A + I)(A - 51)

3J L 3 -3j o o

Note that the order of the matrix factors is immaterial. That is,

/(/>) = (A + J)(A - 5/) = (A - 5/)(/t + /) = 0

We can also express this equation /(/4) = 0 as

f(A) = -51 - 4A + A2 = 0

Let us check this.

/04)= -5/ -4A + A2

= Ð�-5 -8+13 0-12+121 Ð�Ð¾ O

L 0-12+12 -5 -8+13-T~Lo o

In general, if we have a square matrix A, then,

/(A) = \A - A/I = a0 + <7iA + a2A2 + ... aâ��A" = 0

is its characteristic equation and /(A) is satisfied by A, i.e., /(/4) = 0, where

this is a matrix polynomial.

* See MacDuffee (1943), Vectors and Matrices, p. 76.
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is called the characteristic function (pol}'llomial) of the matrix A. As seen, we 
have a polynomial of degree two in the scalar variable J\. If we had an order-n 
matrix A, the function will be of order-n. 

Next set 
j(A) == A2 - 4A - 5 = 0 

This is called the characteristic equation of matrix A. Let us solve this. We 
find 

/(A) == (A + l)(A - 5) == 0 

Thus, )~ 1 == -I. A2 = 5, satisfies this characteristic equation. These two 
roots are called the characteristic roots of the matrix A. 

The Hamilton-Cayley theorem* tells us that every matrix satisfies its 
characteristic equation. Using our example, this means 

j(A) ==(A + li)(A- 51)= 0 
Let us check this. 

f(A) ==(A +/)(A -51) 

== [3 3] . [-3 3] == [0 OJ 3 3 3 -3 0 0 
Note that the order of the matrix factors is immaterial. That is, 

j(A) == (A + I)(A - 51) = (A - 5/)(A + /) = 0 

We can also express this equationf(A) == 0 as 

f(A) == -51- 4A + A2 = 0 
Let us check this. 

f(A) == -51- 4A + A2 

= [-~ - ~] - 4 [~ ~] + [~ ~] [~ ~] 
== [-s -8 +13 o -12 +12] == [o o

0
J 

0-12 +12 -5 -8 +13 0 

In general, if we have a square matrix A, then, 

is its characteristic equation and /(A) is satisfied by A .. i.e., f(A) == 0, where 
this is a matrix polynomial. 

• See MacDuffee ( 1943), Vectors and Matrices, p. 76. 
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Problems

Find the characteristic roots of the following matrices.

1. A=Ð�1 4]

Ll lj Ans. -1,3.

2. A=Ð�2 11

[l 2] Ans. 1, 3.

3. Ð�Ð� 0 4'|

A = 1 12

_1 -2 2j Ans. 1,2,3.

4. Substitute the matrix A into the characteristic equation and check that

f(A) 0, for Problems 1, 2, and 3 above.

11.2 Similar matrices

We have previously stated that two matrices A and B are equivalent if two

non-singular matrices P and Q exist such that B = PAQ. This means that

by applying elementary operations on A we can transform it into B.

Now let us define as follows: If we have two square matrices A and B,

and if there exists a non-singular matrix P such that

B = P-1AP

then A and B are said to be similar.

Let us now present some properties related to similar matrices and give

content to this idea. First, if A and B are similar, and B and Ð¡ are similar,

then A and Ð¡ are similar. This can easily be seen by

A, Ð² = P-IAP, B, Ñ� = Q-IBQ

Ð¡ = Q-1BQ = Q-\P~lAP)Q = (PQ)-1A(PQ)

i.e., A and Ð¡ are similar.

Second, if A and B are similar, they have the same characteristic function.

We know that B = P~lAP. Thus,

B - A/ = P-1 A P -M = P-\A - Ð�)P

Thus, the characteristic function of B becomes

\B-M\ = \P-'\ \A-M\\P\

= IP-11 (Ð� \A - A/I = Ð� - A/I

since P"1P = I. Thus A and B have the same characteristic function.

Thus,

It can also be shown that, when A and B are similar, they have the same

determinant and the same rank.
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Problems 

Find the characteristic roots of the following matrices. 

l. A=[! ~] Ans. -1, 3. 

2. A=[~ ~] Ans. 1, 3. 

3. 0 
1 A = [! ~] -2 Ans. 1, 2, 3. 

4. Substitute the matrix A into the characteristic equation and check that 
[(A) == 0, for Problems 1, 2, and 3 above. 

11.2 Similar matrices 

We have previously stated that two matrices A and Bare equivalent if two 
non-singular matrices P and Q exist such that B = PAQ. This means that 
by applying elementary operations on A we can transform it into B. 

Now let us define as follows: If we have two square matrices A and B, 
and if there exists a non-singular matrix P such that 

B == P-1AP 

then A and B are said to be similar. 
Let us now present some properties related to similar matrices and give 

content to this idea. First, if A and Bare similar, and Band Care similar, 
then A and C are similar. This can easily be seen by 

A, B = P-1AP, B, C == Q-1BQ 
Thus, 

C == Q-1BQ == Q-1(P-1AP)Q == (PQ)-1A(PQ) 

i.e., A and Care similar. 
Second, if A and Bare similar, they have the same characteristic function. 

We know that B == p--J A P. Thus, 

B- AI== P-1AP- AI== P-1(A - Al)P 

Thus~ the characteristic function of B becomes 

IB- All= IP-- 1IIA - ).JfiPI 

== IP-1IIPIIA - All== lA - ).If 

since p--tp ~ /. Thus A and B have the same characteristic function. 
It can also be shown that, when A and Bare similar, they have the same 

determinant and the same rank. 
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Problems

1. Given

Find

A =

Ð² Ð°

(a) P~l. Note P is an elementary matrix.

(b) B - P~1AP

(c) |B - A/I. Note that this is equal to \A - A/| which we have calculated

in problems of previous section.

(d) Ml, \B\

(e) Reduce A and B to Hermite form.

2. Given

Find

1 0 0

1 3 2

1 0

Ð� 2 0

P = 0 l 0

Lo o i

(a) P~l. Note P is an elementary matrix.

(b) B = P~lAP

(c) |Ð� â�� A/1. Note that this is equal to \A â�� A/| of previous section.

(d) Ml, \B\

(e) Reduce A and B to Hermite form.

11.3 Characteristic vector

Let

0

1

-1

Then the characteristic equation will be

M - Ð�/| = (1 - Ð�)(2 - Ð�)(3 - Ð�) = 0

Thus, the characteristic roots are

^i = 1' A2 = 2,

Using Al = 1, for example, we know that

1

Ð� = \A - Ð�,/| = 1

= 3.

0

0

1 -1 2

= 0

Using the elements of Ð�, let us construct a set of linear homogeneous

equations

x + z = 0

x + z = 0
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Problems 
1. Given 

A=[! ~J p = [~ i] 
Find 
(a) p-t. Note Pis an elementary matrix. 
(b) B = p-1AP 
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(c) IB - A/f. Note that this is equal to lA - A/f which we have calculated 
in problems of previous section. 

(d) IAf, IBI 
(e) Reduce A and B to Hermite form. 

2. Given 

[
1 0 OJ 

A=132, 
1 0 2 

Find 
(a) p-I_ Note P is an elementary matrix. 
(b) B = p-1AP 
(c) IB - A/f. Note that this is equal to lA - ).Jf of previous section. 
(d) IAI, IBI 
(e) Reduce A and B to Hermite form. 

11.3 Characteristic vector 

Let 

A=[: _: n 
Then the characteristic equation will be 

fA - ).If == (1 - ).)(2 - ).)(3 - ).) == 0 

Thus, the characteristic roots are 

0 1 

Using A1 == 1, for example, we know that 

1 

~ == lA - A1ll == 1 

1 

0 1 === 0 

-1 2 

Using the elements of ~' let us construct a set of linear homogeneous 
equations 

X -t- Z = 0 

X -f- Z == 0 

x - y -t- 2z == 0 
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A theorem (Section 12.6) tells us that the necessary and sufficient condition

for this system to have a non-trivial solution is that Ð� = 0. But we know

that Ð� = 0. Thus, it has a non-trivial solution and it is

x = â�� m, y = m, z = m

where m is an arbitrary constant. We can show this as

v'i = (x,y,z) = m(â�� 1, 1, 1)

and call it the characteristic vector when the characteristic root is Xl = 1.

In similar manner we can find r2 and i.3 that corresponds to A2 and A3. This

will turn out to be

V. Â»; = (-!, i.D

A2 : r2 = (1,1,0)

where we have set m = 1 .

Next let us show the system in matrix form.

[A - Ð�,7]|^ =

i= 1,2,3

where vl = (x, y, z). If we find a characteristic root and the corresponding

characteristic vector, then the characteristic matrix times the characteristic

vector is zero. That is, for i\, for example,

1 0 1

1 0 1

1 -1 2

â�� m

m

m

Transposing the A^//^ to the right -hand side of equation (1), we have

Al\ = A,r,

and using this we can define the characteristic vector as a non-zero column

vector that satisfies this relation where A, is a scalar. But since this becomes,

reversing the procedure,

[A - ;,/]/-, = Ð¾

and vi is non-zero, then [A â�� Ai/] = 0 and thus Ai must be a characteristic

root.

To summarize: If we have a square matrix A of order Ð¸, with Ð¸ distinct

characteristic roots, we can obtain a characteristic vector r, corresponding

to a root, Ai. Then,

(1)

[A - VJr, = 0
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A theorem (Section 12.6) tells us that the necessary and sufficient condition 
for this system to have a non-trivial solution is that L\ = 0. But we know 
that L\ = 0. Thus, it has a non-trivial solution and it is 

x= -m, y = m, z=m 

where m is an arbitrary constant. We can show this as 

vi = (x, y, z) = m( -I, I, 1) 

and call it the characteristic vector when the characteristic root is A.1 = I. 
In similar manner we can find v2 and r3 that corresponds to A.2 and A.3• This 
will turn out to be 

where we have set m = 1. 

A1 : vi = ( -1, 1 , 1) 

A2 : v~ = ( 1, 1, 0) 

As : v~ = ( 1 , t , 1 ) 

Next let us show the system in matrix form. 

(I) i = I, 2, 3 

where vi == (x, y, z). If we find a characteristic root and the corresponding 
characteristic vector, then the characteristic matrix times the characteristic 
vector is zero. That is, for v1, for example, 

[l 
Transposing the A.ilri to the right -hand side of equation (I) .. we have 

and using this we can define the characteristic vector as a non-zero colurnn 
vector that satisfies this relation where )~; is a scalar. But since this becon1es. 
reversing the procedure, 

and L\ is non-zero, then [A - }~if] = 0 and thus ).i must be a characteristic 
root. 

To sumn1arize: If we have a square matrix A of order n, with n distinct 
characteristic roots, we can obtain a characteristic vector L'i corresponding 
to a root, li. Then, 
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Problems

Given the matrix A, find the characteristic vectors.

3.

[0 -l n 4. Ð�Ð� 0 4l

-l 01, X=1 12

l l U Ll -2 2J

11.4 Diagonalization of a square matrix

We now wish to show that we can find a matrix P such that

P~1AP = D =

where D is a diagonal matrix that has the n characteristic roots in its diagonal.

Note that A and D are similar. For this we first find the modal matrix of A.

(/) Modal matrix of A

We found the three characteristic vectors i\t v2, v3 of A. Using these,

let us construct a matrix P such that

P = Ð�, r2, Â»3] =

-1 1 1

1 1 1

1 0 1.

where each column is a characteristic vector of A. We shall call this the

modal matrix of A. And this will be the matrix that transforms A into the

desired diagonal matrix D.

(H) Diagonalization of a square matrix

We now have the modal matrix P = [i\t r2, r3]. We also know that

[A - A!/]Ð£! = 0

where Al is the characteristic root and i\ is the corresponding characteristic

vector. From this we have Ai\ = A^. Likewise for v2 and r3 we have

VT.Ã� 2 â�� i! 2* 3 â�� ^Ð�^Ñ�

Thus, when we sum these three equations we have (see note p. 301)
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Problems 

Given the matrix A, find the characteristic vectors. 

1. A = G ~]. l. A=[i ~] 

3~ A = [ -r -~ !l 
11.4 Diagonalization of a square matrix 

We now wish to show that we can find a matrix P such that 

An 

where D is a diagonal matrix that has the n characteristic roots in its diagonal. 
Note that A and Dare similar. For this we first find the modal matrix of A. 

(i) Modal matrix of A 

We found the three characteristic vectors v1, v2, v3 of A. Using these, 
let us construct a matrix P such that 

P = [v1, V2, v3] = [-~ ~ !] 
1 0 1 

where each column is a characteristic vector of A. We shall call this the 
modal matrix of A. And this will be the matrix that transforms A into the 
desired diagonal matrix D. 

(ii) Diagonalization of a square matrix 

We now have the modal matrix P = [vb v2, v3]. We also know that 

[A - A.1/]v1 = 0 

where A.1 is the characteristic root and v1 is the corresponding characteristic 
vector. From this we have Av1 = A.1v1• Likewise for v2 and v3 we have 

Thus, when we sum these three equations we have (see note p. 301) 

AP=PD 
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where

AI

D =

Since the vÂ¡ are non-zero, we have upon premultiplying by P~l, P~lAP = D.

Thus, the modal matrix P transforms A into a diagonal matrix which has the

characteristic roots in its diagonal.

Let us illustrate this. We have P. We need to find P~l and this can be

obtained by the Gauss elimination method. It will be

p-

i_

"-Ã�

0

. i

"-i

0

i o"

1 -1

- Ã¨

-i 1.

"1 0

0"

"AI

0 2

0

= 0

.0 0

3.

.0

i 0

l -l

-l 1.

2 01 -111

1 11- 111

.1 â��i aj L i o i.

Ð¾ Ð¾"

0 A2 0

0 Ð�Ð�.

Note that D and A are similar matrices.

It will be convenient for us to summarize this result as a theorem.

Theorem. If we have a square matrix A that has n distinct characteristic

roots, we can find n characteristic vectors vÂ¡. Let P be the modal matrix

with the ri as the column vectors. Then P~lAP is a diagonal matrix D similar

to A that has the Ð¸ characteristic roots in the main diagonal.

Several comments have to be made. First, we are assuming a square

matrix with n distinct characteristic roots. The case where some of the roots

may be equal will not be discussed.*

Secondly, as our illustration shows, the characteristic vector was

Â»Â¡ = ( â�� m, m, m)

where m was an arbitrary constant. For illustrative purposes, we let m = 1,

although m can take on any real value (except zero). And, in this sense the

modal matrix is not unique. There will be many modal matrices, depending

on the value of m.

Thus,

â�¢See, Wade (1951), Chap. 8.
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where 

Since the vi are non-zero, we have upon premultiplying by P-1, P-1AP = D. 
Thus, the modal matrix P transforms A into a diagonal matrix which has the 
characteristic roots in its diagonal. 

Let us illustrate this. We have P. We need to find P-1 and this can be 
obtained by the Gauss elimination method. It will be 

[ -t t -:J p-l = 0 1 

! -l 
Thus, 

[-l i -:J·[: 0 1] [ -1 1 

:J D = P- 1AP = ~ 1 1 1 . 1 1 
-! -1 3 1 0 

= [~ 0 OJ [11 0 

~ 2 0 == 0 ;.2 
0 3 0 0 

Note that D and A are similar matrices. 
It will be convenient for us to summarize this result as a theorem. 

Theorem. If we have a square matrix A that has n distinct characteristic 
roots, we can find n characteristic vectors vi. Let P be the modal matrix 
with the vi as the column vectors. Then P-1AP is a diagonal matrix D similar 
to A that has the n characteristic roots in the main diagonal. 

Several comments have to be made. First, we are assuming a square 
matrix with n distinct characteristic roots. The case where some of the roots 
may be equal will not be discussed.* 

Secondly, as our illustration shows, the characteristic vector was 

v~ == ( -1n, 1n" m) 

where m was an arbitrary constant. For illustrative purposes, we let m = 1, 
although m can take on any real value (except zero). And, in this sense the 
modal matrix is not unique. There will be many modal matrices, depending 
on the value of n1. 

• See, Wade ( 1951 ), Chap. 8. 
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Note:

AP =

_aai

Ð�Ð°Ð¸Ñ�'

Â«2

Ð°

a12y'

Now

Thus, for example,

or

or

"x' x" x"'

Ð£ y' Ð£"

al3z'

aaz'

X X

/ Ð£

z' z"

â�¢' +

Â«11 Ð¯12

Ð§-.Ð�, Ola

al2y" + a13z" Ð°Ð¿Ñ�'

Ð°Ðºy" + a^z' Ð°21Ñ�

Ð°Ð�2y' + Ð°^Ð³" Ð°31Ñ�

y"

z'"

! 0 0

0 Ð�2 0

0 0 Ð�Ð�

Ð°Ð¸Ñ�' + Ð°Ñ�/ + al3z' =

+

= te'

"

Ð°32y'

Problem

Given

0 -1 1

-1 0 1

1 1 1

(a) Find the modal matrix P.

(b) Find P-1

(c) Find D = .

11.5 Orthogonal transformations

Given a matrix A, a modal matrix P was obtained and used to diagonalize

the matrix A. When A is a symmetric matrix, P becomes an orthogonal matrix
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Note: 

[ 
' x" x"'] [,l 

P D = ;, y" y"' · c) 
Z

1 z" z"' 0 

[
,l1 x 

1 ~x" A.ax"'] 
= AtY' ~y" ~y"' ,l1 Z

1 ~z" AaZ"' 

Now 
AP=PD 

Thus, for example, 

I+ I+ I ~I tlatX Oa2J Q33Z = ll.tZ 

or 

or 

Problem 
Given 

A= [ -: -~ n 
(a) Find the modal matrix P. 
(b) Find p-l 
(c) Find D = p-1AP 

11.5 Orthogonal transformations 
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Given a matrix A, a modal matrix P was obtained and used to diagonalize 
the matrix A. When A is a symmetric matrix, P becomes an orthogonal matrix 
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as well as a modal matrix. In this section we shall discuss orthogonal matrices,

and in the next use them to diagonalize symmetric matrices. Symmetric

matrices are important because they are the matrices associated to quadratic

forms.

(/) An orthogonal transformation

Consider a vector a in the (Xlt X2) plane. Let elt Â«2 be the unit vectors

ei = (1,0), e, = (0,1)

Then we can show a as the sum of two vectors

(1) a = *!Â«! + x2e2

where xl and x2 are scalars. Or we can

say in terms of coordinates that the vector

point a is (Ð»:!, x2).

Now let us rotate the axes by 0, leaving

a as it is, and call this new coordinate

system (ylt YÂ¿). Let the vector point a

be shown by (yltyZ) with respect to this

new coordinate system. Then in terms of

vectors, we have,

(2) a = yie; + y^

where e'l, e't are the unit vectors for the ( Ð£!, Ð£2) coordinate system. Multiply

(1) by Â«Â¡ and e.;. Thus,

But eia will give us the first coordinate relative to the ( Ylt Ð£2) coordinate

system, and likewise for e^a. Thus,

(3) Ñ�! = XiÂ«^ + x2e;e2

e{el is the product of two vectors. But, as we have seen, the inner product of

two vectors gives us

cos 0 = â��â��

Nil IM

Since eÂ¡ and Â«i are unit vectors, we have

e'ie! = cos 0

For e\tt we see that the angle is 90 â�� 0 with similar relations for the other

pairs of unit vectors. Thus,

Â«;e2 = cos (90 - 0) = sin 0

e^i = cos (90 + 0) = -sin 0

eÂ¿e, = cos 0
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as well as a modal matrix. In this section we shall discuss orthogonal matrices, 
and in the next use them to diagonalize symmetric matrices. Symmetric 
matrices are important because they are the matrices associated to quadratic 
forms. 

(i) An orthogonal transformation 

Consider a vector ~X in the (X1, X2) plane. Let E1, E2 be the unit vectors 

El = ( 1' 0), E2 = (0, I) 

Then we can show IX as the sum of two vectors 

Fig. 11-1 

(I) 

where x 1 and x2 are scalars. Or we can 
say in terms of coordinates that the vector 
point ~X is (x1, x2). 

Now let us rotate the axes by 0, leaving 
~X as it is, and call this new coordinate 
system ( Y1, Y2). Let the vector point oc 

be shown by (y1, y2) with respect to this 
new coordinate system. Then in terms of 
vectors, we have, 

(2) (X == YIE~ + Y2E~ 
where E~, E~ are the unit vectors for the ( Y1, Y2) coordinate system. Multiply 
(l) by E~ and E;. Thus, 

I I + I 
E2(X = X1E2E1 X2E2E2 

But E~ ~X will give us the first coordinate relative to the ( Y1, Y2) coordinate 
system, and likewise for E~(X. Thus, 

(3) Y1 == X1E~El + X2E~E2 
' + ' Y2 = X1E2E'l X2£2£2 

£~ E" 1 is the product of two vectors. But, as we have seen, the inner product of 
two vectors gives us , 

cos () == E'tE't 

II£~ II ll£1ll 

Since £~ and £ 1 are unit vectors, we have 

£~£1 == cos () 

For E~ E2 we see that the angle is 90 - () with similar relations for the other 
pairs of unit vectors. Thus, 

£~E2 == cos (90 - 0) == sin 0 

E~E1 = cos (90 -t- 0) = -sin 0 

E"~E2 === COS () 
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Thus,

(4) ji = Â¿TI cos 0 + x2 sin 0

y2 â�� xl(~s'n 0) + *2 cos o

Let us assume we have rotated the axis by 45Â°. Then,

Thus,

(5)

cos Ð± = cos 45 = â��r, sin 0 = â��=

V2 V2

or

(Ð±)

Using (4), this would be

(?)

Looking at (7), we note two things in the transformation matrix. First,

the lengths of the row vectors are 1.

(cos 0)2 + (sin 0)2 = 1

(-sin 0)2 + (cos 0)2 = 1

Second, the inner product of the two row vectors is 0. That is,

Ð�

i

-i

1

1

*l

y2

V2

V2_

Ð»

be

M Ð�

LvJ L

cos

â��sin

0 sin 01 Ð�

0 cos 0J 1

[cos0

coS0

This is so because the two axes are perpendicular. We conclude that the

transformation matrix is an orthogonal matrix, and we have an orthogonal

transformation. That is, (5) gives us an orthogonal transformation.

We have showed it for the case of two dimensions. In general, if we have a

linear transformation

y = Ax
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Thus, 

(4) y 1 = x1 cos (} + x 2 sin (} 

y2 = x 1( -sin 0) + x 2 cos(} 

Let us assume we have rotated the axis by 45°. Then, 

Thus, 

(5) 

or 

(6) 

1 
cos () = cos 45 = -

~2' 
. (} 1 

SID =-
~2 

1 1 
Yt = .J"i X1 + .Jl. X2 

1 1 
Y2 = - .J1. X1 + .Jl X2 

Yt] = 

Y2 

1 1 

~2 ~2 
-1 1 

- ~2 J2 
Using (4), this would be 

(7) [ Y1] = [ c~s () sin OJ [x J 
Y2 -sm () cos () . x: 
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Looking at (7), we note two things in the transformation matrix. First, 
the lengths of the row vectors are I. 

(cos B)2 + (sin B)2 === l 

(-sin 0)2 + (cos 0)2 = I 

Second, the inner product of the two row vectors is 0. That is, 

. [-sin OJ [cos() s1n 0] · = 0 
cos(} 

This is so because the two axes are perpendicular. We conclude that the 
transformation matrix is an orthogonal matrix, and we have an orthogonal 
transformation. That is, (5) gives us an orthogonal transformation. 

We have showed it for the case of two dimensions. In general, if we have a 
linear transformation 

y=Ax 
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A =

an al2 ... aln

_a*i an2

4

=1

Ð°Ð»Ð° n + â�¢â�¢â�¢ + ainain = 0 (/

then it is an orthogonal transformation. It can be interpreted geometrically

as a rotation of axes, and the distance of the point from the origin is invariant.

(//) Properties of an orthogonal matrix

Let A be an orthogonal matrix

Then the transpose AT will be

2l

â�¢ = feu Â«21!

La12 a22J

Recalling that the length of row (or column) vectors is 1 and the inner product

of two row (or column) vectors is zero, we find

AAT =

a22 a12

[22 1 Ð�I nl

an + Ñ�12 ano21 + a12a22 | 1 0 |

aZlall + Ð¯22Â«" a'i + Â«oÃ. -1 Lu lJ

Thus, the first property is

'21 Ð¢ Â«22

AAT = I

The second property is obtained from this by

A~lAAT = A-Ð§

:. AT = A-i

The third property is obtained by

and

Ð�Ð�-1 = A~1A = /

:. AAT = ATA = I
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where 

A= 

and 

(i =j::j) 

then it is an orthogonal transformation. It can be interpreted geometrically 
as a rotation of axes, and the distance of the point from the origin is invariant. 

(ii) Properties of an orthogonal matrix 

Let A be an orthogonal matrix 

A= [all a12] 
a21 a22 

Then the transpose AT will be 

AT = [a11 a21] 
G12 G22 

Recalling that the Jength of row (or column) vectors is I and the inner product 
of two row (or column) vectors is zero, we find 

Thus, the first property is 

The second property is obtained from this by 

A-1AAT == A-11 

The third property is obtained by 

AA-1 == A-1A ==I 

AA 1' =AT A= I 
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An example of an orthogo ml matrix is

1 1 2

72 372 3

-1 1 2

72 372 3

0

Thus,

A =

4

372

ATA =

V2 72

1 1 4

372 372 372

2 2 . 1

3 3 "3

1

1

0

72 372

-J. 1

72 372

4

372

"1 0 0]

0 1 0

.0 0 1_

Likewise for AAT = I. Also note the inner product of the vectors is zero and

the length of the row (or column) vectors is 1.

(///) Normalization of vectors

A vector v = (alt a2, a3) is said to be normalized if

a\ + al + al=l

Assume v = (1, 2, 3). Then,

I2 + 22 + 32 = 14

We can normalize this vector by finding

J _1_

7l2 + 22 + 32 ~ 7Ã�4

fc =

Then,

and

kv = (k, 2k, 3k)

+ (2*)2 + (Ð�*)2 = -Ð�- + Ð� + "f.

In general, if v = (al t a2, a3) is not normalized, and v Ð¤ 0, then, the

vector kv will be normalized when

This k is called a normalizing factor.
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An example of an orthogo·1al n1atrix is 

1 1 2 - -
~2 3J2 3 

A= 
-1 1 2 - - -
~2 3J2 3 

0 
4 1 - --

3J2 3 
Thus, 

1 -1 
0 

1 1 2 

J2 ,12 J2 3J2 3 

ATA= 
1 1 4 -1 1 2 - -

3J2 3J2 3J2 ~2 3J2 3 

2 2 1 
0 

4 1 
- - -- --
3 3 3 3J2 3 

= [~ 
0 

~] 1 
0 

Likewise for AA 7' = I. Also note the inner product of the vectors is zero and 
the length of the row (or column) vectors is I. 

(iii) Normalization of vectors 

A vector v = (a1, a2, a3) is said to be normalized if 

ai +a~+ ai = 1 
Assume v = (1, 2, 3). Then, 

12 + 22 + 32 = 14 

We can normalize this vector by finding 

k= 1 --
J12 + 22 + 32 Jt4 

Then, 
kv = (k, 2k, 3k) 

and 
(k)2 + (2k)2 + (3k)2 = 11-l -t- -;\ + -lJ4 = l 

In genera!, if v = (a1, a2, a3) is not normalized, and v ::/=- 0, then, the 
vector kv will be normalized when 

k= 1 
Jai +a;+ ai 

This k is called a normalizing factor. 
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The vectors in an orthogonal matrix are normalized. Let us illustrate.

Let P be

'-[1 Â¡]

We can see that the inner product of the row (or column) vectors is zero.

[-1

But the length of the vectors is not 1.

and we see that

ty. (1)2 + (1)2 = 2

Â»41 Â¡HI Ð¯-Ð�

Likewise forPTP Ð¤ I. Let us normalize these vectors. First, find the normal-

izing factor

V(-D2 + (D2 V2

J_

V2

Thus,

Now we have

and also PTP = /.

1. Using the malrix

p =

-1 J.

2 /2

il _L

V2 V2

1 1

U/2 V2_

Problems

-P Â°

Lo

1 1

"V2 VÃ�

zl J-

306

VÃ� V2
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The vectors in an orthogonal matrix are normalized. Let us illustrate. 
Let p be 

We can see that the inner product of the row (or column) vectors is zero. 

[ -1 1][~] = -1 + l = 0 

But the length of the vectors is not I. 

and we see that 

v1 : (- I )2 + ( 1 )2 = 2 

v2 : (1)2 ~ (1)2 = 2 

ppT = [ -: !l [ -: !] = [~ ~] * J 

Likewise for pTp f:. I. Let us normalize these vectors. First, find the normal
izing factor 

Thus, 

Now we have 

ppT= 

and also pT P = /. 

1. Using the matrix 

1 1 
kl= --

.J< -1)2 + (1)2
- .J2 

1 1 

k2 = .Jo>2 + <•>2 = .J2 

-1 

.J2 
1 

.J2 

P= 

1 

.J2 
1 

.J2 

-1 1 

.J2 .J2 
1 1 

~2 J2 

-1 

.J2 
1 

.J2 

Problems 

A= 

1 1 

v'2 v'2 
-1 1 

v'2 v2 

1 

.J2 
l 

.J2 
= [~ ~] 
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of equation (11.5.6), check its orthogonality, i.e.:

(a) The inner product of the row vectors is equal to zero.

(b) The length of the row vectors is unity.

(c) AAT . ATA = I

2. Let Ð² â�¢= 30Â° and find A from (11.5.7) and check the properties of A as in

Problem 1. Draw a graph and show what has been done.

11.6 Diagonalization of real, symmetric matrices

We have seen how a square matrix A was transformed into a diagonal

matrix by use of the modal matrix P of A. Now instead of merely a square

matrix, we have a symmetric matrix. In this case, it turns out that the modal

matrix P will become an orthogonal matrix. Let us start with a few new

definitions, and then develop the discussion.

(i) Definitions

When we had two square matrices A and B, B was said to be similar to A

when B = P~lAP. Now let P be an orthogonal matrix. Then we say B is

orthogonally similar to A

Next let us set

Then,

A =

AT =

Â»12

"l" "Â±' '':

_a13 <J23 Â«j-jj

If /4 = /4T, then the matrix A is said to be symmetric. In general, A â�� (aij)

is symmetric if ati = Ð°Ð½. For example,

A =

234

356

467

The identity matrix / is also an example.

(//) Orthogonal modal matrix

We wish to show that when A is real and symmetric, the modal matrix

P will be, after normalization, an orthogonal matrix. We know that when P

is the modal matrix of A, we get P'1AP â�� D, where D is the diagonal matrix

with characteristic roots in the diagonal. This becomes, AP = PD. Let

!\ be one of the characteristic vectors of P. Then, letting AJ be a characteristic

root,
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of equation ( 11.5.6), check its orthogonality, i.e.: 
(a) The inner product of the row vectors is eqYal to zero. 
(b) The length of the row vectors is unity. 
(c) AAT ~ A 1'A = I 
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2. Let 0 =--: 30° and find A from ( 11.5. 7) and check the properties of A as in 
Problem I. Draw a graph and show what has been done. 

11.6 Diagonalization of real, symmetric matrices 

We have seen how a square matrix A was transformed into a diagonal 
matrix by use of the modal n1atrix P of A. Now instead of merely a square 
matrix, we have a symmetric matrix. In this case, it turns out that the modal 
matrix P will become an orthogonal matrix. Let us start with a few new 
definitions, and then develop the discussion. 

(i) Definitions 

When we had two square matrices A and B, B was said to be sin1ilar to A 
when B = p-I AP. Now let P be an orthogonal matrix. Then we say B is 
orthogonally similar to A 

Next let us set 

[au al2 ata] 
A= a2I G22 G2a 

a at a32 a33 
Then, 

[au a21 a at] 
AT== ai2 a22 aa2 

ata a2a a33 

If A = AT, then the matrix A is said to be sy1nmetric. In genera), A === (ai;) 
is symmetric if aii = aii· For example, 

A= [! ~ ~] 
The identity matrix I is also an example. 

(ii) Orthogonal n1odal matrix 

We wish to show that when A is real and symmetric, the modal matrix 
P will be, after normalization, an orthogonal matrix. We kno\V that when P 
is the modal matrix of A, we get p-- 1AP == D, where Dis the diagonal matrix 
with characteristic roots in the diagonal. This becomes, AP ==PD. Let 
v1 be one of the characteristic vectors of P. Then, letting A1 be a characteristic 
root, 
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Next, multiply both sides by vÂ£ (this will be a row vector.) Thus,

Let us now juggle v%A!\ as follows, remembering that (AB)T = BTAT

and using the assumption that A is symmetric, i.e., A = AT . We get

But we know that

Au,, = A2U2

Substituting this in, we get

since A! is a scalar. Putting the two together, we get,

Thus,

But A is an n x n real, symmetric matrix. A theorem (which we will not

prove) tells us that the characteristic roots of a real symmetric matrix are

all real. We shall furthermore assume that the rank of A is n. Then, all the

real n roots will be distinct.* Thus, Ai ^ A2 and v2Ti\ â�� 0 so that i\ and r2

are orthogonal and likewise for the other vectors. We conclude that the

vectors in the modal matrix P are mutually orthogonal when A is real and

symmetric, and of rank n. If we normalize the vectors, then P will be an

orthogonal matrix.

(Ñ�) Diagonaltzation of a real, symmetric matrix

Quadratic forms have real symmetric matrices associated to them.

Therefore, by using the above results, we can state as follows: Let A be the

real symmetric matrix associated to the quadratic form Q. Then, we can

find an orthogonal modal matrix P such that P'lAP = D where Ð� is a

diagonal matrix with the characteristic roots in the diagonal.

Let us illustrate this by letting

n A O

f\Ã y v Vi / Y" --1-- Y .i- Y â��Iâ�� Ð£ V Y / Y Y

&\*MÂ» -*2T **3/ A.Ñ�1 "p Ð�2 "T" -*3 ~Ñ�~ ^**1'*2 "Ñ�" .*Ð»1Ð»Ð�

= O,, x2. *3] â�¢

2 l l

l l 0

l 0 1.

**

-*3.J

= x'Ax

The characteristic equation is

1/4 - Ã¯l\ - A(l - A)(A - 3) = 0

* MacDuflee (1943), Chap. 8.
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Next, multiply both sides by vl (this will be a row vector.) Thus, 

vi Av1 = viA1v1 = A1vfv1 

Let us now juggle vf Av1 as follows, remembering that (AB)T = BT A. T 

and using the assumption that A is symmetric, i.e., A = AT. We get 

But we know that 

Substituting this in, we get 

vf Av1 = (~v2)Tv1 = ~vfv1 
since A1 is a scalar. Putting the two together, we get, 

~vi v1 = A1 vf v1 
Thus, 

(A1 - Az)vi v1 = 0 

But A is an n x n real, symmetric matrix. A theorem (which we will not 
prove) tells us that the characteristic roots of a real symmetric matrix are 
all real. We shall furthermore assume that the rank of A is n. Then, aU the 
real n roots will be distinct.* Thus, A1 =/:= ~ and v2 T v1 = 0 so that v1 and v2 

are orthogonal and likewise for the other vectors. We conclude that the 
vectors in the modal matrix P are mutually orthogonal when A is real and 
symmetric, and of rank n. If we normalize the vectors, then P will be an 
orthogonal matrix. 

(iii) Diagonalization of a real, symmetric matrix 

Quadratic forms have real symmetric matrices associated to them. 
Therefore, by using the above results, we can state as follows: Let A be the 
real symmetric matrix associated to the quadratic form Q. Then, we can 
find an orthogonal modal matrix P such that P-1AP = D where D is a 
diagonal matrix with the characteristic roots in the diagonal. 

Let us illustrate this by letting 

Q(x1, x2, x3) = 2x~ + x~ + x~ + 2x1x2 + 2x1x3 

= [xl, X2, xa] · [: i ~]. [~~ = x'Ax 

The characteristic equation is 

lA - A./I = A(l - A.)(A. - 3) = 0 

• MacDuffee (1943), Chap. 8. 
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Thus, the characteristic roots are

Ð¯ i ; _ -3 ; i\

1 â�� â�¢! j "9 â�� Â» ^Ã® â��

The characteristic vector was found by letting

[A - Ð�/]r, = 0

Solving these sets of linear homogeneous equations we find

Ð�i = l: Â»i= (0.-1.1)

Ð�2 = 3 : vi = (2, 1, 1)

; - n â�¢ t-,i / 1 1 1"l

Ð�3 â�� U. li3 â�� ^ â�� IÂ» 1,A_Ã�

From this we can find the modal matrix P.

309

P = [>!, Â»2, Ð£3] =

0 2 -1

-1 1 1

1 1 1

The vectors of P are mutually orthogonal, i.e., vft = 0 (i Ð¤]). For example,

=0-1+1=0

Next, let us normalize these vectors. They will be

<-(â�¢ Ð³ Ñ�)

l V2 \/2/

â��o = /4 _L M

2 " V6 Vo Ve/

Ð£Ð· V3 V3

Then the desired orthogonal modal matrix will be

2 -Ð�

0 â��â�� â��r=

zJ _L _L

Po= V2 V6 V3

i i i

Let us check this. We need
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Thus, the characteristic roots are 

~ == 3, 

The characteristic vector was found by letting 

[A - Al]L'i = 0 

Solving these sets of linear homogeneous equations we find 

A1 = 1 : v} = (0, -1, 1) 

A2 = 3 : V2 = (2, 1' 1) 

A3 == 0 : V3 = (- 1 ' 1 ' 1) 

From this we can find the modal matrix P. 

P = [ V1, v2, va] = [-: : - l] 
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The vectors of Pare mutually orthogonal, i.e., v1v1 = 0 (i =I= j). For example, 

v~v2 = [0, -1, 1] [:] = 0- 1 + 1 = 0 

Next, let us normalize these vectors. They will be 

Then the desired orthogonal modal matrix will be 

Let us check this. We need 

llr~, II == I , 

2 -1 
0 

~6 J3 
-1 1 1 

~2 ~6 ~3 
1 1 1 

_.j2 ~6 J3 

r~v~ == 0 
t ) ' 

i #- j. 
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We already know that ||if || = 1. So let us check vÂ°Â¡vi = 0.

!*

j_

V6 Vl2

J_

â��AJ

and likewise for the rest of vlvj = 0 where / ^ j. Using P0 we can find the

diagonal matrix D which, after calculations, will be

D = P%AP0 =

1

0

Note that Pjf = PQ l. Thus, if we denote the transformation by

P0y = x

where y = (y1,y2,y3) and x = (x!, Ð´:2, Ñ�3) are column vectors, we get

e(*i, x2, x3) = xrÐ�x = (P0y)TA(P0y)

= yTP%AP0y = yTDy

1

Ð�

Ð�

This means that we have performed a transformation on (xlt x2, x^)

by the orthogonal modal matrix P0, and have mapped it into (ylt yt, y3).

Geometrically, we have rotated the axes. Graphically we have Figure 11-2

where for simplicity, only two of the three

axes are shown.

The transformation P0y = x, when written

out in full, is as follows

Fig. 11-2

2 -1

0 â�� -p

V6 x/3

N/2 V6 4/3

â�� _L _L

V2 Vo V3

vl

Ð£*

Thus,

-Ð£3-
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We already know that llvfll = 1. So let us check v~vJ = 0. 

2 

J6 

1 

J6 
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and likewise for the rest of vivJ = 0 where i =I= j. Using P0 we can find the 
diagonal matrix D which, after calculations, will be 

D=P~AP0 = [l 3 OJ= [).1 ~ Aa] 

Note that Pl = P0-
1• Thus, if we denote the transformation by 

P0y=x 

where y = {yb y2, y3) and x = (x1, x 2, xs) are column vectors, we get 

Q(x1, x2, x3) = xT Ax = (P0y)T A(P0y) 

= yTp~ APoY = yT Dy 
Thus, 

1 

3 

0 

= y~ + 3y: 

This means that we have performed a transformation on (x1, x2, x:J 
by the orthogonal modal matrix P0, and have mapped it into (y1, y 2, y3). 

Geometrically, we have rotated the axes. Graphically we have Figure 11-2 
where for simplicity, only two of the three 

0 

x2 axes are shown. 

.rt 

Fig. 11-2 

The transformation P0y = x, when written 
out in full, is as follows 

2 -1 
0 

~6 ~3 
-1 1 1 

~2 J6 .J3 
1 1 1 - -
~2 .J6 ~3 Ya x 
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In algebraic equation form, this is

2 1

~~F Ð£2 ~ Ð³ Ð£3 â�� xl

Ñ�/Ð± Ñ�/Ð�

(1) ~r Ñ�i + ~r Ð£* + 'r

V2 V6 V3

â��= Ð£ i + â��= Ð£, + -F Ð£3 = Ñ�3

â�� Ð£! + â��= Ð£-2 + -,-

V2 v6 4/3

Let us solve this and use it to check our result

As is seen, we need only yl and y2 in our present case. We find from (1)

&

Ð£ i = â�� (Ñ�3 â�� *2)

Ð£2 = â�� (2^i + Ð»:2 + x3)

6

Substituting this into Q(xl t x2, x3) we find

Q(xi, xÂ» x3) = y\ + 3yl

= !(x3 - *2)2 + 3 â�¢ Ð�Ð²Ðµ(2Ñ�l + x2 + x3)2

x

3 2 3

which is the original quadratic form we started with.

Thus, we see that when we have a quadratic form Q(xI, x2, x3) as given

and use the linear transformation (1), the quadratic form becomes

where the coefficients 1 and 3 are the characteristic roots of the matrix asso-

ciated to the quadratic form.

Let us summarize this into a theorem.

Theorem. If we have a real quadratic form Q(xlt x2, ... .Ñ�â��) there is asso-

ciated a real symmetric matrix A. Then we can find an orthogonal modal

matrix P such that the real quadratic form will become

where Ð�, are the characteristic roots of the symmetric matrix and the yi

are the new set of *, with respect to the new set of coordinates, obtained from

the linear transformation Py = x.
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In algebraic equation form, this is 

2 1 
.j{j Y2 - .j"j Ya = Xx 

(1) 
-1 1 1 
1- Yt + -

1
- Y2 + -

1
- Ya === X2 

'12 '\6 '\3 

1 1 1 
.J1. Yx + .J{j Y2 + .J"j Ya = Xa 

Let us solve this and use it to check our result 

Q(x1, X2, x3) = Yi + 3y~ 
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As is seen, we need only y1 and y2 in our present case. We find from (I) 

Substituting this into Q(x1, x2, x3) we find 

Q(xl, x2, Xa) == y~ + 3yi 

=== i(x3 - x2)
2 + 3 · a~o(2x1 + x2 + x3)

2 

2 2 2 
= 2x1 + x2 + x3 + 2x1x2 + 2x1x3 

which is the origina] quadratic form we started with. 
Thus, we see that when we have a quadratic form Q(x1, x2, x3) as given 

and use the linear transformation (I), the quadratic form becomes 

Q(x1, x2, x3) = Yi + 3y~ 
where the coefficients I and 3 are the characteristic roots of the matrix asso
ciated to the quadratic form. 

Let us summarize this into a theorem. 

Theorem. If we have a real quadratic form Q(x1, x 2, ••• xn) there is asso
ciated a real symmetric matrix A. Then we can find an orthogonal modal 
matrix P such that the real quadratic form will become 

AtY~ -t- A2Y; + . . . + AnY~1 
where Ai are the characteristic roots of the symmetric matrix and the yi 
are the new set of xi with respect to the new set of coordinates, obtained from 
the linear transformation Py === x. 
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Problems

Given the quadratic form

(Â¿(Ñ�l t Ð»:2, x3) = 5x\ + x\ + Ð»| + 4Ð»:1or2 + 2Ñ�lÑ�3

make the following calculations.

1. Find the matrix A associated to Q.

2. Find the characteristic roots of A. Ans. Al = 1, A2 = 6, A3 = 0.

3. Find the orthogonal modal matrix P.

4. Calculate PTAP and find the diagonal matrix D.

5. Let Py = x. Then find xTAx in terms of y.

6. Write out in full Py = x. Check Q(xlt Ñ�2, Ñ�Ð°) = y\ + 6y| is the same as the

original equation by substituting in values from Py = x.

11.7 Non-negative quadratic forms

It was shown in the previous section that a quadratic form Q(xlt Ñ�2, x^)

that has cross products such as Ñ�lÑ�2, x2x3, x3xI could be transformed by an

orthogonal transformation Py = x into

Ã�(*i, Ñ�2, Ñ�3) = ^y\ + ÐªÑ�\ + Ð�3Ñ�!

where Alt A2, Ð�3 are the characteristic roots of the symmetric matrix associated

to (?(.*!, Ð»:2, Ð»:3).

Nothing was said about Q(xl, x2, x3) except that the associated matrix

was real and symmetric. Now let us add conditions concerning the sign of

Q and show some interesting properties that are useful in problems such as

determining the maximum or minimum of functions in economics (which we

show later) and also in statistics.

But first we shall explain a few new terms that are related to quadratic

forms.

(/) Discriminant and modulus

Let us explain these terms by use of an illustration. Let

Q(xlt x2) = 2x\ + 6x^2 + 2x\

-t*, -jÃ� Ð¨;1

r -, Ð�Ð°Ð¸ Ð°,2"| Ð�Ñ�Ð�

= [-Vl -X2] I

1 2J La2i aÂ«J Lx2J

2 2

â�� 2 2 aaxixi' aa â�� aa
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Problems 
Given the quadratic form 

Q(x1, x2, x3) = Sxi + ~ + 4 + 4x1x 2 + 2x1x3 

make the following calculations. 

1. Find the matrix A associated to Q. 

2. Find the characteristic roots of A. Ans. A1 = 1, 

3. Find the orthogonal modal matrix P. 

4. Calculate pT AP and find the diagonal matrix D. 

S. Let Py = x. Then find xT Ax in terms of y. 

~ = 6, 
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Aa = 0. 

6. Write out in full Py = x. Check Q(xb x2, x3) = y! + 6Ji is the same as the 
original equation by substituting in values from Py = x. 

11.7 Non-negative quadratic forms 

It was shown in the previous section that a quadratic form Q(x1, x2, xs) 
that has cross products such as x1x2, x2x3, x3x1 could be transformed by an 
orthogonal transformation Py = x into 

Q(xl, X2, xa) = AtY~ + ~y~ + AaY: 

where A1, A2, As are the characteristic roots of the symmetric matrix associated 
to Q(x1, x2, x:J. 

Nothing was said about Q(x1, x2, x3) except that the associated matrix 
was real and symmetric. Now let us add conditions concerning the sign of 
Q and show some interesting properties that are useful in problems such as 
determining the maximum or minimum of functions in economics (which we 
show later) and also in statistics. 

But first we shall explain a few new terms that are related to quadratic 
forms. 

(i) Discriminant and modulus 

Let us explain these terms by use of an illustration. Let 

Q(x1, x2) = 2x~ + 6x1x2 + 2x~ 

= [ Xt x2] [:~~ =~:] [~:] 
2 2 

= ! ! aHxixi, aii = aii 
i= 1 i=l 
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Let us next apply the linear transformation

*i = y! + 2

which can be shown as

Ð¬Ð°y2 = 2 bâ��yk, 0 = 1, 2)

*=i

Then, the quadratic form Q(xlt x2) becomes, after substitution,

Q(xl, xj = 22/f + 46Ð� v2 + 22y\

,

-Ð�Ð»

-[Ð» yJ

The determinant of the matrix associated to a quadratic form is called the

discriminant of the quadratic form. Thus, |a,,| and |ci3-| are discriminants.

Next, the determinant of the coefficients of a transformation is called the

modulus of the transformation. Thus,

M =

1 2

2 1

is the modulus of our transformation.

Then we have the following relationship

|c,,.| = M2 \au\

In our present case,

M2 =

Thus,

CL, =

c, =

22 23

= -45

23 22

1 2

2 1

2

= (-3)2 = 9

2 3

" 5

3 2

|ej = -45

To summarize, if we have a quadratic form

2 2

and a linear transformation

2

0=1, 2)

xl = S

*=i
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Let us next apply the linear transformation 

which can be shown as 

X1 = Y1 + 2y2 

X2 == 2yl + Y2 

2 

X; = bilyl + bi2Y2 == 2 bikYk, (i = 1, 2) 
k =1 

Then, the quadratic form Q(x1, x2) becomes, after substitution, 

Q(x1, xJ == 22yi + 46yLv2 + 22y~ 

= [Yl Y2] . [;~ ;;] . [~~] 
== [y

1 
y 2] . [C11 C12] • [Yt] 

C21 C22 Y2 
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The determinant of the matrix associated to a quadratic form is called the 
discriminant of the quadratic form. Thus, la;;l and lcHI are discriminants. 

Next, the determinant of the coefficients of a transformation is called the 
modulus of the transformation. Thus, 

M= I~ ~I 
is the modulus of our transformation. 

Then we have the following relationship 

lc;;l = M 2 la;;l 
In our present case, 

lc·il == 122 231 = -45 
I 23 22 

M2 =I~ ~ 12 = ( -3)2 = 9 

Ia;;' = 1 ~ ~ 1 = -5 

Thus, 
lc;;l = M 2 

• la;;l = -45 

To summarize, if we have a quadratic form 

2 2 

Q(xl, X2) = 2 2 aiixixi, 
i=l i=l 

and a linear transformation 
2 

xi == 2 bilcYk, 
k=l 

(i == 1, 2) 



314 VECTORS AND MATRICES (PART II) SEC. 11.7

we can show this in matrix form as

Ã� = x'Ax

x = By (\B\ is modulus)

then the result of the linear transformation will be

0 = (By)'A(By)

= y'B'ABy = y'cy

\c\ = \B\*'\A\

This holds in general for / = k = 1 , 2, . . . n.

Problem

x\

Given the quadratic

Q

and a linear transformation

x = By

where

B

1. Find the symmetric matrix A associate to Q(xlt x2).

2. Find 0(Ð»:1, Ð»:2) in term of y using the transformation, i.e., find y'cy.

3. Show that |c| = \B\* â�¢ \A\.

(//) Positive definite

Let us now discuss the sign of Q(xlt x2). Let

2 2

1=1J=1

be a quadratic form. When

x,) ^0

for all real values of xl and Ð»:2, Q is called a non-negative quadratic form.

If 20^, Jc2) > 0 for all values of xl and x2, except xl = x2 = 0, the Q is

called positive definite. If g < 0 for all values of xl and Ð»:2, except Ð»^ = Ð»:2 =

0, then it is said to be negative definite.

For example, 3x\ + 4Ð»:| is positive definite. â��3^ â�� 4Ð»:| is negative

definite. When we have 3Ñ�\ â�� 4Ð»|, it is neither. When we have (3Ñ�1 â�� 4x^)t

+ xf, we see that when xl = 4, x2 = 3, Ð»:3 = 0, it becomes zero. On the

other hand, it is seen that it will never become negative. This is called

positive semi-definite.
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we can show this in matrix form as 

Q = x'Ax 

X=By (IBI is modulus) 

then the result of the linear transformation will be 

Q = (By)' A(By) 

= y'B'ABy = y'cy 

lei = IBI2 
• IAI 

This holds in general fori= k = 1, 2, ... n. 

Problem 
Given the quadratic 

Q(x1, xt> = xi + 4xtxs + xi 

and a linear transformation 
X= By 

where 

B = [2 -1] 
1 -2 

1. Find the symmetric matrix A associate to Q(x1, x,J. 

SEC. 11.7 

l. Find Q(xb xJ in term of y using the transformation, i.e., find y'cy. 

3. Show that lei = IBI2 
• IAI. 

(ii) Positive definite 

Let us now discuss the sign of Q(x1, x2). Let 

2 2 

Q(xt, xl) =I I ailxixJ 
i=I i=l 

be a quadratic form. When 

for all real values of xi and x2, Q is called a non-negative quadratic form. 
If Q(xi, x2) > 0 for all values of x1 and x2, except x1 = x2 = 0, the Q is 
called positive definite. If Q < 0 for all values of xi and x2, except x1 = x2 = 
0, then it is said to be negative definite. 

For example, 3_xi + 4x~ is positive definite. -34 - 4xi is negative 
definite. When we have 3_xi - 4x~, it is neither. When we have (3x1 - 4xJ2 

+ x;, we see that when x1 = 4, x2 = 3, x3 = 0, it becomes zero. On the 
other hand, it is seen that it will never become negative. This is called 
positive semi-definite. 
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So far we have defined terms concerning Q(xlt x2). But similar terms

are applied to the matrix associated to Q(xl, x2). For example, we had above

Q(xl, x2) = 3x1 + 4*2

P Â°1 Ð�*1! = x'Ax

As we saw, Q > 0 and is positive definite. Let us now define as follows:

The symmetric matrix A is called positive definite if the quadratic form that

corresponds to A is positive definite. Thus, when

"es

then Q = x Ax > 0, and therefore A is positive definite. Likewise, A is

called positive semi-definite when the corresponding form Q = x'Ax is

positive semi-definite, and negative definite if the corresponding quadratic

form is negative definite.

(///) Application of orthogonal transformation

The transformation in (i) above from Q(xlt x2) to Q(y1, y2) gave us a new

quadratic form which contained cross products such as 46y1j2. But we have

seen that by use of an orthogonal transformation, x = Pz, where P is an

orthogonal modal matrix, we were able to transform Q as follows

Q = x'Ax = (Pz)'A(Pz) = z'P'APz = z'Dz

where D is a diagonal matrix with characteristic roots of A in the diagonal.

Then,

(1) Ã� = z'Dz = VÃ� + VÃ�

where A, and A^ are the characteristic roots of A.

The advantage of performing such a transformation is that we can use (1)

to discuss the sign of Q. For example, if Al > 0 and A2 > 0, we may have

Zi = 0, z2 Ð¤ 0. Then (1) is A2zf > 0. It z1 Ð¤ 0, z2 = 0, then (1) is

Aizf > 0. Only when Zi = z2 = 0 will (1) be equal to zero. Thus, when

A! > 0, A2 > 0, then Q is positive definite. Note that if Al ^ 0, A2 > 0,

we may have A1 = 0, A2 > 0 and z1 ^ 0, z2 f c 0 which means that AÂ¡zf +

A^z! = 0 and thus (I) will not be positive definite. It will be positive semi-

definite. Likewise, only when A, < 0, A2 < 0 will (1) be negative definite.

We have seen that the diagonal matrix D obtained from A has the same

rank as A with the characteristic roots in the diagonal. Therefore if A is of

rank 2, then, in our present case, Al Ð¤ 0, A^ Ð¤ 0. Thus if Q is positive definite

and A is of rank two, we must have A! > 0, A2 > 0.

Conversely, if Al > 0, A2 > 0 then, Q is positive definite and A is also

positive definite, and of rank two. To state this another way, we may say
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So far we have defined terms concerning Q(x1, x2). But similar terms 
are applied to the matrix associated to Q(x1, x2). For example, we had above 

Q(x1, x2) = 3xi + 4x~ 

= [x1 x2] • [~ ~] • [~~] = x'Ax 

As we saw, Q > 0 and is positive definite. Let us now define as follows: 
The symmetric matrix A is called positive definite if the quadratic form that 
corresponds to A is positive definite. Thus, when 

A=[~ ~] 
then Q = x' Ax >· 0, and therefore A is positive definite. Likewise, A is 
called positive semi-definite when the corresponding form Q = x' Ax is 
positive semi-definite, and negative definite if the corresponding quadratic 
form is negative definite. 

(iii) Application of orthogonal transformation 

The transformation in (i) above from Q(x1, x2) to Q(y1, y2) gave us a new 
quadratic form which contained cross products such as 46ytJ2• But we have 
seen that by use of an orthogon·al transformation, x == Pz, where P is an 
orthogonal modal matrix, we were able to transform Q as follows 

Q = x'Ax == (Pz)'A(Pz) == z'P'APz == z'Dz 

where D is a diagonal matrix with characteristic roots of A in the diagonal. 
Then, 

(1) Q == z' Dz == A1zi + A2z~ 
where l 1 and ~ are the characteristic roots of A. 

The advantage of performing such a transformation is that we can use (I) 
to discuss the sign of Q. For example, if l 1 > 0 and l 2 > 0, we may have 
z 1 == 0, z 2 =F 0. Then ( I ) is l 2 z~ > 0. I f z 1 =I- 0, z 2 = 0, then ( I) is 
l 1zi > 0. Only when z1 == z 2 = 0 will (I) be equal to zero. Thus, when 
l 1 > 0, l 2 > 0, then Q is positive definite. Note that if A1 > 0, l 2 > 0, 
we may have l 1 == 0, l 2 ::-> 0 and z1 -=F 0, z2 = 0 which means that ).1 zi + 
l2:Z~ == 0 and thus (I) will not be positive definite. It will be positive semi
definite. Likewise, only when l 1 < 0, l 2 < 0 will ( 1) be negative definite. 

We have seen that the diagonal matrix D obtained from A has the same 
rank as A with the characteristic roots in the diagonal. Therefore if A is of 
rank 2, then, in our present case, ).1 j: 0, l 2 =t- 0. Thus if Q is positive definite 
and A is of rank two. we must have A1 :> 0, l 2 > 0. 

Conversely .. if l 1 > 0, )~2 :> 0 then, Q is positive definite and A is also 
positive definite, and of rank two. To state this another way, we may say 
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that if A is of rank n, and the n characteristic roots of A are all positive, then

A is positive definite, and conversely, if A is positive definite, then its n

characteristic roots are all positive.

Let us illustrate this by a simple example. Let

Q(xlt x2) = 4*i + 4x1x2 + lx\

We can show that this is positive definite by

Ã�(x1, x2) = (2*1 + x2)2 + 6x1 > 0

for all real values of xl and x2 except for xl = x2 â�� 0. In matrix form this

becomes

7] ' [**] = *'

Let us apply an orthogonal transformation Py = x where P is the orthogonaf

modal matrix we wish to find. For this we first find the characteristic vectors

of A.

4- A 2

Ð¸ - A/I =

= A2 - Ð�Ð� + 24 = (A - 3)(A - 8) = 0

/ Ð�

Thus, the characteristic roots are Ai = 3, A2 = 8 and we can anticipate that

the diagonal matrix D will be

_0 8_

The characteristic vectors i\ and r2 are

[A - VJ'i = 0

[A â�� A2/]r2 = 0

Thus, for vl

Ð�4- 3

2

2

4.

In equation form this can be written as

Ð¸"

2x2 =

4x2 = 0

Solving this simultaneous set of linear homogeneous equations gives us the

characteristic vector !\

!\ = (-2m, m) = m(-2, 1)
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that if A is of rank n, and the n characteristic roots of A are all positive, then 
A is positive definite, and conversely, if A is positive definite, then its n 
characteristic roots are all positive. 

Let us illustrate this by a simple example. Let 

Q(x1, x2) = 4x~ + 4x1x2 + 1x~ 
We can show that this is positive definite by 

Q(x1, x2) = (2x1 + x2)
2 + 6x: > 0 

for all real values of x1 and x2 except for x1 = x2 = 0. In matrix form this 
becomes 

Let us apply an orthogonal transformation Py = x where Pis the orthogonal 
modal matrix we wish to find. For this we first find the characteristic vectors 
of A. 

lA - All = 1
4 

- A 
2 

I = A.2 
- llA. + 24 = (A. - 3)(A - 8) = 0 

2 7- A. 

Thus, the characteristic roots are A.1 = 3, A.2 = 8 and we can anticipate that 
the diagonal matrix D will be 

D = [~ ~] 
The characteristic vectors v1 and v2 are 

Thus, for v1 

[A - A.1/]v1 = 0 

[A- ~/]v2 = 0 

[ 4; 3 7 ~ 3l [~~] = 0 

D ~l [~~J = o 
In equation form this can be written as 

x1 + 2x2 = 0 

2x1 + 4x2 = 0 

Solving this simultaneous set of linear homogeneous equations gives us the 
characteristic vector v1 

t'1 = (-2m, m) = m( -2, I) 
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We can find v2 in a similar manner. It will turn out to be

v2 = (\m, m) = m(\, 1)

Thus, the matrix P will be

Ð³ Ñ� Ð�â�� 2m \m\

p = Ðº Â»j =

L m m J

Let us check whether D1r2 = 0.

Â»â�� = [-2m m] â�¢ Ð� 2â�¢ ] = -m2 + m2 = 0

L m J

m.

One more condition we need is that the vectors be normalized. For this,

(â��2mk^) 2 + (mkl)2 = 1

(JmA:2)2 + (mk^) 2 = 1

Then, the scalars k, (the normalizing factor) become

1 1

set

and

4/n2

feÂ» =

1

V"i2 + m2/4 mV5

and the orthogonal modal matrix P we are looking for becomes

'-2 1

p =

mkl

Checking,

.L JL

Ã� V5

and
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We can find v2 in a similar manner. It will turn out to be 

v2 == ( ~-m, n1) == m(!, 1) 

Thus, the matrix P will be 

[
-2m -!m] p == [vl v2] == ... 

1n tn 
Let us check whether v1 v2 === 0. 

v1v2 =[-2m m]· [~:J = -m2 +m2 =0 

One more condition we need is that the vectors be normalized. For this, 
set 

and 

Then, the scalars ki (the normalizing factor) become 

and the orthogonal modal matrix P we are looking for becomes 

P== 

Checking, 

and 

-21nk1 

n1k1 

!mk2 

mk2 

1 

J5 
2 

~·s 

-2 1 

~5 J5 
1 2 
)5 J5 

2 2 
==--+-=0 

5 5 

( 
2 )2 ( 1 )2 

- .J5 + .J5 = 1 

(Jsf + (Jsf = 
1 
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PPT =

-2 1

1 2

ri Ð¾]

.0 lj

-2 1

1 2

Now that we have the P, let us perform the orthogonal transformation

Py = x. Written out in full this is

-2 1 "

'Ã� 'Ã�

1 2

r ~

yi

-Ð£Ð°-

*i

J

or, in equation form, it is

-2

Using this transformation, the Ã¶i^, Ð»:2) becomes

^(*!, *2) = x'Ð�Ð»: = (Py)'Ð�^) = y'P'APy = y'Dy

where

D = p'AP =

-2 1

" A O"

4 2

-2 1

/5 /5

1 2

_2 7_

/5 /5

1 2

Ð�34Ð¾1

.0 8j

Thus, the quadratic form Q(xÂ¡, xt) becomes

As we see, the coefficients 3 and 8 are the characteristic roots of A. Further-

more, since both are positive, Q(xlt x2) > 0 for all real values of Ð»:! and Ð»:2

(or yl and yt) except for xl = x2 = 0 (orji = y2 = 0). That is, Q is positive

definite.
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Also,

In general we can say that if A (and Q) is positive definite, then the
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Also, 
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-2 1 --
ppT = J5 J5 

1 2 

J5 J5 

= [~ ~]=I 

-2 1 

J5 J5 
1 2 

J5 J5 
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Now that we have the P, let us perform the orthogonal transformation 
Py = x. Written out in full this is 

or, in equation form, it is 
-2 1 
JSYI + JSYz = X1 

1 2 
JS Y1 + JS Yz = Xz 

Using this transformation, the Q(x1, x2) becomes 

Q(x1, xJ = x'Ax = (Py)'A(Py) = y'P'APy = y' Dy 
where 

-2 1 -2 1 -- --
J5 J5 

D = P'AP = 1 2 
~5 J5 
1 2 --

J5 J5 ~s Js 
= [~ ~] 

Thus, the quadratic form Q(x1, x2) becomes 

Q(x1, x2) = y' Dy = (yl, YJ[~ ~] · [~:] 
~ 3yi + 8y~ 

As we see, the coefficients 3 and 8 are the characteristic roots of A. Further
more, since both are positive, Q(x1, x2) > 0 for all real values of x1 and x1 

(or y1 and yJ except for x1 == x2 == 0 (or y 1 == y2 == 0). That is, Q is positive 
definite. 

In general we can say that if A (and Q) is positive definite, then the 
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diagonal matrix obtained by an orthogonal transformation will have the

characteristic roots of A in its diagonal and they will- all be positive.

Problems

Given the quadratic form

investigate the following steps.

1. Show it is positive definite by grouping into squares.

2. Eliminate the cross products in Q by means of an orthogonal transformation.

3. Write out the transformation in terms of a system of equations.

(/r) Positive semi-definite case

Next, if we have an Ð¸ x Ð¸ positive semi-definite matrix A which is of rank

r(r < n), we shall find after an orthogonal transformation that A! ... Ar are

all positive and that Ar+1 ... Ð�â�� are all zero. This can be seen by noting that an

Ð¸ x n positive matrix with rank n was transformed by an orthogonal trans-

formation into a diagonal matrix that had the n characteristic roots in the

diagonal, where all the Ai were positive. We also know that the rank of a

diagonal matrix is given by the number of non-zero elements in the diagonal.

Thus, if the rank of A should ben â�� 1, thenoneoftheelementsinthediagonal

needs to be zero, and the remaining n â�� 1 elements will be positive. If the

rank of A should be n â�� 2, then two of the elements in the diagonal needs

to be zero, and the remaining Ð¸ â�� 2 elements will be positive. In general if

the rank is r(r < n), then the r characteristic roots in the diagonal will be

positive and the remaining n â�� r elements in the diagonal will be zero.

Let us illustrate this by the following simple example

Ã�(xl, x2, x3) = (*1 - 2x2)2 + 3x* = x'Ax

When xl = 2m, x2 = m, x3 = 0, it will make Q = 0. Thus, Q (and A) is

positive semi-definite, and when we apply an orthogonal transformation, we

anticipate that the diagonal matrix will have zeros in the diagonal, depending

on the rank of A. In our present case, A is of rank two and we thus expect

one zero in the diagonal, and two positive roots. Let us now work this out.

Q can be shown as

Q = x\ - 4*1Ñ�2 + 4x* + 3xÐ�

1. *2. Ñ�3] â�¢

-2

1

0

-2

4

0

0

0

3.

"Ñ�~

x2

-x3-

= Ñ�'AÑ�

1 - Ð� -2

0

-2 4- A

0

= (Ð� _ 3)(A - 5)A

0 0

3 -

/
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diagonal matrix obtained by an orthogonal transformation will have the 
characteristic roots of A in its diagonal and they will· all be positive. 

Problems 
Given the quadratic form 

Q(x1, x2) = 3xi + 4x1x 2 + 6x~ 
investigate the following steps. 

l. Show it is positive definite by grouping into squares. 

2. Eliminate the cross products in Q by means of an orthogonal transformation. 

3. Write out the transformation in terms of a system of equations. 

(it') Positive semi-definite case 

Next, if we have an n x n posit ire semi-definite matrix A which is of rank 
r(r < n)~ we shall find after an orthogonal transformation that A1 ... A, are 
all positive and that A,+1 ... A11 are all zero. This can be seen by noting that an 
n x n positive matrix with rank n was transformed by an orthogonal trans
formation into a diagonal matrix that had the n characteristic roots in the 
diagonal, where all the Ai were positive. We also know that the rank of a 
diagonal matrix is given by the number of non-zero elements in the diagonal. 
Thus, if the rank of A should be n - I, then one of the elements in the diagonal 
needs to be zero, and the remaining n - 1 elements will be positive. If the 
rank of A should be n - 2, then two of the elements in the diagonal needs 
to be zero, and the remaining n - 2 elements will be positive. In general if 
the rank is r(r < n), then the r characteristic roots in the diagonal will be 
positive and the remaining n - r elements in the diagonal will be zero. 

Let us illustrate this by the following simple example 

Q(x1, x2, x3) == (x1 - 2x2)
2 + 3xi == x' Ax 

When x 1 = 2m, x 2 = m, x3 = 0, it will make Q == 0. Thus, Q (and A) is 
positive sen1i-definite, and when we apply an orthogonal transformation, we 
anticipate that the diagonal matrix will have zeros in the diagonal, depending 
on the rank of A. In our present case, A is of rank two and we thus expect 
one zero in the diagonal, and two positive roots. Let us now work this out. 
Q can be shown as 

Q = x~ - 4x1x2 + 4x~ + 3x= 

= [xl, X2, xa] · [ -~ -~ ~l [;~ = x'Ax 

1- A -2 0 
lA - All = -2 4 - A 0 == (A - 3)(,l - 5)A 

0 0 3- ,t 
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Thus, the three characteristic roots are /^ = 3, A2 = 5, Ð�3 = 0 and we antici-

pate that the diagonal matrix D is

^3 0 0

050

^ 0 0 0

The quadratic form Q will become

To check this, let us find the orthogonal modal matrix P that performs this

transformation. For this, we look for the characteristic vectors which we

obtained by solving [A â�� lil]vi = 0. For l\ we find, since Xl = 3,

1-3 -2 0

-2 4-3 0

.0 0 3-3.

In terms of equations we have

â��2xl â��2x2 = 0

â�� 2x, +Ð»:, = 0

= 0

Thus,

Likewise we find

0 â�¢ x3 = 0

Ðª = (0, 0, m)

Â»2 = (m, â��2m, 0)

so that the modal matrix we want is

P =

Omm

0 â��2m \m

w 0 0

We see that the inner products of the vectors are zero. Thus, they are

orthogonal. But they are not normal, so let us normalize them. The

normalizing factors will be

m

1

2 + 4m2

I

+ im2

.!_

nV

2
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Thus, the three characteristic roots are A1 = 3, Aa = 5, J.a = 0 and we antici-

pate that the diagonal matrix :is [~ ~ ~ J 
0 0 0 

The quadratic form Q will become 

Q(x1, x2, x3) = 3yi + Sy~ 
To check this, let us find the orthogonal modal matrix P that performs this 
transformation. For this, we look for the characteristic vectors which we 
obtained by solving [A - Ail]vi = 0. For v1 we find, since A1 = 3, 

[

1- 3 
-2 
0 

-2 
4-3 

0 
~ ] . [~:l= 0 

3- 3 x:J 
In terms of equations we have 

-2x1 -2x2 = 0 

-2x1 +x2 = 0 

0 · x3 = 0 
Thus, 

v1 = (0, 0, m) 
Likewise we find 

v2 = (m, -2m, 0) 

v3 = (m, !m, 0) 

so that the modal matrix we want is 

[

0 m 

P = 0 -2m 
m 0 

We see that the inner products of the vectors are zero. Thus, they are 
orthogonal. But they are not normal, so let us normalize them. The 
normalizing factors wilJ be 

1 
kl=

m 
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Thus, the orthogonal modal matrix P will be

p =

0

_L A

Vs V5

0

1 0

A check will show that PTP = PPT = /.

Using this the linear transformation, Py = x will become

"o J= Ð�

Vs V5

0 ~^

1

Vs

0

V5

0-1

â�¢

Ð£l

X!

Ð£*

=

*2

_Ð£3â��

-*3_

or, in equation form

1

-7=

Vs

-=

Vs

2 1

-- Ð³- Ð£ 2 + -]=â�¢ Ð£3 = x2

V5 Ñ�/5

Then, applying this transformation, the quadratic form becomes

Q(xlt x2, x3) = x'Ax = (Py)'A(Py)

D =

""

""

â�� '

1 2

0

0 1

1 -2 0

Â° Ts 7s

1

Ð¾

240

Ð¾ ~2 !

Vs

V5

Vs Vs

2

|

~ 0

003

1 0 0

3 0

0

0 5

0

â��Ð¾ 0

0_
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Thus, the orthogonal modal matrix P will be 

0 1 2 

~5 ~5 
-2 1 

~5 ~5 
P= 0 

1 0 0 

A check will show that pT P = ppT = I. 
Using this the linear transformation, Py = x will become 

0 
1 2 

~5 ~·-s 
Yt XI 

0 
-2 1 

~5 Js Y2 - x2 

1 0 0 Y3 x3 

or, in equation form 

Yt == X3 

Then, applying this transformation, the quadratic form becomes 

Q(x1, x2, x3) = x' Ax == (Py)' A(Py) 

== y'P' APy == y' Dy 

0 0 1 -2 0 0 
1 2 

~5 .Js 
1 -2 

0 -2 4 0 -2 1 
D = P'AP == ~5 )5 0 

~5 ~5 
2 

0 0 0 3 1 0 0 ;- J5 ~5 

3 0 0 

- 0 5 0 

0 0 0 
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Q =

= [y1, y2, y3]

300

050

000

which is as we expected.

Given the quadratic form

Problems

= x -

2Ð»|

1. Show this is positive semi-definite.

2. Eliminate the cross products in the quadratic form by an orthogonal

transformation.

(r) Submatrices

Next let us apply these properties to the submatrices of A. Let A be

Â«11 Â«12 Â«13 Â«14

Â«21 Â«22 Â«23 Â«24

Â«31 Â«32 Â«33 Â«34

_Â«41 Â«42 Â«43 Â«44J

Let An be the submatrix obtained by deleting row 1 and column 1. i.e.,

"/24

-Â«42

J34

244J

Likewise we can find A22, A^, Att.

Next, let us delete rows 1 and 3, columns 1 and 3 and denote this sub-

matrix by An 33.

= Ð�Â«22 Â«24!

LÂ«42 Â«44J

In general, when we obtain a submatrix by deleting rows and corresponding

columns, it will be called a principal submatrix. The determinant of a prin-

cipal submatrix will be called a principal subdeterminant, or principal minor.

This later term is used more often.

We state that: If A is positive definite, every principal submatrix is

positive definite.

322

This can be explained by use of an example. Let Q(.\\, Ð»:2, Ð»:3) be positive

definite. Then, the submatrix An for example implies that we have set
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Thus, we get 

Q = y' Dy = [Yt• Yz, Y3][~ ~ ~] · ~~ 
= 3y~ + sy: 

which is as we expected. 

Given the quadratic form 
Problems 

Q(x1, x2, xs) = xi - 6x1x2 + 94 + 2xi 
1. Show this is positive semi-definite. 

SEC. 11.7 

2. Eliminate the cross products in the quadratic form by an orthogonal 
transformation. 

(v) Submatrices 

Next let us apply these properties to the submatrices of A. Let A be 

all a12 ats a14 

A= a21 a22 a23 au 
aal a a~ ass aM 
a41 a42 a43 a 

Let A11 be the submatrix obtained by deleting row 1 and column 1. i.e.~ 

Likewise we can find A22, A33, A44• 

Next, let us delete rows 1 and 3, columns 1 and 3 and denote this sub
matrix by A11,33• 

A _ [a22 a24] 
11 ... sa- a a 

42 44 

In general, when we obtain a submatrix by deleting rows and corresponding 
columns, it will be called a principal submatrix. The determinant of a prin
cipal submatrix will be called a principal subdeterminant, or principal minor. 
This later term is used more often. 

We state that: If A is positive definite, every principal submatrix is 
positive definite. 

This can be explained by use of an example. Let Q(x1, x2, x3) be positive 
definite. Then, the submatrix A11 for example implies that we have set 
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xl = 0. This is shown as

323

, Ñ�2, x3) = D

cli X2, x3]

Ð»Ñ�* + aKxl + 033X3' + 2l

Â«11 Â«12 Â«13

a21 a22 Ð¯Ð¼

-Â«31 Â«32 Â«33-

= a:

Let xl = 0. Then,

3 + 2a23*2x3

Ã�(x2, x3) = a2

In other words, deleting row 1 and column 1 means we have set xl = 0.

The value of Q(xlt x2, x3) for all real values of xlt *2, x3 where xl = 0,

Ð»:2 > 0, x3 > 0, is equal to Q(x2, x3) for all values of *2 > 0, x3 > 0. Thus,

Q(x2, x3) will also be positive definite for x2 > 0, x3 > 0 and the submatrix

An will also be positive definite.

In similar fashion we can see that every principal submatrix will be

positive definite when the original matrix is positive definite.

11.8 Determining the sign of a quadratic form

In statistics and economics, we are frequently faced with the problem of

finding the sign of Q(x, y). That is, we wish to find whether or not Q is

positive definite. Let us approach this problem first via simple algebra and

then restate it in terms of matrix algebra.

â�¢

(i) Two-variable case

Let the quadratic form be

Q(x,y) = ax2 + by2 + 2hxy

This can be transformed as follows

-,(â�� + '*)

\ a I

For Q(x,y) > 0, we must have

2 , ab-h2

e>0, e-^Ð�2>0
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x1 = 0. This is shown as 

Q(x1, x 2, x 3) = [ X1, X2, xa] [=~: ::: =~J · [~~] 
a31 a32 a33 Xa 

Let x 1 = 0. Then, 

= a11x~ + a22x; + a33xi + 2a12x 1x 2 

+ 2a23x 2x 3 + 2a31x3x1 

Q(x2, x3) = a 22x; + a33xi + 2a23x2x3 

== [x2, xaJ[a22 a2a]. [x2] 
a32 aaa Xa 
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In other words, deleting row I and column I means we have set x1 = 0. 
The value of Q(x1, x 2, x3) for all real values of x1, x2, x3 where x1 = 0, 
x2 > 0, x 3 > 0, is equal to Q(x2, x 3) for all values of x 2 > 0, x 3 > 0. Thus, 
Q(x2, x3) will also be positive definite for x2 > 0, x3 > 0 and the submatrix 
A11 will also be positive definite. 

In similar fashion we can see that every principal submatrix will be 
positive definite when the original matrix is positive definite. 

11.8 Determining the sign of a quadratic form 

In statistics and economics, we are frequently faced with the problem of 
finding the sign of Q(x, y). That is, we wish to find whether or not Q is 
positive definite. Let us approach this problem first via simple algebra and 
then restate it in terms of matrix algebra. 

(i) TH·o-rariab/e case 

Let the quadratic form be 

Q(x, y) == ax2 + by2 + 2hxy 

This can be transformed as follows 

Q(x, y) == [x y] [ah h] . [x]. 
b y 

=a( x + hy)2 + ab- h2 y2 
, a a 

For Q(x, y) > 0, we must have 

a> 0, 
a 
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But since a > 0, the second condition becomes ab â�� A2 > 0. We can show

this in the form of determinants as

\a\ > 0, ab - h2 =

a h

h b

>0

Note that the second determinant is the determinant of the matrix of co-

efficients of Q(x, y), and \a\ will be the minor of the element a22, or the deter-

minant of the submatrix A22. For Q(x, y) < 0, we need

a h

h b

>0

\a\ < 0,

(H) Three-variable case

Now let us try it with three variables.

Ã�(x, y, z) = ax* + by2 + cz2 + 2fyz + 2gzx + 2hxy

= [*, y, z]

By algebraic manipulation we get v

a h

g

X

h b

f

â�¢

y

-S f

c-

_z_

' V

ab-tfl.. . af-gh

a

abc - af2- bg2 - ch2 + 2fgh ,

a a

f2-bg2

ab- h2

Thus, for Q(x, y, z) to be positive, we need

a > 0, ab - h2 > 0, abc - a/2 - bg2 - ch2 + 2fgh > 0

But note that this can be shown as

H > 0,

For Q to be negative, we need

0,

a h

h b

>o.

a h g

h b f

g f Ñ�

ed

a h g

h b f

a h

>0

h b

g f Ñ�

> 0

<0

(///) General case

In general the necessary and sufficient conditions that the real quadratic

form

324
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But since a> 0, the second condition becomes ab- h2 > 0. We can show 
this in the form of determinants as 

lal > 0, 2 a h 
ab- h = h b > 0 

Note that the second determinant is the determinant of the matrix of co
efficients of Q(x, y), and Ia I will be the minor of the element a2~ or the deter
minant of the submatrix A22• For Q(x, y) < 0, we need 

lal < 0, 

(ii) Three-variable case 

Now let us try it with three variables. 

Q(x, y, z) = ax2 + by2 + cz2 + 2fyz + 2gzx + 2hxy 

= [x, y, z] · [; ~ ~ J · [~] 
By algebraic manipulation we get \ 

( 
h g )

2 
ab h

2 
( af gh)

2 

Q(x, y, z) = a x + - y + - z + - y + -
2 a a a ab- h 

+ abc - af2
- bg2

- ch 2 + 2fgh z2 

ab- h2 

Thus, for Q(x, y, z) to be positive, we need 

a > 0, ab - h2 > 0, abc - af 2 - bg2 - ch2 + 2fgh > 0 

But note that this can be shown as 

I~ :I> o. 
a h g 

lal > 0, h b f >0 

g f c 
For Q to be negative, we need 

I~ ~I >0. a h g 

lal < 0, h b f <0 

g f c 
(iii) General case 

In general the necessary and sufficient conditions that the real quadratic 
form 

Q(xl, x2, ... xn) = ~ :L aiixix i' 
i ; 
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be positive definite is that
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Kil > 0,

21

>0

Â«11 Â«12

> Ð¾,

Â«Ð�

Â«21

Â«12 Â«13

Â«22 Â«23

Â«21 Â«22

Â«31

Â«32 Ð¯33

And Q will be negative definite, if and only if the sequence of determinants

alternate in sign, i.e.,

Â«11 < 0,

(iv) Principal minors

Positive definite case. We have seen that if A is a symmetric matrix,

there exists an orthogonal modal matrix P such that

P'AP = D =

where the A, are the characteristic roots of A. We also saw that when A is

positive definite the Ai > 0. Let us now set Z)1/2 as

Then,

so that

= 7
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be positive definite is that 

> 0, >0 

And Q will be negative definite, if and only if the sequence of determinants 
alternate in sign, i.e., 

all al2 
all al2 ala 

all< 0, 
a21 a22 

> 0, a21 a22 a2a < 0, 

a at aa2 aaa 

(iv) Principal minors 

Positive definite case. We have seen that if A is a symmetric matrix, 
there exists an orthogonal modal matrix P such that 

where the Ai are the characteristic roots of A. We also saw that when A is 
positive definite the Ai > 0. Let us now set D1' 2 as 

~At 
Dll2 == ~;..2 

~Aa 
Then, 

1 

~;.t 

D-112 = 1 

~;.2 
1 

~Aa 
so that 

D112D-112 = v-t/2DI/2 = [l 1 1] =I 
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Now, instead of using P, let us use PD~1i2. Then, noting that D

(Z)"1'2)' because it is a diagonal matrix (i.e., symmetric), we get

ll2

= (D'1iZ)'P'APD

V/2

l

l

Thus, there exists a non-singular matrix PD~*12 = Ð¡ such that

Ð¡ AC = I

Next let us transfer the C's to the right hand side. We get

A = (C'^/C1-1

Now let us take the determinants on both sides. Then,

Ð� = ICT"'W Kl = ic'Mcr1

C" is the transpose of C. But the transpose of a determinant is equal to the

original determinant. Thus, |C"| = |C| and

Mi =

1 = icr2 =

Since |C| is a real number, when squared it will be positive. Thus, \A\ > 0.

We may summarize this in the following theorem:

Theorem: If A is positive definite, then, \A\ > 0.

We also said that all principal submatrices of a positive definite matrix

A are also positive definite. Then, by applying the above we have the

following theorem:

Theorem: If A is positive definite, every principal minor is positive.

326

Using these theorems, we shall restate in terms of matrix algebra the

results previously obtained by algebra.

326 VECTORS AND MATRICES (PART 11) SEC. 11.8 

Now, instead of using P, let us use P D-112 . Then, noting that D-112 = 
(D-1' 2)' because it is a diagonal matrix (i.e., symmetric), we get 

(P D- 112
)' A(P D- 1

'
2
) 

= (D- 112)'P'APD- 112 

= (D-112)' DD-112 

1 

.J;..1 

1 

1 

Thus, there exists a non-singular matrix P n-112 = C such that 

C'AC =I 

Next let us transfer the C's to the right hand side. We get 

A == (C')-1/C-1 

Now let us take the determinants on both sides. Then, 

IAI = IC'I-11/IICI == IC'I-1ICI-1 

1 

J~ 

C' is the transpose of C. But the transpose of a determinant is equal to the 
original determinant. Thus, IC'I == ICI and 

IAI = IC'I- 1ICI-1 = ICI- 2 = .! 
2 

c 
Since ICI is a real number, when squared it will be positive. Thus, IAI > 0. 

We may summarize this in the following theorem: 

Theorem: If A is positive definite, then, lA I > 0. 

We also said that all principal submatrices of a positive definite matrix 
A are also positive definite. Then, by applying the above we have the 
following theorem: 

Theorem: If A is positive definite, every principal minor is positive. 

Using these theorems, we shall restate in terms of matrix algebra the 
results previously obtained by algebra. 
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1. If Q is a positive definite quadratic form, then the associated matrix

/Ts determinant \A\ and its principal minors will all be positive.

2. Conversely if \A\ and the principal minors are positive, we will have a

positive definite A.

Negative definite case. Let Q = x'Ax and Py = x where P is the orth-

ogonal modal matrix. Then, we know that

Q = x'Ax = (Py)'A(Py) = y'Dy

where D is the diagonal matrix with the characteristic roots of A in it. We

also know from section 11.7 that

\P\*\A\

where \D\ and \A\ are the discriminants and \P\ is the modulus of the trans-

formation.

In our discussion above we have seen that when Q is positive definite,

\A\ and the principal minors are positive. Using our relation between

discriminants, we can show this as follows: \P\Z > 0. Thus, \D\ and \A\

must have the same sign. For simplicity, let

and

Ð�1 =

Ð�1

Ð¯Ð½ Â«12 Ð°13

'/.,, </.,.. i/.,;;

Ãl:ll Â£f32 i/:!;!

=

Ð�2

= AiA2A3

Ð�3

Let us assume that Ð»:2 = Ð»:3 = 0. Then, if Q is to be positive definite,

A! > 0. Thus,|Â£>| = A! > 0. Thus, \A\ = an > 0, since \D\ and \A\ have

the same sign.

Now if Xi Ð¤ 0, x2 Ð¤ 0, then, ^ > 0, A2 > 0. Thus,

\D\ = A A > 0

and, since \D\ and \A\ have the same sign

\A\ =

'u

'21

>0

If xl Ð¤ O, .Y2 ^Ã© O, Ð»:3 7^ O, then,

\D\ = A

SEC. 11.8 VECTORS AND MATRICES (PART 11) 327 

I. If Q is a positive definite quadratic form, then the associated matrix 
A's determinant lA I and its principal minors will all be positive. 

2. Conversely if I A I and the principal minors are positive, we will have a 
positive definite A. 

Negatiz'e definite case. Let Q === x' Ax and Py == x where P is the orth
ogonal modal matrix. Then, we know that 

Q == x' Ax == (Py)' A(PJ') === y' Dy 

where D is the diagonal matrix with the characteristic roots of A in it. We 
also know from section 11.7 that 

where I Dl and I A I are the discriminants and I PI is the modulus of the trans
formation. 

In our discussion above we have seen that when Q is positive definite, 
lA I and the principal minors are positive. Using our relation between 
discriminants, we can show this as follows: IPI 2 > 0. Thus, IDI and IAI 
must have the same sign. For simplicity, let 

all al2 al3 

IAI == a2l a22 a2a 
a at a32 a33 

and 

At 

I Dl === A2 == A1A2A.a 

A a 

Let us assume that x2 == x3 == 0. Then, if Q is to be positive definite, 
A1 > 0. Thus, IDI == A1 > 0. Thus, IAI == a11 > 0, since IDI and IAI have 
the same sign. 

Now if x 1 ::/:: 0, x 2 i= 0, then, ).1 > 0, A2 > 0. Thus, 

and, since IDI and IAI have the same sign 
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Ð�1 =

Â«21 Â«22 Â«23

>0

31 Â«32 Â«33

and so forth.

For the negative definite case, when Ð»:2 = x3 = 0, xl Ð¤ 0, then A! < 0,

Thus, \D\ = A! < 0 which implies that |/4| = an < 0.

For *! ^ 0, *2 ^ 0, x3 = 0, then, Xl < 0, A2 < 0. Thus,

and

For Xi Ð¤ 0,

and, therefore,

\D\ = Ai

0

Â«21 Â«22

>0

0,

0, we have, ^ < 0, ^ < 0, Ð�Ð� < 0. Thus,

\D\ = Xl^<Q

<0

Â«11 Â«12 Â«13

Â«21 Â«22 Â«23

Â«31 Â«32 Â«33

Thus,for 0 (and A) to be negative definite we need

Â«11 < 0,

Â«11 Â«12

'21 "22

Â«ll Â«12 Â«13

22 "23

<0

"31 Â«32 Â«3-

(v) Linear constraintâ��two variable case

Let the quadratic form be

lJl Ai T %o) "~ "i i^ti T" Â«22 2 "Ñ�" 12 1 2

We wish that Q > 0, i.e., positive definite, subject to the linear constraint

that

From the linear constraint, we have

Substituting this in Q gives us

328
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and, therefore, 

and so forth. 
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all at2 ata 

IAI = a2t a22 a23 > 0 
ast a32 aaa 
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For the negative definite case, when x2 = x3 = 0, x1 =I= 0, then A.1 < 0, 
Thus, IDI = A1 < 0 which implies that IAI = a 11 < 0. 

For x1 =I= 0, x2 =I= 0, x3 = 0, then, A1 < 0, ~ < 0. Thus, 

and 

For x1 =I= 0, x2 =I= 0, x3 =I= 0, we have, A1 < 0, ~ < 0, As < 0. Thus, 

and, therefore, 

a11 at2 ata 

A = a21 a22 a23 < 0 
aat a32 a33 

Thus,for Q (and A) to be negative definite we need 

a < 0 I att at21 > 0 
tt ' a a ' 21 22 

(v) Linear constraint-two variable case 

Let the quadratic form be 

all at2 ats 

a2t a22 a23 < 0 
ast a32 ·aaa 

Q(x1, x 2) = a 11x: + a22x: + 2a12x 1x 2 

We wish that Q > 0, i.e., positive definite, subject to the linear constraint 
that 

From the linear constraint, we have 
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Obviously, the sign of Q will depend on the sign of the portion in the paren-

thesis which can be shown in determinant form as

0

= a22b\

Thus, the condition that Ã�(xl, x2) > 0 is

"2

Â«12

Ð¯*Â»

<0

0 bi

bl an

Ð¬2 Ð°Ðº

As can be seen, this determinant is made up of the determinant of the

matrix of coefficients of the quadratic form Q which is bordered by the

coefficients of the linear relation. This is called a bordered determinant.

For Ã�(xl, x2) < 0, the necessary condition is that the bordered deter-

minant be positive. But this is the case where there are only two variables

Xi and x2. When we have three or more, the signs of the bordered deter-

minant will alternate as we shall see next. Note also that

Â«11 Â«12

Â«21 Â«22

0

Ð¬2 a12 a2

(r/) Linear constraint â�� three-variable case

Let us try the case where

= aux

Ð¯X

133X3

subject to

2a31x3xl

To find the conditions for Q > 0, let us set

1

bi

and substitute this in Q. Then,

Q(Ñ�!, *2, x3) = Ax\ + Bxl + 2Hx2x3

where

Ti

"i
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Obviously, the sign of Q will depend on the sign of the portion in the paren
thesis which can be shown in determinant form as 

0 bl b2 
- b1 all al2 = a22bi + a11b~- 2a12h1h2 

h2 al2 a22 

Thus, the condition that Q(x1, x2) > 0 is 

0 bl b2 
h1 all ai2 < 0 
b2 al2 a22 

As can be seen, this determinant is made up of the determinant of the 
matrix of coefficients of the quadratic form Q which is bordered by the 
coefficients of the linear relation. This is .called a bordered determinant. 

For Q(x1, x2) < 0, the necessary condition is that the bordered deter
minant be positive. But this is the case where there are only two variables 
x 1 and x2 . When we have three or more, the signs of the bordered deter
minant will alternate as we shall see next. Note also that 

a11 al2 b1 
a21 a22 b2 
bl b2 0 

0 bl b2 
b1 all al2 
b2 ai2 a22 

(vi) Linear constraint-three-variable case 

Let us try the case where 

Q(x1, x2, x3) = a 11x~ + a22x~ + a33x~ + 2a23x2x3 

+ 2a31x3x1 + 2a12x1x2 
subject to 

b1x1 + h2x 2 + b3x3 = 0 

To find the conditions for Q > 0, let us set 
1 

xl == - ~ (b2x2 + bsxa) 
bl 

and substitute this in Q. Then, 

Q(x1, x2, x3) ==Ax~ + Bx~ + 2Hx2x3 
where 
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As seen previously, Q > 0 when

A >0,

and Q < 0 when

Furthermore,

A H

H B

= AB - H2 > 0

A <0,

A H

H B

>0

2

"i

0 Â¿i! Ð¬2

Ð¬1 Â«11 Â«12

Ð¬2 Â«12 Â«22

AB-Ð�2=~-.

SEC. 11.8

(auea - Ð°31Ð°12)Ð¬2Ð¬3

Â«n Â«12 0,3

Ð¬2 al

Ð¬Ñ� Ð°.

33

Thus,for Q > 0, we need,

0 bl Ð¬2

bi Â«11 Â«12

b2 al2 a22

and for Q < 0, we need

, Ð�2 =

Â«12 Â«22 Â«23

Â«13 Â«23 Â«33

<0

Ð�i > 0, Ð�2 < 0

In general, let the quadratic form be

6(*1, x2, ... xn) = x'Ax

subject to the linear constraint

B'x = Â¿

= 0
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As seen previously, Q > 0 when 

and Q < 0 when 

Furthermore, 

A> 0, A H = AB- H2 > 0 
H B 

A< 0, 

1 0 bl b2 

= - b2 bt atl al2 
1 

b2 a12 a22 

AB - H2 = - 1
4 [(a22a33 - a~)b~ + (a11a22 - a:Jb~ 

bl 

+ (alla22 - ai2)bi - 2(alta23 - aa1a12)b2ba 

SEC. 11.8 

- 2(a22a 31 - a 23a 12)b1b3 - 2(a33a 12 - a23a13)b1b2] 

0 bl b2 ba 

1 bl all al2 ala 
= --

b' 1 b2 al2 a22 a2a 

ba ala a23 aaa 

Thus,for Q > 0, we need, 

0 bl b2 
0 

~1= bl all al2 < 0, ~2= 
bl 
b2 

b2 at2 a22 

and for Q < 0, we need 

~1 > 0, 

In general, let the quadratic form be 

Q(xl, X2, ... xn) = x' Ax 

subject to the linear constraint 

ba 

~2 < 0 

bl b2 

all al2 

al2 a22 

ala a23 

B'x = b1x1 + b2x2 ••• + bnxn-= 0 

ba 
ala 

<0 
a23 

a33 
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Then Q is positive definite when

0 bi b2 L,I "1

1

331

<0

and will be negative definite when the bordered determinants are alternately

positive and negative, the first one being positive.

Problems

1. Given the following quadratic form

Ã�(*. y, z) = x2 + 2f 4- z2 + 2xy + xz

test for the sign of Q by use of determinants and principal minors associated

to the matrix A(Q = x'Ax).

2. Given the following quadratic form, check its sign.

Q(x, y, z) = â�� x2 â�� y2 â�� z2 â�� 2xy â�� 2yz â�� 2zx

3. Given the following quadratic form with a constraint

Q = x2 - 4/ - z2 + 2xy

2x + y + z = 0

test the sign of the quadratic form.

11.9 Partitioned matrices

Ideas related to partitioned matrices are used in linear economics and

statistics. So let us develop a few elementary ideas. Let A be a given matrix

'12

Â«14

"',

"Ð¼

'41

'43

If we delete rows 3 and 4, and columns 1 and 2, we obtain

Â¿(3,411,2) =

'13

'23

The numbers in the parenthesis indicate the rows and columns that have been

deleted. A matrix obtained by deleting rows and columns of the original

matrix is called a submatrix of A. In particular, ou is a submatrix

A(2, 3, 4 | 2, Ð�Ð�).

SEC. 11.9 VECTORS AND MATRICES (PART II) 

Then Q is positive definite when 

0 bl b2 

b1 a11 al2 < 0, 

b2 a21 a22 

... ' 

0 b' 1 

331 

<0 

and will be negative definite when the bordered determinants are alternately 
positive and negative, the first one being positive. 

Problems 

1. Given the following quadratic form 

Q(x, y, z) = x2 + 2y2 + z2 + 2xy + xz 

test for the sign of Q by use of determinants and principal minors associated 
to the matrix A( Q = x' Ax). 

2. Given the following quadratic form, check its sign. 

Q(x,y, z) = -x2 - y2 - z2 - 2xy - 2yz - 2zx 

3. Given the following quadratic form with a constraint 

Q = x2 - 4y2 - z2 + 2xy 

2x+y+z=O 

test the sign of the quadratic form. 

11.9 Partitioned matrices 

Ideas related to partitioned matrices are used in linear economics and 
statistics. So let us develop a few elementary ideas. Let A be a given matrix 

all al2 ala a14 

A== 
a21 a22 a23 a24 

a at aa2 a33 a34 

a41 a42 a43 a44 

If we delete rows 3 and 4, and columns 1 and 2, we obtain 

A(3, 411' 2) == [ala al4] 
a23 a24 

The numbers in the parenthesis indicate the rows and columns that have been 
deleted. A matrix obtained by deleting rows and columns of the original 
matrix is called a submatrix of A. In particular, a11 is a submatrix 

A(2, 3, 412, 3;-4). 
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Thus, we can partition the matrix A into submatrices, for example

A =

Let us now discuss several matrix operations on partitioned matrices.

Let A and B be two matrices

Â«11 Â«12 Â«13 Â«14

Â«21 Â«22 Â«23 Â«24

/1(3,4

3,4) X(3,4

1,2)

Â«31 Â«32 Â«33 Â«34

Â«41 Â«42 Â«43 Â«44

.4(1,2

3,4) A(l,2

1,2).

A =

R =

Then,

â�¢"11 Â«12

.Â«41

â�¢Â«44

'13 "14

B2)

That is, the sum of two identically partitioned matrices is a matrix with the

same partitioning and the submatrices are the sums of the corresponding

submatrices of A and B.

The product of A and B is

A'B =

+

provided that the submatrices have rows and columns such that the usual

multiplication rule applies. Proofs will not be given. But the student should

carry out the multiplications and verify that the above operations hold. If

A =

B =

a-

then.

Â«22 Â«23

32

13

AB

332
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Thus, we can partition the matrix A into submatrices, for example 

all at2 ats alt [ ; ] A= a21 a22 a23 a2t A(3, 413,4) t A(3, 411, 2) 
a at a as a33 a34 = A(_i_:_2"_1 __ 3:_4_) ____ i" ____ A(1:2i-1:--2) 
atl a42 a43 a" 

Let us now discuss several matrix operations on partitioned matrices. 
Let A and B be two matrices 

Then, 
A + B = (A1 + B1, A2 + B2) 

That is, the sum of two identically partitioned matrices is a matrix with the 
same partitioning and the submatrices are the sums of the corresponding 
submatrices of A and B. 

The product of A and B is 

A'B = [A1, A2][!:] = [A1B1 + A2B2] 

provided that the submatrices have rows and columns such that the usual 
multiplication rule applies. Proofs will not be given. But the student should 
carry out the multiplications and verify that the above operations hold. If 

~12 J = [:~-~----i ----:~~-----~:] 
22 aat aa2 aaa 

:12 J = r t~--- ----::-----:~-J 
22 L b31 , b32 b33 

then, 



SEC. 11.10 VECTORS AND MATRICES (PART II) 333

In general, similar operations can be carried out for partitioned matrices

provided the products of the submatrices are defined.

If

=\A* Â«l Ã�=p

Lu Ð�221 [0

0

Ð²

then,

AB = [AnBu 0 j

Ð§ 0 A22Ã�2J

provided the product of the submatrices are defined. From this we can see

.., _

A -

._, 0

provided A is positive definite and Au is a square matrix. We see that

!- .[XHu1 0 l_p 0]

' ' - L 0 A22A^]"1Ð¾ l]

11.10 Non-negative square matrices

Let us present a simple Leontief input-output model,

= c2

= <3

where the subscript 1 indicates agriculture, 2 manufacturing, 3 household

and xl is agricultural output, x2 manufacturing output, x3 labor supply and

cÂ¡ is final goods. Therefore, c1 would be the amount of xl used for final

consumption by household. The a,, are the production coefficients. Thus

a12Ð»:2 shows the amount of Ñ�l used by industry 2, and likewise for the other

This can be shown in matrix form as

x = Ax + Ñ�

where

"Â«11 "12 "13"

.Â«31 "32 "33.

Or it may be shown as

(/ - A)x = Ñ�

This shows that gross outputs x are transformed into final products Ñ� by

the matrix (/ â�� A). The matrix (/ â�� A) which gives the technical conditions

of production, is usually given, and the problem can be set up as follows:

Given final demand c, how much should be produced by the various
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In general, similar operations can be carried out for partitioned matrices 
provided the products of the submatrices are defined. 

If 

A === [A 11 0 J B === [B11 0 J 
0 A22 , 0 B22 

then, 

AB === [A11B11 0 J 
0 A22B22 

provided the product of the submatrices are defined. From this we can see 

A -I = [~i/ J2~] 
provided A is positive definite and A11 is a square matrix. We see that 

AA -1 === [A101Aii
1 0 J [J OJ 

A22A221 === 0 I 

11.10 Non-negative square matrices 

Let us present a simple Leontief input-output model, 

( 1 - a11)x1 - a12X2 - a lax a === C1 

-a21X1 + (1 - a22)x2 - a23xa = C2 

-aa1X1- Oa2X2 + (1 - aaa)xa = Ca 

where the subscript 1 indicates agriculture, 2 manufacturing, 3 household 
and x 1 is agricultural output, x 2 manufacturing output, x3 labor supply and 
c i is final goods. Therefore, c1 would be the amount of x 1 used for final 
consumption by household. The au are the production coefficients. Thus 
a 12x2 shows the amount of x1 used by industry 2, and likewise for the other 
aiix;. 

This can be shown in matrix form as 

x =Ax+ c 
where 

Or it may be shown as 
(/- A)x == c 

This shows that gross outputs x are transformed into final products c by 
the matrix(/- A). The matrix(/- A) which gives the technical conditions 
of production, is usually given, and the problem can be set up as follows: 
Given final demand c, how much should be produced by the various 
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industries, i.e., what is x? Two problems arise. (1) Is there a solution, and

(2) if there is, what is it? If the inverse of (/ â�� A) exists, the solution will be

x = (I - A)~lc

For this to make economic sense, the elements of x, (I â�� A)~l and Ñ� must

be non-negative.

In this section we will study about matrices such as A or (/ â�� A)"1

which have elements that are all non-negative. Such matrices occur in

input-output analysis, Markov chains, and other economic topics where all

the data are usually non-negative. A discussion of non-negative square

matrices is mathematically advanced and at the level of this book only a

heuristic discussion will be given. References are given at the end of the

chapter for those interested in pursuing the topic. We start our discussion

with some preliminary ideas.

If all the elements Ð°â�� of a square matrix A are non-negative, i.e., aij > 0,

we say A is a non-negative square matrix and write A > 0. If ail > 0, then

we say A is a positive square matrix.

(/) Permutation matrix

A permutation matrix is a square matrix which has 1 in a row or column

with all other elements equal to zero. Thus, for a 3 x 3 permutation matrix

we have

Ð¾

l

Ð¾

'0 1 0"

0 0 1

1 0 0

Ð¾ Ð¾ Ð³

0 1 0

1 0 0

'0 0 Ð�

1 0 0

0 1 0

There are 3! = 6 matrices and, as can be seen, these permutation matrices

have been obtained by interchanging rows. Let us look at the second matrix

We have interchanged the second and third row. Note that the inner product

of the rows are zero and also that the length of the rows are unity. Thus,

7T2 is an orthogonal matrix and we should have Ñ�Ð³27Ð�.Ð� = /. Let us check.

'2"2

0

0

1

0

0

1

= /

334

Note that ^ = /is also considered as a permutation matrix.
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industries, i.e., what is x? Two problems arise. (I) Is there a solution, and 
(2) if there is, what is it? If the inverse of(/ - A) exists, the solution will be 

x == (/ - A)-1c 

For this to make economic sense, the elements of x, (/ - A)-1 and c must 
be non-negative. 

In this section we will study about matrices such as A or (/ - A)-1 

which have elements that are all non-negative. Such matrices occur in 
input-output analysis, Markov chains, and other economic topics where all 
the data are usually non-negative. A discussion of non-negative square 
matrices is mathematically advanced and at the level of this book only a 
heuristic discussion will be given. References are given at the end of the 
chapter for those interested in pursuing the topic. We start our discussion 
with sonte preliminary ideas. 

If all the elements a0 of a square matrix A are non-negative, i.e., a;; > 0, 
we say A is a non-negative square matrix and write A > 0. If aii > 0, then 
we say A is a positire square matrix. 

(i) Pernzutation matrix 

A permutation matrix is a square matrix which has 1 in a row or column 
with all other elements equal to zero. Thus, for a 3 X 3 permutation matrix 
we have 

[~ 
0 

~1 [~ 
0 !1 [! 1 

~J 1 0 0 
0 0 

[~ 
1 !1 [~ 

0 

~1 [! 
0 

~J 0 0 
0 0 

There are 3! == 6 matrices and, as can be seen, these permutation n1atrices 
have been obtained by interchanging rows. Let us look at the second matrix 

[
l 0 OJ 

7T2 = 0 0 1 
0 1 0 

We have interchanged the second and third row. Note that the inner product 
of the rows are zero and also that the length of the rows are unity. Thus .. 
1r2 is an orthogonal n1atrix and we should have 1r21TI ~ I. Let us check. 

[
1 0 OJ [ l 0 OJ [1 0 OJ 

1r21rf == 0 0 I · 0 0 1 =--.: 0 1 0 == I 
0 I 0 0 l 0 0 01 

Note that 1r1 :::= I is also considered as a permutation matrix. 
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Next, let us see what happens when we apply these matrices to a

matrix A.

"l

0

.0

0

0

1

A =

"1

2

3"

0"

1

0.

4

.7

5

8

6

9.

"l

4

_7

2

5

g

3"

6

9.

=

"1

7

.4

2

8

5

3"

9

6.

LU i \Jj \_i o yj L* Ñ� o.

That is, 7Ð³2Ð� has performed the operation of interchanging rows 2 and 3.

Next,

2 3

89

56

1 0 0

0 0 1

.0 1 0.

I 3 2

798

4 6 6_

Thus, we have interchanged columns 2 and 3.

In a similar way, the other Ñ�Ð³/s can be shown to interchange rows when

A is pre-multiplied by Ñ�Ñ�, and interchange columns when A is post-multiplied

by Ñ�Ñ�Ñ�.

(H) Indecomposable matrices

Consider a matrix

A =

023

050

.7 8 9.

Let us interchange rows and columns using the permutation matrices so that

the zeros will be brought down in the left hand corner.

"1

0 0"

"0

2 3"

"0 2 3"

0

0 1

0

5 0

=

789

.0

1 0_

.7

8 9_

.0 5 0.

"0

2 3"

"1

0 0"

"0 3 2"

7

.0

8 9

5 0_

0

.0

0 1

1 0.

=

798

.0 0 5.

Ñ�

7Ð� .

"0 3

7 8

2"

Ð¾

[' A

A

^

An \

\

~

/ Ð¾

Ñ�

A

A

4_l

.0 0

5.

3

Let us now partition Ñ�Ñ�AÑ�Ñ�Ñ�.

Ñ�Ñ�AÑ�?=

The characteristic of this partition is that Al and Ð�4 are square submatrices
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Next, let us see what happens when we apply these matrices to a 

matrix A. 

A=[~ 
2 

iJ 5 
8 

[1 0 OJ [l 2 
iJ = [; 

2 
:J 1r2A = 0 0 1 · 4 5 8 

0 1 0 7 8 5 

That is, 1r2A has performed the operation of interchanging rows 2 and 3. 
Next, 

[1 2 3J [1 0 OJ [l 3 2J 1r2 A1r~ = 7 8 9 · 0 0 1 == 7 9 8 
456 010 466 

Thus, we have interchanged columns 2 and 3. 
In a similar way, the other 1r/s can be shown to interchange rows when 

A is pre-multiplied by 7T, and interchange columns when A is post-multiplied 
by 1TT. 

(ii) Jndeconlposable n1atrices 

Consider a matrix 

Let us interchange rows and columns using the permutation matrices so that 
the zeros will be brought down in the left hand corner. 

~A=[~ 
0 

!l [~ 
2 

~J = [~ 
2 

~J 0 5 8 
8 5 

~A~T = [~ 2 
~l [~ 

0 

!J = [~ 
3 

~J 8 0 9 
5 0 

Let us now partition 1T A 1T T. 

~A~T= ~~ ~ ~l = [Al ___ , ___ A2] lo 0 -- 5j A3 : A4 

The characteristic of this partition is that A1 and A4 are square submatrices 
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along the diagonal, whereas A2 and A3 are not necessarily square. Further-

more, A3 is made up of zero elements in our present case. If we can find a

7Ð� that will transform a matrix A into this form, we say A is decomposable.

If no such Ñ�Ð³ can be found, we say it is indecomposable. For example, let Ð�

be

"0 2 3"

B= 456

.7 8 9_

This is indecomposable. We can interchange row 1 and row 3 so that 0

will be brought down to the left hand corner, but then we have to interchange

column 1 and column 3 which will bring the 0 to the lower right hand corner

which does not satisfy our requirements.

Next note that Al and At of A are indecomposable. For example,

Ð�Ð¾ 31

l= [7 8J

A, =

If we interchange rows, the 0 will be in the lower left hand corner, but then

we have also to interchange columns which brings the 0 to the lower right

hand corner, and this does not satisfy our requirements.

Let us illustrate further with

C =

1 2 0

050

.789

Note now that

is decomposable.

1 0 0

0 0 1

0 1 0.

120

789

-0 5 OJ

1 2 0

050

.7 8 9.

1 0 0

0 0 1

-0 1 OJ

1 0 0

0 0 1

0 1 0.

1 0

7 9

4) 0

2

8

5J

A- P Â°1

1 ~ L? 9]

â�¢^-Ð�Ð¯'Ð�Ð¯-Ð�Ð¯

-Ð¡Ð¯'Ð�Ð¯"Ð�Ð¯-,

336
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along the diagonal, whereas A2 and A3 are not necessarily square. Further
more, A3 is made up of zero elements in our present case. If we can find a 
7T that will transform a matrix A into this form, we say A is decon1posable. 
If no such TT can be found, we say it is indecomposable. For example, let B 
be 

[
0 2 3J 

B== 4 5 6 
7 8 9 

This is indecomposable. We can interchange row 1 and row 3 so that 0 
will be brought down to the left hand corner, but then we have to interchange 
column 1 and column 3 which will bring the 0 to the lower right hand corner 
which does not satisfy our requirements. 

Next note that A1 and A4 of A are indecomposable. For example, 

If we interchange rows, the 0 will be in the lower left hand corner, but then 
we have also to interchange columns which brings the 0 to the lower right 
hand corner, and this does not satisfy our requirements. 

Let us illustrate further with 

[1 2 OJ c = 0 5 0 
7 8 9 

rrCrrT = [~ 0 

!l [~ 
2 OJ [' 0 !J 0 5 0 . 0 0 

1 8 9 0 1 

[~ 
2 

~l [~ 
0 

!J = [i -~ -~J= [~~ ~:] 8 0 
5 

Note now that 

A1 = [~ ~] 
is decomposable. 

rrA1rrT = [~ ~] · [~ ~] · [~ ~] 

= G ~l [~ ~] = [~ ~] = As 
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Let us now combine the two steps.

"0 1 0"

"1 0 0"

"1 2 0"

"1 0 0"

"0 1 0"

1 0 0

0 0 1

050

0 0 1

1 0 0

.0 0 1.

.0 1 0.

.7 8 9.

.0 1 0.

.0 0 1.

"Ð¾ Ð¾ Ð�

"1 2 0"

"0 1 0"

"9 7 8"

1 0 0

â�¢

050

0 0 1

=

0 1 2

_0 1 0.

.7 8 9.

.1 0 0.

_0 0 5.

Thus,

TT-i 77" â�� 77"Ñ� â��

0 0 1

1 0 0

0 1 0

is the permutation matrix that transforms A into the form

4 Ñ� _ [A. * I

-Ð�-Ã�-LO Aj

where along the diagonal we have indecomposable square matrices Ab and

Ð� 4, zeros in the lower left hand, and other elements in the upper right hand

corner.

(Hi) Non-negative indecomposable matrices

We shall now present without the proofs results given by Debreu and

Herstein (1953). Let A be an n x n indecomposable matrix where a,, > 0,

i.e., A > 0. Let us find the characteristic roots from \A â�� A/| = 0. Then,

(1) we can find a characteristic root Ai > 0 such that, (2) the characteristic

vector !\ associated to Ai may be taken to be positive, i.e., !\ > 0 (which

means that all the elements of l\ are positive) and, (3) this A! will have the

greatest absolute value. This theorem is also known as the Theorem of

Perron. Let us illustrate this by letting

45 Ð¯

Then A > 0 and is indecomposable. Let us find the A,.

\A - A/I = A2 - Ð�Ð� - 4 = (A + 1)(A - 4) = 0

Thus, A! = 4, Ð�2 = â�� 1, and Ai = 4 is the characteristic root that is positive

and has the largest absolute value, i.e., |Ai| > IA.J.
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Let us now combine the two steps. 

~~~A~~f = [! 1 

~l [~ 
0 

!l [~ 
2 OJ [1 0 OJ [0 1 

~J 0 0 5 0·001·1 0 
0 1 8 9 0 1 0 0 0 

= [! 
0 

~l [~ 
2 

~l [~ 
1 

!J = [~ 
7 

~J 0 5 0 1 
1 8 0 0 

= [ A5 A2] 

Aa A" 
Thus, 

[0 0 1J 
'TT{TT == 'TT2 == 1 0 0 

0 1 0 

is the permutation matrix that transforms A into the form 

where along the diagonal we have indecomposable square matrices A 5 and 
A 4 , zeros in the lower left hand, and other elements in the upper right hand 
corner. 

(iii) Non-negative indecomposable matrices 

We shall now present without the proofs results given by Debreu and 
Herstein (1953). Let A be an n x n indecomposable matrix where ai; > 0, 
i.e., A > 0. Let us find the characteristic roots from lA - )~./I = 0. Then, 
(1) we can find a characteristic root At > 0 such that, (2) the characteristic 
vector vt associated to At may be taken to be positive, i.e., vt > 0 (which 
means that all the elements of vt are positive) and, (3) this At will have the 
greatest absolute value. This theorem is also known as the Theorem of 
Perron. Let us illustrate this by letting 

A=[; ~] 
Then A > 0 and is indecomposable. Let us find the Ai. 

lA -All == A2 - 3A- 4 == (A + l)(A- 4) == 0 

Thus, ,\1 = 4, ~ == -1, and A1 == 4 is the characteristic root that is positive 
and has the largest absolute value, i.e., l)~tl > llll· 
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Next let us find i\ and see if its elements are positive.

-2*! + Ð�Ð»:2 = 0

2Ñ�l â�� Ð�Ñ�2 = 0

*i = f x2 = f m, x2 â�� m

Thus, ^ = m(f, 1) where w is an arbitrary constant and, if we let m > 0,

then l\ > 0.

Now let us increase the value of an element of A and see what happens

to A!. Let

Â¿1 =

where we have increased a12 = 3 to 4. Then,

\A! - A/I = (2 - A)(l -A)-8 = Ð�2-Ð�Ð�-6 = 0

A! = Â¿[3 + Ð�/9 + 4 X 6] > i[3 + 5] = 4

The A! has become larger than 4. Tn general, it can be shown that when an

element of A is increased, A! will also increase.

Problems

1. Given the matrix A > 0, answer the following questions.

Ð» â��

[4

(a) Find the characteristic root Al with the largest absolute value.

(b) Find the characteristic vector i\ associated to Ai and check to see that it is

r! >0.

(c) Increase any one of the elements of A by adding one, and check to see

whether /^ has increased.

2. Given the matrix A 0, answer the following questions.

(a) Is A decomposable?

(b) Find the characteristic root Ð¯l with the largest absolute value.

(c) Find ri and see that r, may be positive.

(d) Increase any one of the elements of A by adding one, and check to see

whether )Ð» has increased.

338 VECTORS AND MATRICES (PART 11) 

Next let us find v1 and see if its elements are positive. 

[
2 

; 
4 

1 ~ 4l [~~] = [~] 
-2x1 + 3x2 = 0 

2x1 - 3x2 = 0 
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Thus, v1 = m(f, I) where m is an arbitrary constant and, if we let m > 0, 
then v1 > 0. 

Now let us increase the value of an element of A and see what happens 
to A.1• Let 

where we have increased a12 = 3 to 4. Then, 

IAl - A./I = (2 - A.)(1 - A.) - 8 = A2 - 3). - 6 = 0 

A1 = t[3 + v'9 + 4 X 6] > ![3 + 5] = 4 

The A.1 has become larger than 4. In general, it can be shown that when an 
element of A is increased, A.1 will also increase. 

Problems 

l. Given the matrix A > 0, answer the following questions. 

A=[! ~] 
(a) Find the characteristic root ).1 with the largest absolute value. 
(b) Find the characteristic vector v1 associated to ).1 and check to see that it is 
v1 > 0. 
(c) Increase any one of the elements of A by adding one, and check to see 
whether A1 has increased. 

2. Given the matrix A :=:: 0, answer the following questions. 

A=[~ ~] 
(a) Is A decomposable? 
(b) Find the characteristic root ).1 with the largest absolute value. 
(c) Find v1 and see that v1 may be positive. 
(d) Increase any one of the elements of A by adding one, and check to see 
whether ).1 has increased. 
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(/t>) Non-negative square matrices

Let us now see if we can apply whatwe stated in (///) to non-negative square

matrices. Since we have non-negative (and not positive) square matrices,

some of the elements may be zero and thus the matrix A may be decomposable.

If A should be decomposable, by use of the permutation matrices, we can

find a similar matrix B that will have indecomposable submatrices along its

diagonal. A and B will have the same characteristic roots.

It can be shown that in this case where we have a square matrix A > 0,

(1) it will have a characteristic root Al that is non-negative i.e., A! > 0 (in our

previous case, ^ > 0), (2) the characteristic vector associated to Al will be

non-negative, i.e., !\ > 0 (which means that some of the elements of l\ may

be zero), (3) this Xl will have the greatest absolute value, and (4) when an

element of A is increased, Al may stay the same or increase.

Let us illustrate. Let A be

" 0 0"

A= 1 3 2

1 0 2

A is non-negative, and is decomposable. Thus,

0 1 0

0 0 1

Ð´ Ð¾ Ð¾.

"3 2 Ð�

0 2 l

0 0 l

1 0 0

1 3 2

l 0 2

0 0 1

1 0 0

0 1 0

= B

Note that Ñ�Ñ�Ñ� = Ñ�Ñ�--1, and also that Ñ�t is an orthogonal matrix. (But Ñ�Ñ� is not

a modal matrix.) Thus, A and B are similar, that is, the characteristic roots

of A and B are equal.

Let B be partitioned as

Ð�

0

Ð�

3 2

0 2

0 0

1

Al and A3 are indecomposable. Now let us find the characteristic roots and

characteristic vectors of B.

\B - A/I =

Al -

= Ð�, -Ð�/|Ð�8-Ð�/|

Since AI and A3 are indecomposable and non-negative square matrices,

the results we discussed in (iii) can be applied to A^ and A3.
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(iv) Non-negative square matrices 

Let us now see if we can applywhatwe stated in (iii) to non-negative square 
matrices. Since we have non-negative (and not positive) square matrices, 
some of the elements may be zero and thus the matrix A may be decomposable. 
If A should be decomposable, by use of the permutation matrices, we can 
find a similar matrix B that will have indecomposable submatrices along its 
diagonal. A and B will have the same characteristic roots. 

It can be shown that in this case where we have a square matrix A > 0, 
(I) it will have a characteristic root l 1 that is non-negative i.e., l 1 > 0 (in our 
previous case, A1 > 0), (2) the characteristic vector associated to A1 will be 
non-negative, i.e., v1 ;;:- 0 (which means that some of the elements of v1 may 
be zero), (3) this A1 will have the greatest absolute value, and (4) when an 
element of A is increased, ) .. 1 may stay the same or increase. 

Let us illustrate. Let A be 

A= [1 ~ ~] 
A is non-negative, and is decomposable. Thus, 

[~ 
1 !l [1 

0 OJ [0 0 

~] 1TA1TT == 0 3 2 . 1 0 
0 0 2 0 1 

= [~ 
2 

1] ~ B 2 
0 

Note that 7T'I' == 17'-1 , and also that 7T is an orthogonal n1atrix. (But 7T is not 
a modal matrix.) Thus, A and B are similar, that is, the characteristic roots 
of A and B are equal. 

Let B be partitioned as 

B ___ [At A2] = [~ ~ ~] 
0 A3 0 ~ J· 

A 1 and A3 are indecon1posable. Now let us find the characteristic roots and 
characteristic vectors of B. 

IB- 1.11 = I Al- AI A2 
0 A3 ~AI 

~ IA 1 ~ J.lliA 3 - All 

Since A 1 and A3 are indecon1posable and non-negative square n1atrices, 
the results we discussed in (iii) can be applied to A1 and Aa. 
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From \A! â�� A/|, we have

3-A 2

0 2- A

= (3 - A)(2 - A)

Thus, A! = 3, A2 = 2. From \A3 â�� A/| we find Ð�Ð� = 1 and 3 is the character-

istic root with the greatest absolute value. The characteristic vector Ñ�I

associated to Xl = 3 can be found from

[A - Vfci = 0

-2Ð»: = 0

x + 2z = 0

x â�� z = 0

Thus, Ð£! = (Ð»:,7, Ð³) = m(0, 1, 0). We can also find

A2 = 2: r2 = m(0, -2, 1)

Ð�Ð� = 1 : t'3 = m(- 1, â�� i , 1)

Thus, we find that rl ;> 0, when we take m > 0.

As is seen, i\t v2, and v3 were obtained from A . Let us see if we can obtain

them from the matrix B. For this we set up the equation

[B - Ð�</]Â», = 0

But we know that B = Ñ�Ñ�-1AÑ�Ñ�. Thus,

[Ñ�Ð³-Ð�Ñ�Ð³ - Ð�,/]Â», = 0

7Ð�-Ð§/4 - Ai/]7'T, = 0

(Note: Ñ�Ð³-^/Ñ�Ð³ = Ai/T

= V)

Ð� [Ð� -

', = 0

where Ñ�Ñ� is non-singular. But Ñ�Ð³Â», is simply interchanging the rows of vi.

Thus, when we solve for the r, using B instead of A, we will get the same

answer, but the rows of r, will be interchanged according to Ñ�Ñ�. Let us check

this. Solving for iv using B, we find

A1 = 3: r, = m(1,0,0)

A2 = 2: Â»2 = m(-2, 1,0)

A, = 1 : Â»3 = m(l, â��1, 1)

We know that

0 1 0

0 0 1

340

1 0 0
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From IA1 - All, we have 

3-.A. 

0 

2 = (3 - .A.)(2 - .A.) 
2-.A. 
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Thus, A1 = 3, ~ = 2. From IA3 - All we find A.a = 1 and 3 is the character
istic root with the greatest absolute value. The characteristic vector v1 

associated to .A.1 = 3 can be found from· 

[A - .A.1/]v1 = 0 

-2x= 0 

x+2z=0 

x-z=O 

Thus, v1 = (x, y, z) = m(O, 1, 0). We can also find 

~ = 2 : v2 = m(O, -2, 1) 

Aa = 1 : l'3 = m(- 1 , -l, 1 ) 

Thus, we find that v1 ~ 0, when we take m > 0. 
As is seen, v1, v2, and v3 were obtained from A. Let us see if we can obtain 

them from the matrix B. For this we set up the equation 

[B - .A.il]vi = 0 

But we know that B = 1T-1A1r. Thus, 

[1r-1A1T - .A.i/]ri = 0 

1r-1[A - A.il]1Tl\ = 0 

(Note: 1r-1 .A.il1T = .A.il1T-11T = A.il) 

[A - Ail]1TVi = 0 

where 1r is non-singular. But 1TVi is simply interchanging the rows of vi. 
Thus, when we solve for the vi using B instead of A, we will get the same 
answer, but the rows of l'i will be interchanged according to 1r. Let us check 
this. Solving for ri using B, we find 

We know that 

A.1 = 3 : z·1 == m( I, 0, 0) 

A2 == 2 : z,2 == m(- 2, I, 0) 

Aa = 1 : r 3 = m(-~, - I , 1 ) 
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Thus,

TTv, =

7Ð�/Ð�,

7Ð�Ð£, =

"0 1 0"

"0"

"Ð�

0 0 1

â�¢

1

=

0

= t

Ð» Ð¾ Ð¾.

.0.

.0.

"0 1 0"

"

0"

"-2"

0 0 1

â��

2

=

1

Ð» Ð¾ Ð¾.

_

I.

0.

"0 1 0"

"â��

f

"-Ã�

0 0 1

â��

i

=

1

Ð» Ð¾ o_

1.

.â��I.

= v.

Thus we see that v, can be obtained from either A or B. But we are mainly

interested in i1! > 0 which is associated to Ð�l > 0 which has the largest

absolute value.

(v) Properties of(kl â��A)

The input-output model in (i) was shown by

(/ - A)x = Ñ�

and we were interested in knowing whether or not this could be solved.

Let us state the system in a more general form.

(kl - A)x=y

Then, the input-output model we have is where k = 1. We are assuming A

is a non-negative square matrix.

Let A! be the characteristic root with the largest absolute value. Assume

k > Ai. Then, k is larger than all the other characteristic roots. Thus,

|A7 â�� A\ ,Â¿ 0, that is, (kl â�� A) is non-singular. Thus,

That is, we can solve the system of equations.

In addition, for cases like the input-output system, we want x > 0, and

y ;> 0 where y, which is the final output, is data that is given and we assume

y ^ 0. If we can show that (kl â�� A)'1 > 0, then since x = (kl â�� A)~ly,

x will also be x > 0, as we desire. Thus, the problem is to check whether

(kl â�� A)~l > 0 given conditions such as A > 0Ð� > Ai. We shall next show

that (kl â�� A)'1 > 0, given certain conditions by illustrations, without

proofs. References are given for those interested in studying the proofs.

A > 0 decomposable case. If A ^ 0, k > A1, then (kl â�� A)'1 > 0. A > 0

implies A may have zero elements and thus may be decomposable. Let us

illustrate this case as

-Ð² Ñ�
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Thus, 

wv1 = [~ 
1 !l [!] = [~] = v~ 0 
0 

wv2 = [~ 
1 rl [ -~J = [ -n 0 0 = v2 
0 

WV3 = [~ 
1 !] . [ =;] = [ =n = -v~ 0 
0 

Thus we see that L'i can be obtained from either A or B. But we are mainly 
interested in L'1 > 0 which is associated to A1 > 0 which has the largest 
absolute value. 

(v) Properties of (kl- A) 

The input-output model in (i) was shown by 

(/- A)x == c 

and we were interested in knowing whether or not this could be solved. 
Let us state the system in a more general form. 

(kl- A)x = y 

Then, the input-output model we have is where k = 1. We are assuming A 
is a non-negative square matrix. 

Let A1 be the characteristic root with the largest absolute value. Assume 
k > A1• Then, k is larger than all the other characteristic roots. Thus, 
lkl- AI =I- 0, that is, (kl- A) is non-singular. Thus, 

x == (kl - A)-1y 

That is, we can solve the system of equations. 
In addition, for cases like the input-output system, we want x > 0, and 

y > 0 where y, which is the final output, is data that is given and we assume 
y ~ 0. If we can show that (kl- A)-1 > 0, then since x == (kl- A)-1y, 
x will also be x > 0, as we desire. Thus, the problem is to check whether 
(kl- A)-1 > 0 given conditions such as A > 0, k > A1• We shall next show 
that (kl - A)-1 > 0, given certain conditions by illustrations, without 
proofs. References are given for those interested in studying the proofs. 

A > 0 decomposable case. If A > 0, k > A1, then (kl- A)-1 > 0. A > 0 
implies A may have zero elements and thus may be decomposable. Let us 
illustrate this case as 
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This is decomposable. That is, we can find Ñ�Ñ� such that

. Ñ� Ð�0 Ð�Ð�1 OlfO ll [3 21

wXw =Li ob 3JLi oMo u

Next let us find the characteristic roots.

\A - A/I = (1 - A)(3 - A) = 0

Thus, they are Ai = 3, AÐ° = 1. Let k = 4. Then, k > Al. Thus,

The inverse will be

Thus, (kl â�� A)'1 > 0 when A: > Al.

A ^ 0 indecomposable case. If A > 0 is indecomposable, and k >

then (kl â�� A)'1 > 0. Let us illustrate this by

Â¿-P

L3 Ð¾

As is seen, we have a zero element, but it is indecomposable. From \A â�� A/|

= 0 we find the two characteristic roots as ^ = 3, A2 = â��2, and A, is the

characteristic root that is positive and has the largest absolute value. Let

A: = 4. Then, /: = Ai + 1 > Ai as required and

3 ~

Thus, the inverse becomes

Ð�4 2l

(kl - AÐ�1 = a . [3 3] > 0

as required. All elements in (A:/ â�� Ð�)"1 are positive. Note that in our

previous example where

we found a TT such that

"^"Lo I\=B

Thus, A is decomposable. B cannot be rearranged any further. But we

want to point out that B is also considered decomposable because

Ð�1 0] Ð�Ð� 21 Ð�1 0| Ð�Ð� 2]

Lo U ' Lo ij Lo ij Lo U
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This is decomposable. That is, we can find 1r such that 

T [0 lJ [1 OJ [0 1J [3 2J 17A17 
== 1 0 2 3 1 0 = 0 1 

Next let us find the characteristic roots. 

lA - All == (I - A)(3 - A) = 0 

Thus, they are A1 = 3, ~ = 1. Let k = 4. Then, k > A1. Thus, 

kl _ A = [4 - 1 0 J [ 3 OJ 
-2 4- 3 == -2 1 

The inverse will be 

(k/ ~ A)- 1 = l· [; ~J 
Thus, (kl- A)-1 > 0 when k > A1. 

A > 0 indecomposable case. If A > 0 is indecomposable, and k > A1 , 

then (kl- A)-1 > 0. Let us illustrate this by 

A=[~ ~J 
As is seen, we have a zero element, but it is indecomposable. From lA - AI) 
= 0 we find the two characteristic roots as A1 == 3, ~ = -2, and ).1 is the 
characteristic root that is positive and has the largest absolute value. Let 
k = 4. Then, k = A1 + I > A1 as required and 

[ 3 -24J (kl - A) == _
3 

Thus, the inverse becomes 

(kl - A)- 1 = ~ [~ ~J > 0 

as required. All elements tn (k/- A)-1 are positive. Note that in our 
previous example where 

A=[; ~J 
we found a 1r such that 

Thus, A is decomposable. B cannot be rearranged any further. But we 
want to point out that B is also considered decomposable because 
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That is Ñ�Ð³ = / is also a permutation matrix. Thus, in this case, we have

B > 0 and B is decomposable. Then (kl ^- B)~l > 0. That is, the inverse

may have zero elements.

In contrast, when we have

Ð�Ð 21

Ll Oj

this is indecomposable, although Ð¡ has a zero element and Ð¡ > 0. That is,

there is no Ñ�Ñ�, including Ñ�Ñ� â�� I, that will rearrange the rows and columns of

Ð¡ so that the zeros will be brought down to the lower left-hand corner. In

this case (kl â�� C)~l > 0; that is, all the elements in the matrix will be

positive. Finally, if A > 0, then A is clearly indecomposable. Thus, we can

immediately see that (kl â�� A)'1 > 0, when k > Ai.

A > 0 case. If A > 0 and Sa!3 < 1, that is, the sum of the elements in

each row is less than unity, then (/ â�� AY1 > 0. This implies that when the

above condition holds, 1 > A!. For our input-output model, this is the case

we are interested in. Let us illustrate that this holds by use of an example.

Let

Ð§Ð�]

Then (/ - A)-1 will be

(/ - A)'

as required.

In terms of the input-output model, we need to assume that the sum of the

technical coefficients in any row is less than unity.

Since proofs are beyond the level of this book, we have only explained

the meaning of the theorems by use of simple illustrations. References for

proofs and related topics are given at the end of the chapter.

Problems

1. Given the matrix

A~\l

(a) If decomposable, find Ñ�Ð³ that will bring the zeros down to the left hand

corner so that it becomes indecomposable (other than by Ñ�Ð³ = /).

(b) Find A!, the characteristic root with largest absolute value.

(c) Let k = A! 4" 1. Then find (kl - A)~l and show that it is non-negative.

2. Given the matrix

Ð�2 4-1

[2 Oj
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That is 7T == I is also a permutation matrix. Thus, in this case, we have 
B > 0 and B is decomposable. Then (kl -;- B)-1 > 0. That is, the inverse 
may have zero elements. 

In contrast, when we have 

c = [i ~] 
this is indecomposable, although C has a zero element and C > 0. That is, 
there is no TT, including TT == /, that will rearrange the rows and columns of 
C so that the zeros will be brought down to the lower left-hand corner. In 
this case (kl- C)-1 > 0; that is, all the elements in the matrix will be 
positive. Finally, if A > 0, then A is clearly indecomposable. Thus, we can 
immediately see that (kl- A)-1 > 0, when k > A1. 

A > 0 case. If A > 0 and Laii < I, that is, the sum of the elements in 
each row is Less than unity, then (/- A)-1 > 0. This impli~s that when the 
above condition holds, 1 > A1. For our input-output model, this is the case 
we are interested in. Let us illustrate that this holds by use of an example. 
Let 

Then (/ - A)-1 will be 

as required. 
In terms of the input-output model, we need to assume that the sum of the 

technical coefficients in any row is less than unity. 
Since proofs are beyond the level of this book, we have only explained 

the meaning of the theorems by use of simple illustrations. References for 
proofs and related topics are given at the end of the chapter. 

Problems 
1. Given the matrix 

A = [; ~] 
(a) If decomposable, find 1T that will bring the zeros down to the left hand 

corner so that it becomes indecomposable (other than by 1r = 1). 
(b) Find J.1, the characteristic root with largest absolute value. 
(c) Let k = ).1 + 1. Then find (kl - A)-1 and show that it is non-negative. 

2. Given the matrix 
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(a) Check its decomposability.

(b) Find Ar

(c) Let k = Ai + 1 and find (kl â�� A)~l and check whether it is positive or

non-negative.

3. Given the matrix

A =

ij

Find (kl â�� A)~l where k = ^ + 1, and show that it is positive.

4. Given the matrix

Show that (/ - A)'1 > 0.

R '1

Li IJ

11.11 Maxima and minima of functions

Let us discuss maxima and minima of functions again with the help of

matrices and determinants.

(/) Unconstrained case

Consider a function

The necessary and sufficient conditions for this to have a maximum was

du = 0, d2u < 0

From du = 0, we have

and, since xl, Ñ�2, ..., Ñ�â�� are independent variables, the necessary condition

for this equation to be satisfied is

'' For i/2Ð¼ < 0, we have

d2u = (fxidxl +fxldx2 + ... + fxâ��dxn)2

= [i/.Ñ�!, dxt, ... dxn"]

/11 /12 â�¢â�¢â�¢ /In

/21

dx2

344

We have a quadratic form and the associated matrix is a real symmetric
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(a) Check its decomposability. 
(b) Find J.1. 
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(c) Let k = tl1 + 1 and find (k/ - A)-1 and check whether it is positive or 
non-negative. 

3. Given the matrix 

A = [! i] 
Find (kl - A)-1 where k = A1 + 1, and show that it is positive. 

4. Given the matrix 

A = [t :J 
Show that (/ - A)-1 > 0. 

11.11 Maxima and minima of functions 

Let us discuss maxima and minima of functions again with the help of 
matrices and determinants. 

(i) Unconstrained case 

Consider a function 
u =.f(xl, x2, ... xn) 

The necessary and sufficient conditions for this to have a maximum was 

du = 0, d2u < 0 
From du = 0, we have 

/rz
1 
dx1 + /z, dx2 + ... + /:r.,. dxn = 0 

and, since x1, x2, ••• , xn are independent variables, the necessary condition 
for this equation to be satisfied is 

f For tf2u < 0, we have 
/z =/z = ... =/z =0 1 2 ft 

d'lu = (fzt dxl + fza dx2 + · · · + fzn dxn)2 

/11 /12 · ·· ftn dxl 
/21 dx2-

nl fnn dxn 

We have a quadratic form and the associated matrix is a real symmetric 
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matrix. Thus, Ñ�/2Ð¼ < 0 in matrix algebra terms means that we want the

quadratic form to be negative definite. We know that the condition for it to

be negative definite is that the principal minors of the matrix alternate in

sign, the odd numbered minors being negative. That is,

/11 < 0,

711 /12

/21 /22

..., (-1)"

/11 ' ' ' /In

J n n

>0

For a minimum u, we need du = 0, d2u > 0. d2u > 0 leads us to the

condition that the principal minors of the associated matrix be all positive.

(Ð½) Constrained case â�� two variables

Let us work this out for a two-variable case. Consider

Ð¼ =/(Ð´Ãi. x2)

#*! , Ð»:2) = 0

The necessary conditions for a minimum Ð¸ are to find xlt X2 that satisfy

d<f, =

We know that

du = /i dxl + /2 dx2 = 0

d<f, = Â¿! d.\\ + <^2 Ð°x2 = 0

From these two equations we find

Or,

/2 <f,2 dxl

fi Ð�

Thus, the necessary conditions are the two equations

#*i, x8) = 0

and *!, *2 can be obtained from these two equations.
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matrix. Thus, d2u < 0 in matrix algebra terms means that we want the 
quadratic form to be negative definite. We know that the condition for it to 
be negative definite is that the principal minors of the matrix alternate in 
sign, the odd numbered minors being negative. That is, 

ftt ftn 
ftt /12 

ftt < 0, /21 /22 
> 0, ... ' ( -l)n >0 

fnt fn11 

For a minimum u, we need du == 0, d2u > 0. d2u > 0 leads us to the 
condition that the principal minors of the associated matrix be all positive. 

(ii) Constrained case-two variables 

Let us work this out for a two-variable case. Consider 

u == f(xl, x2) 

c/>(x1, x2) == 0 

The necessary conditions for a minimum u are to find x1, x2 that satisfy 

We know that 

du == 0 

du == h dx1 + / 2 dx2 == 0 

de/> == c/>1 dx 1 + c/>2 dx2 == 0 

From these two equations we find 

Or, 

Thus, the necessary conditions are the two equations 

.ft j; 
cf>t 4>2 

cf>(x1, x2) = 0 

and x1, x2 can be obtained from these two equations. 
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The necessary and sufficient condition is du = 0, d2u > 0, given d<f, = 0.

The d2u becomes

fu = d(du) = -]L (du) dx, + -j- (du) dx2

ax, 0X2

= f (Ð� dx, + h dxj dx, + -j- (f, dxl + /, dx2) dx2

ox, ax2

= /Ð¿ dÑ�l + f, - W*) + /1

12

+ /Ñ� dx, + Ð� (dX!) + /M d

L Ã�X2 <7X2

Since we have Ð¤(Ñ�l t x2) = 0, Ð»:! and x2 are not independent. But we can

interpret Xi as the dependent variable, and let all the other variables be the

independent variables. Then dxl is a variable that depends on the other

variables but dx2 (and the others when we consider a case with more than

two variables) will become constants. Thus,

- (dx2) = 0, -- (dx,) = 0, - (dxÂ¿ = 0

Ox1 <7X2 <7X2

Thus, we get

+ [/12 dx, + /22 dx2] dx2

= Ð� <^Xi d*1 + /u </xJ + /12 dx, dxÃ®

+ /12 ^i dx2 + /22 <Ãx|

Let us now find d2<f, â�� 0, by similar reasoning

*u = /u dx, + Ð� - (dxj + /u

- <, x, +

ox, dx2

z- [ Â¿i d*i + Â¿2 ^2] d*i + r

Ox, ax

Ð� ri 3l

= Ð¤Ð¿ dx, + Ð¤, â�� (dx,) + <f,,tdx2 + Ð¤2 â�� (dx2) dx,

1 ox, dx, J

+ | Â¿Â»d*! + Â¿1 Ð�" (dXl) + ^Â«^ + ^ ^-

whereas

L Ã¶*2 dx2
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The necessary and sufficient condition is du = 0, tJ2u > 0, given d4> = 0. 
The cPu becomes 

tPu = d(du) = ~ (du) dx1 + ~ (du) dx2 
ax1 ax2 

a a 
= - (/1 dx1 + /2 dxJ dx1 + - (/1 dx1 + /2 dx2) dx2 

ax1 ax2 

= [in dx1 + ! 1 _!_ (dxl) + !1'1. dx2 + ! 2 ~ (dx2)] dx1 
ax1 ax1 

+ [!12 dx1 + ! 1 ~ (dx1) + ! 22 dx2 + ! 2 _!_ (dx2)] dx2 
ax2 ax2 

Since we have 4>(x1, x2) = 0, x1 and x2 are not independent. But we can 
interpret x1 as the dependent variable, and let all the other variables be the 
independent variables. Then dx1 is a variable that depends on the other 
variables but dx2 (and the others when we consider a case with more than 
two variables) will become constants. Thus, 

whereas 

Thus, we get 

d2u = [in dxl + ft ~ (dxl) + !12 dxa] dx1 
ox1 

+ [/12 dx1 + /22 dx2] dxz 

= / 1 flx1 dx1 + / 11 dx~ + / 12 dx1 dx2 

+ /12 dx1 dx2 + /22 dx: 

Let us now find d2c/J = 0, by similar reasoning 
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Thus,

! dx2 +

Let us now eliminate Ð°2Ñ�l dxl from Ã�^

<Â¿u dx\ + Ð¤1

Ð¤Ðº dx\ = 0

and d2<f, by

â�� /i i/2,/,. Thus,

Let us divide by Ð¤^ Then,

^u _ a d^ = Ð�/u _ a ^ 1 dy* + Ð�/12 _ Ã¡ Â¿ J aXl

9i ' <Pi J L 9i J

+ Ð�/12 - Â£ Â¿J i/^i dx2 + Ð�/22 - ^- Â¿22 dx

L < J '

This is a quadratic form, and it is subject to the linear constraint

Ð¤1 dxl + Ð¤2 dx2 = 0

But we know that

0

= 0

Thus, our problem becomes one of finding the conditions for the quadratic

to be positive definite subject to a linear constraint. We know from Section

1 1.8 that the condition is that the principal minors of the matrix associated to

the quadratic bordered by the coefficients of the constraint equation should

be all negative. In our present case

0

&

*-t

(

(Ð»'-Ã*Â») f^-x

Thus this is a sufficient condition for Ð¸ to be a minimum.

For M to be a maximum, the principal minors bordered by the coefficients

of the constraint equation need to alternate in sign, the first one being positive.
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But 

Thus, 
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d2
cp === c/>1 d2x 1 dx1 + c/>-t1 dx~ + c/>12 dx1 dx2 

+ c/>12 dx1 dx2 + c/>22 dx~ === 0 
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Let us now eliminate d2x1 dx1 from d2u and d2cp by c/>1 d2u -/1 d2cp. Thus, 

c/>1 d2u - ft d2
c/> === [ cf>tftt - cf>ttftJ dxi + [ cf>tft2 - cf>tJtJ dxt dx2 

+ [ cf>tft2 - cf>tJtJ dxl dx2 + [ cf>t/22- c/>22!1] dx~ 
Let us divide by c/>1. Then, 

cPu - fl J2cp = [!u - fl cf>u J dx~ + [!12 - fl cpl2 J dxl dx2 
cpl cpl cpl 

+ [112 - /1 c/>12] dx1 dx2 + [!22 - ! 1 c/>22] dx: 
cf>t cf>t 

This is a quadratic form, and it is subject to the linear constraint 

But we know that 
c/>1 dx1 + c/>2 dx2 === 0 

cPu - ! 1 d2c/> = d2u > 0 
cf>t 
·: d2cp === 0 

Thus, our problem becomes one of finding the conditions for the quadratic 
to be positive definite subject to a linear constraint. We know from Section 
11.8 that the condition is that the principal minors of the matrix associated to 
the quadratic bordered by the coefficients of the constfaint equation should 
be all negative. In our present case 

0 cf>t c/>2 

cf>t ( fu - ~11 cf>n) (!12 - ~1 cpl2) <0 

c/>2 (!12 - ~1 cpl2) (!22 - ·;1 cp22) 

Thus this is a sufficient condition for u to be a minimum. 
For u to be a maximum, the principal minors bordered by the coefficients 

of the constraint equation need to alternate in sign, the first one being positive. 
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(Hi) Constrained caseâ��three variables

Ð¤(x1, je2, x3) = 0

The same procedure is used where we interpret xl as the dependent

variable and x2, x3 as the independent variables. Then, the necessary

conditions for an extreme value are

<f,i Ð¤Â» Ð¤3

Ð¤(x!, X2, x3) = 0

These three equations will give us the xlt x2, x3 we seek.

The sufficient conditions given du = 0 to determine whether we have a

maximum or minimum are

= 0

and these can be shown by

0 Ð¤!

Ð¤, Â»u

22

. minimum

. maximum

0 Ð¤, Ð¤2

V13

where for d2u > 0 the bordered principal minors will be all negative, and for

d2u < 0 they will alternate in sign, the first one being positive. Here the

vli's are

â�¢ va =fa â�� ~- Ð¤Ð½

9i

Problem

Given a utility function

" -

subject to the budget constraint

" Pi4i

0

where M is constant, find the necessary and sufficient conditions for Ð¸ to be

maximized. The necessary conditions are usually called the equilibrium

conditions.
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(iii) Constrained case-three variables 

u = f(x1, x2, xa) · 

cp(x1, x2, xa) = 0 

Sec. 11.11 

The same procedure is used where we interpret x1 as the dependent 
variable and x2, xa as the independent variables. Then, the necessary 
conditions for an extreme value are 

/1 /2 fa -=-=-
cfot c/>2 rPa 

cp(x1, x2, xa) = 0 

These three equations will give us the x 1, x2, Xa we seek. 
The sufficient conditions given du = 0 to determine whether we have a 

maximum or minimum are 

minimum 

maximum 

and these can be shown by 

0 rPt rP2 

c/>, V11 V12 ' 

c/>2 V21 V22 

0 rPt c/>2 c/>a 

c/>1 V11 V12 Vta 

c/>2 V21 V22 V23 

cf>a Vat Va2 V33 

where for d2u > 0 the bordered principal minors will be all negative, and for 
d2u < 0 they will alternate in sign, the first one being positive. Here the 
t'i/s are 

Problem 
Given a utility function 

u ~ f(qi, 92, 9a) 

subject to the budget constraint 

rP(qt, q2, 9a, Pt• P2· P3) -'-- Pt9I + P2q2 + Ps9s - M = 0 

where M is constant, find the necessary and sufficient conditions for u to be 
maximized. The necessary conditions are usually called the equilibrium 
conditions. 
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11.12 Differentiation of a determinant

(/) Differentiation of a determinant

Consider a determinant

Ð� =

where the elements are functions of Ð»:. Then the derivative of Ð�, i.e., Ð°Ð¦Ð°Ñ� is

dx

Ð�Ñ�2

X4

x

3x2

4Ð»:3

We have differentiated each row separately and then summed the two

determinants. For a determinant of n rows, we differentiate each row

separately and then sum the n determinants.

Let us check our result.

Ð�

X X3

Ð§ 4

X X

= Ñ�5 â�� Ð»

â�� = 5Ñ�4 - 6Ñ�5

dx

d&. â�� 1

dx' xs

Ð�Ñ�2

Ñ�4

X X3

Ð�Ñ�2 4Ñ�3

= 5x4

6Ð»:5

Next, recall that the value of a determinant is unaltered by an interchange

of rows and columns. This implies that instead of differentiating rows, we

can differentiate columns. For example,

dx

1

Ð�Ñ�2

3x2

4x3

= 5x4 - 6x5

(Â¡7) Jacobians

Consider two continuous functions

Ð¸ = u(x, y) = 2x2 â�� 3_p2

v = l'(x, y) = x2 + 2j2

The partial derivatives are assumed to be continuous. Then the Jacobian

of the system of equations is the determinant of the first partial derivatives

of Ð¸ and r. Thus,

du_ dv

d(u, v) - dx dx 4x 2x

d(x, y) du dv â��6y 4y

dy dÐ£
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11.12 Differentiation of a determinant 

(i) Differentiation of a deter1ninant 

Consider a determinant 
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where the elements are functions of x. Then the derivative of~, i.e., d~/dx is 

d!l === 1 3x
2 + x x

3 I 
dx x3 x4 3x2 4x3 

We have differentiated each row separately and then summed the two 
determinants. For a determinant of n rows, we differentiate each row 
separately and then sun1 the n determinants. 

Let us check our result. 

~===lx x31= 5_ 6 3 4 X X 
X X 

d~ == 5x4 - 6x5 

dx 

d~ 

dx 

Next, recall that the value of a determinant is unaltered by an interchange 
of rows and columns. This implies that instead of differentiating rows, we 
can differentiate colurnns. For exarnple, 

d~ 1 
-= 

(ii) Jacobians 

Consider two continuous functions 

u == u(x, y) == 2x2 - Jy2 

v == v(x, y) == x 2 + 2y2 

The partial derivatives are assumed to be continuous. Then the Jacobian 
of the system of equations is the determinant of the first partial derivatives 
of u and v. Thus, 

au av 

J== a(u' v) ax ox 4x 2x 
- -

o(x, y) ou ov -6y 4y 

oy oy 
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The two main uses of Jacobians in economics are, (1) to show the

existence of a solution for a set of simultaneous equations, and (2) to perform

a transformation from one set of variables to another. An example of the

first case is proving the existence of a solution of a multimarket competitive

economy. An example of the second case is found in statistics where one set

of random variables is transformed into another set. This second case will

be considered in Chapter 13.

The existence theorem may be stated as follows. Consider a system of

simultaneous equations

/i(*i. *,) = Ð�

Mx!, x2) = y2

The functions ft are continuous and possess continuous first partial deriva-

tives. For example ylt y2 may be quantity, and, xl t x2 may be prices. We

wish to show *! and x2 in terms of yl and y2. That is, we wish to find the

solutions

The necessary and sufficient condition for (1) to have a solution (2) is

that the Jacobian of (1) be non-vanishing in the neighborhood of a point

(xÂ°lt 4) where

The Jacobian is

j = Ð(yi. Ð£2) =

3(xl, x2)

* = Ð�

?Ð� ?

dÑ�l S

dxl Ð´

For proof and further discussion of the Jacobian, see the references in Notes

and References at the end of the chapter.

(HI) Hessians

Let U =/(Ð»:I, x2, x3). Then, the determinant

/11 /12 /13

" â�� /21 /22 /23

/31 /32 /33

which is made up of the second partial derivatives in the order as indicated

above is called the Hessian determinant of Â£/. In Section 11.11 we have been

using Hessians and bordered Hessians without mentioning them by name.
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The two main uses of Jacobians in economics are, (I) to show the 
existence of a solution for a set of simultaneous equations, and (2) to perform 
a transformation from one set of variables to another. An example of the 
first case is proving the existence of a solution of a multimarket competitive 
economy. An example of the second case is found in statistics where one set 
of random variables is transformed into another set. This second case will 
be considered in Chapter 13. 

The existence theorem may be stated as follows. Consider a system of 
simultaneous equations 

(I) 
ft(xl, X2) == Yt 

h(xl, X2) == Y2 

The functions/; are continuous and possess continuous first partial deriva
tives. For example y 1, y2 may be quantity, and, x 1, x2 may be prices. We 
wish to show x1 and x2 in terms of y 1 and y2. That is, we wish to find the 
solutions 

(2) 
X1 == gt(Yt' Y2) 

X2 == g2(Y1' Y2) 

The necessary and sufficient condition for (I) to have a solution (2) is 
that the Jacobian of (I) be non-vanishing in the neighborhood of a point 
(x?, x~) where 

The Jacobian is 

ft(x~, xg) == Yt 

/2(x~, x~) == Y2 

Oyl Oyl I 
J = 0(y1, y2) = Ox1 Ox2 =I= 0 

o(x1, x2) o y2 oy2 

oxl ox2 

For proof and further discussion of the Jacobian, see the references in Notes 
and References at the end of the chapter. 

(iii) Hessians 

Let U == f(x1, x2, x3). Then, the determinant 

ftl ft2 ft3 

H == /21 /22 f2a 
fat /32 f 33 

which is made up of the second partial derivatives in the order as indicated 
above is called the Hessian determinant of U. In Section 11.11 we have been 
using Hessians and bordered Hessians without mentioning them by name. 



SEC. 11.12 VECTORS AND MATRICES (PART II) 351

Problems

1. Differentiate the following determinant with respect to x.

Ð´ - x

1 3*3

Expand the determinant and differentiate the expanded form and check

your answer.

2. Given

Ð¸ = 3x2 â�� y2

v =2x2 + 3/

Ð(Ð¸, v)

Find the Jacobian Ñ�

Ð´(Ñ�,y)

3. Given the excess demand functions

d(Elt Ð�2)

Find the Jacobian â�� â�� â�� . What do the elements in the Jacobian mean

0(Ð�). P.,)

in terms of economics?

4. Given a utility function

Ð¸ = f(xl,x2,x3) = x\ + 2x?, + 3x'Â¿

Find the Hessian of u.

Notes and References

The topic that needs special comment is non-negative square matrices

[11.10]. They are used in connection with input-output analysis and also

stability problems. Most matrix algebra texts do not have good discussions on

this topic. Two references that are especially recommended are Gantmacher

(1959) Vol. II, Chapter I3and Bellman ( I960), Chapter 16. Gantmacher (1959)

proves Perron s theorem, and Frohenius' theorem which is a generalization of

Perron s theorem. Bellman's (1960) Chapter 16 has illustrations of uses of non-

negative matrices as applied to economic problems. Karlin (1959) also has a

brief discussion on positive matrices in Chapter 8. Also see the articles by

Debreu (1952), Debreu and Herstein (I953). Both articles are difficult.

For further reading for the Jacobian [11.12], see Courant (1936), Ferrar

(1941), and Sokolnikoff (1939) as listed in the references. Also see Henderson

and Quandt (1958), pp. 153-157. For articles concerning the existence of a

solution for a general equilibrium system, see Arrow and Debreu (1954) and

Wald (I951). Two other articles that are important are Von Neumann

(1945-46), "A Model of General Equilibrium" which is a translation from

German, and Kemeny, Morgenstern, and Thompson (1956), "A Generalization

of the Von Neumann Model of an Expanding Economy."
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Problems 

1. Differentiate the following determinant with respect to x. 

~ ~c 1
2t

2 

3~ I 
Expand the determinant and differentiate the expanded form and check 
your answer. 

2. Given 

Find the Jacobian 

u = 3x2 - y 2 

v = 2x2 + 3y2 

a(u, v) 

a(x, y) 

3. Given the excess demand functions 

£1 = E1(P1, P2) 

£2 ~ E2(P1, l'2) 

a(El, £2) 
Find the Jacobian a p · p . What do the elements in the Jacobian mean 

( 1• 2) 

in terms of economics? 

4. Given a utility function 

!( ) 9 2 2 Q u = x 1, x 2 , x3 = xy + x 2 + 3x~ 
Find the Hessian of u. 

Notes and References 

The topic that needs special comment is non-negative square matrices 
[11.10]. They are used in connection with input-output analysis and also 
stability problems. Most matrix algebra texts do not have good discussions on 
this topic. Two references that are especially recommended are Gantmacher 
( 1959) Vol. II, Chapter 13 and Bellman ( 1960), Chapter 16. Gantmacher ( 1959) 
proves Perron's theoren1, and Frobenius' theore1n which is a generalization of 
Perron's theore1n. Bellman's ( 1960) Chapter 16 has illustrations of uses of non
negative matrices as applied to economic problerns. Karlin ( 1959) also has a 
brief discussion on positive matrices in Chapter 8. Also see the articles by 
Debreu ( 1952), Debreu and Herstein ( 1953). Both articles are difficult. 

For further reading for the Jacobian [11.12], see Courant (1936), Ferrar 
(1941), and Sokolnikoff ( 1939) as listed in the references. Al~o see Henderson 
and Quandt (1958), pp. 153-157. For articles concerning the existence of a 
solution for a general equilibrium system, see Arrow and Debreu ( 1954) and 
Wald ( 1951 ). Two other articles that are important are Von Neumann 
( 1945-46), "A Model of General Equilibrium" which is a translation from 
German, and Kemeny, Morgenstern, and Thompson ( 1956). uA Generalization 
of the Von Neumann Model of an Expanding Economy." 
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Fixed point theorems are also used to prove existence of solutions. An

illustration is McKenzie (1959), "On the Existence of General Equilibrium for

a Competitive Market." The fixed-point theorems which are taken from

topology are difficult. An elementary explanation of the Brouwer fixed-point

theorem is in Courant and Robbins (1941) pp. 251-255. A brief explanation is

also in Debreu (1959). For advanced mathematical references, the reader is

referred to Lefschetz (1949), pp. 117-119, Bers (1957), Chapter 4, Kakutani

(1941).

See Notes and References of Chapter 10.

11.1-11.4 Murdoch (1957), Chapter 7; Perlis (1952), Chapter 9; Wade

(1951), Chapter 8; and Mirsky (1957), Chapter 7.

11.5 Murdoch (1957), pp. 118-122; Cramer (1946), pp. 112-114; Ferrar

(1941), Chapter 13; and Mirsky (1957), Chapter 8.

11.6 Murdoch (1957), pp. 144-149; Wade (1951), pp. 120-123; and Mirsky

(1957), Chapter 10.
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11.9 Wade (1951), pp. 126-130; Perlis (1952), pp. 13-16; and Mirsky (1957),
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Arrow, K. J. and Debreu, G., "Existence of an Equilibrium for a Competitive

Economy." Econometrica, 1954, pp. 265-290.

Bers, L., Topology. New York: New York Universitylnstituteof Mathematical

Sciences, 1957. This is a mimeographed book.

Birkhoff, G. and MacLane, S., A SurvÐµy of Modern Algebra. New York:

Macmillan, rev. ed. 1953.

Debreu, G., "Definite and Semidefinite Quadratic Forms." Econometrica,

1952, pp. 295-300.

Debreu, G. and Herstein, I. N.. "Non-negative Square Matrices." Econometrica,

1953, pp. 597-607.

352 VECTORS AND MATRICES (PART II) 

Fixed point theorems are also used to prove existence of solutions. An 
illustration is McKenzie ( 1959), "On the Existence of General Equilibrium for 
a Competitive Market." The fixed-point theorems which are taken from 
topology are difficult. An elementary explanation of the Brouwer fixed-point 
theorem is in Courant and Robbins (1941) pp. 251-255. A brief explanation is 
also in Debreu ( 1959). For advanced mathematical references, the reader is 
referred to Lefschetz (1949), pp. 117-119, Bers (1957), Chapter 4, Kakutani 
(1941 ). 

See Notes and References of Chapter 10. 

11.1-11.4 Murdoch (1957), Chapter 7; Perlis (1952), Chapter 9; Wade 
(1951), Chapter 8; and Mirsky (1957), Chapter 7. 

11.5 Murdoch (1957), pp. 118-122; Cramer (1946), pp. 112-114; Ferrar 
(1941), Chapter 13; and Mirsky (1957), Chapter 8. 

11.6 Murdoch (1957), pp. 144-149; Wade (1951), pp. 120-123; and Mirsky 
( 1957), Chapter 10. 

11.7 Bellman (1960), Chapter 3; Cramer (1946), pp. 114-116; Ferrar (1941), 
Chapter II ; Perl is ( 1952), Chapter 9; and Mirsky ( 1957), Chapter 12, 13. 

11.8 Allen (1938), Chapter 18, 19; Bellman (1960), Chapter 5; Debreu 
(1952); Hicks (1939), Mathematical Appendix; Samuelson (1947), 
Appendix A; and Mirsky (1957), Chapter 12, 13. 

11.9 Wade (1951), pp. 126-130; Perlis (1952), pp. 13-16; and Mirsky (1957), 
pp. 100-106. 

11.10 Bellman (1960), Chapter 16; Birkhoff and MacLane (1952), pp. 
214-216; Debreu and Herstein (1953); Karlin (Vol. I, 1959), pp. 246-265; 
Mirsky (1957), Chapter II; and Gantmacher (1959), Vol. II, Chapter 13. 

11.11 See references of 11.8. 

11.12 Courant (Vol. II, 1936), pp. 477-479; Ferrar(l94l),pp.25-26, 174-175; 
and Sokolnikoff(l939), pp. 147-161,415-439. 

Arrow, K. J. and Debreu, G., "Existence of an Equilibrium for a Competitive 
Economy." Econon1etrica, 1954, pp. 265-290. 

Bers, L., Topolo..fY· New York: New York UniversitylnstituteofMathematicaJ 
Sciences, 1957. This is a mimeographed book. 

Birkhoff, G. and MacLane, S., A Survey of Modern Algebra. New York: 
Macmillan, rev. ed. 1953. 

Debreu, G., "Definite and Semidefinite Quadratic Forms." Econometrica, 
1952, pp. 295-300. 

Debreu, G. and Herstein, I. N., "Non-negative Square Matrices." Econometrica. 
1953, pp. 597-607. 



VECTORS AND MATRICES (PART II) 353

Debreu, G., Theory of Value. New York: John Wiley and Sons, 1959.

Gantmacher, F. R., The Theory of Matrices, Vol. II, translated by K. A.

Hirsch. New York: Chelsea Publishing Company, 1959.

Kakutani, S., "A Generalization of Brouwer's Fixed Point Theorerrt." Duke

Mathematical Journal, 1941.

Karlin, S., Mathematical Methods and Theory in Games, Programming, and

Economics. Reading, Mass. : Addison-Wesley, 1959, Vol. I, Vol. II.

Kemeny, J. G., Morgenstern, Ð�. and Thompson, G. L., "A Generalization of

the Von Neumann Model of an Expanding Economy." Econometrica,

1956.

Lefschetz, S., Introduction to Topology. Princeton, New Jersey: Princeton

University Press, 1949.

McKenzie, L. W., "On the Existence of General Equilibrium for a Competitive

Market." Econometrica, 1959, pp. 54-71.

Von Neumann, J., "A Model of General Equilibrium." Review of Economic

Studies, Vol. 13, 1945-46.

Wald, A., "On Some Systems of Equations of Mathematical Economics."

Econometrica, 1951, pp. 368^403.

VECTORS AND MATRICES (PART II) 353 

Debreu, G., Theory of Value. New York: John Wiley and Sons, 1959. 

Gantmacher, F. R., The Theory o_f Matrices, Vol. II, translated by K. A. 
Hirsch. New York: Chelsea Publishing Company, 1959. 

Kakutani, S., "A Generalization of Brouwer's Fixed Point Theorem." Duke 
Mathen1atical Journal, 1941. 

Karlin, S., Mathematical Methods and Theory in Garnes, Pro,~ramn1i~~' and 
Econon1ics. Reading, Mass.: Addison-Wesley, 1959, Vol. I, Vol. II. 

Kemeny, J. G., Morgenstern, 0. and Thompson, G. L., "A Generalization of 
the Von Neumann Model of an Expanding Economy." Econometrica, 
1956. 

Lefschetz, S., Introduction to Topology. Princeton, New Jersey: Princeton 
University Press, 1949. 

McKenzie, L. W., "On the Existence of General Equilibrium for a Competitive 
Market." Econotnetrica, 1959, pp. 54-71. 

Von Neumann, J., "A Model of General Equilibrium." Review of Economic 
Studies, Vol. 13, 1945-46. 

Wald, A., ''On Some Systems of Equations of Mathe1natical Economics." 
Econonletrica, 1951, pp. 368-403. 



CHAPTER 12

Vectors and Matrices (Part 1Ð�)

12.1 Introduction

The two main topics we shall consider in this chapter are stability of

equilibrium and convex sets. We start our discussion with some preliminary

definitions of equilibrium and stability of equilibrium. Then in Sections

12.2-12.12, various aspects of the stability problem are considered. The topic

of convex sets is treated in Section 12.13.

Consider a commodity Q and its price p at time t. When the price p does

not change over time, that is, stays constant, we shall say the price is in a

state of equilibrium. To be more precise, we shall let dp/dt be called the

velocity of price. This shows the change in price when there is a small change

in time. Thus, for our concept of equilibrium, we need dp/dt = 0.

But consider, for example, a car that travels distance y = t2 where t is

time. Then the velocity of the car is

UZ = 2,

dt

At time / = 0, the velocity is zero, but after the point / = 0, the velocity

increases as time increases. This increase of velocity (i.e., acceleration) is

shown by

The acceleration is a constant 2. Thus, if the car is to be in a state of equi-

librium and not move over time, we need to add the condition that the

acceleration is zero;

"d? =

In terms of our price example,

7<= 0, 'df= l.

354

CHAPTER 12 

Vectors and Matrices (Part 1m 

12.1 Introduction 

The two main topics we shall consider in this chapter are stability of 
equilibrium and conl'ex sets. We start our discussion with some preliminary 
definitions of equilibrium and stability of equilibrium. Then in Sections 
12.2-12.12, various aspects of the stability problem are considered. The topic 
of convex sets is treated in Section 12.13. 

Consider a commodity Q and its price p at time t. When the price p does 
not change over time, that is, stays constant, we shall say the price is in a 
state of equi/ibriu1n. To be more precise, we shall let dp/dt be called the 
velocity of price. This shows the change in price when there is a small change 
in time. Thus, for our concept of equilibrium, we need dpfdt = 0. 

But consider, for example, a car that travels distance y = t2 where t is 
time. Then the velocity of the car is 

dy = 2t 
dt 

At time 1 = 0, the velocity is zero, but after the point t = 0, the velocity 
increases as time increases. This increase of velocity (i.e., acceleration) is 
shown by 

d2y === 2 
dt2 

The acceleration is a constant 2. Thus, if the car is to be in a state of equi
librium and not move over time, we need to add the condition that the 
acceleration is zero; 

In tcrn1s of our price exarnple~ 

dp == 0, 
dt . 
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This will assure us that the price not only has a velocity of zero at a given

specific moment (in our car case, at / = 0), but also, in the subsequent time

periods, the velocity will still be zero. Thus, we can say that prices will

remain constant.

Let us express this idea of equilibrium mathematically as follows: Take

p on the horizontal axis and dp/dt (velocity) on the vertical axis as in Figure

12-1. Then if at point p0 we have dp/dt = O, d2p/dt2 = 0, we shall call p0

a singular point. These singular points correspond to states of equilibrium.

.

dt

Ð�

Fig. 12-1

A

Fig. 12-2

When this idea is generalized to n commodities, there are n prices and n

velocities. Thus, instead of the two-dimensional space we had for the one

commodity case, we have a 2//-dimensional space which has Ð¸-price and n-

velocity coordinates. (Such a space is usually called a phase space). Then,

the state of equilibrium of a set of Ð¸ prices can be characterized by saying:

Let M be a point in this 2n-dimensional space where dpjdt = 0 and d2pjdt2

= 0 (/ = 1,2, ... n), then M is a singular point corresponding to a state of

equilibrium.

The comparison of two singular points is the problem of comparative

statics. The non-singular points in the phase space are called representative

points, and each point represents a certain state of the given set of prices.

With this much background about equilibrium, let us next define stability

of equilibrium. Following the illustration in Andronow and Chaikin (1949),

let us consider a pendulum as in Figure 12-2. When the pendulum is in

position A, it will stay in that position if there are no disturbances. This is

also true for position B. When a small disturbance is applied to A, it will

swing back and forth and eventually settle in position A. But for position

B, the pendulum will not return to that position. Position A is stable whereas

position B is unstable.

In a similar manner, when price deviates from the equilibrium price and

during the subsequent periods of time the price returns "near" the equi-

librium price, we say the equilibrium price is stable.
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With this much background about equilibrium, let us next define stability 
of equilibriun1. Following the illustration in Andronow and Chaikin ( 1949), 
let us consider a pendulum as in Figure 12-2. When the pendulum is in 
position A, it will stay in that position if there are no disturbances. This is 
also true for position B. When a small disturbance is applied to A, it will 
swing back and forth and eventually settle in position A. But for position 
B, the pendulum will not return to that position. Position A is stable whereas 
position B is unstable. 

In a similar manner, when price deviates from the equilibrium price and 
during the subsequent periods of time the price returns "near" the equi
librium price, we say the equilibrium price is stable. 
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Let us now more precisely define stability of equilibrium. Let the price

Po be in a state of equilibrium (Figure 12-3). Consider a small neigh-

borhood around p0 that has a diameter of e and call it neighborhood Ð�^.

Next, consider a small neighborhood N2 that is in N^ Let p(l0) be the price

at time t0 that is in neighborhood N2. This is shown by

1/H'o) - Po\ < 0

where a is a small positive number dependent on e, i.e., Ð¾ = <5(e). Thus,

/i(/0) is a small distance away from the state of equilibrium. The question

Fig. 12-3

is: What will happen to the price at time / > /0? We shall say that the state

of equilibrium is stable if the price at time /, (i.e., /HO) is still in the neighbor-

hood N!. This is shown by

I/HO - /iol < e for / ^ 'o

The implication is: If we can find that after a certain lapse of time

t(t i> /0), the price p(t) will remain close to p0 and not deviate further away

when the initial displacement from equilibrium is very small (i.e., \p(t0) â�� p0\

< 6), we say the state of equilibrium is stable. Or, more simply, when the

initial displacement from equilibrium is small, the price will tend to return

to the equilibrium price as / -* oo.

What if the displacement is large ? A distinction is usually made by saying

that equilibrium is perfectly stable when no matter how large the displacement

we eventually return to the state of equilibrium. But we shall consider only

the case where the initial displacement is small. This is sometimes called

locally stable.* In our subsequent discussion, stability will mean local

stability.

Now that we have discussed the ideas of equilibrium and stability, let

356

* This condition is necessary for obtaining Liapounoff's equation of the first approxi-

mation. See, e.g., Andronow and Chaikin (1949), p. 147, Samuelson (1947), p. 263.
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is: What will happen to the price at timet > t0 ? We shall say that the state 
of equilibrium is stable if the price at time t, (i.e., p(t)) is still in the neighbor
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initial displacement from equilibrium is small, the price will tend to return 
to the equilibrium price as t ~ oo. 

What if the displacement is large? A distinction is usually made by saying 
that equilibrium is perfectly stable when no matter how large the displacement 
we eventually return to the state of equilibrium. But we shall consider only 
the case where the initial displacement is small. This is sometimes called 
locally stable.* In our subsequent discussion, stability will mean local 
stability. 

Now that we have discussed the ideas of equilibrium and stability~ let 

• This condition is necessary for obtaining Liapounoff's equation of the first approxi
mation. See, e.g., Andronow and Chaikin (1949), p. 147, Samuelson (1947), p. 263. 
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us relate these to difference and differential equations. We saw in Chapter 8

that the solution of a linear differential equation

, d2y dy_ ,

dx'Â¿ dx

was a function that satisfied this equation identically and was of the form

(2) y = qe"1i1 + c2em*x

where mlt m2 were real roots of the auxiliary equation.

For y to be an equilibrium solution we need dy/dx = 0, d2y/dx2 = 0.

For this to hold in our present case, y must be a constant. But, since we can

assume a2 Ð¤ 0, from our differential equation (1) we see that the constant

solution will be y(x) â�� 0. This y(x) = 0 is then the equilibrium solution.

Thus, for this equilibrium to be stable we need to show that as x â��,â�¢ oo,

y will become closer to y(x) = 0. But, as can be seen

lim foe"11* + Ñ�2em1x) â�� 0

Â£-Â» 00

only when the roots ml and w2 are negative.

For the complex root case, we had

y = eax(c1 cos bx + ct sin bx)

where a was the real part of the conjugate complex roots. (That is, m =

a i bi.) So, for this case we need a < 0 for stability and the problem of

stability for linear differential equations with constant coefficients becomes

one of finding conditions where ml < 0, m2 < 0, or a < 0.

In Chapter 9, we saw that, given a linear difference equation

(3) yl\2 + aIyt+1 + a.Ã®yt = 0

the solution was of the form

(4) Ð£ l = ci/3j + c2Ã�Â£

where Ã�l and /3a were the real roots of the auxiliary equation. Since we may

assume that o2 ^ 0, the equilibrium solution will be the constant yl = 0.

Thus, the stability condition will be

y l -* 0 as t -* oo

which implies that we need |/Ã�J < I, |/32| < 1.

For the complex case, the solution was of the form

(5) y, = Ap' cos (Ot + B)

Thus, the condition for a stable equilibrium solution will be \p\ < 1.
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The problem of stability for difference equations becomes one of finding

conditions where the absolute value of the characteristic roots are less than

unity for the real case, and where the absolute value of the amplitude is less

than unity for the complex case.

The characteristic equations and auxiliary equations are polynomials,

therefore, our problem boils down to one of solving polynomial equations

or systems of polynomial equations and showing the necessary conditions for

the roots to be negative or less than unity. What we wish to do now is to

present in an elementary fashion some of these methods used by economists.

This problem of finding such conditions is a difficult one and only simple

illustrations have been worked out. The notes at the end of the chapter

give references for further study.

Note that the ideas of equilibrium and stability of equilibrium are of a

certain situation or state. The illustration of the pendulum or of the set of

prices depicted a certain situation or state and we were concerned with the

equilibrium and the stability of equilibrium of these situations.

A single or system of differential or difference equations is the mathe-

matical expression of a certain situation or state. Thus, instead of concerning

ourselves with a particular situation, such as the pendulum illustration, we

shall set up a single or system of differential or difference equations and use

it as a general expression for some given situation or state. Then the idea of

stability (of equilibrium) may be expressed in terms of the differential or

difference equations. We shall say that the system of differential or difference

equations is stable, or simply that the system is stable. An alternative

expression is to say that the zero solution is stable, or simply that the solution

is stable. This second expression is obtained from the result that the equi-

librium solution was zero. Both expressions will be used interchangeably.

Before investigating the conditions of stability, three preliminary topics

necessary for subsequent discussion are taken up. The first is a rule con-

cerning the sign of roots, the second is the expansion of a characteristic

equation, and the third is the solution of simultaneous linear equations.

12.2 Descartes' rule of sign

Descartes' rule of sign is convenient for determining whether or not an

equation has positive roots. Proof of this rule requires preliminary discussion

of other topics in the theory of equations which cannot be treated in a short

amount of space. Thus, we shall only state the rule.

Given a polynomial

f(x) = xn + Â¿yÑ�"-1 + c2xn-2 + ... + cn

the number of positive roots of/(.v) will be equal to the number of variations

in the signs of the sequence of coefficients cÂ¡ minus an even number k ^ 0.
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Let us illustrate this with several examples.

Example 1.

/O) = Ð»:2 - 2x - 3 = (x + l)(x - 3)

The sequence of coefficients is 1, â��2, â��3. Thus, the signs are +, â��, â��,

and there is one variation in the sign, and one positive root. As can be seen,

it is xl = 3.

Example 2.

/w =

= (x+ I)(x + 2)

Here we have +, +, +. Thus, there are no variations, and so there are no

positive roots. As can be seen, we have two negative roots.

Example 3.

f(x) = Ñ�3 -

= x(x -

- 2)

The signs of the coefficients are +, â��, +, + where the last + is for +0.

Thus, we have two variations, and so two positive roots. One of the roots is

x = 0 and is not positive.

Problems

Check the number of positive roots of the following/(*)

1. /(*) = x3 - 2x2 - 2x - 4.

2. /(Ð»:) = x* - 2x3 + 3Ñ�2 - 4x + 5.

12.3 Expansion of a characteristic equation

Consider a matrix A(3 x 3). Then, its characteristic equation is

A â�� Â«u

â��Â«12

A-Â«

22

â�� a.

â�� a

32

â�� Â«23

Ñ�33

= 0

A â�� a3

This can be expanded and written as a polynomial of A as

where the DÂ¡ are the sum of the i'-th order minors about the principal diagonal.

Thus, for Â£>! we have

which are first order minors about the diagonal. For D2 it is

Â«22 Â«23

Â«11 Â«13

Â«31 Â«33

Â°3Z Ð°Ð°Ð·
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The sequence of coefficients is I, -2, -3. Thus, the signs are +, -, -
and there is one variation in the sign, and one positive root. As can be seen, 
it is x1 == 3. 

Example 2. 
f(x) == x2 + 3x + 2 == (x -1- l)(x + 2) 

Here we have +, +, +. Thus, there are no variations, and so there are no 
positive roots. As can be seen, we have two negative roots. 

Example 3. 
f(x) = x3 - 3x2 + 2x = x(x- l)(x- 2) 

The signs of the coefficients are +, -, +, + where the last + is for +0. 
Thus, we have two variations, and so two positive roots. One of the roots is 
x = 0 and is not positive. · 

Problems 

Check the number of positive roots of the followingf(x) 

1. f(x) = r - 2x2 - 2x - 4. 

2. f(x) = xt - 2r + 3x2 - 4x + 5. 

12.3 Expansion of a characteristic equation 

Consider a matrix A(3 x 3). Then, its characteristic equation is 

A - all -at2 -ata 

IAI - AI = -a21 A - a 22 -a23 = 0 

-aat -aa2 A- aaa 

This can be expanded and written as a polynomial of A as 

~ == A3 - D1A2 + D2A - D3 == 0 

where the Di are the sum of the i-th order minors about the principal diagonal. 
Thus,for D1 we have 

which are first order minors about the diagonal. For D2 it is 

al2 + 
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Â°ll Â°12

Â«21 Â«22

'13

31 Â°32 a3

There are n !//!(n â�� /)! minors in each case. The sign is determined by (â��1)*.

In general, when A is Ð¸ x n, we have

= 0

Problems

1. Check the above expansion for a 2 x 2 matrix A.

2. Given a matrix

Expand \).l - A\ according to the above formula. Check the results by ex-

panding it by the cross-multiplication scheme.

12.4 Solution of simultaneous linear equations

(/) Homogeneous case

Consider a system of homogeneous linear equations.

(D

We can see by observation that Ñ�l = x2 = 0 will be a set of solutions. This

is a trivial solution. What are the conditions for a non-trivial solution? We

shall only show how the necessary conditions for such a solution are obtained.

In matrix form (1) becomes

2Ã

W = [0]

U-J [Ð�]

(2) AX = 0

The adjoint of A which is denoted by A * is

or

2l

360 

and, for D3 we have 
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D11 al2 Dta 

Da = a21 a22 a~a 

Dat a32 a33 
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There are n !/i!(n - i)! minors in each case. The sign is determined by ( -l)i. 
In general, when A is n x n, we have 

Problem 

l. Check the above expansion for a 2 x 2 matrix A. 

2. Given a matrix 

[
1 2 3] 

A= 2 3 4 
2 0 1 

Expand Ill - AI according to the above formula. Check the results by ex
panding it by the cross-multiplication scheme. 

12.4 Solution of simultaneous linear equations 

(i) Homogeneous case 

(I) 

Consider a system of homogeneous linear equations. 

a11x1 + 01~2 = 0 

a2lxt + a~2 = 0 

We can see by observation that x1 = x2 = 0 will be a set of solutions. This 
is a trivial solution. What are the conditions for a non-trivial solution? We 
shall only show how the necessary conditions for such a solution are obtained. 

In matrix form (I) becomes 

or 

(2) AX=O 

The adjoint of A which is denoted by A • is 
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where the Aij are the signed minors. Now, using the properties related to

expanding a determinant, we find

Ð�Ð� Ð� 1 Ð�Ð¾ Ð° "\

A*Ð�=\Ð� Ð»\\

|_Ð�12 ^22J |_Ð¯21 Ã�22J

Ð¯11Ð�l l + Q2iA2i e12/41 1 "Ð¢ Â«22^21

-Ð�Ð�| Â°1- , Ð¿.<

Lo Ð¼Ð¸ ' '

That is

(3) A*A = \A\-I

(Also note that A A* = A* A.)

Let us premultiply (2) by /4*. Then,

(4)

But from (3) we see that (4) becomes

(5) A*AX = \A\ -7-^=0

When \A\ Ð¤ 0, then Jf= 0. That is, when \A\ Ð¤ 0, we get a trivial

solution. For Xto be X Ð¤ 0, we need \A\ = 0 for (5) to hold. Thus \A\ = 0

is a necessary condition for the linear homogeneous equations (/) to have a

non-trivial solution.

Example 1.

Â¿Â¿a + Ð�Ð»:2 = 0

4*1 + 6*2 = 0

2 3 =0

4 6

Thus, there will be a non-trivial solution and it is, xl = m, x2 = â�� fm where

m is an arbitrary constant.

(//) Non-homogeneous case

Consider a system of non-homogeneous equations

^Ð�*1 Ð� ^19*9 ~Ð� a-irtXo = DI

In matrix notation this is

AX= B
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where the A 0 are the signed minors. Now, using the properties related to 
expanding a determinant, we find 

A* A = [A11 A21l [a11 a12] 
A12 A2J a21 a22 

= [auAu + a21A21 a12An + a22A21] 
a11A12 + a21A22 a12A12 + a22A22 

= ['A01 o J IAI = IAI· I 

That is 

(3) A*A = IAI·l 

(Also note that AA* == A*A.) 
Let us premultiply (2) by A*. Then, 

(4) A*AX = 0 

But from (3) we see that (4) becomes 

(5) A*AX=IAI·I·X==O 

When lA I ::j=. 0, then X== 0. That is, when IAI =I= 0, we get a trivial 
solution. For X to be X# 0, we need IAI == 0 for {5) to hold. Thus lA I= 0 
is a necessary condition for the linear homogeneous equations (J) to have a 
non-trivial solution. 

Example 1. 
2x1 + 3x2 = 0 

4x1 + 6x2 == 0 

IAI == 
2 3 

= 0 
4 6 

Thus, there will be a non-trivial solution and it is, x1 == m, x2 = -im where 
m is an arbitrary constant. 

(ii) Non-homogeneous case 

Consider a system of non-homogeneous equations 

a11X1 + a12X2 + ataXa == b1 

a21X1 + a22X2 + a23xa == b2 

aa1X1 + aa2X2 + aaaXa == ba 

In matrix notation this is 
AX=B 
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Similar to the previous case let A * be the adjoint matrix. Then,

A*AX=A*B

\A\ -I- X=A*B

When Ml ^0, we find A"as

Writing this out it becomes

X = â�� A*B

\A\

Thus, Ñ�l for example is

But

J_

Ð�1

1

J_

Ml

12

\e

V

bi<

Ð�21 Ð�31

^22 A32

Ð�23 Ð�33-1

*21

Â¿2^22 \ "3AÂ¡

DyAaa -\- Do/lÑ�Ñ�

'13

"3 "32

Ð°*

Ð°Â»

The x2 and Ð»:3 are obtained in a similar manner.

Therefore, the rule (Cramer's rule) is to first find the determinant of the

coefficient matrix A and let that be \A\. When we are solving for xl we will

replace the coefficients in the first column by the Â¿'s and let that determinant

be \AX \. The solution for xl is, providing \A\ Ð¤0,

Ml

For *2, replace the second column by the b's. Similarly for x3. This rule is

general.

Example.

Ð»: =

13

2x + 3y = 13

4v - j= 5

5

3

2

13

2

-1

9 ,,

A >

4

5

4

3

2

3

-1

4

-1

= 3
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Similar to the previous case let A* be the adjoint matrix. Then, 

A*AX= A*B 

IAI·l·X=A*B 
When lA I =I= 0, we find X as 

Thus, xi for example is 

1 
X=-A*B 

IAI 

1 
xi=- [biAII + b2Azi + baAaiJ 

IAI 
But 

bi ai2 

btAit + h2A2I + baA3I = b2 a22 
ba a32 

The x2 and x3 are obtained in a similar manner. 

aia 

a23 

a33 

SEC. 12.4 

Therefore, the rule (Cramer's rule) is to first find the determinant of the 
coefficient matrix A and let that be lA I. When we are solving for xi we will 
replace the coefficients in the first column by the b's and let that determinant 
be 1Ax

1
1. The solution for xi is, providing IAI -:/=- 0, 

1Az1 1 
X---
I- IAI 

For x2, replace the second column by the b's. Similarly for x 3• This rule is 
general. 

Example. 
2x + 3y == 13 

4x- y == 5 
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(///) General solution = homogeneous solution + particular solution

In Chapters 8 and 9 we have stated that a general solution of a non-

homogeneous linear differential or difference equation is the sum of a homo-

geneous solution and a particular solution. Let us outline the rationale of

this statement with respect to a system of non-homogeneous linear equations.

Consider a system of linear equations

<I12x2 + al3x3 =

which in matrix form is

(2) AX=b

The associated system of homogeneous equations is

(3) AX=0

Let Xl be a solution of (2), and X2 be any other solution of (2). Set

AI = Ð�2 Ñ� (.-^1 -^2/ ^^ ^2 i ^3*

Then,

AX, = A{XZ + (X, - XÂ¿}

= AX2 + AXl - AX2 = b + b -b = b

Furthermore,

AX3 = A(X! - Ay = Â¿ - Â¿ = 0

Thus a solution of A X = b is the sum of X2 (a solution of AX = b) and X3

(a solution of AX = 0).

Conversely, let X^ be a solution of AX = 0 and Xb be a solution of

AX = b. Let Xe = Xt + AV Then,

AX0 = A(Xt + XJ = 0 + b = b

That is, the sum of Xt and Xb is a solution of AX = b.

A similar argument may be applied to linear differential and difference

equations. Usually the differential or difference equations are expressed in

terms of linear operators (which we have not discussed) before applying an

analysis similar to the one above.

Example. Consider the following system of non-homogeneous linear

equations

x + 2y + 3z = 6

Ð�*- y+ z = 3

A solution of this system is

* = 4(12 - 5IM,), j=K15-8wl), z = mi

where ml is an arbitrary constant. For example, if OTI = 2, then x = f,
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(iii) General solution = homogeneous solution + particular solution 

In Chapters 8 and 9 we have stated that a general solution of a non
homogeneous linear differential or difference equation is the sum of a homo
geneous solution and a particular solution. Let us outline the rationale of 
this statement with respect to a system of non-homogeneous linear equations. 

Consider a system of linear equations 

aiixi + ai2X2 + aiaXa = hi 
(1) 

a2Ixi + a22X2 + a23xa = h2 

which in matrix form is 
(2) AX=b 

The associated system of homogeneous equations is 

(3) AX=O 

Let XI be a solution of (2), and X2 be any other solution of (2). Set 

XI= x2 +(XI- X2) = x2 + Xa. 
Then, 

AXI = A{X2 +(XI- X2)} 

= A X2 + A X1 - A X2 = b + b - b = b 
Furthermore, 

AX3 = A(XI- X2) = b- b == 0 

Thus a solution of AX= b is the sum of X2 (a solution of AX= b) and X3 

(a solution of AX= 0). 
Conversely, let X4 be a solution of AX= 0 and X5 be a solution of 

AX= b. Let X6 = X 4 + X5• Then, 

AX6 = A(X4 + X5) = 0 + b = b 

That is, the sum of X4 and X 5 is a solution of A X= b. 
A similar argument may be applied to linear differential and difference 

equations. Usually the differential or difference equations are expressed in 
terms of linear operators (which we have not discussed) before applying an 
analysis similar to the one above. 

Example. Consider the following system of non-homogeneous linear 
equations 

A solution of this system is 

x -1- 2 y + 3z === 6 

3x- y + z === 3 

x = -~(12- 5m1), y == ·~(15- 8mi), z == m1 

where mi is an arbitrary constant. For example, if m1 == 2, then x == -~-, 
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y = â�� %, z = 2. This is a particular solution. A check will show that this

satisfies the system.

The solution to the associated homogeneous system

x + 2y + 3z = 0

3* â�� y + z = 0

is

x = â�� fw2, y = â�� ?w2, z = m2

where Ð³Ð¸2 is an arbitrary constant. Thus, if w2 = 7 for example, * = â�� 5,

y = â�� 8, z = 1. This is a homogeneous solution.

The general solution is

xg = }(12 â�� 5wi) â�� fw2

7, = 1(15 - 8wO - |w2

zÂ» = mi + W2

Let us check this for the first equation.

x + 2y + 3z = {-K12 - 5iiii) - fiÂ»,}

+ {HI5 - 8'n,) - >2} + Ð� + m2) = 6

That is, our general solution satisfies the first equation. A similar check

holds true for the second equation.

For the particular case where m- i = 2, w2 = 7, we have

x = f - 5, j = -| - 8, z = 2 + 7

Substituting this into the first equation we find

x + 2y + 3z = (f - 5) + 2(-i - 8) + 3(2 + 7) = 6

Substitute the general solution into the second equation and check it.

Problems

1. Solve the following systems of homogeneous equations. First check whether

the condition for a non-trivial solution is satisfied.

(a) x - 2y + 3z = 0 (b) x + 3z = 0

Ð�Ð»: + 3y =0 x + Ã¯y + 7Ð³ = 0

x +z=0 y + 2z = Ð�

2. Solve the following equations by use of Cramer's rule.

(a) *i â�� 2x2 = â��4 (b) Ð»:i - 2xt + Ð�Ð»:3 = 5

2*i + *2 = 4 2Ð»:! + 3*2 â�� Â¿r3 = 6

*! + 2*3 = 4

Ans. Â«e, -f, f.
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y = -t, z = 2. This is a particular solution. A check will show that this 
satisfies the system. 

The solution to the associated homogeneous system 

x + 2y + 3z = 0 

3x -y + z = 0 
is 

x = -Jm~19 y = -~m2, z = n1t 

where m2 is an arbitrary constant. Thus, if m2 = 7 for example, x = -5, 
y = -8, z = 7. This is a homogeneous solution. 

The general solution is 

x(J = l(12- 5m1)- f~ 

Yr~ = i-(15- 8m1) -fm2 

z(J = m1 + m2 

Let us check this for the first equation. 

x + 2y + 3z = {t(l2- 5m1)- fm2} 

+ {t(I5- 8mJ- ~m2} + (m1 + mJ = 6 

That is, our general solution satisfies the first equation. A similar check 
holds true for the second equation. 

For the particular case where m1 = 2, m2 = 7, we have 

X= f- 5, y = -l- 8, Z = 2 + 7 

Substituting this into the first equation we find 

x + 2y + 3z = (f - 5) + 2( -t - 8) + 3(2 + 7) = 6 

Substitute the general solution into the second equation and check it. 

Problems 

l. Solve the following systems of homogeneous equations. First check whether 
the condition for a non-trivial solution is satisfied. 

(a) x - 2y + 3z = 0 
3x + 3y = 0 

X + Z =0 

(b) x + 3z = 0 
x + 2y + 7z = 0 

y+2z=O 

2. Solve the following equations by use of Cramer's rule. 

(a) x1 - 2x2 = -4 (b) x1 - 2x2 + 3x3 = 5 
2x1 + x2 = 4 2x1 + 3x2 - x3 = 6 

x1 + 2x3 = 4 
Ans. 17!!, - -f, }. 
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12.5 Stability conditions (I) â�� Schur theorem

Consider a second-order difference equation

(1) yl+2 - y i+1 + Â¡-y l = Ð¾

The characteristic equation for this is, letting yl = Ã�'

(2) p - Ã� + Â§ = 0

From this we find the characteristic roots to be /9!

= Â£, Ã�2 = Â§. Then,

Thus,as / â�� ,â�¢ oo, y l â�� ,â�¢ 0 and the difference equation (1) is stable.

As can be seen, (2) is a polynomial of Ã�. In our present case, it was easy

to find the roots and show they were less than unity. But when we have

higher-order equations, finding roots becomes difficult. It would be con-

venient if certain conditions could be found that would tell us without finding

the roots explicitly whether or not they are less than unity. Fortunately

the Schur theorem gives us this information and is presented next without

proof.

Schur theorem. Consider a polynomial equation

f(x) = Ð°Â«Ñ�n + a^"-1 + a2xn-* + ... + an = 0

The roots of this equation will be less than unity if and only if the following

Ð¸ determinants are positive.

Ð°<>

0

... 0

Ð°Ñ�

Ð°t>-1 â�¢â�¢â�¢ <*!

Â«1

â��0

0

0

Ð°. Ð°2

Ð°.",

Ð²â��-1

... Ð°0

0

0 ... Ð°n

Ð°n

0

... 0

Â«0

Ð¿Ð» ff ..

1 Ð� â�� Ð�

Ð°n~l

â��.

... 0

0

Ð°0 ... Ð°n_2

â��,

Â«2

... Ð°â��

0

0 ... Ð°0

where

Â«0

0

â��.

Ð°Ñ�-1

Â«i

Â«0

0

Ð°Ñ�

Ð°n

0

Ð°o

ai

an-i

Ð°â��

0

Â«0

and so forth.
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12.5 Stability conditions (I~Schur theorem 

Consider a second-order difference equation 

(1) Yt+2- Yt+1 + ~Yt ~ 0 

The characteristic equation for this is, letting y t = pt 
(2) /32 

- {3 + i = 0 

From this we find the characteristic roots to be {31 = !-, {32 = f. Then, 

Yt = ctf1! + c2{3~ = c1(!)t + c2(!)t 

Thus,as t-+ oo,yt--.0 and the difference equation (1) is stable. 
As can be seen, (2) is a polynomial of p. In our present case, it was easy 

to find the roots and show they were less than unity. But when we have 
higher-order equations, finding roots becomes difficult. It would be con
venient if certain conditions could be found that would tell us without finding 
the roots explicitly whether or not they are less than unity. Fortunately 
the Schur theorem gives us this information and is presented next without 
proof. 

Schur theorem. Consider a polynomial equation 

j(x) = GoXn + a1xn-1 + a2xn-2 + ... + an = 0 

The roots of this equation will be less than unity if and only if the following 
n determinants are positive. 

ao 0 0 an an-1 a1 

a1 ao 0 0 an a2 

an-l an-2 ao 0 0 an 
---- ------------------------------------- ------------ ·-- -- -----· -- _____ .. ____ ---- -· 

an 0 0 ao a1 an-1 
an-1 an 0 0 ao an-2 

a1 a2 an 0 0 ao 
where 

~1== 
ao an 

an ao 

ao 0 an an-1 
a1 ao 0 an 

~2 == 
_.., __________ _. _________ 

- - ~ - . --- - - - -- ---- - - -- -

an 0 ao a1 

an-1 an 0 ao 
and so forth. 
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This theorem holds for both the complex and real case. In the real case,

the absolute values of the characteristic roots are less than unity, and the

stability of y l is clear.

For the complex case, we have as follows: Let the complex roots be

Ñ� = a + bi, Ñ� = a â�� b

i

Then, the Schur theorem says

|e + Â¿i|<1, |e-W|<l.

But we know that

\a + bi\ = Va2 + b2

\a - bi\ = Va* + b2

We also know that the solution for the complex case is, in general form,

y , = AÑ�1 cos (OÃ + B)

where

Thus, when

p = a* + b*

\a + bi\ â�¢ \a - bi\ < 1,

this implies a2 + Â¿2 < 1, thus p < 1 and the difference equation is stable.

Example 1.

Thus,

/(x) = x2 - x + j; = (x - Mx - f)

a0 =1, Â«i = â�� 1, a2 = f.

1 2

Un Cln 1 9"

= 1 - ,*- > 0

/'/-> Ã�70 0 1

Ð¯o 0 Â«2 Â°!

1 0 f -1

al a0 0 Ð°2

-110 l

1960

a2 0 ao ai

1 0 1 -1

6561

a, a* 0 a0

-1 f 0 1

>0

Thus,/(Ð»:) has roots less than unity. And we know they are xl = -J, x

Example 2.

/(x) = x2 - 3x + 2 = (x - I)(* - 2)

= %

1 2

= 1 -

2 1

102-3

-310 2

2 0 1

1

-320 1

= 24 >0
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This theorem holds for both the complex and real case. In the real case, 
the absolute values of the characteristic roots are less than unity, and the 
stability of y t is clear. 

For the complex case, we have as follows: Let the complex roots be 

c ==a+ hi, 

Then, the Schur theorem says 

c ==a- hi 

But we know that 
Ia + hil < 1, Ia- hil < 1. 

Ia + hil == va2 + b2 IJi 

Ia- bil ~ Va2 + b2 o----__.__o 
We also know that the solution for the complex case is, in general form, 

Yt ==Apt cos (Ot + B) 
where 

Thus, when 
I a -1- bi I · I a - hi I < 1, 

this implies a2 + b2 < 1, thus p < 1 and the difference equation is stable. 

Example 1. 
f(x) == x2 

- x + ~ ~ (x - -~)(x - i) 

Thus, 

=I;. 2 I 6.1 =I ao 
a2 ii 4 

==1--sr>O 
a2 ao 1 

ao 0 a2 at 1 0 2 -1 9 

at ao 0 a2 -1 1 0 2 - 1960 0 d2 == 9 
2 - 6561 > a2 0 ao at 0 0 1 -1 

at a2 0 ao -1 2 0 1 -u-

Thus,f(x) has roots less than unity. And we know they are x1 = ·l, x2 === J. 
Exa1nple 2. 

f(x) == x2 
- 3x + 2 == (x - l)(x - 2) 

dl== 
1 2 

== 1 - 4 == -3 < 0 
2 1 

1 0 2 -3 
-3 1 0 2 

2 0 l 1 
== 24 > 0 ~2 == 

-3 2 0 l 
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Thus, all of the roots of /(x) are not less than unity.

Example 3.

f(x) = 2Ð»:2 - 2x + 1

Let us first find the roots by the conventional method. Then,

*i = Ã¨ + i', *2 = i - \i

We know that

Also,

V2

Let us apply the Schur conditions and check these results.

a0 = 2, al = â��2, Ð°t = 1

2 1

1 2

= 3>0

2 0 1

-220

1 0 2

-2 1 0

-2

1

-2

2

= 5>0

Thus, the Schur conditions tell us that f(x) will have roots less than unity

which is the same as the results we obtained by the conventional method.

Problems

Check the Schur conditions of the following equations and see if the roots

are less than unity.

1. /(*) = Ð±Ð»Ñ�2 - 5* + 1 = O (i, i)

2. /(*) = lOx2 - 11* + 3 = O (i |)

3. f(x) = 24x? - 26x2 + 9x + 1 = O (Ã� i)

4. /(x) = 2x* + Ix2 + Ix - 2 = 0 (1,2,4)

Given the following difference equations, check their stability.

5- 6yi+2 -J<+i-j'=0

6. 18>,i+3 + 9yl+Ã® - 5y<+1 - 2yl = 0

7. Ð�Ñ�^ - 2y<+1 + j, = 0
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Thus, all of the roots of f(x) are not less than unity. 

Example 3. 
f(x) == 2x2 - 2x + 1 

Let us first find the roots by the conventional method. Then, 

We know that 

Also, 

Let us apply the Schur conditions and check these results. 

a0 == 2, , a1 == -2, 

~1 =I~ ~1=3>0 
2 0 1 -2 

Ll2 == 
-2 2 0 1 

1 0 2 -2 
==5>0 

-2 1 0 2 

Thus, the Schur conditions tell us that f(x) will have roots less than unity 
which is the same as the results we obtained by the conventional method. 

Problems 

Check the Schur conditions of the following equations and see if the roots 
are less than unity. 

1. f(x) = 6x2 - 5x + 1 = 0 

2. [(x) = 10x2 - llx + 3 = 0 

3. f(x) = 24r - 26x2 + 9x + 1 = 0 

4. f(x) = 2r + 7x2 + 1x - 2 = 0 (1, 2, t) 
Given the following difference equations, check their stability. 

5. 6y1+2 - Yt+t - Yt = 0 

6. 18yt+3 + 9yt+2 - 5yt+l - 2yt = 0 

7. 3yt+2 - 2yt+t + Yt = 0 
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12.6 Translation of a higher-order difference equation to a lower order

In Section 12.5 the necessary and sufficient conditions for stability of a

single difference equation were discussed. But in many economic problems,

such as general equilibrium analysis, we have a system of difference equations.

In Section 12.8 we shall see that with the help of matrix algebra the necessary

conditions for stability of a system of first-order difference equations can be

easily obtained. This implies that if there is a way of translating higher-order

systems to first-order systems, it is only necessary to confine our attention to

the first-order systems. Fortunately, this translation is not difficult and it is

discussed in this section.

The methods of finding stability conditions discussed in subsequent

sections do not require the explicit solution of difference equations. That is,

instead of explicitly finding the characteristic roots, an indirect method of

expressing the magnitude and sign of the characteristic roots is used to

establish stability conditions. But there may be occasions where the actual

solutions are desired, and since higher-order systems can be translated into

lower-order systems, it is only necessary to show how first-order systems can

be solved. This problem is discussed in Section 12.7. So let us first discuss

these two preliminary topics before we get into Section 12.8.

(/) Translation of second-order equation io first-order

Consider a second-order difference equation

(1) yl+2 - Syi+l + 6y, = 0, (/ = 0, 1, 2, ...)

Define a relation

x,+l =

Thus, the difference equation (1) becomes

which is a system of first-order difference equations. In matrix notation this

is

Ð�Ñ�,+Ð� Ð�5 -6-

Then,

We can also first shift the origin of (1) from t = 0 to t = 1. Then,

yÐ¼- 5y, + 6>'<-i = 0, /=1,2,3,...
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12.6 Translation of a higher-order difference equation to a lower order 

In Section 12.5 the necessary and sufficient conditions for stability of a 
single difference equation were discussed. But in many economic problems, 
such as general equilibrium analysis, we have a system of difference equations. 
In Section 12.8 we shall see that with the help of matrix algebra the necessary 
conditions for stability of a system of first-order difference equations can be 
easily obtained. This implies that if there is a way of translating higher-order 
systems to first-order systems, it is only necessary to confine our attention to 
the first-order systems. Fortunately, this translation is not difficult and it is 
discussed in this section. 

The methods of finding stability conditions discussed in subsequent 
sections do not require the explicit solution of difference equations. That is., 
instead of explicitly finding the characteristic roots, an indirect method of 
expressing the magnitude and sign of the characteristic roots is used to 

establish stability conditions. But there may be occasions where the actual 
solutions are desired, and since higher-order systems can be translated into 
lower-order systems, it is only necessary to show how first-order systems can 
be solved. This problem is discussed in Section 12.7. So let us first discuss 
these two preliminary topics before we get into Section 12.8. 

(I) 

(i) Translation of second-order equation to first-order 

Consider a second-order difference equation 

.Yt+2 - 5J't+l + 6yt == 0, (t == 0, 1,2, ... ) 

Define a relation 

Then, 

X t+l === )' t+2 

Thus, the difference equation (I) becomes 

xt+I == 5xt - 6J't 

.. Vt+I == Xt 

which is a system of first-order difference equations. In matrix notation this 
is 

Vt+ 1 = AVt 

We can also first shift the origin of (I) frotn t == 0 to t == I. Then. 

Yt+l- 5)'t + 6Yt-t == 0, 1==1,2,3, ... 
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Then set xl+1 = yl. Thus. xl = y,^. Substituting this in we get

yÐ¼ = 5j, - 6xl

xl+1 = y l

In matrix notation it is

Ð�Ñ�,+1

5 -6

The advantage of this is that when we find Ð»:<+1, since Ñ�Ð¼ = yl we get yl

directly, which is what we were originally seeking. This will be illustrated

later.

(i'/) Translation of third-order equation to first-order

Let us apply this to a third-order equation

/i+3 + 3y ,+2 - 4yt+1 + 5y, = 6, / = 0, 1, 2, ...

Define

Pi = qÐ¼. ql=yi+1

Then we get the following set of equations

9<+i =Pl

yÐ¼ = ql

In matrix notation it becomes

-3 4 -5

1 0 0

0 1 0

P>

I,

J;<

-6

0

0

or

We have reduced a third-order equation to three first-order equations.

(Ñ�) Translation of two higher-order equations to first-order

Consider the case where there are two equations

y!+Ð� "H 3y<+2 V*H "^ "J;l x-l =

To reduce this, we set

Pi = Ð§Ð¼. 1i = yÐ¼

Then in matrix notation we get

4xl+1 = 5

p,+l

-3 4 -5 6

Pi

7

Ã�t+1

1000

qt

-5

xl+l

-1-230

x,

0

_yÂ«+l_

0100

_Ð£<_

0
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Then set xt+l == Yt· Thus. xt == Yt- 1• Substituting this in we get 

Y t+ 1 == 5 )' t - 6x t 

X t+1 === Y t 
In matrix notation it is 

[~:::] = [~ -~] . [~:] 
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The advantage of this is that when we find xt+1, since xt+1 == Yt we get Yt 

directly, which is what we were originally seeking. This will be illustrated 
later. 

(ii) Translation of third-order equation to first-order 

Let us apply this to a third-order equation 

)'t+3 + 3yt+2- 4yt+1 + 5_,Vt == 6, t = 0, 1, 2, ... 
Define 

Pt == qt+1' qt = Yt+1 

Then we get the following set of equations 

Pt+1 == -3pt + 4qt- 5y,- 6 

qt+1 == Pt 

Yt+1 = qt 

In matrix notation it becomes 

[Pt+t] [-3 4 -5] [Pt] [-6] 
qt+l == 1 0 0 ° qt + 0 
Yt+t 0 1 0 Yt 0 

or 

Vt+t == AVt + k 

We have reduced a third-order equation to three first-order equations. 

(iii) Translation of t~vo higher-order equations to first-order 

Consider the case where there are two equations 

Yt+3 + 3yt+2- 4yt+t -t- 5yt- 6x.t = 7 

J't+2 + 2yt+I- 3yt + 4xt+I == 5 
To reduce this, we set 

Pt === qt+t· 

Then in matrix notation we get 

[
Pt+tj ~-3 
qt+l - l 
Xt+l - - J 
Yt+l_ L 0 

4 
0 

-2 
1 

--5 
0 
3 
0 
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These techniques of translating higher-order difference equations to first-

order equations that we illustrated are general and can be applied to other

higher-order difference equations.

12.7 Solving simultaneous difference equations

Since higher-order difference equations can be translated into a first-order

system, we may confine our discussion to the solution of a system of first-

order difference equations. Therefore, let us consider

(1) yl+1 = any, + a13xl

*<+i

In matrix notation it becomes

= Â«l1

Let t = 0. Then,

where

L*o.

are given by initial conditions. Then,

When this process is continued, we get

(2) Vi

Thus, the solution V, is obtained when we find A'.

To find A1, let

/(A) = \A - A/I = c0 + cÂ¿ + c2A2 = 0

be the characteristic equation of A, where A is the characteristic root. Let us

divide A2 by/(A).

1

Ñ�.Â¿

c0W

or
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These techniques of translating higher-order difference equations to first
order equations that we illustrated are general and can be applied to other 
higher-order difference equations. 

12.7 Solving simultaneous ditrerence equations 

Since higher-order difference equations can be translated into a first-order 
system, we may confine our discussion to the solution of a system of first
order difference equations. Therefore, let us consider 

(I) Yt+t = a11Yt + a1~' 
Xt+t = D2tYt + a2~t 

In matrix notation it becomes 

or 

Let t = 0. Then, 

where 

v, =[Yo] o Xo 

are given by initial conditions. Then, 

V2 = AV1 = A(AV0) = A2 V0 

When this process is continued, we get 

(2) V1 =A 1V0 

Thus, the solution Vt is obtained when we find At. 
To find At, let 

/(A.) = lA - .A./I = c0 + c1A. + c2A.2 = 0 

be the characteristic equation of A, where A. is the characteristic root. Let us 
divide A.2 by/( A.). 

1 

c2).2 + etA + co),t2 

),2 + Ct A.+ Co 

c2 Ct 
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Thus,
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A2 = - (c2A2 + clA + c0) + (- -1 A - -n)

c2 \ c2 c-J

This may be written as

where q(K) is the quotient and r(A) is the remainder. As is seen, r(A) is a

polynomial of A of degree 1. If we divide A' by /(A), since/(A) is of degree two,

the remainder r(A) will also be, at most, of degree 1. If we have a matrix A

that is 3 x 3, then /(A) will be of degree 3 and then r(X) will be, at most, of

degree 2. In general, if A is of Ð¸ x n, then r(A) will be, at most, of degree

(n â�� 1). Let us assume we have divided A' by /(A) which is of degree 2. Then,

(3) A'=/(%(A) + KA)

But /(A) = 0. Thus, since r(A) is at most of degree 1,

(4) A' = r(A) = a! + a2A

where o^ and a2 are constants. It can be shown* that we may replace A by A.

Then,

(5) Ð�' = V

Thus, to find A1, we need to find 04 and a2. This can be done by using (4).

Let A!, A2 be the two characteristic roots of A. Then from (4) we have

Using Cramer's rule, we find

1

A;

A2

l

Ð´ =

provided A ^ 0. Thus, once a, and a2 are determined, we find A1 from (5),

and when A1 is found, we can obtain the solution of Vl from (2).

Example 1. Consider a second-order equation

(6) yl+2 - 6yl+1 + 8v, = 0 (t = 0,1,2,...)

where v0 = 1, V'i = 2. This can be rewritten by shifting the origin as

(7) Ð�Ð¸ - 6>'<+i + 8>vi = 0 / =1,2, ...

where i'n = 1, \\ = 2.

* See Halmos (1958) pp. 59-60; Frazer, Duncan and Colter (1938), Chapter 2;

MacDuffee (1943), Chapler 4; Finkbeiner (1960), pp. 134-136.
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Thus, 

This may be written as 
A2 == f(l)q(A) + r(l) 

where q(l) is the quotient and r(l) is the remainder. As is seen, r(A) is a 
polynomial of A of degree I. If we divide l' by f(A), since/(A) is of degree two, 
the remainder r()~) will also be, at most, of degree 1. If we have a matrix A 
that is 3 x 3, then /(l) will be of degree 3 and then r(A) will be, at most, of 
degree 2. ln general, if A is of n x n, then r(A) will be, at most, of degree 
(n - 1). Let us assume we have divided At by f.( A) which is of degree 2. Then, 

(3) At == f(A)q(A) + r(A) 

Butf(l) == 0. Thus, since r(A) is at most of degree l, 

(4) 

where rx1 and rx2 are constants. It can be shown • that we may replace A by A. 
Then, 
(5) At == rx11 + rt.2A 

Thus, to find A 1, we need to find rx1 and rx2. This can be done by using ( 4). 
Let l 1, )~.2 be the two characteristic roots of A. Then from (4) we have 

rx1 + rx2A1 = A~ 

rx1 + tX2A2 == A~ 

Using Cramer's rule, we find 

!X == .!I )~~ ;_1 I 
1 A. ... , .. ' 

u A.2 A2 

provided ~ -::/::- 0. Thus, once rx1 and e1.2 are determined, we find At from (5), 
and when A 1 is found, we can obtain the solution of Vt from (2). 

Exan1ple /. Consider a second-order equation 

(6) Yt+2 - 6J't+1 + 8.Yt == 0 ( t == 0, I, 2, ... ) 

where _r0 == I, J't = 2. This can be rewritten by shifting the origin as 

(7) )'t+l - 6Jt+I + 8J't-1 ==· 0 t == 1, 2, ... 

where .Yo == I, y1 == 2. 

• See Halmos (1958) pp. 59-60; Frazer. Duncan and Coller (1938), Chapter 2; 
MacDuffee (1943 ), Chapter 4; Finkbeiner (1960), pp. 134--136. 
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Next, let yl = xl+l. Then we have the following set of first order

equations.

xl+1 = y l

We wish to find a solution

The equations of (8) can be written in matrix form as

[yl+i] Ð�6 ~8

U+J Ll 0

We have seen that Ki+1 = AlVl where

\A - A/I

= (A- 2)(A - 4) = 0

To find A', we need to find a and Â¿ (i.e. at and a? of (5)) for A' = ai + 6Ð�

which are found by solving

(9) \\ = a + ^

Ð�Ðª = a -f- Â¿A2

where Al and A2 are the characteristic roots of Ð�. We find

6 - A -Ã�

1 -A

Substituting A! = 2, ^ = 4 into (9) gives us

2' = a + 2Â¿

4' = a + 4Â¿

Solving for a and Â¿ we find

a â�� 1 â�¢ I1 â�� 4'

(10) Â¿Ili 2< + Â¿

The A' in terms of a and Â¿ is

.Â«

Ð±Ð¬ -

Using this result V, becomes

8bl

0 J

Ð�Ð° + 6Ð¬ -8Â¿]

Ð§ Â¿ Ð° J

or

Ð�Ñ�, + Ð� Ð�2Ð° + 12Â¿ - 8Â¿Ð� Ð�2Ð° - 4Â¿1

U + 1J 2Â¿ + a [a+2b]

372 VECTORS AND MATRICES (PART III) SEC. 12.7 

Next, let y, = x 1+1• Then we have the following set of first order 
equations. 

(8) 
Yt+t = 6y, - Sx, 

Xe+l = Yt 
We wish to find a solution 

y, = c1P~ + cJJ~ 
The equations of (8) can be written in matrix form as 

[ Yt+t] = [6 -8] . [y'] 
Xt+l 1 0 X 1 

or 
V,+1 = AV, 

We have seen that V,+1 = A'V1 where 

vl = [~:] = [Y~~J = [~:] = [i] 
To find A', we need to find a and b (i.e. cx1 and ~of (5)) for A' = al + bA 
which are found by solving 

(9) 
A~== a+ bA1 

~=a+ b~ 
where A1 and ~are the characteristic roots of A. We find 

lA - All = 1
6 

- A. -
8

1 = (A- 2)(A - 4) = 0 
1 -A 

Substituting A1 == 2, ~ = 4 into (9) gives us 

2' =a+ 2b 
4' =a+ 4b 

Solving for a and b we find 

(10) 
a== 2 · 2'- 4t 
b = -l . 2' + ! . 4' 

The At in terms of a and b is 

A
1 = al + bA = [~ ~] + [ 6: ~b J 

= [a~ 6b -a8b] 
Using this result v, becomes 

1 [a+ 6b -a8b] . [2
1
] v,+l = A vl == b 

[Yt+l] _ [2a + l2b - 8b] _ [2a - 4b] 
x,+t - 2b + a - a + 2b 
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Thus, the yl we seek is, using the a and b found in (10),

y l = xM = a + 2Â¿ = 2' + 0-4'

Check.

yl+2 - 6yl+1 + 8Ñ�< = 0

/32 + 6/9 + 8 = 0

Ã�l = 2, & = 4

From y0 â�� 1 and y1 = 2, we find: c1 â�� 1, c2 = 0. Thus,

yl = 2' + 0 â�¢ 4'

Example 2. Consider a third order equation :

(11) yl+3 - 6yt+2 + llyl+1 - 6yl = 0, t = 0, 1, 2, ...

where j0 = 1,y\ = 2,y3 = 3. Let us shift the origin to facilitate computations.

(12) yl+2 - 6yl+1 + 1 Iyl - 6y,-i = 0, / = 1, 2, ...

Next, reduce this to first - order linear equations by setting yl+1 = xl,

zl+1 = y r Then,

xl+1 = 6x, â�� 1 lj< + 6z<

(13) jm= xl

z,+1 = y l

In matrix notation this is

"6 -11 6

1 0 0 â�¢ yl

LO 1 0.

or

(14)

A' is found by setting

(15) A' = a1 + Ð¬A + Ñ�Ð�2

The a, Â¿, and Ñ� are found from

Aj = a + Ã�iA! + eAj

Ð�Ð� = a -f- Ð¬Ð�3 + cA3

where A1, A2, A3 are the characteristic roots of A. So let us first find the A's.

We have

\A-Xl =

6-A -11 6

1 -A 0

0 1 -A

= -(A - 1)(A - 2)(A - 3) = 0
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Thus, the y t we seek is, using the a and b found in ( 1 0), 

Y t == x e + 1 == a + 2b == 2 t + 0 · 4 t 

Chtcko )'t+2- 6yt+l + 8J't == 0 

{32 + 6{3 + 8 == 0 

f3t == 2, {32 == 4 

Yt == ct2t + c24t 

From Yo == 1 and y1 == 2, we find: c1 == 1, c2 = Oo Thus, 

)'t == 2t + 0. 4t 

Example 20 Consider a third order equation: 

(11) Yt+3 - 6yt+2 + 11yt+t- 6yt == 0, t == 0, I, 2, 000 
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where Yo == l,y1 == 2,y3 == 30 Let us shift the origin to facilitatecomputationso 

(12) Yt+ 2 - 6yt+t + 11yt - 6Yt-t == 0, t == 1, 2, 0 0 0 

Next, reduce this to first- order linear equations by setting Yt+I = x,, 
z,+1 == Yt· Then, 

(13) 
xt+I == 6x, - Ilyt + 6z, 
Yt+t == x, 
Zt+l ==)'t 

In matrix notation this is 

[
Xt+l] _ [6 -11 6] 

0 
[Xt_] 

Yt+t - 1 0 0 Yt 

Zt+l 0 1 0 z1 

or 

(14) 

At is found by setting 

(15) At = al + bA + cA2 

The a, b, and c are found from 

l~ = a + bA1 + cA~ 
~==a+ b~ + c~ 
A~ == a + bla + eli 

where Att A.2, .A3 are the characteristic roots of A. So let us first find the A.'s. 
We have 

lA- Al -
6- A. -11 

1 -A 
0 1 

6 

0 = -(A - 1)(A - 2)(A - 3) = 0 

-A 
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Thus, A1 = 1, A2 = 2, A3 = 3. Substitute this into (16). Then,

\, = a + b + c

2' = a + 2b + 4c

3< = a + 36 + 9c

Solving this set of equations we find

a= -3-2' + 3'+ 3

b = 4-2' -|-3<-

Next, note that

c= -2'

A* = AA =

' 3< +

25 60 36

6 -11 6

1 0

Substituting these results into (15) gives us

A' = al + bA + cA2

66 + 25c -116 + 60c 66 + 36c

b + 6c a â�� lie 6c

c b a

Thus, from (14) we get

*â�¢< + 1

a + 6fr + 25c -life + 60c 66 + 36c

6 + 6c a â�� lie 6c

c b a

y\

Since 2<+1 = ^<, we find that

a2l

But x1 = y3 = 3, ^1 = 2, and *l =>yo = 1- Thus, y, becomes, after sub-

stituting in the values of a, b, and c just computed

yt = 3r + 2b + a

yt= -\ + 2 â�¢ 2< - i â�¢ 3'

This is our desired solution.

Let us as a check now find the solution by the method studied in Chapter 9.

For that, let yi = ft'. Then the auxiliary equation becomes from (11)

/?3-6|82+ 11)3-6 = 0

(/3 - 1)(/ ? - 2)(0 - 3) = 0

Thus, the solution is

374

y = cl11 + c22< + c33'
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Thus, A1 = 1, A2 = 2, Aa = 3. Substitute this into (16). Then, 

l'=a+b+c 

2' =a+ 2b + 4c 

3' =a+ 3b + 9c 

Solving this set of equations we find 

Next, note that 

a = -3 · 2' + 3' + 3 
b = 4 . 2' - i . 3' - -t 
c = -2' + ! . 3t + l 

[
25 60 3~6] 

A2 = AA = 6 -11 
1 0 

Substituting these results into (15) gives us 

At = al + bA + cA2 

[

a+ 6b + 25c -llb + 60c 6b + 36c] 
= b + 6c a- llc 6c 

c b a 

Thus, from (14) we get 
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[

xt+l] [a + 6b + 25c 
Yt+l = b + 6c 
Zt+l C 

-llb + 60c 
a- llc 

b 

6b + 36c] [x1
] 

6c . Yt 
a z1 

Since z t+t = y ,, we find that 

Zt+l = Yt = cxl + byl + azl 

But x 1 = y2 == 3, y1 = 2, and z1 = y0 = 1. Thus, y, becomes, after sub
stituting in the values of a, b, and c just computed 

Yt = 3c + 2b +a 
y, = -! + 2. 2' - ! . 3' 

This is our desired solution. 
Let us as a check now find the solution by the method studied in Chapter 9. 

For that, let y, = pt. Then the auxiliary equation becomes from (11) 

pa - 6{32 + ll/3 - 6 = 0 

(/1 - I )({3 - 2)(/1 - 3) == 0 
Thus, the solution is 
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From the initial conditions we find

375

2 =

3 =

Solving this gives us

2c2 + 3c3

4c2 + 9c3

which is what we have above.

PROBLEMS

Given the following difference equations, translate them into systems of

linear first-order difference equations. Then, solve these systems following the

procedure in Section 12.7.

+ i2y, = Ð¾

+ 2y, =0

- yl+l - 2y, = 0

12.8 Stability conditions (II)

Let us now return to our main line of argument and seek the necessary

stability conditions for a system of linear difference equations using matrix

algebra. Consider the following system.

*m = eÑ�*< + a12yl + aiaz,

zl+i = aaixl + Ð°Ð�Ñ�yi +

In matrix notation this is

n

â�¢â�¢13

or

Now let us perform a transformation

D = P-1AP

where P is a modal matrix and D is a diagonal matrix with the characteristic

roots in the diagonal. â��

The trace of a square matrix A is defined as tr A = Â¿ aii. Thus, in our

present case it is > = 1

tr A = an + a.

Â»a3
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From the initial conditions we find 

Solving this gives us 

l = c1 + c2 + c3 

2 = c1 + 2c2 + 3c3 

3 = c1 + 4c2 + 9c3 

Yt = -! + 2. 2t - l· 3t 

which is what we have above. 

PROBLEMS 

375 

Given the following difference equations, translate them into systems of 
linear first-order difference equations. Then, solve these systems following the 
procedure in Section 12. 7. 

1. Yt+2 - 1yt+t + 12yt = 0 

2. Yt+2 - 3Jt+t + 2yt = 0 

3. Yt+a + 2yt+2 - Yt+t - 2yt = 0 

12.8 Stability conditions (II) 

Let us now return to our main line of argument and seek the necessary 
stability conditions for a system of linear difference equations using matrix 
algebra. Consider the following system. 

xt+l = a11Xt + a12Yt + atazt 

Yt+l == a21Xt + a22Yt + a23zt 

Zt+l == Da1Xt + Da2Y t + DaaZt 

In matrix notation this is 

or 
v,+1 == A vt == A' V1 

Now let us perform a transformation 

D = P-1AP 

where P is a modal matrix and D is a diagonal matrix with the characteristic 
roots in the diagonal. n 

The trace of a square matrix A is defined as tr A == .2 aii· Thus, in our 
present case it is i '- 1 

t r A == a 11 + a22 + a33 
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It can also be shown very simply that

tr (A + B) = tr A + tr B

and trAB = trBA.

Applying this to our transformation above, we have

tr D = tr P~lAP = tr P~l(AP) = tr APP-1

= trA

But tr D is the sum of the characteristic roots. Thus, we have shown that

tr A = tr D = sum of the characteristic roots

Next, let us take the determinants on both sides. Then,

But \D\ = JJ AJ. Thus, we have shown that the determinant \A \ is equal to the

t

product of the characteristic roots, i.e.,

Since the solution of the system is of the form, for yÂ¡, for example,

yl = ciAÃ� + c2AÂ¿ + c34

we can see that j, will converge as t â��,â�¢ oo when |A,| < |. But this implies that

i w < Ð¸

wheren = 3 in our present case. In terms of what was just derived, this means

â�� n < tr A < n

-1 <\D\<1

This, then, can be considered the (necessary) stability conditions for the

system we have.

Example. Let us use our previous example to illustrate.

Ð± -11 6

l 0 0

p i o.

We know that Ai = 1, A2 = 2, Ð�3 = 3. Thus,

l"l

376

D = '
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It can also be shown very simply that 

tr (A + B) == tr A + tr B 
and tr AB == tr BA. 

Applying this to our transformation above, we have 

tr D == tr p-IAP == tr P-1(AP) == tr APP-1 

== tr A 
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But tr D is the sum of the characteristic roots. Thus, we have shown that 

tr A == tr D == sum of the characteristic roots 

Next, let us take the determinants on both sides. Then, 

IDI == IP-II · lA I · IPI == IAI · IPI-1 
• IPI == IAI 

But IDI ==IT Ai. Thus, we have shown that the determinant lA I is equal to the 
i 

product of the characteristic roots, i.e., 

IAI == IDI == IJ.I-i 
i 

Since the solution of the system is of the form, for y, for example, 

Yt == ciA~ + c2A~ + c3.A~ 
we can see that y t will converge as t ---+- oo when I lil < 1. But this implies that 

where n == 3 in our present case. In terms of what was just derived, this means 

-n < tr A< n 

-1 < IDI <I 

This, then, can be considered the (necessary) stability conditions for the 
system we have. 

Example. Let us use our previous example to illustrate. 

[
xt+I] _ [6 -11 6] [~t] 
Yt+t - I 0 0 Yt 
Zt+I 0 1 0 Zt 

We know that AI == 1, A2 == 2, l 3 == 3. Thus, 
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Then,

Next,

tr Â£>=1+2 + 3 =

tr A = tr D

377

\D\ =

1

= 1-2-3 = 6

Ml = 6

.'. \D\ = \A\

A is a 3 x 3 matrix, that is, Ð¸ = 3. Thus, since tr A = 6 > 3 and \D\ = 6

> 1, the stability conditions do not hold.

12.9 StabUity conditions (ill)

We can also apply the Schur theorem to systems of equations in the

following way. Consider the following system of linear difference equations.

l+1

Â«Ð� Â«12 Â«13

Â«21 Â«22 Â«23

.Â«31 Â«32 Â«33-

Recall that D = P~1AP and Dl = P~lA1P. Thus,

A' = PD'P-1

Furthermore,

so that if A' -Â»â�¢ 0 as / â��,â�¢ oo, then we have stability. But, since

D' =

if |Ai| < 1, |A2| < 1, |A3| < 1, then when /-* oo, D'^Q and also Ð�'-Â»â�¢0.

Thus, if the absolute value of the characteristic roots are less than unity,

i.e., |A,| < 1, then the system will be stable. But what are the conditions for

|A,| < 1 ?

We have seen in Section 12.2 that when given a polynomial, the Schur

conditions were necessary and sufficient for the absolute values of the roots

to be less than unity. We have also seen in Section 12.3 how a characteristic

equation is expanded. In our present case, we have

| A/ - A\ = A3 - D

= CoA3 +

+ Â£>2A - D3 = 0

A2 + C2A + C3 = 0
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Then, 

Next, 
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tr A == 6 + 0 + 0 == 6 

tr D == 1 + 2 + 3 == 6 
tr A == tr D 

1 
IDI == 

IAI == 6 

IDI === IAI 

2 ==1·2·3==6 
3 
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A is a 3 x 3 matrix, that is, n == 3. Thus, since tr A == 6 > 3 and IDI = 6 
> 1, the stability conditions do not hold. 

12.9 Stability conditions (Ill) 

We can also apply the Schur theorem to systems of equations in the 
following way. Consider the following system of linear difference equations. 

Recall that D == P-1AP and Dt == p-IAtP. Thus, 

At=== pvtp-I 

Furthermore, 
vt+l == At vl 

so that if At~ 0 as t--+ oo, then we have stability. But, since 

if IA11 < l, IA2 1 < 1, IA3 1 < I, then when t--+ oo, Dt--+ 0 and also At~ 0. 
Thus, if the absolute value of the characteristic roots are less than unity, 
i.e., I Ail < 1, then the system will be stable. But what are the conditions for 
!Ail < I ? 

We have seen in Section 12.2 that when given a polynomial, the Schur 
conditions were necessary and sufficient for the absolute values of the roots 
to be less than unity. We have also seen in Section 12.3 how a characteristic 
equation is expanded. In our present case, we have 

IAI- AI == A3 - D1A2 + D2A - D3 = 0 

== C0'~.3 + C1A2 -t- C2A + C3 == 0 
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where we have set C, = (â�� 1 )''Â£><, where the Dl are the sum of the /-th order

minors about the principal diagonal. Then the Schur conditions can be

shown as

>0

c c

0 3 >0,

C3 C0

C0 0

Cl C0

c c

0

Â£

A.

0

=

C0

0 C3

C2

\ =

Â£

C3 0

0

"

C C

C3 L.2

0 C3

0 0

Cl

C3

c,

C0 0

0 C0

C3 0

Cl

C2

C3

C3

Cl

C0

C2 C3

6

C0 Q

C2

â�¢^

o

c, c.

c,

0 C0

Cl

0 0

C0

Thus, |A,| < 1, when

0, A2 > 0, A3 > 0,

Let us next consider two special cases.

(/) When A is a non-negatice square matrix

When dealing with a general equilibrium system or input-output system,

we usually have non-negative square matrices. Thus, let us assume A > 0

and see what conditions are necessary for a stable system.

Recall that when v is a characteristic vector obtained from a characteristic

root A we have

Av = A.V

Let v = (04, a^, a3). Then,

anal

fl21al

031*1

fl13a3

fl22a2

Using the properties of inequalities, we have

W â�¢ la,l < kna

'nali

|a,3a3

|a2| + |a3|] < (an + an + an) â�¢ |a,

Therefore, if the sum of the elements in each column are less than 1, then,
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where we have set Ci = ( -l)i Di, where the Di are the sum of the i-th order 
minors about the principal diagonal. Then the Schur conditions can be 
shown as 

Co 0 Ca c~ 

al =leo Cal> 0, ~2 = 
cl Co 0 Ca >0 

Ca Co Ca 0 Co cl 

c2 Ca 0 Co 

Co 0 0 Ca c2 cl 

cl Co 0 0 Ca c2 

~a= 
c2 cl Co 0 0 Ca 

Ca 0 0 Co cl c2 
>0 

c2 Ca 0 0 Co cl 

cl c2 Ca 0 0 Co 

Thus, IA.;I < 1, when L\1 > 0, L\2 > 0, ~a > 0, 
Let us next consider two special cases. 

(i) When A is a non-negative square matrix 

When dealing with a general equilibrium system or input-output system, 
we usually have non-negative square matrices. Thus, Jet us assume A > 0 
and see what conditions are necessary for a stable system. 

Recall that when v is a characteristic vector obtained from a characteristic 
root A. we have 

Av == A.v 
Let v = ( tX1, ~, tXa). Then, 

all tX1 + a12tX2 + ataoca = AtX1 

a21 Cl1 + a22tX2 + a23tX3 = A~ 

asttXt + Da2tX2 + aaaela = AtXa 

Using the properties of inequalities, we have 

Ill · lcxtl < latttXtl + la12~l + lataCXal 

IA.I · ltX2I < la2ttX1I + la22tX2I + la23Clal 

Ill · I(Xal < laattXll + laa2tX2I + la331Xal 

IA.I · [ltX1I + ltX2I + lexal] ~(all + a21 + aat) • ltXtl 

+ (at2 +. a22 + aa2) · ltX2I + (ata + a23 + aaa) · lcxal 

Therefore, if the sum of the elements in each column are less than 1, then, 

IA.I · li(Xtl + ltX2I + lcxa11 < I(X1I + ltX2I + ltXal 

Ill < I 
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Similarly, the other characteristic roots of the matrix are less than 1. Then,

Dl -* 0, as t -* oo

i.e. Vl+1-*Q

To summarize : When A is a non-negative square matrix and the sum of

the elements of each column are less than 1, the characteristic roots are less

than 1. This can be considered as a necessary stability condition.

(//) When A>0Ð°Ð¿Ð°Ðª aii < 1

In Section 11.10(e) we stated without proof that when A > 0, S ail < 1,

then (/ â�� A) > 0 and Ai < 1, where Al was the root with the largest absolute

value. The result is consistent with the result we arrived at in (1) above.

12.10 Stability conditions (IV)â��Routh theorem

Let us now discuss the stability of differential equations. We shall first

consider a single differential equation, and then systems of equations.

The general form of the solution for differential equations was

(real case)

(complex case)

y = c0

y = e'* (Ñ�l cos Ð¬Ñ�

c2 sin bx)

and the stability of y required that ml < 0, m2 < 0 for the real case, and

a < 0 for the complex case.

Samuelson (1947) has presented the Routh theorem that gives us the

necessary and sufficient conditions for the real parts of the roots to be

negative. Let us illustrate this.

(/) Routh theorem

Consider a polynomial

f(x) = a0

a3x

where we assume a0 > 0. Then the Routh Theorem says that the necessary

and sufficient conditions for the real parts of the roots to be negative is that

the following sequence of determinants all be positive.

an a,

0

0

0

a a

an a2

Notice carefully the way the coefficients and the zeros are placed in the

determinants. For example, in the first row of Ð�3, we should have Ð°l, Ð°3,

and Â«5. But Ð°Ñ� does not exist, so we insert a zero. In the first column, we
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Similarly, the other characteristic roots of the matrix are less than 1. Then, 

I.e. 

Dt ~ 0, as t ~ oo 

vt+l ~ o 
To summarize: When A is a non-negative square matrix and the sum of 

the elements of each column are less than I, the characteristic roots are less 
than I. This can be considered as a necessary stability condition. 

(ii) When A > 0 and ~ aii < 1 

In Section ll.lO{e) we stated without proof that when A > 0, ~a;; < 1, 
then(/- A) > 0 and A1 < I, where A1 was the root with the largest absolute 
value. The result is consistent with the result we arrived at in (I) above. 

12.10 Stability conditions (IV)-Routh theorem 

Let us now discuss the stability of differential equations. We shall first 
consider a single differential equation, and then systems of equations. 

The general form of the solution for differential equations was 

J' == Co + Clemtx + C2em2x 

J' == eak (c1 cos bx + c2 sin bx) 

(real case) 

(complex case) 

and the stability of .Y required that m1 < 0, m2 < 0 for the real case, and 
a < 0 for the complex case. 

Samuelson (1947) has presented the Routh theorem that gives us the 
necessary and sufficient conditions for the real parts of the roots to be 
negative. Let us illustrate this. 

(i) Routh theorem 

Consider a polynomial 

f(x) == a0x 4 + a1x3 + a2x
2 + a3x + a4 = 0 

where we assume a 0 > 0. Then the Routh Theorem says that the necessary 
and sufficient conditions for the real parts of the roots to be negative is that 
the following sequence of determinants all be positive. 

0 al a a 0 0 
al a a 

~~ === latl, ~2 == 
al a3 

~3 == ~4 === 
ao a2 a4 0 

' ao a2 a4 ' 0 0 ao a2 
0 al a a 

at a a 
0 ao a2 a .. 

Notice carefully the way the coefficients and the zeros are placed in the 
determinants. For example, in the first row of ~3, \ve should have a 1, a3 , 

and a5 • But a5 does not exist, so we insert a zero. In the first column, we 
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should have, alt a0, aâ��l. But a-l does not exist so we insert a zero. Similarly

forÐ�4.

The Ð�4 can be shown as

a 0

Ð�4 =

a0

0

= at- Ð�3

But Ð�3 > 0 so that, a4 > 0. Therefore, the conditions can be stated as

Ð�! > 0, Ð�2 > 0, Ð�3 > 0, Ð¾4 > 0

We have illustrated the Routh theorem for a 4-th-degree polynomial

but as is seen, it can easily be extended to the n-th-degree case.

Example.

f(x) = x3 + 6x2 + 11* + 6 = (x + I)(* + 2)(* + 3)

Apply Routh's theorem.

! = 6 >0

oÃ C7o

Â«0 a2

Ð�

6 6

1 11

6

= 60;

6 0

3 =

a0 a2 0

=

1

11 0

0 i/, </-,

0

6 6

= 6 â�¢ Ð�2 > 0

Thus,/(x) has negative roots. We know they are â�� 1, â��2, â��3.

(//) Application to differential equations

Given the differential equation,

d3y dZy dy

(I) h 6 1- 11 â�� + 6v = 0

\ s l Ð§ i Ã�* i *

Let

y =

dt

dt3 dt2

Then the auxiliary equation becomes

m3 + 6mt + llw + 6 = 0

Applying Routh's theorem we find (since this auxiliary equation is the same

as our example above)

Ð�! = 6 > 0, Ð�2 = 60 > 0, Ð�3 = 6Ð�2 > 0

380

Thus, all the characteristic roots are negative and the solution is stable.
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should have, a1, a0, a_1. But a_1 does not exist so we insert a zero. Similarly 
for ~4• 

The ~4 can be shown as 

a1 a3 0 

~4 = a4 a0 a2 a4 = a4 • ~3 
0 a 1 a3 

But ~3 > 0 so that, a4 > 0. Therefore, the conditions can be stated as 

~1 > 0, ~2 > 0, ~3 > 0, a, > 0 

We have illustrated the Routh theorem for a 4-th-degree polynomial 
but as is seen, it can easily be extended to the n-th-degree case. 

Example. 

f(x) = x3 + 6x2 + llx + 6 = (x + I)(x + 2)(x + 3) 

Apply Routh's theorem. 

~1 = 6 > 0 

~2 =I al a
3 1 = 16 

t
6
11 

= 60 > 0 
ao a2 1 

al a a 0 6 6 0 

~a= ao a2 0 - 1 11 0 =6·~2>0 
0 al a a 0 6 6 

Thus, f(x) has negative roots. We know they are -1, -2, -3. 

(ii) Application to differential equations 

Given the differential equation, 

(1) day + 6 Jl-y + 11 dy + 6y = 0 
dt3 dt2 dt 

Let 

Then the auxiliary equation becomes 

m3 + 6m2 -+- 11m + 6 == 0 

Applying Routh's theorem we find (since this auxiliary equation is the same 
as our example above) 

~1 = 6 > 0, ~2 = 60 > 0, ~3 = 6~2 > 0 

Thus, all the characteristic roots are negative and the solution is stable. 
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Let us check this. We know that m1 = â��1, m2 = â��2, ms = â��3.

Therefore the solution is

y = cie-' + c2e-*l + c3e-3,

and as / -Â»â�¢ oo, then y -* 0, and we have a stable solution.

(Hi) Application of Descartes' rule

We can apply Descartes' rule of signs to equation (1). Since there are

no variations of signs of coefficients, there are no positive roots. Thus, we

have a stable equation.

Problems

1. Given the polynomial

/(*) = Ogx* + Â«1Ð»:4 + a^x3 + a3x2 + a}x + ab = 0

where a0 > 0, write out the Routh conditions for the roots to be negative.

2. Given the polynomial

/(*) = xb + 2Ð»:4 + x3 + Ð�Ð»:2 + x + 2 = 0

check whether it has negative roots or not by use of Routh's theorem.

3. Given the polynomial

/(*) = x3 + 3x2 + 4x + 2 = 0

check whether the roots are negative or not by use of Routh's theorem.

(The roots are -1 -t /, -I - /, -1.)

4. Given the following differential equations check their stability.

dbx d*x <I3x d*x dx

(a) -J-T + 2 â�� Ð³ + â��r -t- 3 -Ñ�-; + â�� + 2y = 0.

dy> dy* dy3 dy2 dy

d3x

"df ' :

d*x

df

4dy^

dx

dax

dy* 4

d*x

1 df"

L 14

dx

*~ .

dy

(-1, -2, -4)

12.11 Stability conditions (V)

Let us now consider the stability of a first order differential equation

system. A system of three equations is considered for simplicity, but the

results are general.
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Let us check this. We know that m1 = -1, m2 = -2, m3 == -3. 
Therefore the solution is 

and as t---+ oo, then y---+ 0, and we have a stable solution. 

(iii) Application of Descartes' rule 

We can apply Descartes' rule of signs to equation (1). Since there are 
no variations of signs of coefficients, there are no positive roots. Thus, we 
have a stable equation. 

Problems 

1. Given the polynomial 

_{(x) =a~ + a1x
4 + a 2r + a3x2 + a4x + a 5 = 0 

where a0 :> 0, write out the Routh conditions for the roots to be negative. 

2. Given the polynomial 

f(x) = x5 -f- 2x4 + x 3 + 3x2 + x + 2 = 0 

check whether it has negative roots or not by use of Routh's theorem. 

3. Given the polynomial 

f(x) ~ x1 +- 3x2 + 4x -t- 2 = 0 

check whether the roots are negative or not by use of Routh ·s theorem. 
(The roots are --1 + i, -- I -- i, --1.) 

4. Given the following differential equations check their stability. 

d 5x d 4x d 3x d 2x dx 
(a) df' -t- 2 dy4 + d_,v3 + 3 dy2 + dy + 2y = 0. 

d3x d2x dx 
(b) -, ,3 + 3d 2 + 4 -d -+- 2y = 0. 

l) }' y 

d3x d2x dx 
(c) dy -+ 7 dy2 + 14 dy -f- By = 0. 

(-1, -2, -4) 

12.11 Stability conditions (V) 

Let us now consider the stability of a first order differential equation 
system. A system of three equations is considered for simplicity, but the 
results are general. 
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(/) The solution and necessary conditions for stability

Consider

dy-,

-Ð� = auÐ£1 +

dt

+ <>13Ð£Ð�

(D

dz,_

dt

dy,_

dt '

Let us set the form of the solution as

y1 â�� aeml, J2 = beâ�¢', y3 = ceml

Then,

dVl

= ame

dt dt dt

Substitute these into (1) and rearrange terms. Then we get in terms of matrices

-m

J31

a22 ~

'Ð�Ã�

"23

- m.

0

If ylty2, y3 are to have a non-trivial solution, all of a, b, Ñ� cannot be zero.

Thus, according to the results in Section 12.4 concerning solution of homo-

geneous equations, we need

(3)

au - m

a21

Â«a

l32

023

Â« â�� m

= 0

This (3) is the characteristic (auxiliary) equation when we have a system of

equations. Upon solving it, we find w1, Ñ�2, and w3.

Thus, we find as solutions:

(4)

j11 = e,em'

yn = b^

Ð�i = V"''

= a*en

j32 =

T /> Â£,m3*

/13 â�� "3Ðµ

,. â�� ^ ^"'3'

/23 â�� "Ñ�f

,: r Ð¾'"3'

.'33 â�� Ñ�Ð·e

The general solutions are

(5)

j1 = j11 + j12 + j13 = <V""' + a2Ðµ"1'' + ^mi'

j2 = j21 + j22 + j23 = V""' + V""' + V""'

(2)

Ð� = j3i + j32 + j23 = cie1"1' + c2em*1 + Ñ�3em*<
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(i) The solution and necessary conditions for stability 

Consider 

(1) 

Let us set the form of the solution as 

Yt = aem', Ys = cemt 
Then, 

SEC. 12.11 

dv 
-·-· 1 = amemt 
dt ' 

dy2 = bmemt, 
dt 

dys = cmemt 
dt 

Substitute these into (1) and rearrange terms. Then we get in terms of matrices 

(2) ala ] [a] a23 • b = 0 
a33 - m c 

If y1, y2, y3 are to have a non-trivial solution, all of a, b, c cannot be zero. 
Thus, according to the results in Section 12.4 concerning solution of homo
geneous equations, we need 

all- m a12 a1s 
(3) a2t a22- m a23 = 0 

aat a32 a33 -m 

This (3) is the characteristic (auxiliary) equation when we have a system of 
equations. Upon solving it, we find m1, m2, and m3• 

Thus, we find as solutions: 

Yll = alemtt Yt2 = a2em,t Yls = aaemat 

(4) Y21 = blemtt Y22 == bc#mlt Y23 = baemat 

Yat = Ctemtt Ya2 = c2em,.t Yaa = Caem3t 

The general solutions are 

(5) 

Yt = Y11 + Y12 + J'1a == atemtt + a2emtt + a3emat 

Y2 = Y21 + Y22 + J'23 = hte"'11 + b2em,.t + b3emat 

Ya = Yat + Ya2 +}'sa == clem 11 + c 2em•t + c3emat 
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How will ylty2, and v3 behave as /â��* oo? As is seen, it will depend on

m-i, m2, and m3. When these three characteristic roots are negative, ylt

y2, and y3 will converge to a stable value. That is, the necessary condition

for the system to be stable is for the characteristic roots to be negative.

(//) A matrix presentation of the results

Let us now reinterpret our results as follows: The system of equations

can be shown as

Or, for brevity

(7)

"12

Ð°*2

Ð�Ñ�*

y' = Ay

According to our results of (i) above, the necessary condition for the system

to be stable was that

(8)

\A - ml\ =0

and the roots m1, m2, m3 be negative.

The important point to note is the following three steps: One, the system

of linear differential equations (1) is rearranged into a system of linear

homogeneous equations (2). Two, the necessary condition for a non-trivial

solution is stated as (3) which turns out to be the characteristic determinant

of the matrix of coefficients. Three, the characteristic roots of this character-

istic determinant are the roots we seek of the differential equation system.

Thus, in terms of our matrix presentation, solving the differential equation

system (1) becomes equivalent to finding the characteristic roots of (8) which

is the characteristic determinant of the matrix A. Using this result, the

stability problem can be discussed in terms of the characteristic roots m!

,

w2 and m3 of A.

We have seen in Section 12.8 how a diagonal matrix D = P-1AP, and

that

tr A = tr D = ml -f- m2 + m3

\A\ = \D\= w^2/n3

Thus, we can state that the necessary conditions for a system of linear

differential equations to be stable are: (l)thetr,4 < 0, and, (2) \A\ < Owhen

we have an odd number of equations and variables in the system and

\A\ > 0 when we have an even number.

Example.

yi = Ð£!

Ð£* = Ð�Ð£
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How will y1, y2, and y3 behave as t ~ oo? As is seen, it will depend on 
n11, 1n2, and 1n3• When these three characteristic roots are negative, .Y1, 

)'2, and y3 will converge to a stable value. That is, the necessary condition 
for the system to be stable is for the characteristic roots to be negative. 

(ii) A matrix presentation of the results 

Let us now reinterpret our results as follows: The system of equations 
can be shown as 

Or, for brevity 

(7) J'' === Ay 

According to our results of(i) above, the necessary condition for the system 
to be stable was that 

(8) lA -mil=== 0 

and the roots m1, 1n2, n13 be negative. 
The important point to note is the following three steps: One, the system 

of linear differential equations (I) is rearranged into a system of linear 
hon1ogeneous equations (2). Two, the necessary condition for a non-trivial 
solution is stated as (3) which turns out to be the characteristic determinant 
of the matrix of coefficients. Three, the characteristic roots of this character
istic determinant are the roots we seek of the differential equation system. 

Thus, in terms of our matrix presentation, solving the differential equation 
system (I) becomes equivalent to finding the characteristic roots of (8) which 
is the characteristic determinant of the matrix A. Using this result, the 
stability problem can be discussed in terms of the characteristic roots m1, 

m 2 and m3 of A. 
We have seen in Section 12.8 how a diagonal matrix D === P-1AP, and 

that 
tr A == tr D === m1 -t- m2 + m3 

IAI == IDI = m1m2m3 

Thus, \Ve can state that the necessary conditions for a system of linear 
differential equations to be stable are: (I) the tr A < 0, and, (2) I A I < Owhen 
we have an odd number of equations and variables in the system and 
IAI > 0 when we have an even number. 

Example. 

y~ = YI- 2y2 
y; === 3yl - 4y2 
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We shall first solve the system completely, and then use the alternative method

and show that the roots are negative.

First method. Let

yl = aeml, y2 = beml.

Then, the auxiliary equation for the system becomes

/(Â«) =

1 - m -2

3 -4-m

= m2 + 3m + 2 = 0

and the characteristic roots are ml = â�� 1, w2 = â��2. This gives us

J11 = aie~

yÐ�. = bie~' y2* =

and the general solutions are

y1 = Ju + >'i2 = <*1e~( +

y 2 = y,1 + >22 = hie'1 + V~2'

As can be seen, as / -Â»â�¢ oo, the system will be stable.

Let us find the constants a's and A's. For ml â�� â�� 1, we have

Ð�1-Ð¡-1) -2 irÂ«i]=0

1 3 -4-(-DJUj

2al - 2bl = 0

Ð�Ð°, -3^ = 0

where A:l is an arbitrary constant. For w2 = â��2, we get

3a2 â�� 2A2 = 0

3a2 - 2b2 = 0

where ^.i is an arbitrary constant. Then,

y, = k^ +

Ð� = *!Ðµ-' +
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We shall first solve the system completely, and then use the alternative method 
and show that the roots are negative. 

First method. Let 
Yt = ae"'t, Y2 =be"''· 

Then, the auxiliary equation for the system becomes 

-2 I 
-4-m 

= m2 +3m+ 2 = 0 

and the characteristic roots are m1 = - I, m2 = -2. This gives us 

-t Ytt =ale 

Y21 = ble-t 

and the general solutions are 

-2t 
Y12 = a2e 

Y22 == b2e-2t 

As can be seen, as t--+ oo, the system will be stable. 
Let us find the constants a"s and b"s. For 1n1 = -1, we have 

[ 1-(-l) -2 J[a1J=o 
3 -4-(-1) bl 

2a1 - 2b1 = 0 
3a1 - 3b1 = 0 

where k1 is an arbitrary constant. For m2 = -2, we get 

3a2 - 2b2 = 0 

3a2 - 2b2 = 0 

where k2 is an arbitrary constant. Then, 

Yt = kte-t + :k2e-2t 

Y2 = kle-t + k2e-2t 
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Check. The first equation of the system is

l.h.s. = / = f (kie-i + Ã� k2e-tl)

at

â�� "^~/Cic 3 fCoc

r.h.s. = j! - 2y2

= V' + fA:2<r2' - 2kie-i -

Thus, l.h.s. = r.h.s. The second equation is checked in a similar manner.

Second method. Let us now use the alternative method. The necessary

conditions for stability are tr A < 0 and \A\ > 0 since there are an even

number of equations. From the matrix A we find

- Ð� =<

tr/Ã = 1 -4=-3 <0, |/4|=2>0

Thus, we have the necessary conditions for negative roots. Note that

tr/4 = MI -\- m2 = â��1 â�� 2 = â��3

which checks with the above result.

Problems

Given the following systems of linear differential equations, check the

stability of the system by solving the system completely, and then check it by

the alternative method of using the trace of the associated matrix and the value

of the determinant of the matrix.

1. y'i=yi- 4^2

y 2 = 2yi - 5y2

2. yÃ = 2yi - 5y2

yt = 4Ð£l - 7y2

3. In the following check the necessary conditions of stability by use of the

trace and value of the determinant.

/i = Ð� + 2b

yÃ = 2Ñ�i - 5y2

y3 = y! + 5y2 + 2Ñ�3
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Check. The first equation of the system is 

I h I d (k -t + J_ k -2t) . .s. == y == - 1e a 2e 
dt 

= -k~e-t- tk2e-2t 

r.h.s. == }'1 - 2y2 

== k1e-t + jk2e-2t - 2k1e-t - 2k2e-2t 

== -k~e-t - !k2e-2t 

Thus, J.h.s. == r.h.s. The second equation is checked in a similar manner. 

Second method. Let us now use the alternative method. The necessary 
conditions for stability are tr A < 0 and lA l > 0 since there are an even 
number of equations. From the matrix A we find 

A == ll -2] L3 -4 

tr A == 1 - 4 == -3 < 0, IAI == 2 > 0 

Thus, we have the necessary conditions for negative roots. Note that 

tr A == m1 + m2 == - 1 - 2 = - 3 

which checks with the above result. 

Problems 

Given the following systems of linear differential equations, check the 
stability of the system by solving the system completely, and then check it by 
the alternative method of using the trace of the associated matrix and the value 
of the determinant of the matrix. 

1. Yi = Yt - 4y2 
Y2 = 2yt- 5y2 

2. Yi = 2yt - 5y2 
Y2 = 4yt - 7y2 

3. In the following check the necessary conditions of stability by use of the 
trace and value of the determinant. 

Yl. = Y1 + 2y2 

Y2 = 2yt - Sy2 

Ya = Yt + 5y2 + 2ya 
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12.12 Stability conditions (VI)

Let us present an alternative way of determining the stability of a system

of linear first-order differential equations. Consider

dl

~dt

dya

dt

a13y3

We saw in Section 12.11 that the characteristic roots of the characteristic

equation \A â�� ml\ = 0 need to be negative for stability. We know from

Section 12.3 that the characteristic equation can be expanded as

\ml â�� A\ = m2 â�� Â¿Ñ�Ð¸2 + D^n â�� D3 = 0

Therefore, if Dl < 0, Â£>2 > 0. D3 < 0, then by Descartes' rule of sign the

roots will be negative or zero.

Let us further investigate this equation. We know

A

j22

D.=

fc"21

Ð°33 =

Ñ�.,.

-"23

â�¢'Ð�Ð�

J3l

11

a-.

21

â�¢"22

"Ð®

Ð°Ñ�

Let us abbreviate these determinants by

all

Thus, we can say, the condition for the characteristic equation to have

negative and/or zero roots is that the above determinants alternate in sign,

the first one being negative. For example, a,, < 0 would mean, an < 0,

Ã�22 < 0, i'33 < 0. Then, obviously Dl < 0, and similarly for the other D, 's.

Example. Hicks' (1939) perfect stability conditions use this technique.

Consider

Ð», = /MÐ i. P2, P3) - S^Pl , P2, P3)

(1)

Ñ�3 = Ð¾3(Ð�. P2 , PJ - S3(P1, pt. Ð�,)
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12.12 Stability conditions (VI) 

Let us present an alternative way of determining the stability of a system 
of linear first-order differential equations. Consider 

(1) 

dyl 
- = a11Y1 + a12Y2 + a13y3 
dt 

dy2 
- = a21Y1 + a22Y2 + a23Ya 
dt 

dya 
- = aa1Y1 + aa2Y2 + a33Ya 
dt 

We saw in Section 12.11 that the characteristic roots of the characteristic 
equation lA -mil= 0 need to be negative for stability. We know from 
Section 12.3 that the characteristic equation can be expanded as 

lml- AI = m2 - D1m2 + D,m - D3 = 0 

Therefore, if D1 < 0, D2 > 0, D3 < 0, then by Descartes' rule of sign the 
roots will be negative or zero. 

Let us further investigate this equation. We know 

D1 = a11 + ~2 + a33 = tr A 

D2 =I au 
a21 

a12
1 +I 022 

a22 a32 
a231 +I asa 
a33 a13 

0311 
a11 

all a12 ala 

Da= a21 a22 a23 

aal a32 a33 

Let us abbreviate these determinants by 

a;; a;J 
aii aii aik 

a;;, 
aii aJJ 

aJi aJ; aJk 

aki aki au 

Thus, we can say, the condition for the characteristic equation to have 
negative and/or zero roots is that the above determinants alternate in sign, 
the first one being negative. For example, a;; < 0 would mean, a11 < 0, 
a22 < 0, a33 < 0. Then, obviously D 1 < 0, and similarly for the other Di's. 

Example. Hicks' (1939) perfect stability conditions use this technique. 
Consider 

x1 = D 1(P1, P2, P3) - S1(P1, P2, P3) 

x2 == D2(P1, P2, P3) - S2(P1, P2, P3) 

x3 = D3(P1, P2, P3) - S3(P1, P2, P3) 
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where xÂ¡ shows excess demand, DÂ¡, 5, are the demand and supply functions,

Pi are prices. Let there be a small change in Pr Then,

i-Sl) dP.2 a(Di - SJ dP_3

dpl dp3 dpl

- S2) dP3

dPl dPi

A Ð(D2-52)

d(D3 - S3)

dP2

,

dP3

- S,) dP,

ÐÐ ,

Let us rewrite this as

dP3

dP1

0 = a

Using Cramer's rule, we find

dXi

Similarly, for

1 =

3i Ñ� "32

13

0 Â«22 Â«23

0 a32 Â«33

11

""23

Â«32 Â«3

dx,

dP,

oai aa

Â«11 Â«12

Â«21 Â«22

Here we have considered three markets. But perfect stability implies this

must hold when we consider two markets holding the other constant, or one
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where xi shows excess demand, D;, S; are the demand and supply functions, 
P; are prices. Let there be a small change in P 1• Then, 

dx1 == o(D1 - S1) + o(D1 - S1) dP2 + o(D1 - S1) dP3 

dP1 oP1 oP2 dP1 oPa dP1 

O == o(D2- S2) + o(D2- S2) dP2 + o(D2- S2) dPa 

oP1 oP2 dP1 oPa dP1 

O == o(D3 - Sa)+ o(Da- Sa) dP2 + o(Da- Sa) dPa 

oP1 oP2 dP1 oPa dP1 

Let us rewrite this as 

dx1 dP2 -L dPa 
- == au + G12 - ' ala -
dP 1 dP1 dP1 

dP2 dPa 
0 == a2I + a22 - + a2a -

dP1 dP1 

dP2 dPa 
0 === aat + aa2 - + a33 -

dP1 dP1 

Using Cramer's rule, we find 

dx1 
a12 al3 

dP1 

0 G22 a2a dx1 G22 a23 

1== 
0 aa2 a33 dP1 aa2 a33 

all ll12 ata IAI 
G21 a22 a23 

a at aa2 a33 

a32 lla.1 
Similarly, for 

Here we have considered three markets. But perfect stability imp1ies this 
must hold when we consider two markets holding the other constant, or one 
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market holding the other two constant. In each case we need the condition

that excess demand decreases when prices increase. That is,

For this to hold for all markets as mentioned above, we need

aa alk

a a a,,- a,

to alternate in sign. For example, we need an < 0, Â«22 <0,a33< 0, and so

forth. Note that

%Di-Si)_ dx,

dP, dP,

Therefore, the determinants are Jacobian determinants.

da =

12.13 Convex sets

The postwar development of linear programming and its increasing

application to various economic problems such as the theory of the firm,

input-output analysis, and welfare economics have made it necessary for the

economist to acquire an understanding of this mathematical technique. To

understand linear programming, it is convenient to distinguish between its

theoretical and computational aspects. As we shall see, linear programming

involves large numbers of equations. The computational aspects are mainly

concerned with the various methods that have been devjsed to solve these

systems, especially with the help of computers.

There are a number of excellent books on the theoretical aspects that are

appropriate for economists who are not professional mathematicians (see

Notes and References). Of the mathematical techniques used in these books,

the two important topics are matrix algebra and convex sets. In this section a

brief survey of some elementary ideas of convex sets are presented to serve

as background material for further study in linear programming. The

problem of linear programming is stated but not discussed. The computational

aspects are also not discussed. For a full treatment of these problems the

reader is referred to the references at the end of the chapter.

(/) Convex sets

Let us first discuss a few ideas in terms of a two-dimensional Cartesian

coordinate system. Consider two vectors

388
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market holding the other two constant. In each case we need the condition 
that excess demand decreases when prices increase. That is, 

dxi 0 -< 
dPi 

For this to hold for all markets as mentioned above, we need 

aii aii aik 

a;i, 
aii aii 

au a ii aik 
aii a;; 

aki aki akk 

to alternate in sign. For example, we need a11 < 0, a22 < 0, a33 ... _::: 0, and so 
forth. Note that o(o.-s.) ax. a .. == , , == _, 

11 ()p. i)p. 
I I 

Therefore, the determinants are Jacobian detern1inants. 

12.13 Convex sets 

The postwar development of linear programming and its increasing 
application to various economic problems such as the theory of the firm. 
input-output analysis, and welfare economics have made it necessary for the 
economist to acquire an understanding of this mathematical technique. To 
understand linear programming, it is convenient to distinguish between its 
theoretical and computational aspects. As we shall see, linear programming 
involves large numbers of equations. The computational aspects are mainly 
concerned with the various methods that have been devised to solve these 
systems, especially with the help of computers. 

There are a number of excellent books on the theoretical aspects that are 
appropriate for economists who are not professional mathematicians (see 
Notes and References). Of the mathematical techniques used in these books. 
the two important topics are matrix algebra and cont,ex sets. In this section a 
brief survey of some elementary ideas of convex sets are presented to serve 
as background material for further study in linear programming. The 
problem of linear programming is stated but not discussed. The computational 
aspects are also not discussed. For a full treatment of these problems the 
reader is referred to the references at the end of the chapter. 

(i) Cont,ex sets 

Let us first discuss a few ideas in terms of a two-din1ensional Cartesian 
coordinate system. Consider two vectors 
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Let us select a point P on the line PlP2. Furthermore, let PiP : P2P =1:2 =

Ñ� : (1 â�� Ñ�) where p = \. In vector notation we have

- Pll

IIP - P2II 1 - Ñ�

Thus,

which becomes

This result may be summarized as

follows: Given two vectors Pl and P2,

select a point P on the vector P1 â�� P2

so that it divides the vector into two

parts with a ratio of

then,

P = (l - p)Pl +

Fig. 12-4

Ð Ð¦ : \\P - P2|| =

0 < Ñ� < 1

Thus, every point on the line PiP2 can be shown as a linear combination of

P1 and P2 by letting Ñ� take values between 0 <; Ñ� <. 1.

In our present case we have

Thus, the norm becomes

IIP - P2|| = v/8

and we get

II PI - Pll = 5/2 = 1

||P - P2|| V8 2

The vector point P was P = (1 â�� Ñ�)P1 + pP2 where 0 < Ñ� < 1. Thus,

{(l â�� tÂ¿)Pi + pP2] where Q <, Ñ� <> l shows us the set of points that form

the vector Pl â�� P2 or in terms of geometry the line P^2. Let us call this line

a segment joining Pl and P2.

Pisa linear combination of Pl and P2. When the coefficients of Pl and P2

add up to 1, we call it a convex linear combination.
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Let us select a point P on the line P1P2. Furthermore, let P1P : P2P = 1 : 2 = 
Jl : (1 - p) where p == !. In vector notation we have 

Thus, 

IIPt- Pll 
liP- P2ll 

ll 
1-p 

(1 - p)P1 - (1 - p)P == pP - pP2 

which becomes 

This result may be summarized as 
follows: Given two vectors PI and P2, 

select a point P on the vector P 1 - P 2 

p (3,2) 

P. (4,1) 
1 

so that it divides the vector into two Fig. 12-4 
parts with a ratio of 

IIPt - Pll : liP - P2 11 == ll : l - p, 
then, 

Thus, every point on the line P1P2 can be shown as a linear combination of 
P 1 and P2 by letting t-t take values between 0 s: p < 1. 

In our present case we have 

p = (l - !) [~] + ! [ !] = [~] 
Thus, the norm becomes 

and we get 

= { ([~J - [~Jr ([~J - [~J) r2 
== Jl 

liP- P2ll = J8 

IIPt- Pll === /j_ =! 
liP- P2 ll J8 2 

The vector point P was P === (I - p)P1 + llP2 where 0 s;: /l ~ I. Thus, 
{(I - Jl)P1 + flP2} where 0 < Jl < I shows us the set of points that form 

the vector PI - P2 or in terms of geometry the line P1P2 • Let us call this line 
a segment joining PI and P2 • 

Pis a linear combination of P1 and P2 . When the coefficients of P1 and P2 

add up to l, we call it a conl'ex linear combination. 
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Let S be a set and P1 and P1 be points of S. 1f P is a oonvex linear oom
bination of P1 and P1 and belongs to the sets. then the setS is said to be a 

j 
It 
.~ 

v 

P, 

~ 
~P. 

' 

C'onvex Nt C. The Figure 12-S is a oonvex 
set. As is seen. any point that is a oonvex 
linear combination of two points in the 
shaded triangle will also be in the triangle. 
Or we can say that if we have two points in 
the set and the segment joining the two points 
is also in the set. then we have a oonvex set. 
Figures 12-«a) and (b) are examples of oon· 
vex sets. Figure 12-«c) is not a oonvex set. 
Let us extend this to three dimensions. Let 
P1• P1• P1 be three points. They will define a 

f1a. lW plane. Let P be a point in this plane. Draw 
_ ~tine from P1 through P and let it intersect 
P,P1 at P' where the ratio of P1P': P1P' = p.: 1 - p. whereO s; p. s; I. Then. 
P' is a linearoombination of P1 and P1 ; i.e., 

P' = (1 - p.)P1 + p.P1 

Next let P'P: PP1 =(I -l): l. Then. 

P = (I - l)P1 + AP' 

0 
{G) 

=(I - l)P1 + A(l - p.)P1 + lp.P1 

0 
(b) 

f1a. 11-6 

(C) 

This shows that Pis a tinear combination of P1, P.,. P1. But we see that the 
sum of the coefficients is t ; i.e., 

(1 - l) + A(l - p.) + lp. = I 

Therefore, Pis a convex linear combination of P1• P1• P1• Let the coefficients 
be denoted by a1• a1• and a1• Then. 

P = a1P, + OtP1 + OtPs 
where l:: a, = 1. a, 2 0. 
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Fig. 12-7

This can be generalized. When we have an n-dimensional vector space Rn

and m(< n) pointsP-Â¡, P2, ... , Pm, these points will define a hyperplane in Rn.

Then, a point P on this hyperplane can be shown as a convex linear combina-

tion of the Pl, (i = I, 2, ..., ni); i.e.,

P = alP1 + a2P2+ ...+amPm

where 2 a,â�¢ = 1, a, > 0. If all the points P are in the same set as the points

jP1, ... , Pm, then we have a convex set. The vector [alt a2, ... , am] is called a

probability vector.

Ð¾

Fig. 12-8

(//) Convex hull

Consider a triangle Ð�/V3 as Â¡n Figure 12-8. Let 5 be the set of three

points /V P2, and P3; i.e.,
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0 
I x1 

I .,.J 
I ..---~----

~ I 
x2 I ~ I .,.., 

I 
~~ 

.,.., 
I 

....... I I 
....... II ....... 

'--.JI 
Fig. 12-7 

This can be generalized. When we have an n-dimensional vector space Rn 
and m( < n) points PI, P2, •.• , P m• these points will define a hyperplane in Rn. 
Then, a point P on this hyperplane can be shown as a convex linear combina
tion of the Pi, (i == I, 2, ... , nz); i.e., 

where~ ai == 1, ai > 0. If all the points Pare in the same set as the points 
PI, ... , Pm, then we have a convex set. The vector [a I, a2, ..• , am] is called a 
probability vector. 

(ii) ConL'ex hull 

Ft, 
I 

I 
I / 
I/ -- ------0 --=:::, ___________ _ 

xt 

Fig. 12-8 

Consider a triangle PIP2P3 as in Figure 12-8. Let S be the set of three 
points PI, P2, and P3 ; i.e., 
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Select two points P1 and P2 and make a line PlP2. Then the set of points

that make up the line P-fZ is shown as the convex linear combination of /\

and P2, i.e.,

{P : P = afi + a2P2]

where 2 aÂ¡ = I, ai > 0. In a similar manner, the points on P2P3 (P3P1) will

be convex linear combinations of vector points P2 and P3 (P3 and Pi). Thus,

we have three new sets of points corresponding to the three line segments

J\P~2, P^Pl, and PÂ¿\.

Let us now select a point on PlP2 and one on P2P3. Then, the set of points

obtained from the convex linear combination of these two points will be

shown by the line segment joining them. Furthermore, the line segment is in

the triangle P1P2P3. After this process is repeated many times for the other

points, we can see intuitively that all the points that are generated in this

manner will give us the points in the triangle

P&P3- The set of points that make up this tri-

angle is called the convex hull of the set S =â�¢

{P!, P2, P3}. Or, we may say, the convex hull Ð�

of the set S = {/^â��P2P,} is the set of points

obtained as convex linear combinations of the

points 5. Clearly, 5 = {Pl , P2, P3] is a subset of K.

Ð t The extreme points of a convex set S are the

points which are not on a segment between any

Fig. 12-9 two points of 5. The points Plt P2, and Pa are

the extreme points of the set S.

Now let us have a set S = {PÂ¡, P2, P3, Pt} such as in Figure 12-9. As can

be seen, S1 is not a convex set. When we construct a convex hull K, K will be

the triangle PiP2P3 which is convex.

(i/7) Convex cone

Consider a convex set S = {Pi. P2, ,P3} where Pi are vector points. The

ray through P is defined as the vector /iP, that goes through Pl from 0. As is

seen, when 0 Ã®S Ñ� < 1, the ray is a vector between 0 and Pr When /i = 1,

the ray is the vector 0/\, and when /LI > I, then the ray extends beyond /V

Three rays can be drawn corresponding to the three points Plt P2, and P3.

Let P be an arbitrary point within the confines of the rays. Then we see that

any point Â¡uP(fi > 0) will also be within these confines. In a case where all

points /up (Ñ� > 0) are in the set of points from which P was taken, the set is

called a cone. When the set of points PÂ¡ are a convex set we have a convex

cone. A convex linear combination of two points in the convex cone will

also be in the cone.

If p, is allowed to become negative, then we may have as in Figure 12-11.
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Select two points P 1 and P2 and make a line P1P2• Then the set of points 

that make up the line P1P2 is shown as the convex linear combination of P1 

and P 2, i.e., 

where ~ ai = 1, ai > 0. In a similar manner, the points on P2P3 (P3P1) will 
be convex linear combinations of vector points P 2 and P 3 {P3 and P 1). Thus, 
we have three new sets of points corresponding to the three line segments 

P1P2, P2P3 , and P3P1• 

Let us now select a point on P1P2 and one on P2P 3• Then, the set of points 
obtained from the convex linear combination of these two points will be 
shown by the line segment joining them. Furthermore, the line segment is in 
the triangle P1P,J'3• After this process is repeated many times for the other 
points, we can see intuitively that all the points that are generated in this 

manner will give us the points in the triangle 
P1P2P3• The set of points that make up this tri
angle is called the cont'ex hull of the set S =

{P1, P2, P 3}. Or, we may say, the convex hull K 
of the set S = {P 1, P 2 P 3} is the set of points 
obtained as convex linear combinations of the 
points S. Clearly, S = {P1, P2, P3} is a subset of K. 

The extreme points of a convex set S are the 
points which are not on a segment between any 

Fig. 12-9 two points of S. The points P1, P2, and P3 are 
the extreme points of the setS. 

Now let us have a setS= {P1, P2, P3, P4} such as in Figure 12-9. As can 
be seen, S is not a convex set. When we construct a convex hull K, K will be 
the triangle P1P2P3 which is convex. 

(iii) Convex cone 

Consider a convex set S = {P1, P2, P3} where P; are vector points. The 
ray through Pis defined as the vector p.P1 that goes through P1 from 0. As is 
seen, when 0 ~ p, ~ I, the ray is a vector between 0 and P1• When /A = 1, 

--+ 
the ray is the vector OP1, and when p. > I, then the ray extends beyond P 1• 

Three rays can be drawn corresponding to the three points P1, P2, and P 3 • 

Let P be an arbitrary point within the confines of the rays. Then we see that 
any point p,P (p, > 0) will also be within these confines. In a case where all 
points pp (/-l > 0) are in the set of points from which P was taken, the set is 
called a cone. When the set of points P; are a convex set we have a convex 
cone. A convex linear combination of two points in the convex cone will 
also be in the cone. 

If p. is allowed to become negative, then we may have as in Figure 12-11. 
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Fig. 12-10

Fig. 12-11

This is also a cone in the sense that for every point P in the cone, the point Ñ�P

will also be in the cone. But since /LI may be negative, we can select a point P'

such that the segment joining P and P' will not be in the cone. This cone is,

therefore, not a convex set. But when we add the restriction p ^ 0, then it

is only the part in the first quadrant that is being considered and as can be

seen this will be a convex set.

A convex set generated from a finite number of points such as in Figure

12-10 is called a convex polyhedron. A convex cone generated by a convex

polyhedron is called a convex polyhedral cone.

(iv) Half spaces

Let {P!, PZ, P3} be a convex set. The line

PlPZ in Figure 12-12 divides the plane into

two parts. Let us call these half spaces. Let

this line be shown by

Then,

anxl + ai2-v2 > M'i

UUÐ»:, -f Â«12Ð»:2 < ii'i

northeast half space

southwest half space

Fig. 12-12

Similarly the lines P2P3, P3PÂ¡ divide the plane into two parts. The triangle

PiP2P3 (convex set) is enclosed by these three lines. Or we can say that the

convex set is the intersection of three half spaces generated by the three

lines. This can be shown as

PtP3 : a2lx1

and may be written

Ð� gl i ' ^3

[Â«11 Â«12-J

â��W

-On -Â«22 M

-Â«3i -aJ Ð«
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Fig. 12-10 Fig. 12-11 

This is also a cone in the sense that for every point Pin the cone, the point p.P 
will also be in the cone. But since p may be negative, we can select a point P' 
such that the segment joining P and P' will not be in the cone. This cone is, 
therefore, not a convex set. But when we add the restriction p. > 0, then it 
is only the part in the first quadrant that is being considered and as can be 
seen this will be a convex set. 

A convex set generated from a finite number of points such as in Figure 
12-10 is called a cont'ex polyhedron. A convex cone generated by a convex 
polyhedron is called a convex polyhedral cone. 

(iv) Half spaces 

Let {P1, P2, P3} be a convex set. The line 

P1P2 in Figure 12-12 divides the plane into 
two parts. Let us call these half spaces. Let 
this line be shown by 

auxt + a12X2 :-= n·t 

Then, 

a 11x1 + a 12x 2 :.> u-·1 • . • northeast half space 

a 11x 1 + a 12x 2 < u·1 . . . southwest half space 
Fig. 12-12 

Similarly the lines P2 P3 , P3 P1 divide the plane into two parts. The triangle 
P1P2P3 (convex set) is enclosed by these three lines. Or we can say that the 
convex set is the intersection of three half spaces generated by the three 
lines. This can be shown as 

and may be written 

P1P2 : OnXt -1- a12X2 ~ ~r1 

P2Pa : a21X1 -t- a22X2 ~ U'2 

PaPt : aa1X1 + Oa2X2 ?~ "·'a 

[ 

att 

-a~n 

-a3l 
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Fig. 12-13

or simply AX < w. We shall generalize this result as follows: Let there be

five lines in the two-dimensional space as in Figure 12-13 forming a convex

set C. Then this is shown as

AX < w

where A is a 5 x 2 matrix of the coefficients, X

is a 2 x 1 matrix, and w is a 5 x 1 matrix.

If we have n lines and thus 2/2-half spaces,

then their intersection will also be a convex set

which can be shown by AX < w where A is an

~ Ð¸ x 2 matrix, A' is a 2 x 1 and w is an n x 1

matrix.

As can be seen, solving AX < w will mean,

geometrically, finding va'ues of X = [xlt x2] that give us points in C. Sol-

ving AX = w will mean inding values of X at the intersection of the lines;

i.e., the extreme points.

If we have a three-dimensional space then the dividing line becomes a

dividing plane. For four-dimensional space it becomes a hyperplane. We

can also express this in vector notation by letting A = [i\, v2] where l\ and Ð³.,

are column vectors. Then,

AX = [i\t vt

Thus, the equation AX < vv becomes

v1xl + lyr, < w

(v) Simplex

When we have a two-dimensional space, 2+1=3 extreme points give

us a convex set that is a triangle. In three-dimensional space, 3+1=4

extreme points give us a tetrahedron. Such convex sets are called simpIices.

The triangle is a two-simplex, the tetrahedron is a three-simplex. In Ð¸-dimen-

sional space, n + 1 extreme points give us an Ð¸-simplex.

Fig. 12-14
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or simply AX< w. We shall generalize this result as follows: Let there be 
five lines in the two-dimensional space as in Figure 12-13 forming a convex 

set C. Then this is shown as 

AX:::;:w 

where A is a 5 x 2 matrix of the coefficients, X 
is a 2 x I matrix, and w is a 5 x 1 matrix. 

If we have n lines and thus 2n-half spaces, 
then their intersection will also be a convex set 
which can be shown by A X ~ w where A is an 
n x 2 matrix, X is a 2 x 1 and w is an n x I 

Fig. 12-13 matrix. 
As can be seen, solving A X ~ w will mean, 

geometrically, finding va•.ues of X= [xh x2] that give us points in C. Sol
ving A X = w will mean inding values of X at the intersection of the lines; 
i.e., the extreme points. 

If we have a three-dimensional space then the dividing line becomes a 
dividing plane. For four-dimensional space it becomes a hyperplane. We 
can also express this in vector notation by letting A = [v1, t'2] where v1 and t'2 

are column vectors. Then, 

AX = [v1, vJ [;~] = v1x1 + V~z 
Thus, the equation A X < w becomes 

(v) Simplex 

When we have a two-dimensional space, 2 + 1 = 3 extreme points give 
us a convex set that is a triangle. In three-dimensional space, 3 + I = 4 
extreme points give us a tetrahedron. Such convex sets are called simplices. 
The triangle is a two-simplex, the tetrahedron is a three-simplex. In n-dimen
sional space, n + I extreme points give us an n-simplex. 

Fig. 12-14 
~ 

Fig. 12-15 
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(vi) The linear programming problem

Given a linear function

(1) /(Ð£i.Ð�) = 2

subject to the linear constraints

4

(2)

Ð° 12

18

find a set of non-negative (v!, j2) sucn tnat (1) 's maximized. This is a linear

programming problem.

4/Ð�8-*

0 X1 2 Ðª 4 5 6

Fig. 12-16

Let us now interpret this problem in terms of convex sets. The linear

constraints of (2) divide a two-dimensional plane into half spaces and generate

a convex set as in Figure 12-16. Then, the points (ylt y2) that are to maximize

(1) (the linear functional or objective function) must be points in this convex

set.

The objective function (1) in our present example can be shown as a set of

parallel lines. We wish to find the one that intersects the convex set that has a

maximum value. In our present case, we can see that

is line one in the diagram that goes through the origin. f(yi,y2) = 2, 4, 6

are lines 2, 3, and 4. As is seen, v/hen f(ylt y2) = 6, the line passes through

(6, 3) and/(j!, y2) reaches a maximum. For any value greater than 6 (i.e.,

2yi â�� 2y2 > 6) the line will pass outside the convex set. Thus, the extreme
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4y=18-x 

Let us now interpret this problem in terms of convex sets. The linear 
constraints of (2) divide a two-dimensional plane into half spaces and generate 
a convex set as in Figure 12-16. Then, the points (y1, y 2) that are to maximize 
( 1) (the linear functional or objective function) must be points in this convex 
set. 

The objective function ( 1) in our present example can be shown as a set of 
parallel lines. We wish to find the one that intersects the convex set that has a 
maximum value. In our present case, we can see that 

f(yt, Y2) == 2yt - 2y2 = 0 

is line one in the diagram that goes through the origin. f(y 1, y 2) = 2, 4, 6 
are lines 2, 3, and 4. As is seen, when f(y1, y2) == 6, the line passes through 
(6, 3) and j(y1, y 2) reaches a maximum. For any value greater than 6 (i.e., 
2y1 - 2y2 > 6) the line will pass outside the convex set. Thus, the extreme 
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point (6, 3) maximizes the linear functional (objective function). That is.

the non-negative solution we seek is (y^ y2) = (6, 3).

Let us now restate the linear programming problem schematically as

shown below.

cl =12 c2 = -9 c3 = -18

6l = tyl

b* = -2y,

4

1 022 = â�� 1 Â«23 = â��4

Maximize the linear function

/= Vl + V2 =

subject to the linear constraints,

Xl + 021^2

-7l - 4ft <; -18

where the ^, are non-negative. The solution we have obtained was

(yl,y2) = (6, 3) and the maximum value of the linear function was

7=2^-2^=12-6 = 6

To this maximum problem, we can find a minimum problem called the

dual of the maximum problem. This is stated as follows.

Find a set of non-negative (xl, x2, x^) that minimizes

g = c\x1 + <2*2 + f3*3

subject to the linear constraints

b2

In terms of our example, this is as follows: minimize

g= \2x1-9x2- 18X3

subject to the linear constraints

which is

ATi â�� -*2 â�� 4X3 ^ â��2
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point (6, 3) maximizes the linear functional (objective function). That is, 
the non-negative solution we seek is (y1, y2) = (6, 3). 

Let us now restate the linear programming problem schematically as 
shown below. 

bl = 2y1 I all = 4 
b2 = -2y2 a21 = I 

Maximize the linear function 

f = htYl + h2)'2 = 2y1 - 2y2 

subject to the linear constraints, 

which is 

D1tY1 + a2tJ2 < C1 

a12Y1 + D22)'2 < C2 

a1aY1 + D22)'2 < Ca 

4y1 + Y2 < 12 
-y -y < -9 1 2-

- Yl - 4y2 < - 18 

c3 = -18 
X a 

al3 = -l 
~=-4 

where the Yi are non-negative. The solution we have obtained was 
(y1, yJ = (6, 3) and the maximum value of the linear function was 

f = 2y1 ~ 2y2 = 12 - 6 = 6 

To this maximum problem, we can find a minimum problem called the 
dual of the maximum problem. This is stated as follows. 

Find a set of non-negative (x1, x2, x3) that minimizes 

g = clxl + c2x2 + caxa 

subject to the linear constraints 

a11X1 + a12X2 + D13X3 Z b1 

a21X1 + a~2 + a23xa > h2 

In terms of our example, this is as follows: minimize 

g = 12x1 - 9x2 - 18x3 

subject to the linear constraints 

4x1 - x2 - x3 > 2 
x1 - x2 - 4x3 :;;:: -2 
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It can be shown that the minimum Â£ is 6; i.e., the same value as the maximum

/found above.

We have only stated the problem of linear programming. For further

study, see the references at the end of the chapter.

Notes and References

The topic concerning stability is very difficult and the mathematical

references are usually of an advanced nature. But the following three steps are

suggested :

(1) First, as a general background, see Bushaw and Clower (1957), pp.

51-62; Andronow and Chaikin (1949), pp. 6-10, 11-15, and 147-148; and

Samuelson (1947), pp. 257-263. Our discussion of equilibrium and stability

was based on A. M. Liapounov's definition of stability. The three references

just mentioned also base their discussion on Liapounov's ideas.

(2) Then, as a second step, which will introduce the student to the technical

aspects of the problem, see Bushaw and Clower ( 1957), pp. 284-313 ; Samuelson

(1947), Chapter 9; Allen (1956), Sections 1.8, 10.5, 14.6; Metzler (1945); and

the present chapter of this book plus the various references listed below which

correspond with the topics in this chapter. This should provide a survey of the

various techniques that have been used and their applications to economics.

(3) As a third step see the excellent discussion of these topics of stability in

Gantmacher (1959) Vol. II, p. 120 and Chapter 15. He first gives a brief

historical discussion of the development of the problem and then provides the

various proofs and discussions that we have left out. He also has an excellent

bibliography. Also see Bellman (1953); and Bellman (1960), Chapter 13.

Finally, see Samuelson (1947), Chapter 9, 10 and 11.

The problem of stability in economics at a more general level than those

treated in the above mentioned references can be found in issues of Econo-

metrica 1954-1960. But as a first step, Chapter 9 of Karlin (1959), Vol. I is

recommended. For examples of articles see Wald (1951); von Neumann

(1945-56); Arrow and Debreu (1954); Kemeny, Morgenstern and Thompson

(1956); Arrow and Hurwicz (1958); Arrow, Block, and Hurwicz (1959);

Nikaido (1959); Arrow and Hurwicz (1960). Two other books that are

recommended are Debreu (1959) and Koopmans (1957).

The first book that is recommended to students planning to study linear

programming is Gale (1960), The Theory of Linear Economic Models, Chapters

1, 2, and 3. These three chapters will provide the necessary mathematical and

theoretical background of linear programming. As a second step it is recom-

mended that chapters from the following books be selected to suit one's need:

Gale (1960); Gass (1958); Dorfman, Samuelson, and Solow (1958); and

Karlin (1958), Vol. I, Part II. For advanced treatment of various aspects of

linear and non-linear programming, see the following books:

(a) Kuhn and Tucker (1956). This is a collection of 18 papers by various

authors of which several concern linear programming. The fourth paper by

Goldman, A. J. and Tucker, A. W., "Theory of Linear Programming" is

recommended.
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(b) Dennis (1959), which contains discussions of linear programming

techniques applied to Lagrange Multipliers. See especially Chapter 2 and the

appendices at the end of the book.

(c) Koopmans (Ed.) (1951) contains papers related to the problems of

production and allocation of resources.

(d) Arrow, Hurwicz, and Uzawa (1958).

12.2 Weisner (1938), pp. 88-90.

12.3 Aitken( 1956), pp. 87-88; Chipman (1950), p. 101 ; MacDuffee (1949),

p. 84; Metzler (1945), p. 289.

12.4 Aitken (1956), pp. 55-71; Ferrar (1941), pp. 30-35; Kemeny (1958),

pp. 223-240; Murdoch (1957), pp. 48-53.

12.5 Chipman (1950), pp. 118-121 (gives a brief historical background and

lists various sources of proofs); Samuelson (1941).

12.6 Baumol (1959), pp. 332-333.

12.7 Baumol (1959), pp. 327-331, and Chapter 16; Goldberg (1958), pp.

222-238.

12.8 Baumol (1959), pp. 356-365.

12.10 Bellman (1960), pp. 244-245 (has a bibliography at the end of Chapter 13

on stability theory); Baumol (1959), pp. 365-370; Samuelson (1947),

pp. 429-435.

12.11 Baumol (I959), Chapters 14, 15 and 16.

12.12 Allen (1959), pp. 19-23, 325-329, 480-483; Hicks (1939), Mathematical

Appendix.

12.13 Chames, Cooper, and Henderson (1953), Part II; Kemeny (1958),

Chapter 5; Gass (1958), Chapters 1-3; Gale (1960), Chapters 1-3.
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CHAPTER 13

Probability and Distributions

Three main topics, calculus, difference equations, and matrix algebra have

been covered. In the next four chapters we will discuss probability and

statistics confining ourselves to some basic ideas, and will approach the

subject theoretically, although at an elementary level.

In this chapter we shall present some basic ideas of probability and

distributions. Since much of this material is usually covered in statistics

courses, detailed discussions have been omitted. This chapter is intended to

serve as a review for the subsequent chapters and may be skipped by those

familiar with the topics.

13.1 Sample space

Let us perform an experiment of tossing a die. The six possible outcomes

are denoted by a capital X, and each individual outcome is denoted by a

small xÂ¡. Then we can write

R: {xl = 1, *2 = 2, x3 = 3, *4 = 4, x& = 5, *6 = 6}

This can be shown graphically as in Figure 13-1. The outcomes or results of

the experiment are called events.

,,.,Â», As is seen, these events have been

1 2 3 4 5 6

1 Ñ� Ð³ Ñ� Ð³ Ñ� â��p- plotted on a straight line and shown by

points. These points which represent the

Fig. 13-1 events are called sample points, and the

six points on the line will be called the

sample space which we denote by R.

What we have done is to take an experiment and translate it into terms of

points and sets. Our intention is to use various operations concerning points

and sets to analyze the experiment. But before going further, let us consider

another experiment.

Consider tossing two dice. How can this experiment be translated into

ideas of points and sets? There are 36 outcomes or, we can say, 36 events,
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sample space which we denote by R. 
What we have done is to take an experiment and translate it into terms of 

points and sets. Our intention is to use various operations concerning points 
and sets to analyze the experiment. But before going further, let us consider 
another experiment. 

Consider tossing two dice. How can this experiment be translated into 
ideas of points and sets? There are 36 outcomes or, we can say .. 36 events., 
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which is shown two-dimensionally in Figure 13-2. Each of the 36 points is a

sample point, and the aggregate of all 36 points is the sample space R.

But note that if we ask for the event

Â£ that "the sum of two dice be 5,"

we have the points (1,4), (2, 3), (3, 2),

and (4, 1). Then the event E is made

up of the following 4 events:

Â£:{(!, 4), (2,3), (3,2) (4,1)}

Each of the 4 events that make up E

cannot be decomposed into smaller

events, whereas E can be decomposed

into these four indecomposable events

which are called simple events. Events

such as E that can be decomposed

are called compound events.

When we say sample points, we mean simple events. Thus a sample space

is made up of simple events.

6-

5-

4-

3-

2-

1-

Fig. 13-2

13.2 A class of sets

The experiment of tossing a die generated a sample space R of six points.

Let us now ask, "How many different subsets can be selected from this sample

space?" This will be

{I}, {2}, {3}, {4}, {5}, {6}

{1,2}, {1,3}, {1,4} ............

..................... {1,2,3,4,5,6}

If we include 0 as a null subset, then the total number of subsets will be

Thus we have a collection of 64 subsets taken from R. Instead of saying a

collection of subsets, we shall say we have a class of subsets, (some use the

word system) and denote it by G.

It is possible to qualify these subsets by some characteristic. For example

we can select subsets such that the sum of the numbers will be even. Or such

that the sum of numbers will be odd. Or such that the sum of numbers will

exceed 10. And so forth. We say we have different classes of subsets.

The characteristics of the 64 subsets we selected are:

(1) The union of any number of these subsets will produce a subset that is

a member of this class of subsets.
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Thus a sample space 
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a member of this class of subsets. 
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(2) The intersection of any number of these subsets will produce a subset

that is a member of this class of subsets.

(3) The difference of any two subsets is a member of this class of subsets.

(4) The complement of any subset is a member of this class of subsets.

Thus we have a closed system, and this class of subsets can be thought of as a

field which is denoted by F.

Let us illustrate these operations by an example. Let

A = {1, 2}, B = {3, 4}, Ð¡ = (2, 3. 4}

Then the union of A and B is

A U B = {l, 2} U {3.4} = (1, 2, 3, 4}

which is clearly a subset of R. In terms of our experiment, we say that the

erents A or B or both occur.

The intersection of A and B will be

A n B ==fc- {1,2} n {3,4} = 0

which is also a subset of R. This can be interpreted to mean erents A and B

both occur. In our present case A Ð� B = { } = 0 means the event A n B is

impossible. For this case we say events A and B are mutually exclusive. In

set terminology we said that A and B are disjoint sets.

The difference and complement of subsets can also be illustrated in

a similar manner.

Problems

1. Given a four sided die explain the following.

(a) What is the sample space?

(b) How many subsets can be generated from this sample space?

(c) Write out the subsets.

(d) Explain the four operations that can be performed on this class of

subsets by use of an example.

2. Perform an experiment of tossing two coins.

(a) Explain the sample space by use of a graph.

(b) How many subsets can be generated from this sample space? Write out

the subsets.

(c) Explain the four operations that can be performed on this class of

subsets.

3. Perform the experiment of tossing a coin three times.

(a) Explain the sample space.

(b) How many subsets can be generated?

13.3 Axioms

Let R be a sample space maae up of sample points (simple events). Let

F be the field that has been generated from R. The elements of F will be
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simple and compound events. Let the sample points in R be denoted by EÂ¡,

Â£2, ... En. Then we state the following axioms:

(1) To each sample point Â£i we associate a non-negative real number and

call it the probability of the event Â£,. This will be denoted by P(Â£,) > 0.

(2) P(R) =1

(3) If two events A and B of the field F have no elements (sample points)

in common, then,

P(A U B) = P(A) + P(B)

From this we see immediately that since

R = E1 U E2 U ... U Eâ��

we get

P(E1 ) + P(Ð�2) + ...+P(Â£â��) = l

A U B is also written A + B when AB = 0.

Let us summarize what we have done so far. First an experiment was

conducted. Second, this was translated into a mathematical model of points

and sets. Third, non-negative real numbers called probabilities were assigned

to the sample points and axioms which give us the basic rules of calculations

were stated.

Let us illustrate. When a die is tossed, we have a sample space of six

sample points which we denote by Â£!, Â£2, ... Â£6. Let us assign non-negative

numbers -J to each of these points. This is written

P(E,) = J

Then,

P(R) = P(EÂ¿ + P(Â£2) + ... + Ð�Â£6) = I + ... + Â¿ = 1

Next let A be the event that 1 or 2 or both occur. Then,

A = El U Â£2

But since 1 and 2 cannot both occur at the same time E1E2 = 0. Thus,

i.e., either 1 or 2 occurs. Let B be the event that either Â£3 or Â£4 occurs. Then,

we have

P(A) = P(El ) + P(Ð�2) = I + Â¿ = Â§

P(B) = P(E3) + P(Â£4) = Â§

The probability that either A or B occurring is

P(A U B) = P(A) + P(B) = f + |=|
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In common sense terminology, we are saying that when a die is tossed the

probability of a 1, 2, 3 or 4 occurring is f.

Problems

1. Let A + A = R. Then prove that

P(A) = 1 - P(A)

2. Note that R = 0. Then prove that

P(0) = 0

3. If A and B are not disjoint, prove that

P(A Ð¸ B) = P(A) + P(B) - P(AB)

13.4 Random variable (Part I)

When a die was tossed, the six outcomes were denoted by the variable

capital X and the individual outcomes were denoted by the small xÂ¡'s. This

capital X is called a random variable.

Let us toss the die twice. Then we have 36 sample points. The random

variable X expresses these 36 outcomes. Each individual outcome is shown

by *,, and can be interpreted as a vector point which is of order two. For

example, the outcome (3, 5) is a vector point in the two-dimensional sample

space. Thus, the random variable (which will be abbreviated by r.v.) indicates

the coordinates of the sample point in the two-dimensional sample space.

It may thus be called a two dimensional r.v.

If we toss the die three times, we get a three-dimensional sample space

and 63 = 216 sample points. The r.v. A' is a three-dimensional r.v. that

expresses these 216 points. The individual points are shown by xÂ¡, (i = 1,

2, ... 216) where the Ð»:i can be considered as a vector point of order 3.

If we have 100 students and conduct the experiment of finding whether or

not they smoke, we have two possible outcomes: xt = smokers, x2 = non-

smokers. The r.v. X is one-dimensional and expresses these two possible

outcomes.

When a die was tossed, we assumed in our previous illustration that the

event A was the occurrence of either 1 or 2. This can be shown in set notation,

using the r.v. X, as Y Ð»

Thus the probability of event A which we wrote as P(A) can be shown as

P(A) = P(X Ñ� A)

The probability that either A or B occurs will be shown as

P(A U B) = P(X Ñ� A U B)

We shall discuss other aspects of the r.v. X in Section 13.10.
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13.5 Conditional probability

(/) Conditional probability

As the reader may have noticed, we have defined operations of addition

concerning probabilities but have said nothing about multiplication. Let us

now take this up. For this we first define conditional probability, and then,

using that, define the operation of multiplication of probabilities.

Consider a situation as given by Table 13-1 between smokers, non-

smokers, males, and females. Let Xl be the r.v. that indicates smokers and

non-smokers, X2 be the r.v. that indicates male and female. Then the sample

Table 13-1

Smokers

Non-smokers

Male

Female

40

10

20

30

60

40

SO

so

100

space can be shown as in Figure 13-3.

FemÃ³le-

4- Male

Smoker

6/10

Fig. 13-3

Non-smoker

4/,0

(i)

(Â¡0

(iii)

Let us consider the following situations:

A : the event of selecting a smoker

B: the event of selecting a male

P(A) = /,(smoker) = 60/100

P(B) = /"(male) = 50/100

P(AB)

This is the probability of selecting a smoker who is a male. We know

there are 40 male smokers. Thus,

(iv)

P(AB) = 40/100

P(B | A) = Ð (male | smoker)
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t Female 

1 Mole 

0 

• 

• 

Smoker 
6110 

Fig. 13-3 

• 

• 

Non-smoker 
4110 

Let us consider the following situations: 
A : the event of selecting a smoker 
B: the event of selecting a male 

P(A) = P(smoker) = 60/100 

P(B) === P( male) = 50/ I 00 

P(AB) 

This is the probability of selecting a smoker who is a male. We know 
there are 40 male smokers. Thus, 

P(A B) == 40/ I 00 

(iv) .P(B I A) == P(n1ale I stnoker) 
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What is the probability of selecting a male, given that a smoker is selected

first? Since a smoker is selected first, we have confined our population to the

subpopulation of smokers, and from this subpopulation, we wish to find the

probability of selecting a male. We know that there are 60 smokers, and of

them, 40 are males. Thus,

Using this line of reasoning, let us now formally define as follows: The

conditional probability of B, given the hypothesis A is

(1) P(B \A) = P-^

P(A)

where P(A) > 0.

From the definition of conditional probability, we obtain

(2) P(AB) = P(A) â�¢ P(B | A)

That is, the probability of A and B both occurring is equal to the product o^

the probability of A occurring and the probability of B occurring, given A has

occurred. Note also that

(3) P(AB) = P(B)-P(A \B)

Formulas (2) and (3) are the first rules of multiplication of probabilities we

obtain.

Problem

Show that

P(ABC) - P(A) â�¢ P(B | A) â�¢ P(C | AB)

(ii) Statistical independence

Consider an experiment of tossing a coin and a die. Let Xl and Xt be the

r.v.'s associated to the coin and die respectively. The sample space has

2 Ñ� 6 = 12 sample points and is shown in Figure 13-4.

Let us now consider the following:

A : the event of getting a head

B: the event of getting an even number

P(A) = P(X, = H) = *

P(B) = P(X2 = 2, 4, or 6) = }

P(AB) = P(Xl = H and X2 = 2, 4, or 6)

= P((H.2),(H,4) or (W,6)) = &

P(B \ A) = P(even number | head) = ?
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P(A) == P(X1 = H) = ! 
P(B) = P(X2 = 2, 4, or 6) = 1 

P(AB) == P(X1 == H and X 2 = 2, 4, or 6) 

= P((H, 2), (H, 4) or (H, 6)) = 1\ 

P(B I A) == P(even number I head) = ? 



SEC. 13.5

PROBABILITY AND DISTRIBUTIONS

407

We know intuitively that the toss of a coin will have no affect on the toss of a

die. Thus the probability of getting an even number, given that we got a

head, will be the same as simply the probability of getting an even number.

That is,

P(B | A) = P(B) = I

This is consistent with the conditional probability definition

When information of the outcome of A does not influence the probability

associated to B, we say A and B are statistically independent. As we see, since

P(B | A) = P(B), the conditional probability formula gives us

(4) P(AB) = P(A)P(B)

Using this we shall define that: When there are two events A and B, and the

above formula (4) holds, A and B are said to be statistically independent.

We have thus obtained a second multiplication rule.

'Ð³

6- â�¢ â�¢

*2

5- â�¢ â�¢

4- â�¢ â�¢

4.

3- â�¢ â�¢

T.

2- â�¢ â�¢

1 â�¢ â�¢ â�¢

*i

lm

123456 ''

Fig. 13-5

H Ð¢

Fig. 13-4

(HÃ¯) Independent trials

Let us illustrate how the idea of statistical independence and the multi-

plication rule can be used. In the process weshalldefine theidea of independent

trials. The sample space when a die is tossed twice is shown in Figure 13-5.

What probabilities should we assign to each of these 36 sample points?

First note that the first and second toss are independent. Thus, according to

the multiplication rule, we get

P(XU â�¢ X2i) =

Â¡J = 1, 2, ... , 6

where Xli indicates the outcome of the first toss and X2i that of the second.

1 means a 1 occurs. X.a = x3 = 3 means a 3

is the probability of a 1 and 3 occurring on the first

For example, Xu = Ñ�l = 1 means a 1 occurs. X.a = x3 = 3 means a 3

occurs. Thus P(Xn,

and second toss.
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H T 
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x1 
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(iii) Independent trials 

Let us illustrate how the idea of statistical independence and the multi
plication rule can be used. In the process we shall define the idea of independent 
trials. The sample space when a die is tossed twice is shown in Figure 13-5. 
What probabilities should \Ve assign to each of these 36 sample points? 
First note that the first and second toss are independent. Thus, according to 
the multiplication rule, we get 

P(Xli · X2i) == p;· Pi == ~ >~ ~ = 3\;;, i,j == I, 2, ... , 6 

where Xli indicates the outcon1e of the first toss and X2i that of the second. 
For example, X1I == xi == I means a I occurs. X23 ~ x3 = 3 means a 3 
occurs. Thus P(X11 , X23) is the probability of a I and 3 occurring on the first 
and second toss. 
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We have assigned probabilities ofp^i = .,V, but for this to be legitimate

probabilities, we need P(R) = 1, where R is the 36 sample points. Let us

check this.

P(R) = P(El) + P(E2) + ... + P(E3e)

= PlPl + PlP2 + â�¢â�¢â�¢ + PlPt

+ P'tfl T PtP2 + â�¢ â�¢ â�¢ + PjPt,

+ PZ(PI + P2 + â�¢â�¢â�¢ + Pe)

P-2

10

*z

6,

â�¢

0

\

23456789 10 *Â«

Fig. 13-6

Thus, we have found a way to assign probabilities to sample points when

we have a sample space generated by combinations of experiments that are

independent of each other. When the experiments (such as tossing a die

twice, or tossing a coin three times) are successive experiments independent of

each other, and when probabilities can be assigned to the sample points that

have been generated by these experiments according to the second multi-

plication rule, they are called independent trials.

Random sampling is an illustration of repeated independent trials. Assume

10 students. Select a sample of size n = 2 with replacement. Then, the first

selection is the first trial, and the second selection the second trial. There are

102 = 100, possible outcomes. This is shown in Figure 13-6. Each sample

point is a sample of size 2 and to each point we assign a probability according

to the second multiplication rule, and that will be

408

P(xl, x2) = P(xl) x P(x2) = -A- x -A- = jh
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We have assigned probabilities of PiPJ = :l6 , but for this to be legitimate 
probabilities, we need P(R) = 1, where R is the 36 sample points. Let us 
check this. 

P(R) = P(£1) + P(E2) + ... + P(£36) 

= PtPt + P1P2 + · · · + PtPs 

tO 
9 
8 
7 
6 
5 
4 
3 
2 
t 

+ P2P1 + P2P2 + · · · + P2Ps 

+ P6Pt + P6P2 + · · · + PsPs 
= Pt(Pt + P2 + · · · + P6) 

+ P2(P1 + P2 + · · · + P6) 

+ P6(Pt + P2 + · · · + P6) 

= (Pt + P2 + · · · + P6)(pl + P2 + · · · + P6) = 1 X I = 1 

x2 

• • 
• 
• • • 
• 
• 
• 
• 
• 

0 2 3 4 5 6 7 8 9 fO xt 

Fig. 13-6 

Thus, we have found a way to assign probabilities to sample points when 
we have a sample space generated by combinations of experiments that are 
independent of each other. When the experiments (such as tossing a die 
twice, or tossing a coin three times) are successive experiments independent of 
each other, and when probabilities can be assigned to the sample points that 
have been generated by these experiments according to the second multi
plication rule, they are called independent trials. 

Random sampling is an illustration of repeated independent trials. Assume 
10 students. Select a sample of size n = 2 with replacement. Then, the first 
selection is the first trial, and the second selection the second trial. There are 
102 = 100, possible outcomes. This is shown in Figure 13-6. Each sample 
point is a sample of size 2 and to each point we assign a probability according 
to the second multiplication rule, and that will be 

P(X1, X2) = P(X1) X P(X2) = 11
0 X i~ = T~o 
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Note that we are sampling with replacement and that the sample space

considers the order by which the student has been selected. That is, point

(2, 3) and point (3, 2) are different in the sample space, but both are samples

made up of the second and third student.

Problems

Given the following data, answer the following:

soap Ð� soap L soap M Total

Male 10 20 30 60

Female 30 10 20 60

40 30 50 120

A = the event of selecting a male.

B = the event of selecting a user of soap Ð�

Ð¡ = lhe event of selecting a female.

D = the event of selecting a user of soap M.

1. Find P(A), P(B). P(AB)

2. Find P(C), P(D), P(CD)

3. Find P(A | B), P(B | A). Explain the meaning of these probabilities.

13.6 Distribution function

So far probabilities have been discussed in terms of a sample space, that is,

in terms of set theory. But, as we know, for ordinary calculations calculus is

used, which is based on point functions. What we wish to do now is to establish

a relationship between the set theory we have been using and calculus so that

probabilities can be calculated with calculus. Let us develop our discussion

using an illustration.

(/) Probability function

Consider again the experiment of tossing a die which generates a sample

space

R: {Ð»:, = 1, Ñ�Â« = 2, x3 = 3, xt = 4, xb = 5, xi =6}

Fair die 1/6 1/6 1/6 1/6 1/6 1/6

Loaded die 2/6 0 2/6 0 2/6 0

with 6 sample points. We associate the probabilities P(X = *,)(/ = 1, 2, ... 6)

to the r.v. X. If the die is fair, P(X = x,) = 1/6 for all /. If the die is loaded so

that only odd numbers appear with equal probabilities, then

P(X = *<) = f / = 1, 3, 5

= 0 / = 2, 4, 6

SEC. 13.6 PROBABILITY AND DISTRIBUTIONS 409 

Note that we are sampling with replacement and that the sample space 
considers the order by which the student has been selected. That is, point 
(2, 3) and point (3, 2) are different in the sample space, but both are samples 
made up of the second and third student. 

Problems 

Given the following data, answer the following: 

soap K soap L 

Male 10 20 
Female 30 10 

40 30 

A = the event of selecting a male. 
B = the event of selecting a user of soap K 
C = the event of selecting a female. 
D = the event of selecting a user of soap M. 

1. Find P(A), P(B). P(AB) 

2. Find P(C),P(D), P(CD) 

soap M 

30 
20 

50 

Total 

60 
60 

120 

3. Find P(A I B), P(B I A). Explain the meaning of these probabilities. 

13.6 Distribution function 

So far probabilities have been discussed in terms of a sample space, that is, 
in terms of set theory. But, as we know, for ordinary calculations calculus is 
used, which is based on point functions. What we wish to do now-is to establish 
a relationship between the set theory we have been using and calculus so that 
probabilities can be calculated \vith calculus. Let us develop our discussion 
using an illustration. 

(i) Probability function 

Consider again the experiment of tossing a die which generates a sample 
space 

R: {x1 = 1, x 2 = 2, x 3 = 3, x .. = 4, x5 = 5, Xs =6} 
Fair die 1/6 1/6 1/6 1/6 1/6 1/6 
Loaded die 2/6 0 2/6 0 2/6 0 

with 6 sample points. We associate the probabilities P(X = xJ(i == 1, 2, ... 6) 
to the r. v. X. If the die is fair, P( X == x;) == 1/6 for all i. If the die is loaded so 
that only odd numbers appear with equal probabilities, then 

P(X == xi) == -: 

==0 

i == 1' 3, 5 

i == 2, 4, 6 
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Depending on how the die is loaded, various probabilities are assigned to the

sample points. We shall call these assignments of probabilities to the sample

points, the distribution of probabilities over the sample space. Once we find

the distribution of probabilities associated to a sample space, that is, associated

to a r.v. A", a great deal of information has been obtained about X and thus

about the experiment. Finding the distribution of probabilities is, therefore,

one of the main objects.

When the die is tossed twice, we have a distribution of probabilities over a

two-dimensional sample space. In general, when it is tossed n-times, we have a

distribution of probabilities over an Ð¸-dimensional sample space.

Next, let A be the event that a 1, 2, or 3 occurs. Then, this is expressed as,

assuming a fair die,

P(X <= A) = P(X < x3)

= P(X = xl) + P(X = x2) + P(X = x3) = Â§

P(X ,=â�¢ A) or P(X <, x3) is called a. probability function and it is a set function

that assigns probabilities to sets of sample points. (In our present case X is a

one-dimensional random variable.) The various operations we have estab-

lished were based on the properties of set theory. Let us now see how we can

define a point function that will correspond to the probability function.

(//) Distribution function

Let us define a point function as

F(x:k) =

P(k < X < x) for x > k

0 for x = k

-P(x < X <k) for x < k

This means diagrammatically, if we have x to the right of the constant A:,

then, R

X<x) - , - , - Ã®â�� -

Thus, Fis a function of x and as Ð»: moves along the Ab the value of F will be

equal to the set function P(k < X < x) where the argument of this set

function is the set given by k < X < x which changes as x moves along Rl.

When x coincides with k, then F = 0, and when x goes to the left of A:, then F

is defined to take the value given by the set function P(x < X <. k) with a

negative sign. This set function, it will be recalled, was non-negative.

Therefore, if we have an interval (a, b) as in the diagram, then,

:) = P(k < X <; Â¿Ð�

F(a:k) = -P(a < X < k)

F(k:k) = 0
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Depending on how the die is loaded, various probabilities are assigned to the 
sample points. We shall call these assignments of probabilities to the sample 
points, the distribution of probabilities over the sample space. Once we find 
the distribution of probabilities associated to a sample space, that is, associated 
to a r.v. X, a great deal of information has been obtained about X and thus 
about the experiment. Finding the distribution of probabilities is, therefore, 
one of the main objects. 

When the die is tossed twice, we have a distribution of probabilities over a 
two-dimensional sample space. In general, when it is tossed n-times, we have a 
distribution of probabilities over an n-dimensional sample space. 

Next, let A be the event that a 1, 2, or 3 occurs. Then, this is expressed as, 
assuming a fair die, 

P(X c A) == P(X < x3) 

== P(X == x1) + P(X == x2) + P(X == x3) == i 
P(X c A) or P(X < x3) is called a probability function and it is a set function 
that assigns probabilities to sets of sample points. (In our present case X is a 
one-dimensional random variable.) The various operations we have estab
lished were based on the properties of set theory. Let us now see how we can 
define a point function that will correspond to the probability function. 

(ii) Distribution function 

Let us define a point function as 

( 

P(k < X < x) for x > k 
F(x:k) == 0 for x == k 

-P(x <X< k) for x < k 

This means diagrammatica11y, if we have x to the right of the constant k .. 
then, 

F(x:k) == P(k < X< x) 
k X X 

Thus, F is a function of x and as x moves along the Rh the value ofF will be 
equal to the set function P(k < X < x) where the argument of this set 
function is the set given by k < X ~ x which changes as x moves along R1 . 

When x coincides with k, then F == 0, and when x goes to the left of k, then F 
is defined to take the value given by the set function P(x < X < k) with a 
negative sign. This set function, it will be recalled, was non-negative. 

Therefore, if we have an interval (a, b) as in the diagram, then, 

0 

F(b:k) == P(k < X< b) 

F(a:k) = -P(a < X< k) 

f~(k:k)=O 
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Thus,

F(b:k) - F(a:k) = P(k < X <, b) + P(a < X <, k)

= P(a<X<,b)

What about the case when both points a and b are to the right of kl

We have - 1 - 1 - 1 -

Ii a b

F(b:k) = P(k< X <b)

F(a:k) = P(k < X <, a)

F(b:k) - F(a:k) = P(k < X < b) - P(k < X <, a)

= P(a< X <b)

and similarly for the case where both points a and b are to the left of k.

Thus, in general, no matter where we have k, we have

F(b:k) - F(a:k) = P(a < X < b)

Since it does not matter where we have k, we can omit it from F and write

Thus, the set function P(a < X <, b) has been represented by the point

function F(x) and we have obtained our desired result. We can thus use the

point function for further investigations and apply the conventional methods

of calculus we already know.

Let us now formally introduce the following conditions.

F(x) = P(-oo < X < x) = P(X < x)

0 < F(x) < 1

F(-Ð¾Ð¾) = 0, F(+oo)=l

This F(x) will be called a distribution function.

Example. Consider the following distribution of wages. Figure 13-7 is a

histogram.

Wages Frequency Cumulative

S40

50

60

70

80

90

100

110

1

2

3

4

6

3

2

1

21

22

1

3

6

10

16

19

22
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Thus, 
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F(b:k)- F(a:k) = P(k < X S: b)+ P(a <X< k) 

= P(a <X< b) 

What about the case when both points a and b are to the right of k? 

We have 
k 0 

F(b:k) = P(k < X< b) 

F(a:k) == P(k < X< a) 

b 

F(b:k)- F(a:k) == P(k <X< b)- P(k <X::;: a) 

== P(a <X< b) 

and similarly for the case where both points a and bare to the left of k. 
Thus, in general, no matter where we have k, we have 

F(b:k)- F(a:k) == P(a < X< b) 

411 

Since it does not matter where we have k, we can omit it from F and write 
simply 

F(b) - F(a) == P(a < X < b) 

Thus, the set function P(a < X <b) has been represented by the point 
function F(x) and we have obtained our desired result. We can thus use the 
point function for further investigations and apply the conventional methods 
of calculus we already know. 

Let us now formally introduce the following conditions. 

F(x) == P(-oo <X< x) == P(X < x) 

0 < F(x) < 1 

F(- oo) == 0, F( + oo) == 1 

This F(x) will be called a distribution function. 

Example. Consider the following distribution of wages. Figure 13-7 is a 
histogram. 

Wages Frequency Cumulative 

S40 1 
50 2 3 
60 3 6 
70 4 10 
80 6 16 
90 3 19 

100 2 21 
110 I 22 

22 
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As the histogram shows, between a' and b' we have three wage earners,

whereas between a and b we have ten wage earners. If each wage earner is

considered as a point on the horizontal axis, since the intervals (a, b') and

(a, b) are equal, the density of the points in (a, b) will be greater than that of

(a', b'). How are we going to measure this density? When probabilities are

used to measure the density, this can be shown by the set functions as

P(a< X <, b) and P(a < X <b')

where the r.v. Vindicates wages. We can see heuristically that P(a < X <, b)

will be larger (since it contains more points) than P(a < X <; b').

22
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16

19

21

22
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Wages
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Let us now change this set function into a point function, that is, find the

distribution function F(x). For this first draw a histogram as in Figure 13-8,

412 
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1 I 
Wages 

As the histogram shows, between a' and b' we have three wage earners, 
whereas between a and b we have ten wage earners. If each wage earner is 
considered as a point on the horizontal axis, since the intervals (a', b') and 
(a, b) are equal, the density of the points in (a, b) will be greater than that of 
(a', b'). How are we going to measure this density? When probabilities are 
used to measure the density, this can be shown by the set functions as 

P(a < X <b) and P(a' < X ::;: b') 

where the r.v. X indicates wages. We can see heuristically that P(a < X< b) 
will be larger (since it contains more points) than P(a' < X < b'). 
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Let us now· change this set function into a point function~ that is, find the 
distribution function F(x). For this first draw a histogran1 as in Figure 13-8, 
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and show the cumulative frequencies on the vertical axis. Then change the

scale of this vertical axis to relative terms. Since the total number of wage

earners is 22, if we divide by 22, the scale will be in relative terms from 0 to 1 .

The intervals (a', b') and (a, b) on the horizontal axis have been translated to

(A1, B') and (A, B) on the vertical axis. Let this relation be shown by

P(a' < X <Â£ b') = F(b') - F(a) = B' - A' = Ð� - 0 = Ð�

P(a < X < b) = F(b) - F(a) = B - A = ft - Ð� = J|

This /2 and |f shows the densities of the two intervals (a, b') and (a, b). Also

note that

F(x = 22) = 1, F(x = 0) = 0

or

F(x = 22) - F(x = 0) = 1 - 0 = 1

shows the whole horizontal axis, i.e. P(R) where R is the whole sample space

of 22 points.

(HI) Probability density

The distribution function F(x) showed the probability of a set from â�� oo

to x. It is cumulative. That is,

F(x)=P(-ao < X <x)

Let us now consider the probability within a small interval (x, x + Ð�Ñ�).

Then,

P(x < X <; x + Ð�Ñ�) = F(x + Ð�Ñ�) - F(x)

If we let Ð�Ñ� -Â»â�¢ 0, then this will approach the probability at the point x.

This leads to

Ð�X-Ð� Ñ�

where F' W is the derivative of F(x). Let us denote this by F'(x) =/(x). We

are assuming the derivative exists. Then this/(x) will express the density at

the point x. Hence, for a small interval Ð�Ñ�, the probability can be expressed

as/(x)Ð�Ñ�. Thus, let us write

P(x < X < x + Ð�Ñ�) = /(Ñ�)Ð�Ñ�

This/(x) is called the probability density or density function when the data is

continuous, and is called the frequency function when the data is discrete.

f(x) Ð�Ñ� will be called the probability element.

Example. The density function for a normal distribution is
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and show the cumulative frequencies on the vertical axis. Then change the 
scale of this vertical axis to relative terms. Since the total number of wage 
earners is 22, if we divide by 22, the scale will be in relative terms from 0 to 1. 
The intervals (a', b') and (a, b) on the horizontal axis have been translated to 
(A', B') and (A, B) on the vertical axis. Let this relation be shown by 

P(a' < X s b') = F(b') - F(a') = B'- A' = 21_2 - 0 = l-2 

P(a < X < b) = F(b) - F(a) = B- A = !i - l 2- = i·~ 

This 21_2 and l¥ shows the densities of the two intervals (a', b') and (a, b). Also 
note that 

F(x = 22) = I, F(x = 0) = 0 
or 

F(x = 22) - F(x == 0) == 1 - 0 = 1 

shows the whole horizontal axis, i.e. P(R) where R is the whole sample space 
of 22 points. 

(iii) Probability density 

The distribution function F(x) showed the probability of a set from - oo 
to x. It is cumulative. That is, 

F(x) == P(-oo <X< x) 

Let us now consider the probability within a small interval (x, x + ~x). 
Then, 

P(x < X ~ x + ~x) = F(x + ~x) - F(x) 

If we let ~x ~ 0, then this will approach the probability at the point x. 
This leads to 

I. F(x + ~x)- F(x) A F'( )A 
lffi . uX = X uX 

.O.z.-.o ~X 

where F'(x) is the derivative of F(x). Let us denote this by F'(x) = f(x). We 
are assuming the derivative exists. Then this f(x) will express the density at 
the point x. Hence, for a small interval ~x, the probability can be expressed 
as f(x)~x. Thus, let us write 

P(x < X < x + ~x) == f(x)~x 

This f(x) is called the probability density or density function when the data is 
continuous, and is called the frequenc.,v function when the data is discrete. 
f(x)~x will be called the probability element. 

Example. The density function for a normal distribution is 

f (X) === 1 e - ( x - IJ) 2 /2a 2 

.J2TTa 
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Then,

F(x) =

dx

This is shown in Figure 13-9. As we know from elementary statistics, the r.v.

X ranges from (â�� Ñ�Ð¾, + oo). Let us take an interval (a, b) as in the diagram.

Then,

P(a < X < b) = F(b) - F(a) = j'f(x) dx

P(- oo < X <; a) = F(a) - F(- oo) = F(a) = f" f(x) dx

J â�� oo

P(b <. X < oo) = F(oo) -

13.7 Expectation, variance

(/) Expectation

The expected value of a r.v. A' which has a probability density /(.v)

(continuous case) or p, (discrete case) is defined as

E(X) â�� Z xiPi (discrete case)

fco

E(X) = xf(x) dx (continuous case)

J â�� Ð´Ð°

As can be seen, E(X) can be interpreted as the weighted mean.

Example. Let X be the number that appears when a die is tossed. Then,

E(X) = I x.Pt = (I)(i) + (2)(t) + ... + (6)(i) = V

(//) Properties of E(X)

414

Two properties of Â£(A') are listed,

(a) E(aX) = 2 e*/(*,) = Â« Z *,/(*<)

414 

Then, 

PROBABILITY AND DISTRIBUTIONS 

F(x) 

X 

F(x)= Jtfx)dx 
-CD 

~----~--+---~------------1 0 0 IJ 

Fig. 13-9 

F(x) = J"' 1 e- <a:- ,.>•ru• dx 
-00 .J21TCJ 
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This is shown in Figure 13-9. As we know from elementary statistics, the r.v. 
X ranges from (- oo, + oo ). Let us take an interval (a, b) as in the diagram. 
Then, 

P(a < X < b) = F(b) - F(a) = J:J(x) dx 

P(-oo <X~ a)= F(a)- F(-oo) = F(a) = J~,J(x)dx 
P(b ~X< oo) = F(oo)- F(b) 

= 1- Jb f(x)dx = f
00

f(x)dx 
-00 )b 

13.7 Expectation, variance 

(i) Expectation 

The expected value of a r.v. X which has a probability density/(.'"<) 
(continuous case) or pi (discrete case) is defined as 

(discrete case) 

E(X) = J~oo xf(x) dx (continuous case) 

As can be seen, E(X) can be interpreted as the weighted mean. 

Example. Let X be the number that appears when a die is tossed. Then, 

E(X) = "'2, x,pi = (l)(i) + (2)(t) + ... + (6)(1) = •6
1 

(ii) Properties of E(X) 

Two properties of E(X) are listed. 

(a) E(aX) = ~ ax1[(xi) = a~ xif(xi) = aE(X) 

:. E(aX) = aE(X) 
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where a is a constant.

(b) Â£(*! + *,) = 22 (x,. + *,)/(*â�� x,.)

i ,/

+ 2 2 *//(*i.

= E(Xl ) + Ð�(X2)

In general,

E(XÃ� + X2 + ... + Xn) = Â£(JQ + E(XÂ¿ + ... + E(Xn)

(iH) The variance

Moments. For the discrete case, the rth moment about the origin is

defined as

E(xr) = 2*<70O

i.e., it is the expectation of the r.v. Xr. The rth moment about a constant a is

Â£(A"-Ð°Ð�= 2 (*,.-e)'/(*,)

For the continuous case it is

Â£(Xr)=fÂ°Â° xrf(x)dx

â�¢iâ��OO

Variance. The first moment about the origin as can be easily seen is the

mean

Ð¸ = E(X) = Ð£ x /"(Ñ�-)

The second moment about the mean,

E[(X â�� Ñ�)2] â�� 2 (*, â�� p)2f(x,)

is called the variance. For the continuous case we have

(x â�� /i)2/(x) dx

The variance is usually denoted by a2. We shall write

Var (X) = E[(X - Ñ�)2] = a2

The positive square root of the Var (X) , i.e., a is called the standard deviation

of Ð�Ð�.

The variance a2 or the a is a measure of dispersion of the distribution.

This measure of dispersion was taken around the mean. It could have been
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where a is a constant. 

(b) 

In general, 

E(X1 + X 2) =!!(xi+ xi)f(xi, X;) 
i i 

=!! xif(xi,xi) +!! x;f(xi, X;) 

== E(X1) + E(X2) 

E(X1 + X 2) == E(X1) + E(X2) 

E(X1 + X2 + ... + Xn) == E(X1) + E(X2) + ... + E(Xn) 

(iii) The variance 
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Moments. For the discrete case, the rth moment about the origin is 
defined as 

E(X'') == 2xtf(x;) 

i.e., it is the expectation of the r. v. X". The rth moment about a constant a is 

E(X- a)r == 2 (xi - a)j(xi) 

For the continuous case it is 

E(xr) = J~oo x1(x) dx 

E(X- ar = f~oo (x- a)'i(x) dx 

Variance. The first moment about the origin as can be easily seen is the 
mean 

The second moment about the mean, 

E[(X- #) 2] == 2 (xi - !l):f(xi) 

is called the L~ariance. For the continuous case we have 

E[(X - ,u)2
] = J~., (x - pff(x) dx 

The variance is usually denoted by a 2• We shall write 

Var (X) == E[(X- #) 2] == a2 

The positive square root of the Var (X), i.e., a is called the standard deviation 
of X. 

The variance a2 or the a is a measure of dispersion of the distribution. 
This measure of dispersion was taken around the mean. It could have been 
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taken around any other constant. But, it turns out, it is at a minimum when

taken around the mean, i.e.,

E[(X - Ð°)2] = E[(X -p + Ñ�- a)2] = E(X - /i)2 + Ð�(Ñ� - Ð°)2

Thus it is at a minimum when Ñ� = a

(ir) Some useful properlies

(a) Var (X + a) = E[(X + a- E(X + a))2]

= E[(X +a- E(X) - Â£(Ð°))2]

= E[(X + a-p- a)2]

= E[(X - /i)2] = Var (X)

:. Var (X + a) = Var (X)

(b) Var (Â¿JQ = E[(b X - E(bX))2]

= E[(bX -

= Ð¬2Ð�(X - p

= Â¿2 Var (Ð�")

(c) Var (Xi f X2) = Â£[{(X, f X2) -

(X2 -

If Xl and Ð�'2 are independent, then,

Â£(*, - /Ñ�)(*2 - //2) =

Thus,

Var (Xl + XJ = a? + Ñ�Ñ�|

In general if Ð�'!, A'2, ... Xâ�� are independent,

Var (Ð�, + X2 + - + XÂ¿ = a'Ã + <%+ - + al

Example. Let A'!, X.,, ... A',, be a sequence of random variables having the

same distribution. Thus, they all have mean Ñ� and variance a2. We can

consider this as a sample of size //. Let

X1 + X2+... + Xn)
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taken around any other constant. But, it turns out, it is at a minimum when 
taken around the mean, i.e., 

E[(X- a)2] = E[(X - It + It - a)2] = E(X- p,)2 + E(p. - a)2 

== a2 + (It - a)2 

Thus it is at a minimum when p, == a 

(iv) Some useful properties 

(a) Var (X+ a)= E[(X +a- E(X + a))2] 

(b) 

== E[(X + a - E(X)- £(a))2] 

= E[(X + a - p - a)2] 

= E[(X- ,u)2] = Var (X) 

Var (X+ a) = Var (X) 

Var (bX) = E[(bX- E(bX))2] 

= E[(bX- bp)2] 

= b2E(X- p)2 

= b2 Var (X) 

(c) Var (X1 + X2) = E[{(X1 + X2)- E(X1 + X2)}
2

] 

== E[(Xt- flt) + (X2- J-'2)]2 

= E[(X1 - ,u1)'!. + (X2 -!-'2)2 + 2(X1 - p,1)(X2 - !J2)] 

=a~+ a~+ 2£(Xt -~Jt)(X2 -p,2) 

If X1 and X2 are independent, then, 

E(X1 - ~t 1)(X2 - ~t2) == E(X1 - ~t 1)E(X2 - p,2) = 0 
Thus, 

( '' 2 2 Var X1 + Xv = O't + at 

In general if X1, X2, ••• X" are independent, 

( XJ - 2 2 2 Var X1 -t- X 2 + ... + - a 1 + a 2 + ... + a,. 

Example. Let XI, x2, ... Xn be a sequence of random variables having the 
same distribution. Thus, they all have mean It and variance a 2• We can 
consider this as a sample of size n. Let 
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A combination of random variables is also a random variable. Thus, A' is a

random variable. We do not know its distribution but let it be, say, Â£(*).

Then the mean and variance of X will be

= -E(X1 + X2 + ... +Xn)

n

-(p + p + ... + p) = p

n

-2(a2 + ff2+... + <72)

n

We shall see in section 13.9 that, due to the central limit theorem, X will have a

normal distribution. We have just seen that the mean and variance will be Ñ�

and a2/n.

Problems

1. Show Var(ai + b) = a* Var (X).

2. Show E(X - li) = 0.

X â�� Ð¸

3. Let E(X - /O2 = a2. Then X* = - - , where X* is called a normalized

a

(or standardized) variable. Show that E(X") = 0 and Var (X*) = 1.

4. Show E[(X- p)*] = E(X2) - f.

5. Show E[(X - a)2] = a2 + (/< - a)2.

13.8 Distributions

Two distributions are mentioned, mainly for reference.

(/) Binomial probability distribution

Consider an experiment of tossing a coin. The characteristics of this

experiment are as follows:

(1) Each experiment (toss) has only two possible outcomes; i.e., either

head or tail.

(2) The probability of heads (p) and that of tails (q = 1 â�� p) is the same

at each trial. That is, it does not change.

We will call such repeated independent trials, Bernoulli trials.
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A combination of random variables is also a random variable. Thus, X is a 
random variable. We do not know its distribution but let it be, say, g(.i). 
Then the mean and variance of X will be 

- 1 
E(X) =- E(X1 + X 2 + ... + Xn) 

n 

1 
= - (p. + p. + ... + p.) ~ p. 

n 

Var (.X) = \ ( a2 + a2 + . . . + ~) 
n 

n 

We shall see in section 13.9 that, due to the centra/limit theorem, X will have a 
normal distribution. We have just seen that the mean and variance will be p. 
and a2fn. 

Problems 

1. Show Var(aX + b) = a2 Var (X). 

2. Show E(X - Jl) = 0. 
X- It 

3. Let £(X - It )2 = a2. Then x• = , where x• is called a normalized 
a 

(or standardized) variable. Show that E(X•) = 0 and Var (X•) = 1. 

4. Show E[(X- /-')2] = E(X2) - 112. 

5. Show E[(X - a)2] = a2 + (It - a)2. 

13.8 Distributions 

Two distributions are mentioned, mainly for reference. 

(i) Binomial pr,obability distribulion 

Consider an experiment of tossing a coin. The characteristics of this 
experiment are as follows: 

(I) Each experiment (toss) has only two possible outcomes; i.e., either 
head or tail. 

(2) The probability of heads (p) and that of tails (q ~ 1 - p) is the same 
at each trial. That is, it does not change. 

We will call such repeated independent trials, Bernoulli trials. 
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When a die is tossed, it has 6 possible outcomes so it is not a Bernoulli

trial. But if the outcome of the experiment is defined to be either an odd or

even number, then we have a Bernoulli trial.

When a coin is tossed once, we get either

1 1 heads (success) or tails (failure), and the out-

s F come can be shown as in Figure 13-10. When

Fig. 13-10 it is tossed twice, the outcomes are

SS, SF, FS, FF

There are 22 = 4 points in two-dimensional space (Figure 13-11). When the

coin is tossed Ð¸ times, it will generate an Ð¸-dimensional sample space and have

2" points or possible outcomes.

2nd toss

f-

S-

(S,S) (f,S]

S F 1st toss

Fig. 13-11

Each point in a, say, three-dimensional sample space, is a succession of

S's and F's,

SSS,SFS,SFF, ...,FFF

There are 23 = 8 different such points. We can define a r.v. k that will be the

number of successes. Let us consider k = 2. Then we have

(SSF), (SFS), (FSS)

That is, 2 successes in three tosses will occur in I 1=3 different ways.

The probability associated to each point is, from our assumptions of the

Bernoulli trials, for 2 successes and 1 failure,

Since there are I 1=3 such points we have

P(X = fc = 2)

Another way of expressing it is

b(k : n, p) = ("

\k
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When a die is tossed, it has 6 possible outcomes so it is not a Bernoulli 
trial. But if the outcome of the experiment is defined to be either an odd or 
even number, then we have a Bernoulli trial. 

S F 

Fig. 13-10 

When a coin is tossed once, we get either 
heads (success) or tails (failure), and the out
come can be shown as in Figure 13-10. When 
it is tossed twice, the outcomes are 

SS,SF,FS,FF 

There are 22 = 4 points in two-dimensional space (Figure 13-11). When the 
coin is tossed n times, it will generate an n-dimensional sample space and have 
2" points or possible outcomes. 

F 

s 

2nd toss 

s F 1st toss 

Fig. 13-11 

Each point in a, say, three-dimensional sample space, is a succession of 
S's and F's, 

SSS, SFS, SFF, ... , FFF 

There are 23 = 8 different such points. We can define a r.v. k that will be the 
number of successes. Let us consider k = 2. Then we have 

(SSF), (SFS), (FS~~) 

That is, 2 successes in three tosses will occur in G) = 3 different ways. 

The probability associated to each point is, from our assumptions of the 
Bernoulli trials, for 2 successes and 1 failure, 

p2ql 

Since there are G) = 3 such points we have 

P(X = k = 2) = (~) p"q"_,. = e) pzqt 

Another way of expressing it is 

b(k : n, p) = ( ") p"'qn-k 
.k 
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which shows n and p explicitly on the left side of the formula. This is called

the binomial distribution.

(//) The normal distribution

The normal density function is shown in Figure 13-12 and defined as

n(x) = -L- e-<*-*>''Â«â�¢' _ oo < x < oo

\'2Ñ�Ñ�Ð°

where

E(X) = p, Var (X) = a2

Ñ�Ð¾ -Ñ�Ð¾

If we use a normalized variable,

X* =

a

then since E(X*) = 0, Var (X*) = 1 we have (Figure 13-13)

V2Ñ�Ð³

The normal distribution function will be

F(x*) = f n(x*) dx* = -4= P e"'2/2 Ð�

J-Â°Â°

The normal distribution is usually indicated symbolically as N(x; Ñ�, Ñ�Ñ�2).

We shall use this notation. When we have "normalized" or standardized the

distribution, we write, N(x; 0, 1). This may be abbreviated 7V(0, 1).

The normal distribution function must satisfy the condition that

N(x)= Ð�* _L e-**dt=l

* â�� oo /Ð»

V27Ð�

This can be easily proven. (See Notes and References)
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which shows nand p explicitly on the left side of the formula. This is called 
the binomial distribution. 

(ii) The normal distribution 

The normal density function is shown in Figure 13- I 2 and defined as 

-oo<x<oo 

where 
E(X) = p,, Var (X)= a 2 

-(X) 

Fig. 13-12 Fig. 13-13 

If we use a normalized variable, 

X*== X- p, 
a 

then since £(X*) === 0, Var (X*) === I we have (Figure I 3-13) 

1 ( *>2 n(x*) === --= e- z 12 

J27T 

The normal distribution function will be 

J
. 1 j"'t 2 F(x*) === n(x*) dx* == ---== e- t 12 dt 

~27T -oo 

The normal distribution is usually indicated symbolically as N(x; p, a 2). 

We shall use this notation. When we have "normalized" or standardized the 
distribution, we write, N(x; 0 .. I). This may be abbreviated N(O, I). 

The normal distribution function must satisfy the condition that 

N(x) == Joo 1 
e-t212 dt === 1 

-00 J27T 

This can be easily proven. (See Notes and References) 
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13.9 The central limit theorem

In elementary statistics we learn that when a random sample of size Ð¸ is

taken, the sample mean X v ill have a normal distribution with E(X)= li

(the population mean) and Var(A') = a-Â¡n (Ñ�Ñ�2 is the population variance).

Although it is not mentioned by name, this is one of the various forms of the

central limit theorem. What we wish to do is to sketch the proof of this

theorem. For this we need several preliminaries. First we shall define a

moment generating function of the random variable X. Second, we shall

find the moment generating function of a normally distributed random

variable. Third, we shall find the moment generating function of X. It turns

out that the moment generating function of A7 has the same form as that of a

random variable that has a normal distribution. Thus, we shall conclude

that X has a normal distribution.

(/) Moment generating functions

Consider a function el where / is a continuous variable. Let X be the

random variable under consideration. Raise e' to the power X; i.e., ^Ð� .

Then, the expected value of Â¿x which will be a function of / is called the

moment generating function of the variable X

Ð�*(0 = E(elx) = |_Å� e'VW dx

Using the results of Chapter 7, we can expand the exponential as

Mx(t) = E [l + Xt + 1 (X/)2 + ^(*03 + ...

= l + E(X)t + - E(X2)/2 + - E(X*)i* -

2\ 3!

where Ñ�'i is the /th moment of X around the origin. Let us differentiate

Mx(t) with respect to t. Then,

Thus, when we set / = 0
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13.9 'Be ceatral lilllit theorem 

In elementary statistics we learn that when a random sample of size n is 
taken, the sample mean X \viii have a normal distribution with £(X)= ~ 
(the population mean) and Var (X)= a2fn (a2 is the population variance). 
Although it is not mentioned by name, this is one of the various forms of the 
central limit theorem. What we wish to do is to sketch the proof of this 
theorem. For this we need several preliminaries. First we shall define a 
moment generating function of the random variable X. Second, we shall 
find the moment generating function of a normally distributed random 
variable. Third, we shall find the moment generating function of X. It turns 
out that the moment generating function of X has the same form as that of a 
random variable that has a normal distribution. Thus, we shall conclude 
that X has a normal distribution. 

(i) Moment generating functions 

Consider a function et where 1 is a continuous variable. Let X be the 
random variable under consideration. Raise e' to the power X; i.e., e'·r. 
Then, the expected value of eX which will be a function of I is called the 
moment generating function of the variable X 

Using the results of Chapter 7, we can expand the exponential as 

1 ' 1 ' 2 1 ,,.a 
= + Jltl + - Jl?.t +- f.J.al- + ... 

2! 3! 

where Jl~ is the ith moment of X around the origin. Let us differentiate 
Mx(l) with respect to t. Then, 

dM() '+2, 3, 2 - x t = Jlt - Jl2t + - flat + · · · 
dt .. 2! 3! 

Thus, when we set t = 0 

!!_ M x(O) = Jl~ 
dt .. 
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As can be seen, when differentiated fc-times,

(//) Two proper fies of the moment generating function

Let X be a random variable with a distribution of f(x). The moment

generating function of cX where Ñ� is a constant is

This is the first property.

Next let Y = X + Ñ� where Ñ� is a constant. Then,

Mx+c(t) =

= E(extecl)

This is the second property.

(in) The moment generating function of a random variable X having a

normal distribution

Let the random variable X have a normal distribution with mean Ñ� and

standard deviation a. Then,

We wish to find the moment generating function of X, but to find it directly

involves tedious computations. So let us first set

Ð£ =

and find the moment generating function of Ð£ which is normal with E( Y) = 0,

Var(y)= 1. We find

Mr(/) = E(eYl)

2/2 1 f-

'/rJ-.

V 2Ñ�Ð³
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As can be seen, when differentiated k-times, 

(ii) Tu.·o properties of the moment generating function 

Let X be a random variable with a distribution of f(x). The moment 
generating function of eX where cis a constant is 

This is the first property. 
Next let Y = X + c where c is a constant. Then, 

Mx +c(t) = E(e<X ~ r.)t) 

= E(eXtect) 

= ectMx(t) 
This is the second property. 

(iii) The moment generating function of a random variable X having a 
normal distribution 

Let the random variable X have a normal distribution with mean p, and 
standard deviation a. Then, 

f(x) ==- 1 e-<:z:-ll)2/2a2 

.J27Ta 

We wish to find the moment generating function of X, but to find it directly 
involves tedious computations. So let us first set 

Y= _X_-~fl 
a 

and find the moment generating function of Y which is normal with £( Y) = 0, 
Var(Y)==I. Wefind 

M y(t) = E(eYt) 

J"'oo roo ( 1 2 )' == e11'j(y) dy == . eut ----== e- 11 12 dy 
-oo .-oc J2n 
:a 1 , .. oo 1 a 

= et /2---== e- du-o d (y - t) 
/2 .. -00 

'V 7T 
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X= aY + p

Then, using the two properties of the moment generating function of (//), we

find

= eÂ«Mar(t)

= e'1' â�¢ My(at)

(/r) The moment generating function of X

What we want to show is that the moment generating function of X is

equal to the moment generating function of a random variable which is

normally distributed.

Let A' be a random variable with a distribution f(x) which may not be

normal, with mean p and standard deviation a. Take a random sample of

size n and let the sample mean be X. The A" will have a distribution say g(x),

with mean Ñ� and variance a2/n (see page 417). Let us standardize X as

follows

_ _ _

_Â£. a f f o\ln

Vn

Thus instead of showing the equality of Mx(t) and Ms(t), we can show the

equality of MY(t) and Mx(t).

Mz(t) = E(ezi) =

_ fÂ£tgHX,- Ñ�)la^'nI-ln

since the XÂ¡ are independent. Let us expand the exponential.

t + ,2 +

l! W 2!

Thus if we take the expectation, we get

Now let
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Now let 
X=aY+p 

Then, using the two properties of the moment generating function of (ii), we 
find 

M x(l) = MaY +1,(t) = E(e<aY +P>t) 

= el'l May(t) 

= e11t • My( at) 

= el'l . ea1
t
1/2 

= el'l+ laltl 

(iv) The moment generating function of· X 
What we want to show is that the moment generating function of X is 

equal to the moment generating function of a random variable which is 
normally distributed. 

Let X be a random variable with a distribution f(x) which may not be 
normal, with mean p, and standard deviation a. Take a random sample of 
size n and let the sample mean be X. The X will have a distribution say g(x), 
with mean p and variance a2/n (see page 417). Let us standardize X as 
follows 

Thus instead of showing the equality of M x(t) and M s(t), we can show the 
equality of M y(t) and M z(t). 

M z(t) = E(eZ1) = E(etl:.<Xi-P>f<afv';.>) 

= [E(ei<X,- p)fav'fi)]n 

since the Xi are independent. Let us expand the exponential. 

0 02 ()3 
e'L;'{1-p)/ttv'n == e'' = 1 + _ t + _ 12 + _ 1a + ... 

l 2! 3! 

= 1 +(Xi - p,). ! (~) +(X;- p,)2 _!_ (~)2 + ... 
1! a Jn 2! a2 ~n 

Thus if we take the expectation, we get 

E(et(Xi-p)fav'ft) = I + O + u'l . .!.. (~) 2 

+,Us_!_ (~) 3 
+ ... 

2! 0'
2 .J n 3 ! cr ~ n 
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where fa, pt, ... are the third, fourth, ... moments. This becomes

i R t2 + to 1 ,3 + /f4 1 ,4 + - |

n 12 3! <Ð�/Ð¿ 4! <rn J

n

where A is the part in the parenthesis. Thus,

Mz(t)=

If we let Ð¸ -,â�¢ oo, then,

lim Mz(0 = eh

T1-Â»OO

But when n -,â�¢ oo, all the terms in h except |/2 will approach zero. Thus,

lim M Â¿(t) = //2

Ð�-Â» 00

But note that in section (//), the moment generating function of the

standardized normal random variable Ð£ was Ã© !".

We state without proof that if the moment generating functions of two

distributions exist and are equal, they will have the same distribution.

Then since Mz(t) and M r(/) are equal

a a

Vn

both have normal distributions. Thus X has a normal distribution with mean

p, and variance a2/n.

Let us now state the results as a theorem:

Let A'!, Xt, ... Xn be a sequence of Ð¸ identically distributed independent

random variables with mean Ñ� and variance a2. Then the mean X = - 2 Xl

is asymptotically normal with mean p. and variance a2/n.

This is called the central limit theorem. There are various other forms of

the central limit theorem and we have only presented one. By saying asymp-

totically normal, we mean that the distribution of X approaches a normal

distribution as Ð¸ -* oo. Generally, when n > 50, we have a good approxi-

mation.

13.10 Random variable (Part II)

In Section 13.4 the r.v. was discussed in a descriptive way. We now take

it up again in a more formal manner. A r.v. is defined as a real valued
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PROBABILITY AND DISTRIBUTIONS

SEC. 13.10

function defined on a sample space. Let us explain this by use of an illus-

tration.

When two dice are tossed the possible outcomes of this experiment are

shown, as in Figure 13-14, by the 36 sample points which make up the

sample space R. These 36 points generate a class of subsets denoted by /\.

There are 236 such subsets in /^ and /?l is one of them. That is, Rl Ñ� F^

To each sample point in R1 probabilities are assigned according to the

multiplication rule. This will be p = -Â¿6 for each point.

2V3 4/5 6 7 8 9 Ð® II 12

1 23456

Fig. 13-14

Next consider a single valued real function X(x) which maps the 36

sample points into a one-dimensional space R2. Furthermore, assume that

the rule of mapping is given by

X(x) = Xl + X2

where Xlt X2 are the coordinates of the sample points in the sample space R1.

The X(x) indicates the corresponding points on Ð�2. For example, the point

(*!, *2) = (1, 1) will be mapped into

X(x) = Xl

=2

on A2; the point (xlt x2) = (2, 6) will become X(x) = 8, and so forth. Thus,

the points in /?2 will be

A2: (2,3,4,5,6,7,8,9,10,11,12}

as shown in Figure 13-14.

We have mapped the 36 sample points into A2 which becomes a new

sample space of 1 1 points. These 1 1 points will generate 211 subsets. Let us

denote this by Ft.

424
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shown, as in Figure 13-14, by the 36 sample points which make up the 
sample space R. These 36 points generate a class of subsets denoted by F1 • 

There are 238 such subsets in F1 and R1 is one of them. That is, R1 c F1• 

To each sample point in R1 probabilities are assigned according to the 
multiplication rule. This will be p = -:l6 for each point. 

Rtcfi 
6 • • • • • • 
5 • • • • • • 
4 

R2c:f2 
3 

5 6 7 8 9 tO 't t2 
2 

2 3 4 5 6 

Fig. 13-14 

Next consider a single valued real function X(x) which maps the 36 
sample points into a one-dimensional space R2• Furthermore, assume that 
the rule of mapping is given by 

where X1, X2 are the coordinates of the sample points in the sample space R1 • 

The X(x) indicates the corresponding points on R2• For example, the point 
(x1, x2) = (I, I) will be mapped into 

X(x) = X1 + X2 = 1 + 1 = 2 

on R2 ; the point (x1, x2) = (2, 6) will become X(x) = 8, and so forth. Thus, 
the points in R2 will be 

R2 : { 2, 3, 4, 5, 6, 7, 8, 9, 1 0, II , 12} 

as shown in Figure 13-14. 
We have mapped the 36 sample points into R2 which becomes a new 

sample space of II points. These II points will generate 211 subsets. Let us 
denote this by F2• 
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The 236 subsets in Fl can also be mapped into F2. Let us illustrate with an

example. Let A be an event in Flt

A = Al + A2 + A3 + Ð�â�� + Ab

where A1 = (1,2), A2 = (1, 3) A3 = (2, 1), AÐ» = (2, 2), Ð�5 = (3, 1)

The transformation we used can be shown in matrix form as

I" -[1,1]

Applying the transformation X to A we find, using only Al and A2 as an

example,

X(A, + At)T = XAl + XAl

= Yl + Y,

This shows that Al maps into Yl which is

yl = ^f = [!,!]['] = 1 + 2 = 3

and At maps into Ð£2 which is

Therefore A = Al + A2 maps into Ð£, = 3, X2 = 4 of /?2. Let the two points

in R2 be denoted by the set B. Then we can show the relation as

X-\B)={x:X(x) = B}

What we have in the bracket is the set of points x = (xlt x2) of sample space

/?! that maps into B of R2. X~l(B) is the inverse function that gives the points

in Rl that map into B. These points in /^ are Alt A2, A3, AÐ» and A5.

Thus, we see that in a similar manner all the subsets in Fl can be mapped

into F.

The next step is to set up a correspondence between the probabilities of

sample space Rl and R2. Using our illustration let us discuss this point. We

know that

P(A) = P({(I,2), ...(3, 1)}) = Rv-

using this, we want to define probabilities for the space R2, and in our

present example, for the set B. It is natural that we would want to have the

probability of A be equal to that of B. Thus, we shall define

Q(B) = P[X-'(B)} = P(A)

where Q(B) is the probability of B. When X(x) establishes this relation, we

shall call AX*) a random variable (chance variable, stochastic variable, or

random varÃate).
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The 236 subsets in F1 can also be mapped into F2• Let us illustrate with an 
example. Let A be an event in F1, 

A == A1 + A2 + A3 + A4 + A5 

where A1 == (1, 2), A2 == {1, 3) A3 == (2, J), A4 == (2, 2), A5 == (3, 1) 

The transformation we used can be shown in matrix form as 

X== [J, J] 

Applying the transformation X to A we find, using only A1 and A2 as an 
example, 

== yl -+- y2 

This shows that A1 maps into Y1 which is 

yl = XA[ = [I, t]GJ = 1 + 2 = 3 

and A2 maps into Y2 which is 

Y2 = XAf = (1, tJ[~] = 4 

Therefore A == A1 + A2 maps into Y1 = 3, Y2 == 4 of R2• Let the two points 
in R2 be denoted by the set B. Then we can show the relation as 

x-1(B) == {x: X(x) == B} 

What we have in the bracket is the set of points x == (x1, x2) of sample space 
R1 that maps into B of R2 . X- 1(B) is the inverse function that gives the points 
in R1 that map into B. These points in R1 are A1, A2 , A3 , A4 and A5 • 

Thus, we see that in a similar manner all the subsets in F1 can be mapped 
into F. 

The next step is to set up a correspondence between the probabilities of 
sample space R1 and R2 • Using our illustration let us discuss this point. We 
know that 

P(A) == P({(l, 2), ... (3, I)})= -35
6 

Using this, we want to define probabilities for the space R2, and in our 
present example, for the set B. It is natural that we would want to have the 
probability of A be equal to that of B. Thus, we shall define 

Q(B) = P[X-1(B)] === P(A) 

where Q(B) is the probability of B. When X(x) establishes this relation, we 
shall call X(x) a random variable (chance variable, stochastic variable, or 
random variate). 
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Thus the r.v. X(x) is a function defined on Rl that has generated a new

space R2 and furthermore probabilities have been assigned to the points in Ð�

by the relationship

Q(B) = P[X-\B)] = P(A)

R2 becomes the range of the r.v. X(x). When X(x) = X, we map onto the

same space, and X simply denotes the 36 outcomes. When X(x) = ^(xl + x2)

this can be interpreted as taking the mean of each sample point and mapping

this mean into a new space R2.

Example 1. Let us toss a coin 3 times. This will generate a three-dimen-

sional space with 23 = 8 points, each point being a combination of S (successes)

and F (failures). For example,

555, SSF, S FF, ... , FFF

Denote this space by Rl. We can take 28 = 256 subsets from Rl and form a

class of subsets and call it Gv

The probability p associated to each point in Ri is

/> = *.

Define a r.v. X on Al and let it denote the number of successes. Then,

X(x) = k, Â¿ = 0,1,2,3

We have mapped R1 into a new space, say A2

A2: {0,1,2,3}

by this random variable X(x) = k. G2 is the collection of subsets that can be

obtained from R2. There are 2* = 16 subsets. The probability is obtained by

the relation

Q(B) = P[X'\B)]

where B e Ð¡2.

This may be shown diagrammatically as in Figure 13-1 5. The points of Ai

mapped into {0} of R2 by X is the single point (FFF). Thus,

Q(B = {0}) = P[X-\B)] = P(FFF) = i

Similarly,

Q(B ={!})= P[X-\B)} = P[(SFF), (FSF), (FFS)]

= i + i + i = I

Q(B = {2}) = P(X-\B)) = |

Q(B = {3}) = P(X-\B)) = i

Q(B = (2, 3}) = P(X-\B)) = | + i = i

and so forth.

The above was carried out in terms of a set function but, as was discussed

earlier, we can use a point function viz., the distribution function, to work
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Thus the r.v. X(x) is a function defined on R1 that has generated a new 
space R2 and furthermore probabilities have been assigned to the points in B 
by the relationship 

Q(B) = P[X-1(B)] = P(A) 

R2 becomes the range of the r.v. X(x). When X(x) = X, we map onto the 
same space, and X simply denotes the 36 outcomes. When X(x) = l(x1 + xJ 
this can be interpreted as taking the mean of each sample point and mapping 
this mean into a n~w space R2• 

Example 1. Let us toss a coin 3 times. This will generate a three-dimen
sional space with 23 = 8 points, each point being a combination of S (successes) 
and F (failures). For example, 

SSS, SSF, SFF, ... , FFF 

Denote this space by R1• We can take 28 = 256 subsets from R1 and form a 
class of subsets and call it G1. 

The probability p associated to each point in R1 is 

p= l. 
Define a r.v. X on R1 and let it denote the number of successes. Then, 

X(x) = k, k = 0, I, 2, 3 

We have mapped R1 into a new space, say R2 

R2 : {0, l, 2, 3} 

by this random variable X(x) = k. G2 is the collection of subsets that can be 
obtained from R2 • There are 24 = 16 subsets. The probability is obtained by 
the relation 

Q(B) = P[X-1(B)] 
where BE G2• 

This may be shown diagrammatically as in Figure 13-15. The points of R1 

mapped into {0} of R2 by X is the single point (FFF). Thus, 

Similarly, 

and so forth. 

Q(B = {0}) = P[X-1(8)] = P(FFF) = l 

Q(B ={I})= P[X-1(B)] = P[(SFF), (FSF), (FFS)] 

=l+l+l=i 
Q(B = {2}) = P(X-1(B)) = i 
Q(B = {3}) = P(X-1(8)) = t 
Q(B = {2, 3}) = P(X-1(8)) = i + l = l 

The above was carried out in terms of a set function but, as was discussed 
earlier, we can use a point function viz., the distribution function, to work 
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Fig. 13-15

this out. Usually the mapping process is abbreviated and, instead of Q(B), we

simply write

P(X=x)=f(x)

where f(x) is the probability density or density function of the r.v. X. In our

present case this is

Thus, e.g.,

Example 2. Another example is obtained by defining X to be the number

of failures in the previous problem.

One important thing to note here is that the new probability distribution

associated to the new space is called a derived distribution. For example, if we

take a sample of size 5, each sample will be a sample point in five-dimensional

space. If we define the r.v. X to be

X(x) = Â¿ 2X, = X

then the new sample space is made up of sample means. This derived dis-

tribution is usually called the sampling distribution of the sample mean.

Other examples are the ^-distribution, the /-distribution, and so forth.
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Fig. 13-lS 

this out. Usually the mapping process is abbreviated and, instead of Q(B), we 
simply write 

P(X == x) == f(x) 

\vhere f(x) is the probability density or density function of the r.v. X. In our 
present case this is 

Thus, e.g., 

P(X = 0) = (~) (~f (~r-o = i 
P(X = 2) = G) GrGr- 2 

= ~ 
Example 2. Another example is obtained by defining X to be the number 

of failures in the previous problem. 
One important thing to note here is that the new probability distribution 

associated to the new space is called a dericed distribution. For example, if we 
take a sample of size 5, each sample will be a sample point in five-dimensional 
space. If we define the r.v. X to be 

X(x) == A 2 X,. == X 

then the new sample space is made up of sample means. This derived dis
tribution is usually called the sampling distribution of the sample mean. 

Other examples are the x2-distribution, the !-distribution, and so forth. 
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Problems

1. Define X to be the number of failures in example 1 and work out the

mapping process of the random variable.

2. Toss a coin twice. Construct a sample space, define the r.v. X = k to be the

number of successes, and explain the mapping process following the example

above. Draw a diagram. Enumerate all cases.

13.11 Jacobian transformations

Let a set of random variables ( Xl, Y2, ... , Yk) be related to another set of

random variables (Xlt X2, ... , Xk) that has a density function f(xlt x2, ... , Ð»:^).

Is there any way of finding the probability element of the set of random

variables (Ð£^, Y2, ..., Yk)1 That is, is there any way of performing this

transformation from one set of variables to another? Under certain conditions

this transformation is possible by use of the Jacobian transformation. The

proof of the Jacobian transformation is difficult and is not discussed. Only

simple illustrations are used to explain the process. For those interested in

the proofs, see the references cited at the end of the chapter.

Let A" be a random variable that is N(!i, a2). Let Z be

'-

Z is the standardized normal variable and the distribution is N(Q, I). This

transformation from A' to Z is shown as follows by use of the Jacobian.

Equation (1) can be expressed as

Equation (1) shows that there is a one-to-one correspondence between A' and

Z. Thus we can find the inverse

(2) x = g(z)

In our present case this is from (1),

(2') X =-= p + </Z

We state without proof that: the probability element of Z is

(3) /OKz)) â�¢ \J\ â�¢ dz

where J is the Jacobian of Ð»: with respect to z. That is,

ÐÑ�

az)

= Ð°

(i) CASE 1

dz
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Problems 

1. Define X to be the number of failures in example I and work out the 
mapping process of the random variable. 

2. Toss a coin twice. Construct a sample space, define the r.v. X = k to be the 
number of successes, and explain the mapping process following the example 
above. Draw a diagram. Enumerate all cases. 

13.11 Jacobian transformations 

Let a set of random variables ( Y1, Y2, •.• , Yk) be related to another set of 
random variables (X1, X2, .•. , Xk) that has a density function f(x1, x 2, ••. , xJ. 
Is there any way of finding the probability element of the set of random 
variables ( Y1, Y2, ... , Yk)? That is, is there any way of performing this 
transformation from one set of variables to another? Under certain conditions 
this transformation is possible by use of the Jacobian transformation. The 
proof of the Jacobian transformation is difficult and is not discussed. Only 
simple illustrations are used to explain the process. For those interested in 
the proofs, see the references cited at the end of the chapter. 

(i) CASE I 
Let X be a random variable that is N(J-t, a 2). Let Z be 

(i) Z==X-p, 
a 

z is the standardized normal variable and the distribution is N(O, I). This 
transformation from X to Z is shown as follows by use of the Jacobian. 

Equation (I) can be expressed as 

( l ') z == f(x) 

Equation (I) shows that there is a one-to-one correspondence between X and 
Z. Thus we can find the inverse 

(2) x = g(z) 

In our present case this is from (I), 

(2') X =-= p + aZ 

We state without proof that: the probability element of Z is 

(3) f(g(z)) · Ill · dz 

where J is the Jacobian of x with respect to z. That is, 

Ill = Ox 
oz 

o(p, + az) 

oz ==a 
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Then the probability element of Z is

) â�¢ Ð� â�¢ dz = ^=- e-^-^'^adz

\l2Ñ�Ð³Ð°

= -L ,-Ð»* dz

This shows that Z is N(Q, 1) as we expected.

(ii) CASE 2

Consider two random variables X and Y with a joint density function

/(Ð»:, y) and probability element/(x, jO dx dy. Let t/and Ð� be random variables

such that

Ð¸ = u(x, y)

(4)

Â» = Â»(*, y)

Assume a one-to-one correspondence between (A', Y) and (U, V). This means

we can find the inverse functions

x = x(u, r)

(5)

y = y(u, v)

Then the probability element of t/ and K will be

Ð�(Ð¼, r) dM rfr =/[*(Ð¼, Â»), y(u, v)] â�¢ |Ð£| â�¢ du dv

where J is the Jacobian of the transformation (5), i.e.,

J _ d(x, y)

d(u, D)

provided the partial derivatives of Ð£ exist.

As an illustration consider the joint density function

1 Ð� -1 //X-/U2

(6) /(*, >!) = ; â�� Ð¿=* exp ^ â�� Ã ( â��

27Ð�cr1<71,\/ 1 â�� p L2( 1 â�� /Ñ� ) \ \ cr.J /

This is a bivariate normal distribution with means /i,., Ñ�v and variances Ñ�Ñ�f, </Â¿

(Note that exp is an abbreviation for exponential e, i.e., e" = exp Ð¼). Consider

the transformation

(7)

v_
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Then the probability element of Z is 

1 :! 2 
f(g(z)) · IJI · dz == ---;=- e-<z-p) 120 adz 

\1 2TTa 

1 2 
== ----;= e-z 12 dz 

~27T 

This shows that Z is N(O, 1) as we expected. 

(ii) CASE 2 
Consider two random variables X and Y with a joint density function 

f(x, y) and probability elementf(x,y) dx d}'· Let U and Vbe random variables 
such that 

u == u(x, y) 
(4) 

L, == r(x, y) 

Assume a one-to-one correspondence between (X, Y) and ( U, V). This means 
\Ve can find the inverse functions 

x == x(u, r) 
(5) 

y == y(u, L') 

Then the probability element of U and V will be 

h(u, v) du dr == f [x(u, z,), y(u, v)] · IJI · du dv 

where J is the Jacobian of the transformation (5), i.e., 

J == o(x, y) 

o(u, v) 

provided the partial derivatives of J exist. 
As an illustration consider the joint density function 

(6) 

This is a bivariate normal distribution with means flx, flv and variances a;, a! 
(Note that exp is an abbreviation for exponential e, i.e., e" == exp u). Consider 
the transformation 

(7) 
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To obtain the probability element of (Ã�/, V), we first find the Jacobian of the

transformation (7).

Ð(x, y)

d(u, v)

dx Sy

du Ðu

ÐÑ� dy

du dv

ax 0

0 Ð°.

Then the probability element of (U, V) is

(8) /[x(u, v), y(u, u)] â�¢ \J\ â�¢ du dv

1 Ð� -1

==Â« eXp 2(1 - o2) (Ð¸ ~ 2puv

- p' LAÂ» P i

du dv

Note that p (correlation coefficient) in the equation has become

Equation (8) shows that the joint density function of U and Ð� is a bivariate

normal distribution with mean zero and variance unity for both variables.

Let us restate the results as a theorem. Theorem: Let a set of random

variables Ð£1, Y2 be related by a one-to-one transformation to a set of random

variables Xlt X2 which have a joint density function/^, *2). Let

y1 =

y2 =

Since the relation is one-to-one, the inverse function can be shown as

(10)

Then the probability element of Ylt Y2 is

(11) g(yi, yÑ�) dyl dy2 = f(xi(yi, y2), x2(ylt y2)) â�¢ \J\ â�¢ dy1 dy2

where J is the Jacobian of the transformation (10), i.e.,

Ðxi Ðx2

dyi dy1

dÑ�l dÑ�2

dÐ£* dy2

provided the partial derivatives exist.

(9)

This result may be generalized to k variables. This transformation

technique will be used in Chapter 16, Regression Analysis.

430 PROBABILITY AND DISTRIBUTIONS SEC. 13.11 

To obtain the probability element of ( U, V), we first find the Jacobian of the 
transformation (7). 

OX oy 

IJI = I O(x, y) I = ou ou (]z 
0 I= a.,av 

o(u, v) ox oy 0 (]JJ 

ov ov 

Then the probability element of ( U, V) is 

(8) f[x(u, v), y(u, v)] · IJI · du dv 

1 [ -1 J = 27T,)t _ P2 exp 2( 1 _ p2) (u
2

- 2puv + v2
) du dv 

Note that p (correlation coefficient) in the equation ha~ become 

p = E(X- p.~)(Y -~L11) = E(axU)(a11 V) = E(UV) 

GzGu (]x(]v 

Equation (8) shows that the joint density function of U and Vis a bivariate 
normal distribution with mean zero and variance unity for both variables. 

Let us restate the results as a theorem. Theorem: Let a set of random 
variables Y1, Y2 be related by a one-to-one transformation to a set of random 
variables X1, X2 which have a joint density function f(x1, x2). Let 

Yt = Yt(xl, X2) 
(9) 

Y2 = Y2(x1, X2) 

Since the relation is one-to-one, the inverse function can be shown as 

(10) 

X2 = X2(y1, Y2) 

Then the probability element of Y1, Y2 is 

(II) g(yt, Y2) dyt dy2 == f(xt(Yt, Y2), x2(yh Y2)) · IJI · dyt dy2 

where J is the Jacobian of the transformation (10), i.e., 

oxl ox2 

IJI = I o(xl, x2) I = oyl oyl 
o(y1, y2) ox1 ox2 

oy2 oy2 

provided the partial derivatives exist. 
This result may be generalized to k variables. This transformation 

technique will be used in Chapter 16, Regression Analysis. 
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The approach to probability theory used in this chapter is that of Kolmo-

gorov (1956). It is an axiomatic approach based on set theory and then

transformed into calculus by use of the Lebesgue-Stieltjes integral. To discuss

probability theory rigorously using Lebesgue-Stieltjes integral requires extensive

background in real variable theory, and, in particular, measure theory. For

those interested see the following references. The basic book is Kolmogorov

(1956) which is a translation of his German monograph of 1933. Two books

on measure theory are Halmos (1950) and Munroe (1953). Both are very

difficult, but a compact summary of probability theory using measure theory

is in Halmos (1950), Chapter 9 which is recommended. An advanced text in

probability theory in Loeve (1955).

Intermediate references which do not require measure theory as a back-

ground are Parzen (1960), Munroe (1951), and Feller (1957). Feller (1957)

restricts his discussion to discrete sample spaces, and is an excellent book.

The books mentioned above on probability theory and measure theory are

concerned with those topics per se whereas economists in most cases are

interested in probability theory as a background to statistics. Five books that

treat probability theory in connection with statistics are Cramer (1946);

Cramer (1955); Neyman (1950); Savage (1954); and Schlaifer (1959).

Cramer's (1946) book is probably the best source to obtain an overall picture

of the relation between set theory, measure theory, Lebesgue-Stieltjes integral,

and its transition to mathematical statistics. The treatment is at an advanced

level. Chapters 13 and 14 of Cramer (1946) are especially recommended in

connection with this chapter because they give a frequency interpretation of

the probability axioms we have stated. Cramer ( 1955) is an elementary version

of the first part of Cramer's ( 1946) book and can be read with only an elementary

background of calculus. Neyman (1950) can also be read with an elementary

calculus background and is an excellent book with many interesting problems.
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The approach to probability theory used in this chapter is that of Kolmo
gorov ( 1956). It is an axiomatic approach based on set theory and then 
transformed into calculus by use of the Lebesgue-Stieltjes integral. To discuss 
probability theory rigorously using Lebesgue-Stieltjes integral requires extensive 
background in real variable theory, and, in particular, measure theory. For 
those interested see the following references. The basic book is Kolmogorov 
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on measure theory are Halmos ( 1950) and Munroe ( 1953). Both are very 
difficult, but a compact summary of probability theory using measure theory 
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and its transition to mathematical statistics. The treatment is at an advanced 
level. Chapters 13 and 14 of Cramer ( 1946) are especially recommended in 
connection with this chapter because they give a frequency interpretation of 
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of the first part of Cramer's ( 1946) book and can be read with only an elementary 
background of calculus. Neyman ( 1950) can also be read with an elementary 
calculus background and is an excellent book with many interesting problems. 
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Savage (1954) distinguishes three views on the interpretation of probability ;

objectivistic, personalistic, and necessary view. He develops the personalistic

view to serve as a foundation of statistics. Schlaifer (1959) and Raiffa and

Schlaifer (1961) adopt this approach in their discussions of statistics. The

Kolmogorov approach we have discussed is classified as an objectivistic view.

Savage (1954) has an excellent annotated bibliography for those interested in

studying probability theory and these various views.

The following books are recommended for study of the various probability

distributions. For the binomial, hypergeometric, and Poisson distribution,

see Feller (1957) and Schlaifer (1959). For the normal distribution see Feller

(1957), Schlaifer (1959), and Cramer (1946). For the /-distribution, chi-square

distribution, and F-distribution, see Cramer (1946), Mood (1950), Hoel (1954),

and Fraser (1958).
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CHAPTER 14

Statistical Conceptsâ��Estimation

In the next two chapters, we take up two important statistical concepts,

estimation and testing hypothesis.

14.1 Introduction

Consider a large group of students that have been given an I.Q. test and

assume that we know from past experience that the distribution of I.Q.'s are

normal, but do not know specifically the mean and standard deviation.

For simplicity, let the possible outcomes of the I.Q. test be shown as

Ã�: (100,101,102, 138,139,140}

To this is associated a density function f(x) which we assumed is a normal

density function. Denote the mean and variance by

E(X) = /i, Var (X) = a*

Thus, we will say that the r.v. X is defined on Q with a normal density

function/(Ñ�), /LI and a are the parameters of this distribution.

What we want to do is to take a sample of values from the population

and, using these values estimate the parameters. For example, when we wish

to estimate Ñ�, we can take, say, n values of X from the population and find

the sample mean X and use that as an estimator. As we know

- ]

n

Thus if we let /, stand for an estimator of Ñ�, we can write

i.e., /2 = A7 is an estimator of /i.
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Statistical Concepts-Estimation 

In the next two chapters, we take up two important statistical concepts, 
estimation and testing hypothesis. 

14.1 Introduction 

Consider a large group of students that have been given an I.Q. test and 
assume that we know from past experience that the distribution of I.Q. 's are 
normal, but do not know specifically the mean and standard deviation. 

For simplicity, let the possible outcomes of the l.Q. test be shown as 

~l: {100, 101, 102, ... . .. 138, 139, 140} 

To this is associated a density function f(x) which we assumed is a normal 
density function. Denote the mean and variance by 

E(X) == ll, Var (X) == a2 

Thus, we will say that the r.v. X is defined on ~l with a normal density 
function f(x). p. and a are the para1neters of this distribution. 

What we want to do is to take a sample of values from the population 
and, using these values estin1ate the parameters. For example, when we wish 
to estimate p,, we can take, say, n values of X fron1 the population and find 
the sample mean X and use that as an estimator. As we know 

- 1"' x ==-~xi 
1l 

Thus if we let /t stand for an estimator of p, we can write 

A - 1 "' II == X == - £- )(i 
11 

i.e .. /i == ... f is an estimator of IL· 
434 
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To show that Ã� is a function of the sample values, we can write it as

A*!, Ñ�2, ... , xn) = X

Let us generalize the notation a step further. /2 was the estimator for /i, but

now let 6 be an estimator for a parameter 0. Then,

6(xlt x2, ...,xn) = 6

We have shown that the sample mean

6(*1,x2, ...,xn) = -2Xi= X

n

can be looked upon as "estimator" for /i. But how about the median of the

sample, the mode, or the average of the largest and smallest values in the

sample? Can they be looked upon as estimators of Ñ�! The answer is, yes.

Then, the question arises, which of these various estimators will be the

"best" estimator of Ñ�1 What are the characteristics of a "good estimator"?

The first characteristic we discuss is unbiasedness.

14.2 Unbiasedness

An estimator e(xlt Ð»:2, . . . , Ð»:â��) is said to be "unbiased" if

E(6) = Ð²

As an example, we know that

E(X) = /i

Thus, X is an unbiased estimator of p.

An example of a biased estimator is the sample variance as an estimator

of the population variance

E(f) =

- - a2}

n l

Thus, s2 is a biased estimator of a2 and (â�� 1/Ð¸)Ñ�Ñ�2 is called the bias. If the bias

(â�� 1/Ð¸)Ñ�Ñ�2 is small compared to the variance of the sampling distribution ofs2,

then this bias is not very important. That is, if the bias is small compared to

the variance of the sampling distribution of the estimator, the usefulness of

the estimator will not be greatly damaged.

14.3 Consistency

A second characteristic for a good estimator is consistency. An estimator

Ðµ(Ð»Ñ�1, .v2, ... , Ñ�â��) of 0 is said to be a consistent estimator if

P[\6 - Ð²\ <e]-* 1 as Ð¸ -Â»â�¢GO
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Let us generalize the notation a step further. {t was the estimator for p,, but 
now let (J be an estimator for a parameter (). Then, 

O(xl, x2, 0. 0 ' X n) === 0 

We have shown that the sample mean 

O(x1, x 2, ••• , Xn) = .!. 2 X; = X 
n 

can be looked upon as "estimator" for Jl. But how about the median of the 
sample, the mode, or the average of the largest and smallest values in the 
sample? Can they be looked upon as estimators of p.? The answer is, yes. 

Then, the question arises, which of these various estimators will be the 
"best" estimator of p,? What are the characteristics of a "good estimator"? 
The first characteristic we discuss is unbiasedness. 

14.2 Unbiasedness 

An estimator O(x1, x 2, .•• , xn) is said to be "unbiased" if 

E(O) = () 

As an example, we know that 
E(X) == p. 

Thus, X is an unbiased estimator of p.. 
An example of a biased estimator is the sample variance as an estimator 

of the population variance 

E(s2) = n - 1 a2 = a2 + (- ! a2) 
n n 

Thus, s2 is a biased estimator of a2 and ( -l/n)a2 is called the bias. If the bias 
( -1fn)a2 is small compared to the variance of the sampling distribution of s2 , 

then this bias is not very important. That is, if the bias is small compared to 
the variance of the sampling distribution of the estimator, the usefulness of 
the estimator will not be greatly damaged. 

14.3 Consistency 

A second characteristic for a good estimator is consistency. An estirnator 
O(x1, x2, ••. , xn) of 0 is said to be a consistent estimator if 

P[IO - 01 < E] __.. 1 as n __.. oo 
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P[Ð² - e ^ 0 < ; 0 + e] -,â�¢ 1 as n -* oo

where e is an arbitrarily small positive number. This means that as n -+â�¢ Ñ�Â»,

0 converges toward 6 stochastically with probability unity.

Using the sample mean X as an example again, it is quite obvious that as

the sample size Ð¸ -* oo, or as it approaches the population size, the X will

approach the population mean Â¡i. Thus, A" satisfies the criterion of consistency.

Let us also consider

X + - or X + â��

n 2n

If we have an infinite population, we can see that as Ð¸ ->â�¢ oo, these will also

approach Ñ� and satisfy the criterion of consistency. Thus, all three X, X + l//i

and X + l/1n are consistent estimators.

We also notice that when n -Â»â�¢ oo, each is also an unbiased estimator.

Consistent estimators are also unbiased estimators when Ð¸ -Â»â�¢ oo.

Note that the idea of consistency is tied in with the idea of letting the

sample size n â��,â�¢ oo. The idea of unbiasedness is for a fixed sample size n.

The X + l/nandX + 1 /2n are biased estimators of Ñ� for a finite sample size n.

But now a question arises, which of these should we use as an estimator?

What we want is an estimator that will be as close as possible to Ñ�. Further-

more, we would like to accomplish this estimation with as small a sample as

possible. These requirements lead to the following additional criteria.

14.4 Efficiency

(/) Relative efficiency

An estimator that is concentrated near the parameter is more desirable

than one that is less so. We may determine whether or not an estimator is

concentrated near the parameter by the variance of the estimator. For

example, the degree of concentration of X as an estimator of Ñ� is shown by

Var ( X) = <4 = -

n

Another estimator of Ñ� is the median of a sample. It is known that

â�� - .. __. .. a n J

Var (A Mcd) = ffMad =

2n

Which of the two estimators is more concentrated near /i? For this we

compare the variances. We say the efficiency of the median relative to the X is

or

Var(XMod)
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or 
P[O - £ ::;: 6 :5: 0 + £] -+ 1 as n -+ oo 

where £ is an arbitrarily small positive number. This means that as n -+ oo, 
6 converges toward 0 stochastically with probability unity. 

Using the sample mean X as an example again, it is quite obvious that as 
the sample size n -+ oo, or as it approaches the population size, the X will 
approach the population mean p.. Thus, X satisfies the criterion of consistency. 

Let us also consider 

- 1 X+- or 
n 

X+_!_ 
2n 

If we have an infinite population, we can see that as n --+ oo, these will also 
approach p. and satisfy the criterion of consistency. Thus, all three X, X+ 1/n 
and X + l/2n are consistent estimators. 

We also notice that when n---+ oo, each is also an unbiased estimator. 
Consistent estimators are also unbiased estimators when n ---+ oo. 

Note that the idea of consistency is tied in with the idea of letting the 
sample size n---+ oo. The idea of unbiasedness is for a fixed sample size n. 

The X+ lfn and X+ 1/2n are biased estimators of p, for a finite sample size 11. 

But now a question arises, which of these should we use as an estimator? 
What we want is an estimator that will be as close as possible to p.. Further
more, we would like to accomplish this estimation with as small a sample as 
possible. These requirements lead to the following additional criteria. 

14.4 Efficiency 

(i) Relative efficiency 

An estimator that is concentrated near the parameter is more desirable 
than one that is less so. We may determine whether or not an estimator is 
concentrated near the parameter by the variance of the estimator. For 
example, the degree of concentration of X as an estimator of p. is shown by 

- 2 a2 
Var(X) =ax=-

n 

Another estimator of p. is the median of a sample. It is known that 

7T(J2 
Var (Xl\led) = at:ed = -

2n 

Which of the two estimators is more concentrated near p.? For this \\'e 

compare the variances. We say the efficiency of the median relative to the X is 

Var (X) == a2/n = ~ = 0 _64 
Var (X Med) 1Ta2j2n 1T 
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Here we have found the relative efficiency. Our result says that

Var (X) = Var (XÑ�Ð») x 64 per cent

i.e., the variance of X is only 64 per cent of the variance of the median when

they both have a sample size of n.

If efficiency is considered in terms of sample size, we can say that the

variance of the median from samples of size 100 is about the same as that of

sample means from samples of size 64.

We can also say that if the median is used instead of the mean, for a given

sample size, there is a loss of 100 â�� 64 = 36 per cent of the available

information.

To summarize; if we have two estimators 61 and $2 and

Var (6l ) < Var (62)

then the efficiency of (52 relative to Ol is given by

' Var((52)

Note that we put the variance of the estimator that is smaller in the numerator.

Thus,

0 <; E/ <; 1

(//) Efficient estimators

We have defined efficiency in relative terms and put the variance of the

estimator that is smaller in the numerator. The efficiency was defined relative

to this smaller variance estimator. But if we could find an estimator with a

variance that is smaller than the variance of any other estimator, then we

could use this smallest variance as the basis to measure efficiency, and in

terms of efficiency, we could say that this estimator with the smallest variance

is an efficient estimator.

Then a question arises: How small can the variance of an estimator

become? If we can show that the variance cannot become smaller than a

certain lower bound, and if we can find an estimator with a variance that is

equal to this lower bound, then that variance will be the smallest variance.

We shall use the word minimum instead of smallest and call it the minimum

variance.

Furthermore, the estimator that has this minimum variance will be called

the minimum variance estimator.

It turns out that there is a lower bound. It is called the Cramer-Rao

inequality. We shall merely state it. Let us take a sample of size n and

calculate an estimator

6(xlt x2, ...,*â��) = 6
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Here we have found the relative efficiency. Our result says that 

Var (X) == Var (XMctl) X 64 per cent 
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i.e., the variance of X is only 64 per cent of the variance of the median when 
they both have a sample size of n. 

If efficiency is considered in terms of sample size, we can say that the 
variance of the median from samples of size 100 is about the same as that of 
sample means from samples of size 64. 

We can also say that if the median is used instead of the mean, for a given 
sam pie size, there is a loss of 100 - 64 == 36 per cent of the available 
information. 

To summarize; if we have two estimators 01 and 02 and 

Var (01) < Var (02) 

then the efficiency of 02 relative to 01 is given by 

E, = Var (01) 

Var (02) 

Note that we put the variance of the estimator that is smaller in the numerator. 
Thus, 

(ii) Efficient estimators 

We have defined efficiency in relative terms and put the variance of the 
estimator that is smaller in the numerator. The efficiency was defined relative 
to this smaller variance estimator. But if we could find an estimator with a 
variance that is smaller than the variance of any other estimator, then we 
could use this smallest variance as the basis to measure efficiency, and in 
terms of efficiency, we could say that this estimator with the smallest variance 
is an efficient estimator. 

Then a question arises: How small can the variance of an estimator 
become? If we can show that the variance cannot become smaller than a 
certain lower bound, and if we can find an estimator with a variance that is 
equal to this lower bound, then that variance will be the smallest variance. 
We shall use the word minimum instead of smallest and call it the minimum 
t·ariance. 

Furthermore, the estimator that has this minimum variance will be called 
the minimum variance estimator. 

It turns out that there is a lower bound. It is called the Cramer-Rao 
inequality. We shall merely state it. Let us take a sample of size n and 
calculate an estimator 
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E(6) = 0 + Â¿(6)

where b(Q) is the bias. Let/(x) be the density function. Then the Cramer-Rao

inequality is given as

E[(6 â�� O)2] is the second moment around 0. When we have an unbiased

estimator, then

E(6) = 0 and Â¿(0) = 0

Thus,

E[(o - 0)2] = Â£[((5 - Ð�Ñ�Ñ� = Var (0)

Thus, when we have an unbiased estimator,

For example, let

which is a normal density function. Then,

, t, \ , I 1 \ (x â�� nif

togÐ�x) = log â��7= - â�� ,

Ð° log/(x) _ x â�� m

Ðm a2

Thus,

Var (6) = Var (Ð�) ^ â�� = -

l n

n â��

i.e.,

Var(JÃ�>-

n

We know that for the X the equality holds, i.e.,

Var(JP) = -

n

Let

Thus, this is the minimum variance, and X is the minimum variance estimator.
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Let 
E(O) == 0 + b(O) 

where b(O) is the bias. Letf(x) be the density function. Then the Cramer-Rao 
inequality is given as 

E[(O - 0)2] is the second moment around 0. When we have an unbiased 
estimator, then 

E(O) === 0 and b(O) === 0 
Thus, 

£[(0 - 0)2] = £[(0 - £(0))2] == Var (6) 

Thus, when we have an unbiased estimator, 

Var ( 0) > [ ( ) 2] nE o logf 
()(} 

1 

For example, let 

1 I t f(x) == ----== e- (z- m) /2a 

a~21T 

which is a normal density function. Then, 

Thus, 

I.e., 

logf(x) == log ( ~-) - (x - ';)
2 

av 217 2a 

0 Jogf(x) X - tn 

om a2 

E(a logf')2 ==J~ (x- m)2·fdx =..!.. 
otn ~ 00 a2 a2 

A - 1 a2 
Var(u) == Var(X) >-=-

1 n 
n-

- r/
Var(X) >-

n 

a2 

We know that for the X the equality holds, i.e., 

- a2 
Var(X)=-

n 

Thus, this is the minimum variance, and X is the minimum variance estimator. 
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Problems

1. Let

/W = â��= f**-*H**

Show that

Or - m)2

2o*

2. Show that

S log / x â�� m

dm Â«r2

3. Show that

Ð¾Â«

Hint: Note that E(x - ni? =Jo* - m)2/d* = Var(x)

Let us for simplicity write the Cramer-Rao inequality as, for the case of

an unbiased estimator,

Var (6) s; Min Var (0)

where

Min Var (6) =

nEid

Now using this Min Var (Ã�) we can define efficiency on an absolute rather

than a relative basis. We say the efficiency of the estimator 6 is

_ Min Var (6)

' ~ Var (6)

For the sample mean from a normal distribution, we have

Var (X) = -

n

Min Var (X) = â��! = -

nE aÃ¯og/)2 "

\ ae /

Thus,

Â£/=l

In such a case where the efficiency is unity we say the estimator X is an

efficient estimator.

Problems
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Problems 
1. Let 1 

f(x) = ---== e-<x-m>'1!2a
1 

aV2TT 
Show that 

( 
1 ) (x - nz)2 

log f(x) = log a v 2TT - 2a2 

2. Show that 
a log f x- m 

om a2 

3. Show that 

E(a log 1)2 = ~ 
om a 2 

Hint: Note that E(x - m)2 = J (x - m)2 f dx = Var (x) 

Let us for simplicity write the Cramer-Rao inequality as, for the case of 
an unbiased estimator, 

Var (6) ~ Min Var (6) 
where 

1 

Min Var (0) = nEe~·;:!) 2 

Now using this Min Var (6) we can define efficiency on an absolute rather 
than a relative basis. We say the efficiency of the estimator 6 is 

E, = Min Var (0) 
Var (0) 

For the sample mean from a normal distribution, we have 

- a2 
Var(X) =-

n 

Min Var (X)= ( 
1 

2 - a2 
nE a logf) n 

ao 
Thus, 

£, = 1 

In such a case where the efficiency is unity we say the estimator X is an 
efficient estimator. 

Problems 
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Let m = mean be given and ff2 be the parameter to be estimated.

1. Show that

Ð log/ (x - m? l

Ð�Ð°2 2Â¿ 2Â¿*

Hint: Set <r2 = 0 to facilitate differentiation. First find log/.

2. Show that

3. Show that

Ð�Ð¸-Ñ�Ð� 1

L 2a4 J ' 2Ñ�Ñ�2

Expand and integrate term by term and note that if pr is the rth moment

about the mean, then,

^i =o, li3 = 0,

In general, /i2r_! = 0, p2r = 1.3 ... (2r - 1) ff*r.

4. Let S be an unbiased estimator of ff2. Then the Cramer-Rao inequality

gives

Var (0) > -

Using the above results, write out the right hand side of this inequality and

show the minimum variance.

5. Show that

Using this show that

/ Ð¸ \ 2a4

Var - -s2l - - -

\n - 1 / Ð¸ - 1

Hint: (i) Var (â�� â��sÂ«} = Â£ Ð�â�� â�� s2 - a2

\n - i / Ln - 1
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Let m = mean be given and t12 be the parameter to be estimated. 

1. Show that 
a log[ (x - m)2 1 

at12 2o4 - 20'2 

Hint: Set a2 = 0 to facilitate differentiation. First find log f. 
2. Show that 

[
(x - m)

2
] = _1 

E 2o4 2a2 

3. Show that 

[(
a logf)

2
] = J [<x - m)

2 
__ 1 ]

2 
= _1 

E a(]2 2d' 2a2 I dx 2a4 

Hint: [
(x - m)

2 
__ 1 ]

2 = _1 [(x - m)
2 

_ 1]
2 

2a4 2a2 4a4 t12 

Expand and integrate term by term and note that if llr is the rth moment 
about the mean, then, 

llt = 0, Jla = 0, 

In general, Jl2r-l = 0, p 2r = 1.3 ... (2r - 1) a2r. 

4. Let 6 be an unbiased estimator of a2• Then the Cramer-Rao inequality 
gives 

1 
Var (0) ~ (a logj·) 2 

nE ao 

Using the above results, write out the right hand side of this inequality and 
show the minimum variance. 

5. Show that 

Using this show that 

E (-n s2) :.=: a2 
n- 1 

Var --s2 = --( 
n ) 2d' 

n-1 n-1 
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where pr is the rth moment about the mean. See hint of problem 3.

Ð¸

6. Ã2 is an unbiased estimator of a2. You have found the variance in

Ð¸ â�� 1

n

problem 5. What is the efficiency of the estimator j2?

(///) A class of efficient estimators

Let us consider the sample mean X again as an estimator for /z. We have

already seen that X is an efficient estimator; i.e., it is a minimum variance

estimator. It is also an unbiased minimum variance estimator.

We know from the central limit theorem that X is N(Ñ�, a2/rÃ). If we shift

the origin and consider X â�� p. then this will be N(0, <r2/Ð¸). If we change the

scale of distribution by

then it will be N(0, Ñ�Ñ�2).

What we just did to the sample mean X can be done to other estimators.

That is, we can find estimators Ð©Ñ�^ x2, ... , xn) such that

- 6)

approaches N(Q, Ñ�Ñ�2) as n -* oo.

If we confine our attention to such estimators 6, and apply the above

transformation, then these estimators will be distributed normally with zero

mean but with different variances. Thus, we can compare the magnitude of

the various variances and if we have an estimator 0 of Ð² such that VH(O â�� Ð²)

approaches N(0, a2) and any other estimator Ã©' such that Vn(6' â�� Ð²)

approaches W(0, a'2), and if Ð°'2 ^ Ñ�Ñ�2 always, then 6 is an efficient estimator.

A question remains: How can efficient estimators be found? It is known

that if an efficient estimator exists, it can be found by the method of maximum

likelihood. We will discuss this method later. But before that we will discuss

another characteristic, the criterion of sufficiency.

Problems

Discuss the following statements.

1. An unbiased estimator may not be consistent.

2. A consistent estimator is unbiased.

3. Efficient estimators are consistent estimators.
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14.5 Sufficiency

So far we have had unbiasedness, consistency, and efficiency as desirable

properties of estimators. We next take up the property of sufficiency which

was introduced by R. A. Fisher, who states:

The essential feature of statistical estimates which satisfy the criterion of

sufficiency is that they by themselves convey the whole of the information,

which the sample of observations, contains, respecting the value of the par-

ameters of which they are sufficient estimates. This property is manifestly true

of a statistic Ð�1, if for any other estimate Ð�2 of the same parameter, 0, the

simultaneous sampling distribution of T1 and Ð¢2 for given 9, is such that given

7"!, the distribution of Ð�2 does not involve 9: for if this is so it is obvious that

once Ð�, is known, a knowledge of Ð¢2, in addition, is wholly irrelevant: and if

the property holds for all alternative estimates, the estimate 7\ will contain the

whole of the information which the sample supplies.*

For example let us toss a loaded coin Ð¸ times. Then we have a sequence

of independent and identically distributed random variables,

Y Y Y

Ð�1Â» Ð�2Â» â�� Â» Ð» n

We wish to estimate 0 = p = population proportion. We have

P(X, = 0) = ?=!-/i

Let 7Â»! = S Xi be the total number of heads in n tosses. We claim that 7\ is

a sufficient statistic for the purpose of estimating 0 = p. Let / be the number

of heads in Ð¸ throws, and 7\ = /.

w

Fig. 14-1

In diagrammatic terms, the original space is an n-dimensional space and the

2" points show the different possible samples. The statistic Ð¢l maps this

space Q into a new one-dimensional space which is made up of the points

t = 0, 1,2, ... ,H

* Reprinted from R. A. Fisher: "Two new properties of mathematical likelihood."

Proceedings of the Royal Sociely, Series A, Vol. 144, p. 288, 1934. By permission of the

author and publishers.
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Within Q we have a subspace Ñ�Ð¾ that consists of points which have exactly /

heads among the Ð¸ outcomes. Each of these points in Ñ�Ð¾ have a probability

density of plqn~' associated to it. There are (7) such points. We can

designate these points in w by T2. The question then is, does the knowledge

of T2 along with T! give more information about p = 0 than just 7\ alone?

For this we find the conditional distribution of T2 given 7\. Since each point

has a probability of /iV~' associated to it, and the total probability of the

points in Ñ�Ð¾ is

the conditional distribution of the points in Ñ�Ð¾, when given 7\ = t, is

p'fl""' 1

Thus, when we are given 7\ = /, the distribution of Ð¢2 does not involve p.

That is, the knowledge of the individual points in Ñ�Ð¾ do not give us any

additional information that we do not already have from 7\ = t.

From simple common sense, one can heuristically see that when a coin is

flipped n times, if we get / heads, regardless of what order we get the heads,

we would use t/n as an estimate of Ð± = p.

The above approach uses conditional probabilities. Furthermore, it is

necessary to investigate other estimators T2 to find out if 7\ is a sufficient

estimator. J. Neyman (1934) developed a criterion to avoid this laborious

work. Halmos and Savage (AMS, 1949, p. 225) generalized it. It is called

the Neyman (or factorability) criterion.

Ð¢= t(xlt..., xj is a sufficient statistic for 0, if and only if the probability

density function can be factored into

/(Ñ�L ... , Ñ�n, Ð²) = gÂ¿T : B^g^xi, ...,Ñ�â��)

where gl(T : 0) is dependent only on Ð� and 0, and Â£2(*!, â�¢ â�¢ â�¢ , *n) is independent

of 0.

Applying this to our present illustration, we have

/(*â�� 0) = p*?-*, *,. = 1 or 0

Thus, the joint distribution associated to the points in the Ð¸-dimensional

space can be shown as

/(*l,..., xn, 0) = n/(*.. 0) =/i-V--x

Let DÐ»: = / to simplify notation, then,

/(XL ..., x,,p) =/iy-< = gl(T,/i)&(*!, -. , *â��)

where gÂ¿T, p) = pY~' and &(*! , ... , Ñ�â��) = 1. Thus, Ð¢ = Â£* = / is a

sufficient statistic for/7.
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Exampleâ��Normal Distribution. Let us have A\, X2,..., Xn, each N(n, Ñ�Ñ�2).

Assume a2 is given and we want to estimate 0 = Ñ�. Query: is

a sufficient statistic for 0 = /i?

We have

2 (x< - Â¿p = 2 (x,- - Ñ�* + n(JE -

- 2 (x, - *)2 exp - n(JÑ� -

Therefore, A" is a sufficient statistic for /Ð».

Problems

1. Show that

2 (*< - /')2 = 2 (x4 - Ã)2 + Ð¸(Ñ� - Ð»)2

2. Given A'!, Ð�'2, ... , A'n, each independent and having a poisson distribution,

J v /â�¢ â�¢ l

Ð�,.

Ñ�

Show that Ð¢ = 2 Xi Â¡s a sufficient statistic for 0 = A.

14.6 Method of maximum likelihood (ML)

We have so far discussed properties of a good estimator. In the process

we picked out, say, the sample mean or the sample proportion and used them

as estimators for the population mean and population proportion. Now we

want to discuss some of the mathematical procedures that can be used to

obtain estimators. We shall discuss first the method of maximum likelihood

(ML). Later we shall discuss the method of least squares. There are also the

method of moments, and the minimum %2 method which we shall not take up.

Thus,

The reason why we discuss the ML method and show favor to it is because

the estimators obtained from this method give us the desirable properties we
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have been discussing, if the parameters to be estimated do have estimators

with these properties. For example, if the parameter has a sufficient estimator,

then the ML estimator will be the sufficient estimator. Furthermore, the ML

method gives us efficient and consistent estimators, if they exist.

Let us first discuss the idea of the ML method in simple terms.

(/) The likelihood function

Consider a binomial distribution with the density function

f(x,p)=p'qi-*, x = Q or 1

As an illustration, let us assume we have an urn that has black and white

balls in it where the proportion of black

balls is p. Let x = 1 when a black ball 2nd drow

is drawn, and Ð»: = 0 when a white ball

is drawn. Then,

f(x,p) =â��''=?

shows the probability of drawing a black

ball. Let us make two drawings with re-

placement. We have selected a random

sample of si/e two. This is shown dia- Fig. 14-2

grammatically in Figure 14-2. There are

22 different samples, when we consider the order. The joint density function

associated to these four points (samples of size 2) is

/(*!, Ñ�2, p) = /(*!, p)f(x2, p)

If we take a sample of size n, then the joint density function is,

/(*L ...,Ñ�n,Ñ�)= Ð�Ð�Ñ�â��/i)

â�� Ñ�Ð�Ð°Ñ�-S*!

Any particular sample (Ñ�lt x2, ... , Ð»:n) gives us the coordinates of a specific

point in the n-dimensional sample space. The order of the x's are important,

and we shall denote this sample space by Q. Then to each of the points in Cl

we have associated the joint density function we just obtained, i.e.,

Here we are considering/^, ... , Ñ�â��, p) to be a function of the x, with/> given.

But we can also think that the sample (xlt ...,*â��) is given and that

/(*!, ... , xn, p) is a function of p. This means we have a family of Q's, each

with a specific p.

Thus the question becomes, from which Q did the sample we have before

us come?
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Let us use a crude illustration and explain again. We shall assume we

have urns with 100 balls in each that are either black or white. We can have

an urn that has no black balls. Let us call this the 0-th urn. An urn with 1

black ball will be called the 1st urn, and so forth for the 2nd, 3rd, up to the

100th urn, which will have 100 black balls and no white balls. Thus, we have

101 urns,

Oth

1st

2nd

n

= U Pi = Pa â��

n

100th

100

Ð Ñ� - too

Let pÂ¡ be the proportion of black balls and let pt = //100 where

/ = 0,1,2,..., 100.

Let us take a sample of 25 balls. Thus, we have a 25-dimensional space.

The joint density function

/(*!, ...,x25,p)

associated to the sample space will depend on p. In our simple case, p takes

on values p = //100 (/ = 0, 1, 2, ..., 100). Thus, we have 101 spaces which

we can denote by

Ã�20, Ã�!, ... , iÂ¿10o

each with a specific p.

We have before us a given sample of 25 balls with, say, 8 black balls.

The question is: Which of the 101 spaces is most likely to yield the actually

observed sample we have before us?

Could it have come from Â£10? Obviously not, because in Â£20, there are no

black balls. Could it have come from Ã�Ã�1, Â£Ã�2, or some other Â£2? To answer

this question R. A. Fisher proposes the idea of likelihood.

The idea is to select the space Â£1 which will yield the given sample before

us more frequently than any other space. The question is, therefore: What

is to be used as a criterion to determine which sample space will yield the

observed sample more frequently?

Fisher uses the joint density function obtained from the observed sample

and looks upon it as a function ofp, letting the sample value be fixed. When

the joint density function is observed in this manner, he calls it the likelihood

function L. Thus,

L =/(*!, ". , xn,p) = Hf(xi,p)

which is considered a function of p.

The joint density function is a probability associated to each of the points

in Ð�2 and as a first approximation can be thought of as showing the probability

of a certain point (sample) being selected. In terms of our illustration we

have, excluding Â£2o which has no black balls in it, 100 O's from which the

observed sample can be selected.
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We wish to find the Â£2 which will yield the observed sample most frequently,

relative to the other Q's.

Thus, the question is, in which one of these 100 Â£2's is the L = Ð�/(Ñ�^Ñ�)

associated to the observed sample the largest ?

Fisher explains this as follows:

We must return to the actual fact that one value of p, of the frequency of

which we know nothing, would yield the observed result three times as

frequently as would another value of p. If we need a word to characterise this

relative property of different values of p, I suggest that we may speak without

confusion of the likelihood of one value of p being three times the likelihood

of another, bearing always in mind that likelihood is not here used loosely as a

synonym of probability, but simply to express the relative frequencies with

which such values of the hypothetical quantity p would in fact yield the

observed sample. *

This quotation is taken from a context where he discusses other methods

of estimation with which he does not agree. And, using his own example he

states what is quoted above. His example and the example we use are

different, but nevertheless his explanation should be instructive.

(//) The maximum likelihood estimator

We are now faced with the problem of finding a U in which L = Ð�Ð�Ð»:,, p)

is the largest. This is the same thing as finding the p which maximizes L.

Then the Q that is characterized by this p will be the Ã� we are looking for

and the problem reduces to finding the p that maximizes L.

In our present case we have

We can apply ordinary calculus procedures to find the p that maximizes L,

but it is usually easier to take the logarithm of L and maximize log L instead

of L. This is because L is in the form of a product so that log L will be in

the form of a sum which will make calculations easier. Since a logarithm is

a monotone function, the maximum of log L and the maximum of L will be

obtained by the same p.

Furthermore, in our particular example, let S x = y to simplify. Thus,

log L = log/^"-" = y log /i + (Ð¸ - y) log q

dIogL=y , Ð¸-Ñ�

dp p 1 - p

* Reprinted from R. A. Fisher: "On the mathematical foundations of lheoretical

statistics," Philosophical Transaclions of the Royal Society, Series A, Vol. 222, p. 326

(1922). By permission of the author and publishers.
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which such values of the hypothetical quantity p would in fact yield the 
observed sample. • 

This quotation is taken from a context where he discusses other methods 
of estimation with which he does not agree. And, using his own example he 
states what is quoted above. His example and the example we use are 
different, but nevertheless his explanation should be instructive. 

(ii) The maximum likelihood estimator 

We are now faced with the problem of finding an in which L == llf(x;, p) 
is the largest. This is the same thing as finding the p which maximizes L. 
Then the Q that is characterized by this p will be the Q we are looking for 
and the problem reduces to finding the p that maximizes L. 

In our present case we have 

We can apply ordinary calculus procedures to find the p that maximizes L, 
but it is usually easier to take the logarithm of L and maximize log L instead 
of L. This is because L is in the form of a product so that log L will be in 
the form of a sum which will make calculations easier. Since a logarithm is 
a monotone function, the maximum of log L and the maximum of L will be 
obtained by the same p. 

Furthermore, in our particular example, let L x == y to simplify. Thus, 

log L == log p11qn-11 == y log p + (n - y) log q 

a log L == L + n - y ( _ 1) == 0 
op P t - P 

* Reprinted from R. A. Fisher: uon the mathematical foundations of theoretical 
statistics," Philosophical Transactions of the Royal Society, Series A, Vol. 222, p. 326 
(1922). By permission of the author and publishers. 
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Ð£

-

n

In our present case we have 8 black balls in 25 drawings. Thus,

Ð£ v

p = - = - 2 *,

n n

n 25 100

as we anticipated. In terms of the Ã�J.-'s, the Â£232 is the sample space that will

yield the observed sample most frequently relative to the other Q and it is the

Ð� that is characterized by p = 32/100. We consider this / = 32/100 as the

estimator of the parameter in the population.

As can be seen we are assuming that the sample is representative of the

population. Fisher presents this idea in the following way:

It should be noted that there is no falsehood in interpreting any set of

independent measurements as a random sample from an infinite population:

for any such set of numbers are a random sample from the totality of numbers

produced by the same matrix of causal conditions : the hypothetical population

which we are studying is an aspect of the totality of the effects of these con-

ditions, of whatever nature they may be. The postulate of randomness thus

resolves itself into the question, "Of what population is this a random sample?"

which must frequently be asked by every practical statistician.*

(///) Example

Let A'!, ... , Xn be independent and normally distributed r.v.'s with

unknown mean Ñ� and given variance Ñ�Ñ�2. Find the ML estimator of Ñ�.

:. !(*,-/,) = o

2 -Ñ�, = n/*

.'. /< = - Z *.

n

Thus the ML estimator of Ñ� is X.

Thus,

* Reprinted from R. A. Fisher: op. cit., p. 313. By permission of the author and

publishers.
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As can be seen we are assuming that the sample is representative of the 
population. Fisher presents this idea in the following way: 

It should be noted that there is no falsehood in interpreting any set of 
independent measurements as a random sample from an infinite population: 
for any such set of numbers are a random sample from the totality of numbers 
produced by the same matrix of causal conditions: the hypothetical population 
which we are studying is an aspect of the totality of the effects of these con
ditions, of whatever nature they may be. The postulate of randomness thus 
resolves itself into the question, uof what population is this a random sample?"' 
which must frequently be asked by every practical statistician. • 

(iii) Example 

Let X1, ••• , Xn be independent and normally distributed r.v.'s with 
unknown mean p. and given variance a2• Find the ML estimator of p.. 

!( ) - _1_ -(xi-,)2/2a2 xi, p. -
1
_ e 

Gy 2TT 

log L = log -- - ~ · i - 1-l ( 
1 ) n/2 "' (x )2 

2TTcr 2a2 

o log L == O __ 1 [2! (x; _ ,u)( -I)] = O 
ap 2a2 

L (xi - p,) == 0 

L xi == ttp, 

A 1 "' It == -~xi 
n 

Thus the ML estimator of p, is X. 

• Reprinted from R. A. Fisher: op. cit., p. 313. By permission of the author and 
publishers. 
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Problems

1. Given a sample of size n of independently and identically distributed normal

r.v.'s A'!, ... , Xn with given mean /< and unknown variance u2, find the ML

estimator for the variance.

2. Find the ML estimators for Ñ� and a2 simultaneously for the normal case.

3. Let Xlt ... , Xn be independent r.v., each being poisson with parameter A

and

Find the ML estimator of )..

4. Let Xt = a + Ã�Zi + e.. Let E(X,) = * + Ã�Zi. Let Xl be normally

distributed with mean E(X,) and variance a2. Then,

a exp Ð� - Â¿ U, - Â«

Find the ML estimators for a and ft, given a sample Xlt ... , Xn (Note that

you obtain the normal equations of regression analysis.)

14.7 Interval estimation

(/) The confidence interval

So far we have been concerned with estimating a parameter, say the mean

//, with a single value, say X = 10. This is called estimation by a point, or

simply point estimation. We now wish to estimate a parameter, Ñ�, by an

interval, say

a < ,Ð¼ < b

where a and b are functions of the observations. That is to say, if we select a

sample of Ð¸ observations, and denote this sample as a sample point E in

'/-dimensional sample space, then a = a(E), b = b(E), and we can write

a(E) < p < b(E)

As an example, let A\, A"2, X3, Xt be a sequence of random variables that

are independent and normally distributed with mean Ñ� (unknown) and

standard deviation a. Let the actual observed values be 1,3, 5, 7. We wish

to estimate the population mean using this sample of 4 values. This sample

can be looked upon as a sample point in four-dimensional sample space.

We know from the central limit theorem that

a-r
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\Vhcre a and bare functions of the observations. That is to say, if we select a 
sample of n observations, and denote this sample as a sample point E in 
n-dimensional sample space, then a == a(E), b = b(E), and we can write 

a(E) < p. < b(E) 

As an example, let X1, X2, X3, X4 be a sequence of random variables that 
are independent and normally distributed with mean p. (unknown) and 
standard deviation a. Let the actual observed values be 1, 3, 5, 7. We wish 
to estimate the population mean using this sample of 4 values. This sample 
can be looked upon as a sample point in four-dimensional sample space. 

We know from the central limit theorem that 

z-= _x_;_fl X-p 
a a.r 
-I 

\Ill 
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is asymptotically normal (0, 1). Thus,

= 0.95

pf-1.96 < ZnfÃ < 1.9Ð±1 = 0.95 = Ãb96 -4= e-'"'2'' dz = 0.

I â��, I }-1Mj2*

The above is a legitimate statement because Z is a. random variable with a

(normal) distribution. Let us rewrite it as

P\ X - 1.96-;=

Vn

1

.96 Ð�Ð³ = 0.95

â�¢v/nJ

In the last formula, before we actually select our sample, we can think that X

is a random variable although a and Ð¸ are given. The value of A' depends on

the sample, i.e., on the sample point Â£ in the sample space. Thus,

X + 1.96 -== b(E)

Vn

can be thought of as random variables. The meaning of

P[a(E) < Ñ� < b(E)] = 0.95

in the above case can be interpreted as follows. From the central limit

theorem, we know that X is asymptotically normal N(/u., Ñ�Ñ�2/n). Diagram-

matically we have as shown in Figure 14-3. The r.v. X takes on various

Fig. 14-3
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- (J 
X - 1.96 

1
_ == a(E) 
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X + 1.96 ;~ = b(E) 

can be thought of as random variables. The meaning of 

P[a(E) < p < b(E)] = 0.95 

in the above case can be interpreted as follows. From the central limit 
theorem, we know that X is asymptotically normal N(fl, u2/n). Diagram
matically we have as shown in Figure 14-3. The r.v. X takes on various 

: £( i) =,u 
X: 

----..--~--t--- ..r; + t. 9 6; 

u ,u -1. 96.;n 

Fig. 14-3 
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values. Let us express them by Xlt X2, .... Now for example, let A\ take on

the value as indicated in the graph. Then the interval will be

A\ - 1.96 -2- to Xl + 1.96 -2-

Vi vi

As the graph shows, this will include /i. Likewise for another value X2 we

have

X2-1.96-2= to X2+1.96-2=

Vn v Ð¸

which also includes /i.

But X3, as shown in our graph, gives us the interval,

X3 -1.96-2= to X3 +1.96-2=

V" \n

which does not include Ñ�. As we can see graphically, the X3 falls outside of

the two limiting values of Ñ� Â± 1.96ffÐ».

The probability that X will be in the interval Ñ� Â± 1.96Â«^ is 0.95, i.e.,

there are 95 chances out of 100 the X will be between Ñ� â�� 1.96at and

Â¡Ð» + 1.960Ñ�, given that the Ñ� is in fact the true value of the parameter.

We see from our graph that when we construct our interval,

X- 1.96-2= to X+ 1.96-2=

V" v n

we can expect that 95 out of 100 such intervals will include Ñ�. Thus,

P\X - 1.96 -2= < p < X + 1.96 -Z=\ = 0.95

' vn V"

But once we select a sample and compute X, for example,

X =1(1 +3 + 5 + 7) = 4

then A4s a fixed constant and is no longer a r.v. Then, for example we have

P\4 - 1.96 -2= < Ñ� < 4 + 1.96 -2=\ = 0.95

L vn vHJ

But

4- 1.96-^= to 4+ 1.96-^=

Vi V n

is a fixed interval so that /u is either in the interval or outside of it and the

probability is either 1 or 0.

Let us denote a specific sample that has been observed by Â£o. Then,

P[a(E0) <p< Â¿(Â£0)] = 0.95
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is not a legitimate probability. J. Neyman has called the interval [a(E0), b(E0)]

a confidence interval and 0.95 is called a confidence coefficient to distinguish

it from a legitimate probability. Nevertheless, with the above explanation in

mind, the 0.95 confidence interval is a meaningful measure of the reliability

we place on our interval.

It will be recalled we did not have such a measure when we were talking

about point estimation.

It should also be noted that we are assuming that 0 = p, is the true value

of the parameter. Thus, we should write

P[Ð°(Ð�0) <p< b(E0) | Ñ�] = 0.95

In general, we can write

P[a(E0) < Ð² < b(E0) | Ð²] = Ð°

where a is the confidence coefficient.

(//) The best confidence interval

In general, there exist infinitely many confidence intervals. The previous

example is shown diagrammatically in Figure 14-4. The X was in the interval,

for a = 0.95,

(Ñ� - 1.96a,) to (/i + 1.96<7r)

and as the diagram shows, we have taken l.96af on both sides of Ñ� which

gave us 2.5 per cent on each tail end, thus giving us the 95 per cent confidence

coefficient.

Instead of taking 1.96<Ð�Ñ� symmetrically on both sides, we can take it a

little longer on the left side, say a and a little shorter on the right side, say b'.

2.57,

4%

Fig. 14-5

As can be seen by changing the lengths of a' and b' we can find an infinite

number of intervals (Ñ� â�� a') to (Ñ� + b') such that the probability of X in

this interval is 95 per cent. Then, using these intervals a confidence interval

of 95 per cent for Ñ� can be constructed. We will have an infinite number of

95 per cent confidence intervals for /i.

452
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As can be seen by changing the lengths of a' and b' we can find an infinite 
number of intervals (p, - a') to (p --1- b') such that the probability of X in 
this interval is 95 per cent. Then, using these intervals a confidence interval 
of 95 per cent for 11 can be constructed. We \vill have an infinite number of 
95 per cent confidence intervals for ll· 
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The question is, which of these intervals is best?

Several criteria have been suggested, but we shall only mention one. It is

that the shortest confidence interval is the most desirable. We merely mention

that when we have a symmetrical distribution such as the normal distribution

the shortest confidence interval will be obtained when the a and b of above

are equal; i.e., a = b. But many distributions are not symmetrical and the

shortest confidence interval is the exception rather than the rule.

(///) Other confidence intervals

The theory of confidence intervals we have been discussing is due to

J. Neyman. Prior to this approach R. A. Fisher proposed his method which

is based on the idea of fiducial probability and fiducial interval. Neyman's

approach was developed from this.

When there is only a single parameter involved both approaches usually

give the same results. There are more general approaches based on A. Wald's

decision theory and there is still much controversy on these subjects. We

shall limit ourselves to the Neyman approach.

It should also be noted that we have discussed the case of a single

parameter. When there are two or more parameters to be estimated, we get

regions rather than intervals.

Problems

1. Given a r.v. X that is N(,l, a = v745), take a random sample of 5 values,

2, 4, 6, 8, 10. Find the 0.90 confidence interval.

2. Confidence interval for /, of a normal distribution when a is unknown is

obtained from the /-distribution. In most practical cases the n of the

population is not known. The /-distribution gives an exact distribution,

avoiding the use of a. The /-statistic is

/

V

n(n - 1)

Noting that P['a < t < a] =- a and using this statistic /, construct a

confidence interval with confidence coefficient a.

3. Confidence interval for the variance of a normal distribution is obtained by

use of the x2 distribution. The -(2 statistic is

a*

Noting that

P[a < X* < b] = a

find a confidence interval for a- with confidence coefficient a.
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Notes and References

Estimation is usually discussed in two parts, point estimation and interval

estimation. See Mood (1950), Chapter 8, "Point Estimation;" and Chapter 11,

"Interval Estimation."

For advanced references see Cramer (1946), Chapter 32, "Classification of

Estimates;" Chapter 33, "Methods of Estimation;" and Chapter 34, "Confi-

dence Regions." The Cramer-Rao inequality is explained in Chapter 32, the

method of maximum likelihood in Chapter 33. Interval estimation is discussed

in Chapter 34.

For further discussion of the Cramer-Rao inequality see Lehman (1950),

and Chapman and Robbins (1951). Lehman (1950) in Chapter 2 discusses the

Cramer-Rao inequality and specifies the regularity conditions which need to be

satisfied for the Cramer-Rao inequality to hold. But in certain cases, such as

the rectangular distribution, some of the regularity conditions (the condition

that we can differentiate the density function under an integral sign) may not

hold. Chapman and Robbins (1951) have provided an inequality that is free

from these regularity conditions and is at least equal to the Cramer-Rao

inequality. Hence, the Cramer-Rao inequality in some cases will not provide

the greatest lower bound for the variance of the estimators.

The two papers with which R. A. Fisher presented the maximum likelihood

method and explained point estimation are "On the Mathematical Foundations

of Theoretical Statistics" ( 1922), and "Theory of Statistical Estimation" ( 1925).

Both of these papers can be found in Fisher (1950), which is a collection of

Fisher's important papers. We have quoted from Fisher's paper "On the

Mathematical Foundations" (1922) and also from "Two New Properties of

Mathematical Likelihood" (1934). This latter article is also presented in

Fisher (1950).

As for interval estimation, as was pointed out in the text, Fisher adopts the

fiducial probability approach while J. Neyman uses the confidence interval.

We have used the latter. For discussion of the confidence interval approach

see Kendall (1948), Chapter 19, "Confidence Interval." For Neyman's paper

see "Outline of A Theory of Statistical Estimation" (1937).

For fiducial probability see Kendall (1948),Chapter20,"FiducialInference."

Fisher has a number of papers on this subject in the 1930's but his views can

also be found in Fisher (1956).

A. Wald has presented a general statistical decision theory and has

incorporated estimation theory in this framework. His theory can be found in

Wald (1950). But this book is too difficult for an economist who is not

professionally trained in mathematical statistics. Fortunately an excellent

book is available, Chernoff and Moses (1959). Chapters 7 and 10 are the

relevant chapters.

Also see Fraser (1958), Chapter 9 and Rao (1952), Chapter 4. Fraser

discusses how the maximum likelihood method is applied to linear models.

For applications of estimation in economics see Valavanis (1959); Klein

(1953); Koopmans (1950); and Koopmans (1951). Valavanis (1959) gives a

non-technical explanation of the maximum likelihood method. Klein (1953)
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book is available, Chernoff and Moses ( 1959). Chapters 7 and 10 are the 
relevant chapters. 

Also see Fraser ( 1958), Chapter 9 and Rao ( 1952), Chapter 4. Fraser 
discusses how the maximum likelihood method is applied to linear models. 

For applications of estimation in economics see Valavanis ( 1959); Klein 
(1953); Koopmans (1950); and Koopmans (1951). Valavanis (1959) gives a 
non-technical explanation of the maximum likelihood method. Klein (1953) 
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discusses it by applying it to an econometric model. Koopmans (1950) and

Koopmans (1951) are compilations of articles written by members of the

Cowles Commission. Several articles in each book discuss various aspects of

the maximum likelihood method as related to econometric models.
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CHAPTER 15

Testing Hypotheses

15.1 The two-decision problem

The two main aspects of statistics we are discussing are estimation and

testing hypotheses. We will now discuss briefly the latter topic.

Let us develop the problem by using a simple illustration. Consider two

urns that have red, green, and black balls in it as shown in Figure 15-1.

Let w! and oÂ»2 indicate the two urns. The <o's are called states of nature and

indicate in our present problem the distribution of the balls in each urn.

Green

Block

Urnl

10

20

70

Urn 2

60

30

10

Fig. 15-1

We perform an experiment of drawing a ball. There are three possible

outcomes. Let us assume a black ball has been drawn from one of the urns.

From which urn we do not know. But based on the black ball we have

drawn, we wish to make a "decision" as to which urn it came from. Or we

can say, we wish to decide, on the basis of the observation, which is the true

state of nature.

Let us assume we decide that when a black ball is drawn, it came from

urn 1, or that the true state of nature is o^; when a green ball is drawn it

came from w2; and when a red ball is drawn, it came from w2. Thus, we

have set up a "rule" by which we will decide which urn to select when a

certain color ball is drawn.
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Testing Hypotheses 

15.1 The two-decision problem 

The two main aspects of statistics we are discussing are estimation and 
testing hypotheses. We will now discuss briefly the latter topic. 

Let us develop the problem by using a simple illustration. Consider two 
urns that have red, green, and black balls in it as shown in Figure 15-1. 
Let w1 and w2 indicate the two urns. The w 's are called states of nature and 
indicate in our present problem the distribution of the balls in each urn. 

Urn 1 Urn 2 

Red 10 60 

Green 20 30 

Black 70 10 

Fig. 15-1 

We perform an experiment of drawing a ball. There are three possible 
outcomes. Let us assume a black ball has been drawn from one of the urns. 
From which urn we do not know. But based on the black ball we have 
drawn, we wish to make a "decision" as to which urn it came from. Or we 
can say, we wish to decide, on the basis of the observation, which is the true 
state of nature. 

Let us assume we decide that when a black ball is drawn, it came from 
urn I, or that the true state of nature is w1 ; when a green ball is drawn it 
came from w2 ; and when a red ball is drawn, it came from w2• Thus, we 
have set up a "rule" by which we will decide which urn to select when a 
certain color ball is drawn. 

456 
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Let us further introduce the word action and say when Ñ�1 is selected we

have taken action Alt and when w2 is selected, we have taken action A2. Then

the above results may be stated as

outcomes X action

red Al

green A,

black /Ã�,

But now let us perform the same experiment with the following rule,

outcome X action

Table 15-1

dl

AI

AI

Ai

di

AI

Ai

AI

dl

At

AI

AI

dt

AI

Ai

At

di

Ai

AI

Ai

d.

Ai

Ai

Al

di

Ai

Ai

Ai

r A,

Ð¬ Ð�,

g ",

That is, we will take action Al regardless of what color ball has been drawn.

This is the second "rule" that we have adopted.

There are 23 = 8 such rules, and can be shown as in Table 15-1.

X dÂ¡

r A,

K AÃ�

Ð¬ Ai

Based on these rules, either action Al or A2 will be taken when an observation

is made. These rules are called decision rules.

15.2 Decision rules and sample space

Of the eight decision rules, which one shall we adopt? Before taking up

this problem let us formulate it using statistical terms we have studied.

The states of nature Ñ�1 and w2 indicate distributions. In our present case

each urn has a tri-nomial distribution. We have shown only two, but we can

think that there are many different CD'S for the tri-nomial distribution. We

shall say we have a class of possible tri-nomial distributions. Let us denote

this by the general symbol Ã�. Thus, for example, the binomial distribution,

normal distribution, etc., each form a class. The w's can be thought of as

elements of, or subclasses of Â£i. In our example Wi is a specific element of

the class Ã�2 of tri-nomial distributions.

The three possible outcomes red, green, and black are denoted by X

which is a r.v. When a single ball is drawn, we have a sample of size one,
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Let us further introduce the word action and say when w1 is selected we 
have taken action A1, and when w2 is selected, we have taken action A2• Then 
the above results may be stated as 

outcomes X action 

red A2 
green A!! 
black A1 

But now let us perform the same experiment with the following rule. 

outcome X action 

That is, we will take action A1 regardless of what color ball has been drawn. 
This is the second "rule" that we have adopted. 

There are 23 == 8 such rules, and can be shown as in Table 15-1. 

Table 15-1 

X d. d'l da d4 d5 d& d7 ds 
r AI At AI A'l At Az A2 Az 
g AI At A2 At A, AI Az As 
b AI A, At AI Az Az AI A2 

Based on these rules, either action A1 or A2 will be taken when an observation 
is made. These rules are called decision rules. 

15.2 Decision rules and sample space 

Of the eight decision rules, which one shall we adopt? Before taking up 
this problem let us formulate it using statistical terms we have studied. 

The states of nature wi and w2 indicate distributions. In our present case 
each urn has a tri-nomial distribution. We have shown only two, but we can 
think that there are many different o/s for the tri-nomial distribution. We 
shall say we have a class of possible tri-nomial distributions. Let us denote 
this by the general symbol fl. Thus, for example, the binomial distribution, 
normal distribution, etc., each form a class. The oJ 's can be thought of as 
elements of, or subclasses of fl. In our example wi is a specific element of 
the class f2 of tri-nomial distributions. 

The three possible outcomes red, green, and black are denoted by X 
which is a r. v. When a single ball is drawn, we have a sample of size one, 
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and we obtain a one-dimensional sample space. There are three sample points

and the probabilities associated to these points will depend on which Ñ� we

Red

4-

Green

Fig. 15-2

Block

are considering. In our present case we have

Â«V {0.10 0.20 0.70}={P(r\a>l),P(g\a>Â¿,P(b\a>1)}

a,2 : {0.60 0.30 0. 10} = {P(r \ W2), P(g \ a>j, P(b \ w2)}

iff.V

When two balls are drawn (with replace-

ment) we have a two-dimensional sample

space, and each sample point is a sample of

size 2. The joint distribution function associ-

ated with these sample points is given as

In our present case, for a black and green

sample for example

P(g \ a>,), /=1,2

Fig. 15-3 f(x\, x?, | wi) = P(b |

And if we have Ñ�1 and the point (x\, x%), then

/Â« x?2 | wi) = 0.70 x 0.20

As is seen, this can be easily extended to an n-dimensional sample space

where each sample point is a sample of size n.

In the one-dimensional sample space we had eight decision rules. These

decision rules split the sample space up into two parts. One part called the

acceptance region includes sample points that tell us to take action Al. The

other part includes sample points that tell us to take action A2. For example,

</Ã¼ was

red Al

green /I,

black An

Sample

space

(Take action /3, )

(Take action /)2)

Red Green

Black

458

Fig. 15-4

b 
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and we obtain a one-dimensional sample space. There are three sample points 
and the probabilities associated to these points will depend on which w we 

Red Green 

Fig. 15-2 

Black 

are considering. In our present case we have 

• 

w1 : {0.10 0.20 0.70} == {P(rJw1),P(gJw1),P(blw1)} 

w2 : {0.60 0.30 0.10} == {P(r I w2), P(g I w2), P(b I w2)} 

When two balls are drawn (with replace

• (g,b) • (b,b) 

g • • • 

ment) we have a two-dimensional sample 
space, and each sample point is a sample of 
size 2. The joint distribution function associ
ated with these sample points is given as 

r • • (r,r) 

r g 

• 

b 

In our present case, for a black and green 
sample for example 

Fig. 15-3 f(x't, x~l OJ;) == P(b I wi) P(gj w;), 

And if we have w1 and the point (xt, x~), then 

i == 1, 2 

/(x't' X~ I (JJl) == 0. 70 X 0.20 

As is seen, this can be easily extended to an n-dimensional sample space 
where each sample point is a sample of size n. 

In the one-dimensional sample space we had eight decision rules. These 
decision rules split the sample space up into two parts. One part called the 
acceptance region includes sample points that tell us to take action A1. The 
other part includes sample points that tell us to take action A2• For example, 
d2 was 

red AI 
green A .. 
black A2 

Sample (Take action A1 ) (Toke action A2 ) 
space 

Red Green Black 

Fig. 15-4 
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Thus we have as shown in Figure 15-4 and likewise for each other decision

rule.

When we take a sample of size two, we have a two-dimensional sample

space with 32 = 9 sample points. Thus, there are 9 possible outcomes, and

hence 29 possible decision rules. Let dÂ¡ be

one of the rules as shown below.

X

1. r,r

2.r,g

3. r,b

4. g,r

1. b,r

8. b,g

9. b,b

' Ð� ff 6

Fig. 15-5

Then, diagrammatically, we have Figure 15-5.

The sample space is split into two parts, the acceptance region which includes

samples that tell us (according to dÂ¡) to take action /4l and a rejection (critical)

region which has samples telling us to take action A2.

For the general case, when a sample of size n is selected, we have an

'i-dimensional sample space. If each r.v. Xi(i = 1, ..., Ð¸) has three possible

outcomes, there will be 3" sample points. Then there will be 23" possible

decision rules, or different ways of splitting up this sample space.

Each decision rule splits this sample space up into an acceptance region

and rejection region (/?). When a sample point falls in R, we reject action A1 ;

i.e., we accept action A2. Or, in conventional terminology, when the sample

point falls in A, we reject the null hypothesis.

The selection of R is thus a problem of selecting a certain group of

decision rules from all the possible decision rules. To select something, we

need a criterion for selection which will characterize the decision rules. We

shall appraise the decision rules and use the appraisals as the criteria for

selection. So let us now discuss ways of appraising the decision rules.

15.3 Appraisal of decision rules

We have as follows :

red

green

black

0.10

0.20

0.70

0.60

0.30

0.10
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Thus we have as shown in Figure 15-4 and likewise for each other decision 
rule. 

When we take a sample of size two, we have a two-dimensional sample 
space with 32 == 9 sample points. Thus, there are 9 possible outcomes, and 
hence 29 possible decision rules. Let di be 
one of the rules as shown below. 

X di 

1. r, r A2 
b 

2. r,g A2 
3. r, b A2 g 

4. g, r A2 
5. g,g A2 r 
6. g,b AI 
7. b, r AI 
8. b,g AI r g b 
9. b, b At 

Fig. 15-S 
Then, diagrammatically, we have Figure 15-5. 
The sample space is split into two parts, the acceptance region which includes 
samples that tell us (according to d;) to take action A1 and a rejection (critical) 
region which has samples telling us to take action A2• 

For the general case, when a sample of size n is selected, we have an 
n-dimensional sample space. If each r.v. Xi (i = 1, ... , n) has three possible 
outcomes, there will be 3n sample points. Then there will be 23" possible 
decision rules, or different ways of splitting up this sample space. 

Each decision rule splits this sample space up into an acceptance region 
and rejection region (R). When a sample point falls in R, we reject action A1 ; 

i.e., we accept action A 2• Or, in conventional terminology, when the sample 
point falls in R, we reject the null hypothesis. 

The selection of R is thus a problem of selecting a certain group of 
decision rules from all the possible decision rules. To select something, we 
need a criterion for selection which will characterize the decision rules. We 
shall appraise the decision rules and use the appraisals as the criteria for 
selection. So let us now discuss ways of appraising the decision rules. 

15.3 Appraisal of decision rules 

We have as follows: 

X 

red 
green 
black 

0.10 
0.20 
0.70 

0.60 
0.30 
0.10 
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X

Table 15-2

D

G

B

0,l)

A\

P(A,

P(.AI

P(Ai

<"l)

0)2)

<Ð£Â«)

1

0.30

Ai

0.80

Ð�,

0.90

0.10

At

AI

0.20

AI

0.70

â�¢<4i

0

0

1

0

0.70

0.90

0.10

0.20

0.70

0.30

0.10

0.40

0.60

0.90

0.60

0.40

0.80

0.30

0.70

0.30

0.10

0.90

1

0

1

Consider decision rule dlt for example, which tells us to take action Al

regardless of the observation. We can appraise this as follows:

When we use rule dlt and are given urn one (which we do not know), and

draw a ball, we will take action Ð�l and claim the true state of nature is Ñ�I.

Thus a correct decision has been made and the probability of making this

correct decision is

^,0*1 1 Â«Â»O =/(*!) +/(*2) +/(*,) = 0.1 + 0.2 + 0.7 = 1

On the other hand, if we should be given urn one (which we do not know)

what is the probability that we will take action A2 and reject /4!? According

to rule i/! action Al is taken regardless of the outcome. Thus, the probability

that action A2 is taken is

PÐ»,(A2 Ð�) = 0

It is quite obvious that

since given Ñ�1 either action Al or A2 is taken.

Now let us assume that we are given urn two (<o2) without our knowledge.

The probability that we will take action A1 and make the error of rejecting <y2

will be

On the other hand, the probability of making the correct decision and

selecting co2 will be

Pdi(A2 | Â«2) = 0

since, according to dl we always decide on action Al. Thus we have evaluated

</!, i.e.,

P(A2 | Wj = 0

Â«Ñ�) = 1

W2) = Ð¾
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Table 15-2 

X dl dt da d~ d, da d1 da 

R At At At A, At A, A. A• 
G At At Az At Az AI Az A, 
B At A, At At As A~ AI At 

-------- -- -·--··-- ---

P(A1 I w1) 1 0.30 0.80 0.90 0.10 0.20 0.70 0 
P(A1 I w1) 0 0.70 0.20 0.10 0.90 0.80 0.30 1 
P(Atl w2) 1 0.90 0.70 0.40 0.60 0.30 0.10 0 
P(A 2 1 Wz) 0 0.10 0.30 0.60 0.40 0.70 0.90 

~---·--- ----

Consider decision rule d1, for example, which tells us to take action A1 

regardless of the observation. We can appraise this as follows: 
When we use rule d1, and are given urn one (which we do not know), and 

draw a ball, we will take action A 1 and claim the true state of nature is co1• 

Thus a correct decision has been made and the probability of making this 
correct decision is 

Pd
1
(At I wl) = f(x1) + f(x2) + f(xa) = 0.1 + 0.2 + 0.7 = 1 

On the other hand, if we should be given urn one (which we do not know) 
what is the probability that we will take action A2 and reject A 1 ? According 
to rule d1 action A 1 is taken regardless of the outcome. Thus, the probability 
that action A2 is taken is 

It is quite obvious that 

Pd1(A1 I wl) + Pd
1
(A2I wl) = 1 

since given w1 either action A 1 or A2 is taken. 
Now let us assume that we are given urn two (w2) without our knowledge. 

The probability that we will take action A1 and make the error of rejecting w 2 

will be 
Pd

1
(A1 I w2) = g(x1) + g(x2) + g(x3) = 1 

On the other hand, the probability of making the correct decision and 
selecting w2 will be 

pdt(A21 w2) = 0 

since, according to d1 we always decide on action A 1• Thus we have evaluated 
d1, i.e., 

P(A 1 I w1) = 1 

P(A 2 1 w1) = 0 

P(A 1 !co2) = I 

P(A21 cv2) = 0 
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The relation between states of nature and actions can be shown schemati-

cally as

A

<o,

C02

At

correct decision

P(AÂ¡ <o,)

incorrect decision

Ã� = P(Al <u,)

incorrect decision

a = P(A, \ <u,)

correct decision

Ð (AÂ« | <o,)

To take action A2, given w!, is called the type I error. The probability of

making the type I error is shown by

a = P(A2 |

It is also called the a-error probability, a-risk, and in quality control the

producer's risk. To take action Ð�!, given W2, is called the type II error. The

probability of making the type II error is shown by

Ã� =

It is also called the /9-error probability, /3-risk, and in quality control the

consumer's risk.

A simple illustration may be presented.

Ð�, pass

good student

<Ã�I

poor student

OJ2

A, fail

Ã� = P(Al \ cu.)

a = P(Al \ lo,)

The type 1 error is to fail a good student. The type II error is to pass a poor

student. Note that depending on how the states of nature and actions are

taken, the type I and type II error may be reversed.

(fail) Ð�,

poor student

a,i

<ua

good student

(pass) Al

Ã� = P(A, \ <o,)

a - Ð (AÂ« \ <u,)

This shows that passing a poor student is the type I error, and failing a good

student is the type II error which is the reverse of what we had above. In

applied statistics, the type I error is usually the error that we are more

interested in avoiding.
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The relation between states of nature and actions can be shown schemati
cally as 

Wz 

~ --c-o-rr-e-ct_d_e-ci-si_o_n-~rrect decision! ~ P(A1 1 w,) {J = P(A,I w2) 

incorrect decision , correct decision I 
~ o.= P(A21 wl) P(A21 (1Jz) I 

_______ l __ 

To take action A2, given wi, is called the type I error. The probability of 
making the type I error is shown by 

ex == P(A 2 l£o1) 

It is also called the ex-error probability, ex-risk, and in quality control the 
producer's risk. To take action AI, given w2, is called the type II error. The 
probability of .making the type II error is shown by 

{3 == P(AI I w2) 

It is also called the {3-error probability, {3-risk, and in quality control the 
consumer's risk. 

A simple illustration may be presented. 

A 1 pass 

A 2 fail 

lOt 

good student 
(IJ2 

poor student 

The type I error is to fail a good student. The type II error is to pass a poor 
student. Note that depending on how the states of nature and actions are 
taken, the type I and type I I error may be reversed. 

(J)l 

poor student w~~ ~ good student 

fJ = P(Al I (02) ·--(fail) At 

1 

(pass) A 2 

This shows that passing a poor student is the type I error, and failing a good 
student is the type II error which is the reverse of what we had above. In 
applied statistics, the type I error is usually the error that we are more 
interested in avoiding. 
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Obviously we would like a and Ã� to be as small as possible. Thus if there

are two decision rules dÂ¡ and dÂ¡ and if

then the rule dÂ¡ which has smaller a and Ã� risks is better than the rule

Let us now evaluate the rest of the decision rules. For example,

PdJAi | wi) =/(*i) + /(*2) = 0.1 + 0.2 = 0.30

^(Â¿2 1 "i) = /(**) = 0.70

^,(Ð�i | Â«2) = 0-90

Ð�Ñ�Ð�, | W2) = 0-10

Problem

Evaluate the rest of the rules and check your results with Table 15-2.

15.4 Admissible rules

From the a and Ã� risks in Table 15-2 we have Table 15-3.

Ð°=Ð (Ð�,Ð�)

di dÂ« d, dl db di d^ dâ��

Table 15-3

Ã� = P(AÃ� \ a>,)

0 0.70 0.20 0.10 0.90 0.80 0.30 1

1 0.90 0.70 0.40 0.60 0.30 0.10 0

Now after characterizing the decision rules we want some kind of a criterion

to pick out the most desirable rules. We have already mentioned that we

consider the rule with the smaller a and Ã� risks better. Let us formalize

this criterion as follows:

Definition. The decision rule dÂ¡ is said to be inadmissible if there exists

another rule dÂ¡ such that

and one of the < is a strict inequality.

Let us apply this criterion to our problems. We see that

dt is better than d2, d3

d7 is better than db, d0
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Obviously we would like cx and {3 to be as small as possible. Thus if there 
are two decision rules d; and d1 and if 

cx(di) < cx(d1) 

{3(di) < {3(di) 

then the rule di which has smaller ex and fJ risks is better than the rule d;. 
Let us now evaluate the rest of the decision rules. For example, 

Pd
2
(At I wi) = f(x1) + f(x2) = 0.1 + 0.2 = 0.30 

Pd
2
(A2 1 w 1) = f(x3) = 0.70 

Pd
2
(A 1 I w2) = 0.90 

Pd
2
(A 2 1 w2) = 0.10 

Problem 

Evaluate the rest of the rules and check your results with Table 15-2. 

15.4 Admissible rules 

From the tX and {J risks in Table 15-2 we have Table 15-3. 

Table 15-3 

0 0.70 0.20 0.10 0.90 0.80 0.30 

{3 = P(A1 I w2) 0.90 0.70 0.40 0.60 0.30 0.10 0 

Now after characterizing the decision rules we want some kind of a criterion 
to pick out the most desirable rules. We have already mentioned that we 
consider the rule with the smaller ex and fJ risks better. Let us formalize 
this criterion as follows: 

Definition. The decision rule di is said to be inadmissible if there exists 
another rule d; such that 

pi < {Ji 

and one of the < is a strict inequality. 
Let us apply this criterion to our problems. We see that 

d4 is better than d2• d3 

d7 is better than d5, d6 
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0.8 1.0

Fig. 15-6

</!, dt, d7, dB are rules which are better in either the a or Ã� aspect, and we

shall consider these rules as the class of admissible rules.

Let us show the decision rules dia-

grammatically as in Figure 15-6. Each

decision rule can be shown by a point

on the (a, Ã�) diagram. Since the smaller

a, Ã� are the better the rule, the ideal point

would be the origin (0, 0). We can see

that the points closer to the origin are

better than those further away and the

graph shows that the points that corre-

spond to </!, d4, i/7, i/g are better than the

other points.

It should also be noted that the points

are symmetric about the point (0.5, 0.5).

This symmetry arises because one can

always make an opposite decision rule. That is, to every admissible rule

there is a symmetrical inadmissible rule.

Leaving out the extreme rules, that is, dl and ds, we have i/4 and d7.

X dt d7

i Ð�Ð¾ 2

g AI Ð�

b AI A!

Each of these decision rules have split the sample space into two regions :

acceptance and rejection region.

In our simple example we had only two admissible rules left. But in the

general case it is easy to see that there will be a large number of admissible

rules. Thus, the next question that arises is: Which of the admissible rules

are more desirable?

Problems

Given the distribution of red, green, and black balls shown below, answer the

following.

Red

Green

Black

10

30

60

60

20

20

1. Construct a table of decision rules (as in Table 15-2).

2. Evaluate all the decision rules.

3. Find the class of admissible rules.

4. Draw a diagram of the a and Ã� risks.

SEC. 15.4 TESTING HYPOTHESES 463 

d1, d4 , d7, d8 are rules which are better in either the ex or {3 aspect, and we 
shall consider these rules as the class of admissible rules. 

Let us show the decision rules dia
grammatically as in Figure 15-6. Each 
decision rule can be shown by a point 
on the (ex, {3) diagram. Since the smaller 1.0 

a, {3 are the better the rule, the ideal point 0.8 
would be the origin (0, 0). We can see 
that the points closer to the origin are 

0 
·
6 

better than those further away and the 0.4 
graph shows that the points that corre
spond to d1, d4, d1, d8 are better than the 

0
·
2 

other points. 
It should also be noted that the points 

are symmetric about the point (0.5, 0.5). 
This symmetry arises because one can 

0 0.2 0.4 0.6 0.8 1.0 a 

Fig. 15-6 

always make an opposite decision rule. That is, to every admissible rule 
there is a symmetrical inadmissible rule. 

Leaving out the extreme rules, that is, d1 and d8, we have d4 and d7. 

X d4 d1 

r 

g 

b 

Each of these decision rules have split the sample space into two regions: 
acceptance and rejection region. 

In our simple example we had only two admissible rules left. But in the 
general case it is easy to see that there will be a large number of admissible 
rules. Thus, the next question that arises is: Which of the admissible rules 
are more desirable? 

Problems 

Given the distribution of red, green, and black balls shown below, answer the 
following. 

Red 
Green 
Black 

10 
30 
60 

60 
20 
20 

1. Construct a table of decision rules (as in Table 15-2). 

2. Evaluate all the decision rules. 

3. Find the class of admissible rules. 

4. Draw a diagram of the a and fJ risks. 
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15.5 The Neyman-Pearson theory

The Neyman-Pearson theory approaches the problem of selecting a

decision rule by first selecting a reasonable a risk, or what is called a

significance level, and then tries to find the smallest Ã� risk.

The graph of the a, Ã� risks was a convex polyhedron. (If we had

continuous data it would be a convex region.) The Neyman theory can be

shown by first selecting a level of significance a0, and then finding as we did

in the graph the admissible rule with the best Ã�. This is shown in Figure 15-7

by A,.

Power,

of test

But, if we increase the a0 we get a smaller Ã� and if we lower the a0, we

get a larger Ã�. The point at which Ð°0 is to be determined will depend on the

nature of the problem and the behavior of the a, Ã� errors. The a risk is

usually set at 5, 1, or 0.1 per cent.

(/) The Neyman-Pearson test

Let us now use an illustration and explain the Neyman-Pearson test in

more detail. Assume we have a normal distribution with unknown mean and

known ff2. We wish to test the hypothesis that

In terms of our previous terminology, /l = /i0 is the wl, and to accept Ð¯o is

to take action Av

The alternative hypothesis is

HI : Ii ^ /<o

464

and this is where we diner from our previous terminology. That is, Ñ� Ð¤ p0

is not equivalent to o,2. Ñ� Ð¤ Ñ�0 indicates all the other ,u's that are not /<o.
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15.5 The Neyman-Pearson theory 

The Neyman-Pearson theory approaches the problem of selecting a 
decision rule by first selecting a reasonable ex risk, or what is called a 
significance level, and then tries to find the smallest p risk. 

The graph of the ex, {3 risks was a convex polyhedron. (If we had 
continuous data it would be a convex region.) The Neyman theory can be 
shown by first selecting a level of significance ex0, and then finding as we did 
in the graph the admissible rule with the best {J. This is shown in Figure 15-7 
by flo· 

{3 

' 1-/3 " Power " of test 

" /30 " " " " ' 
0 ao a 

Fig. 15-7 

But, if we increase the cx 0 we get a smaller {3 and if we lower the cx0 ,. we 
get a larger {3. The point at which ex0 is to be determined wiJI depend on the 
nature of the problem and the behavior of the ex, {3 errors. The ex risk is 
usually set at 5, 1, or 0.1 per cent. 

(i) The Neyman-Pearson test 

Let us now use an illustration and explain the Neyman-Pearson test in 
more detail. Assume we have a normal distribution with unknown mean and 
known a2• We wish to test the hypothesis that 

Ho: f..l == P.o 

In terms of our previous terminology, fl == p 0 is the l1J1, and to accept H 0 is 
to take action A I· 

The alternatiL'e hJpothesis is 

HI: P *Po 

and this is where we differ from our previous tern1inology. That is, p. -=f- J.lo 
is not equivalent to lo2. p. =f-. p.0 indicates all the other p,'s that are not llo· 
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a,2 indicates only one of these /i's. The present case is not symmetrical as in

our previous case.

But, for convenience let us say that the alternative is comparable to w2

and to accept H2, i.e., to reject Hlt is to take action A2.

Fig. 15-8

Let us take a sample of size 2. Then we have a two-dimensional space

with r.v.'s Xl and X2. Graphically we have as shown in Figure 15-8. We

wish, on the basis of the sample, to determine whether to take action Al or

A2. The problem is shown schematically as

A,

<u,

<u,

AI

P(Al \ <o,)

P(Al \a>l) = Ã�

P(A2 Ñ�u,) = a

P(A,

cÂ»,)

We will set a = 5 per cent. The conventional way of solving this problem is

to map the sample space into a new space by means of a sufficient statistic

so that it will be easier to handle. We use the sufficient statistic X (the sample

mean) which is a new r.v. It is the function defined on the original two-

dimensional sample space, which can be considered the domain of the r.v.

The new space is the range of the r.v. A'and is shown in Figure 15-9.

Fig. 15-9
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(u2 indicates only one of these p.'s. The present case is not symmetrical as in 
our previous case. 

But, for convenience let us say that the alternative is comparable to w2 

and to accept H2 , i.e., to reject H1 , is to take action A2 • 

• • 

• • 

Fig. 15-8 

Let us take a sample of size 2. Then we have a two-dimensional space 
with r.v. 's X1 and X2• Graphically we have as shown in Figure 15-8. We 
wish, on the basis of the sample, to determine whether to take action A1 or 
A2 • The problem is shown schematically as 

~_t__!(A21 wt) = Q: 

We will set rJ. == 5 per cent. The conventional way of solving this problem is 
to map the sample space into a new space by means of a sufficient statistic 
so that it \vill be easier to handLe. We use the sufficient statistic X (the sample 
mean) which is a new r.v. It is the function defined on the original two
dimensional sample space, which can be considered the domain of the r.v. 
The new space is the range of the r.v. X and is shown in Figure 15-9. 

Efx)=JJ. i 

Fig. 15-9 



466 TESTING HYPOTHESES SEC. 15.5

From the central limit theorem, we know the sampling distribution of X

is normal. Thus the two-dimensional sample space has been reduced to a

one-dimensional sample space of X. If we took a sample of size Ð¸, then the

n-dimensional sample space will be reduced to a one-dimensional sample

space by the r.v. X. The advantage is, instead of considering an n-dimensional

sample space, we need only consider the one-dimensional sample space

because A' is a sufficient statistic. Instead of finding an acceptance region in

Ð¸-dimensions, we need only to find it in the new one-dimensional sample

space. Thus if,

X>Ñ� + 1.96-^= or X < p - 1.96 -y= ... take action A2

Vn Vn

p, â�� 1.96 -^= < X < p + 1.96 -2= ... take action Al

Vn Vn

and we know that

Phi - 1.96 -^ < X < p + 1.96 -2=1 = 0.95

L Vn vÂ»

Therefore, the shaded region in the right hand graph is the rejection region R

and in-between is the acceptance region.

In terms of the original sample space, R is obtained from the two

inequalities,

X> Ñ�+ 1.96-2=

Vn

X<p- 1.96 -y:

1 .-

2 Vn

1 (*, + *,)< 0-1.96 -7=

2 Vn

In graphical terms we have as shown in Figure 15-10. If we integrate over R

given <Ð¾!, we get

a = P(A2 | wi)

where the subscript 1 of /i indicates it is the density function of o)v

(//) The power of a test

Now a question arises : Are there any regions R other than the one we

have selected ? The answer is yes. Look at the sampling distribution of A'

in Figure 15-9. The shaded area was 5 per cent. But we can change the

This is,
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From the central limit theorem, we know the sampling distribution of X 
is normal. Thus the two-dimensional sample space has been reduced to a 
one-dimensional sample space of X. If we took a sample of size n, then the 
n-dimensional sample space will be reduced to a one-dimensional sample 
space by the r.v. X. The advantage is, instead of considering ann-dimensional 
sample space, we need only consider the one-dimensional sample space 
because X is a sufficient statistic. Instead of finding an acceptance region in 
n-dimensions, we need only to find it in the new one-dimensional sample 
space. Thus if, 

- G - G 
X> ,u + 1.96 

1
_ or X< ,u - 1.96 ---= ... take action A2 

vn ~n 
G - G 

1-' - 1.96 .J~ < X < 1-' + 1.96 .J~ ... take action A1 

and we know that 

[ 
G - G J P 1-' - 1.96 .J~ < X < 1-' + 1.96 .J~ = 0.95 

Therefore, the shaded region in the right hand graph is the rejection region R 
and in-between is the acceptance region. 

In terms of the original sample space, R is obtained from the two 
inequalities, 

This is, 
1 a 
-(X1 + X2) > ,u + 1.96 

1
_ 

2 vn 
1 G 
-(X1 + X2) < ,u- 1.96 

1
_ 

2 vn 
In graphical terms we have as shown in Figure 15-10. If we integrate over R 
given w1, we get 

ot = P(A2 j w1) = f /1(x1, x2) dx1 dx2 ·R 

where the subscript 1 of !t indicates it is the density function of w1. 

(ii) The po}ver of a test 

Now a question arises: Are there any regions R other than the one we 
have selected? The answer is yes. Look at the sampling distribution of X 
in Figure 15-9. The shaded area was 5 per cent. But we can change the 
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Rejection region, R

Fig. 15-10

amount of the shaded area on both sides and maintain the same amount of

5 per cent shaded area. Thus, we may have infinitely many rejection regions.

Take as an illustration the case where 5 per cent of the shaded area is all

on the right tail of the normal curve. Let this region be R^ Then the question

is: which of the rejection regions R or Al is better? Since both have a = 5

per cent, we compare the Ã�. This is carried out by use of the idea of the

power of a test. Let us discuss this idea.

The power of a test is

As can be seen,

- Ã� = 1 -

I <o2) =

1, X2)

Â«'2)

That is, it is the probability of taking action /42 given &,2 which is a correct

decision. Thus, the larger the power of a test the better. The power of the

test is taken with respect to the alternative hypothesis. In our original

problem, the alternative hypothesis was Ñ� Ð¤ /i0, which is a composite

hypothesis. Hence, to compute the power we need to specify the alternative,

and, as different alternatives are specified, we find a sequence of powers.

Let us illustrate by use of an example. Assume a r.v. X which indicates

the scores of students in a test. This r.v. X is assumed to be N(p, a = 6).

That is, we know the standard deviation is a = 6 points but we do not know

its mean Ñ�. We wish to test whether or not the mean is Ñ� = 30 points.

Thus, we set up our hypothesis as

H0: Ñ� = 30

H,: Ñ�Ð¸^Ð�0

To test this hypothesis, we shall take a random sample of size n = 4. Thus,
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Rejection region, R 

R 2(J.L+ t.96;) 

0 \· 

Fig. 15-10 

amount of the shaded area on both sides and maintain the same amount of 
5 per cent shaded area. Thus, we may have infinitely many rejection regions. 

Take as an illustration the case where 5 per cent of the shaded area is all 
on the right tail of the normal curve. Let this region be R1. Then the question 
is: which of the rejection regions R or R1 is better? Since both have (X == 5 
per cent, we compare the {3. This is carried out by use of the idea of the 
po·wer of a test. Let us discuss this idea. 

The po»'er of a test is 

1 - {3 = 1 - P(A1 I w2) = 1 - J n / 2(x1, x2) dx1 dx2 

As can be seen, 
1 - {3 == 1 - P(A 1 I w2) === P(A2 1 w2) 

That is, it is the probability of taking action A2 given w2 which is a correct 
decision. Thus, the larger the power of a test the better. The power of the 
test is taken with respect to the alternative hypothesis. In our original 
problem, the alternative hypothesis was p. -=I= p.0 , which is a composite 
hypothesis. Hence, to compute the power we need to specify the alternative, 
and, as different alternatives are specified, we find a sequence of powers. 

Let us illustrate by use of an example. Assume a r.v. X which indicates 
the scores of students in a test. This r.v. X is assumed to be N(p., G == 6). 
That is, we know the standard deviation is G === 6 points but we do not know 
its mean ll· We wish to test whether or not the mean is ft === 30 points. 
Thus, we set up our hypothesis as 

H 0 : Jl === 30 

HI: p.-# 30 

To test this hypothesis, we shall take a random sample of size n == 4. Thus, 
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we have a sequence of four r.v.'s, Xlt X2, X3, Xt. We combine these four

r.v.'s and construct a new r.v.,

x = K^i + Ñ�2 + x3 + xÂ¿

which is the sample mean, and we will use this new r.v. X for the test. Xis a

function defined on the four-dimensional sample space. What we are doing

is mapping the probabilities of a four-dimensional sample space into a

one-dimensional sample space by use of the new r.v. X which is a sufficient

statistic.

Fig. 15-11

From the central limit theorem we know that the new one-dimensional

sample space will be N(n, af = 6/2 = 3). What we want to do is to use this

one-dimensional sample space to test the hypothesis because we can use the

normal probability table and calculate probabilities quicker and easier than

in the four-dimensional sample space. This new one-dimensional sample

space which we call the sampling distribution of the sample mean X can be

shown as in Figure 15-11.

We are assuming the scores to be from 0 to 100. The sampling distribution

of X which corresponds to Ð¯o; /Â¿ = 30 is shown by Ñ�1 where the E(X) = 30.

The sampling distribution of X which corresponds to Ð¯^ Ñ� Ð¤ 30 is shown

by w2. There will be many such sampling distributions. We have shown

one such distribution where E(X) = 41.88.

Next, let Al be the action of adopting Ð¯0, and A2 be the action of adopting

HI. Then we can set up our problem schematically.

AI

cu,

/i = 30

l< ^30

<o,

Ð»,

P(A, \ Ñ�u,)

Ã� = P(A, \ 0>,)

Ð° = /Ð§Ð�,Ð®

P(A, \ <o,)
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we have a sequence of four r.v.'s, X1, X2, X3, X4 • We combine these four 
r.v.'s and construct a new r.v., 

X= !(X1 + X2 + X 3 + X 4) 

which is the sample mean, and we will use this new r.v. X for the test. X is a 
function defined on the four-dimensional sample space. What we are doing 
is mapping the probabilities of a four-dimensional sample space into a 
one-dimensional sample space by use of the new r.v. X which is a sufficient 
statistic. 

0 24.t2 JL = 30 35.88 41.88 tOO 

E(i) 

Fig. 15-11 

From the central limit theorem we know that the new one-dimensional 
sample space will be N(~t, a.Jr = 6/2 = 3). What we want to do is to use this 
one-dimensional sample space to test the hypothesis because we can use the 
normal probability table and calculate probabilities quicker and easier than 
in the four-dimensional sample space. This new one-dimensional sample 
space which we call the sampling distribution of the sample mean X can be 
shown as in Figure 15-11. 

We are assuming the scores to be from 0 to 100. The sampling distribution 
of X which corresponds to H 0 ; 1-l = 30 is shown by w 1 where the E(X) = 30. 
The sampling distribution of X which corresponds to H 1 ; p. :f:= 30 is shown 
by w 2• There will be many such sampling distributions. We have shown 
one such distribution where E(X) = 41.88. 

Next, let A1 be the action of adopting H 0, and A2 be the action of adopting 
H1• Then we can set up our problem schematically. 

(JJJ lJJz 

f1 == 30 ,, =I= 30 

A1 I P(At I Wt) {3 = P(Al I Ws) 
__ I 

A a I ex = P(A 2 j W 1) P(A 2 Icu2) 
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Let us set the level of significance, that is, the a-risk, at

a = P(A2 1 Â«,) = 5 per cent

In terms of our diagram, we take 2.5 per cent on each tail of o^. From the

normal probability table we know that the area will be located 1.96 standard

deviations away from E(X) = 30. Since ax = 3 points, we have

1.96 x 3 = 5.88 points

Thus, for example, the upper tail of Ñ�1 will be at 30 + 5.88 = 35.88 points,

and the lower tail will be at 30 â�� 5.88 = 24.12 points as shown in the

diagram.

This means that if Ñ� was in fact 30 points, then there are 5 chances in 100

that X will fall outside of the interval (24.12, 35.88). When X falls in this

interval, we take action Al.

Let us now consider the Ã�-risk. For purposes of illustration, set

H! : p = 41.88. Then the shaded area in the left-hand tail can be calculated.

E(X\w2) - X _ 41.88 - 35.88 = 6 ^ 2

~af 3 3

Thus the shaded area is 2Ð°Ð³ away from E(X) = 41.88 and the shaded area

is 2.28 per cent of the total area. Thus,

Ã� = P(A! I w2) = 2.28 per cent

An alternative way of showing this is

Ã� = P(A, I w.) = '.- Â¿--tt/to dt = 0.0228

J24-"VW

The unshaded area is 1 â�� Ã� which is the power of the test for the hypothesis

//! : p = 41 .88. Let us consider other situations. Let Hl : Ñ� = 35.88. Then,

from the normal probability table

Ã� = P(Al | W2) =>/2^')-1 exp - ~ d* = Â°-50

For Hl : p = 30 we get

Ã� = P(A, \ w2) = 1 - P(A2 | Â«2)

Two other cases are

Hl :Ñ� = 24.12:

Ã� = P(A,\ Ñ�2) = 0.50

Ð�1:Ñ�= 18.12

Ã� = P(Ai I w2) = 0.0228
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Let us set the level of significance, that is, the (X-risk, at 

(X == P(A2 1 wi) == 5 per cent 

In terms of our diagram, we take 2.5 per cent on each tail of wi. From the 
normal probability table we know that the area will be located 1.96 standard 
deviations away from E(X) == 30. Since u.r == 3 points, we have 

1.96 x 3 = 5.88 points 

Thus, for example, the upper tail of wi will be at 30 + 5.88 = 35.88 points, 
and the lower tail will be at 30 - 5.88 = 24.12 points as shown in the 
diagram. 

This means that if ll was in fact 30 points, then there are 5 chances in 100 
that X will fall outside of the interval (24.12, 35.88). When X falls in this 
interval, we take action A I· 

Let us now consider the P-risk. For purposes of illustration, set 
HI : p, = 41.88. Then the shaded area in the left-hand tail can be calculated. 

E(XJ lo2)- X= 41.88-35.88 = ~ = 2 
Ui 3 3 

Thus the shaded area is 2u2 away from E(X) = 41.88 and the shaded area 
is 2.28 per cent of the total area. Thus, 

P = P(AI I w2) == 2.28 per cent 

An alternative way of showing this is 

f1 = P(A I oJ ) = fas.88 l e- (.l-4t.88>'t247; dx == 0.0228 
I 2 .. 24.12 /2 

V 7T U.'f 

The unshaded area is I - {J which is the power of the test for the hypothesis 
H 1 : ll == 41.88. Let us consider other situations. Let HI : p, = 35.88. Then, 
from the normal probability table 

fJ = P(Atj w2) = r35
-
88

(J27Taz)- 1 exp [- (x-
35

·
88

)
2

] dx = 0.50 
• 24.I2 2u~ 

For HI: p, == 30 we get 

{1 = P(AII lu2) == 1 - P(A2 j o>2) 

= rs.ss (.J21Tai)-l exp [- (x- J0)
2

] di == 0.95 
24.I2 2a~ 

Two other cases are 

HI : ll == 24.12: 

fJ == P(AI I (IJ2) == 0.50 

HI:p.==18.12 

{3 == P(Al I (02) == 0.0228 
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Let us graph these results as in Figure 15-12.

Table 15-4

0Â»,

Ã�

1 -Ã�

41.88

35.88

30.00

24.12

18.12

2.28 per cent

50.00

95.00

50.00

2.28

97.72

50.00

5.00

50.00

97.72

1.0

0.8-

0.6-

0.4-

0.2-

0--

Ã� = P(A^IÑ�t)...0Ð¡ curve

\-Ã� = Power curve

Power curve

Ð�Ð¡ curve

15 20

25 30 35

Fig. 15-12

40 45

The curve based on the w2 values and the Ã� values is called the operating

characteristic curve of the region R and is usually abbreviated the Ð�Ð¡ curve.

The curve based on the w2 values and the power of the test 1 â�� Ã� is called the

power curve of the region R.

We have shown the power curve when the rejection region was taken on

both tails of the normal curve. Let us now obtain the power function (curve)

for the other region /?l where the 5 per cent region of rejection is all in the

right-hand tail of the curve. Graphically we have Figure 15-13. Then

computations will give us the following results.

Â«0,

Table 15-5

40.92

34.92

30.00

25.00

Ã� = P(AÃ� \ w.)

l-Ã�

2.28

50.00

95.00

100.00

97.72

50.00

5.00

0.00
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Let us plot the power curve for the regions R and /?l as in Figure 15-14.

As the graph shows the power curve for /?, is above the power curve for
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Let us graph these results as in Figure 15-12. 

C.Ot 

41.88 
35.88 
30.00 
24.12 
18.12 

Table 15-4 

fJ 
2.28 per cent 

50.00 
95.00 
50.00 
2.28 

l-{J 
97.72 
50.00 

5.00 
50.00 
97.72 

fj = P(At I w2) ••• OC curve 

1-fj = Power curve 
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Fig. 15-12 

The curve based on the ro2 values and the {J values is called the operating 
characteristic curve of the region R and is usually abbreviated the OC curve. 
The curve based on the ro2 values and the power of the test l - {J is called the 
power curve of the region R. 

We have shown the power curve when the rejection region was taken on 
both tails of the normal curve. Let us now obtain the power function (curve) 
for the other region R1 where the 5 per cent region of rejection is all in the 
right-hand tail of the curve. Graphically we have Figure 15-13. Then 
computations will give us the following results. 

Table 15-5 

w, fJ = PCA1 I w,) 1-P 
40.92 2.28 97.72 
34.92 50.00 50.00 
30.00 95.00 5.00 
25.00 100.00 0.00 

Let us plot the power curve for the regions Rand R1 as in Figure 15-14. 
As the graph shows the power curve for R1 is above the power curve for 
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R when p. > 30, and coincides with it when Ð¸ = 30, then falls below it when

Ñ� < 30. We know that 1 â�� Ã� = P(AZ \ wÂ¿ shows the chances of NOT

making an error and hence the higher the curve, the less chances of making

an error. Therefore when Ñ� > 30, the test which uses region Rl (one-tail

test) is superior to the test that uses region R (two-tail test).

On the other hand, for Ñ� < 30, the test that uses region R is better.

30 34.92

/

\

Â¿Â»

40.92

Fig. 15-13

.. . Power curve

If we could find a test with a rejection region R such that the power curve

of this region R is above any other test based on any other region, it would be

the uniformly most superior test. Such a test is called the uniformly most

powerful test and the region is called the uniformly most powerful region.

There are important tests that are UMP tests. The one-tail test of means

just used as an example is an illustration. But as the one-tail test shows the

choice of R depends on the problem we have. Since there are many other

tests that are not UMP, other criteria have been proposed such as an unbiased

test but we shall not discuss these here.
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On the other hand, for p, < 30, the test that uses region R is better. 
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Fig. 15-14 

If we could find a test with a rejection region R such that the power curve 
of this region R is above any other test based on any other region, it would be 
the uniformly most superior test. Such a test is called the uniform~v most 
pou/erful test and the region is called the uniform/}' most polrerful region. 

There are important tests that are U M P tests. The one-tail test of means 
just used as an example is an illustration. But as the one-tail test shows the 
choice of R depends on the problem we have. Since there are many other 
tests that are not UMP, other criteria have been proposed such as an unbiased 
test but we shall not discuss these here. 
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(Hi) The fundamental lemma

We have seen that given a significance level a0, we wish to find a most

powerful test. The question we now discuss is: How do we find a most

powerful test?

When we have a simple hypothesis and a simple alternative, we can use

Neyman's Fundamental Lemma to find a most powerful test. Let us discuss

the rationale of this Lemma with our urn illustration.

We had two urns:

urn 1â��-f(x) urn 2â��g(x)

red 10 60

green 20 30

black 70 10

Let us divide g(x) by f(x)

red: g(xr)lf(xr) = 0.6/0.1 = 6

green : g(#)lf(#) = 0.3/0.2 = 1.5

black : g(xb)lf(xÂ») = 0.1/0.7 = 0.14

The ratio g(xr)/f(xr) = 6 tells us that the probability associated to the red

ball in urn 2 is 6 times greater than that of urn 1.

If g(x)lf(x) = 1, the probabilities associated to x are the same in <o1

and oj2.

If g(x)/f(x) > 1, then the probability associated to x in wl is smaller

than in cÐ¾2.

Now if we were to select a red ball, it is natural for us to think that it

came from urn 2 because the probability in urn 2 is 0.6 whereas in urn 1 it is

0.1. This is indicated by the ratio g(x)/f(x) = 6. In general, letÂ£//> k.

Then, the larger k is, the more probable it is that Ð´: came from urn 2, i.e., o'2-

By adjusting the value of k we are selecting the region R. For example

when

g(x)lf(x)>k = 0.I

all three sample points will satisfy this relation. When k = 1, only xr and

x" satisfy the relation. When k = 5, only xr satisfies the relation. When

k = 7, no sample point satisfies the relation.

Thus by making k larger, two things are being accomplished. The first is

that/(x) must become small relative to g(x) which implies that it is more

probable that the Ð»: are from w2. The second is that the set of sample points

(i.e., samples) that satisfy g/f > k becomes smaller.

Ð¸

When two balls are selected, we have a two-dimensional sample space,

and each sample point has associated to it the probabilities
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(iii) The fundamental/emma 

We have seen that given a significance level cx0, we wish to find a most 
powerful test. The question we now discuss is: How do we find a most 
powerful test? 

When we have a simple hypothesis and a simple alternative, we can use 
Neyman's Fundamental Lemma to find a most powerful test. Let us discuss 
the rationale of this Lemma with our urn illustration. 

We had two urns: 

red 
green 
black 

Let us divide g(x) by f(x) 

urn 1-f(x) 
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70 
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red: g(xr)/f(xr) = 0.6/0.1 = 6 

green: g(xfl)/f(xr~) = 0.3/0.2 = 1.5 

black: g(xb)!f(xb) = 0.1/0.7 = 0.14 

The ratio g(xr)/f(xr) = 6 tells us that the probability associated to the red 
ball in urn 2 is 6 times greater than that of urn 1. 

If g(x)lf(x) = 1, the probabilities associated to x are the same in ro1 

and ro2• 

If g(x)lf(x) > 1, then the probability associated to x in ro1 is smaller 
than in ru2• 

Now if we were to select a red ball, it is natural for us to think that it 
came from urn 2 because the probability in urn 2 is 0.6 whereas in urn 1 it is 
0.1. This is indicated by the ratio g(x)lf(x) = 6. In general, let glf > k. 
Then, the larger k is, the more probable it is that x came from urn 2, i.e., co2 • 

By adjusting the value of k we are selecting the region R. For example 
when 

g(x)lf(x) > k = 0.1 

all three sample points will satisfy this relation. When k = 1, only xr and 
xr~ satisfy the relation. When k = 5, only xr satisfies the relation. When 
k = 7, no sample point satisfies the relation. 

Thus by making k larger, two things are being accomplished. The first is 
that f(x) must become small relative to g(x) which implies that it is more 
probable that the x are from w2• The second is that the set of sample points 
(i.e., samples) that satisfy glf > k becomes smaller. 

When two balls are selected, we have a two-dimensional sample space, 
and each sample point has associated to it the probabilities 
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or

Â£(*!, x2) = g(xl)g(x2)

Then the ratio becomes

and we can apply the same reasoning as for the single ball case. When a

sample of size n is selected, we have

/(*!,...,. xâ��)

Each sample of size Ð¸ is now a sample point in Ð¸-dimensional sample space.

Now the fundamental lemma states:

A most powerful test for a given level of significance a (i.e., the probability

of type I error) is obtained when one chooses as the rejection region R the set

of points in Â«! that satisfy

where k is selected so that

The value of k determines the set of sample points R to be selected in w1 such

that the cumulative probability over these points will be equal to a (say,

a = 0.05). This means that the probability of selecting a point in R given Ñ�1

is 0.05. That is, the probability of selecting a sample from R given the state

of nature w!, is 0.05.

Since the condition g/f> k implies that the points more likely have come

from cj2 than w1, the rejection of the null hypothesis wl and acceptance of Ñ�2

when a point (i.e., sample) in R is selected, is reasonable. Nevertheless, there

is always the risk that the point (sample) may have actually come from <0i.

The a risk (or the probability of the type 1 error) is the probability of

making the error of rejecting the null hypothesis (w!) when in fact it is true.

For example, a = 0.05 means the probability of making the error of rejecting

wl when in fact it is true, is 5 chances in 100. Or we may say, there are 5

chances in 100 of selecting a sample that leads to the rejection of the null

hypothesis wi.

We shall call Â£//the probability ratio to distinguish it from the likelihood

ratio which is discussed later. We assume that these functions/and g are

functions of E = (Ð»:!, ... , Ð»'J, the sample points. The term likelihood is

reserved for the case when we look upon the functions as functions of the

parameters.
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g(xl, x2) > k 
f(x., x2) 
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and we can apply the same reasoning as for the single ball case. When a 
sample of size n is selected, we have 

g( XI' ... ' X") > k 
f(xl, · · · 'Xn) 

Each sample of size n is now a sample point in n-dimensional sample space. 
Now the fundamental lemma states: 
A most powerful test for a given level of significance ~(i.e., the probability 

of type I error) is obtained when one chooses as the rejection region R the set 
of points in cJJI that satisfy 

where k is selected so that 

g(xi, ... 'x") > k 

f(xl, · · · 'Xn) 

The value of k determines the set of sample points R to be selected in wi such 
that the cumulative probability over these points will be equal to ~ (say, 
(X === 0.05). This means that the probability of selecting a point in R given w1 

is 0.05. That is, the probability of selecting a sample from R given the state 
of nature w 1, is 0.05. 

Since the condition glf > k implies that the points n1ore likely have come 
from oJ2 than wi, the rejection of the null hypothesis wi and acceptance of oJ2 

when a point (i.e., sample) in R is selected, is reasonable. N·evertheless, there 
is always the risk that the point (sample) may have actually come from wi. 

The ex risk (or the probability of the type I error) is the probability of 
making the error of rejecting the null hypothesis (co1) when in fact it is true. 
For example, ex === 0.05 means the probability of making the error of rejecting 
co1 when in fact it is true, is 5 chances in 100. Or we may say, there are 5 
chances in 100 of selecting a sample that leads to the rejection of the null 
hypothesis w 1. 

We shall call glf the probability ratio to distinguish it from the likelihood 
ratio which is discussed later. We assume that these functions f and g are 
functions of E === {x1, ... , xn), the sample points. The term likelihood is 
reserved for the case when we look upon the functions as functions of the 
parameters. 
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Problems

1. Recompute the illustration using a = 10% and do the following.

(a) Draw a diagram similar to Figure 15-11 and put in new figures, and

explain what is being done.

(b) Calculate several /Ts as in Table 1 5-4 and draw the power curve and Ð�Ð¡

curve.

(c) Compute the /Ts for a one-tail test as in Figure 15-13 and Table 15-5

and draw the power curve for this case in the figure you have drawn in

(b) above.

(d) Increase the sample size from 4 to 9 and find the power curve. Explain

what you observe.

2. Given the hypothesis

HO 'â�¢ i" = /i0

H1 'â�¢ Ñ� Ð¤ fo

and the normal distribution

answer the following.

(a) Take a random sample of size n and find

(b) Find the probability ratio

g(xlt ....*n)

/(*!,...,*.)

where for^Oc!,..., xn), assume that /< = /Ñ�i. Show that this ratio becomes

l 2 l

Note that this result includes ,",.

15.6 The minimax rule

We have discussed the Neyman-Pearson approach as a way of selecting

the a and Ã� risks and choosing a decision rule. We will discuss another

method, the likelihood ratio test. But before that let us mention briefly

another method, viz., the minimax rule.

In our original example we had as admissible rules

</, a = 0.10, Ã� = 0.40

dj a = 0.30, /3 = 0.10
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1. Recompute the illustration using ex = I 0% and do the following. 

(a) Draw a diagram similar to Figure 15-11 and put in new figures, and 
explain what is being done. 

(b) Calculate several {J's as in Table 15-4 and draw the power curve and OC 
curve. 

(c) Compute the {3's for a one-tail test as in Figure 15-13 and Table 15-5 
and draw the power curve for this case in the figure you have drawn in 
(b) above. 

(d) Increase the sample size from 4 to 9 and find the power curve. Explain 
what you observe. 

2. Given the hypothesis 
Ho: ll = l'o 

H1 : ll i= llo 

and the normal distribution 

I IJ I [(x) = ---==- e-<x-p) 2a 
v'211a 

answer the following. 
(a) Take a random sample of size n and find 

f(xl, x2, ... 'Xn) 

(b) Find the probability ratio 

g(x1, •.• , Xn) 

f(xl, ···, Xn) 

where for g(x1, ••• , Xn), assume that p, = pr1. Show that this ratio becomes 

exp [ 2~ ! (xi - P.o)2 - 2~! (xi - P.I)t J 
Note that this result includes p 1. 

15.6 The minimax rule 

We have discussed the Neyman-Pearson approach as a way of selecting 
the a and f3 risks and choosing a decision rule. We will discuss another 
method, the likelihood ratio test. But before that let us mention briefly 
another method, viz., the minimax rule. 

In our original example we had as admissible rules 

d4 Cl = 0.10, f3 = 0.40 

d1 Cl = 0.30, f3 = 0.10 
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The maximum error of dt is Ã� = 0.40. For d7 it is a = 0.30. The minimax

rule says : Pick the decision rule where the maximum of the errors is smaller.

Thus, between dt and dlt the smaller maximum

error is a = 0.30 of d1 and we pick </, as the

decision rule.

Now, if we had continuous data, the convex

region in the x-Ã� graph would be as shown in

Figure 15-15. Since the minimax rule wants to

minimize the maximum error of a decision rule,

the admissible decision rule would be that rule

that is characterized by a = Ã� or point M on

the graph. Any other point on the southwest

line of the convex region which shows the ad-

missible rules would give a larger a (if we go

down from M) or a larger Ã� (if we go up from

M). Thus, the point M provides the minimax rule where a = Ã�. We can

write this as

min [max (a, Ã�)]

We shall discuss the minimax concept later in game theory.

15.7 The likelihood-ratio test

Let us summarize what we have done so far. (1) Given a two-decision

problem, we first found all the possible decision rules. (2) Then, the rules

were divided into two classes, admissible and inadmissible rules. (3) From

the class of admissible rules, the Neyman-Pearson lemma was used to

select desirable rules. We also pointed out the minimax criterion for

selection.

The Neyman-Pearson criterion of selection was suitable when we had a

simple hypothesis and a simple alternative. But most practical problems have

a simple hypothesis with composite alternatives. In such cases how do we

select desirable rules from the class of admissible rules? For this we have the

likelihood ratio test.

Let us first present a heuristic explanation. Consider a group of students

whose I.Q.'s are distributed normally with unknown mean Ñ� and known

standard deviation a = 10 points. Assume for brevity that the I.Q.'s are

from 60 points to 140 points and are given in integers. Let w(60) denote the

normal distribution of I.Q.'s with mean Â¡Ð» = 60 and a = 10. w(61) is

the distribution with mean Ñ� = 61 and a â�� 10, and so forth. Thus, we have

a class of normal distributions.

Q: w(60), w(61), ... Â«4100), ... <o(140)
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The maximum error of d4 is {1 = 0.40. For d7 it is (X = 0.30. The minimax 
rule says: Pick the decision rule where the maximum of the errors is smaller. 
Thus, between d4 and d7, the smaller maximum 
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15.7 The likelihood-ratio test 

Let us summarize what we have done so far. (I) Given a two-decision 
problem, we first found all the possible decision rules. (2) Then, the rules 
were divided into two classes, admissible and inadmissible rules. (3) From 
the class of admissible rules, the Neyman-Pearson lemma was used to 
select desirable rules. We also pointed out the minimax criterion for 
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simple hypothesis and a simple alternative. But most practical problems have 
a simple hypothesis with composite alternatives. 1 n such cases how do we 
select desirable rules from the class of admissible rules? For this we have the 
likelihood ratio test. 

Let us first present a heuristic explanation. Consider a group of students 
whose I.Q.'s are distributed normally with unknown mean p. and known 
standard deviation a = 10 points. Assume for brevity that the I.Q.'s are 
from 60 points to 140 points and are given in integers. Let w(60) denote the 
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n: (JJ(60), lu(61), ... OJ(IOO), ... w(l40) 
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We wish to test whether or not the group of students have an I.Q. of Ñ� = 100.

Thus, the hypothesis is

H0: p, = 100 ... W(IOO)

HI. ^^lOO ... Q-w(lOO)

As can be seen, the Ð¯0 is a simple hypothesis whereas the alternative hypothesis

H! is composite.

To test this hypothesis select a random sample of size n (n = 2 for

simplicity) and assume the result is

Xi = 105, X2 = 107

Now let us ask the question: From which of the various w's is it most likely

that this sample came? According to the maximum likelihood estimators we

studied, we know that the ML estimator for the mean of a normal distribution

is

Ã� = X

Thus the ML estimate based on our sample is

107)= 106

This means that when the sample of n = 2, (105, 107) is taken from w(106),

the likelihood function

=n/(x,.) = (-J-)'exp (- -Ð¦ Ã�(x, - 106)2)

i=i \Ñ�/27Ð³Ñ�Ñ�/ \ 2Ñ�Ñ� i=i /

will be at a maximum. This can be easily seen from the fact that L(U)

becomes larger as the absolute value of the exponent becomes smaller. </2 is

given. Thus, L(Cl) will be at a maximum when Â£ (Ð»:, â�� Ñ�)2 is at a minimum.

But this is at a minimum when p = X.

The likelihood function, when we assume the sample came from w(100), is

V2

As we can see

2 (Ð»:, - 100)2 = (105 - 100)2 |- (107 - 100)2 = 84

whereas for L(U),

2 (*, - X)2 = (105 - 106)2 + (107 - 106)2 = 2

Thus L(w) will be much smaller than L(il). We can interpret this to mean

that the sample, (105, 107), is more likely to come from L(U) than L(w).

To express this comparison set
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As can be seen, the H 0 is a simple hypothesis whereas the alternative hypothesis 
H1 is composite. 

To test this hypothesis select a random sample of size n (n = 2 for 
simplicity) and assume the result is 

X1 = 105, 

Now let us ask the question: From which of the various w's is it most likely 
that this sample came? According to the maximum likelihood estimators we 
studied, we know that the ML estimator for the mean of a normal distribution 
is 

(l =X 

Thus the ML estimate based on our sample is 

(l = x = 1(105 + 107) = 106 

This means that when the sample of n = 2, (105, 107) is taken from w(l06), 
the likelihood function 

2 ( 1 )'2 ( 1 2 ) L(Q) = Jif(x;) == J- exp - -
2 
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will be at a maximum. This can be easily seen from the fact that L(!l) 
becomes larger as the absolute value of the exponent becomes smaller. a 2 is 
given. Thus, L(i)) will be at a maximum when ~ (x; - p,)2 is at a minimum. 
But this is at a minimum when p. === X. 

The likelihood function, when we assume the sample came from w(IOO) .. is 
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As we can see 

~(X; - 100)2 == (105 - 100)2 -·t- (107 - }00)2 = 84 

whereas for L(!i), 

I (x;- X)2 = (105- 106)2 + (107- 106)2 == 2 

Thus L(£1'J) will be much smaller than L(!i). We can interpret this to mean 
that the sample, ( 105 .. 107), is more likely to come from L(ii) than L(lu). 

To express this comparison set 

;k ~ L((:'J) 
L(!)) 
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Then A will range between 0 a A < ; 1. For example, if we set the hypothesis as

Ð¯0: Ñ� = 106 ...

HI. Ñ�Ð¤ 106 ... Â£2 - Â«(106)

then A = 1. The common sense of this is that if we first assume that the

mean I.Q. is p = 106, and then select a sample of n = 2 which gives us

X-i = 105, X2 â�� 107, we would be reasonably confident that our assumption

of p = 106 is not far off.

On the other hand, if we assumed that p = 70, and the sample gave us

XI = 105, X2 = 107, then we would not be confident that our assumption

of /l = 70 is correct. In this case, L(w) will be very small, and thus,

Ð¦Ð¹)

will also be very small. Therefore, A becomes an index of how sure we can be

about our hypothesis.

The point to note is that we have used the ML estimate to find L(u).

If H0 is also a composite hypothesis, then we would also find the ML estimate

for <o and find the likelihood function L(w). Hence we call it a likelihood ratio.

Now that we have found A we need to find a value k such that when

0 <; A <; k < 1, we reject the hypothesis, and in so doing the probability of

making the type I error is at the desired level, say a = 5 per cent, a is the

risk of rejecting Ð¯0(/i = 100) when in fact it is true. In terms of a diagram

(Figure 15-16), we have the distribution of I.Q.'s under the hypothesis that

H.

2.57<

2.5%

Â¿Â¿,too

Fig. 15-16

p = 100. And a = 5 per cent means we want the rejection region to be the

shaded tail end which has 2.5 per cent of the area in each tail. (Actually, we

do not yet know whether or not to take 2.5 per cent on both tails or, say,

2 per cent on one tail and 3 per cent on the other.) For this we have to find

the relation between A and Ð�'and also the distribution of A. We have already
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0 ~ A < k < 1, we reject the hypothesis, and in so doing the probability of 
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risk of rejecting H0(p = I 00) when in fact it is true. In terms of a diagram 
(Figure 15-16), we have the distribution of I.Q.'s under the hypothesis that 
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p == 100. And rt == 5 per cent means we want the rejection region to be the 
shaded tail end which has 2.5 per cent of the area in each tail. (Actually, we 
do not yet know whether or not to take 2.5 per cent on both tails or, say, 
2 per cent on one tail and 3 per cent on the other.) For this we have to find 
the relation between A and X and also the distribution of A. We have already 
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seen that the likelihood ratio Ð� is

= exp Â¿Â¡ (* -/io)2

Taking the natural log on both sides, we find

Let us set â��2 In Ð� = #2. Then we have

(x -

,

*

where <r| = Ð°2/Ð¿. This is a Chi-square distribution with one degree of

freedom.

What we want is

P\f >m] = 0.05

From the Table of ^-distribution we find m = 3.841. Thus,

(* ~ > 3.84l = 0.05

.84l] = 0.

J

or P\ -1.96 < ^^-Â° < 1.96 1 = 0.95 (Ñ�/3.841 = 1.96)

l- a, J

or P[MO - 1.96<ri <*<,Ð¸o + 1.96Ñ�Ñ�i] = 0.95

In terms of Figure 15-16, the critical region is found to be the tail ends

beyond /i0 Â± 1.96ff,. (This shows we should take 2.5 per cent on each tail

as we have done.)

Let us summarize our discussion. We first found the maximum likelihood

estimates for the Ð¯o case and Ð¯! case. Second we constructed the likelihood

ratio L Third, it was shown that this Ð� (i.e., â��2 In Ð�) had a Ð¯2 distribution.

And from this f- distribution we found that when

f > 3.841 = m

the probability was 5 per cent. This means

â�� 2 In Ð� > m

Ð� < e-""2 = k

Thus, we have found a k such that, given H0 the critical region is given by

0 < Ð� < k, which gives a = 5 per cent. Fourth, we have seen that this y*

relation with Xcan be shown to be the familiar two tail test of sample means.
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where ai = a2fn. This is a Chi-square distribution with one degree of 
freedom. 

What we want is 
P[x2 > m] = 0.05 

From the Table of x2-distribution we find m = 3.841. Thus, 
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or P[ -1.96 <X ~-l'o < 1.96] = 0.95 (v'3.841 = 1.96) 
a: 

or P[,u0 - 1.960'-r <.X< p,0 + l.96ax] = 0.95 

In terms of Figure 15-16, the critical region is found to be the tail ends 
beyond ,u0 ± 1.96ajl. (This shows we should take 2.5 per cent on each tail 
as we have done.) 

Let us summarize our discussion. We first found the maximum likelihood 
estimates for the H0 case and H1 case. Second we constructed the likelihood 

ratio A. Third, it was shown that this A (i.e., -2 In .A.) had a X2 distribution. 
And from this x2 distribution we found that when 

x2 > 3.841 = m 

the probability was 5 per cent. This means 

-21nA>m 
A < e-m12 = k 

Thus, we have found a k such that, given H0 the critical region is given by 
0 < A < k .. which gives ex= 5 per cent. Fourth, we have seen that this x2 

relation with X can be shown to be the familiar two tail test of sample means. 
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In our present case, â��2 In Ð� was an exact ^-distribution. But in general,

Wilks (1950) has shown that when we have a large sample, â��2 In Ð� will be

approximately distributed as a ^-distribution.

Summarizing from a broader point, we first found all possible decision

rules. Second, we selected a class of admissible rules. Third, from this class

of admissible rules, we selected the desirable rules by use of the likelihood-

ratio test.

Problems

1. Show that

2^2 2, w x/ â�� 2^2 Z, w - /'o) = ' 2ff2 ~ flw

2. Using the references at the end of the chapter, study the application of the

likelihood-ratio test to the following cases.

(a) Tests on the mean of a normal population, with mean and variance

unknown.

(b) Tests on the variance of a normal distribution.

Notes and References

The basic reference for the decision theory approach is Wald (1950) but it is

too advanced for non-mathematicians. The Chernoff and Moses (1959) book

provides the theory on an elementary level accessible to economists. The three

other books that discuss this approach are Savage (1954), Schlaifer (1959), and

Raiffa and Schlaifer (1961) that were mentioned in the Notes and References

of Chapter 13. Several important topics necessary for further study of this

decision theory approach that we have not discussed are the concepts of

subjective probabilities, utility, and Bayes strategies. These can be found in

the above mentioned references.

What we have done is to use part of this general decision theory approach

and re-interpret the classical theory of testing hypothesis which was mainly

developed by R. A. Fisher, J. Neyman, and K. Pearson.

A basic reference for the classical approach is Lehmann (1959) but it is too

advanced for non-mathematicians. However, there are many elementary

references and the following are recommended: Neyman (1950), Chapter 5;

Mood (1950), Chapter 12; Fraser (1958), Chapter 10; and Hoel (1954),

Chapter 10. Lehmann discusses two concepts, unbiasedness (Chapters 4, 5)and

invariance (Chapter 6) for testing hypothesis which we have not discussed.

Fraser (1957), Chapter 5, discusses testing hypothesis for non-parametric

methods.

A short historical note with a very extensive annotated bibliography on

testing hypothesis is in Lehmann (1959), pp. 120-124. Similarly, extensive

bibliographies on unbiasedness and invariance are also in Lehmann (1959)

after the respective Chapters that discuss these subjects.
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CHAPTER 16

Regression Analysis

One of the most widely used techniques in economics is regression analysis.

Illustrations of its use can be found in time series, consumption functions,

demand functions, and various other statistical problems. We shall discuss it

theoretically at an elementary level. Computational techniques such as the

Doolittle method which can be found in standard statistics text books are not

discussed.

16.1 Introduction

Three models of linear regression that are most frequently used in

economics are discussed. For purposes of explanation, consider the following

model

Y = A + BX + e

This is shown in Figure 16-1. A + BX shows the straight line. Y is an

individual value of Y. e is the deviation of Y from A + BX. Using this

model, the following three cases are distinguished.

Model Â¡. Ð£ is a random variable; A'is a fixed constant (a mathematical

variable); e is a random variable that is N(O, a2) where a2 is unknown; and
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One of the most widely used techniques in economics is regression analysis. 
Illustrations of its use can be found in time series, consumption functions, 
demand functions, and various other statistical problems. We shall discuss it 
theoretically at an elementary level. Computational techniques such as the 
Doolittle method which can be found in standard statistics text books are not 
discussed. 

16.1 Introduction 

Three models of linear regression that are most frequently used in 
economics are discussed. For purposes of explanation, consider the following 
model 

y ==A+ BX + E 

This is shown in Figure 16-1. A + B X shows the straight line. Y is an 
individual value of Y. E is the deviation of Y from A + BX. Using this 
model, the following three cases are distinguished. 

y 

Fig. 16-1 

Model 1. Y is a random variable; X is a fixed constant (a mathematical 
variable); E is a random variable that is N( 0, a2) where a2 is unknown; and 
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A and B are parameters. The difference between Y and X is that Y has a

probability distribution, whereas X has not. The statistical problem is to

select a sample of values and estimate the parameters A and B.

Model 2. e is a random variable such that Â£(e) = 0, Var (e) = a* where

a2 is unknown. We do not assume e is normally distributed.

Model 3. X and Y have a joint normal distribution, e is also normally

distributed with Â£(e) = 0, Var (e) = a2.

16.2 Model 1â��one independent variable case

(/) The population

Assume that we wish to find the relation between the height of fathers (X)

and sons (Y). For each given (fixed) height of X, there is associated a sub-

population of Y values. This is shown in Table 16-1.

Table 16-1

Y (son)

f2

**

The whole population is made up of a family of k subpopulations.

Let pl be the mean of the /-th subpopulation and assume the following

linear hypothesis

(1) ni = A + BXl

That is, the mean pi is a linear function of A',.

Let Yil be they-th individual value of the /-th subpopulation. Then,

(2) eii= Yil- pi /= 1,2, ...k

y=l,2, ....

is the deviation of Yli from ^^ From (1) and (2) we find

(3) F,, = A + BX, + cli

The assumption of this model is that eli are normally distributed with

Â£(e) = 0, Var (e) â�� a2. We have not designated the distribution of Yu,

except that it is a random variable. Let us now find the distribution of Yu

with the help of Jacobian transformations, using the assumptions concern-

ing e,y

First note that

E( Yu) = A

= A
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A and B are parameters. The difference between Y and X is that Y has a 
probability distribution, whereas X has not. The statistical problem is to 
select a sample of values and estimate the parameters A and B. 

Mode/2. e is a random variable such that £(e)= 0, Var (e)= a2 where 
a2 is unknown. We do not assume e is normally distributed. 

Model 3. X and Y have a joint normal distribution. e is also normally 
distributed with E( e) = 0, Var (e) == a2• 

16.2 Model l-one independent variable case 

(i) The population 

Assume that we wish to find the relation between the height of fathers (X) 
and sons ( Y). For each given (fixed) height of X, there is associated a sub
population of Y values. This is shown in Table 16-1. 

Table 16-1 

~I Y (son) 

xl Yu Yu 
x2 Yu y2Z 

xk Ytt yl:l 

The whole population is made up of a family of k subpopulations. 
Let P,; be the mean of the i-th subpopulation and assume the following 

linear hypothesis 

{I) 

That is, the mean J-li is a linear function of Xi. 
Let Yi; be the j-th individual value of the i-th subpopulation. Then, 

(2) i = I, 2, ... k 

j = 1, 2, ... . 

is the deviation of Yii from 1-li· From ( 1) and (2) we find 

(3) 

The assumption of this model is that e;J are normally distributed \Vith 
E(e) == 0, Var (e) = a2. We have not designated the distribution of Yii' 
except that it is a randon1 variable. Let us now find the distribution of Yi; 

with the help of Jacobian transformations, using the assumptions concern
Ing eij· 

First note that 
E( Yii) == A + BX; + E(e;J) 

= A + BX; == fl; 
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Next we find that

Thus,

REGRESSION ANALYSIS

= Â£[Ð£,,-/,,.]* = Var(y,,)

Var(e) = Var(yâ��.) = Ñ�Ñ�2

483

This implies that the variances for the subpopulations are all equal. It is

usually called the assumption of homoscedasticity.

Since eii is N(O, a2), the density function is

Â¿Ñ�Ð³Ð°

Using the Jacobian transformation on transformation (2), the probability

element of Yti is

(4) f(Y)dY=g(e(Y))'\J\-dY

1

dY

Â¿Ñ�Ð³Ð°

where \J\ is

\J\ =

ÐÐ£

Ð�Ð£

= l

Thus from (4) we see that Ð£ is normally distributed with mean /n and variance

Ñ�Ñ�2. (Note that when there is no confusion, the subscripts will be omitted to

simplify notation.)

(//) Estimating A and B

Let us now take a sample of size n. This sample can be expressed in two

ways. One is a sample of Ð¸ values of e i.e., Â«!, e2, ..., en. A second way is to

express it by showing the sample as (A^, Ð£Ð� (A"2, Ð£2), ..., (Xn, Ð£n). In prac-

tice, it is the X and Ð£ that are observed. However, since the two are equiva-

lent, they will be used interchangeably in theoretical discussions.

Since e is normally distributed, we will use the method of maximum

likelihood to estimate A, B, and a2. For this we need the likelihood function

for the sample. This is,

<=i

Ð�- -L

L 2Ñ�Ñ�

2Ñ�Ñ� Â«=1

= (27Ð�02)-"'2 exp

[- J-j 2 W f c - A - Ð�Ð�2]
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Next we find that 
Var (e)= E[e- £{e)]2 == £(e)2 

= E[ Yi; - /-ti]2 =-= Var ( Yii) 
Thus, 

Var (e)= Var ( Y;J) == a2 

This implies that the variances for the subpopulatlons are all equal. It is 
usually called the assumption of homoscedasticity. 

Since eii is N(O, a2), the density function is 

1 2 2 g(e) == - e -(ll2a )c 

J2TTa 

Using the Jacobian transformation on transformation (2), the probability 
element of Yli is 

(4) f(Y) dY = g{e(Y)) ·Ill· dY 

where IJf is 

IJI = I a~; I = I O< ra~ p) I = t 

Thus from (4) we see that Y is normally distributed with mean p, and variance 
a2• (Note that when there is no confusion, the subscripts will be omitted to 
simplify notation.) 

(ii) Estimating A and B 

Let us now take a sample of size n. This sample can be expressed in two 
ways. One is a sample of n values of e i.e., e1, e2, ... , en. A second way is to 
express it by showing the sample as (X1, Y1), (X2, Y2), ••• , (Xn, Yn). In prac
tice, it is the X and Y that are observed. However, since the two are equiva
lent, they will be used interchangeably in theoretical discussions. 

Since e is normally distributed, we will use the method of maximum 
likelihood to estimate A, B, and a2 • For this we need the likelihood function 
for the sample. This is, 

n [ J n J L= IT g(e) == (2TTa2)-n 12 exp --
2 
Ie~ 

i=t 2a i=l 

== (2TTa2)-n 12 exp [- _l_ ~(~-A- BX,)2
] 

2a2 
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"As can be seen, this likelihood function is equivalent to

<=i 1=1

The necessary conditions for L to be a maximum with respect to A, B, and

a* are

^ = 0, ^ = 0 ^ = 0

dA BB Bo2

To simplify differentiation, we first find log L and then differentiate. This

is permissible because the logarithmic function is monotonie and hence does

not effect the conditions for a maximum. The results of differentiation are

(5) na2^f(Yi -A-BX?

i=1

(6) ^(Y, - A - BX,) = 0

(7) 2 X,(Yl - A - BX,) = 0

Solving these equations, we find

A = F - EX

n

where .V and F are the sample means, i.e.,

*=-!*; y=-iY<

n n

F.quutions (6) and (7) are called the normal equations.

Let A = a, Ã� = b, then the estimated equation for (1) becomes

(8) Ð£Ñ� = a + bX

Note that Yf is the estimate of /i and is an average.

An individual value Y of the sample can be shown as

where e shows the deviation of the individual Y's from the yc's.

The normal equations are usually shown as

=

(9)

'
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Let A - a. Ji --- h .. then the estimated equation for (I) becomes 

(8) Yr ==a+ bX 

Note that r(' is the estimate of I' and is an average. 
An individual value r of the sample can be shown as 
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~ r == ,a ~ b L ~ .. 
"' .r r == a ~ .. \' ~ b ~ .r! ... ... ~ 
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(Hi) Shifting the origin

We have seen that

a = Y-bX

Substituting this into (8), we get

(10) Ð£Ñ�= Y+b(X- X)

or

Yl- Y = b(X-X)

Let yc = Yc - Y, x = X - X

Then

(11) yc = bx

As is seen, equation (11) is obtained from equation (8) by shifting the origin

to ( Y, X) and letting yc and x be the deviations from the mean.

Problems

dL 9L 3L

1. Work out the details of â��- = 0, â�� = 0, and â��-; = 0 and find equations

(5), (6), and (7). Ã®}Â« â�¢

2. Draw a graph of the linear regression line

Xc = a + bX

and show graphically the situations when the origin has been shifted to

(X, 0), (0, P), and (X, ?). Also express the regression lines in terms of the

three new origins.

3. Given a consumption function

Ñ� = ay + Ã� + Ð¸

when Ñ� is consumption, y is disposable income, and Ð¸ is the random element

that is N(O, a2). Take a sample of size Ð¸ and estimate a and Ã� by the method

of maximum likelihood.

16.3 Model 1â��two independent variables case

Let us now assume that

(1) p = A + B1Xl + BÃ®X2

where the additional (mathematical) variable X2 is the mother's height. Then

the deviations e are

(2) e=y-^

and

(3) Y = A + B1X1 + BZX2 + e
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(iii) Shifting the origin 

We have seen that 
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a== Y- bX 

Substituting this into (8), we get 

(10) Yc==Y+b(X-X) 

or 

Let 

Then 

Yc - Y == b( X - X) 

Yr == yc- Y, x==X-X 

(II) Yc == bx 
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As is seen, equation (II) is obtained from equation (8) by shifting the origin 
to ( Y, X) and letting Yr and x be the deviations from the mean. 

Problems 

oL oL iJL 
1. Work out the details of iJA = 0, iJB = 0, and iJa2 = 0 and find equations 

(5), (6), and (7). 

2. Draw a graph of the linear regression line 

Yc =a+ bX 

and show graphically the situations when the origin has been shifted to 
(X, 0), (0, f), and (X, f). Also express the regression lines in terms of the 
three new origins. 

3. Given a consumption function 

c = cxy + fJ + u 

when c is consumption, y is disposable income, and u is the random element 
that is N(O, a2). Take a sample of size nand estimate ex and {3 by the method 
of maximum likelihood. 

16.3 Model 1-two independent variables case 

Let us now assume that 

(I) 

where the additional (mathematical) variable X2 is the mother's height. Then 
the deviations £ are 

(2) 

and 

(3) 

€== Y-f.l 
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The distribution of Ð£ is found in exactly the same manner as in

Section 16.2. It is N(Ñ�, Ñ�Ñ�2). Note that the Jacobian is \J\ = 1 for the trans-

formation (2).

To find estimates of A, Ð�!, B2, and Ñ�Ñ�2 we take a sample of size Ð¸ and apply

the method of maximum likelihood. Let the sample be

(*1, "U' -"12)Â» (*2, -^21' -*22), â�¢'â�¢' \'ni ^nlÂ» XnV

Ð�Ð�e1, e2, ...,en.

The likelihood function is

(4) L=f[Â£(e)

1=1 <=1

= (2Ð�72)-"/2 exp [- ^5 2

To simplify differentiation, take the logarithm of L. Then,

(4') log L= - - log 2Ñ�Ð³ - - log Ñ�Ñ�2 - -Ð¦ 2 (y- Ð� - BiX, - B2X2)2

2 2 2</

Differentiate with respect to /4, Blt B2, and Ñ�Ñ�2. Then, setting the partial

derivatives equal to zero we find

(5) na2 = I ( Ð£, - Ð� - BlXÐ° - Ð�2Xâ��f

Â«=i

(6) 2 ( Y, - A - Ð¯^ - Ð�Ð�t) = 0

(7) Â£ Xa( Yi-A- ^^Ð´ - 52A"Ã�2) = 0

(8) 2 *Ñ�( Ð£- X - B! JTa - Ã�2A"12) = 0

Equations (6), (7), and (8) which are the normal equations become

(9) IX1Y=aJ,Xl + b12X2l + b2^XlX2

2 X2Y = a Â£ *2 + bi 2 *i*2 + Â¿Â« 2 JfJ

The parameters a, Â¿1, and Â¿2 are found by solving these equations simul-

taneously. However, to simplify computations, let us shift the origin to the

sample mean ( Ð£, Xlt X2). Then the first equation of (9) becomes

2 (Y - F) = na + b, 2 â�� - A\) + b2 1 (X2 - XÂ¿

However,

2(y-F) = 0, 2 (*i - *i) = 0, and 2â��-J2) = 0

Thus, na = 0, i.e., a = 0. This means the linear regression line (surface)

goes through ( F, A\, XJ.
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The distribution of Y is found in exactly the same manner as in 
Section 16.2. It is N(JJ, a2). Note that the Jacobian is IJI = 1 for the trans
formation (2). 

To find estimates of A, B1, B2, and a2 we take a sample of size nand apply 
the method of maximum likelihood. Let the sample be 

( Y1, X11' X12), ( Y2, X21' X22), · · ., ( Yn, Xn1' Xn2) 

Of E1, E2, ••• ,En. 

The likelihood function is 
n n 

(4) L= IT g(e) = Ilf(Y) 
i=1 i=l 

= (21Ta2rn12 exp [- 2~2 ! (Y- A - B1X1 - B2X 2)
2

] 

To simplify differentiation, take the logarithm of L. Then, 

(4') log L= -~log 27T- ~log u2
- 2~! (Y- A- B1X1 - B2X2)

2 

Differentiate with respect to A, B1, B2, and a2• Then, setting the partial 
derivatives equal to zero we find 

(5) 

(6) 

(7) 

(8) 

n 

na2 = ! ( Y; - A - B1 X11 - B2Xi2)
2 

i= 1 

! ( Yi - A - B1 Xi1 - B2 Xiz) = 0 

! Xil( yi - A - B1Xil - B2Xi2) = 0 

! X12( Y- A - B1Xil- B2 Xi2) = 0 

Equations (6), (7), and (8) which are the normal equations become 

! y == na + b1! x1 + b2! x2 

(9) ! X 1 Y = a ! X 1 + b1 ! X~ + b2 ! X 1 X 2 

! X 2 Y == a ! X 2 + b1 ! X 1 X 2 + b2 ! X~ 

The parameters a, b1, and b2 are found by solving these equations simul
taneously. However, to simplify computations, let us shift the origin to the 
sample mean ( Y, X1, X2). Then the first equation of (9) becomes 

! (Y- Y) == na + b1 ! (X1 - X1) + b2 ! (X2 - X2) 

However, 

! ( Y- Y) = 0, ! (X1 - X1) = 0, and ! (X2 - XJ = 0 

Thus, na == 0, i.e., a = 0. This means the linear regression line (surface) 
goes through ( Y, X1, XJ. 
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The remaining two normal equations become

2 (x, - xÂ¿( Y - F) = Ñ�, 2 (x, - xj* + Ñ�2 2 â�� - Ð»\

(10)

2 (*, - x2)( Y - Ð£) = Ñ�, 2 (^ - *!)â�� - Ð»Ñ� + Â¿2 2

If we let

Ð� -t Ð�. -t â�� lÂ» 2 2 ' â�� 2

be the deviations from the sample means, the normal equations become

2 Ñ�ly = Â¿i 2 xl + Ñ�2 2

2 Ñ�2Ñ� = b! 2 ^ix2 + Ñ�2 2 xl

From the normal equations, the ei and b2 are found. The a can then be

obtained from the first equation of (9). That is,

Ð¾ = Y â�� biXi â�� Ð¬2X2

As is seen, a does not have any effect on the estimation of the Â¿'s. In

terms of the one variable model, a is the Ð£-intercept, and b is the slope of the

line. The slope b is not effected by the shift in the origin. Thus to simplify

notation for our theoretical discussion we shall assume that Ð£ = A\ = X2 = 0

and a = 0. Then the model becomes

(12) p = B^ + B2Xa

(12') Y=B1Xl + B2X2 + e

and the normal equations become

bi 2 AÃ� + b, 2 AI*J = Z*i Y

bi 2 *i*Â« + b2 2 xl = 2 Ñ�2Ð³

In our subsequent discussion we will use equations (12), (12'), and (13)

as our model.

The estimated equations are shown as

(14) Yc = b,X, + Ð¬Â¿X2

(15) Ð£ =Ð¬1X1 + Ð¬2X2 + e

where e shows the deviation e = Y â�� Yc.

For k variables, the model is

(16) il = B1Xl

(16') y = Ð°Ð´ + Ð°Ð´
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The remaining two normal equations become 

~ (X1- X1)( y- Y) = b1 I (Xl- X1)2 + b2 ~ (X1- X1)(X2- X2) 
(10) 

I (X2 - X2)( y- Y) = b1 ~ (X1 - X1)(X2 - X2) + b2 ~ (X2 - X2)2 

If we let 

be the deviations from the sample means, the normal equations become 

(11) 
I X1Y = h1 I x~ + b2 I X1X2 

~ X2Y == b1 ~ X1X2 + h2 I xi 
From the normal equations, the b1 and b2 are found. The a can then be 
obtained from the first equation of (9). That is, 

a == Y - b1 X1 - b2X2 

As is seen, a does not have any effect on the estimation of the b's. In 
terms of the one variable model, a is the Y-intercept, and b is the slope of the 
line. The slope b is not effected by the shift in the origin. Thus to simplify 
notation for our theoretical discussion we shall assume that y = xl = x2 = 0 
and a = 0. Then the model becomes 

(12) 

( 12') 

1-l == Bt X1 + B2X2 

Y = B1 X1 + B2 X2 + E 

and the normal equations become 

(13) 
b1 I Xi + b2 ~ X 1 X 2 = L X 1 y 

h1 I x 1 x 2 + h2 I x; == ~ x 2 Y 

In our subsequent discussion we will use equations (12), (12'), and (13) 
as our model. 

The estimated equations are shown as 

(14) 

(15) 

Yc == b1 Xt + b2X2 

Y = b1X1 + b2 X2 + e 

where e shows the deviation e == Y - Yc. 
Fork variables, the model is 

(16) 

(16') 

JL = B1 X1 + B2 X2 + ... + BkXk 

y = B1X1 + B2X2 + ... + BkXk + E 
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and the normal equations are

SEC. 16.3

l 2*l*2

6* 2** =

In matrix notation this is

2*; 2*1*2

*2*1 2 *2

2*2**

2*2^

V Y Y V Y Y V YZ

L-ZAiAl 2,A*A2 â�¢â�¢â�¢ 2,Ak -1

If the inverse of the first matrix can be found, the solution for the b's will be

V

Let us set this as

V Y2 V Y Y \ Y Y

Z,Al 2,AlA2 â�¢â�¢â�¢ 2,AlAt

V Y Y Y Y2 Y Y Y

Z,A2Al 2,A2 â�¢â�¢â�¢ z,A2A*

l z,

... 2*2J

2*2^

V Y Y

â�¢â�� K

22

Once the cli are found which are called (Gauss) multipliers, the b's can be

easily computed. For example,

- _ ^' v v I _ ^- y v i XT- v v

Oi â�� ci1 2, Ali cl2 2. *2' "r â�¢â�¢â�¢ -r <-ac 2. â�¢** *

The estimated equations are shown as

(18) yc = b^ + b2X2 + ... + bkXk

(19) y = bJl + b2X2 + ... + bkXk + e

Problems

1. Work out the details of differentiating equation (4') with respect to A, /?,, B,

and <r2 and find equations (5), (6), (7), and (8).

2. Using the model expressed by (12'), take a sample of size n and estimate

5l, A,, and ,r2 by the method of maximum likelihood.

3.

(17)

Find the multipliers cu.
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and the normal equations are 

b1 I x~ + b2 I x 1x 2 + ... + b~c I x 1 x t = I x 1 Y 

(l7) b1IX1X2+ b~Ix: + ... + b~ciX2X~c=IX2Y 

b1IX1X1c + b2IX2Xt + ··· + b1c I x: =IXtY 
In matrix notation this is 

IX~ IX1X2 IX1Xk bl IX1Y 
-

IX2X1 Ix: IX2Xt b2 IX2Y -

IXkXl IX~cX2 Ix: b IX~cY 
If the inverse of the first matrix can be found, the solution for the b's will be 

b1 IX1X2 IX1 .. Yt -1 IX1Y 
b2 IX= IX2Xk IXIY -

brr xkxl IXrrX2 IX! X~cY 

Let us set this as 

bl C11 C12 C11c IX1Y 
bl C21 C22 c2k IX2Y -

bk ckt ck2 ckk XrrY 

Once the c;; are found which are called (Gauss) multipliers, the b's can be 
easily computed. For example, 

h; = ci1 I X1 Y + c;2I X2 Y + ... +cit I X~cY 

The estimated equations are shown as 

(18) Yc = b1X1 + b2X2 + ... + h~cX~c 
(19) Y = b1X1 + b2X1 + ... + btXt + e 

Problems 

1. Work out the details of differentiating equation (4') with respect to A, B1, Bs 
and u2 and find equations (5), (6), (7), and (8). 

2. Using the model expressed by (12'), take a sample of size n and estimate 
B1, B1, and u2 by the method of maximum likelihood. 

3. [ I X[ I X1~2]-1 
= [c11 c12] 

I xlx2 I x2 c21 c22 

Find the multipliers cii. 
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16.4 Model 2

Consider the population model

(1) Ñ� = Ð¯Ð� + B2X2

(2) Y = Ð�Ð� + B2X2 + e

where Y and e are random variables, Xl and X2 are constants (mathematical

variables). We assume Â£(e) = 0 and Var (e) = a*, but the distribution of e

is unspecified. Thus, we cannot use the method of maximum likelihood to

estimate the parameters Bl and B2.

The method of estimation we will use is the method of least squares. The

method of least squares says, take a sample of size n and find bl and Ð¬2

such that

2(Ð£-4Ð�-Ð�Ð -2*

is a minimum, where the sum S is taken over the sample.

Using the estimates bl and Â¿2 the estimates of (1) and (2) are shown as

(3) Yc = b.X, + b2X2

(4) Y = Â¿!*, + Ð¬2X2 + e

where e shows the deviation of the individual sample values of Y from Yc.

The results of this model expressed in more general terms is known as

MarkofTs theorem and has been investigated by David and Neyman (1938).

The proof of the results is very difficult, and we will only outline it. Let us

first state the theorem.

For simplicity assume a sample of size n = 3. We are given

(a) Three sample observations Ð£1, Y2, and Y3.

(b) The expectation of each Yi is a linear function of the parameters Bs

(j = 1,2) that are unknown, and, fixed independent variables Xij.

That is,

(5) E(Y^ = B1Xa + B2Xa

(c) Of the three equations

E(Yi) = B1XÐ¸ + B2Xl2

E( Ð£2) = BlX2l + B2X22

E( Ð£3) = A1A'31 + AiA'Å�

there is at least one set of two equations that gives a solution for Bl

and B2.

(d) The variance of YÂ¡ satisfies the relation

Ð´

Var(y,) = af = â�� /=1,2,3.

PÃ�

where a2 may be unknown but the weights PÂ¡ are known.
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16.4 Modell 

Consider the population model 

(1) p, = B1X1 + B2X2 

(2) y = BlXl + B2X2 + E 

where Y and E are random variables, X1 and X2 are constants (mathematical 
variables). We assume E(E) == 0 and Var (E) = a2, but the distribution of E 
is unspecified. Thus, we cannot use the method of maximum likelihood to 
estimate the parameters B1 and 8 2. 

The method of estimation we will use is the method of least squares. The 
method of least squares says, take a sample of size n and find b1 and b2 

such that 
! ( Y - b1 X1 - b2X2) 2 = ! e2 

is a minimum, where the sum L is taken over the sample. 
Using the estimates b1 and b2 the estimates of ( 1) and (2) are shown as 

(3) Yc == b1X1 + b2X2 

(4) Y == b1X1 + b2 X2 + e 

where e shows the deviation of the individual sample values of Y from Yc. 
The results of this model expressed in more general terms is known as 

Markoff's theorem and has been investigated by David and Neyman (1938). 
The proof of the results is very difficult, and we will only outline it. Let us 
first state the theorem. 

For simplicity assume a sample of size n = 3. We are given 
(a) Three sample observations Y1, Y2, and Y3 • 

(b) The expectation of each Yi is a linear function of the parameters B 1 
(j = 1, 2) that are unknown.. and, fixed independent variables XH. 
That is, 

(5) £( Yi) == 81Xn + 82X;2 

(c) Of the three equations 

£( Y1) == 81X11 + 82X12 

£( Y2) == 81X21 + 82X22 

£( Y3) == B1Xa1 + 82X32 

there is at least one set of two equations that gives a solution for 81 

and 8 2 • 

(d) The variance of Yi satisfies the relation 

a2 
Var ( Y..) = a~ = -

t t p. 
l 

i==l,2,3. 

where a 2 may be unknown but the weights Pi are known. 
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The best linear unbiased estimate of /Â¿ is

(6) Yc = b.X, + b2X2

where the Â¿'s are obtained by minimizing the weighted sum of squares

S = Â£ (Ð£; - biXÐ» - b2XiZ)*Pi = min

t=i

This gives us the normal equations

fri 2 xfa + Ñ�2 2 Ñ�aÑ�Ð°Ñ�< = 2 xaYlpl

bi 2 XnXaPl + b2 Â£ X*2Pi = Â£ Ð°Ð´Ð ,

First several related results are derived, viz., that El = bi estimated by

the least squares is a linear function of the Y's, and that this estimate is the

best linear unbiased estimate. For simplicity we shall set P, = 1 for this

discussion. Secondly, the statement that equation (6) is the best linear

unbiased estimate of Y is discussed.

(/) bÂ¡ is a linear function of the YÂ¡

We have seen that

where the cii are the multipliers. The sum S is taken over the sample, Ð¸ = 3.

Then, for example, bl becomes

fri = 'u Ã Ð°Ð´ + Â«u Ã Ð°Ð´

Thus Â¿Â»! is a linear function of the y's. Similarly, b2 can be shown as a linear

function of the J"s.

(#) bi is an unbiased estimate of 5,

We know that

ii cu] Ð�1 0

Then,

Â« Ñ�Ð¼ Ð¾ i
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Theq. 

(6) 

The best linear unbiased estimate of p, is 

Yc = blXl + b2X2 

where the b's are obtained by minimizing the weighted sum of squares 

3 

S = ! (~- b1Xil- b2Xi2)
2Pi =min 

i= 1 

This gives us the normal equations 

b1! x~lPi + b2! xilxi2Pi =! xil~Pi 

b1! xilxi2Pi + b2! x:2Pi =! xi2~Pi 

First several related results are derived, viz., that Bi = hi estimated by 
the least squares is a linear function of the Y's, and that this estimate is the 
best linear unbiased estimate. For simplicity we shall set Pi = 1 for this 
discussion. Secondly, the statement that equation (6) is the best linear 
unbiased estimate of Y is discussed. 

(i) b; is a linear function of the Yi 

We have seen that 

bl = ell ! xl y + cl2 ! x2 y 

h2 = c21 I xl Y + C22 ! x2 Y 

where the c;; are the multipliers. The sum ~ is taken over the sample, n = 3. 
Then, for example, b1 becomes 

3 3 

bl =ell ! xil~ + cl2 ! xi2~ 
t=l i=l 

= Y1(c11X11 + c12X12) 

+ Y2(c11X21 + C12X22) 

+ Y3(c11Xa1 + C12X32) 

Thus b1 is a linear function of the Y's. Similarly, b2 can be shown as a linear 
function of the Y's. 

(ii) b; is an unbiased estimate of Bi 

We know that 
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This becomes

Ð� X4 v^ _L

(7) rU|*Â¿

Thus for example,

Note that the matrix Ñ� is symmetric, i.e., c12 = Ñ�Ð¼.

Using the results in (7), we find, for example, by substituting (2) into blt

e)

e)

2 AÃ�

+ ^11 2 X1e + Ð¡12 Z

= Ð�! + Ð³Ð¿ 2 ^Â« + Ñ�u

The expected value of Â¿i is

0 = B, + cn 2 Ð�Ð�Â«) + Ñ�u 2

That is, Â¿! is an unbiased estimator of Bv A similar argument applies to Ð¬2.

(iii) bi is the best estimate of Bl

When bl has the smallest variance of all the linear estimators of Bl, it is

called the best linear estimator. To show that bÂ¡ has the smallest (minimum)

variance, an arbitrary linear estimator of Bi is constructed, and its variance

is computed. Then the two variances are compared, and if we can show that

Var (bi) is smaller, we conclude that bl has the minimum variance and hence

is the best linear estimator.

The sample of size n = 3 that has been taken can be shown by

(8)

Ð£!

n

X,

XÂ»

12

V32

The 5's are estimated by the method of least squares. Then the result is

shown by

(9)

Ñ�Ð³

Y2

Y3

132_

Â¿i

Ð¬2

L^3J
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This becomes 

(7) 
[
ell I X~+ cl2 I xlx2 cl2 I X~+ c22 I xlx2] = [1 01] 
ell I xlx2 + cl2 I x: cl2 I xlx2 + c22 I X~ 0 

Thus for example, 

c11IXi + c21IX1X2 = 1 

Note that the matrix c is symmetric, i.e., c12 = c21. 

491 

Using the results in (7), we find, for example, by substituting (2) into b1, 

b1 = e11 I xl Y + cl2 ~ x2 Y 

=ell I X1(B1X1 + B2X2 +E) 

+ c12 I X2(B1X1 + B2X2 + E) 

= Bl[cll I x; + cl2 I XlX2] 

+ B2[cll I xlx2 + cl2 I x:J 
+ ell I XlE + cl2 I X2E 

= B1 + c11 ~ X1E + c12 ~ X2E 

The expected value of b1 is 

E(b1) = B1 + c11 I X1E(E) + c12 I X2E(E) 

E(b1) = B1 

That is, b1 is an unbiased estimator of B1• A similar argument applies to b2• 

(iii) bi is the best estimate of Bi 

When bi has the smallest variance of all the linear estimators of Bt, it is 
called the best linear estimator. To show that hi has the smallest (minimum) 
variance, an arbitrary linear estimator of Bi is constructed, and its variance 
is computed. Then the two variances are compared, and if we can show that 
Var (hi) is smaller, we conclude that bi has the minimum variance and hence 
is the best linear estimator. 

The sample of size n = 3 that has been taken can be shown by 

(8) 

The B's are estimated by the method of least squares. Then the result is 
shown by 

(9) 
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where the Â¿'s are estimates of the B's. Equation (8) can be shown in matrix

(10) Y=XB + t

With this much background, let us now construct the following arbitrary

linear functions of Ð£ which are to be estimates of Bl and B,.

where the a's are constants. In matrix notation this becomes

(12) A Y = b

If these linear functions of Xare to be unbiased estimators of B, we need,

from equation (12),

(13) E(A Y) = B

Substituting equation (10) into (13), we get for the left-hand side,

E(A Y) = E[A(XB + Â«)] = E(AXB + Ae)

= E(AXB) -h AE(Â«) = E(AXB)

a31Ñ�Ðº] _ Ð�1 Â°

a^X^] LQ i

Thus for (13) to hold, we need

(14) AX=I

That is,

a31X31

a32X31

This shows that the linear functions of K in (12) will be unbiased estimates

of B when given the condition (14).

The estimates of B obtained by the method of least squares were shown

by

Ñ�

L2 Ñ�,Ñ�2 2 x\ i XZ

or in matrix notation,

(15) b = (X'X)-1X'Y

form as

Our problem now is to compare the variance of the b that is estimated

by (15) to the variance of b that is estimated by (12). Let us first find the
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where the b's are estimates of the B"s. Equation (8) can be shown in matrix 
form as 
(IOJ Y = XB- ~ 

With this much background, let us now construct the following arbitrary 
linear functions of Y which are to be estimates of~ and Bt-

Dtt yl - ~~ y! ~ ~ y 3 = bl 
(II) 

Dtt yl - tit! y! ~ 0. y 3 = bl 

where the a's are constants. In matrix notation this becomes 

(12) AY=b 

If these linear functions of Yare to be unbiased estimators of B, we need, 
from equation (12), 

(13) E(A Y) = B 

Substituting equation (10) into ( 13), we get for the left-hand side, 

E(A Y) = E[A(XB + ~>1 = E(AXB + AE) 

= E(AXB) + AE(E) = E(A.XB) 

=AXB 

Thus for (13) to hold, we need 

(14) AX= I 

That is, 

[
at1X11 + a21X21 + aa1Xat a11X12 + a21X22 + as1X32] = [l OJ 
a12X 11 + a22X 21 + aa2X at a12X 12 + a22X 22 + aa2X 32 0 1 

This shows that the linear functions of Y in ( 12) will be unbiased estimates 
of B when given the condition ( 14 ). 

The estimates of B obtained by the method of least squares were shown 
by 

or in matrix notation, 

(15) b = (X'X)-1X'Y 

Our problem now is to compare the variance of the b that is estimated 
by ( 15) to the variance of b that is estimated by (12). Let us first find the 
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variance of (15). Since we have unbiased estimators, E(b) = B. Therefore,

the variance of b is defined as

(16) E[(Â¿ - Ã�)(b - B)']

Ð� Var (Â¿g

,fo2)l

) J

This is called the variance-covariance matrix of the estimates bl and Â¿2 and

is denoted by V. We are mainly interested in Var (Â¿i) and Var (Â¿>2).

Also note from (15) that,

b = (Ð�" Ð�')-1 Ð�" Ð£ = (X'XÃ¯+X'(XB + e)

= (X'X)~lX'XB + (X'X^X'e

= B + (X'X)-lX'e

This leads to

(17) b - B = (jr'JO-1Ð�"e

Substituting (17) into the variance-covariance matrix (16), we find

since we assumed Var (e) = Ñ�Ñ�2 (homoscedasticity). Thus, we conclude that

(18) \ = (X1 X)-W

Let us now find the variance-covariance matrix for the arbitrary linear

estimate of B given by (12). Equation (12) was b = A Y. To differentiate

this arbitrary linear estimate and the estimate obtained by (15), we let A be

different from (A" X)-1 A". Set

(19) A = (X'X) 1X' + D

where D is a matrix of scalars. Then, if this A is to satisfy the condition that

the linear estimate A Y is to be an unbiased estimate of B, we need the condi-

tion (14) to be satisfied, i.e.,

A X = [(A"*)-1*' + D]X = I
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variance of ( 15). Since we have unbiased estimators, E(b) == B. Therefore, 
the variance of b is defined as 

(16) E[(b- B)(b- B)'] 

= E[ (!: = !:)(b1 - 8 1 b2 - 82)] 

[
E(b1 - 8 1)

2 E(b1 - 81)~b2 - 8 2)] 
- £(b2 - B2)(b1 - 8 1) E(b2 - 8 2) 

== [Var(b1) Cov(b1, b2)] 

Cov (b1, b2) Var (b2) 

This is called the variance-covariance matrix of the estimates b1 and b2 and 
is denoted by V. We are mainly interested in Var (b1) and Var (b2). 

Also note from ( 15) that, 

This leads to 

(17) 

b == (X'X)-1X'Y == (X'X)-1X'(XB +E) 

== (X'X)-1X'XB + (X'X)-1X'E 

== B + (X'X)-1X'E 

Substituting ( 17) into the variance-covariance matrix ( 16), we find 

~((X'X)-1X'E((X'X)-1X'E)'] 

== £[(X'X)-1X'EE' X(X'X)-1] 

== (X' X)-1 X' X( X' X)-1 £( EE
1

) 

== (X' X)-1a2 

since we assumed Var (E) == a2 (homoscedasticity). Thus, we conclude that 

( 18) 

Let us now find the variance-covariance matrix for the arbitrary linear 
estimate of B given by (12). Equation (12) was b ==A Y. To differentiate 
this arbitrary linear estimate and the estimate obtained by ( 15), we let A be 
different from (X' X)-1 X'. Set 

( 19) A= (X'X)-1X' + D 

where D is a matrix of scalars. Then, if this A is to satisfy the condition that 
the linear estimate A Y is to be an unbiased estimate of B, we need the condi
tion ( 14) to be satisfied. i.e., 

AX=== [(X'X)-1X'+ D]X== I 
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This becomes

(X'X)~lX'X + DX= I

:. DX=O

Thus, if we can find a matrix D such that DX = O, A Y is an unbiased esti-

mator of B, where A is given by (19).

Using this result, let us find the variance of this linear function A Y = b.

First note that

b = AY= ((X'X)~>X' + D)Y

= [(X'X)-lX' + D](XB + e)

= (X'X)~lX'XB + DXB + (X'X)-lX'e + De

= B + [(X'X)~lX+ D]e

Thus, the deviation of b from B becomes

b - B = [(X'X)->X + D]e

From this we find that the variance of b is, noting that DX = 0,

(20) E((b ~ B)(b - B)'}

Ð�' + D)ee'(X(X'X)-* + Â£>')]

= o*[(X'X)-\X'X(X'X)-1 + DX(X'X)-> + (X'X)-1X'D' + DD']

= a^X'X)-1 + DD']

Thus the variance-covariance matrix for the b obtained from (12) becomes

(21) V = <Â¿[(X'XÐ�1 + DD']

.= o2pu + 2d?i cK

[c21 + 2 da di2 c2,

where

i d21 c

DD' =

^22

32-

% Z da d,i

494

Ð�'Ð�Ð¢1 = P" C'2l

Lc21 Ð¡Ð¸]

494 

This becomes 
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(X'X)-1X'X + DX ===I 

:. DX===O 
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Thus, if we can find a matrix D such that DX === 0, A Y is an unbiased esti
mator of B, where A is given by (19). 

Using this result, let us find the variance of this linear function A Y = b. 
First note that 

b =A Y ===((X' X)-1X' + D) Y 

=== [(X' X)-1 X'+ D](XB + E) 

= (X'X)-1X'XB + DXB + (X'X)-1X'E +DE 

= B + [(X' X)-1X + D]E 

Thus, the deviation of b from B becomes 

b- B =[(X' X)-1X + D]E 

From this we find that the variance of b is, noting that DX = 0, 

(20) E[(b - B)(b - B)'] 

= E[{[(X' X)-1 X' + D]E }{[X' X)-1 X' + D]E }'] 

= E[((X' X)-1 X' + D)EE'(X(X' X)-1 + D')] 

= a2 [(X' X)-1_X' X( X' X)-1 + DX(X' X)-1 + (X' X)-1 X'D' + DD'] 

= a2 [(X' X)-1 + DD'] 

Thus the variance-covariance matrix for the b obtained from (12) becomes 

(21) V == a2[(X'X)- 1 + DD'] 

= a2[C11 + ! d~t C12 + ! dil d;2] 
C21 + ! dil di2 C22 + ! d;2 

where 

DD' == 11 21 
[

d d 
d12 d22 
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From (18) we know that the variance-covariance matrix for the Â¿'s

estimated by the method of least squares is

(22) V = ^(X'XÐ�1 = |"cllÂ°! cl2Â°!

|^Ð¡21Ð�Ð� c22<r

and Ñ�uÐ¾-2, Ñ�KÐ¾* are the variances of Ð¬l and Ð¬2. Then the variance of bl and Â¿2

of (11) will be

Var (b.) = o2(c22 + 2 4) a Ñ�ÐºÐ°*

When Si/f, > 0, Si/?2 > 0 these variances are greater than the variances of the

bl and Ð¬2 obtained from the method of least squares.

When Si/fi = 0, Si/,| = 0 the linear estimate becomes the same as the

least squares linear estimate.

Thus, the conclusion is the linear estimates of B obtained from the least

squares method is the best estimate, i.e., it has minimum variance, when

compared to estimates obtained from arbitrary linear functions of Y, as

given by (12).

16.5 Model 2 â�� continued

(/) Weights P i Ð¤ I case

The second problem to be considered is that the best linear unbiased

estimate of Ñ�, that is,

(D Ñ� = Ð°Ð´ + Ð°Ð´

is Yc, that is,

(2) Yc = Ð°Ð´ + Â¿2A"2

where bl and b2 are obtained by the method of weighted least squares. That is,

(3) t (I, - â�� - Â¿Ð�)2 Ð� = 2Ðµ? Ð� = min-

(â��1

Let us include the weights PÂ¡ in this discussion. The normal equations become

M *n P i + Ñ�, I xll xapl =

Ñ�2 2 Ñ�Ð°*Â«Ð» + ^ 2 *?2Ð� =

In matrix notation this is

(5) X'PXb = X'PY
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From (18) we know that the variance-covariance matrix for the b's 
estimated by the method of least squares is 

(22) V == u2(X'X)-l = [en~ C12a2] 
C21a C22a2 

and c 11 a
2, c 22a 2 are the variances of b1 and b2• Then the variance of b1 and b2 

of (11) will be 

Var (b1) == a2(c11 + ! tf;1) 2 c 11a2 

Var ( b2) = a2( c 22 + ! d72) :2 c 22a-2 

When ~d'f1 > 0, ~df2 > 0 these variances are greater than the variances of the 
b1 and b2 obtained from the method of least squares. 

When ~d'f1 = 0, ~df2 = 0 the linear estimate becomes the same as the 
least squares linear estimate. 

Thus, the conclusion is the linear estimates of B obtained from the least 
squares method is the best estimate, i.e., it has minimum variance, when 
compared to estimates obtained from arbitrary linear functions of Y, as 
given by ( 12). 

16.5 Model 2-continued 

(i) Weights P 1 # 1 case 

The second problem to be considered is that the best linear unbiased 
estimate of p., that is, 

(1) 

is Yc, that is, 

(2) 

where b1 and b2 are obtained by the method of weighted least squares. That is, 

{3) 
3 

~ ( Yi - biXil .- h2Xi2)2 Pi = !er Pi == min. 
i=l 

Let us include the weights Pi in this discussion. The normal equations become 

(4) 
bl ~ xi~ Pi + h-1. I xil xi"2Pi == !Xi• YiPi 

h2 ~ xilxi2Pi + b2! x;2Pi == ~ xi2 ~Pi 

In matrix notation this is 

(5) X'P Xb == X'P Y 
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Where

If \X'PX\=Â£0, then Â¿ is

(6)

p =

b = (X'PX)-1X'PY

We wish to show that when the Â¿'s of equation (2) are estimated as in (6),

the estimate Yc will have minimum variance and will also be unbiased.

The non-rigorous proof that is presented is constructed as follows. A

linear function

(7) Y< = lnÐ�! + li2Y2 + li3Y3

is constructed. In matrix notation this is shown as

(7')

12

Ð§13

-Ã�-3J

This linear function of Yl is to be an unbiased and minimum variance esti-

mator of E( Yi) = ljtl. The A's that satisfy these two conditions are found.

Then it is shown that when using these A's, this linear function is identical (2).

Thus (2) is an unbiased minimum variance estimator of E(Y,) = /i,.

Step 1

From equation (7) or (7'), a single equation is selected and the subscript i

is dropped to simplify notation. Then (7) becomes

(7") Y=^1Yl

In matrix notation this is,

(7*)

Ð�Ð�]

The necessary conditions for this linear function (7") to be an unbiased

estimate is obtained by setting

E(Y)= Â¿

and finding the conditions as

* 1 == 2, Ð�,Ð»,1 = Ð�Ð¦Ð�Ð�

(8)

Ð¢"

496 

~here 

If I X'P XI =I= 0, then b is 

(6) 
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b = (X'PX)-1X'PY 

We wish to show that when the b's of equation (2) are estimated as in (6), 
the estimate Yc will have minimum variance and will also be unbiased. 

The non-rigorous proof that is presented is constructed as follows. A 
linear function 

(7) 

is constructed. In matrix notation this is shown as 

(7') [ fj _ [All A12 .A.E)3 [Y,j 
f2 - ~1 ~2 ~ y2 

f. A31 Aa2 }': 
This linear function of f; is to be an unbiased and minimum variance esti
mator of E( Yi) = P.i· The .A.'s that satisfy these two conditions are found. 
Then it is shown that when using these .A.'s, this linear function is identical (2). 
Thus (2) is an unbiased minimum variance estimator of£( Yi) = P.i· 

Step 1 
From equation (7) or (7'), a single equation is selected and the subscript i 

is dropped to simplify notation. Then (7) becomes 

(7") f = .A.l yl + .A.2 y2 + Aa y 3 

In matrix notation this is, 

(7"') f = [A1 ~ .la][~j = A'Y 

The necessary conditions for this linear function (1H) to be an unbiased 
estimate is obtained by setting 

3 

E( Y) == ~ .A.iE( Y;) 
i= 1 

= ! .A.i(BtXit + B2Xi2) 

= BtXt + B2X2 
and finding the conditions as 

X1 == 2 .A.iXit = .A.1X11 + ~X21 + .A.aXat 
(8) 
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In matrix notation this is

Ð�Ñ� -] Ð�Ñ� v Y 1

(8') \x\ = \Xn I" X\

Ð�2 Ð�12 Ð�22 Ð�32

L J L J

LAJ

= X'X

If we can find Al that satisfy (8), equation (7") will be an unbiased estimator

Step 2

Let us next find the conditions for F of equation (7") to have minimum

variance. The variance of (7") is

(9)

Var ( f ) = Var (J Ð�,Ð£<) = 2 Â°* ~= min-

f4

Note that Var ( Ð£,) = cr2/Pt from the assumptions and that PÂ¡ are known

positive constants but </2 may be unknown. Thus the problem is to find the

A, that give us a minimum Var ( ?) and at the same time satisfy (8) which were

the necessary conditions for unbiasedness. Using the Lagrange Multiplier

Method, we construct the function V as follows.

V= Ã� I - 2*i Ã� â�� - 2*2 Ã� â��

Â«=1^ i=i <=i

where ai and a2 are the Lagrange multipliers. Note that Ñ�Ñ�2 is omitted

because it is a constant and has no effect. Differentiate V with respect to Ai

and set the result equal to zero. Then,

dv

+

I 0^2^22" 2

3A3

In matrix notation this is

A2

or

Ð» u Ð» 12

21 22

Ð� il -Ð� *vt

(10) Ð� =

To solve for the five unknowns A!, XZ, Ð�Ð�, Ð°1, a2, the three equations of (10)

and the two constraints which are the two equations (8) are combined and

solved simultaneously. This is performed in Step 3.
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In matrix notation this is 

(8') 

If we can find li that satisfy (8), equation (7") will be an unbiased estimator 
of (1). 

Step 2 
Let us next find the conditions for Y of equation (7") to have minimum 

variance. The variance of (7") is 

(9) Var (f)= Var <I A.i~) = I a2 A.~= min. 
pi 

Note that Var ( Yi) == a2/Pi from the assumptions and that Pi are known 
positive constants but a2 may be unknown. Thus the problem is to find the 
Ai that give us a minimum Var (f) and at the same time satisfy (8) which were 
the necessary conditions for unbiasedness. Using the Lagrange Multiplier 
Method, we construct the function Vas follows. 

3 A.~ 3 3 

V = I -2 - 2rx1 I A.iXil - 2rx2 I A.iXi2 
i=l pi i=l i=l 

where rx1 and ~ are the Lagrange multipliers. Note that a2 is omitted 
because it is a constant and has no effect. Differentiate V with respect to A.1 

and set the result equal to zero. Then, 

av == o·. 'l x "'1 == rx1X11p1 + ~ 12P1 
ol1 

av == o·. ~ P ~~ == rx1X21P2 + ~X22 2 
a~ 

av == o·. 'l x P x P "'3 == (Xl 31 3 + (X2 32 3 
oA.3 

In matrix notation this is 

or 

(10) ) .. ==PXcx 

To solve for the five unknowns A.1, ~, l 3, rx1, rx2, the three equations of (10) 
and the two constraints which are the two equations (8) are combined and 
solved simultaneously. This is performed in Step 3. 
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Ã�D Ã�] = x'Px*

From (11) we can solve for the Lagrange multipliers a. They become

(12) a = (

Using (12) and (10) we can now find A which is what we are really after.

(13) A = PXa. = PX(X'PX) ~l Ð�1

The A has been found and note that it is expressed in terms of A"s and P.

It is the A that satisfies the conditions that (7") will be an unbiased and

minimum variance estimator of E( Y).

Our next step is to substitute (13) into (7") and show that this becomes

equal to (2).

Step 4

Substituting (13) into (7") we find

(14) Y = A' Y = [*i X2](X'PX)-1X'PY

Substituting (6) into (14), we find

Y = A' Y = [Xl X2]b

We have shown that equation (2) which is the equation where the coefficients b

are obtained by the method of weighted least squares, and, equation (7") which

is the linear unbiased minimum variance equation, are equal. Thus we

conclude that equation (2) is an unbiased minimum variance estimator of

E( Y,). That is, the estimator obtained by the method of weighted least

squares is an unbiased minimum variance estimator of E( Ð£,).

The result may be stated in an alternative way as follows. Let

(15) Ð�Ð� + Ð�Ð�

be a linear function of the B's. Then the best linear unbiased estimate of (15)

is

(16) Â¿Ð� + b2X2

where the individual Â¿i's are the best linear unbiased estimates of individual

.0,'s which are obtained by

Step 3

(17) b = (X'PX)~lX'PY

498 

Step 3 

(11) 
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From (11) we can solve for the Lagrange multipliers ex. They become 

(12) oc = (X'PX)- 1 [~:] 

Using (12) and {10) we can now find A which is what we are really after. 

(13) A= PXoc = PX(X'PX)- 1 [~:] 

The A has been found and note that it is expressed in terms of X's and P. 
It is the A that satisfies the conditions that (7") will be an unbiased and 
minimum variance estimator of .e( Y). 

Our next step is to substitute ( 13) into (7") and show that this becomes 
equal to (2). 

Step 4 
Substituting (13) into (7") we find 

(14) f = l' Y = [X1 X2](X'PX)- 1X'PY 

Substituting ( 6) into ( 14), we find 

f= l'Y= [X1 X2 ]b 

= b1X1 + b2 X2 

We have shown that equation (2) which is the equation where the coefficients b 
are obtained by the method of weighted least squares, and, equation (7") which 
is the linear unbiased minimum variance equation, are equal. Thus we 
conclude that equation (2) is an unbiased minimum variance estimator of 
£( Yi). That is, the estimator obtained by the method of weighted least 
squares is an unbiased minimum variance estimator of E( Yi). 

The result may be stated in an alternative way as follows. Let 

(15) 

be a linear function of the B's. Then the best linear unbiased estimate of ( 15) 
IS 

(16) 

where the individual b/s are the best linear unbiased estimates of individual 
B/s which are obtained by 

(17) b = (X'PX)-1X'PY 
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(ii) Weights Pi = I case

When Pi = 1, the matrix P becomes

rl

1

The results for the PÂ¡ = 1 case are obtained by replacing Pi and P by 1 and

/ in the previous Section (i). The results of the Pi Ð¤ 1 case and Pi â�� 1 case

are the same, except that equation (17) becomes

/1 OI L / V V\â��1 V' V

(Is) 0 = (X X) 1X Y

Problem

1. Work out the Pl = 1 case in detail.

16.6 Estimate of the variances

(i) The estimate of the variance of Yc

Equation (5) in Section 16.2 gives an estimate of the variance as

1 - ,1

Ð¸ n

(1)

l- yc)2

for the one variable case. For two variables, equation (5) of Section 16.3

gives

(2) Ð¾2 =Ð�

n

1

Ð¸

Equations (1) and (2) are expressed in matrix notation as

(Y- YC)'(Y- Yc)

where Y and Yc indicate vectors. For example, if the sample size is n = 3,

we have
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(ii) Weights Pi = l case 

When Pi= 1, the matrix P becomes 

The results for the Pi = 1 case are obtained by replacing Pi and P by 1 and 
I in the previous Section (i). The results of the Pi =1= I case and Pi = 1 case 
are the same, except that equation (17) becomes 

(18) b = (X'X)-1X'Y 

Problem 

1. Work out the Pi = 1 case in detail. 

16.6 Estimate of the variances 

(i) The estimate of the variance of Yc 

Equation (5) in Section 16.2 gives an estimate of the variance as 

(1) 

for the one variable case. For two variables, equation (5) of Section 16.3 
gtves 

(2) 

Equations ( 1) and (2) are expressed in matrix notation as 

1l 

where Y and Yc indicate vectors. For example, if the sample size is n = 3, 
we have 
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Thus, (1) and (2) may be expressed in matrix notation as

(3) 52 = V-yc)'(y-yc)

n

It turns out that (3) is a biased estimator of the population variance.

An unbiased estimator is

n â�� r

where Ð¸ â�� r is the number of degrees of freedom. Assuming that the origin

has been shifted to the mean, the parameter that corresponds to A = a in

the linear regression model is zero. Thus r is the number of Â¿'s in

Y = Xb

In our present example, r = 2. For our subsequent discussion we shall only

consider the unbiased estimator given by (4).

The numerator of (4) can be expressed as

( Y - Xb)'( Y-Xb) = (Y'- b'X')( Y - Xb)

= Ð� Y - b'X' Y - Y'Xb + b'X'Xb

But

b'X'Xb = b'X'X(X'X)-1X'Y = b'X' Y

Then the numerator becomes

(Y- Xb)'(Y- Xb) = Y'Y- Y'Xb

Substituting this into (4), the estimated variance becomes

(Y'Y- Y'Xb)

n â�� r

We also state that this is the unbiased estimate of the variance of Yc for

the second model that was based on Markoff's theorem.

(ii) Estimate of the variance of bi

We have seen that the variance-covariance matrix of Â¿, was

v = <Â¿(X'xy1 = \cllC

and

(4)

Var Ð°Ð´ = Ð¡llÐ¾2, Var (Â¿2) =
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Thus, (1) and (2) may be expressed in matrix notation as 

(3) <12 == ! (Y- Yc)'(Y- Yc) 
n 

It turns out that (3) is a biased estimator of the population variance. 
An unbiased estimator is 

(4) 62 == 1 
(Y- Yc)'(Y- Yc) 

n-r 

where n - r is the number of degrees of freedom. Assuming that the origin 
has been shifted to the mean, the parameter that corresponds to A == a in 
the linear regression model is zero. Thus r is the number of b's in 

In our present example, r == 2. For our subsequent discussion we shall only 
consider the unbiased estimator given by ( 4). 

The numerator of (4) can be expressed as 

(Y- Xb)'(Y- Xb) == (Y'- b'X')(Y- Xb) 

== Y' Y - b' X' Y - Y' Xb + b' X' Xb 

But 
b' X' Xb == b' X' X( X' X)-1 X' Y = b' X' Y 

Then the numerator becomes 

(Y- Xb)'(Y- Xb) == Y'Y- Y'Xb 

Substituting this into ( 4), the estimated variance becomes 

62 == 1 
(Y'Y- Y'Xb) 

n-r 

We also state that this is the unbiased estimate· of the variance of Yc for 
the second model that was based on Markoff's theorem. 

(ii) Estimate of the variance of bi 

We have seen that the variance-covariance matrix of bi was 

and 
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where c,, are the Gauss multipliers. Thus,an estimate of Var (Â¿,) is obtained

by using the estimate a2;

(iii) Confidence interval for BÂ¡

We now state without proof that bi is distributed normally with mean

E(bi) = B and variance Var (Â¿,) = c^Â°3. Thus the distribution of the stan-

dardized variable

bi-Bl

is normally distributed with mean zero and variance unity.

However, a which is the population parameter is unknown and we have

to use an estimator. We have found the estimator a2 with n â�� r degrees of

freedom. Thus, we state without proof that

Ñ�. -

has a /-distribution with Ð¸ â�� r (in our present example Ð¸ â�� 2) degrees of

freedom. If the null hypothesis is Bi = 0, we have

The confidence interval for BÂ¡ is

bi - /./2VcÂ«Ã�* Ã¡ B, a Â¿,. + /./.VcÂ«^

where a is the level of significance. We have a (1 â�� a) confidence interval.

(iv) Computation formulas

In the previous sections, various results were expressed in terms of

matrices. In this section the results will be expressed in terms of deter-

minants to show the computational procedures. The two main problems

are to find an expression for the Â¿'s and hence the regression line, and, the

estimated variance.

(a) Computation formula for the Â¿'s

The Â¿'s were obtained from the normal equations

1 i 2 --

b1 2 ^il-^,2 + Ð¬2 2 ^i2 = Z
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where ci; are the Gauss multipliers. Thus, an estimate of Var (hi) is obtained 
by using the estimate a2 ; 

(iii) Confidence interva(for Bi 

We now state without proof that hi is distributed normally with mean 
E(h1) == B and variance Var (hi) = ciia2 • Thus the distribution of the stan
dardized variable 

is normally distributed with mean zero and variance unity. 
However, a which is the population parameter is unknown and we have 

to use an estimator. We have found the estimator a2 with n - r degrees of 
freedom. Thus, we state without proof that 

b;- Bi 

a.J cii 

has a !-distribution with n - r (in our present example n - 2) degrees of 
freedom. If the null hypothesis is Bi = 0, we have 

The confidence interval for Bi is 

b t 1~ ~ B < b + t 1 ~ i - a/2'J cii(J ~ i == i a/2v ciia-

where ex is the level of significance. We have a (1 - ex) confidence interval. 

(iv) Computation formulas 

In the previous sections, various results were expressed in terms of 
matrices. In this section the results will be expressed in terms of deter
minants to show the computational procedures. The two main problems 
are to find an expression for the h's and hence the regression line, and, the 
estimated variance. 

(a) Computation formula for the h's 

{1) 

The b's were obtained from the normal equations 

b1 I x~~ + b2 I xilxi2 == I Xn ~ 

b1 I xilxi2 + b2 I x;2 == I xi2 ~ 
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Using Cramer's rule the Â¿'s are found as

SEC. 16.6

*ii =

Â¿,XÐ»Yi 2, XflXiZ

XÂ» Ð£ V 'V y2

2,At2/i 2,A<2

2, XllXi2 2, Xi2

V y2 V v v

Â¿,Ð�Ð» 2,AnIi

Â¿L, i1 i'2 Â¿L, t'2 i

"ST y2 XÂ» Y Y

2,Ð»Ð¿ 2,Ð»Ð¿Ð»Ð¿

provided the determinant in the denominator which we shall denote by Ð�

is not zero.

Using these computation formulas for the Â¿'s, the estimated regression

line becomes

I Ð°Ð´ %Ñ�Ð°Ñ�

2, Ð»<2Ð³i 2, XÑ�

XÂ» Y Y ^

2, Ð� Ñ�Ð� i2 2,

The part in the braces can be rearranged into determinant form as follows.

â�¢VÂ» v v ^ Y Y

2,An]i 2,Ð�Â«1Ð�<2

V Y V V V2

2,-*&'i 2,Ai2

2, -^ii 2. Ð¥Ñ�X#

2 Y Y "V Ñ�2

AilAi2 2,Ai2

\Y Y \ Y 2 h

ZAiiri 2,Ð»Â« I

V v y V y y i

2, A <2 *i 2, A ilA i2 I'

0V V

il "''^ Ã�2

2 y 2 ^rÂ» y V

AÂ« 2, AaA

V Ð£ V ^ Y Y ^ y2

V y v \ Y Y

Â¿AaIi 2, Ð�tiAi2

\Â» y v X^ v^

2,Ai2ri 2, At2

-X,

Ã�2

(2)

j^r Ai'2M 2^ il iZ 2, Ai2
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Using Cramer's rule the b's are found as 

IXil~ I xilxi2 

bl = 
I xi~~ IX~2 

IX~l I xilxi2 
I xilxi2 IX~2 

Ix;l IXil~ 

b2 = 
I xilxi2 IXi2~ 

IX~l I xilxi2 
I xilxi2 I Xi~ 

provided the determinant in the denominator which we shall denote by t:. 
is not zero. 

Using these computation formulas for the b's, the estimated regression 
line becomes 

(2) f = b1Xt1 + b2Xi2 

= 1 {xil IXil~ I xilxi2 

IXi2~ IX~2 

+ xi2 
Ix:~ I XilYi ) 

I xilxi2 ~ xi2Y; 
The part in the braces can be rearranged into determinant form as follows. 

xil IXn~ 
I xilxi2 

+ xi2 IX~ IXil~ 

IXi2~ Ix;2 I xilxi2 IXi2~ 

= {o IX~l I XnXi2 
+ xil 

IXil~ I xilxi2 
~ xilxi2 I x;2 IXi2~ Ix;2 

- xi2 
IXil~ I xi: ) 
IXi2~ I XnXi2 
0 xil X;2 

- I Xnt: !Xt~ I xilxi2 == -~1 

IXi2~ I xilxi2 Ix;2 
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Substituting this result into (2), we find,

(3, f--|

This result is for the case where we have two Â¿'s. But it can be easily general-

ized for a regression line of any number of Â¿'s.

(b) The variance a2

The estimate of the variance a2 was given as

a2 = â��iâ�� {(Ð£- Xb)'(Y~ Xb)}

{Y'Y- Y'Xb}

n -2

The Ð£ Ð£ is

The Ð£A" is

Ñ� Ñ� Ð�Ñ� Ñ� Ñ�"|

1 Ð» â�� l1! 12 Jsj

Then the Y'Xb is

Ð£2 Ð£3]

_X3l

2 Ð°Ð´!

Thus, a2 becomes

^ = â��Ð¦ Ã I i? - b, i Ñ�Ð°Ñ�,. - Ñ�2 i Ð²Ð´)

Ð¸ â�� z vÂ«= i i=i i=i i

Since the Â¿'s have been calculated by the formulas in (i) above, the a2 can

easily be obtained.

16.7 Bivariate normal distribution

We now take up the third approach, based on a multivariate normal

distribution. We shall start with an explanation of the bivariate normal

distribution.
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Substituting this result into (2), we find, 

y-== - ~1 
~ 

(3) 

This result is for the case where we have two b's. But it can be easily general
ized for a regression line of any nurn ber of b's. 

(b) The variance a 2 

The estimate of the variance a2 was given as 

The Y' Y is 

The Y'X is 

Then the Y' Xb is 

Thus, a2 becomes 

a2 == _l_ {(Y- Xb)'(Y- Xb)} 
n-r 

== _l_ {Y'Y- Y'Xb} 
n-2 

Y' x h = [~ xil Y; L xi2 Y;] [::J 
= b1 L xil ~ + b2 L xi2 ~ 

l { 3 3 3 } a2
=-- L~2 -btLxi1~-b2Lxi2~ 

n - 2 •= 1 i= 1 i= 1 

Since the b's have been calculated by the formulas in (i) above, the 62 can 
easily be obtained. 

16.7 Bivariate normal distribution 

We now take up the third approach, based on a multivariate normal 
distribution. We shall start with an explanation of the bivariate normal 
distribution. 
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(/) Bivariate normal distribution

To give a simple illustration, let us construct a hypothetical table of values

as follows :

Height of father (inches) XÂ«

Height of son -

(inches) 60 61 62 63 64 65 66 67 68 69

A"i

60

61

62

63

64

65

66

67

68

69

For example, in the Xl = 64, X2 = 63 cell we find 10 which means there are

10 pairs of father and son where the father is 63 inches and the son is 64

inches. The characteristic of the table is that, when fathers are short they

tend to have short sons and when they are tall they tend to have tall sons.

This is shown by the concentration of frequencies along the diagonal running

from the upper left-hand corner to the lower right-hand corner.

Looking at a specific column, say X2 = 63, we see at first the frequencies

are few and then reach a maximum around 64 tapering off again. This holds

true for the other columns and also for the rows. The above is only a sample

of the infinite possible values. We assume that in the population each of the

columns and rows will have a normal distribution. That is, Xl and Ð¥2

respectively have normal distributions.

But A\ and X2 are generally not independent of each other, and their

joint distribution can be looked upon as an extension of the univariate

normal distribution. This bivariate normal distribution has a density function

as follows: r

- â�� Ð¦-

L 2(1 - p2)

Â£(*2) = Ð»

Var(X2) = <r*

The p is the correlation coefficient and is defined as

where

Cov (X1, X2)

P = -
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(i) Bivariate normal distribution 

To give a simple illustration, let us construct a hypothetical table of values 
as follows: 

Height of father (inches) X 1 

Height of son 
(inches) 60 61 62 63 64 65 66 67 68 69 

XI 

60 6 3 1 
61 13 7 5 3 I 
62 14 15 9 6 7 3 
63 12 10 14 9 10 10 5 4 3 1 
64 8 8 10 10 13 14 10 8 6 4 
65 4 5 8 12 15 17 15 13 11 9 
66 I 3 4 II 12 18 15 I 12 10 
67 I 2 7 9 14 17 15 15 12 
68 4 5 8 10 18 19 10 
69 1 6 7 14 20 21 

For example, in the X1 = 64, X2 = 63 cell we find 10 which means there are 
10 pairs of father and son where the father is 63 inches and the son is 64 
inches. The characteristic of the table is that, when fathers are short they 
tend to have short sons and when they are tall they tend to have tall sons. 
This is shown by the concentration of frequencies along the diagonal running 
from the upper left-hand corner to the lower right-hand corner. 

Looking at a specific column, say X2 = 63, we see at first the frequencies 
are few and then reach a maximum around 64 tapering off again. This holds 
true for the other columns and also for the rows. The above is only a sample 
of the infinite possible values. We assume that in the population each of the 
columns and rows will have a normal distribution. That is, X1 and X2 

respectively have normal distributions. 
But X1 and X2 are generally not independent of each other, and their 

joint distribution can be looked upon as an extension of the univariate 
norn1al distribution. This bivariate normal distribution has a density function 
as follows: 

1 [ 1 { (x1 - p,1) 2 (1) j(x1, x2) = .J exp -
2 

27TO'l0'2 1 - p2 2(1 - p ) (11 

_ 2p X1 - 1'1 X2 - #2 + (x2 - 1'2) 
2
}] 

0'1 0'2 0'2 
where 

E(X 1) == !-l1, E(X 2) == !-l2 

Var (X 1) == ai, Var (X 2) == a; 
The p is the correlation coefficient and is defined as 

_(X X)_Cov(X1.X2) 
p- p 1, 2 -

0'10'2 
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where covariance is defined as

Cov (Xlt JQ = E[(Xi - A) ( Jf, - tÃ \

p will be discussed later.

(if) Conditional distributions

From our table we can select a value X2 = 63 inches and find the distri-

bution of Xl. This is shown as/fo | x2) which is the conditional distribution

of Xl given X2. f (*! | x2) is given as

(2) /Ð«*2)=^^

/Â«(*2)

where /2(*2) is called the marginal distribution. In terms of the bivariate

normal distribution we are discussing, f2(x2) is

(3) A) -/:â��** *) ^ = ^JU exp [- 1

This result is given without derivation. We know f(xlt Ð»:2). Thus, we can

undf(xl1 xÐ°). It turns out to be

(4) fa}* l

V2TT Ñ�Ñ�l VI - P2

x

This shows thatf(xl 1 X2) is a normal density function with

(5) mean : /^ + ^ (X2 â�� pÂ¿

a2

(6) variance: </^(l â�� p2)

The/fo | Ð»:2) is shown graphically in Figure 16-2. The conditional mean

(7)

is given to us by a linear equation. Thus, we may draw a straight line as we did

in our graph to show the various values of E(Xl), given values of X2. Let us

denote Â¿'(A\ | X2) = /i12. The subscript 12 will mean Xl is dependent on X2.

We can do the same for E(X2 \ A',).

In passing, it should be noticed that, when X2 = Ñ�2, then

Ð�Ð� | X2 = pj = Ñ�, + 0 = ^

Thus when X2 = /u2, then Ñ�12 = Â¿ui ; i.e., the straight line passes through

the point (/i!, /i2).
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where covariance is defined as 

Cov (X1, X2) = E[(X1 - ,u1)(X2 - ,uJ] 

p will be discussed later. 

(ii) Conditional distributions 

505 

From our table we can select a value X2 = 63 inches and find the distri
bution of X1• This is shown as f(x1 I x2) which is the conditional distribution 
of xl given x2. I (xl I xJ is given as 

(2) f(xl I x2) = f(xl, x2) 
/2(x2) 

where / 2(x2) is called the marginal distribution. In terms of the bivariate 
normal distribution we are discussing, fz(xJ is 

(3) / 2(x2) = J~..,f(x1 , xJ dx1 = ~ exp [- ~ (x2
- p,2)

2

] 
2?T0"2 2 (12 

This result is given without derivation. We know f(x1, x2). Thus, we can 
findf{x1 1 xJ. It turns out to be 

1 
(4) f(xl I xJ = V V 

27T (11 1 - p2 

[ 1 [ pu1 J 2] x exp - 2ai(l - p2) xl - ul - 0'2 (x2 - u2) 

This shows that f(x1 I xJ is a normal density function with 

(5) mean: ,u1 + pu1 (X2 - p.2) 

(12 

( 6) variance: oi< 1 - p2
) 

The f(x1 I x2) is shown graphically in Figure 16-2. The conditional mean 

(7) E(Xl I X2) =Ill + PO"l (X2- 1'2) 
0'2 

is given to us by a linear equation. Thus, we may draw a straight line as we did 
in our graph to show the various values of E(X1), given values of X2• Let us 
denote E(Xl I X2) = 1'-12• The subscript 12 will mean xl is dependent on x2. 

We can do the same for £(X2 j X1). 

In passing, it should be noticed that, when X2 = ,u2, then 

E(X1 I X2 = P2> = !'1 + o = #1 

Thus when X 2 == p,2, then p.12 = p 1 ; i.e., the straight line passes through 
the point (p.1, p 2). 
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(Hi) Regression

The regression function of Xl (son's height) on X2 (father's height) is

defined as

Ð� + oo

(8) E(X! \X2 = x2) = xlf(xl x2) dxl

* â�� OO ' '

In terms of our illustration, we wish to find a functional relationship between

the mean value of the son's height and a given (fixed) father's height.

Since we have a bivariate normal distribution the conditional distribution

f(xl | x2) 's also normal with mean = /^ + (pailaz)(X2 â�� Â¡AZ) and variance =

Ñ�Ñ�f(l â�� Ñ�2). Thus, equation (8) becomes

E(Xl \ X2 = x2) = fa -\ (X2 â��

/T-

P&1 ,v .

As is seen /i2, Ñ�lt p, a2, al are all constants and we have a linear relationship

between /i12 and X2. This is shown graphically in Figure 16-3.

The straight line showing the regression function is called the regression

curve. In our case we have a linear regression curve of Xl on X2. In general,

when we have

CY V I V Ð� 'f, V

Ð¡,\Ð�l A2) â�� Ð�Ð¡ -\- Ñ�Ð�2

(9)

or

we have a linear regression function of A\ on X2. a and Ã� are called regression

coefficients.
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Fig. 16-2 

(iii) Regression 

The regression function of X1 (son's height) on X2 (father's height) is 
defined as 

(8) 

In terms of our illustration, we wish to find a functional relationship between 
the mean value of the son's height and a given (fixed) father's height. 

Since we have a bivariate normal distribution the conditional distribution 
f(x1 I x2) is also normal with mean = p,1 + (pa1/a2)(X2 - ,uJ and variance = 
CJi(l - p2). Thus, equation (8) becomes 

(9) 

or 

!J12 == #1 + pa1 (X2 - #2) 
(]2 

As is seen p 2, p,1, p, a2, a1 are all constants and we have a linear relationship 
between !JI2 and x2. This is shown graphically in Figure 16-3. 

The straight line showing the regression function is called the regression 
curve. In our case we have a linear regression curve of X1 on X2• In general, 
when we have 

E(X1 I X2) == ex + {3X2 

we have a linear regression function of X1 on X2 • ex and f3 are called regression 
coefficients. 
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Fig. 16-3

(iv) Estimators of <TI, Ð°2, Ñ�l t p2 and p

Let us take a sample of size Ð¸ from this bivariate population and apply the

maximum likelihood method. The likelihood function will be

Taking the log and differentiating with respect to pl, Ñ�2, alt Ñ�Ñ�2, and p and

setting the results equal to zero, we find their maximum likelihood estimators.

Anticipating results, we will set

ns,

Then it turns out that

Ã� = r
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(iv) Estimators of a1, a2, p,1, f.l2 and p 

Let us take a sample of size n from this bivariate population and apply the 
maximum likelihood method. The likelihood function will be 

Taking the log and differentiating with respect to f.l1, f.l2, a1, a2, and p and 
setting the results equal to zero, we find their maximum likelihood estimators. 
Anticipating results, we will set 

Then it turns out that 

p=r 



508 REGRESSION ANALYSIS SEC. 16.7

Thus, the regression function

/i12=/i1 + ^4*2-^2)

a2

is estimated by

KIZ = X1 + â�� (Ð»2 Xz)

Â«2

Let us set

Â«i = JPi, Ð¬Ð¼ = -1

Â«2

Then,

â�¢*12 = fll + Ð¬12(^2 ~~ -^2)

For the reverse case we have

X2i = A'2 H (Xi â�� AI)

= a2

We note that

r = Vb12b2l

That is, r is the geometric average of the regression coefficients. This shows

that r treats A\ and A^ simultaneously. The b's treat them one at a time. For

example, Â¿21 is the case where Xl takes on fixed values and X2 varies.

To summarize, we have

and, as estimates

and

L "r (Ð»2 Aa)

JÃ�2 H (AI

r$! , rsa

- , 021 = -

and

S2 Si
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Thus, the regression function 

pat ( .. ' 
1-'12 = P1 + - X2- f"2J 

(12 

is estimated by 

Let us set 

Then, 

For the reverse case we have 

We note that 

b b 
_ rs1 • rs2 _ 2 

1221- -r 
s2 st 

and 

That is, r is the geometric average of the regression coefficients. This shows 
that r treats X1 and X2 simultaneously. The b's treat them one at a time. For 
example, b21 is the case where X1 takes on fixed values and X2 varies. 

To summarize, we have 

and, as estimates 

and 
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Problems

1. Show that /2i = A\, /I2 = Xt

9InL

2, Show that â�� - â�� = 0 will become

din L

Also find â�� â�� = 0

we have

Using this result, show that from the result in Problem 2 above, we have

S i

Ð�" E Ð� . ,

3}nL dlnL

from - = 0. Also find the result for - = 0.

dal ÐÑ�Ñ�2

4. Using the two results in Problem 3, show that

S, Ã¯.

/l -P2

1 -pr

5.

= 0 becomes

P = r

â�� - Ã�, jÂ»

Using the results /Ã®l = A",, Â¿Ã�2 = A",, â�� = â�� = ,

ffi Ñ�Ñ�2 Ð� 1 â�� pr

equation reduces to

, show that this

That is, the maximum likelihood estimator of P is P = r.

6. Using this result Ã� = r, and 5,/di = V(l â�� p2)/(l â�� Pr), show that a^ = ji.

That is, the maximum likelihood estimator of al is 6l = sl. Likewise for

* ,
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Problems 

- -
1. Show that 111 = XI, {l2 = x2 

a In L 
2. Show that -~- = 0 will become 

ual 

! (Xli:: #1)2 = P! (Xli - P,J)(X2; - p.J + n(l - p2) 
ai ala2 

a In L 
Also find -~- = 0 

ua2 

! (XI- Xl)(X2- X2) 
3. From r = ~------

nsls2 

we have 

509 

Using this result, show that from the result in Problem 2 above, we have 

a In L a In L 
from -- = 0. Also find the result for -~- = 0. 

aal ua2 

4. Using the two results in Problem 3, show that 

sl s2 jt - P2 ---- --
al a2 I - pr 

a In L 
5. --a;;- = 0 becomes 

np(l _ p2) + (I + p2) L ( X1; ~ P.1)) ( X2; 11~ P.2) 

- - sl s2 2,-p2 
Using the results 11 1 = X 1, 1i2 = X2, - = - = 

1 
, show that this 

a1 a2 - pr 

equation reduces to 
P = r 

That is, the maximum likelihood estimator of p is p = r. 

6. Using this result p = r, and s1/a1 = v' (I - p2)/(1 - pr), show that a1 = s1• 

That is, the maximum likelihood estimator of a1 is 6'1 = s1. Likewise for 
az = s2. 
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16.8 Matrix notation

(/) Multivariate normal distribution

As is seen, the notation has become quite clumsy, even for the bivariate

case. To facilitate computations, matrix notation can be used. Let

= a

n

â��

Then,

Ñ�Ñ�12 = ff21 = Ð�(Xl - Xl)(X2 - J2) = Cov (Xlt

P =

/)21 =

Cov i

ff!2 =

We define the variance-covariance matrix V as

V =

r/

11

- XÂ¿

Ð�(X2 -

We may think of this as the variance of the bivariate distribution. The value

of the determinant of V is

Let us find the inverse of V.

i = Ð�Ð¥Â»] - J- Ð� VM ~V211 = 1 Ð� Â«Ðº -"

LlVlJ |V|L-V12 VuJ auff22(l - p2) L-au au

1

1

P

" i -Ð�

2

(1 - p2)

1

p

1

(1 - P2)

-p 1

Vff11<r^

^22

jV, fft^

Noting that the elements of V^1 are the coefficients in the quadratic exponent

of the bivariate normal distribution, we can write the exponent as

IXi â�� Ð�Â» -^2 - i

â��P

- p2)

l

al<72(l - p2) ffÂ¡(l - p2)

1 ~ <"l)2 1 P fv

510
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16.8 Matrix notation 

(i) Multivariate normal distribution 

As is seen, the notation has become quite clumsy, even for the bivariate 
case. To facilitate computations, matrix notation can be used. Let 

2 - 2 
0'1 = E(X1- X1) = 0'11 

2 - 2 
0'2 = E(X2- X2) = 0'22 

a 12 = a 21 = E(X1 - X1)(X2 - X2) = Cov (X1, X2) 

Then, 
Cov (X1, X2) a12 

P = P12 = P21 = = 
0'10'2 ~ 0'110'22 

0'12 = P12Va110'22 = P120'10'2 

We define the variance-covariance matrix Vas 

E(X1 - ~1)~X2 - X'J] 
E(X2 - X2) 

We may think of this as the variance of the bivariate distribution. The value 
of the determinant of V is 

lVI = a110'22 - a~2 = a110'22 - P
2
a11a22 = 0'11a22(1 - P~ 

Let us find the inverse of V. 

v-1 = [~;] = ,!, [ ~;12 -Y21] 1 [ G22 
V11 = a110'22(1 - P2

) -a12 

-a21J 
0'11 . 

1 p 1 -p 

1 0'11 ) 0'110'22 1 
0'2 

1 0'10'2 
- -

(1 - p2) p 1 (1 - p2) -p 1 

~ 0'110'22 0'22 0'10'2 oi 

Noting that the elements of V-1 are the coefficients in the quadratic exponent 
of the bivariate normal distribution, we can write the exponent as 

1 -p 

ai(1 - p2) a1a2(1 - p2) 

-p 1 

a1a2(1 - p2
) a~(l - p2

) 
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Set,

_ Ð�Ð£Ð� ["father's height!

L^J L son's height J

and call this a random vector. Then we may write

= p= Ð´Ð°Ð´] = L/J

Then, the exponent becomes

(X - p)'\-\X - p)

and the bivariate normal distribution is

(2Ñ�Ð³)-*/2 |V|-1/2 exp [-Ðª(X - p)'\-\X -

where/> = 2.

For a trivariate normal distribution we have, say,

V

511

'x{

xÑ�

X*.

=

.mother's height.

son's height

father's height

E(X) = Ñ� =

i"a

J"a-

and

where

Â°32

And so the tri-normal distribution becomes

(27Ñ�)-"/2 |V| -1'2 exp [-\(X -

where p = 3. This can be generalized to the Ð¸-normal distribution.

(//) Conditional distribution for tri-normal case

Let us partition the random vector as follows.

son's height

father's height

.mother's height.

:(2)

where

A"1' = [XJ Xâ�¢ =

will be called subveciors. Note we use superscripts with brackets. Let

[>"!

E(X) = /i = r
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Set, 

X= [X1J = [fath~r's h_eight] 
x2 sons hetght 

and call this a random vector. Then we may write 

E(X) = p. = [£(X1)] = l,Ut] 
E(X2) Lu2 

Then, the exponent becomes 

(X- Jt)'V-1(X- ,u) 

and the bivariate normal distribution is 

(21T)-PI2 IVI-1
'
2 exp [-!(X- p)'V-1(X- p.)] 

wherep = 2. 
For a trivariate normal distribution we have, say, 

[

X1] [ son's height ] 
X= X2 = father's height 

X 3 mother's height 

E(X) =!l = ~~ 
and 

where 

aii = ~Pii 
And so the tri-normal distribution becomes 

(27T)-P12 lVI - 112 exp [-~(X- ,u)'V-1(X- ,u)] 

where p = 3. This can be generalized to the n-normal distribution. 

(ii) Conditional distribution for tri-normal case 

Let us partition the random vector as follows. 

[X~ [ son's ,heig~t ] [x<t>J 
X = X 2 === fathers het~ht = x<2> 

X mother's hetght 
where 

x<2> = [~:] 
will be called subvectors. Note we use superscripts with brackets. Let 

I ,u(l)J 
E(X) = !l = Lu<2l 

511 
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Also partition the V as

rvâ�� v12]

Lv21 vj

Vu =

V22 =

Vu =

We are interested in the conditional distribution of Xlt given X2 and Xa.

That is, we want to find E(X(1} | X(2)). It can be shown that the conditional

distribution of A\ given X2, X3 will be a normal distribution with mean and

covariance as follows

Covariance = Vu â�� V12V221V21

The first equation is the regression function we are interested in. We have

used three variables Xlt X2, X3 to explain it, but it can be generalized. Let us

work it out fully for the two and three variable case and show how it relates to

the non-matrix presentation.

Case 1-Ð¥Â» X2. Here Xw = Xl , Xm = X2. Then,

V = Ð�Ð¡Ð¢Ð¿ ffl2l

V12 = Ñ�Ñ�12 = Â£(*!-<

V22 = a22 = E(X2 - ntf = o>

Thus,

E(X1 1 X2) = ^ + pa^ - (X2 -

This is the same result as in our non-matrix case, and we set /312 = Ñ�

The covariance matrix for the conditional distribution which we shall

denote by V11-2 is

V â�� V V V-1V

'11.2 â�� Ml V12V22 V21

1

<721

where

= Â°* - p*a\ = l - p2)

512 REGRESSION ANALYSIS 

Also partition the V as 

where 

v = [v11 v12] 
Y21 V22 

V11 = E(X<l) - ,un>)'(X<t> _ ,un>) 

y 22 = £(X<2> _ /t<2>)'(X<2> _ ,u<2>) 

Vt2 = E(xn> - ,un>)'(X<2> - 1'<2>) 
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We are interested in the conditional distribution of X1, given X2 and X3• 

That is, we want to find E(xn> I X<2>). It can be shown that the conditional 
distribution of X1 given X2, X3 will be a normal distribution with mean and 
covariance as follows 

E(xn> I x<2>) = .Ut + vl2v2~/(X<2>_ "<2>) 

Covariance= V11 - V12V221V21 

The first equation is the regression function we are interested in. We have 
used three variables X1, X2, X 3 to explain it, but it can be generalized. Let us 
work it out fully for the two and three variable case and show how it relates to 
the non-matrix presentation. 

Case 1-Xl, x2. Here xn> = XI, x<2) == x2. Then, 

E(Xtf X2) = ,Ut + Vt2V221(X2- ,uJ 

V == [a11 a12] 
a21 a22 

Y12 = at2 = E(Xt - .U1)(X2- /12) 

= P.J atta22 = pata2 

V22 == a22 = E(X2- /12)2 == ~ 
Thus, 

at 
.U12 == llt + P - (X 2 - P-2) 

a2 

This is the same result as in our non-matrix case, and we set {312 == p(a1/aJ. 
The covariance matrix for the conditional distribution which we shall 

denote by V 11.2 is 

V11.2 = V11- v12v221v21 
1 

= all - a12 - 0'21 
a22 

2 1 
= at - pala2. - pa2at 

~ 
= ~ - p2a~ == a2(1 - p2) 
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We know that <r2(1 â�� Ñ�2) is the covariance of the bivariate normal distribution

from our previous discussion.

Case 2â��Xlt X2, X3. Let us try it with Xâ�¢ = Xlt Xâ�¢ = [X2, X3]. Then,

F(Y I Y Y } -

**V*1 | Ð�2, Ð�3/ â�� i

The covariance matrix is

I'll "12 ^13

V =

and

Ð¡Ñ�Ñ� </19 Ð°,

33-

V12 =

Thus,

v Ð�022 Â°

22~U2 Ð¾

Ð£Ð¸1=Â¡vj U?Â» Ã�J

/ V"1 â�� * Ð�/Ñ� Ñ� Ð¢ ff" ~Â°32

'12V22 â�� Ð�Ð�Ð� Lff12 ff13j __ - \

V22 L "23 "22 J

Thus,

ivel

|V

22

where

- ,, |Ñ�Ñ�| ,. .,.,

1

|V22| CTuflr22

The covariance matrix for the conditional distribution is

Vâ�� V V V-1V

11.2 ~ Yll y 12* 22 * 21

[^2-^1

LX3-KJ

|V2

(Ñ�) Estimation ofÃ�2, Ã�3

We now wish to estimate the parameters of the distribution and also the

Ã�'s of the regression function. For this we take a sample of size Ð¸. Each
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We know that a2(1 - p2) is the covariance of the bivariate normal distribution 
from our previous discussion. 

Case 2-X1, X2, X3• Let us try it with xu> = X1, X<2> = [X2, X3]. Then, 

E(X1 I x2, X3) = P-1 + v12V22
1(X(2

) _1'(2
)) 

The covariance matrix is 

and 

Thus, 

Thus, 

E(X1 I x2, Xa) =Ill + - 1
- [a120'33- 0'130'33 0'130'22- 0'120'32]. [i2

- P2l 
1"221 3 - ~ 
= P-1 + fJ12(X2 - P-2) + f113(X3 - P-a) 

where 

1 
f3t2 = -- (0'120'33 - 0'130'23) 

IV221 

1 
f3t3 = -- ( 0'130'22 - 0'120'32) 

'"221 
The covariance matrix for the conditional distribution is 

Y11.2 =vii- v12v22
1
v21 

= [ 0'11] - [ 0'12 0'1aJ -
1
- [ O'aa 

'"221 -0'23 

= 0'11 - IV 22l-
1

[ 0'~20'33 - 2a120'130'23 + 0'~30'22J 
(iii) Estimation of {32, /33 

We now wish to estimate the parameters of the distribution and also the 
fJ's of the regression function. For this we take a sample of size n. Each 
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element in the sample will be made up of a son, father, and mother. Let the

observations be Ñ�lt Ñ�t, ..., Ñ�â�� where each x is a vector of order three. They

are sometimes called observation vectors. The likelihood function can be

shown as

L=

exp - x. -

2ct = l

L is a function of Â¡i and V.

When we apply the method of maximum likelihood, we find the following

results. *

That is, the maximum likelihood estimators of /i, are the sample means Xl.

The maximum likelihood estimator of the covariance matrix V is

where

= -1 (x. - x)'(x. - x) = - [2 x;x. - nx'

Ð� Ð° Ð� \_a

2, XlaXlai 2. Xi*

2, X 2Â«Ð» la Â¿ Ð¥ZÑ�

Ð�JÃ� Ð� â��- Ð�

Thus,

V =

~ 2, Ð¥1Ð» Ð� 1 â�� 2, AlaA2c[

. ^ ^ * ^Â» v2

n

r - V Y â�� \ Y Y

Ð�

'-Z

n

n

S11 S12 S13

S21 SZÃ� SÃ�3

_S31 S32 s33_

Y

3Ð�2

n

We have seen that
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element in the sample will be made up of a son, father, and mother. Let the 
observations be x1, x2, ••• , x" where each x is a vector of order three. They 
are sometimes called observation vectors. The likelihood function can be 
shown as 

L = (21T)-n"12IVI-"12 exp [-! i (x .. -p)'V-~x .. -p)J 
2«=1 

L is a function of p, and V. 
When we apply the method of maximum likelihood, we find the following 

results. • 

That is, the maximum likelihood estimators of J.li are the sample means X,. 
The maximum likelihood estimator of the covariance matrix V is 

where 

Thus, 

~ 

V= 

We have seen that 

E(x<u I x(2)) = P.(l) + v12V221(x<2>- ~'<2>) 

• For proof, see Anderson (1958), p. 48. 
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_

12 22

= [A A]

Since we have estimated V, we can find the estimators of Ã�2 and Ã�3. That is,

for example,

a _

IV;

22l

where all the elements are obtained from the sample elements.

Problems

1. Given a random vector

X =

Ð�-Â«Ð�

Ð�*'1Â»

X.

where X is normally distributed, answer the following.

(a) Write out this four-dimensional normal distribution using matrix

notation.

(b) Write out the mean and variance of the conditional distribution of A'(I)

on *Â«>.

(c) E(X(l) | X(V) is the regression function. Find the Ã� coefficients.

(d) Take a sample of size n. Write out the estimate of the covariance

matrix V.

2. Show that

(b) Let 2 (*!-*>=

Show that

V =-

Ð¸

2*2*1 2*2 2*2*3

_2*3*1 2*3*2 2*1

Note that these are the coefficients of the normal equation multiplied

by 1/Ð¸.
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where 

v v-1 _ [0'120'33 - a13a23 
12 22 

- IV221 
(113(122 - 17121732 J 

IV22I 

= [P2 Pa] 

Since we have estimated V, we can find the estimators of {32 and {33• That is, 
for example, 

where all the elements are obtained from the sample elements. 

Problems 

1. Given a random vector 

[XU)] 
X= X(l) 

where X is normally distributed, answer the following. 
(a) Write out this four-dimensional normal distribution using matrix 

notation. 
(b) Write out the mean and variance of the conditional distribution of x<u 

on X(2). 

(c) E(x<u I x<2>) is the regression function. Find the fJ coefficients. 
(d) Take a sample of size n. Write out the estimate of the covariance 

matrix V. 

l. Show that 

(a) I (X - X)2 = I X2 - nX2 
I (Xl - Xl)(X2 - XJ = I xlx2 - nXlX2 

(b) Let I (Xl- X1)2 = ~ xt 
I (X1 - X1)(X2 - XJ =I x1x 2 

Show that 

Note that these are the coefficients of the normal equation multiplied 
by 1/n. 
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16.9 Moment notation

(/) Definitions

A useful form of notation used frequently in regression problems by

economists is the moment notation. The Mh moment of a random variable

X about the mean was defined as

E{(x - p)'}

where Ñ� is Ñ� = E(X).

Corresponding to this population concept, let us define the r-th sample

moment about the sample mean as

Since we are usually concerned with first and second moments, we shall

alter the above notation in the following manner. Consider the estimated

linear regression line

Yc = a + bX

Then we define the moments as follows, assuming a sample of size n.

__ I - _ 2

xx nÂ¿.

Mxx may be considered as the sample variance and Mxv as the sample

covariance. The first moment is

Mx = -%(x-x) = Q

n

That is, the first sample moment is zero when taken around the mean. How-

ever, there are occasions when we need the first moment around the origin, i.e.,

1 ln 2 x = *

To show this in moment notation so that uniformity in notation may be

obtained, we shall write

Mx = - 2 * = x

n

using the overbar to indicate that it is taken around the origin. Then,

MVI = - 2<?x = g - 2 x

n n
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economists is the moment notation. The r-th moment of a random variable 
X about the mean was defined as 

where p, is p, = E(X). 
Corresponding to this population concept, let us define the r-th sample 

moment about the sample mean as 

1 n 
M,.=-~(xi-X)" 

n i=l 

Since we are usually concerned with first and second moments, we shall 
alter the above notation in the following manner. Consider the estimated 
linear regression line 

Yc =a+ bX 

Then we define the moments as follows, assuming a sample of size n. 

M,., =.! ~(x- X)2 

n 

M""' =.! ~ (x - i)(y- ji) 
n 

Ma:z may be considered as the sample variance and Mx'll as the sample 
covariance. The first moment is 

M., =!~(x-i)= 0 
n 

That is, the first sample moment is zero when taken around the mean. How
ever, there are occasions when we need the first moment around the origin, i.e., 

1/n~x=x 

To show this in moment notation so that uniformity in notation may be 
obtained, we shall write 

~ 1 
Mx =-~X== X 

n 

using the overbar to indicate that it is taken around the origin. Then, 

- 1 1 -
M qz = - ~ q X == q - ~ X == q M z 

n n 
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where q is a constant. We also find that

Mm = -

n

= - 2 (* -

n

The parameters a and b of the regression line are, from the method of

least squares,

Z (* -

Ð° = -2Ð£-Ñ�-

n n

Thus in moment notation this becomes

a = -

" Ð¼Â« '" MXI

(il) Notation for Multiple Linear Regression Case

Consider

(1) Yc = a + Ð¬,X, + Ð¬2X2

We know that we can shift the origin to the sample mean and rewrite (1) as

/r5I Y Y A ( Y Y \ i l\ ( Y â�� Y \

\~i & Ñ� â�� I\ 1 1/ "i ^2\ 2 2/

^ i ^ i v?

Using lower case letters for deviations from the mean, (2) becomes

(3) y = biÑ�l + b2x2

The normal equations for (3) were

2 Ñ�^ = Â¿i 2 xi + Ð¬2 2 xi*2

In matrix notation this is

fZ*Ã® 1^
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where q is a constant. We also find that 

MaZ11 = 1 I(qx- qi)(y - .Y) 
n 

= 1 I (x - X)(qy - qJ) = qM""' 
n 

The parameters a and b of the regression line are, from the method of 
least squares, 

b = I<X- X)(Y- Y) 

~(X- X)2 

a=1IY-b1Ix 
n n 

Thus in moment notation this becomes 

(1) 

(ii) Notation for Multiple Linear Regression Case 

Consider 

We know that we can shift the origin to the sample mean and rewrite (1) as 

(2) Yc - Yc == h1(X1 - X1) + h2(X2 - XJ 

a== Yc- h1X1 - h2X2 

Using lower case letters for deviations from the mean, (2) becomes 

(3) y = b1x1 + h2x2 

The normal equations for (3) were 

(4) 
~ XtY == bt I x~ + b2 2 xlx2 

~ x2y == b2 ~ x1x2 + b2 I x: 
In matrix notation this is 
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Using the moment notation this becomes

MXlXl M.

Note that both sides have been multiplied by l/n.

Using Cramer's rule, bi becomes

fÂ«.., M-.

M

X1X1

Let us develop additional moment notation to simplify the expression

for Â¿!. Define

~M,

where the subscript of Ð�/Ð¸,*,Â»*,Â«,) indicates the rows and columns of the

moment matrix respectively. For example,

M

*

This can be generalized to k variables.

Using this notation, bi becomes

The case for more than two variables is obtained in a similar manner.

(Hi) Other properties of the moment notation

-2(Ð° + Ð£)=Ð°+Ð�,

n

-^(x + y) = Mx + Mv

n

(Ð°)

(b)

(d)

518

= Mx
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Using the moment notation this becomes 

Note that both sides have been multiplied by 1/n. 
,Using Cramer's rule, b1 becomes 
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Let us develop additional moment notation to simplify the expression 
for b1• Define 

where the subscript of M<z x Hx x , indicates the rows and columns of the 
1 I 1 2 

moment matrix respectively. For example, 

This can be generalized to k variables. 
·using this notation, b1 becomes 

The case for more than two variables is obtained in a similar manner. 

(iii) Other properties of the moment notation 

- 1 -
(a) M,a+t~) ==-!(a+ y) =a+ MJI 

n 
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(iv) Example

Consider a consumption function

Ñ� = a + Ã�y + e

where Ñ� is consumption, y is income, and e is a random shock variable that is

N(0, Ñ�Ñ�2). Take a sample of size n and estimate a and Ã� by the method of

least squares. We know that

Ã� = Ñ� = Ma

Ð�*â��_

. = a _ MvvMÑ� - M cvMv

Ã� = b\s the estimate of the marginal propensity to consume.

This becomes

Ã³ _ Â£ = Ð�^Ñ�Ñ� _ -^(g

Mcv

Note that Mav = 0. The random shock variable e covers factors such as

income distribution that affect consumption c. The e and y are not completely

independent, and thus we may assume Mfv Ð¤ 0, as n -* Ñ�Ñ�. Thus,

That is, b is a biased estimate of Ã�.

(r) Matrix Notation

The moment matrix M(x Ð³ )(x x } for example, may be expressed in matrix

notation as Mxx where X = (x^. Thus, if we have a regression line with

six independent variables,

L \f I A \r A V A V _1 A V A V

= OI-A! \ Ð¸2Ð»2 -l- Ð�3Ð�Ñ� -Â¡- Ð�4Ð�4 -f "5-^5 -p Ð�6Ð�6

the Â¿g W'H be

i>3 = â��-â��

Mxx

where X = (xl x2 Ñ�Ñ� xt xb x0)

Y = (.vi Ð»:2 j Ð»:4 Ð»:5 x6)

By defining the A" and Y to suit the circumstances, various variations of the

basic definition may be obtained that will simplify notation considerably.
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Consider a consumption function 

c =ex+ {3y + £ 

where c is consumption, y is income, and £ is a random shock variable that is 
N(O, a2). Take a sample of size n and estimate ex and {3 by the method of 
least squares. We know that 

p = b == Mev 
Mvv 

" Ml/JIMC- MC11M11 
ex= a=-------------

M?Jv 

P = b is the estimate of the marginal propensity to consume. 
This becomes 

jJ:::::: b :::::: M CJI = M(a.+/lJJ+£)1/ 

Mvv lv.rvv 

_ Ma. 11 + Mp 1111 + Mev 

MUJI 

= {3 + Mcu 
M1111 

Note that Ma.
11 

== 0. The random shock variable £ covers factors such as 
income distribution that affect consumption c. The£ andy are not completely 
independent, and thus we may assume M£

11 
#- 0, as n ~ oo. Thus, 

E(b) = {J + E( M,11
) 

M1111 

That is, b is a biased estimate of {3. 

(v) Matrix Notation 

The moment matrix Mcx
1
x

2
><x

1
x

2
> for example, may be expressed in matrix 

notation as Mxx where X== {x1xJ. Thus, if we have a regression line with 
six independent variables, 

the b3 will be 

where 

Y = b1X1 + b2X2 + b3 X3 + b4 X 4 + b5 X 5 + b6 X 6 

Mxr 
ba=--

Mxx 
X=== (x1 x2 x3 x 4 x 5 x 6) 

y == (xt x2y x4 Xs Xs) 

By defining the X and Y to suit the circumstances, various variations of the 
basic definition may be obtained that will simplify notation considerably. 
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Problems

1. Write out the following moment matrices.

Ð�Ñ�Ñ� where:

(a) X =

2. Work out the properties of section (///) above.

3. Given the linear regression equation

Y = ^ +

express the ba in moment notation.

4. Given the following data:

y c

$100 S 90

200 160

300 210

400 240

where y is income and Ñ� is consumption, estimate the a and Ã� of

Ñ� = a + Ã�y

by finding Afc,, Mvv, Mc, Mv and calculating

Ð° â�� Mc*

'

Mvv vv

Notes and References

Regression analysis is a broad topic and the discussion in this chapter has

been confined to linear regression which is the main technique used by econo-

mists. References that do not require calculus and also explain computing

techniques are Snedecor (1956), Chapters 6, 14, and 15; and Ezekiel and Fox

(1959). Both books provide many illustrations and also cover curvilinear

regression.

Intermediate references that require calculus are Mood (1950), Chapter

13; Wilks (1950), Chapter 8; Fraser (1958), Chapter 12; and Hoel (1954),

Chapter 7.

Advanced references are Anderson and Bancroft (1952); Plackett (1960);

Graybill (1961); Cramer (1946); and Anderson (1958). Anderson and

Bancroft (1952) provide extensive discussion on computational techniques and

shows various illustrations of applications. Graybill (1961) discusses linear

regression and is very comprehensive. Anderson (1958) is an excellent book

on multivariate analysis but is mathematically advanced. See his book for

proofs that we have left out concerning multivariate analysis.

(b) X =

For further discussion of the Markoff theorem, see David (1951), Chapters

13 and 14; and Anderson and Bancroft (1952), Chapter 14.
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In Section 16.1 and 16.2, the models were single equations. But in econo-

metric models systems of equations are frequently used. The Jacobian trans-

formations are then applied to these systems of equations. Members of the

Cowles Commission have developed this simultaneous equation estimation

technique and one of the books they have published is Koopmans (1953).

See Chapter 6 for a discussion of this technique and Chapters 4 and 5 for

illustrations. Valavanis (1959); Klein (1953); and Koopmans (1950) also

discuss this technique. A symposium on simultaneous equation estimation

may be found in Econometrica, October, 1960.

For a thorough discussion of the matrix notation see Anderson (1958),

Chapters 2, 3, 4, and 8. Also see Graybill (1961), Chapter 3.

Examples of moment notation in economics may be found in Valavanis

(1959); and Koopmans (1953). See the well known article by T. Haavelmo,

"Methods of Measuring the Marginal Propensity to Consume," in Koopmans

(1953) as an illustration of the use of moment notation. This article may also

be found in the Journal of the American Statistical Association, March, 1947,

pp. 105-122. Also see Chapter 6 of Koopmans (1953) for illustrations. Klein

(1954) also gives extensive discussion on moment notation and computational

techniques in Chapter 5. His notation is slightly different from ours in that

he has, for example, MX, = ^ (x â�� x)2, that is, he does not divide by 1/n.
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CHAPTER 17

Correlation

17.1 Introduction

The correlation coefficient is a measure that shows the degree of relation-

ship between the random variables in a bivariate or multivariate distribution.

Different correlation coefficients are defined according to the way the variables

are related to each other. For example, let Xl (son's height), X2 (father's

height), and X3 (mother's height) make up a trivariate normal distribution.

Then the relation between X, and XÂ¡ is written pa and is called the total

correlation coefficient. When there are only two variables, i.e., when we have

a bivariate distribution, it is called the simple correlation coefficient.

The pl2 which shows the relation between Xl (son's height) and X2

(father's height) may be affected by X3 (mother's height). When it is desirable

to find the degree of relationship between Xl and X2 excluding X3, this is

accomplished by holding X3 fixed and finding the correlation between Xl and

X2. This is written as p123 and is called the partial correlation coefficient

between Xl and X2. If we have four variables, Xlt X2, X3, and Xt, the partial

correlation coefficient is written ^1234 where X3 and Xt are held constant.

The relation between Xl and (X2, X3) is written /,123 and is called the

multiple correlation coefficient of Xl on X2 and X3.

We shall now present a brief survey of simple, partial, and multiple

correlation coefficients.

17.2 Simple correlation coefficient

(0 Definition of p

In Chapter 16 the correlation coefficient was defined as

(1) l> =

where E(X â�� Ñ�x)( Y â�� /z,) was called the covariance of X and Ð£, and p was
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(1) 

where E(X- P.x)( Y- #,) was called the covariance of X and Y, and p was 
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one of the parameters in the bivariate normal distribution. The maximum

likelihood estimator of p was

(2) P = r = ^

Ñ�/Ð�* - X)2J,(Y- Ð£)2

where the sum is taken over the sample. In statistics this formula is usually

presented for calculation purposes as

(3)

r =

which avoids calculating the deviations X â�� X = x and Y â�� 7 = y.

Let us next derive the r from the regression function which will give us

more insight into the nature of r.

(if) Derivation of r

Consider the regression function

(4) Yc=Y+b(X-X)

How useful is this regression line for estimating purposes, or to put it another

way, what part of the covariation between X and Y can be explained by the

regression line? Equation (4) is shown in Figure 17â��1.

First note from the graph that

PR = QR + PQ

which in terms of variables is

(5) (Ð£- Ð ) = (Ð£Ñ�- F) + (y- Ð£Ðµ)

total explained unexplained

PR = (Ð£ â�� F) is called the total deviation; QR = (Y, â�� Y) is called the

explained deviation ; and PQ = (Y â�� Yc) is called the unexplained deviation.
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total explained unexplained 
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When no regression line is fitted, a representative value of the Y's will be

Y. Thus, when a value of Ð£ is to be estimated for a given A' and the estimated

value of Y is represented by Y, there is a deviation of Y â�� Y between the

actual Ð£ and the Y. Hence, Yâ�� Ð£ is called the total deviation which indicates

the deviation when no regression line is fitted.

When a regression line is fitted, a representative value of Ð£ for a given X

is Yc. The Yc is usually a better estimate of the actual Ð£ than F. Nevertheless,

the estimation is not perfect and there is usually a deviation Ð£ â�� Ð£Ñ� between

the actual Ð£ and the Ð£Ñ�. This may be considered as the amount of error

remaining after a regression line has been fitted.

As is seen from Figure 17-1, if the observed Ð£ value was on the regression

line, the deviation is Ð£ â�� Yc = 0, and Yc estimates Ð£ perfectly.

The deviation Ð£Ñ� â�� Ð£ may thus be thought of as the amount of improve-

ment brought about by the regression line.

Let us square both sides of (5) and sum over all the points in the sample.

Then (see problem 1)

(6) 1(y- F)2 = 2(yc- F)2 + 1(y- Ð£Ñ�)2

This allows us to consider the deviations for all of the sample points, not only

for one point as was the situation in equation (5). The sum of the squared

deviations S( Ð£ â�� Ð£)2 has been split up into two parts. Following our line of

reasoning above, S( Ð£ â�� Ð£)2 can be thought of as the total amount of error

when no regression line is fitted.

S ( Ð£ â�� Ð£Ñ�)2 can be thought of as the amount of error remaining after a

regression line is fitted.

S ( Ð£Ñ� â�� Ð£)2 can be thought of as the amount of improvement due to the

regression line.

Thus, the ratio

(7) Z(Y,-yf

1(Ð£- F)2

is a quantitative measure of the improvement or amount explained by the

regression line. For example, if the ratio is 0.95, this may be interpreted as

saying that 95 per cent of the relationship between A' (say, height) and Ð£ (say,

weight) has been explained by the regression line and

= 0.05

is unexplained.

From equation (4) we find

Yc- Y = b(X - X)

Squaring both sides, this becomes

(Ð£Ñ�_ Yf = tP(X- Xf
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Substituting this into (7) we get

Ð¡- F)2 _ b2 Z(X - Xf

- F)2~ 2(y- F)2

However, we know that

b_I(X-X)(Y- F)

Substituting this into the above formula, we get,

- F)2 2 (Ð£ - A?

F)2 " Â¿(y- F)2

Thus,

(8) r2 =

1(Ð£- F)2

r2 is called the coefficient of determination and shows the amount of deviation

that has been explained, r is called the correlation coefficient.

When the sample points fall on the regression line, then Y = Yc, and

hence (6) becomes

2

Thus, from (8) ~

r2= 1

When the sample points are such that Yc = F, then 2 ( Yc â�� F)2 = 0.

Thus, from (8), r2 = 0.

This shows that

0 a r2 g: l

and hence

-l^r<l

The definition of p given by equation (1) may also be interpreted as

follows. Equation (1) is rewritten as

Cov (X, Y)

P = -

ffxffv

Then p is a measure of the covariation of X and Y. By dividing by ax and av,

p has become an index without any unit attached to it. For example, if X is

height, then the unit of X is, say, inches. If Y is weight, then the unit is

pounds, <Ð�^has the unit inches and av the unit pound. Thus p is the covariance

between A' and Ð£ expressed as a number and also standardized.

This interpretation does not give the impression that A' is the cause of Y or

vice versa but gives the impression of treating X and Y on an equal basis.
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r 2 is called the coefficient of determination and shows the amount of deviation 
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(Hi) Comments on regression and correlation

Correlation applies to a bivariate (multivariate) distribution. Regression

analysis had two situations. The first case was where the independent

variable was a mathematical variable without a probability distribution. An

example of this is where various fixed amounts of diets are given to hogs to see

the affect on weights. The mathematical variable X is the fixed amounts of

feed and the dependent random variable Y is the weight.

The second case is where all variables are random variables, i.e., where we

have a bivariate (multivariate) distribution. An example is the relation

between the height of father and son. Recall that we found the conditional

distribution of the son's height for a given father's height.

Correlation analysis assumes a bivariate (multivariate) distribution, and

pairs of A'and Ð£ are selected at random as a sample. If one of the variables is

selected first, and then the other variable is selected at random, there may be a

bias in the computed r. Thus the second case mentioned above, although it is

a multivariate distribution, is not the correct way of selecting a sample for

purposes of correlation analysis. Nevertheless, in practice, this procedure of

selecting X and Y together is sometimes neglected.

Covariation and causality. In regression analysis, we generally have a fair

idea of the order of X and Y. For example, when considering the relation

between yield and fertilizer, we assume that the amount of fertilizer affects

the yields. Thus, we would let fertilizer be the independent variable and yield

the dependent variable.

When we cannot determine the order of X and Y, it is appropriate to use

correlation analysis. For example, heavy smoking and indigestion, which may

both be due to emotional disturbances, may be correlated. The stature or

I.Q. between brothers and sisters, which may be due to hereditary factors, are

other examples.

Measure of linearity. The simple correlation coefficient is also called the

linear correlation coefficient. When the relation between X and Y is said to

be linear, it means that the relation can be shown as a straight line on the

graph.
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We know that as r -,â�¢ Â± 1, the points approach a straight line, and when

r = Â± 1, they fall on a straight line. When r = 0, we have the other extreme.

Thus, r can be regarded as a measure of the degree of linearity between X

and Y.

Independence implies r = 0. If we know that X and Y are independent,

then r = 0. For example, we may throw two dice X and Y and record the

numbers that appear. It may happen that there is r = 0.5, say. But we see

intuitively that die X has no influence on die Y. Therefore, r = 0.5 is non-

sense. From our original formula we have

E(X - X)(Y- Y)

P =

When X and Y are independent, then

E(X - X)( Y - F) = E(X - X)E(Y - F) = 0

Thus, independence implies p = 0.

r = Q does not necessarily imply independence. For example, the correlation

coefficient of the scores X and Y between two strong baseball teams playing a

series of games against each other may be zero, i.e., r = 0, although the

scores of each team are clearly dependent on the other team.

Correlation analysis is a stochastic process. Regression and correlation are

stochastic processes. That is, a regression line

Yc = a + bX

is estimating the expected Y value by X with a certain degree of probability.

When r becomes equal to it1, the situation degenerates to a case where

there is a complete functional dependence between X and Y. When â�� 1 <

r < 1 we are, in a sense, denying this functional relationship between A'and Y,

and when r = 0, we are saying there is no functional relationship between X

and Y and neither variable can be used to estimate the other.

Causation and correlation. It is necessary to consider the sampling

distribution of the r to decide whether or not we should accept the hypothesis

that the variables in the population are related. But, aside from this technical

aspect of a relation between two variables, it is necessary for a social scientist

to consider whether or not correlation indicates a cause and effect relationship.

It is possible to correlate the temperature of the sidewalks of New York

City with the birth rate of some country, and it is possible that a high positive

correlation may be found showing that when the sidewalk's temperature is

high, the birth rate is high, and when the temperature is low the birth rate is

low.

There is no meaning to such a correlation. There is no causal relationship

between the two phenomena.
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This example illustrates that you can correlate anything, and there are

chances you may obtain a high correlation which may have no significant

meaning at all. A high correlation simply tells us that the data we have

collected is consistent with the hypothesis we set up. That is, it supports our

hypothesis. We may have the following situations that brought about a high

correlation.

1. X is the cause of Y,

2. Y is the cause of X,

3. there is a third factor Z that affects X and Y such that they show a

close relation,

4. the correlation of X and Y may be due to chance.

Only by more thorough investigation which may be economic, sociological,

etc. can we come to some conclusion as to whether or not A'is the cause of Y.

Problem

1. Prove

Note that

Y - Y = ( Yc - ?) + ( Y - Ð£Ñ�)

* = V ^2

Yc = Ð£ + b(X - X)

17.3 Partial correlation coefficients

(/) Multiple regression plane

Consider a tri-variate normal distribution with random variables A"!

(son's height), A"2 (father's height) and X3 (mother's height). From the

conditional distribution of Xl given A"2, X3, we found the conditional mean

â�¢Ð»$,Â» -Ð»Ñ�)=== u-l Ð¾Ð´ as

PI.K = pi + Ã�2(X2 - iÐ¸2)

If we let

Â« = /Ð¸i -

then

We also saw that the sample estimate of this regression function was

^1.23 = a + b2X2 + Ð¬3X3

â�¢^1.23 = -^i + b2(X2 â�� X2) + b3(X3 â�� Ð�'3)

or
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This example illustrates that you can correlate anything, and there are 
chances you may obtain a high correlation which may have no significant 
meaning at all. A high correlation simply tells us that the data we have 
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hypothesis. We may have the following situations that brought about a high 
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Problem 

I<Y- Y)2 
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Yc = Y + b(X - X) 

17.3 Partial correlation coefficients 

(i) Multiple regression plane 

Consider a tri-variate normal distribution with random variables X1 

(son's height), X2 (father's height) and X3 (mother's height). From the 
conditional distribution of X1 given X2, X3, we found the conditional mean 
E(Xl I x2, Xa) = #1.~ as 

P.t.23 = p<u + V12V22t(XC2) - p<2>) 
or 

If we let 

then 
l't.23 = oc + f12X2 + f3aXa 

We also saw that the sample estimate of this regression function was 

X1 .23 =a+ b2 X2 + b3 X3 

X1. 23 = X1 + h2(X2 - X2) + b3(X3 - X3) 
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Geometrically, we have a regression plane. The deviation (Xl â�� Xl ) is

the total deviation of the sample points from Xl before the regression plane is

fitted. (X1-2Ð· â�� Xl) is the amount of deviation that has been explained, or

the amount of improvement due to the regression plane. (Xl â�� A^.^) is the

remaining unexplained deviation.

The estimated regression line was obtained from the sample by the method

of maximum likelihood. But when we have a normal distribution we can also

use the method of least squares and obtain the same results. From the least

squares point of view, we wish to fit the regression plane, i.e., find the b's, so

that the unexplained deviation will be at a minimum. That is,

2 (*i - Â¿Va)2 = 2 e* = Minimum

The necessary conditions for a minimum are that the partial derivatives with

respect to the b's are set equal to zero. We have

= 2 â�� - *i - Â¿2(*2 - *,)

= 2 1*1 - Â¿2*2 - Â¿3*3]2

Thus, from d//dÐ¬2 = 0 and df/db3 = 0 we find

Ð¬2 2 x\ + ba 2 *2x3 =

Ð¬2 2 *3*2 + Ð¬3 2 Ñ�3 = 2 *1*3

In matrix notation the Â¿'s become

VI 2 *2 2 *2*3 " 1 "2 *i

According to our previous matrix notation, the b's were V12 VÂ¿Â¿' where

rv v "l

V= > I12 =

LV21 v22j

where

ffÂ« = - 2 (^. - Ð�Ð¥Ð�", - ^) = - 2 *i

n n

A check will show that this result obtained via the maximum likelihood

method and the result we just obtained via the method of least squares are the

same.

Using these results we can now define the partial and multiple correlation

coefficient.
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(//) Partial correlation coefficient

The partial correlation coefficient is defined as

E\XI ft .3X^2 ft.3)

Pl2.3 = =â�� :

where /l1-3 = ft + Ã�3(X3 â�� /i3)

It can be shown that this is equal to

Pl2 ~ Pl3P23

Pl2.3 â�� / = ,

It can also be shown that the maximum likelihood estimator will become

_ rl2 ~ r!3 Ð�23 _

Vi- rbVi-rÂ«,

If we have four variables, Xlt X2, X3, Xt, then

_ r!2.3 ~ Ð�24.3Ð�14.3

Ð�12.4 ~~ Ð�23.4Ð�13.4

This pattern repeats itself for othercases. Asean beseen, r1234can beobtained

by first finding rti, then roâ��.

Various computational schemes can be found in standard text books.

17.4 Multiple correlation coefficient

(/) Definition

The multiple correlation coefficient between A\ and (A"2, X3) is defined as

3 - /"1.23)

It can also be shown as

(2) Pi .23 = 1=

(1)
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(ii) Partial correlation coefficient 

The partial correlation coefficient is defined as 

E(X1 - P.1.3)(X2- P.2.3) 
P12.3 = I 2 I 2 

v E(X1- P.t.3) v E(X2- P.2.3) 

where 1'1.3 = 1'1 + f33(X3 - P.3) 

P.2.3 = P.2 + {33(%3- P.3) 

It can be shown that this is equal to 

p _ P12 - Pt3Pza 
12 

.
3 

- .J 1 - Pia .J l - P~a 

It can also be shown that the maximum likelihood estimator will become 

r12.4 - rza.4r13.4 - ~=======-~====== 

~(1 - r:3 •4) J(l - r~3 •4) 
This pattern repeats itselfforothercases. As can be seen, r12.34 can be obtained 
by first finding rii, then rii.,· 

Various computational schemes can be found in standard text books. 

17.4 Multiple correlation coefficient 

(i) Definition 

The multiple correlation coefficient between X1 and (X2, X3) is defined as 

(1) Pt.23 = I 2 I 2 
v E(X1 - P.t) v E(Xt.23 - P.t.23) 

E( X 1 - 1'1)( X t.23 - l't.23) 

It can also be shown as 

(2) 



SEC. 17.4

where

We know that

Thus,

CORRELATION

531

Â°Ã�2

Â°23

a _

Pl.23 â��

The estimator for this will be

(3)

Ã�aaai

2 *i

Ã�f 23 is called the coefficient of multiple determination. Rlw is the multiple

correlation coefficient.

(ft) Alternative definition

Let us approach this last formula in an alternative way. The multiple

correlation coefficient shows the improvement due to the regression function.

This can be shown as

\ (Y F l2

(4) R2 = â�¢Â¿^ 1-23 !'

where (^23 â�� Xi) is the explained deviation and (Xl â�� A\) is the total

deviation.

We also have the relationship

Y Ð�2 i \T ( Y Y ^2

1.23 Ð»1' ' Â¿â��\Ð»1 'M.23/

Thus, we have

( cI ^TÂ» ( v Y \2 V/V Y I2 V/"V Y \Z

\JJ Â¿ \Ð�1.23 Â»l/ â�¢ â�� /_ \-Ð� l Ð» l) Â¿t \Ð» l -^1.23/

Â¿1 l â�� 11 l 22 3 3J

Note that, for example,

Â¿2 2 Ð»:2(Ð»:1 ~~ Ð¬2Ð»:2 ~ Ð¬Ð�Ð»:3) = 0

from the necessary conditions of setting partial derivatives zero. Thus,

, x1x2 i ^3 2i â�¢

(6)

"V ( Y Y )2

1 -23 \Ð� Ã� V V \2

/. ^Ð� i â�¢" l/

2-Ñ�?
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where 

We know that 

Thus, 

The estimator for this will be 

"2 _ R2 _ P2a21 + Paaat 
Pt.23 - 1.23 - A 

all 

= b2 ! xlx2 + ba! XtXa 
(3) 

!xi 

Rt23 is called the coefficient of multiple determination. R1.23 is the multiple 
correlation coefficient. 

(ii) Alternative definition 

Let us approach this last formula in an alternative way. The multiple 
correlation coefficient shows the improvement due to the regression function. 
This can be shown as 

(4) R2 =! (X1.2a - Xt)
2 

t.23 ! (Xt - Xt)2 

where (X1.23 - X1) is the explained deviation and (X1 - X1) is the total 
deviation. 

We also have the relationship 

Thus, we have 

(5) ~ (X~. 23 - X1)2 = ! (Xl - X1) 2 - I (X1 - x~. 23)2 

===·I xi -I [XI - XI - h2x2 - baxa]2 

== b2 ~ x1x2 + b3 ~ x1x3 
Note that, for example, 

h2 L x 2(x1 - b2x 2 - b3x3) === 0 

from the necessary conditions of setting partial derivatives zero. Thus, 

(6) R2 = I (X1.2a- Xt)
2 

=== b2 I X1X2 + ba L xtxa 
1.23 2 (XI - Xl)2 I X~ 
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Also note that

â��

I2t~

~ -^1.23) _ J _ Sl-23

" '

Problems

1. Given Xlt X2, X3, Xt which are normally distributed, express P\%u using

formula (17.4.2). Show what V12, V^1 and V21 are.

2. Express j>f.234 in terms of equation (17.4.3).

3. Prove that (17.4.5) holds. Note that

= 0

Notes and References

For the theoretical aspects of correlation analysis, see Anderson (1958), Chapter

4 (He also has extensive references on p. 96 which should be consulted for further

study); Cramer (1946), pp. 277-279, 305-308, 394-401, 410-415; Kendall (1952).

All three references are on an advanced level. Hoel (1954), Chapter 7; and Kenney

and Keeping (1951), Chapter 11 are on an elementary level.

Four non-mathematical references are Snedecor (1956), Chapter 7, 13, and 14;

Fisher (1954), Chapter 6; Ezekiel and Fox (1959); and Ferber (1949), Chapter 11,

12, and 13.

Ezekiel, M., and Fox, K. A., Methods of Correlation and Regression Analysis,

3rd ed. New York: John Wiley & Sons, Inc., 1959.

Ferber, R., Statistical Techniques in Market Research. New York: McGraw-Hill

Book Co., Inc., 1949.

FISHER, R. A., Statistical Methods for Research Workers, 12th ed. New York:

Hafner Publishing Co., 1954.

Kendall, M. G., The Advanced Theory of Statistics, 5th ed., Vol. I. London:

Charles Griffen and Co. Lim., 1952.

Kenney, J. F. and Keeping, E. S., Mathematics of Statistics, 2nd ed., Part Two.

New York: D. Van Nostrand Co., Inc., 1951.
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CHAPTER 18

Game Theory

The theory of games, or game theory, was developed by a mathematician

John von Neumann in his papers published in 1928 and 1937. .However, it

was not until von Neumann and Morgenstern published their book The

Theory of Games and Economic Behavior in 1944 that the theory attracted the

attention of social scientists as a method for dealing with problems of conflict

of interest.

Along with linear programming, game theory has many applications in

economic problems such as oligopoly and in business problems such as

business games. In statistics, the decision theory approach which we discussed

may be interpreted as a game where the two players are the states of nature

and the statistician.

In this chapter a few basic ideas of game theory are discussed. Notes and

references are provided for further study at the end of the chapter.

18.1 Introduction

Let us assume that player Pl is to select a number from the set

{1,2} = (c4, a2}. Player P2 is to select a number from the set {1,2} = {ft, ft}.

Under certain predetermined rules, either Pl or P2 may win. Let the rules be

a1 = 1

A = l

A = 2

a, = 2

an = SI

ail = -4

Â«2l = S3

aâ�� =4

This is to be interpreted as follows: If Pl selects ,% â�� 2, and P2 selects ft = 2,

then PI will receive from P2 S4 as shown by the S4 in the cell. If Pl selects

a = 1 and P2 selects ft = 2, then Pl will receive from P2 S(â��4); i.e., P1 will

pay P2 S4. This game we have has a predetermined set of rules and a situation
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18.1 Introduction 

Let us assume that player P1 is to select a number from the set 
{1, 2} == { e<1, ~}. Player P2 is to select a number from the set {I, 2} == {{31, /32}. 

Under certain predetermined rules, either P1 or P2 may win. Let the rules be 

{31 = 1 {32 = 2 

~1 = I a11 = Sl au= -4 

~2 = 2 a21 = S3 a22 = 4 

This is to be interpreted as follows: If P1 selects oc2 == 2, and P2 selects /32 == 2, 
then P1 will receive from P2 S4 as shown by the S4 in the cell. If P1 selects 
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of conflict between two players. We shall use the word game in this sense.

When Pl selects Ð°2 = 2 and P2 selects Ã�2 = 2, and S4 is paid to Plt the

rules of the game have been realized. This realization of the rules is called a

play.

We note that in playing this game, both Pl and P2 must employ skill and

intelligence and play the game. Such a game is called games of strategy.

Bridge, chess, and similar games are games of strategy.

In contrast, roulette or dice depend on chance; skill and intelligence

have no role. Such games are called games of chance.

When there are two players Pl and P2 playing a game, it is called a 2-person

game. P1 may be a single person or a group of people. For example, labor

and management may play a game where each side is composed of a team of

people. We still have a 2-person game. If we have 5 people playing poker

we have a 5-person game.

At the end of each play in our illustration, a certain payment is made

which may be money or something else. For example, when Pl selects a2 = 2

and P2 selects /92 = 2, then Pl receives from P2 S4. But, on the other hand,

P2 has lost S4. Let the payments to Pl be aiÂ¡ and those to P2 be bti. Then in

the present case,

a22 + Â¿22 = S4 + (-4) = 0

If Pl selects Ð°! = 1 and P2 selects #j = 2, then,

a12 + bu = S(-4) + (4) = 0

No matter what the play is, we always have

ail + ba = 0

i.e., aii = â�� Â¿>,Ã. In such a case the play is called zero-sum, and when all

possible plays are zero-sum we have a zero-sum game. Take a game of poker

of say 4 players. After a play, some will win what others have lost. Then,

Poker and other similar games are examples of zero-sum games. No wealth

is created in the process. There has just been a transfer of payments and

what some players have gained others have lost.

Since aii â�� â��bii, it is only necessary to consider aa in our subsequent

analysis.

18.2 Rectangular game

When P1 and P2 are to play the game we have set up, they select a number

from the set (1, 2}, and with that one selection, the play is realized. There is
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Poker and other similar games are examples of zero-sum games. No wealth 
is created in the process. There has just been a transfer of payments and 
what some players have gained others have lost. 
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When P1 and P2 are to play the game we have set up, they select a number 
from the set {I, 2}, and with that one selection, the play is realized. There is 
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only one selection Pl and P2 make. This selection is called amove. Tick-tack-toe

can have a maximum of 9 moves before the play is realized. But it is possible

that a play of tick-tack-toe may not need the total of 9 moves to be completed.

Theoretically, the game can be completed in 5 moves. A play of chess

involves a great many moves and the number of moves necessary to complete

a play of chess will depend on the players.

When a play of a game needs only a finite number of moves we have a

finite game. Those that require an infinite number of moves are called

infinite games.

For the present we shall consider the 2-person zero-sum game where P1

and PI each have only one move. We shall call such a game a rectangular

game. Furthermore, we shall assume that both Pi and P2 play in total

ignorance of the way his opponent plays.

Let us now generalize the schema we have presented above for Pl and P2.

Instead of {a1, a2} from which Pl selected a move, let the set be {al, ..., am},

and for P2 let it be {Ã�l t ..., Ã�â��}. Then our schema becomes

Ð�

Ã�l

â�¢'aâ��

P! selects a single ai from {al,..., am}. This a, is called a.pure strategy.

A = {c<!, ..., am} is called a space of pure strategies for Plt and, similarly, we

have Ã�i as a pure strategy and B = {Ã�lt ..., Ã�â��} as a space of pure strategies

for P2.

The schema we have has m Ñ� Ð¸ cells, and each cell contains a payment to

P! from P2. This m x n matrix of payments is called a pay-off matrix. We

shall denote the payment in the (/,_/') cell by a,, which will be a real valued

function. Thus,

P1 receives o,Ã from P2

P., receives â��au from Pl

and we have a zero-sum game.
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r:x.m 
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18.3 Rectangular game with saddle points

Returning to our simple illustration, let us ask which number (i.e., strategy)

should Pl select. From our payoff matrix we can easily see that Pl should

select 02 = 2. In that case he will either get S3 or S4.

On the other hand P2 would not select /32 = 2 because it is not hard for

him to see that Pl would select Ð°2 = 2. Thus, P2 will select Ã�iâ�� I. The

payoff will be a21 = S3 as we see in the payoff matrix. So the strategy will be

for P! : play a2 = 2

forP2: play Ã�l = 1

The payoff a21 = 53 is called the value of the game. Note two things about

this value. First, it is the minimum of the row in which it appears. Second,

it is the maximum of the column in which it appears. There is no inducement

for P! and P2 to change their strategies. This pair of pure strategies (04, Ã�i)

is called a pair of equilibrium strategies. They are also called optimal strategies.

The 2x2 matrix game is simple and we have no trouble spotting the

optimal strategies. Let us try a 3 x 3 matrix game and investigate the

reasoning behind the optimal strategy. Consider the following pay-off matrix

P*

Ã�i ff Ã�>

oc1 S4 3 -2

P, a, 3 4 10

,x3 7 6 8

Which strategy should Pl adopt? Let us assume Pl is a pessimistic player.

Then he notices that if he selects a3 he will get at least cr32 = S6. He cannot

get lower than that. Let us call this the security level of player Pl when he

selects the pure strategy a3. If he selects Ð°2, he can get as high as S10 = <7_1;;;

but, on the other hand there is a possibility he might get only S3 = o21; i.e.,

his security level is S3. And when he selects Ð°!, he can get a high of S4 but

there is also the possibility he may incur a loss of S2; i.e., his security level is

â�� S2. Thus, if he selects a3, he has put a floor under himself and he is

assured of at least a32 = S6. This is the minimum of the row a3. Let us write

min Ñ�?â��, i = 1,2, 3, i = 1,2, 3.

i = 1, min alj = Sâ��2, j = 1,2,3

i = 2, min ati = S3, j = 1, 2, 3

Â¡

i = 3, min Ð°t, = S6, j = 1, 2, 3

and for

i
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j 

j =--= 1' 2, 3, i = 1' 2, 3. 

j ~~ 1' 2, 3 

j -~ I, 2, 3 

.i = 1' 2, 3 



SEC. 18.3 GAME THEORY 537

The reason he picked a3 was because the S6 was the largest (maximum)

security level Pl could assure himself among the three strategies a!, a2, and a3.

This is expressed as

max min aii

Ð³ i

and in our present case it is

max min Ð°â�� = $6

i i

So far this was for Pv What is the line of reasoning for P2 ? For P2 we

have to note that we are dealing with losses, i.e., he has to pay Pv Thus, the

smaller the loss (the amount he has to pay Pl ) the greater the gain for P2

and the greater the loss the smaller the gain.

With this in mind let us look at /9i. Then P2 can assure himself of a

minimum gain of a31 = â�� S7; i.e., the greatest loss will be S7. For Ã�2, P2 can

assure himself of a minimum gain of Ð°32 = â�� S6. For Ã�3, P2 can assure

himself of a minimum gain of Ð°23 = â�� S10 and we can write

min (-Ð°â��)

i

and for

j = 1, min(â��Ð°Ð°) = â�� S7

i

j = 2, min (â��Ð°<2) = â�� S6

i

; = 3, min (â��a,3) = â��$10

t

Of these minimum gains, which is the largest? Which is the maximum gain?

That is, which is the smallest loss?

-S6> -7> -10

i.e., â�� S6 is the maximum minimum gain. We can write this

max min (â��Ð°,,) = â�� S6

i i

Let us now interpret this as follows: P2 had minimum gains of

-6> -7 > -10

In terms of maximum losses, this will be

6 < 7 < 10

Then, P2 would like to minimize the maximum loss. That is S6. We can

write

min max (ais) =F= S6
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So far this was for P1• What is the line of reasoning for P2 ? For P2 we 
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min ( -ai;) 
i 

min (-ail) == - S7 
i 

min ( -ai2) == -$6 
i 

min (-ai3) = -$10 
i 

Of these minimum gains, which is the largest? Which is the maximum gain? 
That is, which is the smallest loss? 

-S6 > -7 > -10 

i.e., - S6 is the maximun1 minimun1 gain. We can write this 

max min ( -ai;) = - S6 
j i 

Let us now interpret this as follows: P2 had minimum gains of 

-6 > -7 > -10 

In terms of maximum losses, this will be 

6 <:: 7 < 10 

Then, P2 would like to minimize the maximum loss. That is $6. We can 
write 

mrn max (au) ~ S6 
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Mathematically we have

min (â��aa) = â�� max (a,,)

i

and

max min (â��Ð°a) = max [â��max (a,,)] = â��min max (a,,.) = â�� S6

i i j i i i

Thus, we have

for Pl: in terms of gain max min aii = S6

i i

for P2: in terms of loss min max aii = S6

i i

That is, the maximum minimum gain of P1 is equal to the minimum maximum

loss of P2. The common value v = S6 is the value of the game.

P! is sure of getting at least S6, and P2 is sure of not losing more than S6,

or, to put it another way, P2 is sure of not letting P1 get more than S6. This

Ð£ = S6 has the two characteristics of being the minimum of the row in which

it appears and the maximum of the column in which it appears, simultaneously.

When such a value exists in a payoff matrix, we call it a saddle point and

the two strategies that are adopted to bring it about will be denoted by

(Ð°di' Ao)

and are called the equilibrium strategies or optimal strategies.

18.4 Mixed strategies

So far we were able to find an optimal (equilibrium pair) strategy for the

games we considered because it had a saddle point. That is, there was a

value in the payoff matrix that was at the same time the maximum of the

column and the minimum of the row. But what if there is no saddle point?

For example, consider the following pay-off matrix

f,

A A

- ai l 5

, ou 6 4

P! will max min a,,.. That is, he first minimizes with respect to j, letting

t i

j â�� 1, 2 for each /. Then, for

/=1: min ali = au = S1 j = 1, 2

i = 2: min a2}. = a22 = S4 j = 1, 2

/
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min ( -ai;) = -max (ai;) 
; 
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max min ( -ai;) = max [-max (aii)] = -min max (a H) = -$6 
i i i i i i 

Thus, we have 

for P 1 : in terms of gain max min aii = S6 
i ; 

for P2 : in terms of loss min max aii = S6 
j i 

That is, the maximum minimum gain of P1 is equal to the minimum maximum 
loss of P2 • The common value v = S6 is the value of the game. 

P 1 is sure of getting at least S6, and P2 is sure of not losing more than S6, 
or, to put it another way, P2 is sure of not letting P1 get more than S6. This 
v = S6 has the two characteristics of being the minimum of the row in which 
it appears and the maximum of the column in which it appears, simultaneously. 

When such a value exists in a payoff matrix, we call it a saddle point and 
the two strategies that are adopted to bring it about will be denoted by 

((X iO' f3 ;o) 

and are called the equilibrium strategies or optimal strategies. 

18.4 Mixed strategies 

So far we were able to find an optimal (equilibrium pair) strategy for the 
games \Ve considered because it had a saddle point. That is, there was a 
value in the payoff matrix that was at the same time the maximum of the 
column and the minimum of the row. But what if there is no saddle point? 
For example, consider the following pay-off matrix 

p (%1 

J ex:! 
1 
6 

5 
4 

P1 will max mtn aii. That is, he first minimizes with respect to j, letting 
i j 

j == 1, 2 for each i. Then, for 

i == 1: min a11 == a11 == $1 

i == 2 : min a2; == a 22 == S4 
; 

j==1,2 

j == 1, 2 
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Thus, the max min aij will be a22 = ^4 an^ the strategy for PÂ¡_ will be to play a2.

" ;

On the other hand, P2 will min max aa. That is, he first maximizes with

i i

respect to / letting / = 1, 2 for each/ Then, for

j = 1, max Ð°Ð» = a2i = S6

i

j = 2, max a,2 = a12 = S5

i

Thus,

min max aii = a12 = S5

i t

and the strategy for P2 will be to play Ã�2.

When PI plays o.2 and P2 plays Ã�2, Pl will be getting what he expects, i.e.,

a22 = s4. But P2 will be paying a22 = â�� S4 instead of the a12 = â�� S5 which

he anticipated from his strategy. The play is favorable to P2.

The first play was in total ignorance. Each player did not know what

move the other player would make. But now let us assume that the game is

played repeatedly. If Pl notices that P2 choses Ã�2, then he will choose o^

instead of a2 so that he will get Ð°12 = S5 instead of Ð°22 = S4.

But, if P2 detects that Pl has switched to o^, P2 will also switch to Ã�l so

that the payoff to P2 will be eu = SI instead of Ð°12 = S5.

Then P! might switch back to a^ again hoping for a payoff of a21 = S6.

The point is, the game in the above sense is indeterminate. Each player

will be switching from one strategy to another, trying to outguess the

other.

The question then arises: Is there some pattern of behavior (that is,

switching back and forth) that P1 and P2 should adopt that will be along their

original intentions of maximizing the minimum gain? (Or minimizing the

maximum loss?)

Let us try a strategy where Pl will adopt a! two times and a2 three times

in that order. If the game is repeatedly played, then P2 will soon recognize

this pattern and he would play Ã�l twice and /32 three times to match Pv

P1 would also detect what is happening and so, clearly, such a pattern

involving regularity cannot be adopted.

This leads us to try to mix up the strategies. Pl can do this by using some

kind of chance mechanism. Assume he has an urn with 20 red beads and 30

black beads in it. He will draw a bead at random. When he has drawn a red

bead he will play al = 1 : when it is a black bead he will play a2 = 2. Then,

when the game is repeatedly played, he will play al = 1 two-fifths of the time.

But now the order of playing 04 and oc2 will be mixed up so that P2 cannot

specifically anticipate P^s next play.

But P2 can detect over the long run that Pl is playing a! and a, with a
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Thus, the max min a;; will be a22 == S4 and the strategy for P1 will be to play cx2• 
i j 

On the other hand, P2 will min max a;J· That is, he first maximizes with 
j i 

respect to i letting i == 1, 2 for each j. Then, for 

Thus, 

j == 1, 

j == 2, 

max a;1 == a 21 == S6 
i 

max a;2 === a 12 == S5 
i 

min max aii == a 12 == S5 
j i 

and the strategy for P 2 will be to play {J2 . 

When PI plays oc.z and P2 plays {32, PI will be getting what he expects, i.e., 
a22 == S4. But P2 will be paying a22 == - S4 instead of the a 12 == - S5 which 
he anticipated from his strategy. The play is favorable to P2• 

The first play was in total ignorance. Each player did not know what 
move the other player would make. But now let us assume that the game is 
played repeatedly. If PI notices that P2 choses {32, then he will choose cx1 

instead of rt2 so that he will get a 12 == S5 instead of a22 == S4. 
But, if P 2 detects that PI has switched to rt1, P 2 will also switch to /31 so 

that the payoff to P 2 will be a11 == Sl instead of a 12 = S5. 
Then P1 might switch back to ~ again hoping for a payoff of a 21 == $6. 
The point is, the game in the above sense is indeternzinate. Each player 

will be switching from one strategy to another, trying to outguess the 
other. 

The question then arises: Is there some pattern of behavior (that is, 
switching back and forth) that PI and P2 should adopt that will be along their 
original intentions of maxin1izing the minimum gain? (Or minimizing the 
maximum loss?) 

Let us try a strategy where P1 will adopt rt1 two times and rt2 three times 
in that order. If the game is repeatedly played, then P2 will soon recognize 
this pattern and he would play {J1 twice and {J2 three times to match P 1• 

P 1 would also detect what is happening and so, clearly, such a pattern 
involving regularity cannot be adopted. 

This leads us to try to mix up the strategies. P1 can do this by using some 
kind of chance mechanism. Assume he has an urn with 20 red beads and 30 
black beads in it. He will draw a bead at randon1. When he has drawn a red 
bead he \viii play C(I = l: when it is a black bead he will play C(2 == 2. Then, 
when the game is repeatedly played, he will play rt1 == l two-fifths of the time. 
But now the order of playing C( 1 and C(2 will be mixed up so that P2 cannot 
specifically anticipate P1 's next play. 

But P2 can detect over the long run that P1 is playing rt1 and ~X2 with a 
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ratio of 2:3. Let us assume that P2 plays Ã�l and /32 with a ratio of 1:4. Then,

we can show this situation as

P,

yi = 5 j>2 = 5

^ x, = foci Â«u = Sl o, 2 = S5

*i = I *l o2i = S6 a*l = M

'Now the probability of Ð ! playing ai is, as we see, Ð»^ = 2/5. That is, if the game

is played 50 times, Pl will select al approximately 20 times. Let us say, for

the sake of simplicity, that it is 20 times.

Now, of these 20 times, how many times will Pl be in cell (1,1) and how

many times will he be in cell (1, 2)? This will depend on how P2 selects Ã�i

and /92. We see thatj^ = 1/5 and y2 â�� 4/5. Then, of these 20 timesP! selects

a!, we can expect PÂ¡ to be in cell (1, 1), 1/5 of the time and in cell (1, 2), 4/5 of

the time. Thus, Pl will be in cell (1, 1)

(50 X f) x i = 4 =

i.e., 4 times out of 50 plays. He will be in cell (1, 2)

(50 x |) x -I = 16 =

For cell (2, 1) it is

(50 x f ) x J = 50*^ = 6

For cell (2, 2) it is

(50 x f) x f = 50Ð»:^2 = 24

Thus, for cell (/,_/) it is

and, obviously

1 1 50x j,, = 50

* /

If the game is played n times, we have

2 Z nx,yl = n

Since we know the payoffs of this game, we can see that if the game is

played in the above fashion, P1 would expect to get in n plays

Â£' = SKn*^) + S5

Thus, the average payoff per game Pl can expect will be

E = â�� = SI*!>>! +

= 22 Ð²<Ð�
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ratio of 2: 3. Let us assume that P2 plays {31 anq {32 with a ratio of I: 4. Then, 
we can show this situation as 

X1 = frx1 
Xz = frxz 

Y - 1 1-& 
fJ1 

an= Sl 
Ou = S6 

Y - 4. z-6 
p, 

a12 = S5 
On= S4 

Now the probability of P1 playing (X1 is, as we see, x1 == 2/5. That is, if the game 
is played 50 times, P1 will select (X1 approximately 20 times. Let us say, for 
the sake of simplicity, that it is 20 times. 

Now, of these 20 times, how many times will P 1 be in cell (1, 1) and how 
many times will he be in cell (I, 2)? This will depend on how P 2 selects {J1 

and {32• We see that y 1 == 1/5 and y2 = 4/5. Then, of these 20 timesP1 selects 
cx1, we can expect P1 to be in cell (1, 1), 1/5 of the time and in cell (1, 2), 4/5 of 
the time. Thus, P 1 will be in cell ( 1, 1) 

(50 x t) x ! == 4 == SOxv1 

i.e., 4 times out of 50 plays. He will be in cell (1, 2) 

(50 X j-) X t· == 16 == 50XI.Y2 
For cell (2, 1) it is 

(50 X f) X A· == 50X2JI == 6 
For cell (2, 2) it is 

(50 X f) X ! == 50x2y2 == 24 

Thus, for cell (i,j) it is 
50x;yi 

and, obviously 

I I soxiyj == 5o 
i ; 

If the game is played n times, we have 

I I nx;y; == n 

Since we know the payoffs of this game, we can see that if the game is 
played in the above fashion, P1 would expect to get in n plays 

Thus, the average payoff per game P1 can expect will be 
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This function Â£ is called the expected payoff, and is denoted by E(aii). If we

have an m x n payoff matrix, then,

n n

2 x, = 1 and 2 Ð£ i = !

xi > 0 Ð£, 5: O

m n

Ð�Ð°Â«) = 12 Ð°Ñ�Ñ�iÐ£,

i /

The expected payoff for our present game is

= 14.32

So far so good. But note that we just arbitrarily picked xl = 2/5, x2 = 3/5

and 7! = 1/5, y2 = 4/5 forP2. The question thus arises: Is this S4.32 the

best situation that P1 and P2 can expect? By best situation we mean a

situation where the game we are playing will result along the principles of

maximizing the minimum gain. Let us investigate this problem.

Let us set

X={xl,x2], Y={y1,y2}

X and Y are vectors of probabilities. Let us also set

A - {Ð°!, Ð°,}, B = {&, /Ð£

Ð� and 5 are vector spaces of pure strategies. Then we can denote a mixeu

strategy due to the use of a probability distribution X by

XAT = IX *2] jjÂ£J =

Similarly for .Ð 2, the mixed strategy will be

The A' is a specific probability distribution taken from a set of such

distributions. Let us denote the set by Sm. Then, X e Sm. Likewise for Y;

i.e., Y e Sn.

Using this X and Y notation let us write

E(aa) = E(XY)=22aaxiyi

, our problem is to find a pair (Ð�"*, Ð£*) such that the mixed strategy

T guarantees that Pl will get at least v while the mixed strategy Y*BT

ay at most v.

Then

X*A

will pay at most v.
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This function E is called the expected payoff, and is denoted by E(aH). If we 
have an m x n payoff matrix, then, 

n n 

~ xi == 1 and ~ y; = 1 

Y; ~ 0 
m n 

E( aii) == ~ ~ aiixiy 1 
i j 

The expected payoff for our present game is 

E(aii) == ~ ~ a1;X1Yi = S4.32 

So far so good. But note that we just arbitrarily picked x1 = 2/5, x2 = 3/5 
for P1 and y1 = 1/5, y2 == 4/5 for P 2• The question thus arises: Is this $4.32 the 
best situation that P1 and P2 can expect? By best situation we mean a 
situation where the game we are playing will result along the principles of 
maximizing the minimum gain. Let us investigate this problem. 

Let us set 

X and Y are vectors of probabilities. Let us also set 

A and B are vector spaces of pure strategies. Then we can denote a mixeu 
strategy due to the use of a probability distribution X by 

XAT = [x1 x2] [:~] = [x1oc1 X 2CX:!] 

Similarly for P2 , the mixed strategy will be 

The X is a specific probability distribution taken from a set of such 
distributions. Let us denote the set by Sm. Then, X E Sm. Likewise for Y; 
i.e., Y E Sn. 

Using this X and Y notation let us write 

Then, our problem is to find a pair (X*, Y*) such that the mixed strategy 
X* AT guarantees that P1 will get at least v while the mixed strategy Y* BT 
will pay at most v. 
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Using our example we have

= xiyi + 6(1 - xl)yi + 5xl(l -yl ) + 4(1- xl)(l -yl

)

= xl + 2yi â�� Ã�Ð»:ij! + 4

In our example we had Ð»:! = 2/5, jl = 1/5 and the expected payoff was

E(XY) = S4.32. But, as the above equation shows, if P1 were to let xl = 2/6

instead of any other x value,

E(XY) = 0 + 26/6 = S4.33

He can assure himself of this much. By taking some other value for x it is

possible that he may get a larger expected payoff. At the same time there is

also the possibility that he may get a smaller expected payoff. It can be

shown that this is the highest security level /\ can expect. Thus, if Pl sets

xl = 2/6, he eliminates the possibility of getting less than S4.33. It turns out

that this S4.33 will be the maximum minimum gain for Pv

From /YS standpoint, we can say that i{P2 sets yl = 1/6, he can be sure

that P! will get S4.33. For any other value of y1 it is possible that he may give

Pl less than S4.33 but at the same time there is also the possibility that he

may have to pay Pl more than S4.33. By setting^ = 1/6, P2 eliminates the

possibility of losing more than S4.33 but at the same time he eliminates the

possibility of paying less than S4.33. It turns out that this $4.33 will be the

minimum maximum loss for P2.

Thus, we have found for our simple example a pair of mixed strategies

(X*AT, Y*BT) and a value i- such that the mixed strategies are in equilibrium

and yield a maxi-min and mini-max strategy for P1 and P2. The value of the

game is v = S4.33.

Using our new notation we have

E(X Y*) is the expected payoff given Ð£*. Thus,

E(XY*) r

i.e., Pl can select any X from Sm and choose a mixed strategy XAT. But the

expected payoff from this mixed strategy will be smaller than the expected

payoff E(X* Y*) due to the equilibrium pair.

Similarly,

E(X*Y*) < E(X*Y)
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Using our example we have 

E(XY) =I I ai;x;y; 

= XI.Y1 + 6(1 - x1)y1 + 5xi(l - y1) + 4(1 - x1){l - y1) 

= X1 + 2yl - 6XIJI + 4 

= -6(xl - i)(yl - ~) + '~-6~ 

In our example we had x1 =-= 2/5, y 1 = 1/5 and the expected payoff was 
E(XY) == $4.32. But, as the above equation shows, if P1 were to let x1 = 2/6 
instead of any other x value, 

E(XY) = 0 + 26/6 = $4.33 

He can assure himself of this much. By taking some other value for x it is 
possible that he may get a larger expected payoff. At the same time there is 
also the possibility that he may get a smaller expected payoff. It can be 
shown that this is the highest security level P1 can expect. Thus, if P1 sets 
x1 = 2/6, he eliminates the possibility of getting less than S4.33. It turns out 
that this S4.33 will be the maximum minimum gain for P1. 

From P2's standpoint, we can say that if P2 sets y 1 = 1/6, he can be sure 
that PI will get S4.33. For any other value of y1 it is possible that he may give 
P 1 less than $4.33 but at the same time there is also the possibility that he 
may have to pay P 1 more than S4.33. By settingy1 == 1/6, P 2 eliminates the 
possibility of losing more than $4.33 but at the same time he eliminates the 
possibility of paying less than S4.33. It turns out that this S4.33 will be the 
minimum maximum loss for P 2 • 

Thus, we have found for our simple example a pair of mixed strategies 
(X* AT, Y* BT) and a valuer such that the mixed strategies are in equilibrium 
and yield a maxi-min and mini-max strategy for P1 and P2• The value of the 
game is v == S4.33. 

Using our new notation we have 

E(X* Y*) == I I aiJX;oJJo == v 

E(X Y*) is the expected payoff given Y*. Thus, 

E(XY*) < E(X* Y*) 

i.e., PI can select any X from sm and choose a mixed strategy XAT. But the 
expected payoff from this mixed strategy will be smaller than the expected 
payoff E(X* Y*) due to the equilibrium pair. 

Similarly, 
E( X* Y*) :s:. £(X* Y) 
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i.e., the amount P2 has to pay Plt E(X* Y), using some Y from Sn, is larger

than E(X* Y*). Thus,

E(XY*) <, E(X* Y*) ^ E(X* Ð£)

Let us now state the main theorem of a two-person zero-sum game.

Proof of the theorem is beyond the scope of this book and thus will not be

given.

Every rectangular game has a value v.

There exists a pair of mixed strategies that are due to (X* Y*) that are in

equilibrium in the sense that

E(XY*) a E(X*Y*) < E(X*Y)

The value of the game is

and

max min E(XY) = min max E(XY)

XeSâ�� YeSâ�� YeSâ�� XeSâ��

Problems

Find the equilibrium pair (X, Y) for the following problems. Also find the

value of the game.

1.

2

3

4

5

3

5

6

4

Notes and References

J. von Neumann's original article of 1928 (in German) is written for

mathematicians. But the book by von Neumann and Morgenstern (1944,

1947, 1953) is written for social scientists as well as mathematicians. It is a

difficult book.

Aside from the von Neumann and Morgenstern book, the following four

books are recommended: Luce and Raiffa (1957); McKinsey (1952); Karlin

(1959); and Gale (1960). Luce and Raiffa (1957) discuss game theory with a

minimum of mathematics and explain its various implications. There is also

an extensive bibliography at the end of the book. McKinsey (1952) gives a

concise mathematical presentation of game theory. He has a proof of the

mini-max theorem in Chapter 2. Karlin (1959) Vol. I, Chapters 1, 2, and 4 has
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i.e., the amount P2 has to pay P1, E(X* Y), using some Y from S"", is larger 
than E(X* Y*). Thus, 

E(XY*) < E(X* Y*) < E(X* Y) 

Let us now state the main theorem of a two-person zero-sum game. 
Proof of the theorem is beyond the scope of this book and thus will not be 
given. 

Every rectangular game has a value v. 
There exists a pair of mixed strategies that are due to (X* Y*) that are in 

equilibrium in the sense that 

E(XY*) < E(X* Y*) < E(X* Y) 

The value of the game is 

and 
E(X* Y*) = ~ ~ a;;xioY;o 

max min E(XY) == min max E(XY) 
.. ¥eSm YeS" YeS,. XeSm 

Problems 

Find the equilibrium pair (X, Y) for the following problems. Also find the 
value of the game . 

•. = 2 1 3 

4 1 5 
-~- -~--

2. -~-3:_5 _ 
__ I __ 

6 1 4 
---- -~----··-

Notes and References 

J. von Neumann's original article of 1928 (in German) is written for 
mathematicians. But the book by von Neumann and Morgenstern (1944, 
1947, 1953) is written for social scientists as well as mathematicians. It is a 
difficult book. 

Aside from the von Neumann and Morgenstern book, the following four 
botJks are recommended: Luce and Raiffa ( 1957); McKinsey ( 1952); Karlin 
( 1959); and Gale ( 1960). Luce and RaitT a ( 1957) discuss game theory with a 
minimum of mathematics and explain its various implications. There is also 
an extensive bibliography at the end of the book. McKinsey ( 1952) gives a 
concis~ mathematical presentation of game theory. He has a proof of the 
mini-max theorem in Chapter 2. Karlin ( 1959) Vol. I, Chapters I, 2, and 4 has 
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an excellent discussion of game theory, but uses topological concepts in some

places. These are explained in his appendix. His Notes and References to

Chapters 1, 2, and 4 are recommended for those interested in further study.

Dorfman, Samuelson, and Solow (1958), Chapters 15 and 16 discuss the

interrelations between linear programming and game theory. This interrelation

is also discussed in Luce and Raiffa (1957), Appendix 5; and Gale (1960),

Chapter 7.

The interrelation between game theory and statistical decision theory is

discussed in Luce and Raiffa (1957), Chapter 13; Chernoff and Moses (1959),

Appendix Fl; Raiffa and Schlaifer (1961), Chapter 1; and Blackwell and

Girshick (1954).

Advanced mathematical references may be found in the Annals of Mathe-

matics Studies, Numbers 24, 28, 38, 39, which are published by Princeton

University Press.

Some examples of applications of game theory to various branches of social

science are as follows. For economics, see Shubik (1959). For political

behavior, see Shubik (1954). For business, see the survey article by Cohen and

Rhenman in Management Science (1961).

An extensive bibliography on gaming and allied topics has been compiled

by Shubik and may be found in the Journal of the American Statistical

Association, December, 1960, pp. 736-756. This bibliography also contains

references on simulation. A symposium on simulation may be found in the

American Economic Review, December, 1960, pp. 893-932.
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