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Preface 

When Allen T. Craig died in late November 1978, I lost my advisor, 
mentor, colleague, and very dear friend. Due to his health, Allen did 
nothing on the fourth edition and, of course, this revision is mine alone. 
There is, however, a great deal of Craig's influence in this book. As a 
matter of fact, when I would debate with myself whether or not to 
change something, I could hear Allen saying, "It's very good now, Bob; 
don't mess it up." Often, I would follow that advice. 

Nevertheless, there were a number of things that needed to be done. 
I have had many suggestions from my colleagues at the University of 
Iowa; in particular, Jim Broffitt, Jon Cryer, Dick Dykstra, Subhash 
Kochar (a visitor), Joe Lang, Russ Lenth, and Tim Robertson 
provided me with a great deal of constructive criticism. In addition, 
three reviewers suggested a number of other topics to include. I have 
also had statisticians and students from around the world write to me 
about possible improvements. Elliot Tanis, my good friend and 
co-author of our Probability and Statistical Inference, gave me 
permission to use a few of the figures, examples, and exercises used in 
that book. I truly thank these people, who ha ve been so helpful and 
generous. i 

Clearly, I could not use all of these ideas. As a matter of fact, I 
resisted adding "real" problems, although a few slipped into the 
exercises. Allen and I wanted to write about the mathematics of 
statistics, and I have followed that guideline. Hopefully, without those 
problems, there is still enough motivation to study mathematical 
statistics in this book. In addition, there are a number of excellent 

ix 
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books on applied statistics, and most students have had a little 
exposure to applications before studying this book. 

The major differences between this' edition and the preceding one 
are the following: 

• There is a better discussion of assigning probabilities to events, 
including introducing independent events and Bayes' theorem in the 
text. 

• The consideration of random variables and their expectations is 
greatly improved. 

• Sufficient statistics are presented earlier (as was true in the very 
early editions of the book), and minimal sufficient statistics are 
introduced. 

• Invariance of the maximum likelihood estimators and invariant 
location- and scale-statistics are considered. 

• The expressions "convergence in distribution" and "convergence in 
probability" are used, and the delta method for finding asymptotic 
distributions is spelled out. 

• Fisher information is given, and the Rao-Cramer lower bound is 
presented for an estimator of a function of a parameter, not just for 
an unbiased estimator. 

• The asymptotic distribution of the maximum likelihood estimator 
is included. 

• The discussion of Bayesian procedures has been improved and 
expanded somewhat. 

There are also a number of little items that should improve the 
understanding of the text: the expressions var and -cov are used; the 
convolution formula is in the text; there is more explanation of 
p-values; the relationship between two-sided tests and confidence 
intervals is noted; the indicator function is used when helpful; the 
multivariate normal distribution is given earlier (for those with an 
appropriate background in matrices, although this is still not necessary 
in the use of this book); and there is more on conditioning. 

I believe that the order of presentation has been improved; in 
particular, sufficient statistics are presented earlier. More exercises 
have been introduced; and at the end of each chapter, there are several 
additional exercises that have not been ordered by section or by 
difficulty (several students had suggested this). Moreover, answers 
have not been given for any of these additional exercises because I 
thought some instructors might want to use them for questions on 
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examinations. Finally, the index has been improved greatly, another 
suggestion of students as well as of some of my colleagues at Iowa. 

There is really enough material in this book for a three-semester 
sequence. However, most instructors find that selections from the first 
five chapters provide a good one-semester background in the 
probability needed for the mathematical statistics based on selections 
from the remainder of the book, which certainly would include most 
of Chapters 6 and 7. 

I am obligated to Catherine M. Thompson and Maxine Merrington 
and to Professor E. S. Pearson for permission to include Tables II and 
V, which are abridgments and adaptations of tables published in 
Biometrika. I wish to thank Oliver & Boyd Ltd., Edinburgh, for 
permission to include Table IV, which is an abridgment and adaptation 
of Table III from the book Statistical Tables for Biological, 
Agricultural, and Medical Research by the late Professor Sir Ronald A. 
Fisher, Cambridge, and Dr. Frank Yates, Rothamsted. 

Finally, I would like to dedicate this edition to the memory of Allen 
Craig and my wife, Carolyn, who died June 25, 1990. Without the love 
and support of these two caring persons, I could not have done as much 
professionally as I have. My friends in Iowa City and my children 
(Mary, Barbara, Allen, and Robert) have given me the strength to 
continue. After four previous efforts, I really hope that I have come 
close to "getting it right this fifth time." I will let the readers be the 
judge. 

R. V. H. 





CHAPTER 1 

Probability and 
Distributions 

1.1 Introduction 

Many kinds of investigations may be characterized in part by 
the fact that repeated experimentation, under essentially the same 
conditions, is more or less standard procedure. For instance, in medical 
research, interest may center on the effect of a drug that is to be 
administered; or an economist may be concerned with the prices of 
three specified commodities at various time intervals; or the 
agronomist may wish to study the effect that a chemical fertilizer has 
on the yield of a cereal grain. The only way in which an investigator 
can elicit information about any such pheJ].omenon is to perform his 
experiment. Each experiment terminates with an outcome. But it 
is characteristic of these experiments that the outcome cannot be 
predicted with certainty prior to the performance of the experiment. 

Suppose that we have such an experiment, the outcome of which 
cannot be predicted with certainty, but the experiment is of such a 
nature that a collection of every possible outcome can be described 
prior to its performance. If this kind of experiment can be repeated 
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under the same conditions, it is called a random experiment, and the 
collection of every possible outcome is called the experimental space 
or the sample space. 

Example 1. In the toss of a coin, let the outcome tails be denoted by T and 
let the outcome heads be denoted by H. If we assume that the coin may be 
repeatedly tossed under the same conditions, then the toss of this coin is an 
example of a random experiment in which the outcome is one of the two 
symbols T and H; that is, the sample space is the collection of these two 
symbols. 

Example 2. In the cast of one red die and one white die, Jet the outcome 
be the ordered pair (number of spots up on the red die, number of spots up 
on the white die). If we assume that these two dice may be repeatedly cast 
under the same conditions, then the cast of this pair of dice is a random 
experiment and the sample space consists of the foUowing 36 ordered pairs: 
(1, 1), ... , (1, 6). (2, 1) •...• (2. 6), ... , (6, 6). 

Let ~ denote a sample space, and let C represent a part of~. If, 
upon the performance of the experiment. the outcome is in C, we shall 
say that the event C has occurred. Now conceive of our having made 
N repeated performances of the random experiment. Then we can 
count the number f of times (the frequency) that the event C actually 
occurred throughout the N performances. The ratio II N is called the 
relative frequency of the event C in these N experiments. A relative 
frequency is usually quite erratic for small values of N, as you can 
discover by tossing a coin. But as N increases, experience indicates that 
we associate with the event C a number, say p, that is equal or 
approximately equal to that number about which the relative 
frequency seems to stabilize. If we do this, then the number p can be 
interpreted as that number which, in future performances of the 
experiment, the relative frequency of the event C will either equal or 
approximate. Thus, although we cannot predict the outcome of a 
random experiment, we can, for a large value of N, predict 
approximately the relative frequency with which the outcome will be 
in C. The number p associated with the event C is given various names. 
Sometimes it is called the probability that the outcome of the random 
experiment is in C; sometimes it is called the probability of the event 
C; and sometimes it is called the probability measure of C. The context 
usually suggests an appropriate choice of terminology. 

Example 3. Let <€ denote the sample space of Example 2 and let C be the 
collection of every ordered pair of <€ for which the sum of the pair is 
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equal to seven. Thus C is the collection (1, 6), (2, 5), (3,4), (4, 3), (5, 2), and 
(6, 1). Suppose that the dice are cast N = 400 times and let/, the frequency 
of a sum of seven, be f = 60. Then the relative frequency with which the 
outcome was in C is fiN =:' = 0.15. Thus we might associate with C a 
number p that is close to 0.15, and p would be called the probability of the 
event C. 

Remark. The preceding interpretation of probability is sometimes 
referred to as the relative fr.equency approach, and it obviously depends upon 
the fact that an experiment can be repeated under essentially identical 
conditions. However, many persons extend probability to other situations by 
treating it as a rational measure of belief. For example, the statement p = j 
would mean to them that their personal o~ subjective probability of the event 
Cis equal to j. Hence, if they are not opposed to gambling, this could be 
interpreted as a willingness on their part to bet on the outcome of C so that 
the two possible payoffs are in the ratio plO - p) = ~/~ = j. Moreover, if they 
truly believe that p = j is correct, they would be willing to accept either side 
of the bet: (a) win 3 units if C occurs and lose 2 if it does not occur. or (b) 
win 2 units if C does not occur and lose 3 if it does. However, since the 
mathematical properties of probability given in Section 1.3 are consistent with 
either of these interpretations, the subsequent mathematical development 
does not depend upon which approach is used. 

The primary purpose of having a mathematical theory of statistics 
is to provide mathematical models for random experiments. Once a 
model for such an experiment has been provided and the theory worked 
out in detail, the statistician may, within this framework, make 
inferences (that is, draw conclusions) about the random experiment. 
The construction of such a model requires a theory of probability. 
One of the more logically satisfying theories of probability is that 
based on the concepts of sets and functions of sets. These concepts 
are introduced in Section 1.2. 

1.2 Set Theory 

The concept of a set or a collection of objects is usually left 
undefined. However, a particular set can be described so that there is 
no misunderstanding as to what collection of objects is under 
consideration. For example, the set of the first 10 positive integers is 
sufficiently well described to make clear that the numbers ~ and 14 are 
not in the set, while the number 3 is in the set. If an object belongs to 
a set, it is said to be an element of the set. For example, if A denotes 
the set of real numbers x for which 0 < x < 1, then ~ is an element of 



4 Probability ad Distributions leb . .1 

the set A. The fact that ~ is an element of the set A is indicated by 
writing ~ EA. More generally, a E A means that a is an element of the 
set A. 

The sets that concern us will frequently be sets of numbers. 
However, the language of sets of points proves somewhat more 
convenient than that of sets of numbers. Accordingly, we briefly in
dicate how we use this terminology. In analytic geometry consider
able emphasis is placed on the fact that to each point on a line (on which 
an origin and a unit point have been selected) there corresponds one 
and only one number, say x; and that to each number x there 
corresponds one and only one point on the line. This one-to-one 
correspondence between the numbers and points on a line enables us 
to speak, without misunderstanding, of the "point x" instead of the 
"number x." Furthermore, with a plane rectangular coordinate system 
and with x and y numbers, to each symbol (x, y) there corresponds one 
and only one point in the plane; and to each point in the plane there 
corresponds but one such symbol. Here again, we may speak of the 
"point (x, y)," meaning the "ordered number pair x and y." This 
convenient language can be used when we have a rectangular· 
coordinate system in a space of three or more dimensions. Thus the 
"point (x" X2, ••• , xn)" means the numbers XI' Xh ••• , Xn in the order 
stated. Accordingly, in describing our sets, we frequently speak of a set 
of points (a set whose elements are points), being careful, of course, to 
describe the set so as to avoid any ambiguity. The notation 
A = {x : 0 < x < I} is read "A is the one-dimensional set of points x 
for which 0 < x ::s;; I." Similarly, A = {(x, y) : 0 <X< 1,0 :s: 
y < I} can be read H A is the two-dimensional set of points (x, y) that 
are interior to, or on the boundary of, a square with opposite vertice,s 
at (0,0) and (I, I)." We now give some definitions (together with 
illustrative examples) that lead to an elementary algebra of sets 
adequate for our purposes. 

Definition 1. If each element ofa set AI is also an element of set A2, 

the set A I is called a subset of the set A2• This is indicated by writing 
AI c A2. If AI C A2 and also A2 c AI' the two sets have the same 
elements, and this is indicated by writing AI = A2• 

Example 1. Let AI = {x: 0 < x ~ I} and A2 = {x: -I ~ x ~ 2}. Here 
the one-dimensional set A I is seen to be a subset of the one-dimensional set 
A2; that is, AI C A2• Subsequently, when the dimensionality of the set is clear, 
we shall not make specific reference to it. 
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Example 2. Let AI={(x,y):O~x=yS;I} and A2={(x,y): 
o < x < 1, 0 < Y < I}. Since the elements of A I are the points on one diagonal 
of the square, then A I C A2 • 

Definition 2. If a set A has no elements, A is called the null set. This 
is indicated by writing A = 0. 

Definition 3. The· set of all elements that belong to at least one of 
the sets AI and A2 is called the union of AI and A2. The union of AI and 
A2 is indicated by writing AI U A 2• The union of several sets 
A" A;', A3, ... is the set of all elements that belong to at least one of 
the several sets. This union is denoted by AI U A2 U A3 U· .. or by 
AI U A2 U ... U Ak if a finite number k of sets is involved. 

Example 3. Let AI = {x: x = 0, 1, ... , 1O} and A2 = {x: x = 8,9, 10, 11, 
or 11 < x <I2}. Then Al U A2 = {x: x = 0, 1, ... , 8,9, 10, 11, or 11 < 
x < 12} = {x: x = 0, 1, ... , 8,9, 10, or 11 < x < 12}. 

Example 4. Let AI and A2 be defined as in Example 1. Then AI U A2 = A2. 

Example 5. Let A2 = 0. Then AI U A2 = AI for every set AI' 

Example 6. For every set A, A U A = A. 

Example 7. Let 

A. = {x : k : I ,;; x ,;; I }, k = I, 2, 3, .... 

Then AI U A2 U A3 U· .• = {x: 0 < x < I}. Note that the number zero is not 
in this set, since it is not in one of the sets A., A 2, A 3, •••• 

Definition 4. The set of all elements that belong to each of the sets 
AI and A2 is called the intersection of AI anq A2. The intersection of 
AI and A2 is indicated by writing AI ()A2' The intersection of several 
sets A" A2 , A3 , ••• is the set of all elements that belong to each of the 
sets AI, A2, A3, .... This intersection is denoted by AI () A2 () A3 () ... 
or by A I () A2 () ... () Ak if a finite number k of sets is involved. 

Example 8. Let AI = {(O, 0), (0, 1), (1, In and A2 = {(1, 1), (1, 2), (2, I)}. 
Then AI n A2 = {(1, I)}. 

Example 9. Let AI = {(x,y): 0 <x + y < I} and A2 = {(x,y): 1 < 
x + y}. Then AI and A2 have no points in common and AI n A2 = 0. 

Example 10. For every set A, A n A = A and An 0 = 0. 
Example 11. Let 

A. = {x : 0 < x < H, k = 1,2, 3, .... 
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FIGURE 1.1 

Then AI n A2 n A3 .•. is the null set, since there is no point that belongs to 
each of the sets A" Az• A 3 , •••• 

Example 12. Let AI and A2 represent the sets of points enclosed. respect
ively, by two intersecting circles. Then the sets AI U A2 and AI n A2 are 
represented, respectively, by the shaded regions in the Venn diagrams in 
Figure] .1. 

Example 13. Let AI, A 2, and A3 represent the sets of points enclosed, 
respectively, by three intersecting circles. Then the sets (AI U A2) n A3 and 
(AI n A2) U A3 are depicted in Figure 1.2. 

Definition S. In certain discussions or considerations, the totality 
of all elements that pertain to the discussion can be described. This set 
of all elements under consideration is given a special name. It is called 
the space. We shall often denote spaces by capital script letters such as 
d, !:fl, and <fl. 

Example' 14. Let the number of heads, in tossing a coin four times, be 
denoted by x. Of necessity, the number of heads will be one of the numbers 
0, I, 2, 3, 4. Here, then, the space is the set d = {O, 1,2.3, 4}. 

FIGURE 1.2 



Sec. 1.21. Set Theory 7 

Example 15. Consider all nondegenerate rectangles of base x and height 
y. To be meaningful, both x and y must be positive. Thus the space is the set 
d = {(x, y) = x > 0, y > O} . 

. Definition 6. Let .91 denote a space and let A be a subset of the set 
d. The set that consists of all elements of .91 that are not elements of 
A is called the complement of A (actually, with respect to d). The 
complement of A is denoted by A*. In particular, .91* = 0. 

Example 16. Let d be defined as in Example 14, and let the set A = {O, I}. 
The complement of A (with respect to d) is A* = {2, 3, 4}. 

Example 17. Given A c d. Then Au A* = .rd, A 1'\ A* = 0. 
Au .. r4 -: d, A 1'\ d = A. and (A*)* = A~ 

In the calculus, functions such as 

f(x) = 2x, -oo-<x < 00, 

or 

g(x, y) e-"~Y, 0 < x < oo~ 0 < y < 00, 

= 0 elsewhere, 

or possibly 

h(x" X2, ••• ,Xn) = 3X,X2 ••• xn, o < Xi ~ I, i = I, 2, ... , n, 

= 0 elsewhere, 

were of common occurrence. The value of f(x) at the ·'point x = I" is 
f( I) = 2; the value of g(x, y) at the "point ( - I, 3)" is g( - I, 3) = 0; the 
value of h(xj, X2, ••• , XI!} at the "point (l, I, ... , I)" is 3. Functions 
such as these are called functions of a point or, more simply, point 
functions because they are evaluated (if they have a value) at a point 
in a space of indicated dimension. 

There is no reason why, if they prove useful, we should not have 
functions that can be evaluated, not necessarily at a point, but for an 
entire set of points. Such functions are naturally caned functions of a 
set or, more simply, set functions. We shall give some examples of set 
functions and evaluate them for certain simple sets. 

Example 18. Let A be a set in one-dimensional space and let Q(A) be equal 
to the number of points in A which correspond to positive integers. Then Q(A) 
is a function of the set A. Thus, if A = {x: 0 < x < 5}, then Q(A) = 4: if 
A = { - 2, - I}, then Q( A) = 0; if A = {x : - 00 < x < 6}, then Q( A) = 5. 

Example 19. Let A be a set in two-dimensional space and let Q(A) be the 
area of A, if A has a finite area; otherwise, let Q(A) be undefined. Thus, if 
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A = {(x,y):.x2 + y2;S; I}, then'Q(A) = n; if A = {(O, 0). (I, I), (0, I)}, then 
Q(A) = 0; if A = {(x, y) : 0 < x,O :S:: y, x + Y ;S; I}, then Q(A) = !. 

Example 20. Let A be a set in three-dimensional space and let Q(A) be 
the volume of A, if A has a finite volume; otherwise, let Q(A) be undefined. 
Thus, if A = {(x, y, z) : 0 < x :s: 2,0 :s: y < 1,0 < z S; 3}, then Q(A) = 6; if 
A = {(x, y, z):.x2 + y + Z2 > 1}, then Q(A) is undefined. 

At this point we introduce the following notations. The symbol 

f fix) dx 
• A 

will mean the ordinary (Riemann) integral of /(x) over a prescribed 
one-dimensional set A; the symbol 

f. f g(x, y) dx dy 

will mean the Riemann integral of g(x, y) over a prescribed 
two-dimensional set A; and so on. To be sure, unless these sets A and 
these functions /(x) and g(x, y) are chosen with care, the integrals 
will frequently fail to exist. Similarly, the symbol 

I f(x) 
A 

will mean the sum extended over all x E A; the symbol 

I Ig(x,y) 
A 

will mean the sum extended over all (x, y) E A; and so on. 

Example 21. Let A be a set in one-dimensional space and let 
Q(A) = L fix), where 

A 

f(x) = (4)X, X = I, 2, 3, ... , 

= 0 elsewhere ... 

If A = {x : 0 ;S; x < 3}, then 

Q(A) = ! + (!)2 + (D3 = ~. 

Example 22. Let Q(A). = L f(x), where 
A 

f(x) = JT(1 - p)1 x, x = 0, 1, 

= 0 "elsewhere. 

If A == {O}, then 
o 

Q(A) = L r(l - p)1 - x = 1 - p; 
x=o 
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if A = {x: I < x < 2}, then Q(A) = f(l) = p. 

Example 23. Let A be a one·dimensional set and let 

Q(A) = 1 rX dx. 

Thus, if A = {x: 0 < x < oo}, then 

.Q(A) = [ e-X dx = I; 

if A = {x : 1 < x < 2}, then 

Q(A) = f rx dx = r' - r'; 

if A I = {x : 0 S;; x < I} and A2 = {x : 1 < x S;; 3}, then 

Q(A, u A,) = f e-x dx 

. f.-x ~ + f e-X dx 

= Q(A 1) + Q(A2); 

if A = AI U A2, where AI = {x: 0 < x <2} and A2 = {x: 1 < x :S 3}, then 

Q(A) = Q(A, u A,) - f rX dx 
> I) 

= r e-x dx + fe-x dx - r e-X dx 

= Q(A.) + Q(A2) - Q(A. (l A2). 

Example 24. Let A be a set in n.dimensional space and let 

Q(A) = r·· I dx, dx,··· dx, . 
.4 

where n! = n(n - 1) ... 3 . 2 . 1. 



to ProWility IUId Diatributiolls leb. 1 

EXERCISES 

1.1. Find the union Al U A2 and the intersecti~n Al n A2 of the two sets A, 
and A 2• where: 
(a) AI = {O, I, 2}, A2 = {2, 3, 4}. 
(b) AI = {x: 0 < x < 2}, A2 = {x: I <x < 3}. 
(c) AI ={(x,y):O<x<2,O<y<2}, 

Az = {(x, y) : ) < x < 3, 1 < y < 3}. 

1.2. Find the complement A* of the set A with respect to the space d if: 
(a) d = {x: 0 < x < I}, A = {x: i < x < I}. 
(b) d = {(x,y, z): xl + 1+ z2 :s: 1}, A = {(x,y, z): x2 + y2 + Z2 = I}. 
(c) d = {(x, y) : Ixl + Iyl < 2}, A = {(x, y) : xl + I < 2}. 

1.3. List all possible arrangements of the four letters m, a, r, and y. Let AI 
be the collection of the arrartgements in which y is in the last position. Let 
A2 be the collection of the arrangements in which m is in the first position. 
Find the union and intersection of A I and A2• 

1.4. By use of Venn diagrams, in which the space ,t:I is the set of points 
enclosed by a rectangle containing the circles, compare the following sets: 
(a) AI n (A2 U A3) and (AI n A2) u (AI n A3)' 
(b) AI U (A2 n A3 ) and (AI U A2) n (AI U A3)' 
(c) (AI U A 2)* and AT n AT. 
(d) (AI n A2)* and AT U AT. 

1.5. If a sequence of sets A .. A2, AJ, . .. is such that Ak c Ale + .. 

k = 1,2,3, ... , the sequence is said to be a nondecreasing sequence. Give 
an example of this kind of sequence of sets. 

1.6. If a sequence of sets A" A2, A:h . .. is such that Ale;:) Ale +" 
k = 1,2,3, ... , the sequence is said to be a non increasing sequence. Give 
an example of this kind of sequence of sets. 

1.7. If A" Ah Ah ... are sets such that Ale c Ale + I, k = 1,2,3, ... ,lim Ale 
is defined as the union A I U A2 U A) U ..•. Find lim Ale if: Ie-+oo 

Ie -+00 

(a) Ale = {x: Ilk < x :s: 3 - Ilk}, k = 1,2,3, .... 
(b) Ale = {(x, y): 11k < xl + I <4 - Ilk}, k = 1,2,3, .... 

1.8. If A" A2, A3, ••• are sets such that Ak ;:) Ak + (, k = l, 2, 3, ... , lim Ale 
is defined as the intersection Al,n Az n A3 n' ... find lim Ale if: Ie-+oo 

Ie-oo 

(a) Ale = {x: 2 - Ilk < x < 2}, k = 1,2:3, ... . 
(b) Ale = {x: 2 < x < 2 + 11k}. k = l. 2, 3, ... . 
(c) Ale = {(x, y): 0 <xl + I < 11k}, k = 1,2,3, .... 
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1.9. For every one-dimensionahet A, let Q(A) = L j(x), wherej(x) = (i)(iY, 
A 

x = 0, 1,2, ... , zero elsewhere. If AI = {x: x = 0, 1,2, 3} and 
A2 = {x: x = 0, 1,2, ... }, find Q(A,) and Q(A2). 

Hint: Recall that S" = a + ar + ... + arn - I = a(1 - r")/(1 - r) and 
lim S" = al( 1 - r) provided that Irl < I. 
".-.cJ) 

1.10. For everyone-dimensional set A for which the integral exists, let 
Q(A) = Lj(x) dx, where j(x) . 6x(1 - x), 0 < x < 1, Zero elsewhere; 
otherwise, let Q(A) be undefined. If AI = {x: * < x < n, A2 = H}, and 
A3 = {x: 0 < x < IO}, find Q(AI), Q(A2), and Q(A3).' 

1.11. Let Q(A) = L I (X2 + y) dx dy for every two-dimensional set A for 
which the integral exists; otherwise, let Q(A) be undefined. If 
AI = {(x,y): -1 < x:s;; 1, -1 :s;;y:s;; I}. A2 = {(x,y): -I < x = y:s;; l}, 
and A3 = {(x. y) : x2 + y < I}, find Q(A 1), Q(A 2), and Q(A3)' . 

Hint: In evaluating Q(A 2), recall the definition of the double integral (or 
consider the volume u.nder the surface z = .xl + y2 above the line segment 
-I < x = y < 1 in the xy-plane). Use polar coordinates in the calculation 
of Q(A3). 

1.12. Let d denote the set of points that are interior to, or on the boundary 
of, a square with opposite vertices at the points (0,0) and (I, 1). Let 
Q(A) = L I dy dx. 
(a) If A c .91 is the set {(x, y) : 0 < x < y < I}, compute Q(A). 
(b) If A c .91 is the set {(x, y) : 0 < x = y < I}, compute Q(A) . 

. (c) If A c .91 is the set {(x, y) : 0 < xl2 :s;; y < 3xl2 < I}, compute Q(A). 

1.13. Let.91 be the set of points interior to or on the boundary of a cube with 
edge of length I. Moreover, say that the cube is in the first octant with one 
vertex at the point (0, 0, 0) and an opposite vertex at the point (1. I, I). Let 
Q(A) = HI dx dy dz. 

if 

(a) If A c .91 is the set {(x. y, z) : 0 < x < y < z < I}, compute Q(A). 
(b) If A is the subset {(x, y, z) : 0 < x = y = z < I}, compute Q(A). 

1.14. Let A denote the set {(x, y, z): .xl + y + Z2 < I}. Evaluate 

Q(A) = HI Jx2 + l + z2 dxdydz. 
A 

Hint: Use spherical coordinates. 

1.15. To join a certain club, a person must be either a statistician or a 
mathematician or both: Of the 25 members in this club, 19 are statisticians 
and 16 aretnathematicians. How many persons in the club are both a 
statistician and a mathematician? 
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1.16. After a hard-fought footbalJ game, it was reported that, of the 11 
starting players, 8 hurt a hip, 6 hurt an ann,S hurt a knee, 3 hurt both a 

.' hip and an ann, 2 hurt both a hip and a .knee, 1 hurt both an arm and a 
knee, and no one hurt all three. Comment on the accuracy of the report. 

1.3. The Probability Set F •• DroOD 

Let ~ denote the set of every possible outcome of a random 
experiment; that is, ~ is the sample space. It is our purpose to define 
a set function P(C) such that if C is a subset of~, then P(C) is the 
probability that the outcome of the random experiment is an element 
of C. Henceforth it will be tacitly assumed that the structure of each 
set C is sufficiently simple to allow the computation. We have already 
seen that advantages accrue if we take P( C) to be that number about 
which the relative frequency liN of the event C tends to stabilize after 
a long series of experiments. This important fact suggests some of the 
properties that we would surely want the set function P( C) to possess. 
For example, no relative frequency is ever negative; accordingly, we . 
would wallt P( C) to be a nonnegative set function. Again, the relative 
frequency of the whole sample space ~ is always 1. Thus we would want 
P(~) = 1. Finally, if C., C2 , C), ... are subsets of~ such that no two 
of these subsets have a point in common, the relative frequency of the 
union of these sets is the sum of the relative frequencies of the sets, and 
we would want the set function P(C) to reflect this additive property. 
We now formally define a probability set function. 

Definition 7. If P(C) is defined for a type of subset of the space <t, 
andjf 

(a) P(C) > 0, 
(b) P(C1 \J C2 U C3 u' .. ) = P(C) + P(C2) + P(C3) + .. " where 

the sets C;, i = I, 2, 3 •... , are such that no two have a point 
in common (that is, where C; n Cj = 0. i #: J), 

(c) P(~) = I, 

then P is called the probability set function of the outcome of the 
random experiment. For each subset C ofCl, the number P(C) is called 
the probability that the outcome of the random experiment is an 
element of the set C, or the probability of the event C, or the probability 
measure of the set C. 
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A probability set function tells us how the probability is dis
tributed over various subsets C of a sample space ~. In this sense we 
speak of a distribution of probability. 

Remark. In the definition, the phrase "a type of subset of the space 'I" 
refers to the fact that P is a probability measure on a sigma field of subsets 
of 'I and would be explained more fully in a more advanced course. 
Nevertheless, a few observations can be made about the collection of subsets 
that are of the type. From condition (c) of the definition, we see that the space 
'I must be in the collection. Condition (b) implies that ifthe sets eJ, e2 , el , ..• 

are in the collection, their union is also one of that type. Finally, we observe 
from the following theorems and their proofs that if the set e is in the 
collection, its complement must be one of those subsets. In particular, the null 
set, which is the complement of 'I, must be in the collection. 

The following theorems give us some other properties of a 
probability set function. In the statement of each of these theorems, 
P(C) is taken, tacitly, to be a probability set function defined for a 
certain type of subset of the sample space ~. 

Theorem 1. For each Cere, P(C) = 1 - P(C*). 

Proof. We have re = C u C* and C n C* = 0. Thus, from (c) and 
(b) of Definition 7, it follows that 

1 = P(C) + P(C*), 

which is the desired result. 

Theorem 2. The probability of the null set is zero; that is, P(0) = O. 

Proof. In Theorem 1, take C = 0 so that C* = re. Accordingly, we 
have 

P(0) = 1 - P(~) = 1 - 1 = 0, 

and the theorem is proved. 

Theorem 3. If C1 and C2 are subsets of~ such that C, c C2, then 
P(C1) :s: P(C2). ' 

Proof. Now C2 = C1 U (C1 n C2) and C1 n (CT n C2) = 0. Hence, 
from (b) of Definition 7, 

P(C2) = P(C1) + P(CT n C2). 
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However~ifrom (a) of Definition: 7, P(CT () C2) > 0; accordingly, 
P(C2) > p(el)' 

Theorem 4. For each C c ~, 0 S; P(C) < I. 

,Proof Since 0 c C c ~,we have by Theorem 3 that 

l(0) < P( C) < P(~) 

the desired result. 

or ' 0 < P( C) :s;; 1, 

Theorem S. If CI and C2 are subsets of~, then 

Proof Each of the sets C1 U C2 and C2 can be represented, 
respectively, as a union of nonintersecting sets as follows: 

, ~ 

and' 

Thus, from (b) of Definition 7, 

P(C, U C2) = P(CI ) + P(CT () C2) 

and 

P(C2 ) = P(CI () C2 ) + P(Cf () C2 ). 

If the second of these equations is solved for P(CT () C2 ) and this result 
substituted in the first equation, we obtain 

P«(:I u C2 ) = P(CI) + p(e2) - P(CI n C2). 

This completes, the proof. 

Example 1. Let (j denote the sample space of Example 2 of Section 1.1. 
Let the probability set function assign a probability of 3~ to each of the 36 
points in~. If CI = {(l, 1), (2, 1), (3, I), (4, 1). (~. J)} and C2 = {O, 2), (2, 2). 
(3, 2)}, then P(CI) = ;6' P(Cl ) =~. P(CI U C2 ) = 3~' and P(C, n C2 ) ~ O. 

Example 2. Two coins are to be tossed and the outcome is the ordered 
pair (face on the firSt coin, face on the second coin). Thus the sample 
space may be represented as rfj = {(H, H), (H, T), (T, H), (T, T)}, Let the 
probability set function ~ssign a probability of ~ to each el~ment of~. Let 
CI = {(H, H), (H. T)} and C2 = {(H. H), (T. H)}. Then P(CI) = P(C2 ) =!, 
P( C r n C2) =~. and. in accordance with Theorem 5, P( C. u C2) = 
1+1 1-1 2 2 4 .... 4' 
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Let fI denote a sample space and let C1, Ch C), ... denote subsets 
of ft. If these subsets are such that no two have an element in 
common, they are called mutually disjoint sets and the corresponding 
events C, ~ C2, C], ... are said to be mutually exclusive events. Then, 
for example, P(C. u C2 u C3 u' .. ) = P(C 1 ) + P(C2 ) + P(CJ) + ... , 
in accordance. with (b) of Definition 7. Moreover, if Cf/ = 
C1 U C2 U C) u' . " the mutually exclusive events are further 
characterized as being exhaustive and the probability of their union is 
obviously equal to 1. 

Let Cf/ be partitioned into k mutually disjoint subsets C" C2, ••• , Ck 

in such a way that the union of these k mutually disjoint subsets is 
the sample space fl. Thus the events C" C2 , ••• ,Ck are mutually 
exclusive and exhaustive. Suppose that the random experiment is 
of such a character that it is reasonable to assume that each of 
the mutually exclusive and exhaustive events Cj , i = I, 2, ... , k, 
has the same probability. It is necessary, then, that P(Cj ) = 11k, 
i = 1,2, ... ,k; and we often say that the events C" C2, • •• , Ck are 
equally likely. Let the event E be the union of r of these mutually 
exclusive events, say 

E = C, U C2 U ... u C" r< k. 

Then 

Frequently, the integer k is called the total number of ways (for this 
particular partition of fI) in which the random experiment can 
terminate and the integer r is called the number of ways that are 
favorable to the event E. So., in this terminology, P(E) is equal to the 
number of ways favorable to the event E divided by the total number 
of ways in which the experiment can terminate. I t should be 
emphasized that in order to assign, in this manner, the probability rlk 
to the event E, we must assume that each of the mutually exclusive and 
exhaustive events C" C2 • ••• , C" has the same probability 11k. This 
assumption of equally likely events then becomes a part of our 
probability model. Obviously, if this assumption is not realistic in an 
application, the probability of the event E cannot be computed in this 
way. 

We next present ail example that is illustrative of this model. 

Example 3. Let a card be drawn at random from an ordinary deck of 
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52 playing cards. The sample space ct is the union of k = 52 outcomes, and it is 
reasonable to assume that each of these outcomes has the same probability 
~2' Accordingly, if E, is the,set of outcomes that are spades, P(Ed == ~~ = ~ 
because there are " = 13 spades in the deck; that is, ~ is the probability of 
drawing a card that is a spade. If E2 is the set of outcomes that are kings, 
P(E2) = fz == "3 because there are '2 = 4 kings in the deck; that is, "3 is the 
probability of drawing a card that is a king. These computations are very easy 
because there are no difficulties in the determination of the appropriate values 
of' and k. However, instead of drawing OIily one card, suppose that five cards 
are taken, at random and without replacement, from this deck. We can think 
of each five-card hand as being an outcome in a sample space. It is reasonable 
to assume that each· of these outcomes has the same probability. Now 
if E, is the set of outcomes in which each card of the hand is a spade, 
P(E,) is equal to the number " of all spade hands divided by the total number, 
say k, of five-card hands. It is shown in many books on algebra that 

(13) 13! 
'1 = 5 = 5181 and (

52) 52! 
k = 5 = 51 47! . 

In general, if n is a positive integer and if x is a nonnegative integer with x :s; n, 
then the binomial coefficient 

(n) n! , 
x = x! (n - x)! 

is equal to the number of combinations of n things taken x at a time. If x = 0, 

01 = I, so that (~) = I. Thus, in the special case involving E" . 

c:) (13)(12)(11)(10)(9) . 
P(E,) = (5;) = (52)(51)(50)(49)(48) = 0.0005, 

approximately. Next, let E2 be the set of outcomes in which at least one card 
is a spade. Then E! is the set of outcomes in which no card is a spade. There 

are r! = e:) such outcomes. Hence 

and 
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Now suppose that E3 is the set of outcomes in which exactly three cards are 
kings and exactly two cards are queens. We can select the three kings in 

anyone of (~) ways and the two queens in any one Of(~) ways. By a well-

known counting principle, the number of outcomes in E, is " = (~)(~). 
Thus p(E,) = (~)( i) I e52

) . Finally, let E. be the set of outcomes in which 

there are exactly two kings, two queens, and one jack. Then 

. (i)(i)(~) 
P(E .. )=----

en 
because the numerator of this fraction is the number of outcomes in E ... 

Example 3 and the .previous discussion allow us to see one way in 
which we can define a probability set function, that is, a set function 
that satisfies the requirements of Definition 1. Suppose that our space 
CC consists of k distinct points, which, for this discussion, we take to 
be in a one-dimensional space. If the random experiment that ends in 
one of those k points is such that it is reasonable to assume that these 
points are equally likely, we could assign 11k to each point and let, for 
C c CC, 

P(C) = number of points in C 
k 

1 = L j{x), where j{x) = k' X E CC. 
xeC 

F or illustration, in the cast of a die, we could take 
CC = {I, 2, 3,4,5, 6} and j{x) = t, x E CC, if we believe the die to be 
unbiased. Clearly, such a set function satisfies Definition 7. 

The word unbiased in this illustration suggests the possibility that 
all six points might not, in all such cases, be equally likely. As a matter 
of fact, loaded dice do exist. In the case of a loaded die, some numbers 
occur more frequently than others in a sequence of casts of that die. 
For'example, suppose that a die has been loaded so that the relative 
frequencies of the numbers in CC seem to stabilize proportional to the 
number of spots that are on the up side. Thus we might assign 
j{x) = x121, x E'CC, and the corresponding 

P(C) = L j{x) 
xeC 
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would satisfy Definition 7. For illustration, this means that if C = 
{ 1, 2, 3}, then 

3 1 2 3 6 2 
P(C)= L /{x)=-+-+-=-=-. 

X= I . 21 21 21 21 7 

Whether this probability set function is realistic can only be checked 
by performing the random experiment a large number of times. 

EXERCISES 

1.17. A positive integer from one to six is to be chosen by casting a die. Thus 
the elements C of the sample space <{/ are 1";-2,3.4,5.6. Let C1 = {I, 2.3, 4}, 
C2 = p.4, 5, 6}. If the probability set function P assigns a probability of 
~ to each of the elements of C(J, compute P(C1). P(C2) , P(C1 (') C2),·and 
P(C1 uC2)· 

1.18~ -A random experiment consists of drawing a card from an ordinary deck 
of 52 playing cards. Let the probability set function P assign a probability 
of 5'2 to each of the 52 possible outcemes. Let C1 denote the collectil1n of 
the 13 hearts and let C2 denote the collection of the 4 kings. Compute P( C1), 

P(C2), P(C1 (') C2). and P(C1 u C2 ). 

1.19. A coin is to be tossed as many times as necessary to turn up one head. 
Thus the elements c of the sample space <(/ are H, TH. TTH, TTTH, and 
so forth. Let the probabiJity set function· P assign to these elements the 
respective probabilities ~, ~, k, ~, and so forth. Show that P(<{/) = ). Let 
C, = {c: c is H, TH, TTH, TTTH, or TTTTH}. Compute P(C1). Let 
C2 = {c: c is TTTTH or TTTTTH}. Compute P(C2), P(C, (') C2 ), and 
P(C, u C2). 

1.20. If the sample space is <(/ = C, U C2 and if P( C1) = 0.8 anq P( C2) = 0.5, 
find P( C1 (') C2). 

1.21. Let the sample space be <{/ = {c : 0 < c < oo}. Let C c: <{/ be defined by 
C = {c ; 4 < C < oo} and take P( C) = Ie e- X dx. Evaluate P( C), P( C*). and 
P(Cu C*). 

1.22. If the sample space is <{/ = {c: - 00 < l' < oo} and if C c: <{/ is a set for 
which the integral Ie e- 1xl dx exists, show that this set function is not a 
probability set function. What constant do we multiply the integral by to 
make it a probability set function? 

1.23. If C1 and C2 are subsets of the sample space <(/, show that 

P(C1 (') C2) < P(C1) < P(C1 u Cl ) < P(CI) + P(C2). 
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1.24 .. Let C., C2• and C3 be three mutually disjoint subsets of the sample space 
CC. Find PE(CI U G2) 11 C3l and P(CT u cn. 

1.25. If C" C2• and C3 are subsets of fif, show that 

P(C. u C2 u Cl ) = P(C.) + P(C2) + P(Cl) ~ P(C11l C2) 

- P( C. 0 C3 ) -: P( C2 11 Cl) + P( CI 11 C2 11 C3 ). 

What is the generalization dfihis result to four or more subsets of rt? 
Hint: Write P(C, u C2 u C3 ) = PECI u (C2 U C3)] and use Theorem 5. 

Remark. In order to solve a number of exercises. like 1.26-'1.31. certain 
reasonable assumptions must be made. 

1.26. A bowl contajns 16 chips, Qfwhich,6are red. 7 are white, and 3 are blue. 
If four chips are taken at r~ndpm and without replacement. find the 
probability that: (a) each of the 4 chips is red; (b) none of the 4 chips is red; 
(c) there is at least 1 chip of each color. 

1.27. A person has purchased 10 of 1000 ti~kets sold in a certain raffle. To 
determine the five prize winners, 5 tickets are to be drawn at random and 
without replacement. Compute the probability that this person will win at 
least one prize. 

Hint: First compute the probability that the person does not win a prize. 

1.28. Compute the probability of being, dealt at random and without 
replacement a 13-card bridge hand consisting of: (a) 6 spades, 4 hearts. 2 
diamonds, and I club; (b) 13 carets of the same suit. 

1.29. Three distinct integers are chosen at random from the first 20,positive 
integers. Compute the probability that: (a) their sum is even; (b) their 
product is even. 

1.30. There are 5 red chips and 3 blue chips in a bowl. The red chips are 
numbered I, 2, 3, 4, 5, respectively, and the blue chips are numbered 1. 2, 
3, respectively. If 2 chips are to be drawn at random and without 
replacement. find the probability that these chips have either the same 
number or the same color. 

1.31. In a lot of 50 light bulbs, there are 2 bad bulbs. An inspector examines 
5 bulbs, which are selected at random and without replacement. 
(a) Find the probabi,lity of at least 1 defective bulb among the 5. 
(b) How many bulbS'should he examine so that the probability of finding 

at least 1 bad bulb exceeds i ? 

1.4 Condi~onal Probability and Independence 

In some random experiments, we are interested only in those 
outcomes that are elements of a subset C. of the sample space rI. This 
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means, for our purposes, that the sample space is effectively the subset 
C •. We are now confronted with the problem of defining a probability 
set function with C. as the "new" sample space. 

Let the probability set function P( C) be defined on the sample space 
<c and let C. be a subset of<C such that P(C.) > O. We agree to consider 
only those outcomes of the random experiment that are elements of C.; 
in essence, then, we take C. to be a sample space. Let C2 be another 
subset of <C. How, relative to the new sample space C I, do we want to 
define the probability of the event C2? Once defined, this probability 
is called the conditional probability of the event C2, relative to the 
hypothesis of the event C1 ; or, more briefly, the conditional probability 
of C2, given C •. Such a conditional probability is denoted by the symbol 
P(C2ICt ). We now return to the question that was raised about the 
definition of this symbol. Since <71 is now the sample space, the only 
elements of C2 that concern us are those, if any, that are also elements 
ofC" that is, theelementsofC. n C2• It seems desirable, then, to define 
the symbol P(C2IC.) in such a way that 

and 

Moreover, from a relative frequency point of view, it would seem 
logically inconsistent if we did not require that the ratio of the 
probabilities of the events C1 n C2 and C1, relative to the space C., be 
the same as the ratio of the probabilities of these events relative to the 
space <c; that is, we should have 

P(C. (') C2ICI) P(C1 n C2) 
-

p(CtlC1) P(C,) 

These three desirable conditions imply that the relation 

is a,suitable definition of the conditional probability of the event C2, 

given the event C., provided that P(C1) > O. Moreover, we have 

I. P(C2ICI) ~ O. 
2. p(C2 V C) v' . 'ICI ) = P(C2IC1) + P(C)IC1) + ... , provided that 

C2, C), ... are mutually disjoint sets. 
3. P(CdC,) = 1. 
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Properties (I) and (3) are evident; proof of property (2) is left as an 
exercise (1.32). But these are precisely the conditions that a probability 
set function must satisfy. Accordingly, P(C2IC1) is"a probability set 
function, defined for subsets of' C1• It may be called the conditional 
probability set function, relative to the hypothesis C1; or the 
conditional probability set function, given C1• It should be noted that 
this conditional probability set function, given C1 , is defined at this time 
only when P(C1) > O. 

ExtullJlle 1. A hand of 5 cards is to be, dealt at random without 
replacement from an ordinary deck of 52 playing cards. The conditional 
probability of an all-spade hand (eti, relative to the hypothesis that there,~ 
at least 4 spades in the hand (el ), is, since el () e2 = e2, 

-------

From the definition of the conditional probability set function, we 
observe that 

P(C, (l C2) = P(C1)P(C2IC1). 

This relation is frequently called the multiplication rule fo,r proba-
, " ',I 

bilities. Sometimes, after considering the nature of the 'random 
experiment, it IS possible to make reasonable assumptions so that both 
P(C1) and p(C2IC,rcan be assigned. Then p(CI (l C2)can be computed 
under these assumptions~ ~hiS:win be illustrated in Examples'2 and 3. 

EXIllllJlIe 2. A bowl contains eight chips. Three of'the chips are red and 
the remaining five are blue. Two chips are to be drawn successively, at random 
and without replacement. We want to compute the probability that 'the first 
draw results in a red chip (el ) and that the second draw results in a blue chip 
(e2). It is reasonable to assign the following probabilities: 

p(e,) = i and p(e2IC1) = ~. 
Thus, under these assignments, we have P(C11l C2) = (i)(~) = ~. 

ExtJ1ftpie 3. From an ordinary deck 'of playing cards, cards are to be 
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drawn successively, at random'and without replacement. The probability that 
the third spade appears on the sixth draw is computed as follows. Let C1 be 
the event of two spades in the first five draws and let C2 be the event ofa spade 
on the ~th draw. Thus the probability that we wish to compute is P( C, () C2). 

It is reasonable to take 

and 

Tlredesired probabilityP(C, " C2) is then the product of these two numbers. 

The multiplication rule can be extended to three or more events. In 
the case of three events, we have, by using the multiplication rule for 
two events, 

P( C 1 n C2 n ( 3) = P( C 1 n ( 2 ) n C3] 

= P(C1 n ( 2)P(C3IC1 n ( 2). 

But P(C, n ( 2) = P(C1)P(C2IC1). Hence 

P(CJ n C2 n ( 3) = P(C1)P(C2IC,)P(C3IC1 n ( 2). 

This procedure can be used to extend the multiplication rule to four 
or more events. The general formula for k events can be proved by 
mathematical induction.' 

ExtllllJ'le 4. Four cards are to be dealt successively, at random and with
out replacement, from an ordinary deck of playing cards. The probability 
of receiving a spade, a heart, a diamond, and a club, in that order, is 
(a)(*)(~>'(!:). This follows from the, extension of the multiplication rule. In 
this cdmputation, the assumptions 'that are involved seem clear. 

Let the space ~ be partitioned into k mutually, exclusive and 
exh~ustiveevelltsCh C2,oi'" C:k suchthatP(C;) > 0,; = 1,2,. , "k. 
Here the event,S C" C2, ••• , Ck do not need to be, ~qually likely, Let C 
be another event s~ch that P( C') > 0, Thus C occurs with one and only 
one of tl1e events C J ~ C2; ••• ,Ck ; that is, 

C='Cn(C1 uC2 U': ',uCk ) 

= (C n ( 1) u (C n ( 2 ) u' .. u (C n Ck ). 

Since C n Ci , i = 1,2, .. '. , k, are mutually exclusive, we have 

P(C') = P(C n C,) + p(C n ( 2) + ' , . + p(C n Ck). 
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However, P(C n C/) = P(Ci)P(CIC;), i = 1,2, ... ,k; so 

P(C) = P(C,)P(CIC1) + P(C2)P(CIC2) + ... + P(Ck)P(CICk) 

k 

= L P(C{)P(CIC[). 
; = I 

This reSult is sometimes'called the law of total probability. 
From 'the definition of conditional probability, we have, using the 

law of total probability, that 

P(CAc) = P(C n Cj ) = kP(Cj)P(CICi ) , 

P(C) L P(C;)P(CIC;) 
;- I 

which is the well-known Bayes' theorem~ This permits us to calculate 
the conditional probability of Cj , given C, from the probabilities of 
C" C2, ••• ,Ck and the conditional probabilities of C, given C;, 
i = 1,2, ... , k. 

Exlllllple 5. Say it is known that bowl C1 contains 3 red and 7 blue chips 
and bowl C2 contains 8 red and 2 blue chips. All chips are identical in size and 
shape. A die is cast and bowl C1 is selected if five or six spots show on the side 
that is up; otherwise. bowl C2 is selected. In a notation that is fairly obvious. 
it seems reasonable to assign P(C1) = ~and P(C2) = g. The selected bowl is 
handed to another person and one chip is taken at random. Say that this chip 
is red, an event which we denote by C. By considering the contents of the 
bowls, it is reasonable to assign the conditional probabilities P( CI C1) = I~ and 
P( qc2) = I~' Thus the conditional probability of bowl C1, given that a red 
chip is drawn, is 

p, C Ic) _ P(C1)P(CIC,) 
(I - P(C1)P(CIC1) + P(C2)P(qC2) 

(~)(~) 3 
- =-

(~)( 130) + (~)(-to) 19 

In a similar manner, we have P(C21c) = :~. 

In Example 5, .the probabilities P( C,) = i and P( C2) = i are called 
prior probabilities of C, and C2f respectively, because they are known 
to be due to tlie random mechanism used to select the bowls. After the ' 
chip is taken and observed to be red, the conditional probabilities 
P(Cdc) = ~9 and P(C21c) = :: are called posterior probabilities. Since 
C2 has a larger proportion of red chips than does C,' it appeals to one's 
intuition that P(C21c) should be larger than P(C2) and. of course, 
P(C11c) should be smaller than P(C,). That is, intuitively the 



24 ProlHl6llity ad Distriblltlo", leb. 1 

chances of having bowl C2 are better once that a red chip is observed 
than before a chip is taken. Bayes' theorem provides a method of 
determining exactly what those probabilities are. < 

Exllmple 6. Three plants, C" C2, and C), produce respectively, 10,50, and 
40 percent of a company's output. Although plant C, is a small plant, its 
manager believes in high quality and only 1 ~rcent of its products are 
defective. The other two, C2 and C), are worse and produce itelDs that are 3 
and 4 percent defective, respectively. All products are sent to a central 
warehouse. One item is selected at random and observed to be defective, Say 
event C. The conditional probability that it comes from plant C, is found as 
follows. It is natural to assign ,the respective prior probabilities of getting an 
item from the plants as P(C,) '= 0.1, P(C2) = 0.5, and P(C) = 0.4, while the 
conditional probabilities of defective are P(C1C,) = 0.01, P(C1C2) = 0.03, and 
P( C1C) = 0.04. Thus the posterior probability of C1, given a defective, is 

P(C _ P(C, ('\ C) _ (0.10)(0.01) 
dc) - P(C) - (0.10)(0.01) + (0.50)(0.03) + (0.40)(0.04) , 

which equals 3~; this is much smaller than the prior probability P( C1) = I~' 
This is as it ~hould be because the fact that the item is defective decreases 
the chances that it comes from the high-quality plant Ct. 

, . 

Sometimes it'happens tliat the occurrence of event ql does not 
change the probability of event C2; that is, when P(C1) > 0, 

P(C2IC1) = P(C2). 

In this case, we say that the events C1 and C2 are independent. Moreover, 
the multiplication rule becomes 

P(C, n C2) = P(C,)P(C2IC,) = P(C,)P(C2). 

This, in turn, implies, when P( C2) > 0, that 

p(c IC ) = P(C, n e2), = P(C.)P(C2) = ( ). 
'2 P(C

2
) P(C

2
) P C. 

Remark. Events that are independent are sometimes called statistically 
independent, stochastically independent, or independent in a probability sense. 
In most instances, we uSe independerit without a modifier if there is no 
possibility of misunderstanding . 

. ' ' 

It is interesting to note that C, and C2 are independent if P( C.) = 0 
or P( C2) = 0 because then P( C. n C2) = 0 since (C, n C2) c C1 and 
(C1 n C2) c: C2• Thus the left- and right-hand members of 

P(C1 n C2) = P(C.)P(C2) 
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are both equal to zero and are, of course, equal to each other. Also, 
if C1 and C2 are independent events, so are the three pairs: C. and q, 
CT and e2, and eT and C1 (see Exercise 1041). 

ExtllllJlk 7. A red die and a white die are cast in such a way that the 
number of spots on the two sides that are up are independent events~ If C. 
represents a four on the red die and C2 represents a ·three on the white die, 
with an equally likely assumption for each side, we assign p( C.) = i and 
p(e2) = l. Thus. from independence, the probability of the ordered pair 
(red = 4, white = 3) is 

P[(4, 3)] = (~)(l) = ~. 

The probability that the sum of the up spots of the two dice equals seven is 

P[(1, 6), (2, 5). (3,4), (4. 3), (5, 2), (6, 1)] 

;:;:: (l)(~) -+- (~)(1) + (~)(i) + (i)(!) + (~)(1) + (~)<l) = J\. 
~ . 

In a similar I~anner, it is easy to show that the probabilities of the sums of 
2, 3, 4, 5, 6, 7, 8, 9, 10, II, 12 are, respectively, 

123456543,2. 
36'~'~'~'~'36'~'~'36'~'~' 

Suppose now that we have three events, C I , e2, and e). We say 
that they are mutually independent if and only if they are pairwise 
independent: ; 

and 

P(C1f) e 3) = p(CI )p(e3), 

p( e2 ,.... e 3) = p( e2)p( e 3) 

More generally, the n events C1, e 2 , ••• , en are mutually independent 
if and only if for every collection of k of these events, 2 :s:; k < n, .the 
following is true: , 

Say that d., d2, ••• , die are k distinct integers from I, 2, ... , n; then 

p(edJ ,....CtJ,."'" ... r'I C(ik) = p(edl )p(Ct17 ) ••• P(C'ilJ 

In particular, if eh e 2, ••• , en are mutually independent, then 
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Also, as with two sets, many combinations of these events and their 
complements are independent, such as 

CT and (C2 u CT u C4 ) are independent; 

are mutually independent. 

If there is no possibility of misunderstanding, independent is often used 
without the modifier mutually when considering more than two events. 

We often perform a sequence of ra~dom experiments in such away 
that the events associated with one of them are independent of the 
events associated with the others. For convenience, we refer to these 
events as independent experiments, meaning that the respective events 
are indeptndent. Thus we often refer to independent flips of a coin -or 
independent casts of a die or-more generally-independent trials of 
some given random experiment. 

pxampie 8~ A coin is flipped independently several times. Let the event Cj 

represent a head (H) on the ith toss; thus C~ represents a tail (T). Assume that 
Cj and C~ are equally likely; that is, P(C;) = P(C,) = ~. Thus the probability 
of an ordered sequence like HHTH is, from independence. ' 

P(C, n C2 n ct n C4 ) = P(C,)P(C2)P(Ct)P(C4 ) = (i)4 = ft,. 
Similarly, the probability of observing the first head on the third flip is 

P(ct n C1 n C3) = P(CT)P(C!)P(C3),,-= G)l = ~. 
Also, the probability of getting at least one head on four flips is 

P(CI v C2 v Clv C4 ):= 1 - P[(C, V C2 VCl V C4 )*] 

= 1 - p( CT n 01 n ct n c:) 
= 1 - (1)4 = 11 2 16' 

See Exercise 1.43 to justify this last probability. 

EXERCISES 

1.32. If P(CI ) > 0 and if C2• C3• c 4 • ••• are mutually disjoint sets, show that 
P(C2 v Cl V· . 'IQ) = P(C2IC1) + P(ClIC.) + ... , 

1.33. Prove that 

P(C, n C2 n C3 n C4 ) - P(C1)P(C2IC.)P(Cl ICI n C2)P(C4IC, n C2 n Cl ), 

1.34. A bowl contains 8 chips. Three of the chips are red and 5 are blue. Four 
chips are to be drawn successively at random and without replacement. 
(a) Compute the probability that the colors alternate. 
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(b) Compute the probability that the first blue chip appears on the third 
draw. 

1.35. A hand of 13 cards is to be dealt at ral)dom and without replacement 
from an ordinary ,dec~ of playing cards. Find the conditional probability 
that there are at least three kings in the hand relative to the hypothesis that 
the hand contains at least two kings. 

1.36. A drawer contains eight pairs of socks. If six socks are taken at rand~m 
and'without replacement. compute the probability that there is at least one 
matching pair among these six socks. 

Hint: Compute the probabilrty that there is not a matching pair. 

1.37. A bowl contains to chips. Four of the chips are red,S are white" and 
I is blue. If 3 chips are taken at random and without replacement, compute 
the conditional probability that there is:l chip of each color rehltive to the 
hypothesis that tnere is exactly 1 red chip among the 3. 

1.38. Bowl I contains 3 red chips and 7.bluechips. Bowl II contains 6 red chips 
and 4 blue chips. A bowl is selected at random and then I chip is drawn 
from this bow1. 
(a) Compute the probability that this chip is red. 
(b) Relative to the hypothesis that the chip is red, find the conditional 

probability that it is drawn from bowl II. 

t.39. Bowl I contains 6 red chips and 4 blue chips. Five of these 10 chips are 
selected at random and without replacement and put in bowl Il. which was 
originally empty. One chip is then drawn at random from bowl II. Relative 
to the hypothesis that this chip is blue. fi'nd the conditional probability that 
2 red chips and 3 blue chips are transferred from bowl I to bowl II. 

1.40. A professor of statistics has two boxes of ~mputer disks:, box C1 

contains seven Verbatim disks and three Control Data disks and box C2 

contains two Verbatim disks and eight Control Data disks. She selects a box 
at random with probabilities pte,) = j and P(C2) = ~ bec~use of their 
respective locations. A disk is then seleetedat random and the event C 
occurs if it is fr:om Control Data. 'Using an equa.lly likely assumption for 
each disk in the select~d box, compute P(Cdc) and P(C21c). 

, . ' 

t.41. If C, and C2 are independent events, show that the following pairs of 
events are also independent: (a) C, and C!. (b) CT and C2 • and (c) CT and 

C1· , 
Hint: In (a), write P(C1 (i (1) = P{C,)P(C!IC,) = P(C,)[1 - P(C2IC1)]· 

From independence of C1 and C2, P(C2ICI) = P(C2). 

1.42. Let C1 and C2 be independent events withP(C,) = 0.6 andP(C2) = 0.3. 
Compute (a) P(C, (i Cl ); (b) P(C, u C2)~ (c) p(CI u en. 
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1.43. Generalize Exercise J.4 to obtain 

(C1 u C2u" . u C,J* = CT fI C1 fl" . fI G. 

Say that C1, C2, ••• ,Cit ah~' independent events that have respective 
probabilities Ph P2, ... , Pit. Argue that the probability of at least one of 

'. C1 ,C2, ••• , Cit is eqmll to 

I - (l - PI)(1 - P2)" . (1 - Pk)' 

t.44. Each of four persons fires one shot at a target. Let Cit denote the event 
that the target is hit by person k, k = 1, 2, 3, 4. If C., C2, C}, C4 are 
independent and if P(C1) = P(C2 ) = 0.7, P(C3 ) = 0.9, and P(C4) = 0.4, 
compute the probability that (a) all of them hit the target; (b) exactly one 
hits the target; (c) no one hits the target; (d) at least one hits the target. 

. . . 
1~4S. A bowl contains three red (R) balls and seven,white (W) balls of exactly 

the same size and shape. Select balls successively at random and with 
replacement so that the events of white on the first trial. white on the second, 
and so on, can be assumed to be independent. In four trials, make certain 
assumptions and compute i the 'probabilities of the following ordered 
sequences: (a) WWRW; (b) RWWW; (c) WWWR; and (d) WRWW. 
(e)Compute the probability of·exactly.one red ball in the four trials. 

1.46. A coin is tossed two independent times; each resulting in a tail (T) or 
a head (H). The sample space consists of four ordered pairs: TT. TH, HT, 
H H. Making certain assumptions, compute the probability of each of these' 
ordered pairs. What is the probability of at least one head? 

1.5 Random Variables of the Discrete Type 

The reader 'will perceive that a sample space ct may be tedious to 
describe if the elements of'«j are not numbers. We shall now discuss 
how'\Ye may formulate a role, or a set of rules, by which the elements 
c of ct may be represented oynumbers. We begin the discussion with 
a very simple example. Let the nlndotn' experimenfbe:the toss of a coin 
and let the sample space assodateq. with the' experiment be 
rc = {c : where c is Tor c is H} .and T and H represent. respectively, 
tails and heads. Let X be a function such that X(c) = 0 if cis T and 
let X(t) = I if cis H. Thus X is a real-valued function defined on: the 
sample space ~ which takes us from the sample space <'G to a space of 
real numbers d = {O, I}. We call X a random variable and, in this 
example. the space associated with Xis d = {O, I}. We now formulate 
the definition of a random variable and its space. 

Definition 8. Consider a random experiment with a sample 
space ~. A function X, which assigns to each element c E ct one and 
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only one real number X(c) = x, is called a random variable. The space 
of X is the set of ~eal numbers d = {x: x = X(c), c E ee}. 

" '. 

It may be that the set ee has elements which are themselves 
real numbers. In such an instance we could write X(c) = c so that 
d = ee. 

Let X be a random variable that is defined on a sample space ee, 
and let .r;I b~ the space of X. Further, let A be a subset of d. Just as 
we used the terminology "the event C," with C c: fI, we shall now 
speak of "the event A." The probability P( C) of the eventC has been 
defined. We wish now to define the probability of the event A. This 
probability will be denoted by Pr (X E A), where Pr is an abbreviation 
for "the probability that.'· With A a subset of d, let C be that subset 
offl such that C = {c : c Efland X(c) E A}. Thus C has as its elements 
all outcomes in ~ for which the random variable X has a value that 
is in A. This prompts us to define, as we now do, Pr (X E A) to be equal 
to P(C), where C = {c: c E ~ and X(c) E A}. Thus Pr (Xe A) is an 
assignment of probability to ,a set A, which is a subset -of the space d 
associated with the random variable .X. This assignment is determined 
by the probability set function,P and the random variable X and is 
sometimes denoted by Px(A). That is, 

Pr (X E A) = Px(A) = P(C), 

where C = {c: c E ~ .. and X(c) E A}. Thus a random variable X is a 
function that carries the probability from a sample space ~ to a space 
d of real numbers. In this sense, with A cd, the probability P x(A) 
is often called .. an induced probability. 

Remark. in a more advanced course, it would be noted that the random 
variable X is a Borel measurable function. This is needed to assurt( tha[we 
can find the induced probabilities on the sigma field of the subSetfof d. We 
need this requirement throughout this book for every functioJi that is ea 
random variable. but no further mention of it is made. 

The function Px(A) satisfies the conditions (a), (b), and:. (c) oCthe 
definition of a probability set function (Section 1.3). That is, P x(A) is 
also a probability set function. Conditions (a) and (c) are easily verified 
by observing, for an appropriate C, that 

Px(A) = P(C) > 0, 

and that ee = {c : c E rt and X( c) E d} requires 

Px(d) = P(~) = 1. 
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In discussing the condition (b), let us restrict 'our attention to the two 
mutually exclusive events AI and A2 • Here Px(AI U A2 ) = P(C);where 
(: = {~: c E rt and X(c) E AI U A2 }. However, 

C = {c : c E ~ and.K( c) E A I} V {c : c E ~ and X( c) E A 2}, 

or, for brevity, C = C1 U C2• But C1 and C2 are disjoint sets. This must 
be sO,forifsome c were common, say c;, then X(c;) E AI and X(Cj) E A2• 

That is, the same number X(c;) belongs to both AI and A 2• This is a 
contradiction because AI and A2 are disjoint sets. Accordingly, 

However, by definition, P(C1) is Px(A) and P(C2) is PX(A2) and thus 

Px(A, U A2) = Px(A1) + PX(A 2). 

This'is"condition (b) for two disjoint sets. 
Thus each of P x(A) and P( C) is a probability set function. But the 

reader should fully recognize that the probability set function P is 
defined for subsets C of~, whereas Px is defined for subsets A of .91, 
and, in general, they are not the same' set function. Nevertheless, they 
are closely related and some authors even drop the index X and write 
P(A) for P x(A). They think it is quite clear that P(A) means the 
probability of A, a subset of .91, and P( C) means the probability of C, 
a subset of~. From this point on, we sh~ll adopt this convention and 
simply write P(A). 

Perhaps an additional example will be helpful. Let a coin be 
tossed two independent times and let our interest be in the number 
of heads to be observed. Thus the sample space is rt = {c : where c is 
IT or TH or HT or HH}. Let X(c) = 0 if cis TT; let X(c) = 1 if c 
is either TH or HT;and let X(c) = 2 if c is HH. Thus the space of 
the random variable X is .91 = {O, I, 2}. Consider the subset A of the 
space .91, where A = {I}. How is the probability of the event A 
defined? We take the subset C of ~ to have as its elements all 
oUtcomes in ~'for which the random variable X has a value that is an 
element of A. Because X(c) =1 if c is either TH or HT, then 
C = {c : where c is TH or HT}. Thus P(A) = Pr (X E A) = p( C). Since 
A = {I}, then P(A) = Pr (X E A) can be written more simply as 
Pr (X = I). Let C1 = {c : cis TT}, C2 = {c: cis TH}, C) = {c : cisHT}, 
and C4 = {c : c is HH} denote subsets of~. From independence and 
equally likely assumptions (see Exercise 1.46), our probability set 
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function· P( C) assigns a probability of ~ to' each of the sets C;, 
i = 1,2,3,4. Then P(C1) =~, P(C2 U C3) = ~ + * =~, and P(C4) = i. 
Let us now point out how much simpler it is to couch these statements 
in a language that involves the random variable X. Because X is the 
number of heads to be observed in tossing a coin two times, we have 

Pr (X = 0) =~, sinceP(C,) =~; 

Pr (X = I) =~, 

and 

Pr (X = 2) =~, 

This may be further condensed in the following table: 

x 

Pr(X= x) 

o 
I 
4 

I 
, 
"2 

2 

I 
;( 

This table depicts the distribution of probability over the elements 
of d, the space of the random variable X. This can be written more 
simply as 

Pr(X=x~ =(;)(4)', xed. 

Example 1. Consider a sequence of independent flips of a coin, each 
resulting in a head (H) or a tail (T). Moreover, on each flip, we assume that 
Hand T are equally likely, that is, P(H) = PeT) =!. The sample space <c 
consists of sequences like TTHTHHT .... Let the random variable X equal 
the number of flips needed to obtain the first head. For this given sequence, 
X = 3. Clearly, the space of Xisd = {l, 2,3,4, ... }. We see that X = 1 when 
the sequence begins with an H and thus Pr (X = I) = !. Likewise, X = 2 when 
the sequence begins with TH"which has probability Pr (X = 2) == (D(!) =! 
from the independence. More generally, if X = x, where x = 1,2,3,4, ... , 
there must be a string of x - I tails followed by a head, that is, TT ... TH, 
where there are x - I tails in TT· .. T. Thus, from independence, we have 

(I)X-I(I) (1))( 
Pr (X = x) =:2 :2 = :2 ' x = 1,2,3, .... 

Let us make some observations about these three illustrations of 
a random variable. In each case the number of points in the space d 
was finite, as with {O, I} and {O, I, 2}, or countable, as with 
{I, 2, 3, ... }. There was a function, say f(x) = Pr (X = x), that 
described how the probability is distributed over the space d. In each 
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of these illustrations, there is a simple formula (although ·that is not 
necessary in general) for that function, namely: 

1 
j{x) = 2' x e {O, I}, 

j{x) = (;)(~)'. XE {O, 1, 2}, 

j{x) = (~)X, 
and 

X E {I, 2, 3, . . . }. 

Moreover, the sum of j{x) over all XEd equals I: 

L - =-+-= I, I (1) 1 1 
x=o 2 2 2 

2 (2)(1)2 1 1 I L - = - + - + - = I, 
x=o x 2 4 2 4 

00 (I)X 1 (1)2 (1)3 ..!.. L - =-+ - + - + ... =_2_.=1. 
1 2 2 2 2 1--

X= 2 

Finally, if A cd, we c'.ln compute the probability of X E A by the 
summation 

Pr (X E A) = L j{x). 
. If 

For illustrations, using the randoht variable of Example I, 

3 (I)X I 1 I 7 
Pr (X = I, 2, 3) = L '2 = 2 + 4 + 8" = 8" 

x .. d 

and 

Pr (X = 1, 3, 5, .' .. ) = (n + ( ~ y + (~)' + ... 
I 
2 2 -1-.!.="3· 

4 

We have special names for this type of random variable X and for a 
function j{x) like that in each of these three illustrations, which we 
now gIve. 

Let X denote a .random variable with a one-dimensional space d. 
Suppose that .fill consists of a countable number of points; that is, d 
contains a finite number of points or the points of d can be put into 
a one-to·one correspondence with the positive integers. Such a space 
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d is called a discrete set of points. Let a function j(x) be such that 
j(x) > 0, xEd, and 

L j(x) = 1. 
d 

Whenever a proba,bility set function P(A), A cd, can be expre~sed 
in terms of suchanj(x) by 

P(A) = Pr (X E A) - L j(x), 
A 

then X is called a random variable of the discrete type andj(x) is called 
the probahilitydensity function of X. Hereafter the probability density 
function is abbreviated p.d.f. 

Our Il:otation can be simplified somewhat so that we do not need 
to spell out the space in each instance. For illustration, let the random 
variable be the number of flips necessary to obtain the first head. We 
now extend the definition of the p.d.f. from on .91 = {I, 2, 3, ... } to 
all the real numbers by writing I 

j{x) = G r x = I, 2, 3, ... , 

= 0 elsewhere. 

From .such a function, we'see that the space .91 is clearly the set of 
positive integers which is a discrete set of points. Thus the 
corresponding random variable is one of the discrete type. 

EXlllllple 2. A lot, consisting of 100 fuses, is inspected by the following 
procedure. Five of these fuses are chosen at random and tested; if aIlS "blow" 
at the correct amperage, the lot is accepted. If, in fact, there are 20 defective 
fuses in the lot, the probability of accepting the lot is, under appropriate 
assumptions, 

(~) 
--=0.32, 

C~) 
approximately. More generally, let the random variable X be the number of 
defective fuses among the 5 that are inspected. The p.d.f. of X is given by 

(~)(5 80 x) 
j{x) = Pr (X = x) = x = 0, 1.2, 3, 4, 5, 

C~) 
= 0 elsewhere. 
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Clearly, the space of X is .r;I = {O, 1,2,3,4, S}. Thus this is an example of 
a random variable of the discrete type whose distribution is an ilJustration of 
a hypergeometric distribution. 

Let the random variable X have the probability set function peA), 
where A is a one-dimensional set. Take x to be a real number 
and consider the set A which is an unbounded set from - 00 to x, 
including the point x itself. For all such sets A we have 
peA) = Pr (X E A) = Pr (X < x). This probability depends on t!Le 
point x; that is, this probability is a function of the point x. This point 
function is denoted by the symbol F(x)= Pr (X ~ x). The function 
F(x) is called the distribution Junction (sometimes, cumulative 
distribution function) of the random variaJ?leX. Since 
F(x) - Pr (X < x), then, with J(x) the p.d.f.. we have 

F(x) = L J(w), 
wsx 

for the discrete type. 

Example 3. Let the random variable X of the discrete type have the p.d.f. 
f(x) = x/6, x = I, 2, 3, zero elsewhere. The distribution function of X is 

F{x) = 0, x < l~ 

= t. I :s; x < 2, 
_3 2 <x < 3, - 6' 

= I, 3 <x. 

Here, as depicted in Figure 1.3, F{x) is a step function that is constant in every 
interval not containing I, 2, or 3, but has steps of heights t, i, and ~, whiCh 
are the probabilities at those respective points. It is also seen that F{x) is 
everywhere continuous from the right. The p.d.f. of X is displayed as a bar 

F(x) 
to 
6' , 
T 
4 
6" 

3 
6' 
2 
to 
I 

• 

------~--~----~--- x 2 3 

FIGURE 1.3 



Sec. t.5] RtuUIom V tlrillbln of tile Discrete Type 

f(x) 
6 
6' 
s 
6 
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6' 
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6' 
1 

6' 
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1 2 3 

FIGURE 1~4 

3S 

graph in Figure 1.4. We see that /(x) represents the probability at each x 
while F(x) cumulates all the probability of points that are less than or equal 
to x. Thus we can compute a probability like 

Pr (1.5 < X <4.5) = F(4.5) - F(1.5) = 1 - ~ = i 
or as 

Pr (l.5 < X:::;; 4.5) = /(2) + /(3) .:.- ~ + ~ =~. : 

While the properties of a distributionfunction F(x) = Pr (X:5: x) are 
discussed in more detail in Section 1.7, we can make a few observations 
now since F(x) is a probability. 

1. 0 < F(x) < 1. 
2. F(x) is a nondecreasing function as it cumulates probability as x 

IDcreases. 
3. F(y) = 0 for every point y that is less than the smallest value in the 

space of X. 
4. F(z) = 1 for every point z that is ,greater than the largest value in 

the space of.X. 
5. If X is a random'variable of the discrete type. then F(x).is a step 

function and the height of the step at x in the space of X is equal 
to the probability f(x) = Pr (X = x). 

EXERCISES 

1.47. Let a card be selected from an ordinary deck of playing cards. The 
outcome c is one of these 52 cards. Let X(c) = 4 if c is an ace, let X(c) = 3 
if c is a king, let X(c) = 2 if c is a queen, let X(c) = 1 if c is a jack, and 
let X(c) = 0 otherwise. Suppose that P assigns a prObability of ;2 to 
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each outcome c. Describe the induced probability Px(A) on the space 
JlI = {O, I, 2, 3, 4} of the random variable X. 

1.48. For each of the following, find the constant c so that j(x) satisfies the 
condition of being a p.d.f. of one random variable X. 
(a) j(x) = c(jy, x = I, 2, 3, ... , zero elsewhere. 
(b) j(x) = ex, x = 1,2,3,4, 5,6, zero elsewhere. 

1.49. Let j(x) = x/IS, x = 1.2,3,4,5, zero elsewhere. be the p.d.f. of X. 
Find Pr (X = I or 2), Pr (~ < X < i), and Pr (I < X < 2). 

1.SO. Let j(x) be the p.d.f. of a random variable X. Find the distribution 
function F(x) of X and sketch its graph along with that of j(x) if: 
(a) j(x) = 1, X= 0, zero elsewhere. 
(b) j(x) = i, x = -1,0, I, zero elsewhere. 
(c) j(x) = x/IS, x = 1,2,3,4,5, zero elsewhere. 

1.51. Let us select five cards at random and without replacement from an 
ordinary deck of playing cards. 
(a) Find the p.d.f. of X, the number of hearts in the five cards. 
(b) Determine Pr (X < 1). 

1.52. Let X equal the number of heads in four independent flips of a coin. 
Using 'certain assumptions, determine the p.d.f. of X and compute the 
probability that X is equal to an odd number. 

1.53. Let X have the p.d.f. j(x) = x/5050, x = 1,2,3, ... ,100, zero 
elsewhere. 
(a) Compute Pr (X < 50). 
(b) Show. that the distribution function of Xis F(x) = [x]([x] + 1)/10100, 

for 1 <x < 100, where [xl is the greatest integer in x. 

1.54. Let a bowl contain 10 chips of the same size and ·shape. One and only 
one of these chips is red. Continue to draw chips from the bowl, one at a 
time and at random and without replacement, until the red chip is drawn. 
(a) Find the p.d.f; of X, the number of trials needed to draw the red chip. 
(b) Compute Pr (X S; 4). 

1.55. Cast a die a number of independent times until a six appears on the up 
side of the die. 
(a) Find the p.d.f. j(x) of X, the number of casts needed to obtain that 

first six. 
ro 

(b) Show that L j(x) = 1. 
x=1 

(c) Determine Pr (X = 1,3,5, 7, ... ). 
(d) Find the distribution function F\x) = Pr (X S; x). 
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1.56. Cast a die two independent times and let X equal the absolute value of 
the difference of the two resulting values (the numbers on the up sides), Find 
the p.d.f. of X. 

Hint: It is not necessary to find a formula for the p.d.f. 

1.6 Random Variables of the Continuous Type 

A random variable was defined in Section 1.5, and only those of the 
discrete type were considered there. Let us begin the discussion of 
random variables of the continuous type with an example. 

Let a random experiment be a selection of a point that is interior 
to a circle of radius I that has center at the origin of a two-dimensional 
space. We call this space <c an~ the area of this circle is 1t. The random 
selection is in such a way that the probability of being in a certain set 
C interior to ~ is proportional tq the area of C; in parti,cular, if C c ~, 

", 

P(C) = area of C. 
1t 

First we observe that P(~ = 1. In addition, if C1 is'that subset of 
<if that is in the first quadrant, P(C1) = (1t/4)/1t = ~. If C2 is the interior 
of a circle of radius 4 such that C2,1c <if,then P(C2) = 1t(ji/1t = 4. It is 
interesting to note that the probability of a point. a line segment, or 
any curve in ~ is equal to zero because those ar~as .would be zero. In 
particular, if C3 is the boundary of the set C2 (that is, C3 is the actual 
circle of radi\lsJ), then P(C3) = o. , 

We define a random variable X, associated with this random 
experiment, as the distance of the selected point from the origin. The 
space of X is d = {x: 0 <x < I}. Of course, for any xEd, 
Pr (X = x) = 0, because X = x is the event that the random point falls 
on a circle, symmetric with respect to the origin, of radius x and the 
associated area equals zero. However, ifdoes make sense to consider 
the induced probability of the event X < x, namely the distribution 
function of X. If xEd, then 

F\x) = Pr (X < x) = area of a certain circle of radius x 
. 1t 

O<x<l. 
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Clearly, if x < 0, then F(x) = 0; and if x> i, then F(x)= L Thus we 
can write 

F(x) = 0, 

=x2 
= I, 

, 

x < 0, 

o <x < I, 

1 <x. 

Recall, in the discrete case, we had a function f that was associated 
with Fthrough the equation 

F(x) = L j{w). 
w:s;x 

Either.F,or f could be used to compute probabilities like 

Pr' (a < X < b) = F(b) - F(a) = L j{w), 
weA 

where A = {w: a < W < b}:Wehaveobserved, in this continuous case, 
that Pr (X = x) = 0, so a summation of such probabilities is no longer 
appropriate. However, it is easy to find an integral that relates F to f 
through 

R:x) = i,j( w) dw, 
w:s;x 

Since d = {x : ° < x < I}, this can: be written as 

R:x) = x' = r j(w) dw, xis d, 

By one form of t.he fundamental theorem or calculus, we know that the 
derivative' of the right-hand member of this equation is j{x). Thus 
taking derivatives of each member of the equation, we obtain . 

2x' j{x), O<x<1 

Of course, at x = 0, this is only a right-hand derivative. We observe 
thatj{x)> 0, XE d, and . 

. , . 

J.' 2xdx = L 

Probabilities can now be computed through 

Pr (Xe A) = i j(w) dw, 
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For illustration, 

Pr (~< X:s: 4> = JI
/
2 2w dw = [w]:~~ 

1/4 

= F(!) - F(1.) = ! - 1.. = 1-
\2 \4 4 16 16' 

With the background of this example, we give the definition of a 
random variable of the continuous type. 

Let X denote a random variable with a one-dimensional space d, 
which consists of an interval or a union of intervals. Let a function fix) 
be nonnegative such that 

L f(x)dx I. 

Whenever a probability set function P(A), A c d, can be expressed 
in terms of such anf(x) by 

P(A) = Pr (X E A) = If{X) dx. 

then X is said to be a random variable of the continuous type andf(x) 
is called the probability density function (p.d.f.) of X. 

Example 1. Let the random variable of the continuous type X equal the 
distance in feet between:bad records of a used computer "tape. Say that the 
space of X is .91 = {x: 0 < x < 00 y. Suppose that a reasonable probability 
model for X is given by the p.d.f. 

[(x) = ~e-xl40. XEd. 

Here [(x) ;;:: 0 for xEd, and r io ,-xl" dx = [ _,-xl4O J: = l. 

If we are interested in the probability that the distance between bad records 
is greater than 40 feet, then A = {x: 40 < x < oo} and 

Pr (Ke A) = Lm

.:. e'-- ax = .-'. 

The p.d.f. and the probability of interest are depicted in Figure 1.5. 

If we restrict ourselves to random variables of either the discrete 
type or the continuous type, we may work exclusively with the p.d.f. 
f(x). This affords an enormous simplification; but it should be 
recognized that this simplification is obtained at considerable cost from 
a mathematical point of view. Not only shall we exclude from 
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f(x) 

0.02 

0.01 

40 80 120 

FIGURE 1.5 
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consideration many random variables that do not have these types of 
distributions, but we shall also exclude many interesting subsets of the 
space. In this book, however, we shall in general restrict ourselves to 
these simple types of random variables. 

Remarks. Let X denote the number of spots that show when a die is cast. 
We can assume that X is a random variable with d = { I, 2, ... , 6} and with 
a p.d.f.f(x)=!, xed. Other assumptions can be made to provide different 
mathematical models for this experiment. Experimental evidence can be used 
to help one decide which model is the more realistic. Next, let X denote the 
point at which a balanced pointer comes to rest. If the circumference is 
graduated O<x< 1, a reasonable mathematical model for this experiment is 
to take X to be a random variable with d = {x: 0 s:x < I} and with a p.d.f. 
f(x) = I, xEd. 

Both types of probability density functions can be used as distri
butional models for many random variables found in real situations. For 
illustrations consider the following. If X is the number of automobile acci
dents during a given day, then f(O),I(1 ),f(2), ... represent the probabilities 
of 0, I, 2, ... accidents. On the other hand, if X is length of life of a female 
born in a certain community, the integral [area under the graph of f(x) that 
lies above the x-axis and between the vertical lines x = 40 and x = 50] 

fftX)dx 

represents the probability that' she dies between 40 and 50' (or the percentage 
of those females dying between 40 and SO). A particular f(x) wiIJ be suggested 
later for each ofthese situations, but again experimental evidence must be used 
to decide whether we have realistic modets. 
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Our notation can be considerably simplified when we restrict 
ourselves to random variables of the continuous or discrete types. 
Suppose that the space of a continuous type of random variable X is 
d = {x: 0 < x < oo} and that the p.d.f. of X is e-X, xed. We shall 
in no manner alter the distribution of X [that is, alter any P(A), A c d] 
if we extend the definition ~f the p.d.f. of X by writing 

fix) =e-x, 0 < x < 00, . 

= 0 elsewhere, 

and then refer toj{x) as the p.d.f. of X. We have . . 

Joo j{x) dx = JO 0 dx + 100 

e-X dx . 1. 
-00 -00 0 

." ! 

Thus we may treat the entire axis of reals as though it we~e the space 
of X. Accordingly, we now replace 

L f{x)dx by r f{x)dx. 
-00 

Ifj{x) is the p:d.f. of a continuous type of random variable X and 
if A is the set {x: a < x < b}, then P(A) = Pr (X E A) can be written 
as 

Pr(a < X< b) = f fix) dx. 
a 

Moreover,if A = {a}, then 

P(A) = Pr(XeA) = Pr(X = a) = ff{X)dx = 0, 
a 

since the integral J: j{x) dx is defined in calculus to be zero. That is, if 
X is a random variable of the continuous type, the probability of every 
set consisting of a single point is zero. This fact enables us to write, say, 

Pr (a < X < b) = Pr (a::;;; X <b). 

More important, this fact allows us to change the value of the p.d.f. 
of a continuous type of random variable X at a single point without 
altering the distribution of X. For instance, the p.d.f. 

j{x) = e-X, 0 < x < 00, 

= 0 elsewhere, 
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can be written as 

f{x) . e-X
, 0 :s: x < 00, 

= 0, elsewhere, 

without changing anyP(A). We observe that these two functions differ 
only at x = 0 and Pr (X = 0) = O. More generally, if two probability 
density functions of random variables of the continuous type differ 
only on a set having probability zero, the two corresponding 
probability set functions are exactly the same. Unlike the continuous 
type, the p.d.f. of a discrete type of random variable may not be 
changed at any point, since a change in such a p.d.f. alters the 
distribution of probability. 

EXIllllpIe. 2. Let the random variable X of the continuous type have 
the p.d.f.f{x) = 2/XJ, 1 < x < 00, zero elsewhere. The distribution function 
of Xis 

F(x) = r~ 0 dw = 0, x < 1, 

= r~dW= \- ~, 1 S x. 

The graph of this distribution function is depicted in Figure 1.6. Here F{x) is a 
continuous function for all real numbers x;,in p~rticular. F{x) is everywhere 
continuous from the right. Moreover, the derivative of F{x) with respect to 
x exists at all points except at x = 1. Thus the p.d.f. of X is defined by this 
derivative except at x = 1. Since the set A = {I} is a set of probability measure 
zero [that is, P(A) = 0]. we are free to define the p.d.f. at x = 1 in any manner 
we .please. One way to do this is to write f{x) = 2/x3

, 1 < x < 00, zero 
elsewhere. 

F(x) 

1 - - - - - - - - - - -:.;:-:.;::.-::::;.:;;-=---.. ___ .-_ 

--~----~~----------------------------.x 
1 

. FIGURE 1.6 
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EXERCISES 

1.57. Let a point be selected from the sample space rt = {c: 0 < c < to}. Let 
C c: rt and let the probabiiity set function be P( C) = Ie ~ dz. Define the 
random variable X to be X(e) = c2• Find the distribution function and the 
p.d.f. of X. 

1.58. Let the probability set function peA) of the random variable X be 
peA) = IA/(x) dx, where I(x) = 2x19. XEd = {x: 0 <! < ~}. Let 
A, = {x : 0 < x < 1}. A L {x: 2 < x < 3}. Compute p( Ad = Pr [X E Ad. 
P(A 2 ) = Pr (X E A2 ), and P(AI U A2) = Pr (X E AI U A2)' 

1.59. Let the space of the random variable X be .91 = {x: 0 < x < I}. If 
AI = {x: 0 < x <!} and A2 = {x: ~ < x < 1}. find P(A 2 ) if P(A I ) =!. 

1.60. Let the space of the random variable X bed = {x: 0 < x < JO} and 
let P(AI) -:- i. where AI = {x: I < x < 5}. Show that P(A 2) :s; j. where 
A2 ={x : .5 ::;; x < ,JO}. 

1.61. Let the subsets AI = {x:~<x<!} and A2 = {x:~<x< I} of the 
space .91 = {x: 0 < x < I} of the random variable Xbe such thatP(A I) = i 
and P(A 2 )== f: Find P(AI U A2). peAr). and peAr n Ar). 

1.62. GivenL [1/71:(1 + r)] dx. where A c .91= {x: - 00 < ~ < oo}. Show 
that the integral could serve as a probability set function of a random 
variable X whose space is 91. .'. . 

1.63. Let the probability set function o( the random variable X be 

I'(A) \= i e~X dx. where JJI ={x : 0 < x < oo}. 

Let Ak = {x: 2 - Ilk < x <3}. k = 1.2.3. . . .. Find lim Ak and 

( ) 

, 1c .... 00 

P lim' Ak .' ,. 
k-+oo 

Find I'(A.) and t~~ I'(A.). Note thatl~~ I'(Ak ) = p (!~~ A.) . 

1.64. For each of the following probability density functions of X. compute 
Pr <lXI < 1) and Pr (X2 < 9). 
(a) !(x) = x2/18. -3 < x <3. zero el~whel'e~ 
(b) lex) = (x + 2)/18. - 2 < x < 4. zero elsewhere. 

1.65. Let I(x) = Ilr, I < x < 00. zero elsewhere. be the p.d.f. of X. 
If Ai = {x': I < x < 2} and A2 =,tx : 4 <x < 5}. find P(AI U A2) and 
peA, n A2 ). 

1.66. A mode of a distribution of one random variable X is a value of x that 
maximizes the p.d.f. lex). For X of the continuous type. lex) must be 
continuous. If there is 'only one such x. it is called the mode 01 the 
distribution. Find the mode of each of the following distributions: 
(a) I(x) = <!Y. x = 1,2.3, ...• zero elsewhere. 
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(b) f{x) = 12r(1 - x), 0 < x < 1, zero elsewhere. 
(c) f{x) = (!)x2e-X

, 0 < x < 00, zero elsewhere. 

1.67. A median of a distribution of one random variable X of the 
discrete or continuous· type is a value of x such that Pr (X < x) < ! 
and Pr (X < x) ~~. tf there is only one such x, it is called the 
median of the distribution. Find the median of each of the following 
distributions: 

4! (I)X (3)4 x (a) f{x) = x! (4 _ x)! 4" 4" ' x == 0, 1, 2, 3. 4, zero elsewhere. 

(b) f{x) = 3r, 0 < x < 1, zero elsewher~: 
1 

(c) f{x) = 1[(1 + xl)' -00 < x < 00. 

Hint: In parts (b) and (c), Pr (X < x) = Pr (X < x) and thus that 
common value must equal! if x is to be the median' of the distribution. 

1.68. Let 0 < p < 1. A (100p)th percentile (quantile of order p) of the 
distribution of a random variable X is a value ~p such that Pr (X < ~p) S; p 
and Pr (X ::; ~p) > p. Find the twentieth percentile of the di~tribution that 
has p.d.f. f{x) = 4x3, 0 < X < 1, zero elsewhere. . 

Hint: With a continuous-type random variable %, Pr (X < ~p) = 
Pr (X < ~p) and hence that common value must equal p. 

1.69. Find the distribution function F(x) associated with each of the follow
ing probability density functioQs. Sketch the grapbsof f(x) and F{x). 
(a) f(x) = 3(1 - X)2, 0 < X < I, zero elsewh~re. 
(b) f(x) = 1/x2

, 1 .< x < 00, zero elsewhere. 
(c) f(x) = i, O' < x < 1 or 2 < x < 4, zero elsewhere . 

. Also find the median and 25th percentile of each of these distributions. 

1.70. Consider the distribution function F(x) = 1 - e-X 
- xe-X, 0< x.< 00, 

zero elsewhere. Find the p.d.f., the mode, and the median (by numerical 
methods) of this distribution. 

1.7 Properties of the Distribution Function 

In SectiQn 1.5 we defined the distribution function of a 
random variable X as F{x) = Pr (X < x). This concept was used 
in Section 1.6 to find the probability distribution of a random 
variable of the continuous type. So, in terms of the p.d.f./{x), we know 
that 

F(x) = I /(w), 
w:Sx 
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for the discrete type of random variable, and 

, F(x) = L f(w) dw, 

for the continuous type of random variable. We speak of a distribution 
function F(x) as being of the continuous or discrete type, depending 
on whether the random variable is of the continuous or discrete type. 

Remark. If X is a random variable of the continuous type, the p.d.f. f(x) 
has at most a fil1ite number of discontinuities in every finite intervaL This 
means (I) that the distribution function l'lx) is everywhere continuous and (2) 
that the derivative of l'lx) with respect to x exists and is equal to f(x) at each 
point of continuity of f(x). That is, F'(X) = fix) at each point of continuity 
off(x). If the random variable Xis of the discrete type, most surely the p.d.f. 
f(x) is not the derivative of F(x) with.respect to x (that is, with res~t to 
Lebesgue measure); butf(x) is the (Rado~-Nikodym) derivative of f{x) with 
respect to a counting measure., A dt?rivative is often called a density. 
Accordingly, we call these derivatives probability density functions. 

There are several properties of a distribution function F(x) that can 
be listed as a consequence of the properties of the probability set 
function. Some of these are the following. In listing these properties, 
we shall not restrict X to be a random variable of the discrete or 
continuous type. We shall use the symbols F( (0) and F( - (0) to mean 
lim F(x) and lim F(x), respectively. In like manner, the symbols 
~oo .~-oo . 

{x : x < oo} and {x : x < - 00 } represent, respectively, the limits of the 
sets {x: x < b} and {x: x < -b} as b-+oo. 

1. 0 < F(x) < I because 0 < Pr (X < x) < 1. 
2. F(x) is a nondecreasing function of x. For. if x' < x", then 

{x: x < x"} = {x: x S; x'} u {x: x' < x < x"} 

and 

Pr (X < x") = Pr (X < Xi) + Pr (x' < X < x"). 

That is, 

F(x") - F(x' ) = Pr (x' < X S; x") > O. 

3. F( (0) = 1 and F( - (0) = 0 because the set {x: x < oo} is the 
entire one-dimensional space and the set {x : x < - 00 } is' the null set. 
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From the proof of property 2, it is observed that, if a < b, then 

Pr(a < X <b) = F(b) - F(a). 

Suppose that we want .to use F(x) to compute the probability 
Pr (X = b). To do this, consider, with h > 0, 

lim Pr (b - h< X < b) = lim [F(b) - F(b - h)]. 
h ... O " . h .... O 

Intuitively, it 'seemsthat'litn Pr (b h < X < b) should exist and be 
h ... O 

equal to Pr (X = b) because, as h tends to zero, the limit of the set 
{x _: b - h < x ~ b} is the set that contains the single point x = b. The 
fact.,that this limit is Pr (X = b) is a theorem that we accept without 
proof~ Accordingly, we have 

Pr (X = b) = F(b) - F(b-), 

where F(b-) is the left-hand limit of F(x) atx - b. That is, the 
probability that X = b is the height of the step diat F(x) has at x - . b. 
Hence, if the distribution function F(x)is c()ntinuolJs at x = b, then 
Pr (X = b) = O. " 

There is a faurth property of F(x) that is now listed. 
4. F(x) is continuous from the right, that is, right-continuous. 
To prove this property, consider, withh > 0, 

, 

. lim Pr(a < X S; a + h) = lim[F(a + h) - F(a)]. 
h ... O h ... O 

We accept without proof a the.orem which states, wi~h h> 0, that 

lim Pr (a < X <a + h) = P(0) = o. 
h ... O 

Here also, the theorem is intuitively appealing-because, as h tends to 
zero, the limit of the set {x : a < x < a + h} is the null set. Accordingly, 
we write 

0= F(a+) - F(a), 

where F(a +) is the right-hand limit of F(x) at x = a. Hence F(x) is 
continuous from the right at every point x = a. 

Remark. In the arguments concerning several of these properties. we 
appeal to the reader's intuition. However, most of these properties can be 
proved in formal ways using the definition of lim A"" given in Exercises 1.7 

k-+CIJ 
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and I .8, and the fact that the probability set function Pis countably additive; 
that is, P enjoys (b) of Definition 7. 

The preceding discussion may be summarized in the following 
manner: A distribution function F(x) is a nondecreasing function of x, 
which is everywhere continuous from the right and has F( - 00) = 0, 
F( 00) = I. The probability Pr (a < X < b) is equal to the difference 
F(b) - F(a). If x is a discontinuity point of F(x), then the probability 
Pr (X = x) is equal to the jump which the distribution function has at 
the point x. If x is a continuity point of F(x), then Pr (X = x) = O. 

Remark. The definition of the distribution function makes it clear that the 
probability set function P determines the distribution function F. It is true, 
although not so obvious, that a proQ~bility set function P can be found from 
a distribution function F. That is, P and F give the same information about 
the distribution of probability, and which- function is used is a matter of 
convenience. 

Often, probability models can be constructed that make reason
able assumptions about the probability set function ~nd thus the 
distribution function. For a simple illustration, consider an experiment 
in which one ch09ses at random a point from the closed interval [a, b], 
a < b, that is on the real line. Thus the sampl~>space f(J is [a, b]. Let the 
random variable X be the identity function defined on f(J. Thus the 
space.r;l of X is.r;l = f(J. Suppose that it is reasonable to assume, from 
the nature of the experiment, that if an interval A is a subset of .r;I, the 
probability of the event A is proportional to the length of A. Hence, 
if A is the interval [a, x), x < b. then 

P(A) = Pr (X E A) = Pr (a < X < x) = c(x - a), 

where c is the constant of proportionality. 
In the expression above, if we take x = b, we have 

I = Pr (a < X < b) = c(b - a), 

so c = l/(b - a). Thus we will h~ve an appropriate probability model 
if we take the distribution function of X, F(x) = Pr (X < x), to be 

F(x) = 0, x < a, 

x-a 
- b - a' a <x< b, 

= 1, b < x. 
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F(x) 

1 

--~------~------~-------------.x 
1 

FIGURE 1.7 

Accordingly, the p.d.f. of X, f(x) = F(x), may be written 

I 
f(x) = b _ a' a < x < b, 

= 0 elsewhere. 

The derivative of F(x) does not exist at x = a nor at,x = b; but the set 
{x : x = a, b} is a set of probability measure zero, and we elect to define 
f(x) to be equal to Ij(b - a) at those two points, just as a matter of 
convenience. We observe that this p.d.f. is a constant on d. If the p.d.f. 
of one or more variables of the continuous type or of the discrete type 
is a constant on the space d, we say that the probability is distributed' 
uniformly over d. Thus, in the example above, we say that X has a 
uniform distribution over'the interval [a, b]. 

We now give an illustrative example of a distribution that is neither 
of the discrete nor continuous type. 

Example 1.' Leta distribution -function be given by 

F(x) = 0, x < 0, 

x+l 
=-2- O<x.<l, 

Then, for instance, 

Pr ( - 3 < X < ! ) = F(t) - F( - 3) = ~ - 0 = ~ 

and 

Pr (X = 0) = F(O)o - F(O - ) = ! - 0 = ! . 
The graph of F(x) is shown in Figure 1.7. We see that F{x) is not always 

continuous, nor is it a step function. Accordingly, the corresponding 
distribution is neither of the continuous type nor of the discrete type. It may 
be described as a mixture of those types. 
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Distributions .that are mixtures of the continuous and discrete 
types do~ in fact, occur frequently in praetice. For illustration, in life 
testing, suppose we know that the length of life" say X, exceeds the 
number b, but the exact value is unknown. This is called censoring. For 
instance, this can happen when a subject in a cancer study simply 
disappears; the inveStigator"knows that the subject has lived a certain 
number of months, but the exact length oflife is unknown. Or it might 
happen when an investigator does not have enough time in an 
investigation to observe the mome,:tts of deaths of all the animals, say 
rats, in some study. Censoring can al~o occur in the insurance industry; 
in particular, consider a loss with a limited-pay policy in which the top 
amount is exceeded but it is not known by how much. 

Example 2. Reinsurance companies are concerned with large losses 
because they might agree, for illustration, to cover losses due to wind damages 
that are between $2,000,000 and $10,000,000. Say that X equals the size of a 
wind loss in millions of dollars, and suppose that it has the distribution 
function 

F(x) = 0, - 00 < x < 0, 

( 
10 )3 

=1- lO+x ' o:s; x < 00. 

If losses beyond $10,000,000 are reported only as 10, then the distribution 
function of this censored distribution is 

F(x) = 0, - 00 < x < 0, 

( 
10 )3 

=1- lO+x ' ° :s; x < 10, 

= 1, 10 < x < 00, 

which has a jump of [10/(10 + lOW = i at x = 10. 

We shall now point out an important fact about a function of a 
random variable. Let X denote a tuiJdom variable with space d. 
Consider the function Y = u(X) of the random variable X. Since X is 
a function defined on a sample space (j, thenY= u(X) is a composite 
function defined on (j. That is, Y = u(X) is'itself a random variable 
which has its own space rJI = {y : y = u(x), xed} and its own 
probability set fU:ijction.lfy E a, the event Y = u(X) :s; y occurs when, 
and only when, the event X E A, c d occurs, where A = {x: u(x) ~ y}.
That is, the distribution function of Y is 

G(y) = Pr (Y S y) = Pr [u(X) < y] = P(A). 
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The following example illustrates a method of finding the distribution 
function and the p.d.f. 'Of a function of a random variable. This method 
is called the distribution-function technique. 

E~.",ple 3. Let I(x) =!, -1 < x < l,zero elsewhere, be the p.d.f. of 
the random variable X. Define the random variable Y by Y = X2. We 
wish to find the p.d.f. of Y. If y > 0, the probability Pr (Y.~ y) is equivalent 
to 

Pr (Xl < y) = Pr (-:-Jy ~ X ~ Jy). 

Accordingly, the distribution function of Y, G(y) = Pr (Y < y), is given 
by 

G(y) = 0, y < 0, 

. r tdx=Jy. LJ, o ~ y < I. 

=1, l<y. 

Since Y is a random variable of the continuous type, the p.d.f. of Y is 
g(y) = G'(y) at all points of continuity of g(y). Thus we may write 

I 
g(y) = -, 0 < y < 1, 

2Jy 
= 0 elsewhere. 

Remarks. Many authors use Ix and Iy to denote the respective probability 
density functions of the random variables X and Y. Here we use I and g 
because we can avoid the use of subscripts. However, at other times, we will 
use subscripts as in Ix and Iy or even J. and h" depending upon the 
circumstances. In a given example, we do not use the same symbol, without 
subscripts, to represent different functions. That is, in Example 2, we do not 
use I(x) andf(y) to'represe.nt different probability density functions. 

In addition, while we ordinax\ly use the letter x in the description of 
the p.d.f. of X, this is nO,t necessary at all because it is unimportant which 
letter we use in describing a function. For illustration, in Example 3, we 
could say thatthe random variable Y has the p.d.f. g( w) = I !2Jw, 0 < w < I, 
zero elsewhere, and it 'would have exactly the same meaning as Y has the 
p.d.f. g(y) = 1/2Jy, 0 < y < I, zero elsewhere. 

These remarks apply to other functions too, such as-distribution functions. 
In Example 3, we could have written the distribution function of Y, where 
o <w < I, as 

Fy(w) = Pr(Y < w) = Jw. 
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EXERCISES 

1.71. Given the distribution function 

F(x) =0, x< -I, 

x+2 
=-4-' -1<x<l, 

= I, 1 <x. 

51 

Sketch the graph of F(x) and then compute: (a) Pr (-!<X <4); (b) 
Pr(X=O); (c) Pr(X=I); (d) Pr(2<X<3). 

1.72. Let fix) = I, O<x< I, zero elsewhere', be the p.d.f. of X. Find the 
distribution function and the p.dJ. of Y = ft. 

Hint: Pr (Y<y)=Pr (ft<y)=Pr (X<y), O<y< l. 

1.73. Letfix}=x/6, x= I, 2,3, zero elsewhere, be the p.d.f. of X. Find the 
distribution function and the p.d.f. of Y =.f2. 

Hint: Note that X is a random variable of the discrete type. 

1.74. Letfix)=(4-x)/16, -2<x<2, zero elsewhere, be the p.dJ. of X. 
(a) Sketch the distribution function and the p.d.f. of X on the same set bf 

axes. 
(l?) ,If Y =:= lXi, compute Pr ( Y < 1 ). 
(c) If Z = X-l, compute Pr (Z <*). 

1.7S. Let X have the p.d.f. fix)=2x, O<x<l, zero elsewhere. Find the 
distribution function and p.d.f. of Y = X2. 

1.76. Let X have the p.d.f. j{x)=4x3, O<x< J, zero elsewhere. Find the 
distribution function and p.d.f. of Y = - 2 In ~. 

1.77. Explain why, with h>O, the two limits, lim Pr(b-h<X<b) and 
lim F(b - h), exist. h .... O 
h-O 

Hint: Note that Pr (b - h < X <b) is bounded below by zero and F(b - h) 
is bounded above by both F(b) and 1. 

1.7S. Let F(x) be the distribution function of the random variable X. If m is 
a number such that F(m)=!, show that m is a median of the distribution. 

1.79. Letj{x)=L -1<x<2, Zero elsewhere, be the p.d.f. of X. Find the 
distribution function and the p.d.f. of Y=.f2. 

Hint: Consider Pr (.f2<y) for two cases: O<y< I and I :S;;y<4. 
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1.8 Expectation of a Random Variable 

Let X be a random variable having a p.d.f. f(x) such that we have 
certain absolute convergence; namely, in the discrete case, 

L Ixlf(x) converges to a finite limit, 
x 

or, in the continuous case, r IxlJtx) dx 
-00 

converges to a finite limit. 

The expectation of a random variable is 

E(X) = L xf(x), in the discrete case, 
x 

or 

E(X) = r x Jtx) t/x, 
-00 

in the continuous case. 

Sometimes the expectation E(X) is called the mathematical expectation 
of X or the expected value of X. 

Remark. The terminology of expectation or expected value has its 
origin in games of chance. This can be illuStrated as follows: Four small similar 
chips, numbered 1, 1, 1, and 2, respectively, are placed in a bowl and are mixed. 
A player is blindfolded and is to draw a chip from the bowl. If she draws one 
of the three chips numbered I, she will receive one dollar. If she draws the chip 
numbered 2. she will receive two doHars. It seems reasonable to assume that 
the player has a "~ claim" on the $1 and a "* claim" on the $2. Her "'total 
claim"is(l)(~) + 2(D = ~,thatis,$L25. Thus the expectation of Xis precisely 
the player's claim in this game. 

" 

Ex""'ple 1. Let the random variable X of the discrete type have the p.d.f. 
given by the table 

x I 2 3 4 

4 1 3 2 
TO 10 TO iii f<x) 

Here f(x) = 0 if x is not equal to one of the first four positive integers. 'This 
illustrates the fact that there is no need to have a formula to describe a p.d.f. 
We have 

E(X) = (l)(~) + 2(1~) + 3(1~) + 4(fo) :;;: ~:;;: 2.3. 
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Exlllftple Z. Let X have the p~d.f. 

fix) = 4x3
, 0 < X < I, 

= 0 elsewhere. 

Then 

E(x) = x(4xl) dx = 4x4 dx = ~ =="5' 11 11 [4 51 4 
Let us consider a function of a ranqom variable X with space 

d. Call -this function Y = u(X). For convenience, let X be of 
the continuous type and y = u(x) be a continuous increasing function 
of X with an inverse function x = w(y), which, of course, is 
also increasing. So Y is a random variable and its distribution function 
is 

G(y) = Pr (Y < y) = Pr [u(X) < y] = Pr [X :S;. w(y)] 

f
w<Y> 

= -a) f{x) dx, 

where f{x) is the p.d.f. of X. By o,ne form of the fundamental theorem 
of calculus, 

g(y) = G'(y) = f[w(y)]w'(y), Y E f!i, 

= 0 elsewhere, 

where 

f!i = {y : y = u(x), xed}. 

By definition, given absolute convergence, the expected vallie of Y is 

" 

£(y) .. [, yg(y)dy. 

Since y = u(x), we might ask howE(Y) compares to the integral 

1=[ u(x)j{x) dx.· .. 

To answer this, change the variable of integratit)n through y = u(x) or, 
equivalently, x w(y). 'Since' . " .' 

dx "() 0 .dy = w y > , 
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we have 

1= [ y.flW(Y)]W'(y) dy = [ yg(y) dy. 
-00 -00 

That is, in this special case, 

E( 1') · f yg(y) dy = f u(x}f(x) <ix. 
-00 -00 

However, this is ttue more generally and it also makes no difference 
whether X is of the discrete or continuous 'type and Y = u(X) need not 
be an increasing function of X {Exercise 1.87 illustrates this}. 

So if Y = u(X)· has an expectation, we can find it from 

E[u(X)] = f u(x)f(x) <ix, (1) 
-00 

in the continuous case, and 

E[u(X)] = L u(x)f(x), (2) 
x 

in the discrete case. Accordingly, we say that E[u(X)] is the expectation 
(mathematical expectation or expected value) ofu(X). 

Remark. If the mathematica] expectation of Y exists, recali that the 
integral (or sum) r 1Y1g(y)4y 

-00 

exists. Hence the existence of E[u(X)] implies that the corresponding integral 
(or sum) converges abso]utely. 

Next, we shall point out some fairly obvious but useful facts about 
expectations when they exist. 

1. If k is a constant, then E(k) = k. This follows from expression (1) 
[or (2)] upon setting u = k and recalling that an integral (or sum) 
ora constant times a· function is the constant times the integral (or 
sum) of the function. Of course, the integral (or sum) of the function 
fis I. 

2. Ifk is a constant and visa function, thenE(kv) = kE(v). This follows 
from expression (1), [or (~)] upon setting u = kv and rewriting 
expression (1) [or (2)] as k times the integral (or sum) of the product 
vI. 

3., If kl and k2 are constants and viand V2 are functions, then 
E(kIVI + k2V2) = kIE(vl) + k2E(V2)' This, too, follows from ex-
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pression (1)[or(2)] uponseuingu = kivi + k2v2becausetheintegral 
(or sum) of (kivi + k2V2)!is equal to the integral (or sum) of klvl! 
plus the integral (or sum) of k2V2f Repeated application 
of this property shows that if k I , k2' ... ,km are constants and 
VI, V2, ... , Vm are functions, then 

E(kivi + k2V2 + ... + k",vm) = kIE(vl) + k2E(V2) + ... + k",E(v",). 

This property of eXpe<:tation leads us to characterize the symbol E 
as a linear operator. 

Example 3. Let X have the p.d.f. 

f(x)=2(l- x), 0 < x < 1; 

= 0 elsewhere. 

Then 

. . E(X) = l: xJtx) <Ix = l' (x)2(1 - x) <Ix = \. 

E(X2) = 100 

rf(x) dx ;-11 

(x2)2(1 - x) dx = L 
-00 0 

and, of course, 

E(6X + 3X2) = 6(D + 3(D = ~ . 

Extullple 4. Let X have the p.d.f. 

x 
f(x) = 6' x = 1,2,-3, 

= 0 elsewhere. 
Then 

3 x 
E(..f3) = L rf(x) = L r 6 

x x-I 

=! + ~ + 81 = 98 
6 6 6 6 • 

Example 5. Let us divide, at random, a horizontal line segment of length 
5 into two parts. If ~ is the length of the left-hand part, it is reasonable to 
assume that X has the p.d.f. 

f(x) = L· 0 < x < 5, 

= 0 elsewhere. 

The expected value of the length X is E(X) = ~ and the expected value of the 
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length 5 - X is £(5 - X) = ~. But the expected value of the product of the 
two lengths iii equal to . 

E[X(5 '-- X)] = f x(5 - x)(!> dx = 'i '" (l)'. 

That is, in general, the expected value of a product is not equal to the product 
of the expected values. ' 

E-xampJe 6. A bowl contains five chips, which cannot be distinguished by 
a sense' of touch alone. Three of the chips are marked $1 each and the 
remaining two are marked $4 each. A player is blindfolded and draws, at 
random and without replacement, two chips from the bowl. The player is paid 
an amount equal to the sum of the values of the two chips that he draws and 
the game is over. If it costs $4.75 to play this game, would we care to participate 
for any protracted period of time? Because we are unable to distinguish the 
chips by sense of touch, we assume that each of the 10 pairs that can be drawn 
has the same probability of being drawn. Let the random variable X be the 
number of chips, of the two to be chosen, that are marked $1. Then, under 
our assumption, X has the hypergeometric p.d.f. 

x = 0, ),2, 

= 0 elsewhere. 

If X = x, the player receives u(x) = x + 4(2 - x) = 8 - 3x dollars. Hence his 
mathematical expectation is equal to 

2 

£[8 - 3X] = L (8 - 3x)/(x) = ~ , 
x-o 

or $4.40. 

EXERCISES 

1.80. Let X have the p.d.f. /(x) = (x + 2)/18, -2 < x < 4, zero elsewhere. 
Find £(X), £[(X + 2)3}, and E{6X - 2(X + 2)3]. 

1.81. Suppose that fix) = ~ , x~· '. I, 2, 3,4, 5, 'zero elsewhere, is the p.d.f. of 
the discrete type of random variable X. Compote E(X) and £(Xl). Use 
these two results to find E[(X +- 2)2] by writing (X + 2)2 = Xl + 4X + 4. 

1.82. Let X be a number selected at random from a set of numbers 
{51, 52, 53, ... , tOO}. Approximate E(l/X). 



," 
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Hint: Find reasonable upper and lower bounds by ,finding integrals 
bounding E(l/X). 

1.83. Let the p.d.f . ./{x) be positive at' x= -1,0, I and zero elsewhere. 
(a) 1£/(0) = *, find E(.K2)., . 
(b) If/(O) = ~and if E(X) = ~, deterrpinej{"':'l) and Jtl). 

t.84. Let X have' the p.d.f . ./{x) :i:::3r,0 < x < I, zero elsewhere. Consider a 
random rectangle whose sides are X and (I - X). Determine the expected 
value of the area of the rectangle. 

1.85. A bowl contains 10 chips: ofwhjch 8 are marked $2 each and 2 are 
marked $5 each. Let a' person choose, at random and wit~Qut replacement, 
3 chips from this bowl. If the person is to receive the sum of the resulting 
amounts, find his expectation. f' , , 

1.86. Let X be a random variable of the continuous type that has p.d.f. /(x). 
If m is the unique median of the distribution of X and b is a real constant, 
show that ' 

E(IX - bl) = E(IX - ml) + 2 [ (b - x)f(x) tlx, 
m 

provided that; the expectations exist. For what value of bis E(IX - bl) a 
minimum? 

1.87. Letf(x) = 2x, 0 < x < 1, zero elsewhere, be the p.d.f. of X. 
(a) Compute E(l/X). l 

(b) Find the distribution function and the p.d.f. of Y = I/X. 
(c) Compute E(1') and compare this result with the answer obtained in 

part (a). 
Hint: Here J;I = {x: 0 < x < I}, find ~. 

1.88. Two distinct integersl are chosen at random and without replacement 
from the first six positive integers. Compute the expected value Qf the 
absolute value of the difference of these two numbers. 

, 
'" ~ .. 

1.9 Some Special ExpectatioDS 

Certain expectations, if they exist, 'have special names and symbols 
to represent them. First, let Xbe a ran~omvariable of the discrete type 
having a p.d.f. f(x). Then 

E(X) = L xf(x). 
x 
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If the discrete points of the space of positive probability density are 
a" a2, a3, ... , then 

. E(X) = a,/(a.) + a2f(a2l+ aJ/(aJ) + .... 
This sum of products is seen to be a,Uweighted average" of the values 
ai, a2, a3, ... , the "weight" associated with each aj being /(a;). This 
suggests that we callE(X) the arithmetic mean of the values of X, 
or, more, simply, the mean value of X (or the mean value of the 
distribution). 

The mean value J.L of a random variable X is defined, when it exists, 
to be J.L = E(X),' where X is a random variable of the discreteor' of the 
continuous type. 

Another special expectation is obtaine4 by taking u(X) = (X - J.L)2. 
If, initially, X is a random variable of the discrete type having a p.d.f. 
/(x), then 

E[(X - J.L)2] = I (x - J.L)2/(X) 
x 

= (a, - J.L)2/(al) + (a2 - J.L)2/(a2) + ... , 
, 

if ai' a2, •.. are the discrete points of the space of positive probability 
density. This sum of products may be interpreted as a "weighted 
average" of the squares of the deviations of the numbers a" a2, ... 
from the mean value J.L of those numbets where the "weight" associated 
with each (aj - J.L)2 is /(a;). This mean value of the square of the 
deviation of X from its mean' value J.L is called the variance of X (or the 
variance of the distribution), ' 

The variance of X will be denoted by (12, and we define rr, if i t exists, 
by (12 = E[(X - J.L)2], whether X is a discrete or a continuous type of 
random variable. Sometimes the variance of X is written va·r (X). 

It is worthwhile to observe' that var (X) equals 
'. , 

(12 = E[(X - J.L)2] = E(X2 - 2J.LX + J.L2); 

and since E is a linear operator, 

q2 = E(~) - 2J.LE(X) + J.L2 

== E(Xlf!- 2J.L2 -+ J.L2 

= E(X2) - J.L2, 

This frequency affords an easier way of computing the variance of X. 
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It is customary to calla (the positive square root of the variance) 
the· standard deviation of X (or the standard deviation .of the 
distribution). The number a is sometimes interpreted as a measure of 
the dispersion of the points of the space relative to the mean value 
p. We note that if the space contains only one point x for which 
f(x) > 0, then (J = O. 

Remark. Let the. random variable X of the continuous type. have the 
p.d.f. f(x) = 1/2a, -a < x < a, zero elsewhere, so that (J = a/fi is the 
standard deviation of the distribution of X. Next, let the random variable Y 
of the continuous type have the p.d.f. g(y) = 1/40, - 2a < Y < 2a, zero 
elsewhere, so that (7 = 2al fi is the standard deviation of the distribution of 
Y. Here the standard deviation of Y is. greater than that of X; this refiects the 
fact that the probability for Y is more widely distributed (relative to the mean 
zero) than is the probability for X. 

We next define a third special mathematical expectation, called the 
moment-generatingfunction (abbreviated m.g.f.) of a random variable 
X. Suppose that there is a positive number hsuch that for - h < t < h 
the mathematical expectation E(etX

} exists. Thus 

E(e'X) = f~ e"f(x) dx, 
-00 

if X is a continuous type of random variable, or 

E(e'X) = L e'xf(x), 
x 

if X is a discrete type of random variable. This expectation is called the 
moment-generating function (m.gJ.) of X (or of the distribution) and.. 
is denoted by M( t). That is, 

M(t) = E(et~. 
It is evident that if we set t =·0, we -have M(O) = I. As will be seen by 
example, not every distribution has an m.g.f., but it is difficult to 
overemphasize the importance of an m.g.f., when it do~s exi~t. This 
importance stems from the fact that the m.g.f. is unique and completely 
determines the distribution of the random variable; thus, if two random 
variables have the same m.g.f., they have the same distribution. This 
property of an m.g.f. will be very useful in subsequent chapters. Proof 
of the uniqueness of the m.g.f. is based on the theory of transforms in 
analysis, and therefore we merely assert this uniqueness. 



Although the fact that an" .m.g.f. (when it exists) completely 
determines the distribution of one random variable will notbe proved, 
it does seem desirable to try to make the assertion plausible; This can 
be done if the random variable is of the discrete type. For example, let 
it be given that 

M(t) = J... et + 1.. t?t + 1. elt + .! e4t 
10 10 10 10 

is, for all real values of t, the m.g.f. of a random 'variable X of the 
discrete type. If we let f(x) be the p.d.f. of X and leta, b, c, d, ... be 
the discrete points in the space of X at which f(x) > 0, then 

M(t) = L: etx f(x), 
x 

or 

..!. et + 1. t?t + 1. elt + .! e4t = 1'1 a)e"" + 1'1 b)e"t + . .. 10 ,. 10 ,10 10 . J \ J\ • 
',i" • 

Because this is an identity for all real values of t, it seems that the 
right-hand member should consist of but four terms and that each of 
the four should equal, respectively, one of those in the left-hand 
member; hence we may take a " I,f(a) = I~; b = 2,f(b) = I~; C = 3; 
f(c) = 1

1
0; d = 4,f(d) = ~ . Or, more simply, the p.d.f. of X is 

x 
f(x) = 10' x = 1,2, 3,4, 

= 0 elsewhere. 

On the other hand, let X be a random variable of the continuous 
type and let it be given that 

'. I 
M(t) = I - t' t <: 1, 

is the m.gJ. of X. That is, we are give~ 

II t = ['" e"f(x) dX, , t < 1. 

It is not at aJI obvious how f(x) is found. However, it is easy to s~that 
a distribution with p.d.f. ~ 

f(x) = e-x , 0 < x < 00, 

= 0 elsewhere 

has the m.g.f. M(t) = (l - t)-', t < 1. Thus the random variable X 
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has a distribution with this p.d.f. in accordance with the assertion of 
the uniqueness of the m.g.f. 

Since a distribution that has an'm.g.f. M(t) is completely deter
mined by M(t), it would not be surprising if we could obtain some 
properties of the distribution directly from M(t). For example, the 
existence of M(t) for - h < I < h implies that derivatives of all order 
exist at I = O. Thus, using a theorem in analysis that allows us to 
change the order of differentiation and integration, we have 

d~') = M'(I) = [ xelXf(x) dx, 
-00 

if X is of the continuous type,or 

dM(/) = M'(/) = L xe'xf(x), 
dl x 

if X is of the discrete type. Upon setting t = 0, we have in either case 

M'(O) = E(X) = p,. 

The second derivative of M(/) is 

M"(I) = [ re'xf(x) dx or 

so that M"(O) = E(X2). Accordingly, the var (X) equals 

a2 = E(%2) - p,2 = M"(O) - [M'(O)]2. 

For example, if M(/) = (1 - I)-I, 1<: 1, as'in the illustration above, 
then 

M'(t) = (1 - 1)-2 and M"(/) = 2(1 - 1)-3. 

Hence 

p, = M~(O) = I 

and 

a2 = M"(O) - p,2 = 2 - I = 1. 

Of course, we could have computed p, and a2 fiom the p.d.r. by 

/l = [oo xf(x) dx and a' = [oo rf(x) dx -,r, 
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respectively. -Sometimes one way is easier than the other. 
In general, if m is a positive integer and if Mm)(t) means the mth 

derivative of M(t), we have, by repeated differentiation with respect to 
t, 

Now 

E(X"') = [, X"f{x)dx or L X"j{x), 
.Ie 

and integrals (or sums) of this sort are, in mechanics, called moments. 
Since M(t) generates the values of E(r), m = 1,2,3, ... , it is called 
the moment-generating function (m.g.f.). In fact, we shall sometimes 
call E(r) the mth moment of the distribution, or the mth moment 
of X. 

ExlUllp/e J •. Let X have the p.d.f. 

j{x) = !(x + I), -1 < x < 1, 

= 0 elsewher:e. 

Then the mean value of X is 

f
<XI fl)) 

P, = -<XI xj{x) dx = _I X X ; dx = 3. 

while the variance of X is 

foo II I 2 
(12 = x2j{x) dx - p,2 = xl x; dx - (~)2 = 9 . 

-00 -I 

EXIIIIIJlIe 2. If X has the p.d.f. 

1 
j{x) = xl' I < x < 00, 

= 0 elsewhere. 

then the mean value of X does not exist, since 

foo 1 f I Ixl . .2 dx = lim - dx 
x- b-<XI X 

I I 

= lim (In b In) ) 
b_oo 

does not exist. 
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Ex.",p1e 3. It is known that the series 

cohverges to x2/6. Then 

1 1 1 -+-+-+ ... 12 22 32 

, ,6 
f(x) = 1t2x2' x'~ 1,2,3,: .. , 

=' 0 elsewhere, 

63 

is the p.d.f. of a discrete type of random variable X. The m.g.f. of this 
distribution, if it exists, is given by 

M(I) = E(e'X) = l: e''l(x) 
x 

00 6e'X 
= l:-. x,""rx2 

The ratio test may be used to show that this series diverges if 1 > O. Thus there 
does not exist a positive numberh such 'that M(I) exists' for -h < 1 < h. 
Accordingly, the distribution having the p.d.f.f(x) ofthis'example does not 
have an m.g.f. 

Extunp1e 4. Let X h~ve the m.g.(. M(I) = e,2/2~ - 00 < t. < 00. We can 
differentiate M(I) any'number of time,s to find the mOments of ¥. However, 
it is instructive to consider this' alternative method. The fun(!tion M(I) is 
represented by' the fonowing Ma~Laurin's series. , " 

, ' , 

e' =1+- - +- - + ... +- - + ... , 2/2' 1 (r2) 1 ('2)2 1 (r2)1c 
I! '2 2! 2 kt 2 

1 2 (3)(1) (2k - 1) ... (3)(1) . 
=1+-1 +--r+ .. ·+ f1c+ .... 

21 4! (2k)! 

In general, the MacLaurin's series for M(I) is 

. M'(O) M"(O) Mm)(o) , 
M(I) = M(O) + 1+ r2+ ... + r+ .. · 

l! 21 m!' 

, . E(X) E(X2) 2 E(X"') 
=1+--1+--1+ .. ·+ r+· ... 

I! 2! m! . , 

Thus the coefficient of (rIm!) in the MacLaurin's series representation of M(I) 
is E(X"'). So, for our particular M(t), we have 

(2k)! 
E(,X2Ic) = (2k - 1)(2k - 3) ... (3)(1) = 21ck! ' 

k = 1, 2, 3, ... , and E(X,'lk - ') = 0, k = 1, 2, 3, .... 
.. 
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Remarks. In a more advanced course, we would not work with the m.g.f. 
because so many distributions do not have moment·generating functions. 
Instead, we would let i denote the imaginary unit, t an arbitrary real, and we 
would define cp(t) = E(eit~. This expectation exists for every distribution and 
it is called the characteristic function of the distribution. To see why cp( t) exists 
for all real t, we note, in the continuous case, that .its absolute value 

1'1'(/)1 = r~ e'''j(x) dx < [ 1e'''j(x)1 dx. 

However, If(x)1 = f(x) sin~ {(x) is ~onnegative and 

lei/xI = Icos tx, + i sin txl = Jcos2 tx + sin2 Ix = 1. 

Thus 

1",(1)1 < [ j(x) dx = I. 
-00 

AcCordingly, the integral for cp(tfexists for (ill real values of t. In the discrete 
case"a s11l1,lmation would replace the integral. " , 

Every distribution has a unique characteristic function; and to each 
characteristic function there corresponds a unique distribution of prob
ability. If X has a distribution with characterjstic function cp( t), ,then, for 
instance, if E(X) and E(Xl) exist, they are ,given, ,resPectively, by iE(X) = 
cpi(O) and j2 E(Xl) = q,"(O). Readers who are.' familiiar with complex-valued 
functions may"write cp(t) , M(it) and, throughout' this bOOk, may prove 
certain theorems in complete' generality. " , ' ", 

Those who have studied Laplace and Fourier transforms will note a 
similarity between these transforms and M(t) and cp(t); it is the uniqueness of 
these transforms that allows us to assert the uniqueness of each of the 
moment-generating and characteristic functions. 

EXERCISES 

1.89. Find the mean and variance, if tbey exist, of each of the following 
distributions. ' 

31 (1)3 
(a) f(x) = x! (3 _ x)! \2 ,x ,= 0, 1, 2, 3, zero elsewhere. 

(b) f(x) = 6x(l - x), 0 '< x < I, zero elsewhere. 
(c) f(x) =,2/xJ, 1 -< x < 00, zero elsewhere. 

1.90. Let f(x) = GY, x = 1,2,3, ... , zero elsewhere, be the p.d.f. of the 
random variable X. Find the m.g.f., the mean, and the variance of X. 

1.91. For each of the following probability density functions, compute 
Pr (p - 2t1 < X < p + 2t1). 
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(a)'f{x) = 6x(1 - x), 0 < x< I, zero. elsewhere. 
(b) f(x) = (iY, x = 1.2,3, ." ..• zero elsewhere. 

1.92. If the variance of the random variable X exists, show that 

.E(XZ)~[E(X)]2. 

1.93. Let a random variable X of the continuous type have! ap.d.f./(x) 
whose graph is symmetric with reSpect"to'x = c. If the mean value of X 
existS, show that E(X) = c. 

Hint: Show that E(X - c) equals zero by writing E(X - c) as the sum 
of two integrals: one from· - 00 to c and the other ftorn c to 00. In the first, 

• 
let y = c - x; and, in the second, Z = x-c. Finally, use the symmetry 
condition f( c - y) = f( c '+ y) in the first. . 

1.94. Let the random variable X' h~ve mean p, standard deviation u" and 
m.g.f. M( t), - h < t <:: h. Show that' 

and 

-hu < t < hu. 

1.95. Show that the m.g.f. of the random variable X having thep.d·f.f(x) = i, 
-I < x < 2, zero elsewhere, is 

M(t) = il' - e- t 
0 

3t ' t =F , 

= I, t = O. 

1.96. Let Xbe a random variable such that E[(X"':' b)2] exists for all real b. 
Show that E(X - b)2] is a minimum when b = E(X). 

1.97. Let X denote a random variable for which E[(X - a)2] exists. Give an 
example of a distribution of a discrete type such that this expectation is 
zero. Such a distribution is called a degenerate distribution. 

1.98. Let X Jx: a randolll variable such that K(t) = E(tX
). exists for 

all real 'values of t in a certaiIi open interval that includes; the p,oint 
t = 1. Show that ~m)(I) is equal to the mth factorial moment 
E[X(X - I) ... (X - m + 1)]. 

1.99. Let X be a random variable. If m is a positive integer, the expectation 
E[(X - b)m], ifit exists, is called the mth moment of the distribution about 
the point b. Let the first, second, and third moments of the distribution 
about the point 7 be 3, II, and 15, respectively. Determine the mean p of 
X; and then find the first, second, and third moments of the distribution 
about the point p. 



1.100. Let X be a random variable such that R(t) = E(e'(X - b» exists for 
- h < t < h. If m is a positive integer, show that Rtm)(o) is equal to the mth 
moment of; th~:distribution about the point b. 

1.101. Let X be a random variable with mean Jl and variance al such that the 
third moment E[(X - Jl)3] about the vertical line through Jl exists. The value 
of the. ratio E[(X....., Jl)3]/(l3 is often used as a mea~ure of skewness. Graph 
each of the following probability density functions and show that this 
measure is negative, zero, and positive for the~ respective distributions 
(whicl) are said \0 be skewed to the .left, not skewed, and skewed to the 
right", respectively). 
(a) f(x) = (x + I )/2; -I < x < I, zero elsewhere. 
(b) j{x), =!, -I < x:< 1, zero else'Yhere . 

. (c) f(x) = (f-.x){2, ~ I < x < 1. zero elsewhere. 

1.102. Let X be a random variable with mean Jl and variance al sitch that the 
fourth moment E[(X -'Jlt1 about the vertical tine through Jl exists. The 
value of the ratio E[(X - Jlt1/oA is often used as a measure.of kurtosis. 
Graph each of the following probability density functions and show that 
this measure is smaller for the first distribution. 
(a) f(x) = i, -I < x < 1, zero elsewhere. 
(b) f(x) = 3(1 - r){4, -I < x .< I, zero elsewhere . 

.1.103. Let ' the random variable X have p.d£ 

j{x) = p, x=-I,I, 

= I - 2p, x = 0, 

= 0 elsewhere, 

where 0 < p < t. Find the measure of kurtosis as a function of p. Determine 
its value when p ::= i, p = !. p = -/0, and p = I~' Note that the kurtosis 
increases as p decreases. 

1.104. Let t/I(t) = In M(t), where M(t) is the m.g.f. of a distribution. Prove that 
t/I'(O) = Jl and t/I"(O) = (12. 

1.1OS. 'Find the mean arid the 'variance "of the distributiort that has' the 
distribution function 

F(x) = 0, x < 0, 

=-
8 ' 

o <x < 2, 

2 <x < 4, 

= 1, 4<x. 
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1.106. Find the moments of the distribution that has m.g.f. M(I) == (l - 1)-3, 

I < I. 
Hinl: Find the MacLaurin"s series for M(/). 

1.107. Let X be a random variable of the continuous type with p.d.f. I(x). 
which is positive provided 0 < x < b:k,'oo, and is equaJ to zero elsewhere. 
Show that 

E(X) = f [I - flx») ax. 

where F(x) I~ the distriblftJon function of X. 

1.108. Let X be a random variable of the discrete type with p.d.f. j(x) that 
is positive on the nonnegative integers and is equal to zero elsewhere. Show 
that 

00 , 

E(X) = L [1 - F(x)J, 
x =0 ' 

where F(x) is the distribution function of X. 

1.109. LetXhavethep.d.f.j(x) = I/k.x = 1,2, ... ,k,zeroelsewhere. Show 
that the rn.g.f. is 

et(1 - e*t) 
M(/) , k(l _ e)' t ;i: 0, 

" ' 1, . 1= 0.', 

1.110. Let X have the distribution function F(x) that is a mixture of the 
continuous and discrete types, namely 

F(x) = 0, x < 0, 

x+1 
=-4- O<x<l. 

= I, 1 <x. 

Find Jl = E(X) and rr = var (X). 
Hinl: Determine that part of the p.d.f. associated with each of the 

discrete and continuous types, and then sum for the discrete part and 
integrate for the continuous part. 

1.111. Consider k continuous-type distributions with the following charac
teristics: p.d.f. /;(x), mean Jli' and variance 0':, i = ),2, ... ,k. If Ci ~ 0, 
j = 1,2, ... , k, and CI + C2 + ... + Ck = I, show that the mean and the 
variance of the distribution having p.d.f. cdj(x) + ... + ckfi(x) are 

k k 

Jl = L CiJlj and rr = L cj[U; + (Pi - p)2), respectively. 
i ... 1 i 1 



1.10 Chebyshev's Inequality 

In this section we prove a theorem that enables us to find upper (or 
lower) bounds for certain probabilities. These bounds, however, are 
not necessarily close to the exact probabilities and, accordingly, we 
ordinarily do not use the'theorem to approximate a probability. The 
principal uses of the theorem and a special case of it are in theoretical 
discussions in other chapters. 

Theorem 6. Let u(X) be a nonnegative function of the random 
variable X. If E[u(X)] exists, then, for every positive constant c, 

Pr [u(X) > c] < E[u(X)] . 
c 

Proof. The proof is given when the random variable X is of the 
continuous type; but the proof can be adapted to the discrete case 
if we replace integrals by sums. Let A = {x: u(x) > c} and let f(x) 
denote the p.d.f. of X. Then 

E[u(X)] = [, u(x)Jtx) dx = 1 u(x)Jtx) dx + 1. u(x)f(x) dx. 

Since each of the integrals in the extreme right-hand member of the 
preceding equation is nonnegative, the left-hand member is greater 
than or eqQaI to either of them. In particular, 

E[u(X)] ~ f u(xlftx) dx. 
A 

However, if x E A, then u(x) ~ c; accordingly, the right-hand member 
of the preceding inequality is not increased if we replace u(x) by c. Thus 

E[u(X)] > c f Jtx) dx. 
... A 

Since 

1 Jtx) dx = Pr (X E A)· Pr [u(X) > c]. 

it follows that 

E[u(X)] > cPr [u(X) ~ c], 

which is the desired result. 
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The preceding theorem is a generalization of an inequality that is 
often called Chebyshev's inequality. This inequality will now be 
established. 

TheOrem 7! Chebyshev's InequaHty. Let the random variable X have 
a distribution of probability about which we assume only that there is a 
finite variance u2

• This, of course, implies that there is a mean p.. Then 
for every k > 0, 

or, equivalently, 

I 
Pr (IX - ttl ~ ku) < k2" 

, I 
Pr (IX p.1 < ku) ~ I - ~. 

Proof-In Theorem 6 take u(X) = (X - ttf and c = k2til. Then we 
have 

Pr [(X _ ,..)' > ic'n'l < E[(~:"..)'l . 

Since the numerator of the right-hand member of the preceding 
inequality is til, the inequality may be written 

I 
Pr (IX - ttl > ku) < k2 ' 

which is the desired result. Naturally, we would take the positive 
number k to be greater than 1 to have an inequality of interest. 

It is seen that the number 1/~ is an upper bound for the probability 
Pr (IX - p.1 > ku). In the following example this upper bound and the 
exact value of the probability are compared in special instances~' 

Example 1. Let X have the p.d.f. 

1 
j{x)=-, 

2)3 
= 0' elsewhere. 

Here p. = 0 and (12 = 1. If k = !, we have the exact probability 

Pr (IX -' III >k(1) = Pr (IXl > ~) = I - r'" I r.; dx = I - f. 
13/22...; 3 
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By Chebyshev's inequality, the preceding probability has the upper bound 
l/k2 =~. Since I - J3/2 = 0.134, approximately, the exact probability in 
this case is considerably less than the upper bound;. If we take k = 2, we have 
the exact probability Pr (IX - JlI ~ 20') = Pr (IXI > 2) = O. This again is 
considerably less than the upper bound 1/12 = ~ provided by Chebyshev's 
ineq uality. 

In each of the instances in the preceding example, the probability 
Pr (IX - ILl > ku) and its upper bound 1/k2 differ considerably. This 
suggests that this inequality might be made sharper. However, if we 
want an inequality that holds for every k > 0 and holds for all random 
variables having finite variance, such an improvement is impossible, as 
is shown by the following example. 

EXlI1IIple 2. Let the random variable X of the discrete type have 
probabilities i, I, l at the points x = -1,0, I, reSpectively. Here Jl = 0 and 
0'2 = 1. If k = 2, then l/k2 = 1 and Pr (IX - III ~ kO') = Pr (IXI ~ 1) = i. That 
is, the probability Pr (IX - JlI > kO') here attains the upper bound l/tz = *. 
Hence the inequality cannot be improved without further assumptions about 
the distribution of X. 

EXERCISES 

1.112. Let X be a random variable with mean Jl and let E[(X - Jl)2k] exist. 
Show, with d> 0, that Pr (IX - III ~ d) < E[(X - 1l)2k]/tP. This is 
essentially Chebyshev's inequality when k = I. The fact that this holds for 
all k = 1, 2, 3, ... , when those (2k)th moments exist, usually provides a 
much smaller upper bound for Pr (IX - JlI ~ d) than does Chebyshev's 
result. 

1.113. Let X be a random variable such that Pr (X < 0) = 0 and let Il = E(X) 
exist. Show that Pr (X > 2Jl) <!. 

1.114. If X is a random variable such that E(X) = 3 and E(..f2) = 13, use 
Chebyshev's inequality to determine a lower bound for the probability 
Pr(-2 < X < 8). 

1.115. Let X be a random variable with m.g.f. M( I), - h < I < h. Prove that 

Pr (X > a) < e-arM(/), 0 < 1< h, 

and that 

Pr (X < a) < e-OfM(t), -h < t < O. 

Hinl: Let u(x) = e(X and c = eta in Theorem 6. Nole. These results imply 
that Pr (X ~ a) and Pr (X < a) are less than the respective greatest lower 
bounds for e-O'M(t) when 0 < t < h and when -h < 1<0. 
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1.116. The m.g.f. of X exists for all real values of t and is given by 

M(t) = e' ~te-' , t :p. 0, M(O) = I. 

Use the results of the preceding exercise to show that Pr (X ~ I) = 0 and 
Pr (X ::;; 1) = O. Note that here h is infinite. 

ADDITIONAL EXERCISES 

1.117. Players A and B playa sequence of independent games. Player A 
throws a die first and wins on a ·'six.:~ Ifhe.fails,B throws and wins on a 
"five" or "six." If he fails, A throws again and wins on a "four," "five," 
or "six." And so on. Find the probability of each player winning the 
sequence. 

1.118. Let X be the number of gallons of ice cream that is requested at a 
certain store on a hot summer day. Let us assume that the p.d.f. of X is 
j{x) = 12x(lOOO - x)2/1012, 0 <x < 1000, zero elsewhere. How many 
gallons of ice cream should the store have on hand each of these days, so 
that the probability of exhausting its supply on a particular day is 0.05? 

1.119. Find the 25th percentile of the distribution having p.d.f. j{x) = Ixl/4, 
:..... 2 < x < 2, zero elsewhere. 

1.120~ Let A" A2, A3 be independent. events with probabilities !, 1, ~, 
respectively. Compute Pr (AI U A2 U A3)' 

1.121. From a bowl containing 5 red, 3 white, and 7 blue chips, select 4 at 
random and without replacement. Compute the conditional probability of 
I red, 0 white, and 3 blue chips, given that there are at least 3 blue chips 
in this sample of 4 chips. 

1.122. Let the three independent events A, B, and C be such that 
P(A) = P(B) = P(C> =~. Find P[(A* t1 B*) u Cl. 

1.123. Person A tosses a coin and then person B rol1s a die. This is repeated 
independently until a head or one ofthe numbers I, 2, 3,4 appears, at which 
time the game is stopped. Person A wins with the head and B wins with one 
of the numbers 1,2,3,4. Compute the probability that A wins the game. 

1.124. Find the mean and variance of the random variable X having 
distribution function 

F{x) = 0, . x < 0, 

x = '4> 0 <x < 1, 
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4 ' 1 <x < 2, 

= 1, 2 <x. 

1.125. Let X be a random variable having distribution function 

F(x) = 0, x < 0, 

= 2r. O::s.; x < t. 
= ] - 2(1 - X)2. 

,= I, 3 :4::s.; x. 

Find Pr(! < X <i) and the variance of the distribution. 
Hint: Note that there is a step in F(x). 

1.126. Bowl 1 contains 7 red and 3 white chips and bowl II has 4 red and 6 
white chips. Two chips are selected at random and without replacement 
from I and transferred to II. Three chips are then selected at random and 
without replacement from II. 
(a) What is the probability that all three are white? 
(b) Given that three white chips are selected from II, what is the 

conditional probability that two white chips were transferred from 11 

1.127. A bowl contains ten chips numbered 1.2, ... , 10, respectively. Five 
chips are drawn at random, one at a time, and without replacement. What 
is the probability that exactly two even-numbered chips are dr:awn and they 
occur on even-numbered draws? 

1.128. Let E(X'') = r ~ I • r = I, 2, 3, .... Find the series representation for 

the m.g.f. of X. Sum this serieS'. . 

1.129. Let X have the p.dJ.j{x) = 2x, 0 < x < I. zero elsewhere. Compute 
the probability that X is at least ~ given that X is at least i. 

1.130. Divide a line segment into two parts by selecting a point at random. 
Find the probability that the larger segment is at least three times the 
shorter. Assume a uniform distribution. 

1.131. Three chips are selected at random and without replacement from a 
bowl containing 5 white. 4 black. and 7 red chips. Find the probability that 
these three chips are alike in color. 

1.132. Factories A, B, and C produce, respectively, 20~ 30, and 50%. of a 
certain company's output. The items produced in A, B. and C are 1,2. and 
3 percent defective. respectively. We observe one item from the company's 
output at random and find it defective. What is the conditional probability 
that the item was from A? 
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1.133. The probabilities that the independent events A, B, and C will occur 
are l, t, and i. What is the probability that at least one of the three events 
will happen? 

1.134. A person bets I dollar to b dollars that he can draw two cards from 
an ordinary deck without replacement and that they will be of the same suit. 
Find b so that the bet will be fair. 

1.135. 'A bowl contains 6 chips: 4 are red and 2 are white. Three chips are 
selected at random and without replacement; then a coin is tossed a number 
ofindependent times that is equal to the number of red chips in this sample 
of 3. For example, if we have 2 red and I white, the coin is tossed twice. 
Given that one head results, compute the conditional probability that the 
sample contains 1 red and 2 whit~. . 



CHAPTER 2 

Multivariate 
Distributions 

2.1 Distributions of Two Random Variables 

We begin the discussion of two random variables with the following 
example. A coin is to be tossed three times and our interest is in 
the ordered number pair (number of H's on first two tosses, number 
ofH's on all three tosses), where Hand T represent, respectively, heads 
and tails. Thus the sample space is ~ = {c : c = c;, i = 1,2, ... ,8}, 
where c, is 'TTT, C2 is TTH, C3 is THT, C4 is HTT, CS is THH, C6 is 
HTH, C7 is HHT, and Cg is HHH. Let XI and X 2 be two functions 
such that X1(CI) = XI (C2) = 0, X.(C3) = X I (C4) = XI (cs) = X,(C6) = 1, 
XI (C7) = XI (Cg) = 2; and X 2(c.) = 0, X 2(C2) = X 2(C3) = X2(C4) = I, 
X 2(cs) , X2(C6) = X2(C7) = 2, X2(Cg) = 3. Thus XI and X2 are 
real-valued functions defined on the sample space ~, which take us 
from that sample space to the space of ordered number pairs 

.91 = {(O, 0), (0, 1), (1, 1), (I, 2), (2, 2), (2, 3)}. 

Thus XI and X 2 are two random variables defined on the space ~, 
and, in this example, the space of these random variables is the two-

74 
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dimensional set .91 given immediately above. We now formulate the 
definition of the space of two random variables. 

Definition 1. Given a random experiment with a sample space~. 
Consider two random variables XI and X2, which assigl1 t.9 each 
element c of~ one and only one ordered pair of numbers XI (c) = XI, 

X2(c) = X2' The space of XI and X2 is the set of ordered pairs' 
.91 = {(Xb X2) : XI = XI (c), X2 = X2(c), c E ~}. 

Let.91 be the space associated with the two random variables XI and 
X 2 and let A be a subset of .91. As in the case of one random variable, 
we shall speak of the event A. We wish to define the probability of the 
event A, which we denote by Pr [(XI, X 2 ) E A]. Take C = {c : c E ~ and 
[XI(c), X2(C)] E A}, where ~ is the sample space. We then define 
Pr [(Xb X2) EA]= P(C), where P is the probability set function 
defined for subsets C of~. Here again we could denote Pr [(XI' X2) E A] 
by the probability set function px,.x2(A); but, with our previous 
convention, we simply write 

Again it is important to observe that this function is a probability set 
function defined for subsets A of the space .91. 

Let us return to the example in our discussion of two random 
variables. Consider the subset A of .91, ~here A = {(1, 1), (1, 2)}. 
To compute Pr [(XI' X2) E A] = P(A), we must include as elements of C 
all outcomes in rc for which the random variables X, and X2 take values 
(x" X2) whi¢h are elements of A. Now X,(C3) = 1, X2(C3) = 1, 
X I (c4) = 1, and X2(C4) = 1. Also, X,(cs) = 1., X2(cs) = 2, X I(C6) = 1, 
and X 2(C6) = 2. Thus P(A) = Pr [(XI, X2) E A] = P( C), where 
C = {C3' C4, Cs, or C6}' Suppose that our probability set function P(C) 
assigns a probability of i to each of the eight elements of~. This 
assignment seems reasonable if PCT) = P(H) = i and the tosses are 
independent. For ilJustration, 

P({c.}) = Pr (TTT) = (i)(DG) = 4. 

Then P(A), which can be written as Pr (XI = 1, X 2 = 1 or 2), is equal 
to ~ = 4. It is left for the reader to show that we 'can tabulate the 
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probability, which is then assigned to each of the elements of d, with 
the following result: 

(0, 0) (0, 1) (1, 1) (1, 2) (2~2) (2, 3) 

J 
'8 

J 
'8 

.2 
8" 

2 
'8 

J 
'8 

J 
i 

This table depicts the distribution of probability over the elements of 
d, the space of the random variables XI and X2• 

Again in statistics we are more interested in the space d of two 
random variables, say Xand.Y, than that ofCG. Moreover, the notion 
of the p.d.f. of one random variable X can be extended to the notion 
of the p.d.f. of two or more random variables. Under .certain 
restrictions on the space d and the function I> 0 on d (restrictions 
that will not be enumerated here), we say that the two random variables 
X and Yare of the discrete type or of the continuous·type, and have 
a distribution of that type, according as the probability set function 
P(A), A c;::::: d, can be expressed as 

P(A) = Pr [(X, Y) E A] = I If(x, y), 
.It 

or as 

P(A) = Pr [(X, Y) E AJ = f f f(x, y) dx dy . 

.It 

In either case I is called the p.d.f. of the two random variables X and 
Y. Of necessity, P(d) = 1 in each case. 

We may extend the definition of a p~d.f. I(x, y) over the entire 
xy-plane by using zero elsewhere. We shall do this consistently so that 
tedious, repetitious references to the space d can be avoided. Once this 
is done, we replace . 

L f f(x,y) dx dy by r r f(x, y) dx dy.' 
-00 -00 

Similarly, after extending the definition of a p.d.f. of the discrete type, 
we replace 

. II/(x,y) by II/(x,y) . 
.l1/ y x 

In accordance with this convention (of extending the definition of 
a p.dJ.), it is seen that a point function J, whether in one or two 
variables, essentially satisfies the conditions of being a p.d.f. if (a) I 
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is defined and is nonnegative for aU real values of its argument(s) and 
if (b) its integral [for the continuous type of random variable(s)], or 
its sum [for the discrete type of random variable(s)] over all real values 
of its arguments(s) is I. 

Finally, if a p.d.f. inane or.more variables is explicitly defined,' we 
can see by inspection whether the random variables are of the con
tinuous or discrete type. For example, it seems obvious that the p.d.f. 

· 9 
f(x, y) = 4x + y ' x' 1, 2, 3, ... , y = 1, 2, 3, ... , 

= 0 elsewhere, 

is a p.dJ. of two discrete-type random variables X and Y, whereas the 
p.d.f. 

f(x, y) = 4xye-x'--r, 0 < x< 00, 0 < y < oo~ 

·=0 . elsewhere,' 

is clearly a p.d.f. of two continuous-type random variables X and Y. 
In such cases it seems unnecessary to specify which of the two simpler 
types of random variables is under consideration. 

EXll1IIple 1. Let 

I(x,y) = 6.x2y, 0 -< x < 1, 0 ~y <.1, 

=0 elsewhere, 

be the p.d.f. of two random variables X and Y, which must be of tpe 
continuous type. We have, for instance, ' . , . ., 

1213/4 
Pr (0 < X < i, j < Y < 2) = f(x, y) dx dy 

1/3 0 

II 1314 12

1314 

= 6rydxdy + 0 dxdy 
1/3 0 I 0 

=1+0=1 8 8' 

Note that this probability is the volume under the surface/(x, y) = 6ry and 
above the rectangular set {(x, y) : 0 < x < ~, ~ < y < I} in the xy-plane. 

, 
Let the random variables X and Yhave the probability set function 

P(A), where A is a two-dimensional set. ''If A is the unbounded set 
{(u, v): u < x, v <y}, where x and yare real numbers, we have 

P(A) = Pr [(X, Y) e A] = Pr (X S x, Y < y). 
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This function ,of the point (x, y) is called the distribution function of X 
and Y and is denoted by 

F(x, y) = Pr (X < x, Y < y). 

If X and Yare random variables of the continuous type that have p.d.f. 
f(x, y), then 

F(x, y) = foo foo flu, v) du dv. 

Accordingly, at points of continuity of f(x, y), we have 

iJ2F(x, y) 
ox oy = f(x, y). 

It is left as an exercise to show"in every case, that 

Pr (a < X s; b, c < Y s; d) = F(b, d) - F(b, c) - F(a, d) + F(a, c), 

for all real constants a < b, c <: d. , 
Consider next an experiment in which a person chooses 

at random a point (X,Y) from the unit square 'G = .rI- = 
{(x, y): 0 < x < 1,0 < y < I}. Suppose that our interest is not in X or 
iIi Y but in Z = X + Y. Once a suitable probability model has been 
adopted, we shall see how to find the p.d.f. of Z. To be specific, let the 
nature of the random experiment be such that it is reasonable to assume 
that the distribution of probability over the unit square is uniform. 
Then the p.d.f. of X and Y may be written 

f(x, y) = I, 0 < x < 1, 0 < y < I, 

= 0 elsewhere, 

and this describes the probability model. Now let the distribution 
function of Z be denoted by G(z) = Pr (X + Y < z). Then 

G(z) == 0, z < 0, 

i
z iZ-X 2 

= 0 0 dydx=~, o <z < I, 

II II" (2 - Z)2 
= 1 - .. dy dx = I - 2 ' 

. :-1 :-x 

I <z < 2, 

=1, 2<z. 
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Since~G'(z) exists for all values of z, the p.d.f. of Z may then be written 

g(z) = z, 0 < z < I, 

= 2 - z, I < z < 2, 

= 0 elsewhere. 

It is clear that a different -choice of the p.d.f. f(x, y) that describes 
the probability mode~ will, in general, lead to a different p.d.f. of 
Z. 

Let f(x" X2) be the p.dJ. of two random variables XI and X2• From 
this point on, for emphasis and clarity, we shall call a p.dJ. or a 
distribution function a joint p.d.f. or a joint distribution function when 
more than one random variable is involved. Thusf(xl, X2) is the joint 
p.d.f. of the random variables X, and X2• Consider the event 
a < XI < b, a < b. This event can occur when and only when the event 
a < XI < b, - 00 < X2 < 00 occurs; that is, the two e~ents are 
equivalent, so that they have 'the same probability. But the probability 
of the latter event has been ~efined and is given by 

Pr (a < X, < b, - 00 < X, < 00) = r f'" I(x" x,) dx,dx, 
o -00 

for the continuous case, and by 

Pr (a < XI < b l , - 00 < X 2 < 00) = I I f(x" X2) 
0< XI <h X2 

for the discrete case. Now each of 

f'" [(x" x,) dx, and 
-00 

is a function of XI alone, say!.(x,). Thus, (or every a < b, we have 

Pr (a < X, < b) = r fi(x,) dx, (continuous case), 
o 

(discrete case), 

so that !.(XI) is the p.d.f. of X, alone. Since !.(XI) is found by 
summing (or integrating) the joint p.d.f. f(x" X2) over all X2 for a 
fixed XI' we can think of recording this sum in the Hmargin" of the 
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XIXt"plane. Accordingly, .t;(xl ) is called the marginal p~d.f. of XI' In 
like manner 

!,(x,) = I: [(XI' x,) dXI (continuous case), 

(discrete case), 

is called the marginal p.d.f. of X2 • 

Exlllllpk 2. Consider a random experiment that· consists of drawing at 
random one chip from a bowl containing 10 chips of the sam~ shape and size. 
Each chip has an ordered pair of numbers on it: one with (1, 1), one with (2, 1), 
two with (3,1), one with (1, 2), two with (2,2), and three with (3, 2). Let th~ 
random variables XI and X2 be defined as the respective first and second values 
of the ordered pair. Thus the joint p.d,.f. f(x I, x2) of XI and X2 can be given 
by the following table, withf(x" x2)~equal to zero elsewhere. 

XI 

X2 L 2 3 Ji(X2) 

1 I I 2 4 
TO TO TO TO 

2 I 2 3 6 
10 10 10 TO 

Ji(x.) 2 3 5 
iii iii iii 

The joint probabilities have been summed in each row and each column and 
these sums recorded in the margins to give the marginal probability density 
functions of XI and X2, respectively. Note that it is not necessary to have a 
formula for f(x., X2) to ~o this. 

Example 3. Let XI and X 2 have the joint p.d.f. 

O<x, < I, O<X2< I, 

= 0 elsewhere. 

The marginal p.d.f. of XI is 

!o(x,) = f (XI + x,) dx, = XI +~, 0 < X, < I, 

zero elsewhere, and the marginal p.d.f. of X 2 is 

.. f,(x,) = f (~; + x,)dx, =! + X" 0"" X, < I, 
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zero elsewhere. A probability like Pr (XI S; !) can be computed from either 
"(XI) or !(xJ, X2) because 

(/2 rl rl/2 
J
o 

J
o 

f(XI,'X2) dx2dxI = J
o 

"(XI) dXI = i· 
However to find a probability like Pr (XI + X2 < 1), we must use the joint 
p.d.f. !(X., X2) as follows: • 

II II - XI II [ (1 X )2J 
o (XI + X2) dX2 dxl = 0 XI(l - XI) + -2 I dxl 

-11 (! -! _.2) dx -! - 2 2 ~i 1-3' 

This latter probability is the volume under the surface !(XI, X2) = XI + X2 
above the set{(x .. X2) : 0 < X., 0 < X2, XI + X2 < I}. 

EXERCISES 

2.1. Let !(x" X2) = 4XIX2, 0 < XI < 1, 0 < X2 < 1, zero elsewhere, be the 
p.d.f. of XI and X2. Find Pr (0 < Xl <!, l < X2 < 1), Pr (XI = X2), 
Pr (XI < X2), and Pr (Xl < X 2). • 

Hint: Recall that Pr (XI = X2) would be the volume under the surface 
!(x" X2) = 4XIX2 and above the line segment 0.< XI= X2 < 1 in the 
Xlx2-plane, 

2.2. Let AI = {(x,y): X <2,y< 4}, A2 = {(x,y): X S; 2,y < I}, AJ = 

{(x, y): x ~ 0, y :=;;: 4}, and A4 = {(x. y): X <0, y < I} be subsets of the 
space d of two random variables X and Y, which is the entire 
two-dimensional plane. If P(A I) = t, P(A2J = t, P(Aj) = i, and P(A4) = i, 
find P(As), where As = {(x, y) : 0 < X < 2, 1 < y < 4}. 

2.3. Let 11x, y) be the distribution function of X and Y. Show that 
Pr (a < X < b, c < Y S; d) = F(b, d) - F(b, c) -11a, d) + 11a, c), for all 
real constants a < b, c < d. 

2.4. Show that the function 11x, y) that is equal to 1 provided that X + 2y ~ I, 
and that is equal to zero provided that X + 2y < 1, cannot be a distribution 
function of two riindOm. vaiiables. 

Hint: Find fOlJr numbers a < b, c < d, so that 

F(b, d) - 11a, d) - ,11b, c) + F(a, c) 

is less than zero. 

2.5. GiV~ that the nbnnegative functio~ g(x) has the property that r g(x)dx = 1. 
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Show that 

!(x). X2) = [2g(Jxi + xn]/(1tJ xi + xD, 0 < XI < 00,0 < X2 < 00, 

zero elsewhere, satisfies the conditions of being a p.d.f. of two 
continuous-type random variables XI and X2• 

Hint: Use polar coordinates. 

2.6. Let f(x, y) = e- X 
-', 0 < X < 00, 0 < y < '00, zero elsewhere, be the 

p.d.f. of X and Y. Then if Z = X + Y, ~mpute Pr (Z < 0), Pr (Z < 6), 
and, more generally, Pr (Z < z), for 0 < z < 00. What is the p.d.f. of 
Z? 

2.7. Let X and Y have thep.d.f. /(x. y) = ]. 0 < x < I. 0 < y < ). zero 
elsewhere. Find the p.d.f. of the product Z = XY. 

2.8. Let ] 3 cards be taken, at random and without replacement, from an 
ordinary deck of playing cards. If X is the number of spades in these ) 3 
cards, find the p.d.f. of X. If, in addition. Y is the number of hearts in these 
13 cards, find the probability Pr (X = 2, Y = 5). What is the joint p.d.f. of 
Xand Y? 

2.9. Let the random variables XI and X2 have the joint p.d.f. described as 
follows: 

2 
il 

3 
il 

~ 

2 
i2 

an~ /(XI, X2) is equal to zero elsewhere. 

2 
i2 

2 
11 

I 
i2 

(a) Write. these probabilities in a rectangular array as in Example 2. 
recording each marginal p.d.f. in the "margins.", " 

(b) What is Pr (XI + X2 = 1)1 

2.10. Let XI an<tX2 have the joint p.d.f. !(x .. X2) = 15x~ X2, 0 < Xl < X2 < I, 
zero elsewhere. Find each marginal p.d.f. and compute Pr (XI' + X2 < 1). 

Hint: Graph the space of Xl and X2 and carefully choose the limits 
of integration in determining each marginal p.d.f. 

2.2 Conditional Distributions and Ex~tatiops 

We shall now discuss the notion of a conditional p.d.f. Let 
XI and X2 denote random variables of the discrete type which 
have the joint p.d.f. f(xJ, X2) which is positive on d and is 
zero elsewhere. Let fi(xl) and h.(X2) denote, respectively" the 
marginal probability density functions of XI and X2• Take AI to "be 
the set AI = {(XI' X2): XI = x~, -00< X2 < oo}, where x~ is such 
that P(A I ) = Pr (XI = xD = t.(xD > 0, and take A2 to be the set 
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A2 == {(x" x2) : - 00 < XI < 00, x2 = x;}. Then, by definition, the 
conditional probability of the event A2, given the event Ah is 

( I ) P(AI () A2) Pr (XI = xi, X2 = xl) j{x" xl) 
PA2A I = = =---

P(A,) Pr (XI = XI) !.(xi) . 

That is, if (x" X2) is any point at which !.(x, ) > 0, the conditional 
probability that X2 = Xh given that X, = x), is./tx" X2)/!.(XI)' With x, 
held fast, and with!. (x,) > 0, this function of X2 satisfies the conditions 
of being a p.d.f. of a discrete type of random variable X2 because 
./tx" X2)/!.(XI) is nonnegative and 

L./tx" X2) = I L j{x" X2) =!.(x,) = I,. 
X2 ft(xd Ji(xl) X2 "(XI) 

We now define the symbol f21\ (x2Ix\) by the relation 

j{Xh X2) 
hll(X2Ix\) = !.(x\) , 

and we can hi. (x2Ix.) the conditional p.d.! of the discrete type of 
random variable X2, given (hat the discrete type of random variable 
X. = XI' In a similar manner we define the symbol Ji1ixllx2) by the 
re~oo . . 

./tx., X2) , 
ft'2(x,lx2) = h(X2) , h(X2) > 0, 

and we call J. 12(Xllx2) the conditional p.d.f. of the discrete type of 
random variable' XI' given that the discrete type of random variable 
X 2 = X2' 

Now let XI and X2 denote random variables of the continuous type 
that have the joint p.d.f . ./tXI, X2) and the marginal probability density 
functionsJ.(x,) andh(x2), respectively. We shall use the results of the 
preceding paragraph to motivate a definition of a conditional p.d.f. of 
a continuous type of random variable. When!. (x\) > 0, we define the 
symbolhll(x2Ix\) by the relation 

j{x!, X2) 
hl.(X2Ix\) = ft(x.) . 

In this relation, XI is to be thought of as having a fixed (but any fixed) 
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value for whichlt(x,) > 0. It is evident thathl,(x2Ix,) is nonnegative 
and that 

JOO Joof(X
" 

X2) 
hll(X2lxl ) dX2,=. It (XI) dX2 

-00 ·-00 

I Joo = It (XI) f(Xh X2) dX2 
-00 

I 
= It (XI) It(XI) = 1. 

That is, hll (x2Ixl) has the properties of a p.d.f. of one continuous type 
of random variable. It is called the conditional p.d.! of the continuous 
type of random variable X2, given that the continuous type of random 
variable XI has the value XI' Whenh(x2) > 0, the conditional p.d.f. of 
the continuous type of random variable XI, given that the continuous 
type of random variable X2 has the value X2, is defined by 

f(XI, X2) 
1t12(Xllx 2) = h(X2) , h(X2) > 0, 

Since each of f211(X21xl) and 1t12(Xllx2) is a p.d.f. of one random 
variable (whether of the discrete or the contInuous type), each has all 
the properties of such a p.d.f. Thus we can compute probabilities and 
mathematical ex~tations. If the random variables are of the 
continuous type, the probability 

Pr (a < X, < blX, = x,) = r hi, (x,lx,) dx, 
Q 

• 
is called Uthe conditional probability that a <X2 < b,· given that 
XI = XI'" If there is no ambiguity, this may be written in the 
form Pr (a < X2 < blxl)' Similarly, the conditional probability that 
c < XI < d, givenX2 = X2, is 

. ' d 

Pr (c < X, <: dlX, = x,) = i Jil,(x.lx,) dx,. 
c 

If u(X2) is a function of X2, the expectation 

E[u(X,)lx,] = Joo u(x,V~,(x,lx,) dx, 
-00 

is called the conditional expectation of u(X2), given that XI = XI' 
In particular, if they do exist, then E(X2Ixl) is the mean and 
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E{[X2 - E(X2Ix.)]2Ix.} is the variance of the conditional distribution of 
X2, given X. = x., which can be written more simply as var (X2Ix.). It 
is convenient to refer to these as the "conditional mean" and the 
"conditional variance" of X2, given XI = XI' Of course, we have 

var (X2 Ix,) = E(l1lx,) - [E(X2Ix.)]2 

from an earlier result. In like manner, the conditional expectation of 
u(X,), given X2 = X2, is given by 

E[u(X,)lx,l = f~ u(x,llil,(xtlx,) th:,. 
-00 

With random variables of the discrete type, these conditional 
probabilities and conditional expectations are computed by using 
summation insteac;l of integration. An illustrative example follows. 

UIIIIIJI/e 1. Let Xl and X2 have the joint p.d.f. 

f(Xh X2) = 2, 0 < X I < X2 < 1, 

= 0 elsewhere. 

Then the marginal probability density functions are, respectively, 

and 

!,(x,) = f.' 2 tix, = 2(1 - x,), 0 < x, < I, 
.YI 

= 0 elsewhere, 

f,(x,) = r 2 tix, = 2x" 

= 0 elsewhere. 

The conditional p.d.f. of XI, given X2 = X2, 0 < X2 < I, is 
2 I 

J.12(Xllx2) = 2x = - , 0 < XI < X2. 
2 X2 

= 0 elsewhere. 

Here the conditional mean and conditional variance of Xl, given X2 = X2, are, 
respectively, 

E(X,lx,) = f~ XJ.I'(X, Ix,) tix, 
-00 



and 

var(X.lx,) = r (x, - ~')'(~,}dr, 
xi 

= 12 ' 0 < X2 < I. 

Finally, we shall compare the values of 

Pr (0 < XI < !IX2 = i) and Pr (0 < XI < !). 
We have 

rl/2 rl/2 

Pr (0 < XI < 41%2 = ~) = J
o 

Jil2(xlln dXI = J
o 

(1) dx, = i, 

but 

Pr (0 < X, < D = f"f,(X,) dr, = 1''' 2(1 - x,) dr, -~. 
Since E(X2Ixl) is a function of x .. then E(X2IX1) is a random 

variable with its own distribution, mean, and variance. Let us consider 
the following illustration of this. 

EXll1IIple 2. Let XI and X2 have the joint p.d.f. 

f(xr. X2) = 6X2, 

=0 
Then the marginal p.d.f. of XI is 

0< X2 < XI < I, 
elsewhere. 

Ji(XI) = rx

, 6X2 dX2 = 3~, . Jo 
0< XI < I, 

zero elsewhere. The conditional p.d.f. of X2, given XI = XI, is 

6X2 2X2 
hll(X2!XI) = 3x: = _..2 ' 0 < X2 < X .. 

I Xi 

zero elsewhere, where 0 < x I < 1. The conditional mean of X2, given XI = x I, 
is 

Now E(X2IXI ) = 2X,/3 is a random variable, say Y. The distribution function 
of Y = 2X,/3 is 

G(y) = Pr (Y < y) = Pr (X, < 3;). 
From the p.d.f. Ji (XI), we have 

1
31/2 27y 

G(y) = 3~ dx, = - • 
o 8 
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Of course, G(y) = 0, if y < 0, and G(y) = 1, if J < y. The p.d.f., mean, and 
variance of Y = 2Xt/3 are 

S1y2 2 
g(y)=-S-' 0<y<3' 

zero elsewhere, 

12/3 (SII) 1 
E( 1') = 0 y -S- dy = 2' 

and 

12/3 (SII) 1 1 
var (1') = 0 y -S- dy - 4 = 60' 

Since the marginal p.d.f. of X2 is 

[,(x,) = r 6x, dx, = 6x,(1 - x,), 
X2 

0< X2 < 1, 

zero elsewhere, it is easy to show that E(X2) = ! and var (X2) = ~. That is, here 

E(1') = E[E(X2IXI)] = E(X2) 

and 

var (1') = var [E(X2IX.)] < var (X2). 

Example 2 is excellent, as it provides us with the opportunity to 
apply many of these new definitions as well as review the distribution 
function technique for finding the distribution of a function of a ran
dom variable, namely Y = 2X. /3. Moreover, the two observations at 
the end of Example 2 are no 3;ccident because it is true, in general, that 

To prove these two facts, we must first comment on the expectation 
of a function of two random variables, say u(XJ' X2). We do this for 
the continuous case, but the argument holds in the discrete case with 
summations replacing integrals. Of course, Y = u(X., X 2) is a random 
variable and has a p.d.f., say g(y), and 

E(Y) = r yg(y)dy. 
-(I) 

However, as before,. it can be proved (Section 4.7) that E( 1') equals 

E[u(X,. X,») = f"'., f"'", u(x,. x,)j{x" x,) dx, dx,. 
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We ~all E[u(X., X2 )) the expectation (mathematical expectation or 
expected value) of u(X., X2), and it can be shown to be a linear 
operator as in the one-variable case. We also note that the expected 
value of X2 can be found in two ways: 

EX..X,) = f'" r x,j(x" x,) dx, dx, = f'" x,J,(x,) dx" 
-00 -00 -00 

the latter single integral being obtained from the double integral by 
integrating on XI first. 

EXflmpk 3. Let XI and X2 have the,p.d.f. 

fl.x .. X2) = 8X1X2. 0 < XI < X2 < I, 

= 0 elsewhere. 

Then 

E(X,Xi) = L: L: x,x"f{x, , x,) dx, dx, 

= f.' r bixl dx, dx, 

= f.' Ndx, = :,0 

In addition, 

l
'lX2 E(X2) = 0 0 x2(8x\X2) dx, dx2 =!. 

Since X2 has the p.d.f. Ji(X2) = 4x~. 0 < X2 < 1, zero elsewhere, the latter 
expectation can be found by 

Finally, 

E(X,) = f.' x,(4xl> dx, = ~o 

E(7X,xi + 5X2) = 7E(XI XD + 5E(X2) 

= (7)(28
,) + (5)(~) = ¥. 

We begin the proof of E[E(X2IX1)] = E(X2) and var [E(X2IX1)] < 
var (X2) by noting that 

E(X,) = i'" f'" x,j(x" x,) dx, dx, 
-00 -00 
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roo [rOO f(x., X2) ] 
= J-

oo 
J-

oo 
X2 Ji(XI) dx2 Ji(x.) dXI 

= fro E(X,lx,)Ji(x,) <ix, 
-00 

= E[E(X2IX,»), 

which is the first result. Consider next, with 112 = E(X2), 

var (X2) = E[(X2 - 1l2)2] 

= E{[X2 - E(X2IX.) + E(X2IX,) - 1l2]2} 

= E{(X2 - E(X2IXI)]2} + E{[E(X2IX,) - 1l2]2} 

+ 2E{[X2 - E(X2IX,)][E(X2IX,) - 1l2]}' 

We shall show that the last term of the right-hand member of the 
immediately preceding equation is zero. It is equal to 

2 fro fro [x, - E(X,lx, )][E(X,lx,) - Il,l/tx" x,) <ix, <ix, 
-00 -00 

= 2 r [E(X,lx,) -11,1 
-00 

{
rOO f(x" X2) } 

x J-
oo 

[X2 - E(X2Ix,)] Ji(XI) dX2 Ji(XI) ~I' 

But E(X2Ixl) is the conditional mean of X2, given X, = XI' Since the 
expression in the inner braces is equal to 

E(X2Ixl) - E(X2Ixl) = 0, 

the double integral is equal to zero. Accordingly, we have 

var (X2) = E{[X2 - E(X2IX,)]2} + E{[E(X2IX1) - 1l2f}. 

The first term in the right-hand member of this equation is nonnegative 
because it is the expected value of a nonnegative function, namely 
[X2 - E(X2IXI )f Since E[E(X2IX,)] = 1l2, the second term will be the 
var [E(X2IX))]. Hence we have 

var (X2) > var [E(X2IX,)], 

which completes the proof. 
Intuitively, this result could have this useful interpretation. Both 

the random variables X2 and E(X2IX) have the same mean 1l2- If we 
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did not know Ilh we could use either of the two random variables to 
guess at the unknown 1l2' Since, however, var (X2) > var [E(X2IX\)] we 
would put more reliance in E(X2IXI ) as a guess. That is, if we 
observe the pair (XI, X 2) to be (XI, X2), we would prefer to use E(X2Ixl) 
to X2 as a guess at the unknown 1l2' When studying the use of sufficient 
statistics in estimation in Chapter 7, we make use of this famous result, 
attributed to C. R. Rao and David Blackwell. 

EXERCISES 

2.11. Let XI and X2 have the joint p.d.f. j{x" X2) = XI + X2, 0 < XI < 1, 
0< X2 < I, zero elsewhere. Find the conditional mean and variance of X2, 

given XI = X., 0 < XI < l. 

2.12. Let JiI2(XtlX2) = clxdxi, 0 < XI < X2, 0 < X2 < 1, zero elsewhere, and 
};(X2) = C2X~, 0 < X2 < 1, zero elsewhere, denote, respectively, the 
conditional p.d.f. of X., given X2 = X2, and the marginal p.d.f. of X2. 

Determine: 
(a) The constants CI and C2' 

(b) The joint p.d.f. of XI and X2• 

(c) Pr G < XI < tlx2 = i)· 
(d) Pr (~ < Xl < !). 

2.13. Let j{x., X2) = 2Ixix1, 0 < XI < X2 < I, zero elsewhere, be the joint 
p.d.f. of XI and X2• 

(a) Find the conditional mean and variance of X" given X2 = X2, 

0< X2 < 1. 
(b) Find the distribution of Y = E(XI IX2). 

(c) Detennine E( y) and var (Y) and compare these to E(XI ) and var (XI), 
respectively. 

2.14. If XI and Xl are random variables of the discrete type having 
p.d.C. j{x" X2) = (XI + 2x2)/18, (XI' X2) = (I, 1), (1,2), (2, I), (2,2), zero 
elsewhere, detennine the conditional mean and variance of X2, given . ' 

XI = XI .• for XI = 1 or 2. Also compute E(3X, - 2X2). 

2.15. Five cards are drawn at random and without replacement from a bridge 
deck. Let the random variables XI' X2, and Xl denote, respectively, the 
number of spades, the number of hearts, and the number of diamonds that 
appear among the five cards. 
(a) Determine the joint p.d.f. of XI, X2, and Xl' 
(b) Find the marginal probability density functions of X" X2, and Xl: 
(c) What is the joint conditional p.d.f. of X2 and X). given that XI = 31 
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2.16. Let XI and X2 have the joint p.d.f. j{XI, X2) described as follows: 

(0, 0) (0, I) (l, 0) (l, I) (2, 0) (2, l) 

I 
T8 

3 
T8 

4 
T8 

3 
T8 

6 
T8 

I 
T8 
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and j{x I , X2) is equal to zero elsewhere. Find the two marginal probability 
density functions and the two conditional means. 

Hint: Write the probabilities in a rectangular array. 

2.17. Let us choose at random a point from the interval (0, I) and let the 
random variable XI be equal to the number which corresponds to that point. 
Then choose a point at random from the interval (0, Xl), where XI is the 
experimental value of XI; and let the random variable X2 be equal to the 
number which corresponds to this point. 
(a) Make assumptions about the marginal p.d.f. Ji (x I)' and the conditional 

p.d.f. Ill' (x2Ix,). 
(b) . Compute Pr (XI + X2 > I). 
(c) Find the conditional mean E(X,lx2)' 

2.18. Letj{x) and f{x) denote, respeCtively, the p.d.f. and the distribution 
function of the random variable X. The conditional p.d.f. of X, given 
X> Xu, Xo a fixed number, is defined by j{xIX> xo) = j{x)/[l - f{xo)], 
Xo < x, zero elsewhere. This kind of conditional p.d.f. finds application in 
a problem of time until death, given survival until time Xo. 
(a) Show that j{xlX > xo) is a p.d.f. 
(b) Let j{x) = e-x, 0 < X < 00, and zero elsewhere. Compute 

Pr (X > 21X> 1). 

2.19. Let X and Y have the joint p.d.f. j{x, y) = 6(1 - X - y), 0 < X, 0 < y. 
x + y < 1, and zero elsewhere. Compute Pr (2X + 3 Y < I) and 
E(XY + 2X2). 

2.3 The Correlation Coefliclent 

Because the result that we obtain in this section is more familiar in 
terms of X and Y, we use X and Y rather than XI and X2 as symbols 
for our two random variables. Let X and Y have joint p.d.f. f{x, y). If 
u(x, y) is a function of x and y, then E[u(X, Y)] was defined, subject to 
its existence, in Section 2.2. The existence of all mathematical 
expectations will be assumed in this discussion. The means of X and 
Y, say III and 1l2' are obtained by taking u(x, y) to be x and y, 
respectively; and the variances of X and Y, say qi and O'~, are 
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obtained by setting the function u(x~ y) equal to (x - JlI)2 and (y - Jl2)2 ~ 
respectively. Consider the mathematical expectation 

E[(X - P.I)( Y - P.2)] = E(XY - Jl2 X - JlI Y + JlIJl2) 

= E(Xy) - Jl2E(X) - Jl,E(y) + JlI/'2 

= E(Xy) - Jl,Jl2' 

This number is called the covariance of X and Yand is often denoted 
by cov (X. Y). If each of (II and (12 is positive. the number 

E[(X - Jl,)( Y - Jl2)] cov (X~Y) 
P= -

is called the correlation coefficient of X and Y. If the standard deviations 
are positive. the correlation coefficient of any two random variables is 
defined to be the covariance of the two random variables divided by 
the product of the standard deviations of the two random variables. 
It should be noted that the expected val ue 'of the product of two random 
variables is equal to the product of their expectations plus their 
covariance: that is. E(XY) = JlIJl2 + P(lI(l2 = Jl.Jl2 + cov (X. Y). 

Example 1. Let the random variables X and Y have the joint p.d.f. 

i(x. y) = x + y; 0 < x < 1, 0 < y < I. 

= 0 elsewhere. 

We shall compute the correlation coefficient of X and Y. When only two 
variables are under consideration. we shall denote the correlation coefficient 
by p. Now 

and 

Similarly. 

ilil 7 
111 = E(X) = x(x + y) dx dy = 12 

I) (I 

1
111 (7)2 II af = E(X2) - l1i = 0 0 x 2(x + y) dx dy - 12 .. = 144' 

7 
112 = E( Y) = -12 

and 

The covariance of X and Y is 

illl (7)2 I 
E(Xy) - 111112 = 0 0 xy(x + y) dx dy - T2 = -144' 
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Accordingly, the correlation coefficient of X and Y is 
I 

-144 I 
p= =--

J(I~)(IIi.) II' 
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Remark. For certain kinds of distributions of two random variables, say 
X and Y, the correlation coefficient p proves to be a very useful characteristic 
of the distribution. Unfortunately, the fonnal definition of p does not reveal 
this fact. At this time we make some observations about p, some of which will 
be explored more fully at a later stage. It will soon be seen that if a joint 
distribution of two variables has a correlation coefficient (that is, if both of 
the variances are positive), then p satisfies - I < p :s; I. If p = I, there is a line 
with equation y = a + bx, b > 0, the graph of which contains all of the 
probability of the distribution of X and Y. In this extreme case, we have 
Pr (Y = a + bX) = I. If p = - I, we have the same state of affairs except that 
b < O. This suggests the following interesting question: When p does not have 
one of its extreme values, is there a line in the xy-plane such that the 
probability for X and Y tends to be concentrated in a band about this line? 
Under certain restrictive conditions this is in fact the case, and under those 
conditions we can look upon p as a measure of the intensity of the 
concentration of the probability for X and Yabout that line. 

Next, let fix, y) denote the joint p.d.f. of two random variables X 
and Y and let J. (x) denote the marginal p.d.f. of X. The conditional 
p.d.f. of Y, given X = x, is 

I(x, y) 
h,l(ylx) = J.(x) 

at points where J. (x) > O. Then the conditional mean of Y, given 
X = x, is given by 

iO r yf(x. y) dy 

E(Ylx) = I YJi,,(ylx) dy = -'" f,(x) • 
-<Xl 

when dealing with random variables of the continuous type. This 
conditional mean of Y, given X = x, is, of course, a function of x alone, 
say u(x). In like vein, the conditional mean of X, given Y = y, is a 
function of y alone, say v(y). 

In case u(x) is a linear function of x, say u(x) = a + bx, we say the 
conditional mean of Y is linear in x; or that Y has a linear conditional 
mean. When u(x) = a + bx, the constants a and b have simple values 
which will now be determined. 
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It will be assumed that neither 01 nor oi, the variances of X and Y, 
is zero. From 

r yf{x,y)dy 

E(Ylx) = -00 = a + bx, 
!J(x) 

we have 

f yf{x, y) dy = (a + bx)f,(x). 
-00 

(1) 

If both members of Equation (1) are integrated on x, it is seen that 

E(Y) = a + bE(X), 

or 

(2) 

where PI = E(X) and P2 = E(Y). If both members of Equation (I) are 
first mUltiplied by x and then integrated on x, we have 

E(XY) = aE(X) + bE(X2), 

or 

(3) 

where P(lI(l2 is the covariance of X and Y. The simultaneous solution 
of Equations (2) and (3) yields 

and 

That is, 

(12 
u(x) = E( Ylx) = P2 + p - (x - PI) 

(II 

is the conditional mean of Y, given X = x, when the conditional mean 
of Y is linear in x. If the conditional mean of X, given Y = y, is linear 
in y, then that conditional mean is given by 

0'1 
v(y) = E(X\y) = PI + p - (y - P2)' 

0'2 

We shall next investigate the variance of a conditional distribution 



Sec. 2.3) Tire CorrellltiOll Coe1/kie", 

under the assumption that the conditional mean is linear. 
conditional variance of Y is given by 

var (Ylx) = 1~ ~ -112 - P :: (x - Ill)]' f~I(Ylx) dy 

r [(y - 1l2) - P :: (x - Ill) J j{x, y) dy 
-00 

-------------~~-------------II (x) 

The 

(4) 

when the random variables are of the continuous type. This variance 
is nonnegative and is at most a function of x alone. If then, it is 
multiplied by II (x) and integrated on x, the result obtained will be 
nonnegative. This result is 

[[ [(y - 1l2) - P :: (x - Ill) J j{x,y) dy dx 

= f., [[ (y - 1l2)' - 2p :: (y - 1l2)(X - Ill) 

+ p2 O'~ (x - J1.1)2]f{X, y) dy d~ 
0'1 

= E[(Y - J1.2)2] - 2p 0'2 E[(X - J1.1)(Y - J1.2)] 
- 0'1 

+ p2 ~ E[(X - J1.1)2] 
0'1 

1 0'2 2 ~ 2 = 0'2 - 2p - PO'J0'2 + p """20'1 
0', 0'1 

= u; - 2pl~ + pl~ = 0'~(1 - p2) > O. 

That is, if the variance, Equation (4), is denoted by k(x) , then 
E[k(X)] = O'~(l - p2» O. Accordingly, pl < 1, or -1 ~ p < 1. It is 
left as an exercise to prove that - 1 ~ p < 1 whether the conditional 
mean is or is not linear. 

Suppose that the variance, Equation (4), is positive but not a 
function of x; that is, the variance is a constant k > O. Now if k is 
multiplied by II (x) and integrated on x, the result is k, so that 
k = ~(l - p2). Thus, in this case, the variance of each conditional 
distribution of Y, given X = x, is O'~( 1 - p2). If p = 0, the variance of 
each conditional distribution of Y, given X = x, is O'i, the variance of 
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the marginal distribution of Y. On the other hand, if p2 is near one, 
the variance of each conditional distribution of Y, given X = x, is 
relatively small, and there is a high concentration of the probability 
for this conditional distribution near the mean E( Ylx) = 112 + 
P(U2/UI)(X - Ill)' 

It should be pointed out that if the random variables X and Yin 
the preceding discussion are taken to be of the discrete type, the results 
just obtained are valid. 

Example 2. Let the random variables X and Y have the linear con
ditional means E( Ylx) = 4x + 3 and E(XlYl = 1'6Y - 3. In accordance with the 
general formulas for the linear conditional means, we see that E( Ylx) = P2 if 
x = PI and E(XIY) = PI if Y = P2' Accord.ingly, in this special case, we have 
P2 = 4PI + 3 and PI = I~P2 - 3 so that PI = - ~ and P2 = - 12. The general 
formulas for the linear conditional means also show that the product of the 
coefficients of x and y, respectively, is equal to p2 and that the quotient of these 
coefficients is equal to 03/~. Here p2 = 4(1~) = ~ with p = ! (not -!), and 
03/~ = 64. Thus, from the two linear conditional means, we are able to find 
the values of Ph P2, p, and (J2/(J" but not the values of (JI and (J2' 

Example 3. To illustrate how the correlation coefficient measures the 
intensity of the concentration of the probability for X and Yabout a line, let 
these random variables have a distribution that is uniform over the area 
depicted in Figure 2.1. That is, the joint p.d.f. of X and Y is 

1 
f(x, y) = 4ah ' - a + bx < y < a + bx, - h < x < h, 

= 0 elsewhere. 

FIGURE 2.1 
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We assume here that b;;::: 0, but the argument can be modified for b :S O. It 
is easy to show that the p.d.f. of X is uniform, namely 

f
tl+bX 1 1 

!J(x) = 4ah dy = 2h' -h < x < h, 
-II +bx 

= 0 elsewhere. 

Thus the conditional p.d.f. of Y, given X = x, is uniform: 

1/4ah 1 
hll(ylx) = 1/2h = 2a' 

= 0 elsewhere. 

The conditional mean and variance are 

E(Ylx) = bx and 

-a + bx < y < a + bx, 

ti 
var (Ylx) = 1"' 

From the general expressions for those characteristics we know that 

(12 
b=p-

(II 
and 

In addition, we know that CJi = nz/3. If we solve these three equations, we 
obtain an expression for the correlation coefficient, namely 

bh 
p - -:;:::;::::::=== - Ja2 + Irh2 ' 

Referring to Figure 2.1, we note: 

I. As a gets small (large), the straight line etTect is more (less) intense and p 
is closer to 1 (zero). 

2. As h gets large (small), the straight line etTect is more (less) intense and p 
is closer to 1 (zero). 

3. As b gets large (small), the straight line etTect is more (less) intense and p 
is closer to 1 (zero). 

This section will conclude with a definition and an illustrative 
example. Let f(x, y) denote the joint p.d.f. of the two random vari
ables X and Y. If E(e'IX+IZY) exists for -hi < tl < hh -h2 < t2 < h2, 
where hi and h2 are positive, it is denoted by M(tl, t2) and is called the 
moment-generating function (m.g.f.) of the joint distribution of X and 
Y. As in the case of one random variable, the m.g.f. M(t I, t2 ) completely 
determines the joint distribution of X and Y, and hence the marginal 
distributions of X and Y. In fact, the m.gJ. MI(t,) of X is 

M1(t l ) = E(etIX
) = M(tl' 0) 
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and the m.g.f. M 2(t2) of Y is 

M2(t2) = E(et2Y
) = M(O, t2)' 

In addition, in the case of random variables of the continuous type, 

ak+mM(t l t2) Ja:: Joo ----'-= xi'y m et 1x+/2Yflx y)dxdy atk atm J\ , , 
I 2 -00 -00 

For instance, in a simplified notation which appears to be clear, 

= E(X) = aM(O, 0) _ E(y) _ aM(O, O) 
JlI at

l 
' Jl2 - - at

2 
' 

u7 = B(X2) _ 2 = a2
M(O, 0) _ 2 

1 JlI at~ JlI' 

.-2 _ r(y2) 2 _ a2M(0, 0) 2 
U2 - Li - Jl2 - a 2 - Jl2' 

t2 

(5) 

a2M(O, 0) 
E[(X - Jld(Y - Jl2)] = at, at

2 
- JlIJl2, 

and from these we can compute the correlation coefficient p. 
It is fairly obvious that the results of Equations (5) hold if X and 

Yare random variables of the discrete type. Thus the correlation 
coefficients may be computed by using the m.g.f. of the joint 
distribution if that function is readily available. An illustrative example 
follows. In this, we let eIN = exp (w). 

Ex(llftpie 4. Let the continuous-type random variables X and Y have the 
joint p.d.f. 

I(x, y) = e-', 0 < x < y < 00. 

= 0 elsewhere. 

The m.g.f. of this joint distribution is 

M(I,. I,) = ioo 

[ exp (I IX + l,y - y) dy dx 

1 
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provided that II + 12 < 1 and 12 < 1. For this distribution, Equations (5) 
become 

PI = 1, 

oi = 1, 

E[(X - 1'1)( Y 

P2 = 2, 

ai = 2, (6) 

1'2)] = 1. 

Verification of results of Equations (6) is left as an exercise. If, momen
tarily, we accept these results, the correlation coefficient of X and Y is 
p = 1/j2. Furthermore, the moment-generating functions of the marginal 
distributions of X and Yare, respectively, 

1 
M(/, , 0) = 1 ' I. < 1, 

- II 

1 
M(O, (2) = (I _ (2)2 ' 12 < 1. 

These moment-generating functions are, of course, respectively, those of 
the marginal probability density functions, 

[.(x) = I~ e-Y dy - e-X, 0 < x < 00, 

zero elsewhere, and 

/'(y) = r Y r dx = ye-', o <y < 00, 

zero elsewhere. 

EXERCISES 

2.20. Let the random variables X and Y have the joint p.d.f. 
(a) f(x, y) =!, (x, y) = (0,0), (1, 1), (2,2), zero elsewhere. 
(b) f(x, y) = j, (x, y) = (0, 2), (I, 1), (2,0), zero elsewhere. 
(c) f(x, y) = !, (x, y) = (0,0), (1, 1), (2,0), zero elsewhere. 
In each case compute the correlation coefficient of X and Y. 

2.21. Let X and Y have the joint p.d.f. described as follows: 

(x, y) (1, 1) (1,2) (1,3) (2, 1) (2,2) (2,3) 

f() 2 4 3 I • 4 
x, Y 15 IS 15 IS is is 

and f(x, y) is equal to zero elsewhere. (a) Find the means PI and Jl2, the 
variances oi and ai, and the correlation coefficient p. (b) Compute 
E(YIX = 1), E( YIX = 2), and the line 1'2 + P(U2/UI)(X - },.). Do the points 
[k, E(YIX = k)], k = 1.2, lie on this line? 
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2.22. Letftx, y) == 2,0 < x < y, 0 < y < I, zero elsewhere, be the joint p.d.f. 
of X and Y. Show that the conditional means are, respectively, (I + x)/2, 
o < x < I, and y/2, 0 < y < I. Show that the correlation coefficient of X 
and Yis p =!. 

2.23. Show that the variance ofthe conditional distribution of Y. given X = x, 
in Exercise 2.22, is (I - x)2/12, 0 < x < I, and that the variance of the 
conditional distribution of X, given Y = y, is y2/12, 0 < y < 1. 

2.24. Verify the results of Equations (6) of this section. 

2.2S. Let X and Y have the joint p.d.f. j{x, y) = I, -x < y < x, 0 < x < I, 
zero elsewhere. Show that, on the set of positive probability density, the 
graph of E(Ylx) is a straight line. whereas that of E(Xly) is not a straight 
line. 

2.26. If the correlation coefficient p of X and Yexists, show that - I :s p :s I. 
Hint: Consider the discriminant of the nonnegative quadratic func

tion h(v) = E{[(X - Ill) + v(Y - 1l2)]2}, where vis real and is nota function 
of X nor of Y. 

2.27. Let t/I(tl' 12) = In M(t" t2). where M(tlt 12) is the m.g.f. of X and Y. 
Show that 

ot/l(O, O) iJ2t/1(O, 0) 
i = 1,2, at, off 

and 

o2t/1(0, 0) 

01. 012 

yield the means, the variances, and the covariance of the two random 
variables. Use this result to find the means, the variances, and the covariance 
of X and Y of Example 4. 

2.4 Independent Random Variables 

Let XI and X2 denote random variables of either the continuous or 
the discrete type which have the joint p.d.f. j{XI, X2) and marginal 
probability density functions !t(Xt) and };(X2), respectively. In 
accordance with the definition of the conditional p.d.f. h'I(X2Ix,), we 
may write the joint p.d.f. j{XI, X2) as 

!(Xh X2) '!2JI(x2Ixl)!.(XI)' 

Suppose that we have an instance where h'I(X2Ix,) does not depend 
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upon x I. Then the marginal p.d.f. of X 2 is, for random variables of the 
continuous type, 

h(x,) = foo hi' (x,lx,)f, (xtl dx, 
-00 

= hli(X,lx,) r f,(x,) dx, 
-00 

Accordingly, 

h(X2) = hll(x2Ix l ) and 

whenhl,(x2IxJ) does not depend upon XI. That is, if the conditional 
distribution of X 2, given XI = X" is independent of any assumption 
about XI~' thenj{x" x 2) = j;(xl )h(X2). These considerations motivate 
the following definition. 

Definition 2. Let the random variables XI and X2 have the joint 
p.d.f. j{XI, X2) and the marginal probability density functions j; (x I) 
and};(x2), respectively. The random variables XI and X 2 are said to be 
independent if, and only if,j{x" X2) '!t(xl)h(X2). Random variables 
that are not independent are said to be dependent. 

Remar~. Two comments should be made about the preceding definition. 
First, the product of two positive functions j; (XI )!2(X2) means a function 
that is positive on a product space. That is, ifj;(xl) and!2(x2) are positive 
on, and only on, the respective spaces .911 and .912 , then the product of 
!t (XI) and !2(X2) is positive on," and only on, the product space 
d::;;: {(Xh X2): XI E d h X2 E d 2}. Forinstance, if d l = {XI: 0 < XI. < I} and 
.912 ='{X2: 0 < X2 < 3}, then .91 = {(x" X2): 0 < Xl < 1,0 < X2 < 3}. The 
second remark pertains te t~~ identity. The identity in Definition 2 should be 
interpreted as follows. There "may be certain points (XI' X2) E.9I at which 
f{x., X2) #: j;(XI)!2(X2). However, if A is the set of points (XI' X2) at which the 
equality does not hold, then P(A) = O. In the subsequent theorems and the 
subsequent generalizations, a product of nonnegative functions and an 
identity should be interpreted in an analogous manner. 

Example 1. Let the joint p.d.f. of XI and X2 be 

0< XI < 1, 0 < X2 < 1, 

= 0 ' elsewhere. 
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It will be shown that XI and X2 are dependent. Here the marginal probability 
density functions are 

!.(x,) = [ f(x" xJ dx, = f (x, + x,) dx, = x, + !. 
-00 0_ 

0< XI < I, 

= 0 elsewhere, 

and 

J,(x,) = l~ f(x" x,) dx, = f (x, + x,) dx, -1 + x,. 0< X2 < 1, 

= 0 elsewhere. 

Since!(x" X2) 'I=!J(x l lt;(x2), the random variables XI and X2 are dependent 

The following theorem makes it possible to assert, without 
computing the marginal probability density functions, that the random 
variables XI and X2 of Example I are dependent. 

Theorem 1. Let the random variables XI and X2 have the joint p.d.! 
f(x l, x2). Then XI and X2 are independent if and only if f(xl, X2) can be 
written as a product.of a nonnegative function of XI alone and a 
nonnegative function of X2 alone. That is, 

where g(x,) > 0, XI E .911, zero elsewhere, and h(X2) > 0, X2 E .912, 'zero 
elsewhere. 

Proof If XI and X2 are independent, thenf(x l , X2) =fi(XI)h.(X2), 
wherejj(x l ) andJi(x2) are the marginal probability density functions 
of XI and X2, respectively. Thus the condition !(XIt X2) = g(xl)h(X2) 
is fulfilled. 

Conversely, if!(xb X2) = g(X,)h(X2), then, for random variables of 
the continuous type, we have '.' " 

f,(x,) = fro g(x,)h(x,) dx2 = g(x,) fro h(X2) dx2 = c,g(x,) 
-00 -00 

and 

J,(X2) = fro g(X,)1i(X2) dx, = h(X2) fro g(x,) dx, --: c2h(X2). 
-00 -00 
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where CI and C2 are constants, not functions of XI or X2. Moreover, 
CI C2 = I because 

These results imply that 

. 
Accordingly, XI and X2 are independent. 

If we now refer to Example 1, we see that the joint p.d.f. 

o < XI < 1, 0 < X2 < 1, 

= 0 elsewhere, 

cannot be written as the product of a nonnegative function of XI alone 
and a nonnegative function of X2 alone. Accordingly, XI and X2 are 
dependent. 

Example Z. Let the p.d.f. of the random variables XI and X2 be 
/(x" X2) = 8X,X2, 0 < XI < X2 < 1, zero elsewhere. The formula 8X1X2 might 
suggest to some that Xl and X2 are independent. However, if we consider the 
space sI = {(XI, X2): 0 < XI < X2 < I}, we see that it is not a product space. 
This should make it clear that, in general, XI and X2 must be dependent if the 
space of positive probability density of XI and X2 is bounded by a curve that 
is neither a horizontal Bor a vertical line. 

We now give a theorem that frequently simplifies the calculations 
of probabilities of events which involve independent variables. 

Theorem 2. If XI and X2 :are independent random variables· with 
margmal probability density functions h (XI) and f2(x2), respectively, then 

Pr (a < Xl < b, c < X2 < d) = Pr (a < XI < b) Pr (c < X2 < d) 

for every a < band c < d, where a, b, c, and dare constQJIts. 

Proof From the independence of Xl and X2, the joint p.d~f. of XI 
and X2' is j';(xl)f2(x2 ). Accordingly, in the continuous case, 
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Pr (a< X, < b, c < X, '< if) = f r f,(x,)[,(x,) dx, tIx, 
a c 

= Pr(a < XI < b)Pr(c < X2 < d); 

or, in the discrete case, 

Pr (a < X, < b, c < Xz < d) = L L t.(X.)h(X2) 
a < XI < b r < x2 < d 

= Pr (a < XI < b) Pr (c < X2 < d), 
as was to be shown. 

Example 3. In Example I, XI and X2 were found to be dependent. There, 
in general, 

Pr (a < XI < b, c < X2 < d) #:- Pr (a < XI < b) Pr (c < X2 < d). 

For instance, 

Pr (0 < X, <!, 0 < X, < D = iii' 1'12 (x, + x,) dx, dx, = j, 

whereas 

and 

Pr,(O < X, < D = 1'12 6 + x,) dx, = l. 

Not merely are calculations of some probabilities usually simpler 
when we have independent random variables, but many expectations, 
including certain moment-generating functions, have comparably 
simpler computations. The following result will prove so useful that we 
statejt in the form of a theorem. 

Theorem 3. Let the independent random variables XI and X2 have the 
marginal probaBility density functions t. (XI) and h(X2), respectively. 
The expected value of the product of a function u(XI) of XI alone and 
a function v(X21, of Xz· alone- is, subject to their existence, equal to 
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the product of the expected value ofu(X.) and the expected value of v(X2); 
that is, 

E[U(X1)V(X2)] = E[u(X)]E[v(X2)]. 

Proof. The independence of XI and X2 implies that the joint p.d.f. 
of XI and X2 is/. (x)f2(xl)' Thus we have, by definition of expectation, 
in the continuous case, ' 

E(~X, )v(X,») = [ [ u(~,)V(x'lIi (x, )fz(x,) d~, tix, 
-00 -00 

= [[ ~,)J,(x,) tix'][[V(X,)[,(X,) tix, ] 
= E[u(XI)]E[v(X2 )]; 

or, in the discrete case, 

E[U(XI)v(X2)l = L L u(x,)v(x2)!.(x,1J;(x2) 
X2 XI 

• 

as stated in the theorem. 

Extunple 4. Let X and Y be two indePendent random variables with 
means III and 112 and p,ositivC? variancescr. a~d ai. respectively. We shaUshow 
that the independence of X and Y implies that the correlation coefficient of 
X and Y is zero. This is true because the covariance of X and Y is equal to 

E[(X - 1l1)(Y - 1l2)] = E(X - IlI)E(Y - 1l2) = O. 

We shall now ptovea ve..y useful theorem about independent"' 
random variables. The proofqf t~e theorem relies hell-vily upon our 
assertion that an m.g.f., when h exists, is un~que and that it uniquely 
determines the distribution _ 9f probability. . < < 

TheoreDl4. Let Xl and X2 denote 1'(lndom "arklbles that have 1h'e.jrJint 
• p.d! f(x), X2) and the marginal probability density functions!.·(xl) and 

fi(X2), respectively. Furthermore, let M(t., t2). denote the m.g.f. of the 
distribution. Then XI and X2 are independent,;f and only if ' 

M(t., t2)'= M(th O)M(O, t2)" 
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Proof If XI and ~2 are independent, then 
M(IJ, 12) = E(et\x\ + t2X2) 

= E(et\X\et2X2) 

" . = E(etIXI)E(et2X2) 

= M(t\, O)M(O, 12)' 

Thus the independence of XI and X2 implies that the m.g.f. of the joint 
distribution factors .into the product of the moment-generating 
functions of the two marginal distributions. 

Suppose next that the m.g.f. of the joint distribution of X\ and X2 

is given by M(t" 12}= M(fr, O)M(O, 12)' Now XI has the unique m.g.f. 
which, in the continuous case, is given by 

M(I, , 0) = 1~~ e" x1.(x,) dx',. 

Similarly, the unique m.g.f. of X2 , in the continuous case, is given by 

M(O, I,) = f~ e"x'.f,(x,) dx,. 
-«) 

Thus we have 

M( I" O)M(O, I,) = [f e" x1. (Xl) dx, ] [f e":ti(x,) dx, ] 
-«) -«) 

= [[ e"x, + "X2f, (x,)f,(x,) dx, dx,. 

We are given that M(I., 12) = M(t\, O)M(O, 12); so 

. '. M(t" I,):... f'" [ e"x' +I:,X'f,(x,}h(x,) dx, dx,. 
. -«)-«) 

But M(IJ" I),) is t~e m .. g.f. of XI and X2• Thus also 

Mel" I,) = f'" f'" e"x' + I,X'fl.x, , x,) dx, dx,. 
-«) -«) , 

The uniqueness of the m.g.f. implies that the two distributions of 
probability that are described by fi(xi)h.(x2) and AXf, X2} are the 
same', Thus· .. · 

Ax., X2) =!t(X,)fi(X2)' 

That is, if M(tl' 12 ) == M(t., O)M(O, h), then XI and X2 are indepen- \ 
dent. This completes the proof when the random variables are of the 
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continuous type. With random variables of the discrete type, the 
proof is made by using summation instead of integration. 

EXERCISES 

2.28. Show that the random variables Xl and X2 with joint p.d.f. [(XI , X2) = 
12x1X2(1 - X2), 0 < XI < I, 0 < X2 < 1, zero elsewhere, are independent. 

2.29. If the random variables XI and X2 have the joint p.d.f. [(XI' X2) = 
2e-X1 -X'2, 0 < XI <X2, 0 < X2 < 00, zero elsewhere, show that XI and X 2 

are dependent. 

2.30. Let [(x" X2) = I~' XI = 1,2,3,4, and X2 = 1,2,3,4, zero elsewhere, 
be ~he Joint p.dJ. of XI and X2• Show that X. and X2 are independent. 

2.31. Find Pr (0 < Xl < !, 0, < X2 < 1) if th:erandom variables Xl and X2 have 
the joint p.d.f. f(x., X2) = 4x l (l - X2), 0 < X, < 1, 0 < X2 < 1, zero 
elsewhere. 

2.32. Find the probability of the union of the events a < X, < b, 
- 00 < X2 < 00 and - 00 < XI < 00, C < X2 < d if XI and X2 are two 
independent variables with Pr (a < X, < b) = j and Pr (c < X2 < d) = i. 

2.33. If [(x" X2) = e-xi - X2, 0 <; XI < 00, 0 < X2 < 00, zero elsewhere, is the 
joint p.d.f. of the random variables XI and X2, show that XI and X2 are 
independent and that M(t., 12) = (1 - 11)-1(1 - 12)-1, 12 < 1, II < l. Also 
show that 

E(et(XI + X2» = (1 - 1)-2, I < 1. 

Accordingly, find the mean and the variance of Y = XI + X2• 

2.34. Let the random variables XI and X2 have the joint p.d.f. [(x, , X2) = 1 In, 
(x, 1)2 + (X2 + 2)2 < 1, zero elsewhere. Find!.(xl)and./2(x2)' Are XI and 
X2 independent? 

2.35. Let X and Y have the joint p.d.f. [(x, y) = 3x, 0 < y < X < 1, zero 
elsewhere. Are X and Y independent? If not, find E(Xly). 

2.36. Suppose that a man leaves for work between 8:00 A.M. and 8:30 A.M. 

and takes between 40 and SO minutes to get to the office. Let X denote the 
time of departure and let Y denote the time of travel. Ifwe assume that these 
random variables are independent and uniformly distributed, find the 
probability that he arrives at the office 'before 9:00 A.M. 

2.5 Extension to Several Random Variables 

The notions about two random variables can be extended 
immediately to n random variables. We make the following definition 
of the space of n random variables. 
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Definition 3. Consider a random' experiment with the sample 
space ce. Let the ~andom variable Xi assign to each. element 
c E ce one and only one real number Xi(C) = Xi' i = 1,2, ... ''!-' 
The space of these random variables is the set of ordered n-tuples 
.91 = {(X., X2, ..• ,xn) : Xl = XI (c), ... ,Xn = Xn(c), C E ce}. Further
more, letA bea subset of d. ThenPr [(XI).' .. , Xn) E A] = P(C), where 
C = {c: C E ce and {Xl (C), X2(C), ... ,Xn(C)] E A}. 

Again we sh~uld make the comment that Pr [(XI, ... ,Xn ) E A) 
could be denoted by the probability set function PXJ, ...• x,,(A). But, if 
there is no chance of misunderstanding, it will be written simply as 
P(A). We sa.y that the n random variables XI, X2, ••• ,Xn are of the 
discrete type or of the continuous type~ an.d have a distribution of that 
type, according as the probability set function P(A), A c .91, can be 
expressed as 

P(A) = Pr [(XI' ... , Xn) E A] = ~. A • ~!(XI' ... , xn), 

or as 

P(A) = Pr [(X, • ...• X.) E AI = r ~ . ff(X,.' ...• x.) dx, ... dx •. 

In accordance with the convention of extending the definition of a 
p.d.f., it is seen that a point function! essentially satisfies the conditions 
of being a p.d.f. if (a)!is defined and is nonnegative for all real values 
of its argument(s) and if (b) its integral [for the continuous type of 
random variable(s»), or its sum [for the discrete type of random 
variable(s)] over all real values of its argument(s) is 1. 

The distribution function of the n random variables XI, X2, ••• , Xn 
is the point function ' 

F(Xh X2, ••• , xn) = Pr (XI < XI, X2 :=:; X2, ••• , X" :s: x,,). 

An illustrative example follows. 
, 

Example 1. Letf(x; J'. z) = e-{X+Y+i), 0 <.x"y, z < 00, zeroe)~where, be 
the p.d.f. of the random variables X, Y, and t. 'Then the distribution function 
of X. Y. and Z is given by 

F(x, Y. z) = Pr (X S x, y ::;; y, z sz). 

= f r f ,-·-·--dudvdw 

= (l - e-X)(l - e-Y)(l ~ e-Z), o < x, Y. z < 00, 
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and iSt'equal to zero elsewhere. Incidentally, except for a set of probability 
measure zero:, We' have 

a1rtx, y, z) , . 
ax ()y oz = I(x, y, z) . 

. Let XI, x2, ... ,XII be random variables having joint p.d.f. 
f(x" X2' ... ,XII) and let U(XI' X2, ... ,XII) be a function of these 
variables such that the n-fold in~egral . ' 

exists, if the random variables are of the continuous type, or such that 
the n-fold sum 

, 
. I··· I u(Xh Xl, ..• , XII)f(Xh X2, ••• , XII) (2) 

XII XI 

exists if the random variables are of the discrete type. The n-fold 
integral (or the n-fold sum, as the case may be) is called the expectation, 
denoted by E[u(X" X2, ... , XIf)], of the function u(X" X2, ... , XII)' In 
Section 4.7 we 'show this expectation to be equal to' E( y), where 
Y = U(XI' X2, " .. , XII)' Of course, E is a linear operator. 

We shall now discuss the notions of marginal and conditional 
probability density functions from the point of view of n random 
variables. All of the pr«eding definitions can be directly generalized. 
to the case of n variables in the following manner. Let the random 
variables XI, X~, ... , XII have the joint p.d.f.j(x" X2, ••• ,XII)' If-the 
random variables are of the continuous type, then by an argument 
similar to the two-variable case, we have for every a < b, 

Pr (0 < X, < b) = r /i(x,) dx" 
. a 

wherejj(x,) is defined by the (n - I)-fold integral 

/i(x,) == f' '" f' f(x" x" ... ,x.) dx,' .. dx •. 
-00 -00. 

Therefore,j;(xl) is the p.d.f. of the one random variable Xi andj;(xl) 
is called the marginal p.d.f. of XI' The marginal probability density 
functions h(X2), ... ,f,,(x,,) of X2, ... ,XII' respectively, are similar 
(n - I)-fold integrals. 

Up to this point, each marginal p.d.f. has been a p.d.f. of one 
random variable. It is convenient to extend this terminology to joint 



110 MIlItifJ.,.iflte Di,trib"tio", leb. 2 

probability density functions, which we shall do now. Here let 
f(X" X2, ... ,x,,) be the joint p.d.f. of the n random variables 
XI, X2, ... , X"' just as before. Now, however, let us take any group of 
k < n of these random variables and let us find the joint p.d.f. of 
them. This joint p.d.f. is called th~ marginal p.d.f. of this particular 
group of k ,variables. To fix the ideas, take n = 6, k = 3, and let us select 
the group X2, X4 , Xs. Then the marginal p.d.f. of X2 , X4 , Xs is the joint 
p.d.f. of this particular group of three variables, namely, 

f'" [ f'" f(x" X,. X" X4. X" x,) dx, dx, dx~, 
-a:) -a:) -a:) 

if the random variables are of the continuous type. 
Next we extend the definition of a conditional p.d.f. If,t;(x,) > 0, 

the symbol h., , .. "II(X2, ... , x"lxl) is defined by the relation 

f(x" X2, ... , XII) 
h .. ~,.1I11(X2"",xnlxl)= . fi() , 

.,' '.' I Xl 

and h .... ,"II(x2' .. " x"lx.) is called the joint conditional p.d.! of 
Xh •• . , XII' given XI = XI' The jOint conditional p.d.f. of any n - I 
random variables, say XI, ...• Xi _ I' Xi + I, ' •.. , XII' given Xi = Xi, is 
defined as the joint p.d.f .. of X}. X2 , ••• , X" divided by the marginal 
p.d.f. /;(x;), provided that /;(x;) > O. More generally, the joint 
conditional p.d.f. of n - k of the random variables, for given values of 
the Temaining kvariables~ is defined as the joint p.d.f. of the n variables 
divided by the marginal p.d.f. of the particular group of k variables, 
provided that the latter p.d.f. is positive. 'We remark that there are 
many other conditional probability density functions~ for instance, see 
Exercise 2.18. 

Because a conditional p.d.f. is a p.d.f. of a certain number of 
random variables, the expectation of a function of these random 
variables has been defined. To emphasize the fact that a conditional 
p.d.f. is under consideration, such expectations are called con
ditional expectations. For instance, the conditional expectation of 
U(X2' ... , XII) given XI = X., is, for random variables of the continuous 
type, given by 

. fa:) foo 
Elu(X2, ••• , XII)lxtl = . . . U(X:h ••. , x,,) 

-00 -a:) 
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provided !t(x,) > 0 and the integral ,converges (absolutely), If the 
random variables are of the discrete type, conditional expectations are, 
of course,. computed by using sums instead of integrals. 

Let the random variables XI, X2 , ••• ,Xn have the joint p.d.f. 
f(x" X2, ... ,xn ) and the marginal probability density functions 
!.(xl),h(X2), ... ,J,,(xn ), respectively. The definition of the indepen
dence of XI and X2 is generalized to the mutual independence 
of X" X2, ••• , Xn as follows: The random variables X" X2 , ••• ,Xn 
are said to be mutually independent if and only if 

f(x" X2,· .. , x n) =!.(XI}fi(X2)·· ·J,,(xn )· 

It follows immediately from this,definition of the mutual independence 
of XI ~X2' ... "Xn that, , 

Pr (al <: XI < b., 02 < X2 < b2, .... ,. ,a,,< Xn< bn) " 

= Pr (d l < X/~ hi) Pr (a2 < 1'2< b;) ; .. Pr (a:<Xn < bn)' 

n 

= nPr (aJ < Xi < hi), 

n . 

where the symbol n cp(l) is defined to be 
i = I 

n n cp(z) = cp(l)cp(2) ... cp(n). 
;= I 

The theorem that 

E[u(XI)v(X2)] = E[u(XI)]E[v(X2)] 

for independent random variables XI and X2 becomes, for mutually 
independent random variables X" X2, ... ,Xn, 

E[UI(XI)U2(X2) ... un(Xn)] = E[u,(XI)]E[U2(X2)] ••• E[un(Xn)], 
or 

The moment-generating function of the joint distribution of n 
random variables XI, X2, ••• , Xn is defined as follows. Let , 

E[exp (tIXI + 12X2 + ,'.'. + InXn)] 

exist for - hi < Ii < hi, i = 1, 2, .. ' .. , n, where each hi is positive. This 
expectation is denoted bY M(t

" 
t 2 , ••• , tn) and it i~'called the m.g.f. 

of the joint distribution of XI,' .. ,Xn (or simply the m.gJ. of 
X" ... ,Xn). As in the cases of one and two variables, this m.gJ. 
is unique and uniquely determines the joint distribution of the n 
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variables (and hence all marginal distributions). For example, the 
m.g.f. of the marginal distribution of Xi is M(O, . .. , 0, Ii' 0, ... , 0), 
i = 1, 2, ... ,n; that of the marginal distribution of Xj and ~ is 
M(O, ... , 0, Ii, 0, ... , 0; Ij' 0, ... ,0); and, so on. Theorem 4 of this 
chapter can be generalized, and the factorization 

II 

M(Ij, th ... , III) = n 'M(O, ... ,0, th 0, ... ,0) 
i-I 

is a nec~ssary and sufficient condition for the mu.tual independence of 
Xh X2, ••• , XII' 

Remark. If X" X2, and Xl are mutually independent, they are pairwise 
independent (that is, XI and ~, i =F j, where i,j = 1,'2,3, are independent). 
However, the following example, due to S. Bernstein, shows that pairwise 
independence does not necessarily imply mutual independence. Let XI' X2, 

and X3 have the joint p.dJ. 

j{x., X2, X3) =~, (X., X2, Xl) E {(I, 0, 0), (0, 1,0), (0, 0, 1), (1, 1, I)}, 

= 0 elsewhere. 

The joint p.d.f. of Xi and ~, i ::F j, is 

!ij(Xi, Xj) = *, (Xi' Xj) E {(O, 0), (I, 0), (0, I), (I, I)}, 

= 0 elsewhere, 

whereas the marginal p.d.f. of Xi is 

/;(xi) =!, Xi = 0, J, 

= 0 . elsewhere. 

Obviously, if i =F j, we have 

/;j(X j , x) == /;(x;)fj(xj), 

and thus Xi and Xj are independent. However, 

j{XI, X2, X3) 1= Ii (XI )Ji(X2)};(X3)' 

Thus XI' X 2, and Xl are not mutually independent. 

Example 2. Let XI. X2 , and X3 be three mutually independent random 
variables and let each have the p.d.f.j{x) ~ 2x,O < X < 1, zero elsewhere. The 
joint p.d.f. of X" X2, Xl iSj{XI)j{X2)j{X3) = 8XIX2Xl, 0 < Xi < I, i = 1,2,3, 
zero elsewhere. Then, for il1ustration, the expected value of SKI X~ + 3X2X; 
is 
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Let- Y be the maximum of XI. X2• and Xl' Then. for instance, we have 

Pr (Y < !> = Pr (XI < !. X2 < i,. Xl < !) 

= f' I'll I'll 8x l x,x, tixl tix, <{X, 

= (1)6 = 1-
2 64' 

In a similar manner, we find that the distribution function of Y is 

G(y) = Pr(Y ~ y) = 0, 

_yli - , 

= I, 
Accordingly, the p.d.f. of Y is 

y<O 

0< y < 1, 

I ~ y. 

g(y) = 6y5, 0 < y< 1. 

= 0 elsewhere. 
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Remark. Unless there is a possible misunderstanding between mutual and 
pairwise independence. we usually drop the modifier mutual. Accordingly, 
using this practice in Example 2, we say that XI' X2, Xl are independent 
random variables, meaning that they are mutually independent. Occasionally, 
for emphasis, we use mutually independent so that the reader is reminded that 
this is different from pairwise independence. 

EXERCISES 

2.37. Let X, Y, Z have joint p.d.f. j{x, y, z)' , '2(x + y + z)/3, 0 < x < 1, 
0< y < 1,0 < z < 1. zero elsewhere. 
(a) Find the marginal probability density functions.' 
(b) Compute Pr (0 < X < !. 0 < Y < !, 0 < Z < !) and Pr (0 < X < !) = 

Pr (0 < Y <I) = Pr (0 < Z <!l. 
(c) Are X, Y, and Z independent? 
(d) C1l1culate E(X2 yZ + 3Xy4Z2). 
(e) Determine the distribution function of X, Y, and Z. 
(f) Find the conditional distribution of X and Y, given Z = z, and evaluate 

E(X + Ylz). . 
(g) Determine the conditional distribution 'of X, given Y = Y and Z = z, 

and compute E(Xly, z). 

2.38. Let j{x" X2' Xl) = exp [-(XI + X2 + X3)], 0 < XI < 00, 0 < X2 < 00, 

o < ~3 < 00, zero elsewhere, be the joint p.d.f. of XI. X2; X3. 
(a) ComputePr (XI <;X2 < Xl) and Pr (XI = X2 < Xl)' 
(b) Determine the m.gJ. of X" X2, and X). Are these random variables 

independent? 
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2.39. Let X., Xi, X3, andX'4 be four independent random variables, each with 
p.d.f. f(x) = 3(1 - X)2, 0 < X < 1, zero ~lsewhe:re. If Y i~ the minimum of 
these four variables, find the distribution function and the p.d.f. of Y. 

2.40. A fair die is cast at random three independent times. Let the random 
variable Xi be equal to the number of spots that appear on the ith trial, 
i = I, 2, 3. Let the random variable Y be equal to max (Xi)' Find the 
distribution functi~n ~nd .the p.d.f. of Y. 

Hint: Pr (Y::s;; y) = Pr(Xi < y, i = 1,2,3). 

2.41. Let M(th t2, t3) be the m.g.f. of the random variables XI> X2, and 
X3 of Bernstein's example, described in the remark preceding Example 
2 of this section. Show that M(t .. t2, 0) = M(tJ> 0, O)M(O, t2, 0), 
M(t., 0, t3) = M(t" 0, O)M(O, 0, t3), M(O, t2, t3) = M(O, 12, O)M(O, 0, t3), 
but M(t .. t2, t3) ::1= M(t., 0, O)M(O, t2, 0) M(O, o. t). Thus X., X2, X3 are 
pairwise independent but not mutually independent. 

2.42. Let XI' X2, and X3 be three random variables with means, variances, and 
correlation coefficients, denoted by Il .. J.l.2, J.l.3; ui, ~, 03; and P12, P13' P23' 
respectively. IfE(X, ~l'llxi" X3) = b2(X2 - 1'2) + b3(X3 - J.l.3), where ~ and 
b3 are constants, determine b2 and b3 in terms of the variances and the 
correlation coefficients. 

ADDITIONAL EXERCISES 

2.43. Find Pr [X, X2 < 2], where XI and X2 are independent and each has the 
distribution wit~ p.d.f. f(x) = 1, 1 < x < 2, zero elsewhere. 

" ~ 't ' 

2.44. Let the joint p.d.f. of X and r ,be. given by f(x, y) = (1 + ; + y)3 , 

0< x < 00,0 <y < 00, zero elsewhere: 
(a) Compute the marginal p.d.f. of X and the conditional p.d.f. of Y, 

given X = x. 
(b) For a fixed X = x, compute E(I + x + Ylx) and use the result to 

compute E( fix). 

2.4S. Let XI, X2, X3 be independent and each have a distribution with p.d.f. 
f(x) = exp( - x), 0 < x< ,co, zero elsewhere. Evaluate: 
(a) Pr (XI < X2IX. < 2X2). 
(b) Pr (XI < X2 < X)IX3 < 1). ' 

2.46. Let X and Y be random variables with space consisting of the four 
points: (0,0), (1, 1), (1,0), (I, -1). Assign positive probabilities to these 
four points so that the correlation coeffioient is equal to zero. Are X and 
Y independent? 
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2.47. Two line segments, each of length 2 units, are placed. along the x = 
axis. The midpoint of the first is between x = ° and x := 14 and that of the 
second is between x = 6 and x = 20. Assuming independence and uniform 
distributions for these midpoints, find the probability that the line segments 
overlap. 

2.48. Let X and Yhavethejointp.d.f.f(x,y) =~,(x,y)'= (0,0),(1,0),(0, 1), 
(1, 1), (2, I), (l, 2), (2, 2), and zero elsewhere. Find the correlation 
coefficient p. 

2.49. Let XI and Xl have the joint p.d.f. described by the fonowing table: 

(0,0) (0, 1) (0,2) (1, I) (1,2) (2, 2) 

I 
i2 

Find .Ii (XI). h(Xl). Ph Pl. a1, ~, and p. 

4 
i2 

I 
i2 

2.50. If the discrete random variables XI: and X2 have, jOint p.d.f. 
f(x., Xl) = (3xl + xl)/24, (X., X2) = (1, 1), (1,2), (2, I), (2,2), zero else
where, find the conditional mean E(Xllx,), when XI = 1. 

2.51. Lei X and Y have the joint p.d.f. f(x, y) = 21x2y3, ° < x < y < 1, zero 
elsewhere. Find the conditional mean E( Ylx) of Y, given X = x. 

2.52. Let XI andX2havethep.d.f.f(xl' X2) """ XI + X2,0 < XI < 1,0 < X2 < I, 
zero elsewhere. Evaluate Pr (XI/Xl < 2). 

2.53. Cast a fair die and let X = 0 if 1,2, or 3 spots appear, let X = 1 if 4 or 
5 spots appear, and let X = 2 if 6 spots appear. Do this two independent 
times, obtaining XI and Xl' Calculate Pr ((XI - Xli = 1). 

2.54. Let a1 = u~ = u2 be the c~mmon variance of XI and Xl and let p be the 
correlation coefficient 'of Xl and Xl' Show that, 

, 2(1 + p) 
Pr [I(XI - PI) + (X2 - P2)\ > ku] < ~ . 

, . 



CHAPTER 3 

Some Special 
Distributions 

3.1 The Binomial and Related Distributions 

In Chapter I we introduced the uniform distribution and the 
hypergeometric distribution. 'In this chapter we discuss some other 
important distributions of· random variables frequently used in 
statistics. We begin with the binomial and related distributions. 

A Bernoulli experiment is a random experiment, the outcome of 
which can be classified in but one of two mutually exclusive and 
exhaustive ways, say, success or failure (e.g., female or male, life or 
death, nondefective or defective). A sequence of Bernoulli trials occurs 
when a Bernoulli experiment is performed several independent times 
so that the probability of success, say p, remains the same from trial 
to trial. That is, in such a sequence, we let p denote the probability of 
success on each trial. 

Let X be a random variable associated with a Bernoulli trial by 
defining it as folJows: 

X(success) = I and X(failure) = o. 
116 
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That is, the two outcomes, success and failure, are denoted by one and 
zero, respectively. The p.d.f. of X can be written as 

f(x) = y(l - p)I-X, x = 0, I, 

and we say that X has a Bernoulli distribution. The expected value of 
Xis 

I 

Jl. = E(X) = L xy(l - p)I-X = (0)(1 - p) + (l)(P) = p, 
x=o 

and the variance of X is 
I 

u'- = var (X) = L (x - p)2y(l - p)I-X 
x=o 

= p2(l - p) + (I - p)2p = p(l - pl. 

It follows that the standard deviation of X is (J = Jp(1 - pl. 

In a sequence of n Bernoulli trials, we shall let Xi denote the 
Bernoulli random variable associated with the ith trial. An observed 
sequence of n Bernoulli trials will then be an n-tuple of zeros and ones. 
In such a sequence of Bernoulli trials, we are often interested in the total 
number of successes and not in the order of their occurrence. If we let 
the random variable X equal the number of observed successes in n 
Bernoulli trials, the possible values of X are 0, I, 2, ... , n. If x successes 
occur, where x = 0, I, 2, ... , n, then n - x failures occur. The number 
of ways of selecting x positions for the x successes in the n trials is 

(n) n! 
x - x! (n - x)! . 

Since the trials are independent and since the probabilities of success 
and failure on each trial are, respectively, p and 1 - p, the probability 
of each of these ways is y(1 - p)n - x. Thus the p.d.f. of X, say f(x) , is 

~he sum of the probabilities ofthese ( : ) mutually exclusive events; that 
IS, 

x = 0, 1, 2, ... , n, 

= ° elsewhere. 
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Recall, if n is a positive integer, that 

(a + b)n = t (n) Iran-x. 
x=o X 

Thus it is clear thatf(x) ~ 0 and that 

L f(x) = t (n)r(1 - py-x 
x x ... o X 

= [(1 - p) + pf = 1. 

That is, f(x) satisfies the conditions of being a p.d.f. of a random 
variable X of the discrete type. A rar;tdom variable X that has a p.d.f. 
of the form of f(x) is said to have a binomial distribution, and any such 
f(x) is called a binomial p.d./. A binomial distribution will be denoted 
by the symbol ben, pl. The constants nand p are called the parameters 
of the binomial distribution. Thus, if we say that X is b(5, ~), we mean 
that X has the binomial p.d.f. 

(5)(I)X(2)5 -x 
f(x) = x "3 "3 ' x = 0, I, ... , 5, 

= 0 elsewhere. 

The m.g.f. of a binomial distribution is easily found. It is 

M(t) = ~ e"j{x) = .to e"(~ )[1'(1 - p)' x 

= t (n) (pe' )X(1 - pt- x 

x=o x 

= [(1 - p) + pe' ]n 

for all real values of t. The mean Jl and the variance cr of X may be 
computed from M(t). Since 

M'(t) = n[(1 - p) + pe'f - I(pe' ) 

and 

M"(t) = n[(1 - p) + pe,]n-I(pe') + n(n - 1)[(1 - p) + pe,]n-2(pe,)2, 

it follows that 

Jl = M'(O) = np 
and 

(12 = M"(O) - Jl2 = np + n(n - l)p2 - (np)2 = np(l - pl. 
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Example 1 •. Le.! Xbe the number of heads (successes) in n = 7 independent 
tosses of an unbiased coin. The p.d.f. of X is 

,. (7)(I)X( 1)7_X 
I(x) = x "2 . 1 -"2 ' x = 0, 1,2, ... , 7, 

= 0 elsewhere. 

Then X has the m.g.f. 
M(t) = G +- !e')7, 

has mean Jl = np = t, and has variance (J2 = np(l - p) =~. Furthermore, we 
have 

1 'I 7 8 
Pr (0 < X < 1) = L I(x) = 128 + 128 = 128 

x=o 

and 
Pr (X = 5) = 1(5) 

7! (1)5(1)2 21 
= 5! 2!"2 "2 = 128· 

Example 2. If the m.g.f. of a random variable X is 

M(t) = (j + je'lS, 
then X has a binomial distribution with n = 5 and p = !; that is, thep.d.f. of 
Xis 

(5)(I)X(2)S-X .. ,' 
I(x) =, x . 3 3 ' x = 0, I, 2, ... , 5, 

= 0 elsewhere. 
, . . 

Here Jl = np = j and (J2 = np(l- p) = l~. 

. Example 3. If Y is b(n,t), then Pr (Y > 1) = 1- Pr (Y = 0) = 1 _ (~)n. 
Supp~se that we wish to find the smallest value of n that yields 
Pr (Y > I) > 0.80. We have 1 - (i)n > 0.80 and 0.20 > (~)n; Either by 
inspection or by use of logarithms, we see that n = 4 is the solution. That is, 
the probability of at least one success throughout n = 4 independent 
repetitions of a random experiment with probability of success p = ! is greater 
than 0.80. 

Example 4. Let the random variable· Y be equal to the number of 
successes throughout n independent repetitions of a random experiment 
with probability p of success. That is, Y is ben, pl. The ratio Yin is called the 
relative frequency of success. For every £: > 0, we have 

Pr ( ~ - p > <) = Pr (I Y - npl > <11) 

= Pr (I Y - 1'1 <:. < JP<I n P)"). 
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where II = np" and (12 = np(1 - p). In accordance with Chebyshev's inequality 
with k = €Jnfp(1 - p), we have 

( .[1;) p(l-p) 
Pr IY - III > € (J < 2 

p(l- p) n£ 

and hence 

Now, for every fixed £ > 0, the right-hand member of the preceding inequality 
is close to zero for sufficiently large n. That is, 

hm Pr - - p ~ £ = ° .' ( Y ) 
n-+oo n 

and 

lim Pr ( Y - P < €) = 1. 
n-+oo n 

Since this is true for every fixed € > 0, we see, in a certain sense, that the relative 
frequency of success is for large values of n, close to the probability p of 
success. This result is one form of the law of large numbers. It was alluded to 
in the initial discussion of probability in Chapter I and will be considered 
again, along with related concepts, in Chapter S. 

Example S. Let the independent random variables XI, Xl> X3 have the 
same distribution function F(x). Let Y be the middle value of Xl> Xl> X 3• To 
determine the distribution function of Y,say G(y) = Pr (Y:::;; y), we note that 
Y < y if and only if at least two of the random variables XI, X2, X3 are less 
than or equal to y. Let us say that the ith "trial" is a success if Xi < y, 
j = 1,2, 3; here each "trial" has the probability of success F(y). In this 
terminology, G(y) = Pr (Y <: y) is then the probability of at least two 
successes in three independent trials. Thus 

G(y) = (~) [F(y))'[I7" F(y)] + [F(y)]'. 

If F(x) is a continuous type of distribution function so that the p.d.f. of X is 
F(x) = f(x), then the p.d:f. of Y is 

g(y) = G'(y) = 6[F(y)][1 - F(y)]f(y). 

Example 6. Consider a sequence of independent repetitions of a random 
experiment with constant probability p of success. Let the random variable 
Y denote the total number of failures in this sequence before the rth success; 
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that is, Y + r is equal to the number, of trials necessary to produce exactly r 
successes. Here r is a fixed positive integer. To determine the p.d.f. of Y,)et 
y be an element of {y : y = 0, I, ~, ... }. Then,. by the m~ltiplication rule of 
probabilities, Pr (Y = y) = g(y) is equal to the product of the probability 

of obtaining' exactly r - I successes in the first y + r - I trials and the 
probability p of a success on the (y + r)th trial. Thus the p.d.f. g(y) of Y is 
given by 

" (y + r - I) g(y) = r _ I p'(I - p)Y, y = 0, 1,2, ... , 

= ° elsewhere. 

A distribution with a p.d.f. of the form g(y) is called a negative binomial 
distribution; and any such g(y) is called a negative binomial p.d.f. The 
distribution derives its name from the fact that g(y) is a general term in 
the expansion of p'[1 - (1 - p)]-'. It is left as an exercise to show that the 
m.g.f. of this distribution is M(t) = p'[1 - (1 - p)el

]-', for t < -In (1 -p) .. 
If r = I, then Y has the p.d.f. , 1 

g(y) = P(I - p)', .r == 0, 1,2, ... , 

zero elsewhere, and the m.g.f. M(t) = p[1 (~(I - p)el]-I. In this special caSe, 
r = I, we say that Y has a geometric distribution. 

The binomi~l distribution is generalized to the multinQmial 
distribution as follows. Let a random experiment be repeated n 
independent times. On each repetitiqn, the experiment terrilinates in 
but one of k mutually exclusive and exhaustive ways, say 
C., C2, ••• , Ck • Let Pi be the probability that the outcome is an element 
of Cj and let Pi remain constant throughout the n independent 
repetitions, i = 1,-2, ... , k. Define the random variable Xi to be equal 
to the number of outcomes that are elements of C1, i = 1, 2, ... , 
k - I. Furthermore, let XI, X2, ••• , Xk _ I be nonnegative integers so 
that XI +.x2 + ... + Xk I:S; n. Then the probability that exactly 
XI terminations of the experiment are in Ch ••• , exactly Xk-I 

terminations are in Ck _ I, and hence exactly n - (XI + ... + Xk - d 
terminations are in Ck is 

n' ___ • __ nXl ••• nXk - I nXk 

X , ••• X , X ,I'I Pk - I I'k , 
\. k-I' k' 

where Xk is merely an abbreviation for n - (XI + ... + Xk _ I)' This is 
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the multinomial p.d./. of k - I random variables XI, Xh ••• , Xk _ I of 
the discrete type. To see that this is correct, note that the number of 
distinguishable arrangements of XI CI '8, X2C2'S, ••. , XkCk'S is 

(
n)(n-xl ) ••• (n-x1 -"'-Xk _ 2)= n! 
XI X2 Xk-I XI! X2! ••• Xk! 

and that the probability of each of these distinguishable arrangements 
is 

..x1..x2 ••. pXIc " 
1'1 1'2 k • 

Hence the product of these two latter expressions gives the correct 
probability, which is in agreement with the formula for the multinomial 
p.d.( , 

When k = 3, we often let X = XI and Y = X2; then 
n - X - Y = X3• We say that X and Y have a trinomial distribution. 
The joint p.d.f. of X and Y is 

. , '. t· ' 
1"1) n. ' x Y rII - x - y 
J\X' Y = xl y! (n - X _ y)! PIP2Y3 '" 

where X and y are nonnegative integers with X + y S;; n, and PI' P2, 
and P3 are positive proper fractions with pr+ P2;+ P3 = 1; and let 
f(x, y) = 0 elsewhere. Accordingly, f(x, y) satisfies the conditions of 
being a joint p.d.f. of two random variables X and Y of the discrete 
type; that is~ f(x, y) is nonnegative and its sum over all points (x, y) 
at whichf(x, y) is positive is equal to <p\ +. P2 + P3)" = 1. " 

U n'is:a positive integer and ai' a2' a3 arefiJted constants~ we have 

f ~"x n! a;~a: - x- y 

x'=o y'=o x! y! (n - x - y)! I 2.,3 

" , ....x n - x; ( )' =" n. "I " n - x . tr.,l:f.. - x - Y 

x'=o xl (n - x)! y'=oY! (n - x - y)! 2 3 . 

(1) 

Consequently, the m.g.f. of a trinomial distribution, in accordance 
with Equation (1), is given by 

" ,,- x n' 
M(t" t2) = x~o Y~O x! y! (n ~ x _ y)! {ple

tl
)X(p2e

t2
)yJI; -x- y 

= (Pletl + P2et2 + P3)", 
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for all real values of 11 and 12, The moment-generating functions of the 
marginal distributions of X and Y are, respectively, 

M(tI,O) = (Pie" + P2 + P3Y = [(1 - PI) + P\etl)n 

and 

M(O, (2) = (PI + P2et2 + P3)n = [(1 - P,J + p2et2 )n. 

We see immediately, from Theorem 4, Section 2.4, that X and 
Yare dependent random variables. In addition, X is b(n, PI) and 
Y is b(n,P2)' Accordingly, the means and the variances of X 
and Yare, respectively, III = npl, 112 = np2, O'i = npl(l - PI), and 
o-i = np2(1 - P2)' 

Consider next the conditional p.dJ. of Y, given X = x. We have 

I' ( I ) _ n - x . P2 P3 ( ) f ( )'( )n-x-, 
nil Y x - , y = 0, I, ... , n - x, 

y! (n-x-y)! I-PI I-PI 

= 0 elsewhere. 

Thus the conditional distribution of Y, given X = x, is b[n - x, 
P2/0 - PI »). Hence the conditional mean of Y, given X = x, is the 
linear function 

E(YIx) = (n - X)( P2 ). 
I-PI 

We also find that the conditional distribution of X, given Y = y, is 
b[n - y, PI/(l - P2») and thus 

E(Xly) = (n - y)( PI ). 
I - P2 

Now recall (Example 2, Section 2.3) that the square of the correlation 
coefficient, say p2, is equal to the product of -P21(l - PI) and 
- PI 1(1 - P2), the coefficients of x and y in the respective conditional 
means. Since both of these coefficients are negative (and thus p is 
negative), we have 

p= -

In general, the .m.g.f. of a multinomial distribution is given by 

M(II' ... ,1,,-1) = (p,e t
, + ... + Pk ,etk - I + Pk)n 
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for all real values of I" Ih •.. , Ik _ I' Thus each one-variable marginal 
p.d.f. is binomial, each two-variable marginal p.d.f. is trinomial, and 
so on. 

EXERCISES 

3.1. If the m.g.f. of a random variable X is (1 + je')s, find Pr (X = 2 or 3). 

3.2. The m.g.f. of a random variable X is (j + le')9. Show that 

s (9)(I)X(2)9 -x Pr (I' - 20' < X < I' + 20') = X~I X j j . 

3.3. If X is b(n, p), show that 

and 

3.4. Let the independent random variables XI, X2, Xl have the same p.d.f. 
f(x) = 3r,0 < x < 1, zero elsewhere. Find the probability that exactly two 
of these three variables exceed !. 

3.S. Let Y be the number of successes in n independent repetitions of a 
random experiment having the probability of success P = j. If n = 3, 
compute Pr (2 < Y); if n = 5, compute Pr (3 < Y). 

3.6. Let Y be the number of successes throughout n independent repetitions 
of a random experiment having probability of success p = !. Determine the 
smallest value of n so that Pr (1 s; Y) ~ 0.70. 

3.7. Let the independent random variables XI and X2 have binomial 
distributions with parameters n, = 3, PI = j and n2 = 4. P2 = !, respectively. 
Compute Pr (XI = X2). 

Hint: List the four mutually exclusive ways that XI = X2 and compute 
the probability of each. 

3.8. Toss two nickels and three dimes at random. Make appropriate 
assumptions and compute the probability that there are more heads 
showing on the nickels than on the dimes. 

3.9. Let XI' X2, ••• , Xk _ I have a multinomial distribution. 
(a) Find the m.g.f. of X2, X:h ••• , Xk _ I' 

(b) What is the p.d.f. of X2• Xl, .. - • Xk _,1 
(c) Determine the conditional p.d.f. of X" given that 

X2 = X2 • ••• , Xk - I = Xk - ,-

(d) What is the conditional expectation E(X,lx2' - ..• Xk _ 1)1 

3.10. Let Xbe b(2, p) and let Y be b(4,p). IfPr (X ~ 1) = j, find Pr (Y > 1). 
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3.11. If x = r is the unique mode of a distribution that is b(n,p), show that 

(n + l)p - I < r < (n + I )p. 

Hint: Determine the values of x for which the ratio f(x + 1)lf(x) > I. 

3.t2. Let X have ~ binomial distribution with parameters nand p =~. 
Determine the smallest integer n can be such that Pr (X ~ 1) ~ 0.8,5. 

3.t3. Let X have the p.d.f. j{x) = (~)(iY, x = 0, 1,2,3, ... , zero elsewhere. 
Find the conditional p.d.f. of X, given that X > 3. 

3.14. One of the numbers 1, 2, ... , 6 is to be chosen by casting an unbiased 
die. Let this random experiment be repeated five independent times. Let the 
random variable XI be the number of terminations in the set {x : x = 1, 2, 3} 
and let the random variable X2 be the number of terminations in the set 
{x: x = 4, 5}. Compute Pr (XI = 2, X2 = 1). 

3.15. Show that the m.g.f.· of the negative binomial distribution is 
M(t) = p'[1 - (1 - p)et]-r. Find the mean and the variance of this 
distribution. 

Hint: In the summation representing M(t), make use ofthe MacLaurin's 
series for (1 - w)-r. 

3.16. Let XI and X2 have. a trino,nial distribution. Differentiate the 
moment"generating function to show that their covariance is -npIP2' 

3.17. If a fair coin is tossed at random five independent times, find the 
conditional probability of five heads relative to the hypothesis that there 
are at least four heads. 

3.18. Let an ·unbiased die be cast at random seven independent times. 
Compute the conditional prObability that each side appears at least once 
relative to the hypothesis that side 1 appears exactly twice. 

3.19. Compute the measures of skewness and kurtosis of the binomial 
distribution b(n, p). 

3.20. Let 

f(x,. x,) = (;:)Gr(:~). X2 = 0, 1, ... , x .. 
XI = 1, 2, 3,4, 5, 

zero elsewhere, be the joint p.d.f. of Xl and X2• Determine; 
(a) E(X2). 

(b}.u(xl)·= E(X2ix.). 
(c) E[u(X.)]. 
Compare the answers of parts (a) and (c). 
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5 XI 

Hint: Note that E(X2) = L L X2!(XI. X2) and use the fact that 
XI- I X2 =0 

r. y (n)G)R = n/2. Why? 
y=o y 

3.21. Three fair dice are cast. In 10 independent casts, let X be the number 
of times all three faces are alike and let Y be the number of times only two 
faces are alike. Find the joint p.d.f. of X and Yand compute E(6Xy). 

3.2 The Poisson Distnbution 

Recall that the series 
m2 m3 ('()mx 

1 +m+-, +-, + ... == L-, 
2. 3. x-o x. 

converges, for all values of m, to en. Consider the functionf(x) defined 
by 

rnXe- m 

f(x) == xl ' x == 0, 1,2, ... , 

== 0 elsewhere, 

where m > O. Since m > 0, then f(x) > 0 and 

that is, f(x) satisfies the conditions of being a p.d.f. of a discrete type 
of random variable. A random variable that has a p.d.f. of the form 
f(x) is said to have a: Poisson distribution, and any such f(x) is called 
a Poisson p.d.! 

Remarks. Experience indicates that the Poisson p.d.f. may be used in a 
number· of applications with quite satisfactory results. For example, let the 
random variable X denote the number of alpha particles emitted by a 
radioactive substance that enter a prescribed region during a prescribed 
interval of time. With a suitable value of m, it is found that X may be 
assumed to have a Poisson distribution. Again Jet the random variable X 
denote the number of. defects on a manufactured article, such as a 
refrigerator door. Upon examining many of these doors. it is found, with an 
appropriate value of m, that X may be said to have a Poisson distribution. The 
number of automobile accidents in some unit of time (or the number of 
insurance claims in some unit of time) is often assumed to be a random 
variable which has a Poisson distribution. Each of these instances can be 
thought of as a process that generates a number of changes (accidents, 
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claims, etc.) in a fixed interval (of time or space, etc.). If a process leads to 
a Poisson distribution, that process is called a Poisson process. Some 
assumptions that ensure a Poisson process will now be enumerated. 

Let g(x, w) denote the probability of x changes in each interval of length 
w. Furthermore, let the symbol o(h) represent any function such that 
lim [o(h)/h] = 0; for example, h2 = o(h) and o(h) + o(h) = o(h). The Poisson 
po~tulates are the following: 

1. g(l, h) = Ut +. o(h), where 1 is a positive constant and h > 0. 
00 

2. L g(x, h) = o(h). 
x=2 

3. The numbers of changes in nonoverlapping intervals are independent. 

Po'stulates I and 3 state, in effect, that the probability of one change in a 
short interval h is independent of challges in other nonoverlapping intervals 
and is approximately proportional to the length of the interval. The substance 
of postulate 2 is that the probability of two or more changes in the same short 
interval h is essentially equal to zero. If x = 0, we take g(O, 0) = 1. In 
accordance with postulates 1 and 2, the probability of at least one change in 
an interval oflength h is A.h + o(h) + o(h) = lh + o(h). Hence the probability 
of zero changes in this interval of length h is 1 - )'h - o(h). Thus the 
probability g(0, w + h) of zero changes in an interval of length w + h is, in 
accordance with postulate 3, equal to the product of the probability g(0, w) 
of zero changes in an interval oflength wand the probability [1 - )'h - o(h)] 
of zero changes in a nonoverlapping interval of length h. That is, 

g(O, w + h) = g(O, w)[l - )'h - o(h)]. 

Then 

g(O, w + h) - g(O, w) _ _ ).g(0, w) _ o(h)g(O, w). 

h h 

If we take the limit as h -+0, we have 

Dw[g(O, w)1 = - ).g(O, w). 

The solution of this differential equation is 

g(O, w) = ce- Aw
• 

The condition g(0. 0) = I implies that c = I; so 

g(O, w) = e- Aw• 

If x is a positive integer, we take g(x, 0) = 0. The postulates imply that 

g(x, w + h) = [g(x, w)][l - A.h - o(h)] + [g(x - 1, w)][)'h + o(h)] + o(h). 
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Accordingly, we have 

g(x, w + h) - g(x, w) o(h) 
h - - 19(x, w) +lg(x - 1, w) + h 

and 

Dw[g(x, w)] = - 19(x, w) + 19(x - I, w), 

for x = 1,2,3, .... It can be shown, by mathematical induction, that the 
solutions to these differential equations, with boundary conditions g(x, 0) = 0 
for x = 1,2,3, ... , are, respectively, 

(lwYe- AW 

g(x, w) = I' X = 1,2,3, .... x. 

Hence the number of changes X in an interval of length w has a Poisson 
distribution with parameter m = lw. 

The m.g.f. of a Poisson distribution is given by 

<Xl (me'Y 
= e-m L -x-:-'-

x =0 • 

for all real values of t. Since 

M'(t) = em(eI I)(me') 

and 

then 

Jl = M'(O) = m 

and 

(12 = M"(O) - Jl2 = m + m2 - m2 = m. 

That is," a Poisson distribution has Jl = (12 = m > O. On this account, 
a Poisson p.d.f. is frequently written 

f(x) = tf;!-~, x = 0, 1,2, ... , 

= 0 elsewhere. 
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Thus the parameter m in a Poisson p.d.f. is the mean p. Table I in 
Appendix B gives approximately the distribution for various values of 
the parameter m = p. 

Example 1. Suppose that X has a Poisson distribution with Jl = 2. Then 
the p.d.f. of X is 

2xe-2 

f(x) = ""Xl' x = 0, 1,2, ... , 

= 0 elsewhere. 

The variance of this distribution is (12 = Jl = 2. If we wish to compute 
Pr (I S X), we have 

Pr (I < X) = 1 - Pr (X = 0) 

= 1 - f(0) = 1 - e-2 = 0.865, 

approximately. by Table I of Appendix B. 

Example 2. If the m.g.f. of a random variable X is 

M(t) = e4(eI-l), 

then X has a Poisson distribution with Jl = 4. Accordingly, by way of example, 

43e-4 32 
Pr(X= 3) = 3! =T e- 4

; 

or, by Table I, 

Pr (X = 3) = Pr (X < 3) - Pr (X < 2) = 0.433 - 0.238 = 0.195. 

Example 3. Let the probability of exactly one blemish in 1 foot of wire be 
about .C:OO and let the probability of two or more blemishes in that length be, 
for all practical purposes, zero. Let the random variable X be the number of 
blemishes in 3000 feet of wire. Ifwe assume the independence of the numbers 
of blemishes in nonoverlapping intervals, then the postulates of the Poisson 
process are approximated, with A. = ,C:OO and w = 3000. Thus X has an 
approximate Poisson distribution with mean 3000(.~ = 3. For example, the 
probability that there are exactly five blemishes in 3000 feet of wire is 

and by.Table I, 

3Se-3 

Pr(X= 5) =sr-

Pr (X = 5) = Pr (X s 5) - Pr (X s 4) = 0.101, 

approximately. 
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EXERCISES 

3.22. If the random variable X has a Poisson distribution such that 
Pr (X = I) = Pr (X = 2), find Pr (X = 4). 

3.23. The m.g.f. of a random variabJe X is e"<,r - I). Show that 
Pr (Jl- 20' < X < Jl + 20') = 0.931. 

3.24. In a lengthy manuscript, it is discovered that only 13.5 percent of the 
pages contain no typing errors. If we assume that the number of errors per 
page is a random variable with a Poisson distribution, find the percentage 
of pages that have exactly one error. 

3.25. Let the p.d.f. /(x) be positive on and only on the nonnegative integers. 
Given that/(x) = (4/x)/(x - I), x = 1,2,3, .... Find/(x). 

Hint: Note thatf(l) = 4/(0),/(2) = (42/2!)f(0), and so on. That is. find 
each /(x) in terms of /(0) and then determine /(0) from 

1 =/(0) + /(1) + /(2) + .... 
3.26. Let X have a Poisson distribution with Jl = 100. Use Chebyshev'S 

inequality to determine a lower bound for Pr (75 < X < 125). ' 

3.27. Given that g(x, 0) = 0 and that 

Dw[g(x, w)] = - A.g(x, w) + A.g(x - I, w) 

for x = 1. 2, 3. . .. . If g(O, w) = e':' Aw
, show, by mathematical induction, 

that 

(AwYe- Aw 

g(x, w) = , ' x. x = 1.2, 3, .... 

3.28. Let the number of chocolate drops in a certain type of cookie have a 
Poisson distribution. We want the probability that a cookie of this type 
contains at least two chocolate drops to be greater than 0.99. Find the 
smallest value that the mean of the distribution can take. 

3.29. Compute the measures of skewness and kurtosis of the Poisson 
distribution with mean Jl. 

3.30. On the av<?rage a grocer sells 3 of a certain article per week. How many 
of these should he have in stock so that the chance of his running out within 
a week will be less than 0.0 I? Assume a Poisson distribution. 

3.31. Let X have a Poisson distribution. IfPr (X = 1) = Pr (X = 3), find the 
mode of the distribution. 

3.32. Let X have a Poisson distribution with mean ]. Compute. if it exists. 
the expected value E(X1). 
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3.33. Let X and Y have the joint p.d.f. f(x, y) = e- 2/[x!(y - x)!], y = 
0, 1,2, ... ; x = 0, 1, ... ,y, zero elsewhere. 
(a) Find the m.g.f. M(tl' t2) of this joint distribution. 
(b) Compute the means, the variances, and the correlation coefficient of X 

and Y. 
(c) Determine the conditional mean E(Xly). 

Hint: Note that 

12 [exp (tlx)]y!/[x! (y - x)~ = [1 + exp (tl)]Y, 
x-o 

Why? 

3.3 The Gamma and Chi-Square Distributions 

In this section we introduce the gamma and chi-square distri
butions. It is proved in books on advanced calculus that the integral 

i~ y"-'e-Y dy 

exists for a > 0 and that the value of the integral is a positive number. 
The integral is called the gamma function of a, and we write 

r(lX) = [ y"- 'e-Y dy. 

If (l = 1, clearly 

r(1) = [ e-Y dy = 1. 

If a > I, an integration by parts shows that 

r(1X) - (IX - I) [ y"-'e-Y dy - (IX - 1)r(1X - I). 

Accordingly, if a is a positive integer greater than 1, 

f(a) = (a - I)(a - 2) ... (3)(2)(I)r(l) = (a - I)!. 

Since r(l) = I, this suggests that we take O! = I, as we have done. 
In the integral that defines r(a), let us introduce a new variable x 

by writing y = xlP, where P > O. Then 

r( IX) = [(p)' 'e-xl'(~ ) dx, 
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or, equivalently, 

1 -100 

1 XX - le-x
/fJ dx - r(a.)p . 

o 

Since a. > 0, {1 > 0, and r(a.) > 0, we see that 

f(x) = 1 XX - le- x
/fJ ° < x < 00, r(a.)p , 

= ° elsewhere, 

is a p.d.f. of a random variable of the continuous type. A random 
variable X that has a p.d.f. of this form is said to have a gamma 
distribution with parameters a. and {1; arid any such f(x) is called a 
gamma-type p.d.f 

Remark. The gamma distribution is frequently the probability model for 
waiting times; for instance, in life testing, the waiting time until "death" is the 
random variable which frequently has a gamma distribution. To see this t let 
us assume the postulates of a Poisson process and let the interval of length 
w be a time interval. Specifically, let the random variable W be the time that 
is needed to obtain exactly k changes (possibly deaths), where k is a fixed 
positive integer. Then the distribution function of W is 

G(w) ::::: Pr (W ~ w) ::::: I Pr (W > w). 

However, the event W> w, for w > 0, is equivalent to the event in which there 
are less than k changes in a time interval of length w. That is, if the random 
variable X is the number of changes in an interval of length w, then 

k - I k - I (AwYe- Aw 
Pr (W > w) = L Pr (X = x) = L ,. 

x=o x=o x. 

It is left as an exercise to verify that 

100 Zk le- z k - 1 (AwYe- Aw 
---dz= L ,. 

Aw(k-I)! x-o x. 

If, momentarily, we accept this result, we have, for w > 0, . f.~ zk-1e- z lAW zk -Ie-z 
, G(w) ::::: 1 - r(k) dz = r(k) dz, 

AM' 0 

and for w ~ 0, G(w) = O. If we change the variable of integration in the 
integral that defines G(w) by writing z = AY, then _ f Akyk- Ie-A! 

G(w) - r(k) dy, w > 0, 
o 
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and G(w) = 0, w :::; O. Accordingly, the p.d.f. of W is 

g(w) = G'(w) = Ahvk-1e-
Aw 

0 < w < 00, 
r(k) , 

= 0 elsewhere. 

That ~s, W has a gamma distribution with IX = k and fJ = I/l. If W is the 
waiting time until the first change, that is, if k = 1, the p.d.f. of W is 

g(w) = le- Aw, 0 < w < 00, 

= 0 elsewhere, 

and W is said to have an exponential distribution with mean fJ = l/l. 

We now find the m.g.f. of a gamma distribution. Since 

M(t) = r«> e'x 1 X' - Ie-xIII dx J) r(ex)p« 

= r«> 1 X' - le-x(l - MIll dx J
o 

r(ex)p« , 

we may set y = x(1 - pt)IP, t < lIP, or x = Pyl(l - Pt), to obtain 

M(t) = r«> PI(l - Pt) ( py )Il - le-.r dy. 
Jo r(ex)p« 1 - pt 

That is, 

Now 

M'(t) = (-ex)(1 - pt)-a-l( -P) 

and 

M"(t) = ( - ex) ( -ex - 1)(1 _ pt)-a - 2( _ p)2. 

Hence, for a gamma distribution, we have 

p. == M'(O) = exp 
and 
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Example 1. Let the waiting time W have a gamma p.d.f. with ex = k and 
fJ = Ill. Accordingly, E(W) = kll. If k = 1, then E(W) = Ill; that is, the 
expected waiting time for k = I changes is equal to the reciprocal of A.. 

Example 2. Let X be a random variable such that 

Err') = (m + 3)! 3m 
\ 3!' m = 1,2,3, .... 

Then the m.g.f. of X is given by the series 

M(t) = 1 + 4' 3 1 + 5' 3
2 

t2 + 6! 3
3 

13 + .... 
3! l! 3! 2! 3! 3! 

This, however. is the Maclaurin's series for (l - 31)-" provided that 
- 1 < 31 < 1. Accordingly, X has a gamma distribution with ex = 4 and fJ = 3. 

Remark. The gamma distribution is not only a good model for waiting 
times, but one for many nonnegative random variables of the continudus type. 
For illustration, the distribution of certain incomes could be modeled 
satisfactorily by the gamma distribution, since the two parameters ex and fJ 
provide a great deal offtexibility. Several gamma probability density functions 
are depicted in Figure 3.1. 

Let us now consider the special case of the gamma distribution in 
which ex = r/2, where r is a positive integer, and P = 2. A random 
variable X of the continuous type that has the p.dJ. 

I f(x) = )(/2 le- x/2 
r(r/2)2r/2 ' 

= 0 elsewhere, 

and the m.g.f. 

M(t) = (1 - 2t)-r/2, 

0< x < 00, 

I 
t < 2' 

is said to have a chi-square distribution, and any f(x) of this form is 
called a chi-square p.d.! The mean and the variance of a chi-square 
distribution are 11 = exp = (r/2)2 = rand q2 = exp2 ::;:: (r/2)22 = 2r, 
respectively. For no obvious reason, we call the parameter r the num
ber of degrees of freedom of the chi-square distribution (or of 
the chi-square p.dJ.). Because the chi-square distribution has an 
important role in statistics and occurs so frequently, we write, for. 
brevity, that X is x2(r) to mean that the random variable X has'a 
chi-square distribution with r degrees of freedom. 
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Example 3. If X has the p.d.f. 

f(x) = ~xe-x!2, 0< x < 00, 

= 0 elsewhere, 

then X is X2(4). Hence Jl = 4, (12 = 8, and M(/) = (l - 21)-2, 1 < 4. 
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Example 4. If X has the m.g.f. M(/) = (l - 21)-8, 1 < 4, then X is x2(16). 

If the random variable X is x2(r), then, with c. < C2, we have 

Pr (c, < X < C2) = Pr (X < C2) - Pr (X < CI), 

since Pr (X = CI) = O. To compute such a probability, we need the 
value of an integral like 

I
x I 

Pr (X < x) = W{2-l e-w/2 dw. 
- r(r/2)2,/2 

o 

f(x) 
0.10 

0.08 

0.06 

0.04 

0.02 

x 
5 10 15 20 25 30 

~=4 

fix) 

0.12 ~=2 

0.10 

0.08 

0.06 

0.04 

0.02 

x 
5 10 15 20 25 30 

a=4 

FIGURE 3.1 
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Tables of this integral for selected values of r and x have been prepared 
and are partially reproduced in Table II in Appendix B. 

Example 5. Let Xbe X2(10). Then, by Table II of Appendix B, with r = 10, 

Pr (3.25 < X < 20.5) = Pr (X < 20.5) - Pr (X < 3.25) 

= 0.975 - 0.025 = 0.95. 

Again, by way of example, ifPr (a < X) = 0.05, then Pr (X ~ a) = 0.95, and 
thus a = 18.3 from Table II with r = 10. 

EXIUllpIe 6. Let X have a gamma distribution with IX = r/2, where r is a 
positive integer, and P > O. Define the random variable Y = 2X/p. We seek 
the p.d.f. of Y. Now the distribution function of Y is 

G(y) = Pr (Y < y) = Pr (x < P;). 
If y ~ 0, then G(y) = 0; but if y > 0, then 

I
fJY'2 1 

G(y) x/2 le- x/fJ dx. 
= 0 r(r/2)pr/2 

Accordingly, the p.d.f. of Y is 

g(y) = G'(y) = P/2 (Py/2y/2 - ie -y/2 
r(r/2)p,/2 

1 _ y,f2 - le -y/2 

r(r/2)2,/2 

if y > O. That is, Y is x2(r). 

EXERCISES 

3.34. If (t - 2/)-6, 1 <!, is the m.g.f. of the random variable X, find 
Pr (X < 5.23). 

3.35. If X is l(5), determine the constants c and d so that 
Pr (c < X < d) = 0.95 and Pr (X < c) = 0.025. 

3.36. If X has a gamma distribution with IX = 3 and P = 4, find 
Pr (3.28 < X < 25.2). 

Hint: Consider the probability of the equivalent event 1.64 < Y < 12.6, 
where Y = 2X/4 = X/2. 

3.37. Let X be a random variable such that E(xm) = (m + I)! 2m, 
m = I, 2, 3, . .. . Determine the m.g.f. and the distribution of X. 
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3.38. Show that 

foo I k - I p."e-P 
_-Zk-Ie-zdz= L-
r(k) ,,-0 x! • 

P 
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k "'" 1,2, 3, ... 

This demonstrates the relationship between the distribution functions of 
the gamma and Poisson distributions. 

Hint: Either integrate by parts k - 1 times or simply note that the 
"antiderivative" of zk - le- z is 

k-I -z (k I) k-2-z (k 1)'-Z -z e - - z e _ ... - - . e 

by differentiating the latter expression. 

3.39. Let X" X2, and X3 be independent random variables, each with p.d.f. 
I(x) = e-.'f, 0 < x < 00, zero elsewhere. Find the distribution of 
Y = minimum (X., X2 , X3)' 

Hint: Pr (Y < y) = 1 - Pr (Y > y) = 1 - Pr (Xi> y, i = 1,2,3). 

3.40. Let X have a gamma distribution with p.d.f. 

1 
I(x) = fJ2 xe-x

/P, 0 < x < 00, 

zero elsewhere. If x = 2 is the unique mode of the distribution, find the 
parameter P and Pr (X < 9.49). 

3.41. Compute the measures of skewness and kurtosis of a gamma distri
bution with parameters a and p. 

3.42. Let X have a gamma distribution with parameters a and p. Show that 
Pr (X ;;::: 2ap) ~ (2Ie)(/.. 

Hint: Use the result of Exercise 1.115. 

3.43. Give a reasonable definition of a chi-square distribution with zero 
degrees of freedom. 

Hint: Work with the m.g.f. of a distribution that is :e(r) and let r = O . . 
3.44. In the Poisson postulates on page 127, let 1 be a nonnegative function 

of w, say l(w), such that D".[g(O, w)] = - l(w)g(O, w). Suppose that 
l( w) = krw' - " r :G::: 1. 
(a) Find g(0, w) noting that g(O, 0) = 1. 
(b) Let W be the time that is needed to obtain exactly one change. Then 

find the distribution function of W, namely G(w) = Pr (W < w) = 
1 - Pr (W > w) = I - g(O, w), 0 < w, and then find the p.d.f. of W. 
This p.d.f. is that of the Weibull distribution, which is used in the study 
of breaking strengths of materials. 

3.45. Let X have a Poisson distribution with parameter m. If m is an 
experimental value of a random variable having a gamma distribution with 
a = 2 and p = 1, compute Pr (X = 0, 1,2). 
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3.46. Let X have the uniform distribution with p.d.f.J(x) = 1,0 < x < 1,zero 
elsewhere. Find the distribution function of Y == - 2 In X. What is the p.d.f. 
of Y? 

3.47. Find the uniform distribution of the continuous type that has the same 
mean and the same variance as those of a chi-square distribution with 8 
degrees of freedom. 

3.4 The Normal Distribution 

Consider the integral 

This integral exists because the integrand is a positive continuous 
function which is bounded by an integrable function; that is, 

0< exp ( -~) < exp (-Iyl + I), -00 < y < 00, 

and r exp ( -Iyl + I) dy = 2e. 
-00 

To evaluate the integral I, we note that I > 0 and that f2 may be written 

f
oo foo ( 2 + 2) 

{l = _., _., exp - y 2 Z dy dz. 

This iterated integral can be evaluated by changing to polar co
ordinates. If we set y = r cos 8 and z = r sin 8, we have 

{l = f' 1'" r,l"r dr d6 

..: f" d6 = 2x. 

Accordingly, I = fo and 

[ 
_1- e-y2/2 dy = I. 

-oofo 



If we introduce a new variable of integration, say x, by writing 

x-a 
Y = b ' 

the preceding integral becomes 

b > 0, 

[b~exp[ -(x~a)]dX= 1. 

Since b > 0, this implies that 

I [(x':'" a)2] 
f(x) = bfo exp - 2~ , -oo<x<oo 
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satisfies the conditions of being a p.dJ. of a continuous type of ran
dom variable. A random variable of the continuous type that has a 
p.d.f. of the form off (x) is said to have a normal distribution, and any 
J(x) of this form is called a normal p.d.f. 

We can find the m.g.f. of a normal distribution as follows. In 

M(t) = [ elK b~ exp [ -(x ;,a)] dx 

_ foo 1 (_ - 2b
2
tx + xl - 2ax + a2

) .. d 
. - r,:;: exp 2b2 x 

-00 by 211: 
/ 

we complete the square in the exponent. Thus M(t) becomes 

M( ) [a2 - (a + b2t)2] foo I 
t = exp - 2b2 r,:;: 

-00 by 2n 

[ 
(x- a b2tf] 

x exp - 2b2 dx 

because the integrand of the last integral can be thought of as a normal 
p.d.f. with a replaced by a + b2t, and hence it is equal to 1. 

The mean I' and variance (]2 of a normal distribution will be 
calculated from M(t). Now 

M'(t) = M(t)(a + b2t) 
and 
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Thus 

p. = M'(O) = a 

and 

cr = M"(O) - Jl2 = b2 + Ql- a2 = ~. 

This permits us to write a normal p.d.f. in the form of 

I [(X - Jl)2J 
f(x) = 0'.j2; exp - 20'2 ' - 00 < x < 00, 

a form that shows explicitly the values of Jl and cr. The m.g.f. M( t) can 
be written 

M(t) = exp (Ill + u'!} 
Exanap/l! 1. If X has the m.g.f. 

M(t) = e2'+3212, 

then X has a normal distribution with JI. = 2, u2 = 64. 

The normal p.d.f. occurs so frequently in certain parts of statistics 
that we denote it, for brevity, by N(Jl, cr). Thus, if we say that the 
random variable X is N(O, 1), we mean that Xhas a normal distribution 
with mean Jl = 0 and variance cr = I, so that the p.d.f. of X is 

j{x) = _1_e-x212, -00 < x < 00 • 

.j2; 
If we say that X is N(5, 4), we mean that X has a normal distribution 
with mean Jl = 5 and variance 0'2 = 4, so that the p.d.f. of X is 

1 [(X - 5)2J 
j{x) = 2.j2; exp - 2(4) , - 00 < x < 00. 

Moreover, if 

then X is N(O, 1). 
The graph of 

1 [(X - Jl)2J 
f(x) = 0'.j2; exp - 20'2 ' -00 < x < 00, 
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is seen (I) to be symmetric about a vertical axis through x = p., (2) 
to have its maximum of I/(ufo) at x = p., and (3) to have the x-axis 
as a horizontal asymptote. It should also be verified that (4) there 
are points of inflection at x = p. + (/. 

Remark. Each of the special distributions considered thus far has been 
"justified" by some derivation that is based upon certain concepts found 
in elementary probability theory. Such a motivation for the normal 
distribution is not given at this time; a motivation is presented in Chapter 5. 
However, the normal distribution is one of the more widely used distributions 
in applications of statistical methods. Variables that are often assumed to be 
random variables having normal distributions (with appropriate values of p. 
and u) are the diameter of a hole made by a drill press, the score on a test, 
the yield of a grain on a plot of ground, and the length of a newborn child. 

We now prove a very useful theorem. 

Theorem 1. If the random variable X is N(p., u2
), (/2 > 0, then the 

random variable W = (X - p.)/u is N{O, I). 

Proof. The distribution function G(w) of W is, since u > 0, 

G(w) = Pr (X ~ P < w) = Pr (X < W<1 + p). 

That is, 

J
WU + P. 1 [(X - p.)2] 

G(w) = -(Xl (/fo exp - 2(/2. dx. 

If we change the variable of integration by writingy = (x - p.)/u, then 

G(w) = e-y2/2 dy. f
w 1 

-(Xl fo 
Accordingly, the p.d.f. g(w) = G'(w) of the continuous-type random 
variable W is 

g(w) = _1_ e-WlI2, 

fo 
-00 < w < 00. 

Thus W is N(O, I), which is the desired result (see also Exercise 3.100). 

This fact considerably simplifies the calcula~ions of probabilities 
concerning normally distributed variables, as will be seen presently. 
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Suppose that X is N(p., 0-2
). Then, with CI < C2 we have, since 

Pr (X = CI) = 0, 

= -- e- w2
/2 dw - -- e- W2

{2 dw f
(C2 - p.)fa 1 f(CI - p.)flJ 1 

-00 fo -00 fo 
because W = (X - ,.,.)/(1 is N(O, I). That is, probabilities concerning X, 
which is N(,.,.~ 0-2

), can be expressed in terms of probabilities concerning 
W, which is N(O, I). 

An integral such as 

f* _1_ e- w2/2 dw 

-oofo 
cannot be evaluated by the fundamental theorem of calculus because 
an Uantiderivative~~ of e- w2f2 is not expressible as an elementary 
function. Instead, tables of the approximate value of this integral for 
various values of k have been prepared and are partially reproduced 
in Table III in Appendix B. We use the notation 

Cl»(z) = -- e- w2
/
2 dw. f

~ I 

-oofo 
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Moreover, we say that Cll(z) and its derivative c)'(z) == (,O(z) are, 
respectively, the distribution function and p.d.f. of a standard normal 
distribution N(O, 1). These are depicted in Figure 3.2. 

To summarize, we have shown that if X is N(Jl, 0'2), then 

(
X - Jl C2 - Jl) (X - Jl c, - Jl) Pr (Cl < X < C2) = Pr 0' < 0' - Pr 0' <. 0' 

It is left as an exercise to show that c)( -x) = 1 - c)(x). 

EXlllllp/e 2. Let X be N(2, 25). Then, by Table III. 

and 

(10 - 2) (0 - 2) Pr (0 < X < 10) = <D 5 - <D -5-

= <D(1.6) - <D( -0.4) 

= 0.945 - (l - 0.655) = 0.600 

Pr (-8 < X < I) = <l>e 5 2) -<1>( - 8
5
-2) 

= ([)( -0.2) - <D( - 2) 

= (1 - 0~579) - (1 - 0.977) = 0.398. 

Example 3. Let X be N(p, 0-2). Then, by Ta~le III, 

Pr (p - 20- < X < p + 20-) = <1>( l! + ~ - l! ) - <1>( I' - ~ - l!) 
= <D(2) - <D( - 2) 

= 0.977 - (I - 0.977) = 0.954. 

Example 4. Suppose that 10 percent of the probability for a certain 
distribution that is N(p. 0-2) is below 60 and that 5 percent is above 90. What 
are the values of p and 0-1 We are ,given that the random variable X 
is N(p.0-2) and that Pr (X < 60) = 0.10 and Pr (X < 90) =: 0.95. Thus 
<D[(60 - p)/o-] = 0.10 and <D[(90 - p)/o-] = 0.95. From Table III we have 

60-p 90-1' ---'- = - 1.282, = 1.645. 
0- 0-

These conditions require that p = 73.1 and 0- = 10.2 approximately. 

Remark. In this chapter we have illustrated three types of parameters 
associated with distributions. The mean p of N(p, 0-2) is called a location 
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parameter because changing its value simply changes the location of the 
middle of the normal p.d.f.; that is, the graph of the p.d.f. looks exactly the 
same except for a shift in location. The standard deviation (1 ofN(/l, o-l) is called 
a scale parameter because changing its value changes the spread of the 
distribution. That is, a small value of (1 requires the graph of the normal 
p.d.f. to be tall and narrow, while a large value of (1 requires it to spread out 
and not be so tall. No matter what the values of /l and (1, however, the graph 
of the normal p.d.f. will be that familiar ·'bell shape." Incidentally, the P of 
the gamma distribution is also a scale parameter. On the other hand, the Ct 

of the gamma distribution is called a shape parameter, as changing its value 
modifies the shape of the graph of the p.d.f. as can be seen by referring to 
F~gure 3.1. The parameters p and J1 of the binomial and Poisson distributions, 
respectively, are also shape parameters. 

We close this section with an, important theorem. 

Theorem 2. If the random variable X is N(p., 0-2), 0-2> 0, then the 
random variable V = (X - p.)2/0-2 is x2(1). 

Proof Because V = ~, where W = (X - p.)/o- is N(O, 1), the 
distribution function G(v) of V is, for v > 0, 

G(v) . Pr(~ < v) = Pr(-Jv < W:s; Jv). 
That is, 

i-fi 
G(v) = 2 _1_ e- W212 dw, 

o .ji;c 
o <v, 

and 
G(v) = 0, v < O. 

If we change the variable of integration by writing w = JY, then 

G(v) = r ~=l--=· e-y/2 dy, 
Jo .ji;cJY o <v. 

Hence the p.d.f. g(v) = G'(v) of the continuous-type random variable 
Vis 

1 .. . 
g(v) = V l/2 -le -v/2, 0 < v < 00, 

.fiJi -
= 0 elsewhere. 

Since g(v) is a p.d.f. and hence r g(v)dv = I, 

it must be that rG) = .fi and thus V is i( I). 
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EXERCISES 

3.48. If 

cJ)(z) = JZ _1_ e- W2 2 dw, 

-OO~ 
show that <1>( -z) = 1 - <1>(z). 

3.49. If X is !,,(75. 100). find Pr (X < 60) and Pr (70 < X < 100). 

3.S0. If X is N(Il, 0'2), find b so that Pr [-b < (X - p,)/O' < b] = 0.90. 

14S 

3.S1. Let X be N(Il, 0'2) so that Pr (X < 89) = 0.90 and Pr (X < 94) = 0.95. 
Find p, and 0'2. 

3.S2. Show that the constant c can be selected so that j{x) = c2-x
\ 

- 00 <: x < 00, satisfies the conditions of a normal p.d.f. 
Hint: Write 2 = e1n2• 

3.S3. If X is N(p,. 0'2), show that E(IX p,1) = O',jij;c. 

3.54. Show that the graph of a p.d.f. N(p" 0'2) has points of inflection at 
x = Il - 0' and x = p, + 0'. 

3.SS. Evaluate I1 exp [- 2(x - 3)2] dx. 

3.S6. Determine the ninetieth percentile of the distribution, which is 
N(65,25). 

3.S7. If e31 + 81
2 is the m.g.f. of the random variable X. find Pr ( - 1 < X < 9). 

3.SS. Let the random variable X have the p.d.f. 

j{x) = _2_ e-x2/2, 0 < x < 00, zero elsewhere. 
~ 

Find the mean and variance of X. 
Hint: Compute E(X) directly and E(Xl) by comparing that integral with 

the integral representing the variance of a variable that is N(O, I). 

3.S9. Let X be N(5, 10). Find Pr [0.04 < (X - 5)2 < 38.4]. 

3.60. If X is N( I. 4), compute the probability Pr (I < Xl < 9) . 

. 3.61. If X is N(75, 25), find the conditional probability that X is greater than 
80 relative to the hypothesis that X is greater than 77. See Exercise 2.18. 

3.62. Let X be a random variable such that E(Xlm) = (2m)V(2M m!), 
m = 1,2,3, ... and E(X2m - ') = 0, m = 1,2,3, .... Find the m.g.f. and 
the p.d.f. of X. 

3.63. Let the mutually independent random variables XI' X2, and X3 be 
N(O, I). N(2, 4), and N( - J, I), respectively. Compute the probability that 
exactly two of these three variables are less than zero. 
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3.64. Compute the measures of skewness and kurtosis of a distribution which 
is N(p.. (12). 

3.65. Let the random variable. X have a distribution that is N(p. (12). 

(a) Does the random variable Y = X2 also have a normal distribution? 
(b) Would the random variable Y = aX + b, a and b nonzero constants, 

have a normal distribution? 
Hint: Iri each case. first determine Pr (Y ~ y). 

3.66. ·Let the random variable Xbe N(p., (12). What would this distribution be 
if (12 = 01 

Hint: Look at the m.g.f. of X for (12 > 0 and investigate its limit as 
(12 -+ O. 

3.67. Let q>(x) and <J>(x} .be the p.d.f. and distribution function of a standard 
normal distribution. Let Y have a truncated distribution with p.d.f. 
g(y) = q>(y)/[<J>(b) - 4>(a}]. a < y < b. zero elsewhere. Show that E( Y) is 
equal to [q>(a) - cp(b}]/[<J>(b} - <I>(a}]. 

3.68. Let j{x) and F(x) be the p.d.f. and the distribution function of a 
distribution of the continuous type such that f(x) exists for all x. Let the 
mean of the truncated distribution that has p.d.f. g(y) = j{y)/F(b), 
- 00 < y < b, zero elsewhere, be equal to -j{b)/F(b) for all real b. Prove 
that j{x) is a p.d.f. of a standard normal distribution. 

3.69. Let X and Y be independent random variables, each with a distribution 
that is N(O, I). Let Z = X + Y. Find the integral that represents the 
distribution function G(z) = Pr (X + Y < z) of Z. Determine the p.d.f. 
of Z. 

Hint: We have that G(z} = J~oo H(x. z) dx, where 

H(x. z) = f~x 2~ exp [-(x' + 1)/2] dy. 

Find G'(z) by evaluating J~oo [oH(x. z)/oz] dx. 

3.5 The Bivariate Normal Distribution 

Remark. If the reader with an adequate background in matrix algebra so 
chooses, this section can be omitted at this point and Section 4.10 can be 
considered later. If this decision is made, only an example in Section 4.7 and 
a few exercises need be skipped because the bivariate normal distribution 
would not be known. Many statisticians, however, find it easier to remember 
the multivariate (including the bivariate) normal p.d.f. and m.g.f. using 
matrix notation that is used in Section 4.10. Moreover, that section provides 
an excellent example of a transformation (in particular, an orthogonal one) 
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and a good illustration of the moment-generating function technique; these 
are two of the major concepts introduced in Chapter 4. 

Let us investigate the function 

f(x, y) = I 2 e-q/2, 

27t0"0'2JI - p 
- 00 < x < 00, - 00 < y < C/), 

where, with 0'1 > 0, 0'2> 0, and -1 < P < 1, 

q = I ~ p' [( X ~I PI)' - 2P( X ~I p')(y ~,P2) + (y ~,P2)'J 
At this point we do not know that the constants JJI, JJ2, ai, O'~, and p 
are those respective parameters of a distribution. As a matter of fact, 
we do not know that f(x, y) has the properties of a joint p.d.f. It will 
be shown that: 

1. f(x, y) is a joint p.d.r. 
2. Xis N(JJ" aD and Y is N(JJ2, ~). 
3. p is the correlation coefficient of X and Y. 

A joint p.d.r. of this form is called a bivariate normal p.d.[, and the 
random variables X and Yare said to have a bivariate normal 
distribution. . 

That the nonnegative function f(x, y) is actually a joint p.d.f. can 
be seen as follows. Define It (x) by 

J.(x) = r f{x,y)dy. 
-00 

where b = JJ2 + P(0'2/0'1)(X - JJI)' Thus 

It(x) = exp [-(x ..... JJ,)2/2oil foo exp {-(y - b)2/[2~(l ~. p2
)]} dy. 

0'1Jbr. -00 '0'2Jl - p2Jbr. 
For the purpose of integration, the integrand of the integral in this 
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expression for J. (x) may be considered a normal p.d.f. with mean band 
variance 0'~(1 - p2

). Thus this integral is equal "to 1 and 

1 [(X - PI)2] 
J.(x) = O'ifo exp - 2ur ' -00 < x < 00. 

Since r r j{x,y)dydx = r f,(x) dx = I, 
-00 -00 -00 

the nonnegative function j(x, y) is a joint p.d.f. of two continuous
type random variables X and Y. Accordingly, the function J.(x) is 
the marginal p.d.f. of X, and X is seen to be N(p.I, aD. In like 
manner, we see that Y is N(p.2' ~). 

Moreover, from the development above, we note that 

( 
I [(y - b )2 ]) 

j{x, y) = J.(x) J 2 ~ exp - 2~(1 _ 2) , 
0'2 I - P V 21t 2 P 

where b = J1.2 + P(0'2/0'1 )(x - PI)' Accordingly, the second factorin the 
right-hand member of the equation above is the conditional p.d.f. of 
Y, given that X = x. That is, the conditional p.d.f. of Y, given X = x, 
is itself normal with mean P2 + P(0'2/0'1)(X - PI) and variance 
~(1 - p2). Thus, with a bivariate normal distribution, the conditional 
mean of Y, given that X = x, is linear in x and is given by 

Since the coefficient of x in this linear conditional mean E(Ylx) 
is P0'2/0'J, and since 0'1 and 0'2 represent the respective standard 
deviations, the number P is, in fact, the correlation coefficient of X and 
Y. This follows from the result, established in Section 2.3, that the 
coefficient of x in a general linear conditional mean E( Ylx) is the 
product of the correlation coefficient and the ratio 0'2/0'1' 

Although the mean of the conditional distribution of Y, given 
X = x, depends upon x (unless p = 0), the variance O'~(l - p2) is the 
same for all real values of x. Thus, by way of example, given that X = x, 
the conditional probability that Y is within (2. 576)0'2 J I - p2 units of 
the conditional mean is 0.99, whatever the value of x may be. In this 
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sense, most of the probability for the distribution of X and Y lies in 
the band 

il2 + P :: (x - Ill) + (2.576)0"2)1 - p2 

about the graph of the linear conditional mean; For every fixed 
positive 0"2, the width of this band depends upon p. Because the band 
is narrow when p2 is nearly I, we see that p does measure the intensity 
of the concentration of the probability for X and Y about the linear 
conditional mean. This is the fact to which we alluded in the remark 
of Section 2.3. 

In a-similar manner we can show that the conditional distribution 
of X, given Y = y, is the normal distribution 

,JI' + P :: (y - JI,), a;(1 - P')]. 

Extunple 1. Let us assume that in a certain population of married 
couples the height XI of the husband and the height X2 of the wife have a 
bivariate nonnat distribution with parameters III = 5.8 feet, 112 = 5.3 feet, 
0", = 0"2 = 0.2 foot, and p = 0.6. The conditional p.d.f. of X2, given XI = 6.3, 
is normal with mean 5.3 + (0.6)(6.3 - 5.8) = 5.6 and standard deviation 
(0.2)J(1 - 0.36) = 0.16. Accordingly, given that the height of the husband 
is 6.3 feet, the probability that his wife has a height between 5.28 and 5.92 
feet is 

Pr (5.28 < X2 < 5.92IX. = 6.3) = <1)(2) - <f)( - 2) = 0.954. 

The interval (5.28,5.92) could be thought of as a 95.4 percent prediction 
interval for the wife's height, given XI = 6.3. 

The m.g.f. of a bivariate normal distribution can be determined as 
follows. We have 

M(/" I,) = foo Joo e,,,,+I'Yj{x, y) dx dy 
-00 -00 

~ r e"Xjj(x>[f e'2.%,(y!x) dy ] dx 
-00 -00 

for all real values of II and 12 , The integral within the brackets is the 
m.g.f. of the conditional p.d.f. hll (ylx). Since hll (ylx) is a normal p.d.f. 
with mean 112 + P(0"2!0"1)(X - Ill) and variance O"~(J - p2), then 

Joo { [ 0"2 ] ~O"~(l - P2)} 
et2YJiII(ylx) dy = exp 12 112 + P 0"1 (x - Ill) + 2 . 

-00 
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Accordingly, M(t., t2) can be written in the form 

{ 
0'2 ~~(l - p2)} r~ [( 0'2) 1 r 

exp t21l2 - t2p O'J III + 2 J-
co 

exp tl + tIP 0'1 x fl(x) dx. 

But E(etX
) = exp [Pit + (uitI )/2] for all real values of t. Accordingly, 

if we set t = tl + t2P(0'2/0'1), we see that M(t" t2) is given by 

tp--111 + 22 - +" t +tp--1 0' t20'2( 1 p2) ( 0' ) 
I 0'1 r1 2 rl I 2 0'1 

It is interesting to note that if, in this m.g.f. M(t., t2), the correlation 
coefficient P is set equal to zero, then 

M(t .. t2) = M(t .. O)M(O, t2). 

Thus X and Yare independent when P = O. If, conversely, 

M(t J , t2) = M(t., O)M(O, 12), 

we have ePulu2t,t2 = 1. Since each of 0'1 and 0'2 is positive, then p = O. 
Accordingly, we have the following theorem. 

Theorem 3. Let X and Y have a bivariate normal distribution with 
means III and 1l2' positive variances O'I and O'~, and correlation coefficient 
p. Then X and Yare independent if and only if P = O. 

As a matter of fact, if any two random variables are independent 
and have positive standard deviations, we have noted in Example 4 of 
Section 2.4 that p =' O. However, P = 0 does not in general imply that 
two variables are independent; this can be seen in Exercises 2.20 (c) and 
2.25. The importance of Theorem 3 lies in the fact that we now know 
when and only when two random variables that have a bivariate 
normal distribution are independent. 
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EXERCISES 

3.70. Let X and Y have a bivariate normal distribution with respective 
parameters Ilx = 2.8, Ily = 110, a~ = 0.16, a~ = 100, and p = 0.6. 
Compute: 
(a) Pr (106 < Y < 124). 
(b) Pr (106 < Y < 1241X = 3.2). 

3.71. Let X and Y have a bivariate normal distribution with parameters 
III = 3', 112 = I, ar 16, ~ = 25, -and p =~. Determine the following 
probabilities: 
(a) Pr (3 < Y < 8). 
(b) Pr (3 < Y < 81X = 7). 
(c) Pr ( - 3 < X < 3). 
(d) Pr (-3 < X < 31Y= -4). 

3.72. If M(t., t2) is the m.g.f. of a bivariate normal distribution, compute the 
covariance by using the formula 

02 M(O, 0) oM(O, 0) oM(O, 0) 

otl ot2 otl ot2 

Now let I/I(t., t2) = In M(tl' t2)' Show that 02t/1(0, 0)/01. ot2 gIves this 
covariance directly. 

3.73. Let X and Y have a bivariate normal distribution with parameters 
III = 5, 112 = 10, oi = 1, ~ = 25, and p > 0. If Pr (4 < Y < 161X = 5) = 
0.954, determine p. 

3.74. Let X and Y have f bivariate normal distribution with parameters 
Il. = 20, 112 = 40, O'i = 9, ~ = 4, and p = 0.6. Find the shortest interval for 
which 0.90 is the conditional probability that Y is in this interval, given that 
X=22. 

3.75. Say the correlation coefficient between the heights of husbands and 
wives is 0.70 and the mean male height is 5 feet 10 inches with standard 
deviation 2 inches, and the mean female height is 5 feet 4 inches with 
standard deviation Ii inches. Assuming a bivariate normal distribution, 
what is the best guess of the height of a woman whose husband's height is 
6 feet? Find a 95 percent prediction intervaLfor her height. 

3.76. Let 

lex, y) == (l/27t) exp [-!(x2 + y)]{1 + xyexp [-i(x2 + y - 2)]), 

where - 00 < x < 00, - 00 < y < 00. lfj{x, y) is a joint p.d.f., it is not a 
normal bivariate p.d.f. Show thatj{x, y) actually is a joint p.d.f. and that 
each marginal p.d.f. is normal. Thus the fact that each marginal p.d.f. is 
normal does not imply that the joint p.d.f. is bivariate normal. 
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3.77. Let X, Y, and Z have the joint p.d.f. 

( 
1 )312 (r + I + zl) [ ( .x

2 
+ y2 + Z2)] . - exp - 1 +xyzexp -----

27t 2 2 ' 

where - 00 < x < 00, - 00 < y < 00, and - 00 < z < 00. While X. Y, and 
Z are obviously dependent, show that X, Y, and Z are pairwise independent 
and that each pair has a bivariate normal distribution. 

3.78. Let X and Y have a bivariate. normal distribution with .parameters 
Jl.1 = Jl.2 = 0, ai = oi = 1, and correlation coefficient p. Find the distribution 
of the random variable Z = aX + bY in which a and b are nonzero 
constants. 

, 

Hint: Write G(z) = Pr (Z < z) as an iterated integral and compute 
G'(z) = g(z) by differentiating under the first integral sign and then 
evaluating the resulting integral by completing the square in the exponent. 

ADDITIONAL EXERCISES 

3.79. Let X have a binomial distribution with parameters n = 288 and 
p =!. Use Chebyshev's inequality to determine a lower bound for 
Pr (76 < X <.116). 

e-P. x • . 
3.80. Let fix) = -+, x = 0, 1,2, ... , zero elsewhere. Fmd' the values x. 

of Jl. so that x = I is the unique mode; that is, J(O) <.I() and 
.1(1) > .1(2) > .1(3) > .... 

3.81. Let X and Y be two independent binomial variables with. parameters 
n = 4, P = ! and n = 3, p = ~, respectively. Determine Pr (X - Y = 3). 

3.82. Let X and Y be two independent binomial variables, both with 
parameters nand p = !. Show that 

(2n)! 
Pr (X - Y = 0) = 2n • 

• "T n! n! (2 ) 

3.83. Two people toss a coin five independent times each. Find the proba
bility that they will obtain the same number of heads. 

3.84. Color blindness appears in I percent of the people in a certain 
population. How large must a sample with replacement be if the proba
bility of its containing at least one color-blind person is to be at least 0.95? 
Assume a binomial distribution b(n, p = 0.01) and find n. 

3.SS. Assume that the number X of hours of sunshine per day in a certain 
place has a chi-square distribution with ) 0 degrees qf freedom. The profit 
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of a certain outdoor activity depends upon the number of hours of sun
shine through the formula 

profit = 1000(1 - e- X11O ). 

Find the expected level of the profit. 

3.86. Place five similar balls (each either red or blue) in a bowl at random as 
follows: A coin is flipped 5 independent times and a red ball is placed in the 
bowl for each head and a blue ball for each tail. The bowl is then taken and 
two balls are selected at random without replacement. Given that each of 
those two balls is red, compute the conditional probability that 5 red b3:lIs 
were placed in the bowl at random. ' 

3.87. If a die is rolled four independent times, what is the probability of one 
four, two fives, and one six, given that at least one six is produced? 

3.88. Let the p.d.f. I(x) . be . positive on, and only. on, the integers 
0, 1,2,3,4,5,6, 7, 8,9, 10, so that I(x) = [(11 - x)/x] I(x - I), x = 1,2, 
3, ... , 10. Find I(x). 

3.89. Let X and Y have a bivariate normal distribution with III = 5, 112 = 10, 
O'~ = I, a3 = 25, and p =~. Compute Pr (7 < Y < 191x = 5). 

3.90. Say that Jim has three cents and that Bill has seven cents. A coin is 
tossed ten independent times. For each head that appears, Bill pays Jim 
two cents, and for each tail that appears, Jim pays Bill one cent. What 
is the probability that neither person is in debt after the ten trials? 

3.91. If E(X') = [(r + 1)!](2r
), r = 1,2, 3, ... , find the m.g.f. and p.d.f. 

of X. 

3.92. For a biased coin, say that the probability of exactly two heads in three 
independent tosses is~. What is the probability of exactly six heads in nine 
independent tosses of this coin? 

3.93. It is discovered that 75 percent of the pages of a certain book contain 
no errors. If we assume that the number of errors per page follows a Poisson 
distribution, find the percentage of pages that have exactly one error. 

3.94. Let X have a Poisson distribution with double mode at x = I and x = 2. 
Find Pr [X = 0]. 

3.95. Let X and Y be jointly normally distributed with Ilx = 20, Ily = 40, 
O'x = 3, O'y = 2, p = 0.6. Find a symmetric interval about the conditional 
mean, so that the probability is 0.90 that Y lies in that interval given that 
X equals 25. 
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3.%. Let flx) = (~)yO'':'' P )'. - " x = 0, I,' ... , 10, zero elsewhere. Find 

the values of P. so thatj{O) ~j{I) ~ ... >j{IO). 

3.97. Let j{x, y) be a bivariate normal p.d.f. and let c be a positive constant 
so that c < (211:0'10'2}1 - p2)-I. Show that c = j{x, y) defines an ellipse in 
the xy·plane. - . 

3.98. Let /.(x, y)' and J2(x, y) be two bivariate normal probability density 
functions, each having means equal to zero and variances equal to I. 
The respective correlation coefficients are p and - p. Consider the joint 
distribution of X and Y defined by the joint p.d.f. [f1(X, y) + J2(x, y)]/2. 
Show that the two marginal distributions are both N(O, 1), X and Yare 
dependent, and E(XY) = 0 and hence the correlation coefficient of X and 
Y is zero. 

3.99. Let X be N(p, 0'2). Define the random variable Y = eX and find its p.d.f. 
by differentiating G(y) = Pr (eX :s;; y) = Pr (X < In y). This is the p.d.f. of a 
lognormal distribution. 

3.100. In the . proof of Theorem 1 of Section 3.4, we could let 

G(w) = Pr (X < MlO' + p) = F(wO' + p), 

where F and F' = f are the distribution function and p.d.f. of X, 
respectively. Then, by the chain rule, 

g(w) = G'(w) ;;: [F'(wO' + p)]O'. 

Show that the right·hand member is the p.d.f. of a standard normal 
distribution; thus this provides another proof of Theorem I. 



CHAPTER 4 

Distributions 
of Functions 
of Random 
Variables 

4.1 Sampling Theory 

Let XI' X 2 , ••• , Xn denote n random variables that have the joint 
p.d.f. f(xJ' X2, ••• ,xn). These vari~bles mayor may not be 
independent. Problems such as the foJIowing are very interesting in 
themselves; but more important, their solutions often provide the basis 
for making statistical inferences. Let Y be a random variable that is 
defined by a function of XI, X h ••• , Xn, say Y = u(X., X 2 , ••. , Xn). 
Once the p.d.f. f(x. , X2, ••• , xn) is given, can we find the p.d.f. of Y? 
In some of the preceding chapters, we have solved a few of these 
problems. Among them are the following two. If n = 1 and if X. is 
N(Il, 0'2), then Y = (XI - Il)/U is N(O, 1), Let n be a positive integer and 

ISS 
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let the random variables Xi' i = 1, 2, ... ,n, be independent, each 
having the same p.d.f. j{x) = pX(1 - p)' X, X = 0, 1, and zero else-

II 

where. If Y = L Xi, then Y is b(n, pl. It should be observed that 
I 

Y = u(XI ) = (XI - /l)/(1 is a function of XI that depends upon 
the two parameters of the normal distribution; whereas Y = 

n 

U(XI' X2 , ••• ,Xn) = L X j does not depend upon p, the parameter of 
t 

the common p.d.f. of the Xi, i = 1, 2, ... ,n. The distinction that 
we make between these functions is brought out in the following 
definition. 

Definition 1. A function of one or more random variables that does 
not depend upon any unknown parameter is called a statistic. 

II 

In accordance with this definition, the random variable Y = L Xi 
I 

discussed above is a statistic. But the random variable Y = (XI -p,)/(1 
is not a statistic unless /l and (1 are known numbers. It should be noted 
that, although a statistic does not depend upon any unknown 
parameter, the distribution of the statistic may very well depend upon 
unknown parameters. 

Remark. We remark, for the benefit of the more advanced reader, that a 
statistic is usually defined to be a measurable function ofthe random variables. 
In this book, however, we wish to minimize the use of measure theoretic 
terminology, so we have suppressed the modifier "measurable." It is quite 
clear that a statistic is a random variable. In fact, some probabilists avoid the 
use of the word "statistic" altogether. and they refer to a measurable function 
of random variables as a random variable. We decided to use the word 
"statistic" because the reader will encounter it so frequently in books and 
journals. 

We can motivate the study of the distribution of a statistic in the 
following way. Let a random variable Xbe defined on a sample space 
'G and let the space of X be denoted by d. In many situations 
confronting us, the distribution of X is not completely known. For in
stance.we may know the distribution except for the value of an 
unknown parameter. To obtain more information about this distri
bution (or the unknown parameter), we shall repeat under identical 
conditions the random experiment n independent times. Let the 
random variable Xi be a function of the ith outcome, i = 1, 2, ... , n. 
Then we call XI, X2, ••• ,Xn the observations of a random sample 
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from the distribution under consideration. Suppose that we can define 
a statistic Y = U(XI' Xl, ... ,Xn ) whose p.d.f. is found to be g(y). 
Perhaps this p.d.f. shows that there is a great probability that Y has 
a value close to the unknown parameter. Once the experiment has been 
repeated in the manner \indicated and we have XI = XI, ••• , Xn = Xn, 
then y=u(x., X2, ... ,xn) is a known number. It is to be hoped that 
this known number can in some manner be used to elicit information 
about the unknown parameter. Thus a statistic may prove to be useful. 

Remarks. Let the random variable X be defined as the diameter of a hole 
to be drilled by a certain drill press and let it be assumed that X has a normal 
distribution. Past experience with many drill presses makes this assumption 
plausible; but the assumption does not specify the mean JI. nor the variance 
(/2 of this normal distribution. The only way to obtain information about JI. 
and (/2 is to have recourse to experimentation. Thus we shall drill a number, 
say n = 20, of these holes whose diameters will be X., X2, ••• ,X20• Then 
XI, X2, ••• , X20 is a random sample from the norma) distribution under 
consideration. Once the holes have been drilled and the diameters measured, 
the 20 numbers may be used, as will be seen later, to elicit information about 
JI. and (/2. 

The term "random sample" is now defined in a more formal 
manner. 

Definition 2. Let Xl, X 2 , ••• ,Xn denote n independent random 
variables, each of which has the same but possibly unknown 
p.d.f. f(x); that is, the probability density functions of XI, X2, ... , Xn 
are, respectively, j; (XI) - f(XI)' h(X2) = f(Xl) , ... , J,,(xn) = f(xn), so 
that the joint p.d.f. is f(XI}f{X2) ... f(xn). The random variables 
XI, X2, ••• ,Xn are then said to constitute a random sample from 
a distribution that has p.d.f. f(x). That is, the observations of a 
random sample are independent and identically distributed (often 
abbreviated i.i.d.). 

Later we shall define what we mean by a random sample from a 
distribution of more than one random variable. 

Sometimes it is convenient to refer to a random sample of size 
n from a given distribution and, as has been remarked, to refer 
to Xl, X h ... ,Xn as the observations of the random sample. A 
reexamination of Example 2 of Section 2.5 reveals that we found the 
p.d.f. of the statistic, which is the maximum of the observations 
of a random sample of size n = 3, from a distribution with· p.d.f. 
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f(x) = 2x, 0 < X < 1, zero elsewhere. In Section 3.1 we found the 
p.d.f. of the statistic, which is the sum of the observations of a random 
sample of size n from a distribution that has p.d.f.f(x) = r(1 _ p)1 -x, 
X = 0, 1, zero elsewhere. This fact was also referred to at the beginning 
of this section. 

In this book, most of the statistics that we shall encounter will 
be functions of the observations of a random sample from a given 
distribution. Next, we define two important statistics of this type. 

Definition 3. Let XI, X2, ••• , X" denote a random sample of size n 
from a given distribution. The statistic 

X=XI+X2 +···+X,,_ I_Xi 
n i= I n 

is called the mean of the random sample, and the statistic 

is called the variance of the random sample. 

Remarks. Many writers do not define the variance of a random sample 
" -

as we have done but, instead, they take S2 = L (Xi - Xf/(n - I). There are 
I 

good reasons for, doing this. But a certain price has to be paid, as we shaU 
indicate. Let XI, X2, •.• , X" denote experimental values of the random variable 
X that has the p.d.f.Jtx) and the distribution function F(x). Thus we may look 
upon x., X2, •.. , X" as the experimental values of a random sample of size n 
from the given distribution. The distribution of the sample is then defined to 
be the distribution obtained by assigning a probability of lIn to each of 
the points X I, X2, ••• ,x". This is a distribution of the discrete type .. The 
corresponding distribution function will be denoted by Fn(x) and it is a step 
function. If we let h denote the number of sample values that are less than 
or equal to x, then F,,(x) = hln, so that Fn(x) gives the relative frequency of 
the event X :s; X in the set of n observations. The function F,,(x) is often caned 
the "empirical distribution function" and it has a number of uses. 

Because the distribution of the sample is a discrete distribution, the mean 
n 

and the variance have been defined and are, respectively, L xdn = x and 
,,' I 

L (Xi x)2jn = sl. Thus, if one finds the distribution of the sample and the 
I 

associated empirical distribution function to be useful concepts, it would 
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seem logically inconsistent to define the variance of a random sample in any 
way other than we have. 

We have also defined X and S2 only for observations that are i.i.d., that 
is, when XI, X2, ••• , Xn denote a random sample. However, statisticians often 
use these symbols, X and S2, even if the assumption of independence is 
dropped. For example, suppose that X" X2, ••• ,Xn were the observations 
taken at random from a finite collection of numbers without replacement. 
These observations could be thought of as a sample and its mean X and 
variance S2 computed; yet XI, Xl, ... , Xn are dependent. Moreover, the n 
observations could simply be some values, not necessarily taken from a 
distribution, and ~e could compute the mean X and the variance S2 associated 
with these n values. If we do these things, however, we must recognize the 
conditions under which the observations were obtained, and we cannot make 
the same statements that are associated with the mean and the variance of 
what we call a random sample. 

Random sampling distribution theory means the general problem 
of finding distributions of functions of the observations of a random 
sample. Up to this point, the only method, other than direct prob
abilistic arguments, of finding the distribution of a function of one 
or more random variables is the distribution function technique. 
That is, if XI' X2, ••• , Xn are random variables, the distribution of 
Y = U(XI' Xh .•• ,Xn ) is determined by computing the distribution 
function of Y, 

G(y) = Pr [u(XJ' X2, ••• , X,.) < y). 

Even in what superficially appears to be a very simple problem, this 
can be quite tedious. This fact is illustrated in the next paragraph. 

Let XI, X2, X3 denote a random sample of size 3 from a standard 
normal distribution. Let Y denote the statistic that is the sum of 
the squares of the sample observations. The distribution function 
of Yis 

G(y) = Pr (X7 + X~ + Xi <y). 

If y < 0, then G(y) = 0. However, if y > 0, then 

G(y) = Iff (2~ )'/2 exp [ -4 (xl + xi + xl) ] dx-, dx-, dx" 
A 

where A is the set of points (X., X2, X3) interior to, or on the surface of, 
a sphere with center at (0, 0, 0) and radius equal to JY. This is 
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not a simple integral. We might hope to make progress by changing 
to spherical coordinates: 

XI = p cos 0 sin cp, . X2 = P sin 0 sin cp, X3 = P cos cpo 

where p > 0, 0 < 0 < 27t, 0 < cp < n. Then. for y > o. 

IVY 121t lit 1 
G(y) = 0 0 0 (27t)3/2 e- p

2/
2p2 

sin cp dcp dO dp 

= A flY p'rP''' dp. 

If we change the variable of integration by setting p = Jw, we have 

G(y) = A f f rwl2 dw, 

for y > O. Since Y is a random variable of the continuous type, the 
p.d.f. of Y is g(y) = G'(y). Thus 

1 g(y) = __ y3/2-le-y/2, 

. J2n 
0< y < 00 • 

= 0 elsewhere. 

Because rG) = (!)r(D = (!)~, and thus J2n = r(D2 3/2
, we see that 

Y is X2(3). 
The problem that we have just solved highlights the desirability of 

having, if possible, various methods of determining the distribution of 
a function of random variables. We shall find that other techniques are 
available and that often a particular technique is vastly superior to the 
others in a given situation. These techniques will be discussed in 
subsequent sections. 

Example 1. Let the random variable Y be distributed uniformly over the 
unit interval 0 < y < I; that is, the distribution function of Y is 

G(y) = 0, 

=y, 

= 1, 

y < 0, 

0< y < 1, 

I <yo 

Suppose that F(x) is a distribution function of the continuous type which is 
strictly increasing when 0 < F(x) < 1. If we define the random variable X 
by the relationship Y = F(X), we now show that X has a distribution 
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which corresponds to F(x). If 0 < F(x) < 1, the inequalities X <x and 
F(X) < F(x) are equivalent. Thus, with 0 < F(x) < I, the distribution of Xis 

Pr (X S; x) = Pr [F(X) < F(x)] = Pr [Y < F(x)] 

because Y = F(X). However, Pr (Y < y) = G(y), so we have 

Pr (X < x) = G[F(x)] = F(x), 

That is, the distribution function of X is F(x). 

0< F(x) < 1. 

This result permits us to simulate random variables of different 
types. This is done by simply determining values of the uniform 
variable Y, 'usually with a computer. Then, after determining the 
observed value Y = y, solve the equation y = F(x), either explicitly or 
by numerical methods. This yields the inverse function x = F- 1(y). By 
the preceding result, this number x will be an observed value of X that 
has distribution function Ftx). 

It is also interesting to note that the converse of this result is true. 
If X has distribution function F(x) of the continuous type, then 
Y = F(X) is uniformly distributed over 0 < y < I. The reason for this 
is, for 0 < y < I, that 

Pr (Y ~ y) = Pr [F(X) < y] = Pr [X < F-l(y)]. 

However, it is given that Pr (X < x) = F(x), so 

Pr (Y < y) = FlF-1(y)] = y, 0 < y < 1. 

This is the distribution function of a random variable that is distri
buted uniformly on the interval (0, 1). 

EXERCISES 

4.1 •. Show that 

_ n 

where X = L X;/n. 
I ' 

4.2. Find the probability that exactly four observations of a random 
sample of size 5 from the distribution having p.d.f. fix) = (x + 1 )/2, 
-I < x < I, zero elsewhere, exceed zero. 

4.3. Let XI, X2, X3 be a random sample of size 3 from a distribution that 



162 Disttilnltioll6 of Functions of Radom Y lII'itJb"s leh. 4 

is N(6, 4). Determine the probability that the largest sample observation 
exceeds 8. 

4.4. What is the probability that at least one observation of a random 
sample of size n = 5 from a continuous-type distribution exceeds the 
90th percentile? 

4.5. Let X have the p.d.f. /(x) = 4x3, 0 < x < 1, zero elsewhere. Show that 
Y = -21n r is X2(2). 

4.6. Let XI, X2 be a random sample of size n = 2 from a distribution with 
p.d.f./(x) = 4x3,0 < x < 1, zero elsewhere. Find the mean and the variance 
of the ratio Y = X./X2• 

Hint: First find the distribution function Pr( Y < y) when 0 < Y < 1 and 
then when 1 <y. 

4.7. Let X., X2 be a random sample from the distribution having 
p.d.f. f(x) = 2x, 0 < x < 1, zero elsewhere. Find Pr (X./X2 <~) and 
Pr (XI X2 > ~). 

4.8. If the sample size is n = 2, find the constant c so that S2 = c(XI - X2)2. 

4.9. If Xi = i, i = 1, 2, ... ,n, compute the values of i = ~ xdn and 
S2 = I: (Xi - i)2/n. 

4.10. Let Yi = a + bx;, i = 1,2, ... ,n, where a and b are constants. Find 
y = I: y;/n and s; = ~ (Yi - y)2/n in terms of a. b. i = I: xdn, a,?-d 
S; = ~ (Xi - i)2/n. 

4.11. Let XI and X2 denote two Li.d. random variables, each from a 
distribution that is N(O, 1). Find the p.d.f. of Y = xf + X~. 

Hint: In the double integral representing Pr (Y < y), use polar 
coordi nates. 

4.12. The four valuesYI = 0.42, Y2 = 0.31, Y3 = 0.87, and Y4 = 0.65 represent 
the observed values of a random sample of size n = 4 from the uniform 
distribution over 0 < Y < 1. Using these four values, find a corresponding 
observed random sample from a distribution that has p.d.f. Ax) = e-X

• 

o < X < 00, zero elsewhere. 

4.13. Let X" X, denote a random sample of size 2 from a distribution with 
p.d.f.Ax) =!, 0 < x < 2, zero elsewhere. Find the joint p.d.f. of XI and X2 • 

Let Y = XI + X2• Find the distribution function and the p.d.f. of Y . 

. 4.14. Let X" X2 denote a random sample of size 2 from a distribution with 
p.d.f. f(x) = 1, 0 < x < 1, zero elsewhere. Find the distribution function 
and the p.d.f. of Y = X I /X2• 

4.15. Let XI, X2• X3 be three Li.d. random variables, each from a distri
bution having p.d.f. Ax) = 5x\ 0 < x < 1. zero elsewhere. Let Y be the 
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largest observation in the sample. Find the distribution function and p.d.f. 
of Y. 

4.16. Let XI and X2 be observations of a random sample from a distribution 
with p.d.f. f(x) = 2x, 0 < x < 1, zero elsewhere. Evaluate the conditional 
probability Pr (XI < X2IX. < 2X2). . 

4.2 Transformations of Variables of the Discrete Type 

An alternative method of finding the distribution of a function 
of. one or more random variables is called the change-ol-variable 
technique. There are some delicate questions (with particular reference' 
to random variables of the continuous type) involved in this technique, 
and these make it desirable for us first to consider special cases. 

Let X have the Poisson p.d.f. 

f(x) = Ite-
P 

x! ' x = 0, 1,2, ... , 

= ° elsewhere. 

As we have done before, let d denote the space d = {x: X= 

0, 1,2, ... }, so that d is the set where f(x) > 0. Define a new 
random variable Y by Y = 4X. We wish to find the p.d.f. of Y by 
the change-of-variable technique. Let y = 4x. We call y = 4x a 
transformation from x to y, and we say that the transformation maps 
the space d onto the space [fA = {y : y = 0,4, 8, 12, ... }. The space [fA 

is obtained by transforming each point in d in accordance with y = 4x. 
We note two things about this transformation. It is such that to each 
point in d there corresponds one, and only one, point in 14; and 
conversely, to each point in [fA there corresponds one, and only one, 
point in d. That is, the transformation y = 4x sets up a one-to-one 
correspondence between the points of d and those of [fA. Any function 
y = u(x) (not merely y = 4x) that maps a space d (not merely our d) 
onto a space [fA (not merely our [fA) such that there is a one-to-one 
correspondence between the points of d and those of [fA is called a 
one-to-one transformation. It is important to note that a one-to-one 
transformation, y = u(x), implies that x is a single-valued function of 
y. In our case this is obviously true, since y = 4x requires that x = $y. 

Our problem is that of finding the p.d.f. g(y) of the discrete type 
of random variable Y = 4X. Now g(y) = Pr (Y = y). Because there is 
a one-to-one correspondence between the points of d and those of 



164 D;strilHlt;olfs of FlIlICt;OlfS of RlUIdom VllrilJlJles leb.4 

BI, the event Y = y or 4X = y can occur when, and only when, the event 
X = (~)y occurs. That is, the two events are equivalent and have the 
same probability. Hence 

( Y) J.lJl/4e- p 

g(y) = Pr(Y = y) = Pr X =:4 = (y/4)! ' y = 0,4, 8, ... , 

= 0 elsewhere. 

The foregoing detailed discussion should make the subsequent text 
easier to read. Let X be a random variable of the discrete tyPe, having 
p.d.f. f(x). Let d denote the set of discrete points, at each of which 
f(x) > 0, and let y = u(x) define a one-to-one transformation that maps 
d onto 81. Ifwe solve y = u(x) for x in terms of y, say, x = w(y), then 
for each y E 81, we have x = w(y) E d. Consider the random variable 
Y = u(X). If y E BI, then x = w(y) E d, and the events Y = y [or 
u(X) = y] and X = w(y) are equivalent. Accordingly, the p.d.f. of Yis 

-
g(y) = Pr (Y = y) = Pr [X = w(y)] = f[w(y)], Y E 81, 

= 0 elsewhere. 

Example 1. Let X have the binomial p.d.f. 

3! (2)X(I)3-X 
f(x) = x!(3 - x)! "3 "3 ' x = 0, 1,2,3, 

= 0 elsewhere. 

We seek the p.d.f. g(y) of the random variable Y = Xl. The transformation 
y = u(x) = r maps d = {x: x = 0, 1,2, 3} onto £j = {y: y = 0, 1,4, 9}. In 
general, y = r does not define a one-to-one transformation; here, however, it 
does, for there are no negative values of x in d = {x : x = 0, I, 2, 3}. That is, 
we have the single-valued inverse function x = w(y) = Jy (not - Jy), and 
so 

r:. 3' (_2)h (_1)3 -h, g(y) = /('" y) = . <JY)! (3 JY)! 3 3 
y = 0, 1,4,9, 

= 0 elsewhere. 

There are no essential difficulties involved in a problem like 
the following. Let f(X" X2) be the joint p.d.f. of two discrete-type 
random variables XI and X2 with d the (two~dimensional) set of 
points at which f(xJ' X2) > O. Let YI = UI(XI, X2) and Y2 = U2(XI, X2) 
define a one-to-one transformation that maps d onto BI. The joint 
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p.d.f. of the two new random variables YI = UI (XI' X2) and Y2 = 
U2(X\, X2) is given by 

= 0 elsewhere, 

where XI = WI (YI, Y2), X2 = W2(Y', Y2) is the single-valued inverse of 
YI = U. (x" X2), Y2 = U2(X" X2)' From this joint p.d.f. g(y" Y2) we may 
obtain the marginal p.d.f. of Y, by summing on Y2 or the marginal 
p.d.f. of Y2 by summing on y, . 

Perhaps it should be emphasized that the technique of change 
of variables involves the introduction of as many u new" variables 
as there were "old" variables. That is, suppose thatj{x" X2, X3) is the 
joint p.d.f. of XI, X 2, and Xl, with s;/ the set where j{x" X2, X3) > O. 
Let us say we seek the p.d.f. of Yt = UI (XI' X 2, X3)' We would then 
define (if po~sible) Y2 = U2(Xh X 2, Xl) and Yl = Ul(XI, X2, Xl), so 
that y, = UI(XI , X2, Xl), Y2 = U2(X\, Xh Xl), Yl = U3(X" X2, Xl) define a 
one-to-one transformation of s;/ onto fiI. This would enable us to find 
the joint p.d.f. of Yl , Y2 , and Y3 from which we would get the marginal 
p.d.f. of Y, by summing on Y2 and Y3' 

EXlUllple 2. Let XI and X2 be two independent random variables that have 
Poisson distributions with means PI and 1'2, respectively. The joint p.d.f. of 
XI and X2 is 

pt1p'?e-1I1 - 112 

XI!X2! 
XI = 0, 1,2,3, ... , X 2 = 0, 1,2,3, ... , 

and is zero elsewhere. Thus the space sI is the set of points (Xl' X2), where 
each of XI and X2 is a nonnegative integer. We wish to find the p.d.f. of 
YI = XI + X2• If we use the change of variable technique, we need to define 
a second random variable Y2' B~use Y2 is of no interest to us, let us 
choose it in such a w~y that we have a simple one-to-one transformation. 
For example, take Y2 = X2. Then YI = XI + X2 and Y2 = X2 represent a 
one-to-one transformation that maps sI onto 

91 = {(YI. Y2): Y2 = 0, 1, ... , YI and YI = 0, 1,2,' ... }. 

Note that, if(YI' Y2) e 91, then 0 < Y2 < YI' The inverse functions are given by 
XI = YI - Y2 and X2 = Y2- Thus the joint p.d.f. of Y. and Y2 is 
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and is zero elsewhere. Consequently, the marginal p.d.f. of Y1 is given by 
YI 

gl (YI) = L g(y" Y2) 
Y2 =0 

= e-JJ1 - JJ2 I y,! Jlfl - Y2p.{2 

YI! Y2 = 0 (YI - Y2)! Y2! 2 

(J.LI + J.L2)yle-JJI JJ2 
-

YI! 
YI=0,1,2, ... , 

and is zero elsewhere. That is, Y1 = XI + X2 has a Poisson distribution with 
parameter J.LI + J.L2· 

Remark. It should be noted that Example 2 essentiaHy illustrates the 
distribution function technique too. That is, without defining Y2 = X2 , we 
have that the distribution function of Y1 = XI + X2 is 

G1(YI) = Pr (XI + X2 < YI)' 

In this discrete case, with Y. = 0, I, 2, ... , the p.d.f. of Y, is equal to 

g,(YI) = GI(YI) - G.(YI - I) = Pr (XI + X2 = YI)' 

That is, 

g,(YI) =LL 
XI+X2 =YI .. 

~~. 

J.Lf' J.L~2e- III - 112 

x,! X2! 

This summation is over all poihtiof d such that XI + X2 = YI and thus can 
be written as 

which is exactly the summation given in Example 2. 

Extunple 3. In Section 4.1, we found that we could simulate a 
continuous~type random variable X with distribution function F(x) through 
X = F-'(y),where Yhas a uniform distribution on 0 < Y < 1. In a sense, we 
can simulate a discrete-type random variable X in much the same way, but 
we must understand what X = F- I

( Y) means in this case. Here F(x) is a step 
function with the height of the step at x = Xo equal to Pr (X = xo). For 
illustration, in Example 3 of Section 1.5, Pr (X = 3) = i is the height of the 
step at x = 3 in Figure 1.3. that depicts the distribution function. If we now 
think of selecting a random point Y, having the uniform distribution on 
o < y ~ I, on the vertical axis of Figure 1.3, the probability of falling between 
1 and ~ is i. However, if it falls between those two values. the horlzontalline 
drawn from it would "hit" the step at x = 3. That is. for i < Y :s; l. then 
F-1(y) = 3. Of course, ifi < Y <~, then F-1(y) = 2; and if 0 < Y < i, we have 
F-I(y) = I. Thus. with this procedure, we can generate the numbers x = I. 
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x = 2, and x = 3 with respective probabilities ~, ~, and i, as we desired. 
Clearly, this procedure can be generalized to simulate any random variable 

~ X of the discrete type. 

EXERCISES 

4.17. Let X have a p.d.f.j{x) =!, x = 1,2,3, zero elsewhere. Find the p.d.f. 
of Y= 2X + 1. 

4.18. If [(XI> X2) = (j)XI +X2(!)2 XI -x2, (XI> X2) = (0,0), (0, I), (I, 0), (1, 1), 
zero elsewhere, is the joint p.d.f. of XI and X2, find the joint p.d.f. of 
Y1 = XI - X2 and Y2 = Xl + X2• 

4.19. Let X have the p.d.f, j{x) = or, x = I, 2, 3, ... , zero elsewhere. Find 
the p.d.f. of Y = Xl. 

4.20. Let Xi and X2 have the jointp.d.f.j{x., X2) = xlx2/36, Xl = 1,2,3 and 
X2 = 1, 2, 3, zero elsewhere. Find first the joint p.d.f. of YI = XI X2 and 
Y2 = X2, and then find the marginal p.d.f. of YI • 

4.21. Let the independent random variables XI and X2 be b(nl' p) and b(n2' p), 
respectively. Find the joint p:d.f. of YI = XI + X2 and Y2 = X2, and then 
find the marginal p.d.f. of Y I • 

Hint: Use the fact that 

± (nl)( n2 ) = (nl + n2). 
W~O w k w k 

This can be proved by comparing the coefficients of xk in each member of 
the identity (I + x)nl(l + x)n2 == (l + xrl +"2. 

4.22. Let XI and X2 be independent random variables of the discrete type with 
joint p.d.f.-"(x,}h(x2), (XI> X2) e.9l. LetYI = UI(XI) and Y2 = U2(X2) denote 
a one-to-one transformation that maps .91 onto ~. Show that Y I = UI (XI) 
and Y2 = U2(X2) are independent. 

4.23. Consider the random variable X with p.d.f.j{x) = x/IS, x = 1,2,3,4, 
5, and zero elsewhere. 
(a) Graph the distribution function F(x) of X. 
(b) Using a computer or a table of random numbers, determine 30 values 

of Y, which has the (approximate) uniform distribution on 0 < Y < I. 
(c) From these 30 values of Y, find the corresponding 30 values of X and 

determine the relative frequencies of x = I, x = 2, X = 3, x = 4, and 
X = 5. How do these compare to the respective probabilities of 115' 1

2
5' 

1. .! 2.? 
IS' IS' IS' 

4.24. Using the technique given in Example 3 and Exetcise 4.23, generate 50 
values having a Poisson distribution with J.l = 1. 

Hint: Use Table I in Appendix B. 
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4.3 Transformations of Variables of the Continuous. Type 

In the preceding section we introduced the notion of a one-to-one 
transformation and the mapping of a set d onto a set rM under that 
transformation. Those ideas were sufficient to enable us to find the 
distribution of a function of several random variables of the discrete 
type. In this section we examine the same problem when the random 
variables are of the continuous type. It is again helpful to begin with 
a special problem. 

Extunpk,1. Let X be a random variable of the continuous type, having 
p.d.f. 

j{x) = 2x, 

=0 

0< x < I, 

elsewhere. 

Here d is the space {x: 0 < x < I}, where j{x) > O. Define the random 
variable Y by Y = 8~ and consider the transformation y = 8x3. Under 
the transformation y = 8x3, the set d is mapped onto the set fJI = 
{y: 0 < y < 8}, and, moreover, the transformation is one-to-one. For every 
o < a < b < 8, the event a < Y < b will occur when, and only when, the 
event i~ < X < !.ft occurs because there is a one· to-one correspondence 
between the points of .911 and fJI. Thus 

Pr(a < Y < b) = Pr(!~ < X < !.ft) 

1
¥b12 

2xdx. 
Y;/2 

Let us rewrite this integral by changing the variable of integration from x to 
y by writing y = 8x3 or x = lYV. Now . 

dx 1 
dy = 6y/3' 

and, accordingly, we have 

Pr(a< Y<h)= [{~X6~)dy 
a 

= [. 6 '," dy. 
a ~ 

Since this is true for every 0 < a < b < 8, the p.d.f. g(y) of Y is the integrand; 
that is, 

1 
g(y) = 6yl/l ' 0 < y < 8, 

= 0 e1sewhere. 
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It is worth noting that we found the p.d.f. of the random variable 
y , 8X3 by using a theorem on the change of yariable in a definite 
integral. However, to obtain g(y) we actually need only- two things: 
(I) the set 1A of points y where g(y) > 0 and (2) the integrand of the 
integral on y to which Pr (a < -Y < b) is equal. These can be found 
by two simple rules: 

1. Verify that the transformation y = 8x3 maps .91 = {x: 0 < x < I} 
onto 91 = {y: 0 < y < 8} and that the transformation is one
to·one. 

2. Detennine g(y) on this set fJI by substituting ~.Jy for x in f(x) 
and then mUltiplying this result by the derivative of ~1Y. That 
IS, 

(
1Y) d[(4).Jy] .- 1 

g(y) = f 2 dy = 6yl/3 ' 0< y < 8, 

= 0 elsewhere. 

We shall accept a theorem in analysis on the change of variable in 
a definite integral to enable us to state a more general result. Let X be 
a random variable of the continuous type having p.d.f. f(x). Let .91 
be the one-dimensional space where f(x) > O. Consider the random 
variable Y = u(X), where y = u(x) defines a one-to-one transformation 
that maps the set .91 onto the set 91. Let the inverse of y = u(x) 
be denoted by x = w(y), and let the derivative dx/dy = w'(y) be 
continuous and not equal zero for all poin.ts yin- 91. Then the p.d.f. 
of the random variable Y = u(X) is given by -

g(y) = JIw(y)]lw'(y)l. ye 91, 

= 0 elsewhere, 

where Iw'(y)1 represents the absolute value of w'(y). This is precisely 
what we did in Example I of this section, except there we deliberately 
chose y = 8x3 to be an increasing function so that 

dx~ '() 1 
dy = w y = 6y/3 ' 0< y < 8, 

is positive, and hence 

1 1 
6y2/3 = 6y2/3' 0< y < 8. 
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Henceforth, we shall refer to dxjdy = w'(y) as the Jacobian (denoted 
by J) of the transformation. In most mathematical areas, J = w'(y) is 
referred to as the Jacobian of the inverse transformation x = w(y), but 
in this book it will be called the Jacobian of the transformation, simply 
for convenience. 

EXflmJJ1e 2. Let X have the p.d.f. 

f(x) = 1, 0 < x < 1, 

= 0 elsewhere. 

We are to show that the random variable Y = -21n X has a chi
square distribution with 2 degrees of freedom. Here the transformation 
is y = u(x) = - 2 In x, so that x = K-iY) = e-y/2. The space .91 is d = 
{x : 0 < x < I}, which the one-to-one transformation y = - 2 In x maps onto 
1M = {y : 0 < y < oo}. The Jacobian of the transformation is 

J = ~; = w'(y) = -~ e-y
/
2

• 

Accordingly, the p.d.f. g(y) of Y = - 2 In X is 

g(y) = f(e- y
/
2)IJI = !e-J'/2, 

;:: 0 elsewhere, 

'0 < y < 00, 

a p.d.f. that is chi-square with 2 degrees of freedom. Note that this problem 
was first proposed in Exercise 3.46. ' 

This method of finding the p.d.f. of a function of one random 
variable of the continuous type will now be extended to functions of 
two random variables of this type. Again, only functions that define 
a one-to-one transformation wilJ be considered at this time. Let 
YI = UI(X" X2) and Y2 = U2(X" X2) define a one-to-one transformation 
that maps a (two-dimensional) set .91 in the x,x2-plane onto a 
(two-dimensional) set f!I in the YIYrplane. Ifwe express each of XI and 
X2 in terms of YI and Y2' we can write XI = WI (YI, Y2), X2 = W2(Y\. Y2)' 
The determinant of order 2, 

aX, OXI 
0YI 0Y2 
OX2 OX2 
0YI 0Y2 

is called the Jacobian of the transformation and will be denoted 
by the symbol J. It will be assumed' that these first-order partial 
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\ derivatives are continuous and that the Jacobian J is not ident
ically equal to zero in fJI. An illustrative example may be 
desirable before we proceed with the extension of the change of 
variable technique to two random variables of the continuous 
type. 

Example J. Let .s.I be the set .s.I = {(X., Xl): 0 < XI < 1,0 < Xl < I} 
depicted in Figure 4.1. We wish to determine the set fM in the Y,Yrplane that 
is the mapping of .s.I under the one-to-one transformation 

Ii. .. ,; 

and we wish to Compute the 1acobian of the transformation. Now 

XI = w.(y., Y2) -J(YI + Y2), 

X2 = W2(YI, Yl) = ! (YI - Yl)' 

To determine the set fM in the Y,Yrplane onto which.91 is mapped under the 
transformation, note that the boundaries of.s.l are transformed as follows into 
the boundaries of ~; 

XI = 0 into 
I : 

0= i(YI + Y2), 

XI = 1 into 1 =! (YI + Y2), 

Xl = 0 into o = ! (YI - Y2), 

X2 = 1 into 1 = ! (YI - Y2)' 

~----------~----------------------XI 
(0.0) x2 = 0 

FIGURE 4.1 

r 
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( o. 0 ) Ir---- ----t---... " 

FIGURE 4.2 

Accordingly, ffI is shown in Figure 4.2. Finally, 

J= 

ax, ax, 
oy) OY2 
OX2 OX2 
oy, 0Y2 

1 I 
2 2 
I I 
2 -2" 

Remark. Although, in Example 3, we suggest transforming the bound
aries of sI, others might want to use the inequalities 

0< XI < I and 

directly. These four inequalities become 

and 

It is easy to see that these are equivalent to 

Y2 < YI, 

and they define the set ffI. In this example, these methods were rather simple 
and essentially the same. Other examples could present more complicated 
transformations, and only experience can help one decide which is the best 
method in each case. 

We now proceed with the problem of finding the joint p.d.f. of 
two functions of two continuous-type random variables. Let XI and X2 

be random variables of the continuous type, having joint p.d.f. 
h(Xb X2)' Let d be the two-dimensional set in the x,x2-plane where 
h(x, , X2) > O. Let Y. = u.(X., X2) be a random variable whose p.d.f. 
is to be found. If YI = u,(x" X2) and Y2 = U2(X" X2) define a one-to
one transformation of d onto a set P,I in the Y'Y2-plane (with 



Sec. 4.31 TrtIIIsformtltiolu of Y lllitlble, of tile Contillliolls Type 173 

nonidentically zero Jacobian), we can find, by use of a theorem in 
analysis, the joint p.d.f. of Y. = U. (X., X 2) and Y2 = U:i(X., X2). Let 
A be a subset of .91, and let B denote the mapping of A under the 
one-to-one transformation (see Figure 4.3). The events (X., X2) E A 
and (Y., Y2) E B are equivalent. Hence 

Pr [(YJ, Y2) E B] = Pr [(X., X2) E A] 

= ff h(x" x,).ix, .ix,_ 
A 

We wish now to change variables of integration by writing Y. = 
u.(X., X2),Y2 = U2(X., X2), or XI = w.(y., Y2),X2 = W2(Y., Y2)' It has been 
proved in analysis that ,this change of variables requires 

ff h(x" x,).ix, .ix, = ff h[w,(y" y,), w,(y" y,)llJl dy, dy,_ 
A . B ' 

Thus, for every set Bin /JI, 

• Pr [(Y" Y,) E B] = ff h[w,(y" y,), w,(y" y,)llJl dy, dy" 
B 

which implies that the joint p.d.f. g(YI, Y2) of YJ and Y2 is 

g(y., Y2) = h[wl(Y" Y2), W2(Y., Y2)]IJ), (Y., Y2) E at, 

= 0 elsewhere. 

Accordingly, the marginal p.d.f. g,(YI) of Y, can be obtained from the 
joint p.d.f. g(y., Y2) in the usual manner by integrating on Y2' Several 
examples of this result will be given. 

Example 4. Let the random variable X have the p.d.f. 

f(x) = 1, 0 < x < 1, 

=0 

I.------_x. 
(0.0) 

elsewhere, 

I.--_____ y. 

(0.0) , 

FIGURE 4.3 
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and let XI ,;X2 denote a random sample from this distribution. The joint p.d.f. 
of XI and X2'.is then. . 

h(xJ, X2) = j{X,l!tX2) = 1, 0 < XI < 1, 0 < X2 < 1, 

= 0 elsewhere. 

Consider the two random variables YI = XI + X2 and Y2 = XI - X2. We wish 
to find the joint p.d.f. of Y, and Y2• Here the two-dimensional space d in the 
xlxrplane is that of Example 3 of this section. The one-to-one transfor
mation YI = XI + X2, Y2 = XI - Xl maps d onto the space 11 of that example. 
Moreover, the Jacobian of that transformation has been shown to be J = -4. 
Thus 

g(YI, Y2) = h[! (YI + Y2), 4 (YI - Y2)]IJI 

= fH (YI + Y2)]fH (YI - Y2)]IJI = !. 
= o elsewhere. 

Because 11 is not a 'product space, the random variables Y1 and Y2 are 
dependent. The marginal p.d.f. of YI is given by 

g,(y,) = foo g(y,. y,) dy,. 
-00 

If we refer to Figure 4.2, it is seen that 

f
2 - Y, • 

:= ~ dY2 = 2 - y., 
YI-2 

1 < YI < 2, 

= 0 elsewhere. 

f
2 - Y2 

= 4 dYI = I - Y2, 
Yz 

= 0 elsewhere. 

Example 5. Let XI, X2 be a random sample of size n = 2 from a stan
dard normal distribution. Say that we are interested in the distribution 
of Y1 = XI! X2• Often in seleCting the second random variable, we use 
the denominator of the ratio or a function of that denominator. So let 
Y2 = X2. With the set {(x" X2) : - 00 < XI < 00, - 00 < X2 < oo}, we note 
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that the ratio is not defined at X2 = O. However, Pr (X2 = 0) = 0; so we take 
the p.d.f. of X2 to be zero at X2 = O. This results in the set 

SIf/ = {(Xh X2): - 00 < XI <" 00, - 00 < X2 < 0 or 0 < X2 < oo}. 

With YI = Xi/X2, Y2 = X2 or, equivalently, XI = YIY2, X2 = Y2, SIf/ maps onto 

fJI={(YI,Y2):-00<YI<OO, -00<Y2<0 or 0<Y2<00}. 

Also, 

Since 

J = Y2 YI = Yz ¢ O. 
o 1 

h(x" x,) = 2~ exp [ -~ (xl + xl) J. (x,. x,) e.!il. 

we have that the joint p.d.f. of 'Yr and Y2 is 

g(y,. y,) = 2~ exp [ -~ y1(1 + y1) ] lv,l. (flo y,) e ill . 

Thus • 

Since g(YI, Y2) is an even function of Y2, we can write 

g, (y,) = 2 r 21" ~xp [ -4 y,(1 + I.) }y,) tiy, 

= 1. {-exp [-4 y~(l + yi)]}1Xl = I 
'It 1 + yi I) 1t(1 + I.) , - 00.< YI < 00. 

This marginal p.d.f. of Y1 = Xi/X2 is that of a Cauchy distribution. Although 
the Cauchy p.d.f. is symmetric about YI = 0, the mean does not exist because 
the integral 

does not exist. The median and the mode, however, are both equal to zero. 

Example 6. Let Y1 =! (XI - X2), where XI and X2 are U.d. random 
variables, each being ;(2(2). The joint p.d.f. of XI and X2 is 

I (XI + xz) j{XI)j{X2) = 4exp - 2 ' 0< XI < 00, 0 < X2 < 00, 

= 0 elsewhere. 
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Let Y2 = X2 so that YI = 4 (XI - X2), Y2 = X2 or XI = 2YI + Y2, X2 = Y2 define 
a one-to-one transformation from d = {(X., X2): 0 < XI < co,O < X2 < co} 
onto £I = {(Y"Y2): -2y, < Y2 and 0 < Y2, -co < YI < oo}. Thelacobianof 
the transformation is 

J = 2 ) = 2; 
o 1 

hence the joint p.d.f. of YI and Yz is 

\21 
g(YI, yz) = 4" e-YI - Y2, 

= 0 elsewhere. 

Thus the p.d.f. of YI is given by 

g,(y,) = f' ~ e-Y'- y, dy, = t .,v" 
. -2YI 

-co < y, < 0, 

o <YI < 00, 
• 

or 

g,(YI)=!e-1Y", -00 <YI < 00. 

This p.d.f. is now frequently called the double exponential p.d.f. 

Example 7. In this example a rather important result is established. Let 
XI and X2 be independent random variables of the continuous type with joint 
p.d.f. Ji(XI}h(X2) that is positive on the two-dimensional space .91. Let 
YI = UI(Xt ), a function of XI alone, and Yz = uz(X2), a function of X2 alone. 
We assume for the present that YI = UI(XI), Y2 = U2(XZ) define a one-to-one 
transformation from .91 c,onto a two-dimensional set a in the YIY2-plane. 
Solvingforx, and X2 in terms of Y\ andyz, we have x, = w,(Yt)andx2 = W2(Y2), 
so 

J = way,) 0 = w'(y )w'(y ) ~ o. 
O '() I I 2 Z r W2 Y2 

Hence the joint p.d.f. of Y 1 and Y2 is 

g(y" Y2) . Ji[Wt(YI)]Ji[W2(Y2)]!Way,)W2(Y2)1, 

= 0 elsewhere. 

However, from the procedure for changing variables in the case of 
one random variable, we see that the marginal probability density 
functions of Y1 and Y2 are, respectively, gl(Y,) =Ji[w,(y,)]lw({y,)1 and 
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g2(Y2) = Ji[W2(Y2)] I W2(Y2) I for y, and Y2 in some appropriate sets. Con
sequently, 

g(y" Y2) = g, (y, )g2(Y2). 

Thus, summarizing, we note that if X, and X2 are independent random 
variables, then Y, = u,(X,) and Y2 = U2(X2) are also independent random 
variables. It has been seen that the result holds if X, and X2 are of the discrete 
type; see Exercise 4.22. 

In the simulation of random variables using uniform random 
variables, it is frequently difficult to solve y= F(x) for x. Thus other 
methods are necessary. For instance, consider the important normal 
case in which we desire to determine X so that it is N(O, I). Of course, 
once X is determined, other normal variables can then be obtained 
through X by the transformation Z = aX + Jl.. 

To simulate normal variables, Box and Muller suggested the 
following procedure. Let Y" Y2 be a random sample from the uniform 
distribution over 0 < y < I. Define X, and X2 by 

X, = ( - 2 In Y, )'/2 cos (2n Y2), 

. X2 = ( - 2 In Y, )'/2 sin (2n Y2). 

The corresponding transformation is one-to-one and maps 
{(y" Y2):0 < y, < I, 0 < Y2 < 1} onto {(x" X2): -00 < x, < 00, 

- 00 < X2 < oo} except for sets involving x, = 0 and X2 = 0, which 
have probability zero. The inverse transformation is given by 

( x~ + x~) 
y, = exp - 2 ' 

1 X2 
Y2 = -2 arctan -. n x, 

This has the J aco bian 

(-x,)exp ( _ xl; x~) ( x~ + x~) 
( - X2) exp - 2 . 

J= 
- X2/X~ I/x, 

(2n)(1 + x~/ xD (21t)(1 + xVxD 

( 
X2 + X2) ( xi + x~) - (1 + x~/xD exp - I 2 2 - exp - 2 

----'-------
(21t)(l + x~/xD 21t 
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Since the joint p.dJ. of Yl and Y2 is 1 on 0 < y, < 1,0 < Y2 < 1, and 
zero elsewhere, the joint p.d.f. of Xl and X2 is 

( 
xi + xi) exp -

2 

21[ -00 < XI < 00, -00 < X2 < 00. 

That is, Xl and X2 are independent standard normal random variables. 
We close this section by observing a way of finding the p.d.f. 

of a sum of two independent random variables. Let XI and X2 

be independent with respective probability density functions !.(x,) 
and fi(X2)' Let Y, == XI + X2 and Y2 = X2• Thus we have the 
one-to-one transformation XI = Yl - Y2 and X2 = Y2 with Jacobian 
J = 1. Here we say that d = {(x" X2): - 00 < XI < 00, - 00 < X2 < oo} 
maps onto fJI = {(y" Y2): - 00< YI < 00, - 00 < Y2< oo}, but we 
recognize that in a particular problem the joint p.d.f. might equal zero 
on some part of these sets. Thus the joint p.d.f. of Y, and Y2 is 

and the marginal p.dJ. of YI = XI + X2 is given by 

g,(y,) = f' f,(y, - y,)./i(y,) dy,. 
-00 

which is the well-known convolution formula. 

EXERCISES 

4.25. Let X have the p.d.f. lex) = x?-/9, 0 < x < 3, zero elsewhere. Find the 
p.d.f. of Y = Xl. 

4.26. If the p.d.f. of X isfix) = 2xe-- x
\ 0 < x < 00, zero elsewhere, determine 

the p.d.f. of Y = )(2. 

4.27. Let X have the logistic p.d.! fix) = e-x/(I + e-x)2, - 00 < x < 00. 

(a) Show that the graph of/ex) is symmetric about the vertical axis through 
x = O. 

(b) Find the distribution function of X. 
(c) Find the p.d.f. of Y = e-x, 
(d) Show that the m.g.f. M(t) of X is f(l - t)f(1 + t), -I < t < 1. 

Hint: In the integral representing M(t), let y = (I + e-X)-I. 
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4.21. Let X have the uniform distribution over the interval (-n/2, n/2). 
Show that Y = tan X has a Cauchy distribution. 

4.29. Let XI and Xi be two independent normal random variables, each 
with mean zero and variance one (possibly reSUlting from a Box-Muller 
transformation). Show that 

ZI = III + 0'1 X\) 

Z2 = 112 + P0'2 X, + 0'2Jl - p2X2' 

where 0 < 0'" 0 < 0'2, and 0 < p < I, have a bivariate normal distribution 
with respective parameters Il" 1l2' O'~, O'~, and p. 

4.30. Let XI and X2 denote a random sample of size 2 from a distribution that 
is N(p, 0-2). Let YI = XI + X2 and Y2 = XI - Xl' Find the joint p.d.[ of Y, 
and Y2 and show that these random variables are independent. • 

4.31. Let XI and Xl denote a random sample of size 2 from a distribution that 
is N{p., 0'2). Let YI = XI + X2 and Yl = XI + 2X2• Show t~at the joint p.d.f. 
of Y, and Y2 is bivariate normal with correlation coefficient 3/~. 

4.32. Use the convolution formula to determine the p.d.f. of YI = XI + X2, 

where XI and X2 are Li.d. random variables, each with p.d.f. f{x) = e-x , 

o < x < 00, zero elsewhere. 
Hint: Note that the integral on Y2 has limits of 0 and y" where 

o <y, < 00. Why? 

4.33. Let XI and X2 have the joint p.d.f. h(x" X2) = 2e-XI - X2 , 

0< XI < X2 < 00, zero elsewhere. Find the joint p.dl. of YI = 2XI and 
Y2 = X2 - XI and argue that Y I and Y2 are independent. 

4.34. Let XI and X2 have the joint p.d.f. h(x" X2) = 8XIX2, 0 < XI < X2 < 1, 
zero elsewhere. Find the joint p.d.f. of Y I = XII X2 and Y2 = X2 and argue 
that Y I and Y2 are independent. 

Hint: Use the inequalities 0 < YIY2 < Y2 < I in considering the mapping 
from .PI onto £f. 

4.4 The Beta, t, and F Distributions 

It is the purpose of this section to define three additional 
distributions quite useful in certain problems of statistical inference. 
These are called, respectively, the beta distribution, the (Student's) 
(-distribution, and the F-distribution. 
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The beta distribution. Let XI and X2 be two independent random 
variables that have gamma distributions and joint p.d.f. 

h( ) 1 «-I fJ-1 -XI-X2 0< < 0< < X., X2 =r(a)r(ft) XI X2 e " XI 00, X2 00, 

zero elsewhere, where a > 0, p > O. Let Y1 = XI + X2 and Y2 = 
XI/(X, + X2). We shall show that Y, and Y2 are independent. 

The space d is, exclusive of the points on the coordinate axes, the 
first quadrant of the xlx2-plane. Now 

y, = u,(x" X2) = XI + X2' 

XI 
Y2 = U2(XI, X2) = + XI X2 

may be written XI = YIY2, X2 = y,(1 - Y2), so 

J = Y2 y, = ~ YI ¥: O. 
1 - Y2 - YI 

The transformation is one-to-one, and it maps d onto rJI = 
{(YI, Y2) : 0 < YI < 00, 0 < Y2 < I} in the YIYrplane. The joint p.d.f. 
of YI and Y2 is then 

I 
g(Yh Y2) = (Y.) r(a)r(p) (YIY2)1I-1[YI(l - Y2)]fJ- 1e-YI 

,,11-1(1 )'-1 
- "2 -Y2 ,,a+fJ-I -YI 0 0 I 
- r(a)r(lI) "I e, <YI<oo, <Y2<, 

= 0 elsewhere. 

In accordance with Theorem 1, Section 2.4, the random variables are 
independent. The marginal p.d.f. of Y2 is 

( ) _"2 - Y2I" ,,11+/1-1 -YI d ,,11-1(1 \8-1 [ 

g2 Y2 - r(a)r(p) o.TI e YI' 

r(a + II) II - 1(1 \6 - I 0 I = r(a)r(p) Y2 - Y2I", < Y2 < , 

= 0 elsewhere. 

This p.d.f. is that of the beta distribution with parameters a and p. Since 
g(YI, Y2) = gl(YI)g2(Y2), it must be that the p.d.f. of YI is 

( ) _ I II + /J _ I - YI 
g, YI -r(a+'p)Yl e, 0< YI < 00, 

= 0 elsewhere, 
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which is that of a gamma distribution with parameter values of 
a + p and I. 

It is an easy exercise to show that the mean and the variance of 
Yh which has a beta distribution with parameters a. and p, are, 
respectively, 

2 ap 
(1 = (a + p + .I)(a + P)2 . 

The t...cJ.istribudOD. Let W denote a random variable that is N(O, 1); 
let V denote a random variable that is x2(r); and let Wand V be 
independent. Then the joint p.d.f. of Wand V, say h(w, v), is the 
product of the p.d.f. of Wand that of V or 

h( ) - _1_ -w'l/2 1 rl2 - 1 -v12 
W,V - fo e r(rI2)2rI2 v e , 

, - 00 <w < 00, 0 < v < 00, 

= 0 elsewhere. 

Define a new random variable T by writing 

T- W - yfvit. 

Th~ change-of-variable technique will be used to obtain the p.d.f. g) (1) 
of T.The ~equations 

w 
t=-- and .u=v 

Jvfr' 
define a one-to-one transformation that maps .s;I = {(w,v) : - 00 < 
w < 00, 0 < v < oo} onto fJI = {(I, u) : - 00 < t < 00, 0 < u < oo}. 
Since w = tJuI;;', v = u, the absolute value of the Jacobian of the 
transformation is 111 = JuIJr. Accordingly, the joint p.d.f. of T 
and U = V is given by 

Ju; . 
g(t, u) = he;, u }JI 

_ ' .. "1 . u'/2-1 exp [_.~ (1 + t2)']'Ju 
fo r('/2)2r/~ . 2, ,Jr ' 

- 00 < 1 < 00, 0 < u < 00, 

= 0 elseWhere. 

, 
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The marginal p.d.f. of T is theft 

g,(t) = foo g(t, u) du 

-eo 

= leo I. u(r + 1)/2 - 1 exp [ _ !!. (I + t2)] duo 
o fo r(r/2)2r/2 2 r 

In this integral let z = u[1 + (t2/r)]/2, and it is seen that 

leo. I (2Z . )(r+ 1)/2-1 ( 2 ) 
gl(t) = .. e- Z dz 

o fo r(r/2)2,/2 1·+ t2/r 1 + t2/r 

r[(r + 1)/2] 1 . 
- fo r(r/2) (1 + fir)"~ + 1)/2 ' 

-oo<t<oo. 

Thus, if W is N(O, 1), if V is x2(r), and if Wand V are independent, 
then 

T= W . for 
has the immediately preceding p.d.f. g,(t). The distribution of the 
random variable T is usually called a t-distribution. It should. 

• be observed that a t-distribution is completely determined by the 
parameter r, the number of degrees of freedom of the random variable 
that has the chi-square distribution. Some approximate values of 

, Pr(T< t)=1 'k,(w)dw 
-ao 

for selected values of rand t can be found in Table IV in Appendix B. 

Remark. This distribution was first discovered by W. S. Gosset when he 
was working for an Irish brewery. Because that brewery did not want other 
breweries to know that.statistical methods were being used, Gosset published -
under the pseudbnym Student. Thus this distribution is often known as 
Student's I-distribution. 

The F-distributiOD. Next consider two independent chi-square 
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random variables U and V having r. and r2 degrees of freedom, 
respectively. The joint p.d.f. h(u, v) of V and V is then 

h(u v) = 1 ",.t2- lvr2/2 1e-(u+v)/2 
, r(rd2)r(r2/2)2(r, + r2)/2 ' 

o < u < 00, 0 < v < 00, 

= 0 elsewhere. 

We define the new random variable 

W= Vir. 
Vlr 2 

and we propose finding the p.d.f. gl(w) of W. The equations 

ulr. 
w=- z=v, vlri' 

define a one-to-one transformation that maps the set d = 
{(u, v): 0< u < 00,0 < v < oo} onto the set.!ir = {(w, z): 0 < w < 00, 
0< Z < oo}, Since u = (rJ!r2)zw, v = z, the absolute value' of the 
Jacobian of the transformation is 1.11 = (r.!r2)z. The joint p.d.f. g(w,z) 
of the random variables Wand Z = V is then 

I. (r1zw)'1/2 I 
g(w, z) = r(r.!2)r(r2/2)2(r, +'2)/2 r, z'212-

1 

[ 
z (rlw )] r,z xexp -- -+ 1 -, 
2 r2 r2 

provided that (w, z) e 91, and zero elsewhere. The marginal p.d.f. gl(w) 
of Wis then 

g,(w) = f' g(w. z) dz 
-00 

x exp [ - ~(r~~ + I)] liz. 

If we change the variable of integration by writing 

y = ~ (r~~ + I). 
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it can be seen that 

_ (OC) (~./r2yI/2(w)'1/2-1 ( 2y· )(rl +r2)/2-1 _y 

gl(W) - J
o 

r(r./2)r(r2/2)2(rl + r2){2 rl w/r2 + I e 

x (" wi;' + 1 )dY 
r[(rl + r2)/2](rdr2y.t2 (w)'.t2 I. 

- r(rl/2)r(r2/2) (1 + rl w/r2)(r l '; r2)/2 ' 
o < w < OC', 

= 0 elsewhere. 

Accordingly, if U and V are independent chi-square variables with 
r. and r2 degrees of freedom, respectively, then 

w= Ujr l 

V/r2 

has the immediately preceding p.d.f. gl(w). The distribution of this 
random variable is usually called an F-distribution; and we often call 
the ratio; which we have denoted by W, F. That is, 

F= Ujrl 
Vjr2 • 

It should be observed that an F-distribution is completely determined 
by the two parameters rl and r2' Table V in Appendix B gives some 
approximate values of 

. , Pr(FS b) .. f g,(w)dw 

for selected values of rl, rh and h. 

EXERCISES 

4.35. Find the inean and variance of the > beta distribution. 
Hint: From that p.d.f., we know that 

11 .,« ~ 1(1 _ \8-1 d = r{IX)r{p) 
oJ· y, Y t( IX + fJ) 

for all IX > 0, fJ > O. 

4.36. Determine the constant c in eC;lch of the following so that each j{x) is 
a beta p.d.f 
(a) j{x) = cx(l - X)3, 0 < X < I, zero elsewhere. 
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(b) fix) = c;('{l-'!- X)~, 0 < ,x < I, ~o ~Isewhere. 
(c) fix) = cr(l - X)8, 0 < x < 1, zero elsewhere. 
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4.37. Determine th.e constant i: ~o ~hat f(x) = cx(3 - X)4, 0 < x <3,zerq 
elsewhere, is a p.d.f. . , : 

4.38. Show that the graph of the beta p.d.f. is symmetric a~ut t~ vertical 
line through x = ! if « = p. 

4.39. Show, for k = 1,2, ... , n, that 

f (k - I)~~n _ k)!z'- '(I - zy-' liz = :~: (:))7'(1 -P'f-
x

, 

p 

This demonstrates the relationship between the distri bution functions of the' 
beta and binomial distributions. 

4.40. Let T have a t-distribution with 10 degrees of freedom. Find Pr (i TI > 
2.228) from Table IV. 

4.41. Let T have a t-distribution with 14 degtees of freedom. Determine;h' 
so that Pr ( - b < T < b) = 0.90. 

4.42. Let Fhave an F-distribution with parameters'l and '2' Prove that I/F 
has an F-distribution with parameters '2 and '1' 

4.43. If F has an F-distribution with paritmeters r l = 5 and '2 = 10, find a 
and b so that Pr (F s; a) = 0.05 and Pr (F S; b) = 0.95, and, accordingly, 
'Pr(a < F< b) = 0.90. 

Hint: Write Pr (F < a) = Pr(l/F~ l/a) = ].- Pr (l/F$,. l/a), and use 
the result of Exercise 4.42 and Table V. 

4.44. Let T = W/ Nr, where the independent variables Wand V are, 
respectively, normal with mean zero and variance 1 and chi-square with, 
degrees of fr~edom. Show that T2 has an F-distribution with parameters 
'1 = 1 and '2 = ,. 

Hint: What is the distribution of the numerator of 'P? 

4.45. Show that the t-distribution with , = 1 degree of freedom and the 
Cauchy distribution are the same. 

4.46. Show that 

y= 1 
1 + ('I/'2)W' 

where W has an F-distribution with parameters '1 and '2. has a beta 
distribution. 

4.47. Let XI, X2 be a random sample from a distribution having the p.d.f. 
fix) = e-x

, 0 < x < 00, zero elsewhere. Show that Z = X';X2 has an 
F-distribution. 
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4.5 Extensions of the Change-of-Variable Technique 

In Section 4.3 it was seen that the determination of the joint p.d.f. 
of two functions of two randotn variables of the continuous type was 
essentially a corollary to a theorem in analysis having to do with the 
change of variables ina twofold integral. This theorem has a natural 
extension to n-fold integrals. This extension is as follows. Consider an 
integral of the form r .. f h(x,. x" ... • x,) dx, dx, ... dx. 

A 

taken over a subset A of an n-dimensional space .91. Let 

Y" = U,,(XI' •.• ,x,,), 

together with the inverse functions 

x" = W,,(Y"Y2, ... , Y,,) 

define a one-to ... one transformation that maps .91 onto ~ in the 
y" Y2, ... ,Yn space (and hence maps the subset A of.91 onto a subset 
B of ~). Let the first partial derivatives of the inverse functions be 
continuous and let the n by n determinant (called the Jacobian) 

ox, ox, ox, 
oY, 0Y2 oY" 

J= 

ox" ox" ox" 
OYI 0Y2 ' oY" 

not be identically zero in ~. Then 

f· .. f h(x,. x, • ... • x,) dx, dx, ... dx, 

A 

= r .. f hI w, (y" ... • y .). w,(y" ... • y,) • ... • w.(y" ... , Y:)l 
B 

x IJI dYI dY2 ... dy". 
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Whenever the conditions of this theorem are satisfied, we e~n deter
mine the joint p.d'.f. of n functions of n random variables. Approp" 
riate changes of notation in Section 4.3 (to indicate n-space as opposed 
to 2-space) are all that is needed to show that the joint p.d.f. of the 
random variables Y1 = UI(X1, X2, ... ,Xn), Y2 = U2(X" X2, ... , Xn), 

... , Yn = Un (X. , Xl, ... , Xn}-where the joint p.d.f. of XI, X2, ••• , Xn 
is h(x l , ••• ,xn}-is given by 

g(YI,Y2,'·· ,Yn) = IJrh[WI(YI"" ,Yn),"" wn(y.,··· ,Yn)], 

when (YI' Y2, ... ,Yn) E tJi, and is zero elsewhere. 

Example 1. Let X., X2, ••• , Xk + • be independent random variables, each 
having a gamma distribution with fJ = t. The joint p.d.f. of these variables 
may be written as 

,0 < Xi < 00, 

= 0 elsewhere. 

Let 

y:. == XI 
I XI + X2 + ... + Xk + I' 

i = t, 2, ... ,k, 

and Y:k +. = XI + X2 + ... + Xk + 1 denote k + t new random variables. The 
associated transformation maps .!II == {(XI" .. , Xk+ I): 0 < Xi <00, i = t, 
... , k + I} onto the space 

fJI == {(YI' ... ,Yh Yk + I) : 0 < Y;, i = I, ... , k, 

YI + ... + Yk < I, 0 < Yk + I < oo}. 

The single-valued inverse functions are X I = YIYk + I, ... , Xk = YkYk + " 

Xk + I = Yk + ,(I - y, - ... - Yk), so that the Jacobian is 

Y~+I 0 0 y, 

0 Yk+ I 0 Y2 

J= = >1+1'-
0 0 Yk+1 Yk 

-Yk+1 -Yk+1 -Yk~1 (I - y, - ... - Yk) , 

Hence the joint p.d.f. of Y:., •.. , Y:h Yk + I is given by 

~~~ ... +iXk+ 1-'y~l- I ••• y:t- 1(1 _ Y1 _ ••. - Yk)CXk+ r'" le-Yk+ I 

r(<<I) .•. r(<<k)r(<<k + I) 
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provided ~hat (y.., ... ,Yb Yk+ I) E £f and is equal to zero elsewhere. The,iQint 
p.d.f. of Y\, ... , Yk is;seen by inspection to be given by 

, .' r(1l1 + ... + Ilk +.) -, . .' 
g(y", . .. ,Yk).= r(Il,) ' .•• r(llk+ I) , y~l- ... y:k-I(l - y, - ... - Yk)(Xk+ I-I, 

when 0 < Yh i = 1, ... , k,lYI + ~':;: + Yk '< 1, while the function g is equal to 
zero elsewhere. Random variables Y" ... , Yk that have a joint p.d.f. of this 
form are said to have aDirichlet distribution with parameters Il., ••. , Ilb Ilk + " 

and any such g(YJ, ... ,Yk) is called a Dirichlet p.d.f. It is seen, in the special 
case of k = 1, that the Dirichlet p.d.f. becomes a beta p.d.f. Moreover, it is 
also clear from the joint p.d.f. of Y" ... , Yk , Yk + I that Yk + I has a gamma 
distribution with parameters III + ... + Ilk + Ilk + 1 and (J = I and that Yk + I 

is independent of Y1 ~ Y2, ••• , Yk • 

We now consider some other problems that are encountered when 
transfonning variables. Let X have the Cauchy p.d.f. 

I 
f(x) = n(l + xl) , -00 < x < 00, 

and let Y == Xl. We seek the p.d.f. g(y) of Y. Consider the 
transfonnation y = xl. This transfonnation maps the space of 
X, d = {x: -00 < x < oo}, onto ~ = {y: 0 <y < oo}. However, 
the transfonnation is not one-to-one. To each ye 91, with the 
exception of y = 0, there correspond two points x e d. For example, 
if y = 4, we may have either x = 2 or x = - 2. In such an instance, 
we represent d as the union of two disjoint sets A I and A 2 such that 
y = xl defines a one-to-one transfonnation that maps each of AI 
and A2 onto ~. If we take AI ~o be {x: - 00 < x < O} and A2 to be 
{x: 0 < x < oo}, we see that AI is D;lapped onto {y: 0 < y< oo}, 
whereas A2 is mapped onto {y : 0 :s; y < oo}, and these sets are not the 
same. Our difficulty is caused by the fact that x = 0 is an element 
of d. Why, then, do we not return to the Cauchy p.d.f. and take 
f(0) = O? Then our new d is d = {- 00 < x <'00 but x #= O}. We 
then take A I = {x: - 00 < x < O} and A2 = {x : 0 < x < oo}. Thus 
y = xl, with the inverse x = -Jy, maps A, onto~ = {y: 0 < y < oo} 
and the transfoqnation is one-to-one. Moreover, the transfonnation 
y = x 2, with inverse x = Jy, maps A2 onto (fl. = {y: 0 < y < oo} 
and the transfonnation is one-to-one. Consider the: probability 
Pr(YeB), where Be (fl. Let A) = {x:x= -Jy,yeB} c AI and 
let A4 = {x: x = Jy, y e B} c A2• Then Ye B when and only when 
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g(y) = r:. ' ,0 < y < 00, 
n(l + Y)y y 

= 0 elsewhere. 

In the preceding discussion of a random variable of the continuous 
type, we had two inverse functions, x = -Jy and x = Jy. That is 
why we sought to partition d (or a modification of d) into two disjoint 
subSets such that"tl}.e transformation y = x2 maps each onto the same 
aI.Had there been three inverse functions, we would have sought to 
partition d (or a modifiec:i- fonn of d) into three disjoint subsets, and 
so on. It is hoped that thfs detailed discussion will make the following 
paragraph easier to read. ,. " 

Let h(Xh X2, ..• , x,,) be the jointp.d.f. of Xh X2, ••• , X"' which 
are random variables of the continuous type. Let d be the 
n-dimensional' spate" where" h(xJ' X2, •.. , x,,) > 0, and consider the 
transformation YI = Ul(Xl, X2, ... , x,,); Y2 = U2(X., X2, ... , x,,), .. '., 
Y" = u,,(xJ' X2' ... ,x,,), which maps d onto aI in the Yh Y2, ... , Y" 
space. To each point of d there will correspond, of course, but one 
point in ~; but to a point in aI there may "correspond more than one 
point in d. That is, the transformation may not be one-to·one. 
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Suppose, however, that we can represent d as the union of a finite 
number, say k, of mutually disjoint sets A., A 2, ••• , Ak so that 

define a one-to-one transformation of each Ai onto ~. Thus, to each 
point in tM there will correspond exactly one point in each of 
.4., A2, ••• , .4k • Let 

x. = WIi(Y" Y2, •. ~>, YII)' 

X2 = wu(Y., Y2, ••. 'YII)' 

XII -: wlli(Y" Yh ... 'YII)' 

i = 1,2, ... , k, 

denote the k groups of n inverse functions, one group for each of these 
k transformations. Let the first partial derivatives be continuous and 
let each 

OWIi oWIi OWIi 
oY. °Y2 °Yn 
oWu OW2; OW2f 

Jj = oY. °Y2 °YII i = 1,2, ... , k, , 

OWn; OWn; OWn; 
OY. °Y2 OYn 

be not identically equal to zero in ~. From a consideration of the 
probability of the union of k mutually exclusive events and by applying 
the change of variable technique to the ·probability of each of>these 
events, it can be seen that the joint p.d.f. of Y\ = UI (X., X2, ... , Xn), 

Y2 = U2(X., X2 , ••• , XII)' ... ,'Y" = ",,(Xi, X2 , ••• ~. Xn), is given by 

k > 

g(YI' Y2, ••. ,y,,) = L IJilh[wJj(Y., ... ,y,,), ... , W"i(Y" ... ,y,,)], 
j"" 1 

provided that (y" Y2, •.. 'YII) E tM,and equals zero elsewhere. The 
p.d.f. of any Y;, say Y1, is then 

g, (y,) ... fm .. -roo g(y" y" ... ,Y.) dy, ... dy •. 
-ClO -ClO 

An illustrative example follows. 
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Example 2. To illustrate the res.ult just obtained, take n = 2 and let XI, X2 

denote a random sample of size 2 from a standard normal distribution. The 
joint p.d.f. of XI and X2 is 

1 (xi+~) f(x" X2) = 2x exp 2' -00 < XI < 00, -00 < X2 < 00. 

Let YI denote the mean and let Y2 denote twice the variance of the random 
sample. The associated transformation is 

, XI +X2 
YI = 2 

(XI - X2)2 
Y2 = 2 

This transformation maps .d = {(X"X2): -00 <XI < 00, -00 <X2< oo} onto 
dI = {(YI, Y2) : - 00 < YI < 00, 0 ~ Y2 < oo}. But the transformation is not 
one-to-one because, to each point in tM, exclusive of points where Y2 = 0, there 
correspond two points in.9l. In fact, the two groups of inverse functions are 

[Y; 
X,2 =YI + './2 

and 
[Y; 

XI =YI + './2' 
Moreover, the set.d cannot be represented as the union of two disjoint sets, 
each of which under our transformation maps onto tM. Our difficulty is caused 
by those points of .d that lie on the line whose equation is X2 = XI' At each 
of these points, we have Y2 = O. However, we can define f(x., X2) to be zero 
at each point where XI = X2' We can do this without altering the distribution 
of probability, because the probability measure of this set is zero. Thus 
we have'a new .d = {(XI> X2): - 00 < XI < 00, - 00 < Xl < 00, but XI :1= X2}' 
This space is the union of the two disjoint sets AI = {(X., X2) : X2 > x.} 
and A2 = {(x" X2): X2 < XI}' Moreover, our transformation now defines 
a one-to-one transformation of each Ai, i = 1, 2, onto the new dI = 
{(YI' Y2) : - 00 < YI < 00,0 < Y2 < oo}. We can now find the joint p.d.f., say 
g(Yl, Y2), of the mean Y1 and twice the variance Y2 of our random sample. 
An easy computation shows tlt~t lId = 1/21 = I/.Jfi;. Thus 

g( ) 1 [.. (yv .... JYJ2i (YI + JYJ2)2] 1 
YI,Y2 = 2x exp , - 2- 2 'A 

1 [(YI + JYJ2)2 (YI - JYJ2)2J_t_ 
+2x exp - 2 - 2 A 

= (2 e-Yt 1 y~/2-le-Y2/2, - 00 <YI < 00, 0 < Y2 < 00. './2n j2r(i) 
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We can make three interesting observations. The mean YI of our random 
sample is N(O, 4); Y2, which is twice the variance of our sample, is X2(1); and 
the two are independent. Thus the mean and the variance of our sample are 
independent. 

EXERCISES 

4.48. Let XI, X2, X3 denote a random sample from a standard normal 
distribution. Let the random variables Y" Y2, Y3 be defined by 

where 0 < YI < 00, 0 < Y2 < 2n, 0 < Y3 ::;; n. Show that Y" Y2 , Yl are 
mutually independent. 

4.49. Let XI, X2, X3 be i.i.d., each with the distribution having p.d.f. 
f(x) = e-X

, 0 < x < 00, zero elsewhere. Show that 

are mutually independent. 

4.50. Let XI" X2, ••• ,X, be r independent gamma variables with pa
rameters (X =a; and fJ = 1, i = 1,2, ... ,r, respectively. Show that Y, = 

X, + X2 + ... + X, has a gamma distribution with parameters (X = 
(X, + ... + a, and fJ = 1. 

Hint: Let Y2 = X2 + ... + X" Y3 = X3 + ... + X" ... , Y, = X,. 

4.51. Let YI , •.. , Yt have a Dirichlet distribution with parameters, 
(x" ••• , (Xt, at + , • 
(a) Show that Y. has a beta distribution with parameters a = (XI and 

fJ = (X2 + . . . + (Xt + , • 

(b) Show that YI + ... +, r" r s; k, has a beta distribution with parameters 
a = (Xl + ... + (x, and fJ = (x, + I + ... + (Xl + ,. 

(c) Show that YI + Y2, Yl + Y4 , Ys,' .. , Yh k > 5" have;a Dirichlet 
distribution with parameters (XI + (X2, (Xl + (X4, (Xs, ••• , (Xt. (Xi + ,. 
Hint: Recall the definition of Yj in Example I and use the fact that 

thtt'sum of several independent gamma variables with fJ = I is a gamma 
variable (Exercise 4.50). 

4.52. Let XI' Xl, and X3 be three independent chi-square variables with rl' r2, 
and r3 degrees of freedom, respectively. 
(a) Show that Y, = XdX2 and Y2 = XI + X2 are independent and that Y2 

is x2(r, + r2)' 
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(b) Deduce that 

and 

are independent F-variables. 

4.53. If f(x) = 4, -) < x < ], zero elsewhere, is the p.d.f. of the random 
variable X, find the p.d.f. of Y = X2. 

4.54. If Xl, X2 is a random sample from a standard normal distribution, 
find the joint p.d.f. of Y. = Xf + X~ and Y2 = X2 and the marginal p.d.f. 
of Yl.' 

HiJit: Note that the space of Y1 and Y2 is given by -J'Y. < Y2< Jy;, 
0< Yt < 00. . , 

4.55. If X has the P.9;.f. f(x) = ~, -:- 1 < X; < 3, zero elsewhere, find the p.d.f. 
of Y = ..fl." .' 

Hint: Here !II = {y: 0 ~ Y < 9} and the event Ye B is the union of two 
mutually exclusive events if B = {y : 0 < Y < I}. 

4.6 Distributions of Order Statistics 

In this section the notion of an order statistic will be defined and 
we shall investigate some of the simpler properties of such a statistic. 
These statistics have. in recent times come to play an important role 
in statistical inference partly because some of their properties do 
not depend upon the distribution from which the random sample is 
obtained. 

Let XI' X2, ••• , Xn denote a random sample from a distribution of 
the continuous type having a p.d.f. f(x) that is positive, provided that 
a < x < h. Let Y. be the smalJest of these Xi' Y2 the next Xi in order 
of magnitude, ... , and Yn the largest Xi' That is, Y, < Y2 < ... < Yn 

represent XI, X2, ••• ;.:rn when the latter are arranged in ascending 
order of magnitude. 'Then Y;, I = 1,2, ... ,n, is called the ith order 
statistic ofthe random sample X" X2, ••• , Xn. It will be shown that the 
joint p.d.f. of Y., Y2, ••• , Yn is given by 

g(y" Y2, ... ,Yn) = (n!)f(y,}f(y2) ... f(Yn}, 

a < YI < Y2 < ... < Yn < h, 

=0 elsewhere. (l) 

We shall prove this only for the case n = 3, but the argument is seen 
to be entirely general. With n = 3, the joint p.d.f. of X., X2, X] is 
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since 

f'AX,) dx, 
X2 

is defined in calculus to be zero. As has been pointed out, we may, 
without altering the distribution of· XI, X2, Xl, define the joint 
p.d.f. JtxI1/{x2)Jtx3) to be zero at all points (X., X2, Xl) that.have 
at lea~t two of their coordinates equal. Then the set d, where 
JtX,)J{X2)JtXl) > 0, is the union of the six mutually disjoint sets: 

AI = {(XI, X2, x3): a < x, < X2 < X3 < b}, 

A2 = {(X., X2, X3) : a < X2 < XI < X3 < b}, 

A3 = {(x" X2, X3) : ~ <XI < X) < X2 < b}, 

A4 = {(X., X2, x) : a < X2 < X) < XI < b}, 

As = {(X"X2, x) : a < Xl < Xl < X2 < b}, 

A6 = {(x" X2, X3) : a < X3 < X2 < Xl < b}. 

There are six of .these sets because we can arrange Xl, X2, X) in 
precisely 3! = 6 ways. Consider the functions YI = minimum of 
Xl, X2, Xl; Y7 = middle in magnitude of ~l' :X2' X3; and Y3 = maximum 
of X., X2, Xl' These functions define· one-to-one transformations 
that map each of A" A2, ..• , A6 onto the same set ~ = {(y" Y2, Y3): 
a < YI < Y2 < Y3 < b}: The inverse functions are, for points in A" 
XI = YI, X2 = Y2, x) = Y3; for points in A2, they are XI = Y2, X2 . . y" 
X3 = Y3; and so on, for each of the remaining four sets. Then we have 
that 

1 0 0 
J I = 0 1 0 =1 

0 0 I 

and 

0 1 0 
J2 = 1 0 0 - -I - . 

0 0 1 
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It is easily verified that the absolute value of each of the3! = 6 
lacobians is '+ 1. Thus the joint p.d.f. of the three order statistics 
Y, = minimum of XI. X2, X 3; Y2 = middle in magnitude of XI, X2 , X3; 

Y3 = maximum- of XI' X2, X3 is 

g(y" Y2' Y3) = IJd itYI)itY2)f(Y3) + IJ21 itY2)ity.)itY3) + . .. ' 
+ IJ6 IitY3)itY2)itYI), a < Yl < Y2 < Y3 < b, 

= (3!)f(YI )itY2)ity), a < YI < Y2 < Y3 < b, 

= 0 elsewhere. 

This is Equation (1) with n = 3. 
In accordance with the natural extension of Theorem 1, Section 2.4, 

to distributions of more than two random variables, it is seen that the 
order statistics, unlike the items of the random sample, are dependent. 

Example I. Let X denot~ a random variable of the continuous type with 
a p.d.f. j(x) that is positive and continuous, provided that a < x < band 
is zero elsewhere. The distribution function F(x) of X may be written 

l'{x) = r j{w)dw, a.< x < h. 
Q 

If x < a, F(x) = 0; and if b < x, F(x) = 1. Thus there is a unique median m 
of the distribution with F(m) = !. Let XI, Xh X3 denote a ~andom sample from 
this distribution and let Y1 < Y2 < >,:, denote the order statistics ofthe sample. 
We shall compute the probability that Y2 ~ m. The joint p.d.f. of the three 
order statistics is 

g(y" Y2, Y3) = 6Jty, )J{Y2)f{Y3), 

= 0 elsewhere. 

Q < YI < Y2 < Y3 < b, 

The p.d.f. of Y2 is then 

h(y,) = 6j{y,) r f' j{y,l!ty,) dy, dy,. 
Y2 Q . 

= 6j(Y2)F(Y2)[1 - Fty2»)' Q < Y2 < b. 

= 0 elsewhere. 

Accordingly, 

Pr (Y,:s: m) = 6 [ (l'{y,)j{y,) - [F(y,)l~,)} dy, 
Q 

_ 6{[F(Y2)]2 _ [F(YlW}M _! 
- 2 3 -2' 

a 
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The procedure used in Example I can be used to obtain general 
formulas for the marginal probability density functions of the order 
statistics. We shall do this now. Let X denote a random variable of the 
continuous type having a p.d.f. fix) that is positive and continuous, 
provided that a < x < b, and is zero elsewhere. Then the distribution 
function F(x) may be written 

.F{x) = 0, x < a, 

= f f(w) dw, a < x < b, 
Q 

= I,. b :s: x. 

Accordingly, F(x) = /(x), a < x < b. Moreover, if a «x < b, 

I - .F{x) = .F{b) - .F{x) 

= ff(W)dw':'" fftW)dW 
Q Q 

= ff(W)dW. 
x 

Let XI, X2, ••• , Xn denote a random sample of size n from this 
distribution, and let Y I , Y2, ••• , Yn denote the order statistics of this 
random sample. Then the'joint p.d.f. of Y1, Yh .•• , Ynis 

g(YhY2,··' ,Yn) = n!!(YI)!(Y2)" '!(Yn), a<YI <Y2 <: .. < Yn<b, 

= 0 elsewhere. 

It will first be shown how the marginal p.d.f. of Yn may be expressed 
in terms of the distribution function F(x) and the p.d.f. fix) of the 
random variable X. If a < Yn < b, the marginal p.d.f., of Yn is given by 

gn(Yn) 
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since F(x) = J: Jtw) dw. Now 

1:Y3 [F(y )]2 [3 
F(Y2)JtY2) dY2 = 2

2 

a a 

But 

so 

If the successive integrations on Y 4, ••• , Y n _ I are carried out. it is seen 
that 

( ) _ ,[F(Yn)r- ' 1'1 ) 
gn Yn - n. (n _ I)! J\Yn 

= n[F{Yn)]n ~Yn)' a < Yn < b, 

= 0 elsewhere. 

It will next be shown how to express the marginal p.d.f. of Y1 in 
terms of F(x) and Jtx). We have, for a < YI < b, 

g,(yd = r ... f f f n! j{y,)Jty,) .. 'f(y.) dy. dy. - 1 ••• dy, 
Yl YII-3 Yn-2 Yn 1 

= r·· f f n! j{y,)j{y,) ... 
YI YII-3 YII-2 
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But 

r [ )]f() d [1 - .F{yn- d]2 b 1, 1 - .F{Yn-' Yn-I Yn-I = 2 
Yn-2 Yn-2 

[I - .F{yn _ 2)]2 
- 2 

so that 

g, (y,) = 1. ... f n! j{y,) ... fly.-,) [\- ~'-2)1' dy,_, ... dy,. 

Yl Yn-3 

Upon completing the integrations, it is found that 

g,(YI) = n[1 - .F{y,)]n- ~y,), a < y, < b, 

= 0 elsewhere. 

Once it is observed that r [F(w»)" - 'j{w) dw = I;:»)", IX > 0 
a 

and that 

f [1 - F(w)Y-'j{w) dw = [\ - ?,lY, 
y 

p > 0, 

it is easy to express the marginal p.d.f. of any order statistic, say Yh 

in terms of .F{x) and f(x). This is done by evaluating the integral 

g,(y,) = r··· r r. ... f n! j{y,lf{y,) ... fly,) dy, ... 
a a Yk Yn-I 

The result is 

gk(Yk) = (k _ l)~~n _ k)! [F(Yk)]k -1[1 - .F{yk)]n-~k)' 
a < Yk < b, 

=0 elsewhere. (2) 

ExtUnple 2. Let Y1 < Y2 < Y3 < Y4 denote the order statistics of a random 
sample of size 4 from a distribution having p.d.f. 

fix) = 2x, 0 < x < I, 

= 0 elsewhere. 



Sec. 4.6) DimilJlltilJlU of Or., Stlltistics 199 

We shall express the p.d.f. of Y3 in terms off{x) and f{x) and then compute 
Pr (! < YJ). Here f{x) = x 2

, provided that 0 < x < 1. so that 

Thus 

g3(Y3) = 2tl! (YD2(1 - y~)(2Y3). 0 < Y3 < I, 

= 0 elsewhere. 

Pr (! < Y3) = f. \Xl g3(Y3) dYJ 
1/2 

= J 24(Yl- yj) dy, = ¥,~. 
1/2 

Finally, the joint p.d.f. of any two order statistics, say Yi < lj, is 
as easily expressed in terms of F(x) ahdJ{x). We have 

1:Y' 1:Y2 ry · (Y' r r g,iy,. y) = ' ... ). J ••• 1. J • • • n!j{y,)· .. 

a a Yi Yj 2 Yj YIf - 1 

f(Yn) dYn ... dYj+ 1 dYJ- I' •• dYi+ IdYl' .'. dYi I' 

Since, for y > 0, r [Fly) - F(w))Hf(w) dw = _IF(y) ~ Flw»)' Y 

x x 

[F(y) - F(x)]" -
it is found that 

n! 
gij(Yi, y) = (i - I)! (j - i-I)! (n - J)! 

x [F(YiW- 1[F(Yj) - F(yJJi i 1[1 - F(y)]n-1(y;)J{y) (3) 

for a < Y; < Yj < b, and zero elsewhere. 

Remark. There is an easy method of remembering a p.d.f. like that given 
in Formula (3). The probability Pr (y; < Yj < Yi + Ai, YJ < YJ <: Yj + Ai)' 
where Ai and Ai are small, can be approximated by the following multinomial 
probability. In n independent trials, i-I ou.tcomes must be less than YI 
(an event that has probability PI = F(y;) on each trial); j - i-I outcomes 
must be between Yi + A; and Yi [an event with approximate probability 
P2 = f{Yj) - F(y;) on each trial]; n - j outcomes must be greater than Yj + Ai 
(an event with approximate probability P3 = I - .fty) on each trial); one 
outcome must be between Yi and Yi + Ai (an event with approximate 
probability P4 = /(Y;) Ai on each trial); and finally one outcome must be 
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between Yj and Yj + Aj [an event with approximate probability p, = f(Yj) A, 
on each trial]. This multinomial probability is 

(i - 1)1 (j - i ~\)! (n - il! l! I! p~- J~-; 'P~-jp4P', 
which is g;,j(Yi, Yj)A;Aj. 

Certain functions of the order statistics Y1, Y2, ••• ,Yn are 
important statistics themselves. A few of these are: (a) Yn - Y1, which 
is called the range of the random sample; (b) (Y. + Yn)/2, which is 
called the midrange of the random sample; and (c) if n odd, Y(n+ 1)/2, 

which is called the median of the random sample. 

Example 3. Let Y I , Y2, Y l be the order statistics of a random sample of 
size 3 from a distribution having p.d.f. 

f(x)=I, O<x<l, 

= 0 elsewhere. 

We seek the p.d.f. of the sample range ZI = Y3 - YI' Since F(x) = x, 
0< x < I, the joint p.d.f. of Y, and Yl is 

= 0 elsewhere. 

In addition to Z\ = Yl - Y" let Z2 = Y3• Consider the functions z, = Y3 - y., 
Z2 = Y3, and their inverses y, = Z2 - Z" Y3 = Z2. so that the corresponding 
Jacobian of the one-to-one transformation is 

OY, OYl 

J= 
OZ, OZ2 -I I 

= -I. 
°Yl °Y3 

- 0 I 
OZl OZ2 

Thus the joint p.d.f. of Z, and Z2 is 

h(zl' Z2) = 1-116z1 = 6z" 0< z, < Z2 < I. 

= 0 elsewhere. 

Accordingly, the p.d.f. of the range Z, = Yl - Y, of the random sample of 
size 3 is 

h,(z,) = r 6z, dz, = 6z,(I - %,). 
~I 

0< z, < I. 

= 0 elsewhere. 
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EXERCISES 

4.56. Let Y1 < Y2 < Y3 < Y. be the order statistics of a random sample of size 
4 from the distribution having p.d.f.f{x) = e-x.O < x < oo,zeroelsewhere. 
Find Pr (3 < Y.). 

4.57. Let XI , X2, X3 be a random sample from a distribution of the continuous 
type having p.d.f. f{x) = 2x. 0 < x < I, zero elsewhere. 
(a) Compute the probability that the smallest of these Xi exceeds the 

median of the distribution. 
(b) If Y. < Y2 < Y3 are the order statistics. find the correlation between Y2 

and Y3• 

4.58. Let j{x) =~, x = I, 2, 3, 4, 5, 6, zero elsewhere, be the p.d.f. of a 
distribution of the discrete type. Show that the p.d.f. of the smallest 
observation of a random sample of size 5 from this distribution is 

. 
gl(v.) = (7 -6 YJ )S _ (6 -6YJ)S. 

7 , Y I = I, 2. . . . , 6, 

zero elsewhere. Note that in this exercise the random sample is from a 
distribution of the discrete type. All formulas in the text were derived under 
the 'assumption that the random sample islfrom a distribution of the 
continuous type and are not applicable. Why? 

4.59. Let Y, < Y2 < Y3 < Y. < Ys denote the order statistics of a random 
sample of size 5 from a distribution baving p.d.f. f{x) = e-X

, 0 < x < 00, 

zero elsewhere. Show that ZI = Y2 and Z2 = Y4 - Y2 are independent. 
Hint: First find the joint p.d.f. of Y2 and Y4 • 

4.60. Let Y1 < Y2 < ... < Yn be the order statistics of a random sample of 
size n from a distribution with p.d.f. j{x) = I, 0 < x < I, zero elsewhere. 
Show that the kth order statistic Yk has a beta p.d.f. with parameters IX = k 
and fJ = n - k + I. 

4.61. Let Y 1 < Y2 < ... < Yn be the order statistics from a Weibull 
distribution, Exercise 3.44', Section 3.3. Find the distribution function and 
p.d.f. of Y J • 

4.62. Find the probability that the range of a random sample of size 4 
from the uniform distribution having the p.d.f. j{x) = 1,0 < x < I, zero 
elsewhere, is less than !. 

4.63. Let Y. < Y2 < Y3 be the order statistics of a random sample of size 3 
from a distribution having the p.dJ.j{x) = 2x,O < x < I, zero elsewhere. 
ShowthatZJ = Yt/Y2,Z2 = Y2!Y3.andZ3 = Y3 aremutuallyindependent. 
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4.64. If a random sample of size 2 is taken from a distribution having p.d.f. 
fix) = 2(1 - x), 0 < x < 1, zero elsewhere, compute the probability that 
one sample observation is at least twice as large as the other. 

4.65. Let Y1 < Y2 < Y3 denote the order statistics of a random sample of size 
3 from a distribution with p.d.f. fix) = 1, 0 < x < I, zero elsewhere. Let 
Z = (Yt + Y3)/2 be the midrange of the sample. Find the p.d.f. of Z. 

4.6(). Let Y, < Y2 denote the order statistics of a random sample of size 2 
from N(O, 0'2). 
(a) Show that E(Yt ) = -0'/;;. 

Hint: Evaluate E(Y1) by using the joint p.d.f. of Y1 and Y2, and 
first integrating on YI' 

(b) Find the covariance of Y, and Y2• 

4.67. Let Yt < Y2 be the order statistics of a random sample of size 2 
from a distribution of the continuous type which has p.d.f. fix) such that 
fix) > 0, provided that x ~ 0, and fix) = 0 elsewhere. Show that the 
independence of Z\ = YI and Z2 = Y2 - YJ characterizes the gamma p.d.f. 
fix), which has parameters (X = I and P > O. 

Hint: Use the change-of-variable technique to find the joint p.d.f. of 
Z. and Z2 from that of Y. and Y2• Accept the fact that the functional 
equation h(O)h(x + y) == h(x)h(y) has the s01ution ~(x) = c.eC2X, where C1 

and C2 are constants. 

4.68. Let Y1 < Y2 < Y3 < Y4 be the order statistics of a random sample of size 
n = 4 from a distribution with p.d.f. fix) = 2x. 0 < x < 1. 
(a) Find the joint p.d.f. of Y3 and Y4 • 

(b) Find the conditional p.d.f. of Y3 • given Y4 = Y4' 
(c) Evaluate E(Y3 IY4)' 

4.69. Two numbers are Seleeted at random from t~e interval (0. I). If these 
values are uniformly and independently distributed. compute the prob
ability that the three resulting line segments. by cutting the interval at the 
numbers. can form a triangle. 

4.70. Let X and Y denote independent random variables with respec
tive probability densit·y functions fix) = 2x. 0 < x < I, zero e1sewhere. 
and g(y) = 3y2. 0 < Y < I. zero elsewhere. Let U = min (X, n and V = 
max (X, n. Find the joint p.d.f. of U and V. 

Hint: Here the two inverse transformations are given by x = u, Y = v 
and x = v, Y = u. 

4.71. Let the joint p.d.f. of X and Y be j{x, y) = 'ix(x + y), 0 < x < I, 
o < Y < ], zero elsewhere. Let U = min (X. n and V = max (X. n. Find 
the joint p.d.f. of U and V. 
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4.72. Let Xt. X2, ••• , Xn be a random sample from a distribution of either 
type. A measure of spread is Gini's mean difference 

10 

(a) If n = 10, find aI, a2, ..• , alO so that G = L ai Yh where 
i= 1 

Y1, Y l , ••• , YIO are the order statistics of the sample. 
(b) Show that E(G) = 2u/j;. if the sample arises from the normal 

distribution N(Il, ( 2). 

4.73. Let Y1 < Y2 < ... < Yn be the order statistics of a random sample of 
size n from the exponential distribution with p.d.f. j{x) = e-X

, 0 < x < 00, 

zero elsewhere. 
(a) Show that ZI = nYh Z2 = (n - 1)(Y2 - Y,). Z3 = (n - 2) (Y3 - Y2), 

... , Zn = Yn - Yn _ 1 are independent and that each Zj has the 
exponential distribution. . 

n 

(b) Demonstrate that all linear functions of Yh Y l , •.. , Yn, such as L aj Yi, 

1 

can be expressed as linear functions of independent random variables. 

4.74. In the Program Evaluation and Review Technique (PERT), we are 
interested in the total time tQ complete a project that is comprised of 
a large number of subprojects. For illustration, let XI, X 2, X3 be three 
independent random times for three subprojects. If these subprojects are 
in series (the first one must be completed before the second starts, etc.), 
then we are interested in the sum Y = XI + X2 + X3• If these are in 
parallel (can be worked on simultaneously), then we are interested in 
Z = max (XI' Xl, X). In the case each of these random variables has the 
uniform distribution with p.d.f. j{x) = 1, 0 < x < 1, zero elsewhere, find 
(a) the p.d.f. of Yand (b) the p.d.£. of Z. 

4.7 The Moment-Generating-Fonction Technique 

The change-of-variable procedure has been seen, in certain cases, 
to be an effective method of finding the distributIon of a function of 
several random variables. An alternative procedure, built around the 
concept of the m.g.f. of a distribution, will be presented in this section. 
This procedure is particularly effective in certain instances. We should 
recall that an m.g.f., when it exists, is unique and that it uniquely 
determines the distribution of probability. 

Let h(x\, X2, ••• ,xn) denote the joint p.d.f. of the n random 
variables XI, X2, ••• , Xn • These random variables mayor may not be 
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the observations of a random sample from some distribution that has 
a given p.d.f. Ax). Let Y. = UI(XI , X2, ••• ,X,,). We seek g(YI), the 
p.d.f. of the random variable Y I • Consider the m.g.f. of Y1• If it exists, 
it is given by 

M(t) = E(e'Y') = fro e'Y,g(y,) dy, 
-00 

in the continuous case. It would seem that we need to know g(y.) before 
we can compute M(t). That this is not the case is a fundamental fact. 
To see this consider 

f' ... f'" exp [tu, (x" ... , x.)]h(x" ... , x.) dx, ... dx.. (1) 
-00 -00 

which we assume to exist for -h < t < h. We shall introduce n 
new variables of integration. They are YI = UI (XI' X2, ••. , x,,), ... , 
Y" = u,,(x., X2, ••• ,x,,). Momentarily, we assume that these func
tions define a one-~-one transformation. Let Xi = w;(y., Y2, ... ,y,,), 
i = I, 2, ... ,n, deoote the inverse functions and let J denote the 
Jacobian. Under this transformation, display (l) becomes f: ... f: e'Y'IJlh(w" ... , w.) dy, ... dy. dy,. (2) 

In accordance with Section 4.5, 

IJlh[w.(y., Y2, ... ,y,,), ... , w,,(YJ, Y2 • ... 'YII)] 

is the joint p.d.f. of Y" Y2, ••• , Y". The marginal p.d.f. g(y.) of Y1 

is obtained by integrating this joint p.dJ. on Y2, ... ,Yn' Since the 
factor e'YI does not involve the variables Y2, ... ,Yn, display (2) may 
be written as 

(3) 

But this is by definition the m.g.f. M(t) of the distribution of Y •. 
That is, we can compute E{ exp [tUI (XI' ... , Xn)]} and have the value 
of E(eIY.)~ where YI = u.(X" ...• Xn). This fact provides another 
technique to help us find the p.d.f. of a function of several random 
variables. For if the m.g.f. of Y. is seen to be that of a certain kind of 
distribution, the uniqueness property makes it certain that Y. has that 
kind of distribution. When the p.d.f. of Y. is obtained in this manner, 
we say that we use the moment-generating-Junction technique. 
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The reader will observe that we have assumed the transformation 
to be one-to-one. We did this for- simplicity of presentation. If the 
transformation is not one-to-one, let 

Xj = Wj;(YI, ... , Yn), j = 1, 2, ... , n, i = 1, 2, ... , k, 

denote the k groups of n inverse functions each. Let Ji , i =.1, 2, ... , k, 
denote the k lacobians. Then' 

k 

L IJilh[wli(Y,,' .. ,Yn),' .. , Wni(Y., ... ,Yn)] (4) 
; "" I 

is the joint p.d.f. of Y1, ••• , Yn • Then display (1) becomes display (2) 
with IJlh(w" ... , wn) replaced by display (4). Hence our result is valid 
if the transformation is not one-to-one. It seems evident that we can 
treat the discrete case in an analogous manner with the same result. 

It should be noted that the expectation of Y1 can be computed in 
like manner. That is, 

E( Y,) = foo y,g(y,) dy, 
-00 

= foo ... foo u, (x" ... , x.)h(x" ... , x.) dx, ... dx .. 
-00 -00 

and this fact has been mentioned earlier in ,the book. Moreover, this 
holds for the expectation of any function of Y1, say w( Y1); that is, 

E[w(Y,)] = r w(y,)g(y,) dy, 
-00 

= f' ... foo w[u,(x" ... , x.)]h(x" ... , x.) dx, ... dx •. 
-00 -00 

We shall now give some examples and prove some theorems where 
we use the moment-generating-function technique. In the first example. 
to emphasize the nature of the problem, we find the distribution of a 
rather sitnple statistic both by a direct probabilistic argument and by 
the moment-generating-function technique. 

Ex""'ple 1. Let the independent random variables XI and X2 have the 
same p.d.f. 

x 
f(x) = "6' x = 1 ~ 2. 3, 

= 0 elsewhere; 
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so the joint p.d.f. of XI and X2 is 

XI = 1.2,3, X2 = 1,2,3, 

= 0 elsewhere. 

A probability, such as Pr (XI = 2, X2 = 3), can be seen immediately to be 
(2)(3)/36 = i. However, consider a probability such as Pr (XI + X2 = 3). The 
computation can be made by first observing that the event XI + X2 = 3 is the 
union, exclusive of the events with probability zero, of t~e two mutually 
exclusive events (XI = I, X2 = 2) and (XI = 2, X2 = 1). Thus 

Pr (XI + X2 = 3) = Pr (XI = I, X2 = 2) + Pr (XI = 2. X2 = 1) 

(1)(2) (2)(1) 4 
=3"6+3"6=36' 

More generally, let y represent any of the numbers 2,3,4,5,6. The probability 
of each of the events XI + X2 = y, Y = 2, 3, 4, 5, 6. can be computed as in the 
case y = 3. Let g(y) = Pr (XI + X2 = y). Then the table 

y 2 3 456 

g(y) I 
J6 

4 
36 

10 
J6 

12 
J6 

9 
J6 

gives the values of g(y) for y = 2; 3,4, 5, 6. For aU other values of y, g(y) = O. 
What we have actually done is to define a new random variable Y by 
Y = XI + X2, and we have found the p.d.f. g(y) of this random variable Y. 
We shall now solve the same problem, and by the moment-generating-func
tion technique. 

Now the m.g.f. of Y is 

M(t) = E(et(XI + Xl» 

= E(etXletX2) 

= E(etXI )E(e'X2), 

since XI and X2 are independent. In this example XI and X2 have the same 
distribution, so they have the same m.g.f.; that is, 

E(etX;) = E(etX2) = te' -+ i;t + ~e3t. 
Thus 

M( t) = (~et + ~e2t + ieJt )2 

= ~e2' + 3~e3t + ~:e4' + *eS' + :6~t. 
This form of M(t) tells us immediately that the p.d.f. g(y) of Y is zero except 
at y = 2, 3,4. 5, 6. and that g(y) assumes the values -A. 36' ~, *. :k, 
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res~ctively, at these points where g(y) > O. This is, of course, the same 
result that was obtained in the first solution. There appears here to be little, 
if any, preference for one solution over the other. But in more complicated 
situations, and particularly with random variables of the continuous type, the 
moment-generating-function technique can prove very powerful 

Example 2. Let XI and X2 be independent with normal distributions 
N(llh uD and N(1l2,uD, respectively. Define the random variable Y by 
Y = XI - X2 • The problem is to find g(y), the p.d.f. of Y. This will be done 
by first finding the m.g.f. of Y. It is 

M(t) = E(et(X, - X2» 

= E(e,Xle-tX2) 

= E(e,X')E(e-tX2), 

since XI and X2 are independent. It is known that 

E(e'XI) = exp (I'll + "'t) 
and that 

( 
0'2(2) 

E(eIX2) = exp 1121 + + 
for all real I. Then E(e- tX2) can be obtained from E(eIX2) by replacing t by - t. 
That is, 

Finally, then, 

The distribution of Yis completely determined by its m.g.f. M(t), and it is seen 
that Y has the p.d.f. g(y), which is N(1l1 - 1l2' ui + uD. That is, the difference 
between two independent, normally distributed. random variables is itself a 
random variable which is normally distributed with mean equal to the 

. difference of the means (in the order indicated) and the variance equal to the 
sum of the variances. 

The following theorem, which is a generalization of Example 2, is 
very important in distribution theory. 
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Theorem 1. Let X,, X2, ... ,Xn be independent random variables 
having, respectively, the normal distributions N(p" O'D, N(P2, ~), ... , 
and N(Pn, 0';). The random variable Y = k,X, + k2X2 + ... + knXn' 
where k" k2' ... ,kn are real constants~ is normally distributed with 
mean klPt + ... + knPn and variance krO'r + ... + Jc;a;. That is, Y is 

N( * kill,.. * k;q; ). 
Proof Because Xt, X2, ••• , Xn are independent, the m.g.f. of Y is 

given by 

M(t) = E{exp [t(ktXt + k 2X 2 + ... + knXn)]} 

= E(elk,XI)E(etk2X2) ... E(etknXn). 

Now 

E(etx') = exp (Ilit + ~t'). 

for all real t. i = I, 2, ... ,n. Hence we have 

That is, the m.g.f. of Y is 

n [ (k~O'~)rJ 
M(t) = lJt exp (kip;)t + ' 2' 

(

n n ) But this is the m.g.f. of a distribution that is N ~ kiP" ~ /c70': . 

This is the desired result. 

The next theorem is a generalization of Theorem I. 

Theorem 2. If Xj, X2, ... ,Xn are independent random variables 
with respective moment-generating functions M;(t)~ ; = 1,2,3, ... , n, 



then the moment·generating function of 
n 

y= L ajXj, 
j = I 

where a., a2, ... , ak are real constants, is 
n 

My(t) = n M;(a;t). 
; >& I 

Proof The m.g.f. of Y is given by 
My(t) = E[e/ f ] = E[e/(Q,X, +Q2X2+'" + QnXn)] 

= E[eOI/XleQ2tX2 ... eOntXn] 

= E[eOltXI]E[e02tX2] ... E[eQntXn] 

because X" X2, ... , Xn are independent. However. since 
E( IXi) = M;(t). 

then 

Thus we have that 

M y(t) = M.(a, t)M2(a2t) ... Mn(ant) 

" = n M;(a{t). 
i = • 

A corollary follows immediately. and it will be used in some 
important examples. 

Corollary. If XI. X2, •••• Xn are observations of a random sample 
from a distribution with moment-generating function M(t), then 

11 

(a) The moment·generatingfunction of Y = L Xi is 
i= • 

" M y(t) = n M(t) = [M(t)]"; 
i = I 

n 

(b) The moment-generating function of X = L O/n)X; is 
i = I 

Proof For (a). let a j = I. i = 1,2 •...• n, in Theorem 2. For (b). 
take aj = I In, i = 1, 2, ...• n. 
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The following examples and the exercises give some important appli
cations of Theorem 2 and its corollary. 

Example 3. Let X" X2 , ••• , X" denote the outcomes on n Bernoulli trials. 
The m.g.f. of Xi' i = 1,2, ... , n, is 

M(t) = I - P + per. 

n 

If Y = L Xi' then 
i-I 

" My(/) = n (I - P + per) = (I - p + pit)". 
i= I 

Thus we again see that Y is b(n, p). 

Example 4. Let X" X2, X3 be the observations of a random sample of size 
n = 3 from the exponential distribution having mean fJ and, of course, m.g.f. 
M(/) = 1/(1 - fJ/), 1< l/fJ. The m.g.f. of Y = X, + X2 + X3 is 

My(/) = [(1 - fJt)-1]3 = (I - fJt)-3, 1< l/fJ, 

which is that of a gamma distributjon with parameters IX = 3 and fJ. Thus Y 
has this distribution. On the other hand, the m.g.f. of X is 

Mx(/) = I - 3
1 = I -; , [( 

fJ )-'J3 ( fJ )-3 t < 3/fJ; 

and hence the distribution of X is gamma with parameters IX = 3 and fJ/3, 
respectively. 

·The next example is so important that we state it as a theorem. 

Theorem 3. Let XI' X2, ... , Xn be independent variables that have, 
respectively, the chi-square distributions x2(r,), x2(r2), ... ,and x2(r,,). 
Then the random variable Y = X, + X2 + ... + X" has a chi-square 
distribution with r, + ... + r" degrees of freedom; that is, Y is 

x2(r, + ... + rn). 

Proof. Since 

M;(t) = E(e'Xi) = (1 - 21)-r;/2, t <~, ; = I, 2, ... , n, 

we have, using Theorem 2 with a, = , .. = all = ), 
M(t) = (1 - 2t)-(TJ +r2+···+rll )/2, t <~. 

But this is the m.g.f. of a distribution that is x2(r, + r2 + ... + rIll. 
Accordingly, Y has this chi-square distribution. 

Next. let XI' X2 • ••• ,X" be a random sample of size n from 
a distribution that is N(p.. (12). In accordance with Theorem 2 of 
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Section 3.4, each of the random variables (Xi - p.)2/U2, i = 1,2, ... ,n, 
is X2(1). Moreover, these n random variables are independent. 

" Accordingly, by Theorem 3, the random variable Y = L [(X; - p.)/uj1 

is t(n). This proves the following theorem. I 

Deorem 4. Let XI, X2, ••• , X" denote a random sample of size n 
from a distribution that is N(p., ( 2). The random variable 

y=t(XI~p )' 
has a chi-square distribution with n degrees of freedom. 

Not always do we sample from a distribution of one random 
variable. Let the random variables X and Y have the joint p.d.f. 
f(x, y) and let the 2n random variables (X" Y,), (X2, Y2), ... ,(X"' Y,,) 
have the joint p.d.f. 

j{x" YI )j{X 2' Y2) ... j{x". y,,). 

The n random pairs (X" f,), (X2' Y2), •••• (X"' Y,,) are then inde
pendent and are said to constitute a random sample of size n from the 
distribution of X and f. In the next paragraph we shall take f{x, y) to 
be the normal bivariate p.d.f., and we shall solve a problem in sampling 
theory when we are sampling from this two-variable distribution. 

Let (XI' Y,), (X2' Y2), ... ,(X"' Y,,) denote a random sample of 
size n from a bivariate normal distribution with p.d.f. f(x, y) and 
parameters P.h P.2. ur, oi, and p. We wish to find the joint p.d.f. of the 

" " two statistics X = L X;/n and Y = L Y;/n. We call X the mean of 
- , I 

XI' ... , X" and f the mean of fl •... , f". Since the joint p.d.f. of 
the 2n random variables (X;, Y;), i = I. 2, ... , n. is given by 

h = j{x" y, )f(X2' Y2) ... f(x". y,,), 

the m.g.f. of the two means X and Y is given by 

IX) IX) t'Lx; t2 LY; ( " ") 
M(I,. I,) = to·· '1., exp ~ + ~ h dx, ... dy. 
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The justification of the fonn of the right-hand member of the secon4 equal
ity is that ~ach pair (X~ Yi ) has the same p.d.f. and that these n pairs are 
independent. The twofold integral in the brackets in the last equality is the 
joint m.g.f. of Xi and .t (see Section 3.5) with tl replaced by t.ln and 12 

replaced by t2ln. Accordingly~ 

M(tl , t2) = II exp .IL. + _2"--_,,, 
II [t tu-

i=. n n 

o1(t./ ni + 2PU.U2(t1/ n)(t2/n) + u~ (t2/ni 
+ 2 

[ 
<oi/n)t1 + 2{i.,u1u2/n)t1t2 + (oi/ n)ti] = exp tlILI + t2#L2 + 2 . 

But this is the m.g.f. of a bivariate normal distribution with means 
1'1 and 1'2, variances G'f In and G'~/n, and correlation coefficient p; 
therefore, X and Y have this joint distribution. 

EXERCISES 

4.75. Let the Li.d. random variables XI and X2 have the same p.d.f·fix) = i, 
x = 1,2,3,4, 5, 6~ zero elsewhere. Find the p.d.f. of Y = XI + X2• Note, 
under appropriate assumptions, that Y may be interpreted as the sum of 
the spots that appear when two dice are cast. 

4.76. Let XI and X2 be independent with normal distributions N(6, 1) and 
N(7, 1), respectively. Find Pr (XI> X2 ). 

Hint: Write Pr (X. > X2) = Pr (XI - X2 > 0) and determine the 
distribution of XI - X2• 

4.77. Let XI and X2 be independent random variables. Let XI and 
Y = XI + X2 have chi-square distributions with '. and, degrees Qf freedom, 
respectively. Here rl <:: r. Show that X2 has a chi-square distribution with 
, - " degrees of ft:eedom. 

Hint: Write M(t) = E(e,CXI + Xl» and make use of the independence of XI 
and X2• 

4.18. Let the independent random variables Xl and X2 have binomial 
distributions with parameters n l , PI = i and n2, P2 = !, respectively. Show 
that Y = XI - X2 + n2 has a binomial distribution with parameters 
n = nl + n2, P = 4. 

• 4.79. Let XI, X2, Xl be a random sample ofsizen = 3 from N(l, 4). Compute 
P(X1 + 2X2 - 2Xl > 7). 
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4.80. Let XI and X2 be two independent random variables. Let XI and 
Y = Xl + X2 have Poisson distributions with means PI and P > PI, 
respectively. Find the distribution of X2 • .. 

4.81. Let XI, X2 be two independent gamma random variables with 
parameters tXt = 3, PI = 3 and tX2 = 5, P2 = I, respectively. 
(a) Find the m.g.f. of Y = 2X, + 6X2• 

(b) What is the distribution of Y? 

4.82. A certain job is completed in three steps in series. The means and 
standard deviations for the steps are (in minutes): 

Step Mean Standard Deviation 

I 17 2 
2 13 1 
3 13 2 

Assuming independent steps and normal distributions, compute the 
probability that the job will take less than 40 minutes to complete. 

4.83. Let X be N(O, 1). Use "the moment-generating-function technique to 
show that Y = ~ is X2

( 1). 
Hint: Evaluate the integral that represents E(e'X2) by writing 

w = xJI - 2t, t < i. 
4.84. Let XI; X2 , ••• , X" denote n mutually independent random variables 

with the moment-generating functions M, (t), ,M2(t), ... , M,,(t), re$pect
ively. 
(a) Show that Y = klX, + k2X2 + ... + k"XIt , wherekJ, k2 , • •• , kit are real 

" constants, has the m.g.f. M(t) = n M/(kit). 
I 

(b) If each k; = 1 and if Xi is Poisson with mean Ph i = 1, 2, ... , n, prove 
that Y is Poisson with mean p, + ... + Pit' 

4.85. If XI, X2 , ••• , XIt is a random sample from a distribution with m.g.f. 
" " , M(t), show that the moment-generating functions ofL Xi and L"X;/n are, 
I I 

respectively, [M(t)]" and [M(tjn)]". 

4.86. In Exercise 4.74 concerning PERT, assume that each of the three 
independent variables has the p.d.f.j{x) = e-x,O < x < 00, zero elsewhere. 
Find: 
(a) The p.d.f. of Y. 
(b) The p.d.f. of Z. 

4.87. If X and Y have a bivariate normal distribution with parameters 
Ph P2, ai, G~, and p, show that Z = aX + bY + cis 

N(apl + bP2 + c, alai + 2abpG,ui ;:. b2uD, 

where a, b, and c are constants. 
Hint: Use the m.g.f. M(tb t2) of X and Y to find the m.g.f. of Z. 
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4.88. Let X and Y have a, bivariate normal distribution with parameters 
PI = 25, /A2 = 35, ~ = 4, ~ = 16. and p = ~~. If Z = 3X - 2 Y. find 
Pr ( - 2 < Z < 19). 

4.89. Let U and V be independent random variables, each having a standard 
normal distribution. Show that the m.g.f. E(t!(UV) of the product UV is 
(I - t2)-1/2~ -1 < t < 1. 

Hint: Compare E(e'U~ with the integral of a bivariate normal p.d.f. that 
has means equal to zero. 

4.90. Let X and Y have a bivariate normal distribution with the parameters 
/AI' /A2' ~, O'~, and p. Show that 

W = X -/AI and Z = (Y -/A2) - P(0'2/0'1)(X -/AI) 

are independent normal variables. 
4.91. Let XI> X2 , X) be a random sample of size n = 3 from the standard 

normal distribution. 
(a) Show that 'YI = XI + <>X), Y2 = X2 + <>X3 has a bivariate normal 

distribution. ' 
(b) Find the value of <> so that the correlation coefficient p = ~. 
(c) What additional transformation involving Y I and Y2 would produce a 

bivariate normal distribution with means /AI and /A2. variances O'~ and 
O'~, and the same correlation coefficient p? 

4.92. Let XI. X2 , ••• ,Xn be a random sample of size n from the normal 
n 

distribution N(/A, ul). Find the joint distribution of Y = L aiXi and 
I 

n 

Z = L bjXj• where the aj and bi are real constants. When. and only when. 
I 

are Yand Z independent? 

Hint: Note that the joint m.g.f. E[ exp (" t a/X, + " t b,X, ) ] is that 

of a bivariate normal distribution. 
4.93. Let XI, X2 be a random sample of size 2 from a distribution with positive 

variance and m.gJ. M(t). If Y = XI + X2 and Z XI '- X2 are independent, 
prove that the distribution from which the sample is taken is a normal 
distri bution. 

Hint: Show that 

m(t., 12 ) = E{exp [/I(XI + X2) + 12(XI - X2 )}} = M(tl + 12)M(t1 - 12)' 
Express each member of m(tl. 12) = m(tl' O)m(O. 12) in terms' of M; differ
entiate twice with respect to 12; set 12 = 0; and solve the resulting differential 
equation in M. 

4.8 The Distributions of X and nSl/a1 

Let XI, X2 • ••• , Xn denote a random sample of size n > 2 from a 
distribution that is N(p.. u2

). In this section we shall investigate the 
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distributions of the mean and the variance of this random sample, 
- " that is, the distributions of the two statistics X = L X;/n and 

" I 
8 2 = L (X1 - X'lln. 

I 

The problem of the distribution of X, the mean of the sample, is 
solved by the use of Theorem 1 of Section 4.7. We have here, in the 
notation of the statement of that theorem, III = 112 = ... = Il" == Il, 
07 = ~ = ... = U; = cr, and kl = k2 = ... = k" = lIn. Accordingly, 
Y = X has a normal distribution with mean and variance given by 

*(~~)=~, *[(~)'a' ]=:, 
respectively. That is, X is N(p., (l2In). 

Extllllp" 1. Let X be the m~an of a random sample of size 25 from a 
distribution that is N(75, 1(0). Thus X is N(75, 4). Then, for instance, 

Pr (71 < X < 79) = <11(79; 75) - <lie I ; 75) 

= ~(2) - ~( - 2) = 0.954. 
, 

We now take up the problem of the distribution of 8 2
, the variance 

of a random sample XI, ... , X" from a distribution that is N(p., (12). 
To do this, let us first consider the joint distribution of Y, = X, 
Y2 = X2 - X, Y3 = X3 - X, ... , Y" = X" - X. The corresponding 
inverse transformation 

XI = y, - Y2 - Y3 - ••• - Y" 

X2 =y, + Yz 

X3 = y, + Y3 

x" = y, + Y" 

has Jacobian n. Since 

" " L'(Xi - p)Z = I (Xi - X + X - p)2 
I I 

" = I (Xi - X)2 + n(x - p)2 
I 
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n 

because 2(x - Jl} I (X; - X) = 0, the joint p.d.f. of XI' X;, ... , Xn 
I 

can be written 

( l)n [_I (Xi - X)2 _ n(x - Jl)2] 
J2i"r. (/ exp 2(/2 2fil' 

where x represents (XI + X2 + ... + xn)/n and - 00 < Xi < 00, i = 
1,2, ... ,n. Accordingly, with YI = x and XI - X = - Y2 - Y3 - ... 
- Yn, we find that the joint p.d.f. of Y1, Y2, ••• , Yn is . 

( l)n [( -Y2 - ... - Yn}2 ~Y; n(YI - Jl)2] 
(n) J2i"r. (/ exp - 2(/2 - 2(/2 - 2fil ' 

- 00 < Yi < 00, i = 1,2, ... ,n. Note that this is the product of the 
p.d.f. of Y" namely, 

1 [ (YI - Jl)2] --;.=:::== exp -
J21C(/2/n 2rr/n' 

-00 <YI < 00, 

and a function of Y2,"" Yn' Thus YI must be independent of 
the n - I random variables Y2, Y3 , ••• ,Yn and that function of 
Y2, ... ,Yn is the joint p.d.f. of Y2, Y3, ••• , Yn • Moreover, this means 
that Y1 = X and thus ' 

n( YI - Jl)2 _ n(X - PY _ W 
fil - fil - I 

are independent of 
n 

( - Y2 - ... - Yn)2 + I Y; I (X; - i)2 
2 I -w - (/2 - 2' 

Since WI is the square of a standard normal variable, it is distributed 
as i(1). Also, we know that 

" (Xi - Jl)2 W=~ (J =WI +W2 

is x2(n). From the independence of WI and W2, we have 

E(etK) = E(e'W')E(etW2) 

or, equivalently, 

(l - 2t)-n/2 = (l - 2t)-1/2E(e,W2), I 
t < 2' 
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Thus 

I 
t < 2' 

217 

and hence W2 = nS2/rr is t(n - 1). The determination of the p.d.f. of 
S2 is an easy exercise from this result (see Exercise 4.99). 

To summarize, we have established, in this section, three important 
properties of X and S2 when the sample arises from a distribution which 
is N(p" 0'2): 

1. X is N(/1,0'2/n). 
2. nS2/0'2 is x2(n - 1). 
3. X and S2 are independent. 

For illustration, as the result of properlies{l), (2), and (3), we have 
that In(X - p,)/a is·N(O, 1). Thus, from the definition of Student's I, 

T = (X - p,)/(O'/Jn) = X - p, 

JnS2/0'2(n - 1) S/Jn - 1 

has a I-distribution with n - 1 degrees of freedom. It was a 
random variable like this one that motivated Gosset's search for 
the distribution of T. This I-statistic will play an important role in 
statistical applications. 

EXERCISES 

4.94. Let X be the mean of a random sample of size 5 from a normal 
distribution with p. = 0 and rr = 125. Determine c so that Pr (X < c) = 
0.90. 

4.95. If X is the mean of a random sample of size n from a normal distri-
1!ution with mean p. and variance 100, find n so that Pr (p. - 5 <" 
X < p. + 5) = 0.954. 

4.96. Let Xj, X 2 , ••• , X 2S and Y\, Yi;,' . .. , Y2S be two independent random 
same.les fr~m two normal distributions N(O, 16) and N(I, 9), res~tivelY. 
Let X and Y denote the corresponding sample means. Compute Pr (X > Y). 

" -4.97. Find the mean and variance of S2 = L (Xi - X)2/n. where XI. X 2, ••• , 
I 

X" is a random sample from N(p., 0-2). 

Hint: Find the mean and variance of ~S2/rr. 
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4.98. Let S2 be the variance of a random sample of size 6 from the normal 
distribution N(,.", 12). Find Pr (2.30 < 52 < 22.2). 

4.99. Find the p.d.f. of the sample variance V = S2, provided that the 
distribution from which the sample arises is N(J.t, 0'2). 

4.100. Let X and Y be the respective means of two independent random 
samples, each of size 4, from the two respective normal distributions 
N(10, 9) and N(3, 4). Compute Pr (X > 2 Y). 

4.101. Let X" X2, ••• , Xs be a random sample of size n = 5 from N(O, 0'2). (a) 
Find the constant c so that C(XI - X2)/ J X~ + X~ + X; has a t-distribution. 
(b) How many degrees of freedom are associated 'Yith this T? 

4.10l. If a random sample of size 2 is taken from a nQrmal9istribution with 
mean 7 and variance 8, find the probability that the absolute value of the 
difference of these two observations ex~eds 2. 

4.103. 'Let X and 52 be the mean and the variance of a random sample 
of size 25 from a distribution that is N(3, 100). Then evaluate Pr (0 < X < 6, 
55.2 < 52 < 145.6). ' 

4.9 Expectations of Functions of Random Variables 

Let XI, X2, ••• , Xn denote' random variables that have the joint 
p.d.f. f(XI' X2, ••• ,xn). Let the random variable Y be defined by 
Y = u(XIt X2, ••• ,Xn). In Section 4.7, we found that we could 
compute expectations of functions of Y without first finding the p.d.f. 
of Y. Indeed, this fact was the basis of the moment-generating-function 
procedure for finding the p.d.f. of Y. We can take advantage of this 
fact in a number of other instances. Some illustrative examples will be . 
gIven. 

Example 1. Say that W is N(O, I), that V is x2(r) with r ~ 2, and that W 

and V are independent. The mean of the random variable T = W j;iV exists 
and is zero because the graph of the p.d.f. of T (see Section 4.4) is symmetric 
about the vertical axis through t = O. The variance of T, when it exists, 
could be computed by integrating the product of 12 and the p.d.f. of T. 
But it seems much simpJer to compute 

a} = E(T') = ~ W' ~) = E(W')E(~). 
Now WZ is x2(1), so E( W2) = 1. Furthermore, 

E(!.-) = 100 

!:. 1 Vr/2 - le- vl2 dv 
V v 2rI2r(r/2) 

o , 
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exists if r > 2 and is given by 

rr[(r - 2)/2] rr[(r - 2)/2] r 
2r(r/2) = 2[(r - 2)/2]r[(r - 2)/2] = r - 2 . 

Thus ~ = r/(r - 2), r > 2. 

EXflIIIJI/e 2. Let Xi denote a random variable with mean J.l.j and variance 
0';, i - 1,2, ... , n. Let X., X2, ••• , X" be independent and let k .. k2 • ... , k" 
denote real constants. We shall compute the mean and variance of a linear 
function Y = k,x, + k2X2 + ... + k"X". Because E is a linear operator, the 
mean of Y is given by 

Ily = E(k,X, + k2X2 + ... + k"X,,) 

= k,E(X,) + k 2E(X2) + ... + k"E(X,,) 

" = kill, + k21l1 + ... + k"ll" == L kill;. 
I 

The variance of Y is given by 

at = E{[(k,X. + ... + k"X,,) - (klll i + ... + k"Il,,)]2} 

= E{[k,(XI - Il,) + ... + k,,(XII - J.I.,,)]2} 

== E{.t ~(Xi - lli)2 + 2 ~ ~ kikj(Xj - lli)(Xj - Ilj)} ,-I IC} 

II 

= L ~ E!(Xi - Ili)~ + 2 L L k;kjE!(Xi - lli)(Xj - Ilj)]. 
I- , i cj 

Consider E[(X, - lli)(Xj - Ilj)], i < j. Because Xi and Xi are independent, we 
have 

Finally, then, 

" " 
~ == L 14E!(X, - Ill)' = L k;a:. 

1=' ;-1 

We can obtain a more general result if, in Example 2, we remove 
the hypothesis ofindependence of X" Xl, ... , Xn• ,We shall do this and 
we shall let Pi) denote the correlation coefficient of XI and Xl. Thus for 
easy reference to Example 2, we write . 

E[(X; - /J;)(X] - /Jj)] == Pij(Jj(Jj. i < j. 
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n 

If we refer to Example 2, we see that again Jty = L kiJtI' But now 
I 

n 

G~ = L k~G~ + 2 L L k;kjPijGiGj. 
I i<j 

Thus we have the following theorem. 

Theorem S. Let X., . .. ,X" ·denote random variables that have 
means Jt., ... , Jtn and variances G~, ... ,G;. Let Pii' ;:F j, denote the 
correlation coefficient oj Xi and ~ and let k., . .. ,fen denote real 
cons talUs. The mean and the variance oj the linear Junction 

n 

Y= LkiXi 
I 

are, respectively, 
n 

Jty = L kiJti 
I 

and 
" G~ = L k:G; + 2 L L kikjPijG;Gj. 
I i <j 

The following corollary of this theorem is quite useful. 

CoroUary. Let X" ... ,Xn denote the observations oj a random 
sample oJsize nJrom a distribution that has mean Jt and variance G2

, The 

mean and the variance oJY = t kiXiare,respectively,Jty = (t ki)Jtand 
. I I 

/1~ = (*k7 y. 
- " Ex"",," 3. Let X = L Xi/n denote the mean of a random sample of size 

I , 

n from a distribution that has mean Il and variance (12. In accordance with 
n " 

the corollary, we have Ili = Il L (l/n) = Il and (I~ = (l2I (l/n)2 = (l2/n. We 
I I 

have seen, in Section 4.8, that if our sample is from a distribution that is 
N(p, al), then X is N(Il, (l2/n). It is interesting that Ili = Il and (I~ = al/n 
whether the sample is or is not from a normal distribution. 

EXERCISES 
. . 

4.104. Let X" X2, X3, X. be four Li.d. random variables having the same p.d.f. 
f{x) = 2x, 0 < x < I, zero elsewhere. Find the mean and variance of the 
sum Y of these four random variables. 
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4.105. Let XI and X2 be two independent random variables so that the 
. variances of XI and X 2 are oi = k and 01 = 2, respectively. Given that the 

variance of Y = 3X2 - XI is 25, find k. 

4.106. If the independent variables XI and X2 have means PI, P2 and variances 
ai, 01, respectively, show that the mean and variance of the product 
Y = XIX2 are PIP2 and oio1 + P~~ + lJiai, respectively. 

4.107. Find the mean and variance 'of the sum Y of the observations of 
a random sample of size 5 from the' distribution having p.d.f. f(x) = 
6x(1 - x), 0 < x < 1, zero elsewhere. 

4.108. Determine the mean and variance of the mean X of a random sample 
of size 9 from a distribution having p.d.f. f(x) = 4xl, 0 < x < 1, zero 
elsewhere. '\ 

4.109. Let X and Y be random variables with PI = 1, P2 = 4, u~ = 4, ui = 6, 
p = ! . Find the mean and variance of Z = 3X - 2 Y. 

4.110. Let X and Y be independent random variables with means Ph P'l and 
variances ~, ui. Determine the correlation coefficient of X and Z = X - Y 
in terms of Ph P2, u~, 01· 

4.111. Let P and til denote ,the mean and variance of the random variable X. 
Let Y = c + bX, where band c are real constants. Show that the mean and 
the variance of Yare, respectively, c + bp and ~til. 

4.112. Find the mean, and the variar,ce of Y = Xl - 2X2 + 3X,h where 
X" X2, X3 are observations of a random sample from a chi-square 

. distribution with 6 degrees of freedom. 

4.113. Let X and Y be random variables such that var (X) = 4, var (1') = 2, 
and var (X + 21') = 15. Determine the correlation coefficient of X and Y. 

4.114. Let X and Y be random variables with means PI' P2;variances ai, ~; 
and correlation coefficient p. Show that the correlation coefficient of 
W = aX + b, a > 0, and Z = c Y + d, c > 0, is p. 

4.115. A person rolls a die, tosse5'a coin. and draws a card from an ordinary 
deck. He receives $3 for each point up on the die, $10 for a head, $0 for 
a tail, and $1 for each spot on the card (jack = 11, queen == 12, king = 13). 
If we assume that the three random variables involved are independent and 
uniformly distributed, compute the mean and variance of the amount to be 
received. 

4.116. Let U and V be two independent chi-square variables with " 
and '2 degrees of freedom, respectively. Find the mean and variance of 
F = ('2U)/(" V). What restriction is needed on the parameters" and '2 in 
order to ensure the existence of both the mean and the variance of F? 
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4.117. Let X., x2, ••• ,x" be a random sample of size n from a distribution 
with mean II and variance (J2. Show that E(82) = (n - 1)a2/n, where 8 2 is 
the variance of the random sample. 

If 

Hint: Write 8 2 = (l/n) L (Xi - 11)2 - (X - 11)2. 
I 

4.118. Let XI and X2 be independent random variables with nonzero 
variances. Find the correlation coefficient ·of Y = XI X2 and XI in terms of 
the means and variances Of-XI and X2• 

4.119. Let XI and X2 have a joint distribution with parameters II" 112, ~, (J~, 
and p. Find the correlation coefficient of the linear functions 
Y = alX. + a2X2 and Z = b,XI + b2X2 in terms of the real constants a" a2, 
b l , b2, and the parameters of the distribution. 

4.120. Let XI, X2, ..• ,Xn be a random sample of size n from a distribution 
which has mean II and variance (J2.Use Chebyshev's inequality to show, for 
every £ > 0, that lim Pr OX III < £) = 1; this is another form of the law 
of large numbers~"'OCI 

4.121. Let XI, X2, and Xl be random variables with equal variances but with 
correlation coefficients P'2 = 0.3, PIl = 0.5, and P23 = 0.2. Find the 
correlation coefficient of the \ linear functions Y = XI + X2 and 
Z= X2 +X3• 

4.122. Find the variance of the sum of 10 random variables if each has 
variance 5 and if each pair has correl'ation coefficient 0.5. 

4.123. Let X and Y have the parameters Ill' 112, (J~, (J~, and p. Show that the 
correlation coefficient of X and [Y - P«(J2/(J,)X] is zero. 

4.124. Let XI and X2 have a bivariate normal distribution with parameters Ill' 
112, (JL ~, and p. Compute the means, the variances, and the correlation 
coefficient of YI = exp (XI) and Y2 = exp (X2). 

Hinl;'Vatious moments of Y, and Y2 can be found by assigning 
appropriate values to tl and t2 in E[exp (tIXI+ t2X2)]' 

4.12~. Let X be N(p., u2) and consider the transformation X = In Y or, 
equivalently, Y = eX. 
(a) Find the mean and the variance of Y by first determining E(r) and 

E[(r)~. 
Hint: Use the m.g.f. of X. 

(b) Find the p.d.f. of Y. This is the p.d.f. of the lognormal distribution. 

4.126. Let XI and X2 have a trinomial distribution with parametersn, p" P2' 

(a) What is the distribution of Y = XI + X2? 
(b) From the equality (J~ = at + O'~ +2p(JI(J2. once again determine the 

correlation coefficient p of XI and··X2• 
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4.127. Let YI = XI + X2 and Y2 = X2 + Xh where X., X2, and Xl are three 
independent random variables. Find ,the joint m.g.f. and the correlation 
coefficient of Y, and Y2 provided that: 
(a) Xi has a Poisson distribution with mean J.l.i' i = 1. 2, 3. 
(b) Xi is N(J.l.i' 0-;), i = 1, 2,3. 

4.121. Let X" ... ,Xn be random variables that have means J.l.., ..• ,J.l.n and 
variances O'T, ... ,0';. Let Pu, ; =1= j, denote the correlation coefficient of Xi 
and~. Let ai, ... ,an and b l , ••• ,bn be real constants. Show that the 

n n n n 

covariance of Y = L aiX; and Z = L. bj~ is L L a;bjO'iO'jPU' where 
;=1 j=1 j=li=1 

Pii = 1, i = 1, 2, ... , n. 

*4.10 The Multivariate NOl1llal Distribution 

We have studied in some detail normal distributions of one 
random variable. In this section we investigate a joint distribution 
of n random variables that will' be called a multivariate normal 
distribution. This investigation assumes that the student is familiar 
with elementary matrix algebra, with real symmetric quadratic forms, 
and with orthogonal transformations. Henceforth, the expression 
quadratic form means a quadratic form in a prescribed number of 
variables whose matrix is real and symmetric. All symbols that 
represent matrices will be set in boldface type. 

Let A denote an n x n real symmetric matrix which is positive 
definite. Let p denote the n x I matrix such that p', the transpose of 
p, is p' = Uti, 1l2, ... , Iln], where each Ili is a real constant. Finally, let 
x denote the n x 1 matrix such that x' = [XI' X2, ••• ,xnl. We shall .' 
show that if C is an appropriately chosen positive constant, the 
nonnegative function 

,[ (x - p)'A(x - P)] 
f(x" X2, ••• , xn) = C exp 2 ' 

- 00 < Xi < 00, i = I, 2, ... , n, 

is a joint p.d.f. of n random variables XI, X2, ••• , Xn that are of the 
continuous type. Thus we need to show that 

f'" ... f'" j{x" x" ... , x.) dx, dx, ... dx. = I. (I) 
-00 -00 
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Let t denote the n x 1 matrix such that t' = [II" 12 .. ••• ,In], where 
II, 12, ••• , In are arbitrary real numbets. We shall evaluate the integral 

C [ ... [ exp [t'x - (x - p)'~(X - P)}Ix' ... dx., (2) 
-00 -00 

and then we shall subsequently set 'I = 12 = ... = In = 0, and thus 
establish Equation (I). First, we change the variables of integration in 
integral (2) from XI, X2, ... , Xn to y., Y2, ... ,Yn by writing x - p = y, 
where y' = [YI, Y2, ... ,Yn]' The Jacobian of the transformation is one 
and the n-dimensional x-space is mapped onto an n-dimensional 
y-space, so that integral (2) may be written as 

C exp (t'p) fro '" r exp (t'Y - Y'~Y) dy, ... dy.. (3) 
-00 -00 

Because the real symmetric matrix A is positive definite, the n 
characteristic numbers (proper values, latent roots, or eigenvalues) 
Oh a2, ... ,an of.A are positive. There exists an appropriately chosen 
n x n real orthogonal matrix L (L' = L -1, where L -I is the inverse 
of L) such that 

a. 0 0 
o 

L'AL= 

o 0 an 

for a suitable ordering of ai, a2, ... ,an' We shall sometimes write 
L' AL = diag [a., a2, .•. ,an], In integral (3), we shall change the 
variables of integration from Y., Y2, ... ,Yn to Z., Z2, ••• , Zn by writing 
y = Lz, where z' = [ZI, Z2, ••• , zn]. The Jacobian of the transformation 
is the determinant of the orthogonal matrix L. Since L'L = In, where 
In is the unit matrix of order n, we have the determinant \L'LI = 1 and 
ILI2 = 1. Thus the absolute value of the Jacobian is one. Moreover, the 
n-dimensional y-space is mapped onto an n-dimensional z-space. The 
integral (3) becomes 

foo [ [ Z'(L/AL)Z] C exp (t'p) . . . exp t'Lz - 2 dZ I ••• dZn. (4) 
-00 -00 

I t is computationally convenient to write, momentarily, t'L = w', 
where w' = [wJ, W2, ..... wnJ. Then 

exp [t'Lz) = exp [w'z) = exp ( ~ WiZ} 
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Moreover, 

L 2 a·z· 
z'(L' AL)z I I I 

[ 

n ] 

exp [ 2 J = exp - 2 . 

Then integral (4) may be written as the product of n integrals in the 
. following manner: 

C exp (w'L'JI) ,V, [[ exp ( w,z, - a~}Iz,J 

[ 
( a.z7)] 

ft, 
exp WiZ; - 2 t 

= C exp (w'L'p) Ii 2n [ ~ dz;. (5) 
i = I al 21t/a. 

-00 I 

The integral that involves Zi can be treated as the m.g.f., with the more 
familiar symbol t replaced by Wi) of a distribution which is N(O, l/a;). 
Thus the right-hand member of Equation (5) is equal to 

C exp (w'L/p) .Ii [ ~ exp (~.)J 
,.1 "a; at 

= C exp (w'L'JI) a,d:~~~ a, exp (* ;:;,). (6) 

Now, because L -I = L', we have 

(L'AL)-I = L'A -IL = diag [1.,1., ... ,1..J. 
al a2 an 

Thus 

Moreover, the determinant lA-II of A -I is 

lA-II = IL'A-ILI = I . 
0,a2' •• all 

Accordingly, the right-hand member of Equation (6), which is equal 
to j·ntegral (2), may be written as 

(
fA -It) Ce"" J (21t riA -'I exp 2 . (7) 
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If, in this function, we set tl = t2 = ... = tn = 0, we have the value of 
the left-hand member of Equation (I). Thus we have 

CJ(21ttIA -11= 1. 

Accordingly, the function 

- 00 < Xi < 00, i = 1,2, ... , n, is a joint p.d.f. of n random variables 
XI, X2 , ••• , Xn that are of the continuous type. Such a p.d.f. is called 
a nonsingular multivariate normal p.d.f. 

We have now proved that f(x" X2, ••• ,xn ) is a p.d.f. However, 
we have proved more than that. Because f(x l , X2, ••• , xn) is a p.d.f., 
integral (2) is the m.g.f. M(t., 12, ••• , tn ) of this joint distribution of 
probability. Since integral (2) is equal to function (7), the m.g.f. of the 
multivariate normal distribution is given by 

Let the elements of the real, symmetric, and positive definite matrix 
A -I be denoted by (Jij' i,j = 1,2, ... ,n. Then 

(J··t· 
( 2) M(O, ... , 0, ti , 0, ... , 0) = exp liJl; + 2 I 

is the m.g.f. of Xi' i = 1,2, ... , n. Thus Xi is N(Jli. (Jii), i = I, 2, ... , n. 
Moreover, with i #= j, we see that M(O, ... , 0, t i , 0, ...• t), 0, ... , 0), 
the m.g.f. of Xi and ~, is equa1 to 

( 
(Jiit~ + 2(J;it;t) + (Jill) 

exp till; + tiJl) +. 2 ., 

which is the m.g.f. of a bivariate normal distribution. In Exercise 4.131 
the reader is asked to show that (Ji) is the e-ovariance of the random 
variables Xi and Xj. Thus the matrix JI, where 11' = [Il., Jl2, ••• , Jln], 
is the matrix of the means of the random variables X""" Xn • 

Moreover, the elements ,on the principal diagonal of A -I are, 
respectively, the variances (iii = (J7, ; = 1,2, ... ,n. and the elements 
not on the principal diagonal of A -I are, respectively, the covariances 
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(Ii} = PJj(litlj, i ::/;: j, of the random variables XI, X 2, ••• , X". We call the 
matrix A -I, which is given by 

(Ill tlI2 (II" 

(112 tl22 (l2n 

the covariance matrix of the multivariate normal distribution and 
henceforth we shall denote this matrix by the symbol V. In terms 
of the positive definite covariance matrix V, the multivariate normal 
p.d.f. is written 

I . [ (x - JI),V-I(x - JI)] 
IiUi exp 2 ' 

(27t)nI2 V IVI 
-00 < Xi < 00, 

i = I, 2, ... , n, ~nd the m.g.f. of this distribution is given by 

( t'Vt) exp t'JI +2 

for all real values of t. 
Note that this m.g.f. equals the product of n functions, where 

the first is a function of t I alone, the second is a function of t2 alone, 
and so on, if and only if V is a diagonal matrix. This condition, 
(Ii) = Pij(li(lj = 0, means Pij = 0, i ::/;: j. That is, the multivariate normal 
random variables are independent if and only if Pij = 0 for all i ::/;: j. 

EXlUllple 1. Let XI, X2, ••• , X" have a multivariate normal distribution 
with matrix p of means and positive definite covariance matrix V. If we let 
X' = [Xit X2, .,' • ,X,,], then the m.g.f. M(t" t2, ... ,t,,) of this joint distri
bution of probability is 

( t'Vt) E(e'-'X) = exp t'p + T . (8) 

Consider a linear function Y of Xh X2, ••• ,X" which is defined by Y = 
" " 

c'X = L CiXi , where c' = [CI' e2' ... , elf) and the several el are real and not 
I 

all zero. We wish to find the p.d.f. of Y. The m.g.f. met) of the distribution 
of Y is' given by 

m(t) = E(e't) = E(ec'X). 
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Now the expectation (8) exists for all real values of t. Thus we can replace l' 
in expectation (8) by te' and obtain 

( 
e/Vet2) m(t) = exp te'p + 2 . 

Thus the random variable Y is N(e'p, e'Ve). 

EXERCISES 

4.129. Let XI, X2, ••• ,XII have a multivariate normal distribution with 
• positive definite covariance matrix V. Prove that these random variables are 

mutually independent if and only if V is a diagonal matrix. 

4.130. Let n = 2 and take 

Determine lVI, V-I, and (x - p)'V-I(x - p). Compare the bivariate normal 
p.d.f. of Section 3.5 with this multivariate normal p.d.f. when n = 2. 

4.131. Let m(tj , ti ) represent the m.g.f. of Xi and ~ as given in the text. 
Show that 

&m(O, 0) ~ [om(o, o)][om(o, 0)] = O'ij; 

otjotj , otj otj 

that is, prove that the covariance of Xi and ~ is O'ij' which appears in 
that formula for m(t;, tj ). 

4.132. Let XI' X2, ••• , XII have a multivariate normal distribution, where p 
is the matrix of the means and V is the positive definite covariance matrix. 
Let Y = e'X and Z = d'X, where X' = [XI' ... , X~], e' = [CI' ..• , clll, and 
d' = [dl , ••• , dill are real matrices. 
(a) Find m(t .. t2) = E(eIY+12Z) to see that Yand Zhave a bivariate normal 

distribution. 
(b) Prove that Yand Z are independent if and only if e'Vd = O. 
(c) If XI' X2, ••• ,XII are independent random variables which have the 

same variance 0'2, show that the necessary and sufficient condition of 
part (b) becomes e'd = O. 

4.133. Let X' = [XI> X2, ••• , X,,] have the multivariate normal distribution of 
Exercise 4.132. Consider the p linear functions of XI, ... , XII defined by 
W = BX, where W' = [WI, ... , Wp], p < n, and B is a p x n real matrix of 
rank p. Find m(v., ... , vp) = E(e''W), where v' is a real matrix [v" ... , vp], 

to see that WI, ... , Wp have a p-variate normal distribution which has Up 
for the matrix of the means and BVB' for the covariance matrix. 
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4.134. Let X' = [XI' X2 , ••• ,XII] have the n-variate normal distribution 
of Exercise 4.132. Show that XI, X2, ••• ,Xp , P < n, have a p-variate 
normal distribution. What submatrix of V is the covariance matrix of 
X" X2, •••• Xp? 

Hint: In the m.g.f. M(t" t2 • ••• , til) of X" X 2, ••• , XII. let tp+ I = ... = 
til = O. 

ADDITIONAL EXERCISES 

4.135. If X has the p.d.f.j{x) =!, -1 < x < 2, zero elsewhere, find the p.d.f. 
of Y= X'. 

4.136. The continuous random variable X has a p.d.f. given by f(x) = I, 
o < x < I, zero elsewhere. The random variable Y is such that 
Y = - 2 In X. What is the distribution of Y? What are the mean and the 
variance of Y? 

4.137. Let X" X2 be a random sample of size n = 2 from a Poisson distri
bution with mean Il. If Pr (XI + X2 = 3) = e3

2)e-\ compute Pr (XI = 2, 
X2 = 4). 

4.J38. Let XI, X2 , ••• ,X2S be a random sample of size n = 25 from a 
distribution with p.d.f.j{x) = 3/x\ I < x < 00, zero elsewhere. Let Yequal 
the number of these X values less than or equal to 2. What is the distribution 
of Y? 

4.139. Find the probability that 'the range of a random sample of size 3 from 
the uniform distribution over the interval ( - 5, 5) is less than 7. 

4.140. Let YI < Y2 < Y3 be the order statistics of a sample of size 3 from a 
distribution having p.d.f.f(x) = t, -I < x < 2, zero elsewhere. Determine 
Pr [-~ < Y2 < ~]. 

4.141. Let X and Y be random variables so that Z = X - 2Y has variance 
equal to 28. If ~ = 4 and PXY =!, find the variance O'~ of Y. 

4.142. Let YI < Y2 < Y3 < Y4 be the order statistics of a random sample 
of size n = 4 from a distribution with p.d.f. j{x) = 2(1 - x), 0 < x < I, 
zero elsewhere. Compute Pr (YI < 0.1). 

4.143. A certain job is completed in three steps in series. The means and 
standard deviations for the steps are (in hours): 

Step 

1 
2 
3 

Mean 

3 
1 
4 

Standard Deviation 

0.2 
0.1 
0.2 
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Assuming normal distributions and independent steps, compute the prob
ability that the job will take less than 7.6 hours to complete. 

4.144. Let XI, x2, ••• , xn be a random sample of size n from a distribution 
having mean p and variance 25. Use Chebyshev's inequality to determine 
the smallest value of n so that 0.75 is a lower bound for Pr [IX - III s: 11· 

4.145. Let XI and X2 be independent random variables with joint p.d.f. 

x.(4 - X2) 
j(Xl, X2) = 36 ' XI = 1,2,3, X2 = 1,2, 3, 

and zero elsewhere. Find the p.d.f. of Y = XI - X2• 

4.146. An unbiased die is cast eight independent times. Let Y be the smallest 
of the eight numbers obtained. Find the p.d.f. of Y. 

4.147. Let X" X2, X3 be i.i.d. N(p, u2) and define 

YI = XI + <5X3 

and 

Y2 = X2 + <5X3• 

(a) Find the means and variances of YI and Y2 and their correlation 
coefficient. 

(b) Find the joint m.g.f. of YI and Y2 • 

4.148. The following were obtained from two sets of data: 

x = 25, 

Y = 20, 

s; = 5, 

S;= 4. 

Find the mean and variance of the combined sample. 

4.149. Let Y1 < Y2 < ... < Ys be the order statistics of a random sample 
of size 5 from a distribution that has the p.d.f. j(x) = I, 0 < X < 1, zero 
elsewhere. Compute Pr (Y. < ~, Ys > ~). 

4.150. Let M(t) = (l - 1)-3, 1 < 1, be the m.g.f. of X. Find the m.g.f. of 
X-IO 

Y= 25 

4.151. Let X be the mean of. a random sample of size n from a normal 
distribution with mean p and variance q2 = 64. Find n so that 

Pr(p- 6 < X < p + 6) = 0.9973. 

4.152. Find the probability of obtaining a total of 14 in one toss of four dice. 
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4.153. Two independent random samples, each of size 6, are taken from two 
normal distributions having common variance fil. If WI and W2 are the 
variances of these respective samples, find the constant k such that 

Pr [ nnn(:;. ~:) < k] = 0.10. 

4.154. The mean and variance of 9 observations are 411nd 14, respectively. 
We find that a tenth observation equals 6. Find the mean and the variance 
. of the 10 observations. 

4.155. Draw 15 cards at random and without replacement from a pack of 25 
cards numbered 1,2,3, ... ,25. Find the probability that 10 is the median 
of the cards selected. 

4.156. Let Y I < Y2 < Y) < Y. be the order statistics of a random sample of 
size n = 4 from a uniform distribution over the interval (0, 1). 
(a) Find the joint p.d.f. of Y. and Y •. 
(b) Determine the conditional p.d.f. of Y2 and Y). given Y. = y, and 

Y4 = Y4' 

(c) Find the joint p.d.f. of z. = Y'/Y4 and Z2 = Y4 • 

4.157. Let XI, X2 • ••• ,Xn be a random sample from a distribution with 
mean Jl and variance (12. Consider the second differences 

j = 1,2, ... , n - 2. 
n-2 

Compute the variance of the average, L Z;/(n - 2). of the second 
. j-I 

differences. 

4.158. Let X and Y have a bivariate normal distribution. Show that X + Y 
and X - Yare independent if and only if 07 = (Ii. 

4.159. Let X be a Poisson random variable with mean p.. If the conditional 
distribution of Y, given X = x. is b(x, pl. Show that Y has a Poisson 
distribution and is independent of X - Y. 

4.160. Let XI' X2, ••• , Xn be a random sample from N(p.. fill. Show that the 
sample mean i and each Xi - X, i = I, 2, ... , n, are independent. Actually 
i and the vector (XI - i, X 2 - X, . .. ,Xn - i) are independent and this 

_ n _ 

implies that X and L (Xi - X)2 are independent. Thus we could find the 
i~ • 

joint distribution of X and n$l /(12 using this result. 

4.161. Let XI' X2 , ••• ,Xn be a random sample from a distribution with 
p.d.f. f{x) = ~, x = 1,2, .. -. ,6. zero elsewhere. Let Y = min (Xi) and 
Z = max (Xi)' Say that the joint distribution function of Y and Z is 
G(y, z) = Pr (Y ~ y, Z < z), where y and z are nonnegative integers such 
that 1 <y < z < 6. 
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(a) Show that 

G(y, z) = F"(z) - [F(z) - F(y)]", 

where F(x) is the distribution func~ion associated with f(x). 
Hint: Note that the event (Z :s; z) = (Y < y, Z S; z) U (y < Y, Z < z) 

(b) Find the joint p.d.f. of Yand Z by evaluating 

g(y, z) = G(y, z) - G(y - 1, z) - G(y, z - I) + G(y - I, z - I), 

4.162. Let X = (XI, X2, X3)' have a multivariate normal distribution with 
mean vector II = (6, -2, 1)' and covariance matrix 

V= [ ~ 
-1 ' 

o -1] 2 I. 
1 3 

Find the joint p.d.f. of 

Y1 = 3X, + X2 - 2X3 and 

4.163. If 

[

1 P P] V = pIp 
p p I 

is a covariance matrix, what can be said about the value of p? 



CHAPTER 5 

Limiting 
Distributions 

S.1 ConvergeDCe in Distribution 

In some of the preceding chapters it has been demonstrated by 
example that the distribution of a random variable (perhaps a statistic) 
often depends upon a positive integer n. For example, if the random 
variable X is b(n, p), the distribution of X depends upon n. If X is the 
mean of a random sample of size n from a distribution that is N(p" u2), 
then X is itself N(p., (12 In) and the distribution of X depends upon n. If 
$1. is the variance of this random sample from the normal distribution 
to which we have just referred, the random variable nS''ju2 is x2(n - 1), 
and so the distribution of this random variable depends upon n. 

We know from experience that the determination ofthtr probability 
. density function of a random variable can, upon occasion, Eresent 

rather formidable computational difficulties. For example, if X is the 
mean of a random sample Xl, X2, ••• , X" from a distribution that has 
the following p.d.f. 

133 
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f(x) = I, 0 < X < 1, 

= 0 elsewhere, 

then (Exercise 4.85) the m.g.f. of X is given by [M(I/n)]", where here 

11 e-I 
M(/) = e'x dx = , 

. I 
o 

1#=0, 

= I, t = O. 

Hence 

EV') = (e'/:/~ I)" , . t ~ 0, 

=, I, t ='0. 

Since the m.g.f. of X depends upon n, the distribution of X depends 
upon n. It is true that various mathematical techniques can be used to 
determine the p.d.f. of X for a fixed, but arbitrarily fixed, positive 
integer n. But the p.d.f. is so complicated that few, if any, of us would 
be interested in using it to compute probabilities about X. One of the 
purposes of this chapter is to provide ways of approximating, for large 
values of n, some of these complicated probability density functions. 

Consider a distribution that depends upon the positive integer n. 
Clearly, the distribution function F of that distribution will also 
depend upon n. Throughout this chapter, we denote thisfact by writing 
the distribution function as Fn and the corresponding p.d.f. as In. 
Moreover, to emphasize the fact that we are working with sequences 
of distribution functions and random variables, we place a subscript 
n on the random variables. For example, we shall write 

F,,(x) = IX I e-nw2
{2 dw 

-ooNnfo 
for the distribution function of the mean Xn of a random sample of size 
n from a normal distribution with mean zero and variance 1. 

We now' defineconvergence"ib distribution of a sequence of 
random variables. 

Definition 1. Let the distribution function Fn(y) of the random 
variable Y" depend upon n, n = 1,2,3, .... If F(y) is a distribution 
function and if lim Fn(Y) = F(y) for every point y at which F(y) is n-+oo 



continuous, then the sequence of random variables, Yt , Y2, ••• , 

converges in distribution to a random variable with distribution 
function F(y). 

The following examples are illustrative of this convergence in 
distribution. . 

EXlUIIJIle 1. Let Y" denote the nth order statistic of a random sample 
XI, X2, ••• ,X" from a distribution having p.d.f. 

The p.d.f. of Y" is 

1 
f(x) = 7J ' 0 < x < 6, 0 < 6 < 00, 

= 0 elsewhere. 

ny"-I 
g,,(y) ::t (jiI , o <y < 6, 

= 0 elsewhere, 

and the distribution function of Y" is 

Then 

Now 

F,,(y) = 0, y < 0, 

_ l' nz" - I _ (:!:). " - e" dz - 6 ' 
o 

= 1, e ~ y < 00. 

lim F,,(y) = 0, -00 <y < 6, 

= 1, 6 ~y < 00. 

.IV) = 0, 

= 1, 

-oo,<y < 6, 
, 
! 

6 <y < 00, 

is a distribution function. Moreover, lim F,,(y) = F(y) at each point of 
"-+00 

continuity of F(y). Recall that a distribution of the discrete type which has 
a probability of 1 at a single point has been called a degenerate distribution. 
Thus, in this example, the sequence of the nth order statistics, Y", 
n = 1, 2, 3, ... , converges in distribution to a random variable that has a 
degenerate distribution at the point y == 6. 



Exarple 2. Let X" have the distribution function 

F,,(X) = e-"w2/2 dw. I
x 1 

-00#v'2it 
If the change of variable v = Jnw is made, we have 

It is clear that 

Now the function 

f
Jn.~ 1 

F,,(i) = -- e-,,2/2 dv. 

-00 v'2it 

lim F,,(X) = O. x < 0, 

= 1, x> O. 

M=O, 
= 1, 

.i < 0, 

x> 0, 

is a distribution function and lim F,,(X) = F(x) at every point of continuity of " .... 00 
F(X). To be sure, lim FIf(O) i= F(O), but F(x) is not continuous at .i = O. 

If'" 00 
Accordingly, the sequence Xh X2, Xl, ... converges in distribution to a 
random variable that has a degenerate distribution at x = O. 

Extllllpk J. Even if a sequence XI, X2 , Xl, ... converges in distribution to 
a random variable X, we cannot in general determine the distribution of X by 
taking the limit of the p.d.f. of XIf' This is illustrated by letting XIf have the 
p.d.f. 

f,,(x) = t, 

=0 

I 
x=2+-, 

n 

elsewhere. 

Oearly, lim f,,(x) = 0 for all values of x. This may suggest that XIf, 

n = 1,2,3 •... ,does not converge in distribution. However, the distribution 
function of X" is 

= 1, 

t 
x<2+-, 

n 

1 
x~2+-, , n 
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and 

lim F,,(x) = 0, x <2, 
" .... !%) 

= I, x>2. 

Since 

F(x) = 0, x < 2, 

= I, x> 2, 

IS a distribution function, and since lim F,,(x) = F(x) at all points of 
"-+00 

continuity of F(x), the sequence Xl' X2, X), ... converges in distribution to 
a random variable with distribution function F(x). 

It is interesting to note, that although we refer to a sequence of 
random variables, XI, X2, X), ... , converging in distribution to a 
random variable X having some distribution function F(x), it is actually 
the distribution functions F" F2 , F), ... that converge. That is, 

lim F,,(x) = F(x) 
n .... ·oo 

at all points x for which F(x) is continuous. For that reason we often 
find it convenient to refer to F(x) as the limiting distribution. Moreover, 
it is then a little easier to say that X"' representing the sequence 
XI, X2, X3, ••• , has a limiting distribution with distribution function 
F(x). Het:tceforth, we use this terminology. 

EXlllllple 4. Let Y" denote the nth order statistic of a random sample from 
the uniform distribution of Example 1. Let Z" = n(8 - Y,,). The p.d.f. of Z" 
is 

(8 - zln)" - I 

h,,(z) = 8" 

= ° elsewhere, 

and the distribution function of Z" is 

G,,(z) = 0, z < 0, 

0< z < n8. 

i
z 

(8 - win)" - I (z )" 
= 8" dw=l- I-n8' 

o 

= 1, nO < z. 

o <z < nO, 
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Hence 
z < 0, 

0< z < 00. 

Now 

G(z) = 0, z < 0, 

° <z, 
is a distribution function that is everywhere continuous and lim G,,(z) == G(z) 

" .... 00 

at all points. Thus Z" has a limiting distribution with distribution function 
G(z). This affords us an example of a limiting distribution that is not 
degenerate. 

Example 5. Let T" have a t-distribution with n degrees of freedom, 
n = 1,2,3, .... Thus its distribution function is 

I, r[(n + 1)/2] 1 
F,,(t) = r= (l + y2/n)(n+ 1){2 dy, 

-00 V 1tn r(n/2) 

where the integrand is the p.d.f. /,,(y) of T". Accordingly, 

lim Fn(t) = lim I' /,,(y) dy 
n .... oo n .... oo 

-00 

= IT lim /,,(y) dy. 
" .... 00 

-<SJ 

The change of the order of the limit and integration is justified because if" (y)1 
is dominated by a function, like 10Ji(y), with a finite integral. That is, 

I/" (y)1 < IOJi(y) 

and 

II 10 
-00 10Ji(y) dy = 1t arctan t < 00, 

for all real t. Hence, here we can find the limiting distribution by finding the 
limit of the p.d.f. of Tn. It is 

lim /,,(y) = lim 
n .... oo n .... oo 



Using the fact· from elementary calculus that 

lim (1 + Y)" = er, 
,,-(£) n 
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the limit associated with the third factor is clearly the p.d.f. of the standard 
normal distribution. The second limit obviously equals 1. If we knew more 
about the gamma function, it is easy to show that the first limit also 
equals 1. Thus we have 

lim F,,(I) = -- e-yl/2 dy, It 1 

"-00 -(£) fo 
and hence T" has a limiting standard normal distribution. 

EXERCISES 

5.1. Let X" denote the mean of a random sample of size n from a distribution 
that is N(p., nl). Find the limiting distribution of X". 

5.2. Let Yt denote the first order statistic of a random sample of size n from 
a distribution that has the p.d.f.f(x) = e-<x - 9), 6 < x < 00, zero eJsewhere. 
Let Z" = n (YI - 6). Investigate the limiting distribution of Zit. 

5.3. Let Y" denote the nth order statistic of a random sample from a 
distribution of the continuous type that has distribution function ftx) 
and p.d.f.f(x) = F'(x). Find the limiting distribution of Z" = n[l - ft Y,,)]. 

5.4. Let Y2 denote the second order statistic of a random sample of size n 
from a distribution of the continuous type that has distribution function 
ftx) and p.d.f.f(x) = F'(x). Find the limiting distribution of WI! = nF( Y2 ). 

5.5. Let the p.d.f. of Y" be j',,(y) = I, y = n, zero elsewhere. Show that Y" does 
not have a limiting distribution. (In this case, the probability has "escaped" 
to infinity.) 

5.6. Let XI, X2, ••• , XII be a random sample of size n from a distribution that 
" 

is N(p., ul), where rr > O. Show that the sum ZIt = L Xi does not have a 
limiting distribution. I 

5.1CoDvergence in ProbabiUty 

In the discussion concerning convergence in distribution, it 
was noted that it was really the sequence of distribution functions 
that converges to what we call a limiting distribution function. 
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Convergence in probability is quite different, although we demonstrate 
that in a special case there is a relationship between the two concepts. 

Definition 2. A sequence of random variables XI, X2, X3, ••• 

converges in probability to a random variable X if, for every f. > 0, 

lim Pr(IXn - Xl < £) = I, 
n-+cx> 

or equivalently, 
lim Pr (IXn - Xl > l) = O. 

Statisticians are usually interested in this convergence when the 
random variable X is a constant, that is, when the random variable ¥ 
has a degenerate distribution at that constant. Hence we concentrate 
on that situation. 

EXIllllJlIe 1. Let Xn denote the mean of a random sample of size n from 
a distribution that has mean JJ and positive variance a'l. Then the mean and 
variance of X" are JJ and tfl/n. Consider, for every fixed l > 0, the probability 

where k = tJn/G. In accordance with the inequality of Chebyshev. this 
probability is less than or equal to 1/k'- = ul/nl2. So, for every fixed l > 0, we 
have 

_ 2 

lim Pr (IX" - JJI ~ £) < lim ~ = 0. 
"-+00 " .... 00 n£ 

Hence X". n = I, 2, 3, ... , converges in probability to JJ if (f2 is finite. (In a 
more advanced course, the student willieam that JJ finite is sufficient to ensure 
this convergence in probability.) This result is called the weak law of large 
numbers. 

Remark. A stronger type of convergence is given by Pr (lim Y" = c) = I; 
"-+00 

in this case we say that Y", n = ), 2, 3,' ... , converges to c with probability 1. 
Although we do not consider this type of convergence, it is known that the 
mean X"' n = I, 2, 3, ... , of a random sample converges with probability I 
to the mean Jl of the distribution, provided that the latter exists. This is one 
form of the strong law of large numbers. 

We prove a theorem that relates a certain limiting distribution to 
convergence in probability to a constant. 
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Theorem 1. Let Fn(Y) denote the distribution/unction 0/ a random 
variable Yn whose distribution depends upon the positive integer n. Let 
c denote a constant which does not depend upon n. The sequence YII , 

n = I, 2, 3, ... , converges in probability to the constant c if and only if 
the limiting distribution 0/ Yn is degenerate at y = c. 

Proof. First, assume that the lim Pr (I Yn - cl < E:) = I for every 
n-oo 

f > 0. We are to prove that the random variable Yn is such that 

lim Fn(Y) = 0, y < c, 

=1, y>c. 

Note that we do not need to know anything about the lim Fn(c). For 
n .... oo 

if the limit of Fn(Y) is as indicated, then Yn has a limiting distribution 
with distribution function 

F(y) = 0, y < c, 

= 1, y ~ c. 

Now 

where Fn[(c + £) - ] is the left-hand limit of Fn(Y) at y = c + f. Thus 
we have 

I = lim Pr (\Yn - cl < f) = lim Fn[(c + f) - ] - lim Fn(c - f). 

Because 0 s; Fn(Y) < I for all values of y and for every positive integer 
n, it must be that 

lim Fn[(c + £) -1 = 1. 
n .... oo 

Since this is true for every £ > 0, we have 

y < c, 

-1 - , y > c, 

as we were required to show. 
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To complete the proof of Theorem 1, we assu~e that 

lim FIf(Y) = 0, y < c, 
n->oo 

= 1, y> c. 

We areto prove that lim Pr (I Yn - ci < e) = 1 for every e > O. Because 
n-+oo 

Pr (I Yn - cl < e) = Fn[(c + £) - ] - Fn(c - e), 

and because it is given that 

lim FIf[(c + e) - ] = 1, 
n->oo 

n-+oo 

for every e > 0, we have the desired result. This completes the proof 
of the theorem. 

For convenience, in the notation of Theorem 1, we sometimes say 
that Ym rather than the sequence Y1, Y2, Y3, ••• , converges in 
probability to the constant c. 

EXERCISES 

5.7. Let the random variable Y" have a distribution that is b(n, p). 
(a) Prove that Y"ln converges in probability to p. This result is one form 

of the weak law of large numbers. 
(b) Prove that 1 - Y,,/n converges in probability to 1 - p. 

5.8. Let S~ denote the variance of a random sample of size n from a 
distribution that is N(Jl, 0'2). Prove that nS;/(n - 1) converges in probability 
to 0-2. 

5.9. Let W" denote a random variable with mean Jl and variance bjrf, where 
p > 0, Jl, and b are constants (nOt functions of n). Prove that W" converges 
in probability to Jl. 

Hint: Use Chebyshev's inequality. 

S.lO. Let Y" denote the nth order statistic of a random sample of size n from 
a uniform distribution on the interval (0, 8), as in Example 1 of Section 5.1. 
Prove that Z" = ft. converges in probability to fl. 
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5.3 Limiting Moment-Generating Functions 

To find the limiting distribution function of a random variable Yn 

by use of the definition of limiting distribution function obviously 
requires that we know Fn(Y) for each positive integer n. But, as 
indicated in the introductory remarks of Section 5.1, this is precisely 
the problem we should like to avoid. If it exists, the moment-generating 
function that corresponds to the distribution function Fn(Y) often 
provides a convenient method of determining the limiting distribution 
function. To emphasize that the distribution of a random variable Yn 

depends upon the positive integer n, in this chapter we shall write the 
moment-generating function of Yn in the form M(t; n). 

The following theorem, which is essentially Curtiss' modification 
of a theorem of Levy and Cramer, explains how the moment-generat
ing function may be used in problems oflimiting distributions. A proof 
of the theorem requires a knowledge of that same facet of analysis that 
permitted us to assert that a moment-generating function, when it 
exists, uniquely determines a distribution. Accordingly, no proof of the 
theorem will be given. 

Theorem 2. Let the random variable Yn have the distribution 
function Fn(Y) and the moment-generating function M(t; n) that exists 
for -h < t < h for all n. If there exists a distribution function F{y), 
with corresponding moment-generating function M(t), defined for 
It I < hi < h, such that lim M(t; n) = M(t),' then Yn has a limiting 

n-+oo 
distribution with distribution function F{y). 

In this and the subsequent sections are several illustrations of the 
use of Theorem 2. In some of these examples it is convenient to use a 
certain limit that is established in some courses in advanced calculus. 
We refer to a limit of the form 

lim ['I + ~ + t/I(n)]tn , 
n .... oo n n 

where band c do not depend upon n and where lim t/I(n) = O. Then 
n .... oo 

[ 
b t/I( )]t:n (b)t:n 

lim 1 + - + _n = lim 1 + - = tF. 
n-+oo n n n-+oo n 
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For example, 

lim 1 __ +_t_ = lim 1--+~ . ( 
f 3 )-"

/
2 (f t31 1:)-1112 

11-+00 n n3/2 
11-+00 n n 

Here b = "'"" fl, c = -~, and y,(n) = ilJn. Accordingly, for every fixed 
value of t, the limit is et2

/2. : ;. 

Example 1. Let Y" have a distribution that is b(n, pl. Suppose that the 
mean fJ = np is the same for every n; that is, p = fJln, where fJ is a constant. 
We shall find the limiting distribution of the binomial distribution, when 
p = pJn, by finding the limit of M(t; n). Now 

( 
fJ(e' - 1)]" 

M(t; n) = E(e'Y") = [(1 - p) + pel)" = 1 + n 

for all real values of t. Hence we have 

lim M(t; n) = eP4~ - \) 
"-00 

for all real values of t. Since there exists a distribution, namely the Poisson 
distribution with mean fJ, that has this m.g.f. eP4~ - I), then, in accordance with 
the theorem and under the conditions stated, it is seen that Y" has a limiting 
Poisson distribution with mean fJ. 

Whenever a random variable has a limiting distribution, we may, if we 
wish, use the limiting distribl,ltion as an approximation to the exact 
distribution function. The result of this example enables us to use the Poisson 
distribution as an approximation to the binomial distribution when n is large 
and p is small. This is clearly an advantage, for it is easy to provide tables for 
the one-parameter Poisson distribution. On the other hand, the binomial 
distribution has two parameters, and tables for this distribution are very 
ungainly. To illustrate th~ use of the approximation, let Y have a b~nomial 
distribution with n = 50 and p = is' Then . 

Pr (Y < ) = (i1)$O + 50(~)(i1t9 = 0.400, 

approximately. Since fJ = np = 2, the Poisson approximation to this prob
ability is 

e-2 + 2e-2 = 0.406. 

Example 2. Let Z" be i(n). Then the m.g.f. of Z" is (1 - 2t)-"/2, t < ~. The 
mean and the variance of Zn are, respectively, nand 2n. The limiting 
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distribution of the random variable Y" -:- (Z" - n)/.;:£, will be investigated. 
Now the m.g.f. of Y" is 

fo 
t <-2-' 

This may be written in the form 

M(t; n) = (e'$ - t ,fl. e'$ y'"', 
In accordance with Taylor's formula, there exists a number ,(n), between 0 
and tj2j':" such that 

. 12 I ( 12)2 e~<") ( 12)3 
e'$ = I + t "-,, + 1. t "-,, +""6 t" -" . 

If this sum is substituted for e'$ in the last expression for M(t; n), it is seen 
that 

( 
f .p(n»)-"f2 

M(t; n) = 1 - n + n · 
where 

j2fe~<") j2t3 2t4f1.<") 
.p(n) = --- . 

3Jn In 3n 
Since ,en) -+0 as n -+ 00, then lim .p(n) = 0 for every fixed value of t. In 
accordance with the limit proposition cited earlier in this section, we have 

lim M(t; n) = e12/2 
" .... a;, 

for all rea) values of t. That is, the random variable Y" = (Z" - n)/fo has 
a limiting standard normal distribution. 

EXERCISES 

5.H. Let X" have a gamma distribution with parameter !X = nand p, where 
p is not a function of rz. Let YII = XII/no Find the limiting distribution of Y". 

5.12. Let ZIt be x2(n) and let W" = Z,,/n2. Find the limiting distribution of WIle 
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5.13. Let X be X2(50). Approximate Pr (40 < X < 60). 
5.14. Let p = 0.95 be the probability that a man, in a certain age group, lives 

at least 5 years. 
(a) If we are to observe 60 such men and if we assume independence, find 

the probability that at least 56 of them live 5 or more years. 
(b) Find an approximation to the result of part (a) by using the Poisson 

distribution. 
Hint: Redefine p to be 0.05 and r - p = 0.95. 

5.15. Let the random variable Z" have a Poisson distribution with par
ameter J.t = n. Show that the limiting distribution of the random variable 
Y" = (Z" - n)/Jn is normal with mean zero and variance 1. 

5.1'6. Let S; denote the variance of a random sample of size n from a 
distribution that is N(J.t, 0'2). It has been proved that nS!/(n - 1) converges 
in probability to 0'2. Prove that S; converges in probability to 0'2. 

5.17. Let X" and Y" have a bivariate normal distribution with parameters J.tt. 
J.t2, of, O'i (free of n) but p :rdl - lin. Consider the conditional distribution 
of Y", given X" = x. Investigate the limit of this conditional distribution as 
n -+ 00. What is the limiting distribution if p = - 1 + lin? Reference to 
these facts was made in the Remark in Section 2.3. 

5.18. Let X" denote the mean of a random sample of size n from a Poisson 
distribution with parameter J.t = 1. 
(a) Show that the m.g.f. of Y" = In(X,, - J.t)/a = In(X,, - I) is given by 

exp[-tJn + n(elJn - 1)]. 
(b) Investigate the limiting distribution of Y" as n -+ 00. 

Hint: Replace, by its MacLaurin's series, the expression etlJn, which is 
in the exponent of the moment-generating function of Y'P 

5.19. Let Xn denote the mean of a random sample of size n from a distribution 
that has p.d.f. f(x) = e-x

, 0 < x < 00, zero elsewhere. 
(a) Show that the m.g.f. M(t; n) of Y" = In(X,, - 1) is equal to 

[etlJn - (tIJn)e'IJn]-", t < In. 
(b) Find the limiting distribution of Y" as n -+ 00. 

This exercise and the immediately preceding one are special instances 
of an important theorem that will be proved in the next section. 

5.4 The Central Limit Theorem 

It was seen (Section 4.8) that, if XI' X2, ••• , Xn is a random sample 
from a normal distribution with mean Il and variance (12, the random 
variable 

n 

~ Xi - nil In(X
n 

- Il) 
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is, for every positive integer n, normally distributed with zero mean'and 
unit variance. In probability theory there is a very elegant theorem 
called the central limit theorem. A special case of this theorem asserts 
the remarkable and important fact that if XI, X2, ••• , Xn denote the 
observations of a random sample of size n from any distribution having 
positive variance (12 (and hence finite mean Ji.), then the random variable 
In(Xn - Ji.)/(1 has a limiting standard normal distribution. If this 
fact can be established, i~ will imply, whenever the conditions of the 
theorem are satisfied, that (for large n) the random variable 
In(X - Ji.)/(1 has an approximate normal distribution with mean zero 
and variance I. It will then be possible to use this approxi~ate n~mal 
distribution to compute approximate probabilities concerning X. 

The mote general form of the theorem is stated, but it is proved only 
in the modified case. However, this is exactly the proof of the theorem 
that would be given if we could use the characteristic function in place 
of the m.g.f. 

Theorem 3. Let XI, X 2, ••• , Xn denote the obseroations of a random 
sample from a distribution that has mean Ji. and positive variance (12. Then 

the random variable Y. = ( ~ Xi - nil )1 Jnll . In(X. - ~)/lI has a 

limiting distribution that is normal with mean zero and variance I. 

Proof In the modification of the proof, we assume the existence of 
the m.g.f. M(t) = E(e'X), -h < t < h, of the distribution. However, 
this proof is essentially the same one that would be given for this 
theorem in a more advanced course by replacing the m.g.f: by' the 
characteristic function ((J(t) = E(eitX

). ' 

The function 

met) = E[e'(X - P)] = e-P1M(t) 

also exists for -h < t < h. Since met) is the m.g.f. for X - Ji., it 
must follow that m(O) = I, m'(O) = E(X - Ji.) = 0, and m"(O) = 
E[(X - Ji.)2] = a2. By Taylor's formula there exists a number ~ between 
o and t such that 

m"(~)t2 
met) = m(O) + m'(O)t +. 2 

m"(e)t2 

= 1 + 2 
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If a21? /2 is added and subtracted, then 
rill'- [m"(~) - (j~t2 

met) = 1 + 2 + 2 . (1) 

Next consider M(t; n), where 

In Equation (1) replace t by t/aj;, to obtain 

( 
t ) t2 [m"(~) - 0'2]t2 

m -- =1+-+ , 
O'j;, 2n 2na2 

where now <: is between 0 and t/O'j;, with -hO'Jn < t < hO'Jn. 
Accordingly, 

• _ { I'- [m"(~) - 0'2]t2}n 
M(t, n) - 1 + -2 + 2 2 • 

n nO' 

Since m"(t) is continuous at t = 0 and since ~ -+0 as n -+ 00, we have 

lim [ml'(~) - 0'2] = O. 

The limit proposition cited in Section 5.3 shows that 
lim' M(t; n) = e,2/2 

for all real values of t. This proves that the random variable Yn = 
j;,(Xn· - Il)/a has a limiting standard normal distribution. 

We interpret this theorem as saying that, when n is a large, fixed 
positive integer, the random variable X has an approximate normal 
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distribution with mean Jl and variance (f2/n; and in applications we use 
the approximate normal p.d.f. as though it were the exact p.d:f. of X. 

Some illustrative examples, here and later, will help show the 
importance of this version of the central limit theorem. 

Example 1. Let X denote the mean of a random sample of size 75 from 
the distribution that has the p.d.f. 

f(x) = I, 0 < x < I, 

= 0 elsewhere. 

It was stated in Section 5.1 that the exact p.d.f. of X, say g(x), is rather 
complicated. It can be shown that g(X) has a graph when 0 < i < I that is 
composed of arcs of 75 different polynomials of degree 74. The computation 
of such a probability as Pr(0.45 < i < 0.55) would be extremely laborious. 
The conditions of the theorem are satisfied, since M(t) exists for all real values 
of t. Moreover, /.l =! and u2 = I~ ~ so that we have approximately 

- [In(0.45 - /.l) In(X - /.l) In(0.55 - /.l)] 
Pr (0.45 < X < 0.55) = Pr < < -----

u u u 

= Pr [ -1.5 < 30(X - 0.5) < 1.5] 

= 0.866, 

from Table III in Appendix B. 

Example 2. Let XI, X2, ••• ,X" denote a random sample from a 
distribution that is b(I,p). Here /.l = p, cr = P(l- p), and M(t) exists for 
all real values of t. If Y" = XI + ... + X". it is known that Y" is b(n,p). 
Calculation of probabilities concerning Y", when we do not use the Poisson 
approximation, can be greatly simplified by making use of the fact that 

(Y" - np)/Jnp(l - p) = In(X,, - p)/Jp(l - p) = In(X,, - /.l)/u has a lim
iting distribution that is normal with mean zero and variance I. Frequently, 
statisticians say that Y", or more simply Y, has an approximate normal 
distribution with mean np and variance np(1 - pl. Even withn as small as 10, 
with p = ~ so that the binomial distribution is ,symmetric about np = 5, we 
note in Figure 5.1 how well the normal distribution, N(5, i), fits the binomial 
distribution, b(IO, !), where the heights of the rectangles represent the 
probabilities of the respective integers 0, I, 2, ... , 10. Note that the area of 
the rectangle whose base is (k - 0.5, k + 0.5) and the area under the normal 
p.d.f. between k - 0.5 and k + 0.5 are approximately equal for each 
k = 0, 1,2, ... , 10, even with· n = 10. This example should help the reader 
understand Example 3. 
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Ex"",ple 3. With the background of Example 2, let n = 100 and p = ! ' 
and suppose that we wish to compute Pr ( Y = 48, 49, 50, 51, 52). Since Y is 
a random variable of the discrete type, the events Y = 48, 49, 50. 51, 52 
and 47.5 < Y < 52.5 are equivalent. That is, Pr (Y = 48,49, 50,51,52) = 
Pr (47.5 < Y < 52.5). Since np = 50 and np(l p) = 25, the latter prob
ability may be written 

Pr (47.5 < Y < 52.5) = Pr (47.5 5- SO < Y S 50 < 52.5
5
- SO) 

( 
Y-50 ) = Pr -0.5 < 5 < 0.5 . 

Since (Y - 50)/5 has an approximate normal distribution with mean zero and 
variance I, Table III shows this probability to be approximately 0.382. 

The convention of selecting the event 47.5 < Y < 52.5, inste~d of, say, 
47.8 < Y < 52.3, as the event equivalent to the event Y = 48, 49,SO, 51, 52 
seems to have originated in the following manner: The probability, 
Pr (Y = 48,49,50,51,52), can be interpreted as the sum of five rectangular 
areas where the rectangles have bases 1 but the heights are. respectively, 
Pr (Y = 48), ... , Pr ( Y = 52). If these rectangles are so located that the 
midpoints of their bases are, respectively, at the points 48,49, ... , 52 on a 
horizontal axis, then in approximating the sum of these areas by an area 
bounded by the horizontal' axis. the graph of a. normal p.d.f., and two 
ordinates, it seems reasonable to take the two ordinates at the paints 47.5 and 
52.5. 

- " We know that X and L XI have approximate normal distributions, 
i= I 

provided that n is large enough. Later, we find that other statistics 
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also have approximate normal distributions, and this is the reason that 
the normal distribution is so important to statisticians~ That is, while 
not many underlying distributions are normal, the distributions 
of statistics calculated from random samples arising from 'these 
distributions are often very close to being normal. 

Frequently, we are interested in functions of statistics that have 
approximate normal distributions. For illustration, Yn of Example 2 
has an approximate N(np, np(l - p)]. So np(l - p) is an important 
function of p as it is the variance of Yn • Thus, if p is unknown, we might 
want to estimate the variance of Yn • Since E(Yn/n) = p~ we might use 
n(Yn/n)(l - Yn/n) as such an estimator and would want to know 
something about the latter's distribution. In particular, does it also 
have an approximate normal distribution? If so, what are its mean and 
variance? To answer questions like these, we use a procedure that is 
commonly called the delta method, which will be explained using the 
sample mean in as the statistic. 

We know that in converges in probability to Jl. and in is 
approximately N(p., (12/n). Suppose that we are interested in a function 
of Xn , say u(in). Since, for large n, in is close to p., we can approximate 
u(Xn) by the first two terms of Taylor's expansion about p., namely 

u(Xn) ~ v(Xn) = u(p.) + (Xn - p.)u'(p.), 

where u'(p.) exists and is not zero. Since v(Xn) is a linear function of Xn, 
it has an approximate normal distribution with mean 

E[v(in)] = u(p.) + E[(in - p.)]u'(p.) == u(p.) 

and variance 

2 
- - (1 

var [v(Xn)] = [U'(p.)J2 var (Xn - p.) = [U'(p.)]2 - . 
n 

Now, for large n, u(in) is approximately equal to vein); so it has, the 
same approximating distribution. That is, u(Xn) is approximately 
N{u(p.), [u'(p.)]2(12/n}. More formally, we could say that 

u(Xn) - u(p.) 

j[u'(p.)]2(12/n 

has a limiting standard normal distribution. 

EXIUIIp/e 4. Let Yn (or Y for simplicity) be b(n, p). Thus Yin is approxi
mately N[p, p(l - p)/n)]. Statisticians often look for functions of statistics 
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whose variances do not depend upon the parameter. Here the variance of YIn 
depends upon p. Can we find a function, say u( YIn), whose variance is 
essentially free of p? Since YIn converges in probability to p, we 
can approximate u( YIn) by the first two terms of its Taylor's expansion about 
p, namely by 

v(~) = u(p) + (~ - p ,'(P)' 

Of course, v( YIn) is a linear function of YIn and thus also has an approximate 
normal distribution; clearly, it has mean u(p) and variance 

[U'(p)]2 p(1 - p) . 
n 

But it is the latter that we want to be essentially free of p; thus we set it equal 
to a constant, obtaining the differential equation 

c 
u'(p) = . 

Jp(l- p) 
A solution of this is 

u(p) = (2c)arcsin JP. 
If we take c =!, we have, since u(Yln) is approximately equal to v(Yln), that 

u( ~) = arcsin g, 
This has an approximate normal distribution with mean arcsin JP and 
variance 1/4n. which is free of p. 

EXERCISES 

5.20. Let X denote the mean of a random sample of size 100 from a distri
bution that is X2(50). Compute an approximate value ofPr (49 < X < 51). 

5.11. Let X denote the mean of a random sample of size 128 from a gamma 
distribution with ex = 2 and fJ = 4. Approximate Pr (7 < X < 9). 

5.22. Let Y be b(72, j). Approximate Pr (22 < Y < 28). 

5.13. Compute an approximate probability that the mean of a random sample 
of size 15 from a distribution having p.d.f. I(x) = 3r, 0 < x < 1, zero 
elsewhere, is between ~ and ~. 

5.24. Let Y denote the sum of the observations of a random sample of size 
12 from a distribution having p.d.f. I(x) = t. x = 1,2,3,4,5,6, zero 
elsewhere. Compute an approximate value of Pr (36 < Y < 48), 
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Hint: Since the event of interest is Y = 36, 37, ... ,48, rewrite the 
probability as Pr (35.5 < Y < 48.5). 

S.25. Let Y be b(400, !). Compute an approximate value ofPr (0.25 < YIn). 

S.26. If Y is b(lOO, !), approximate the value of Pr ( Y = 50). 

S.27. Let Y be ben, 0.55). Find the smallest value of n so that (approximately) 
Pr (YIn> !) > 0.95. 

S.28. Letj(x) = l/r, 1 < x < 00, zero elsewhere, be the p.d.f. of a random 
variable X. Consider a random sample of size 72 from the distribution 
having this p.d.f. Compute approximately the probability that more than 
50 of the observations of the random sample are less than 3. 

S.29. Forty-eight measurements are recorded to several decimal places. Each 
of these 48 numbers is rounded off to the nearest integer. The sum of the 
original 48 numbers is approximated by the sum of these integers. If we 
assume that the errors made by rounding off are Li.d. and have uniform 
distributions over the interVal (-j, !), compute approximately the 
probability that the sum of the integers is within 2 units of the true sum. 

S.30. We know that X is approximately N(p, (J2In) for large n. Find the 
approximate distribution of u(X) = Xl. 

S.31. Let XI, X2, ••• , Xn be a random sample from a Poisson distribution 
n 

with mean p. Thus Y = L Xi has a Poisson distribution with mean np. 
i ... I 

Moreover, X = YIn is approximately N(p, pIn) for large n. Show that 
u(Yln) = ~ is a function of YIn whose variance is essentially free of p. 

s.s Some Theorems 00 Umitiog Distributions 

In this section, we shall present some theorems that can often be 
used to simplify the study of certain limiting distributions. 

Theorem 4. Let Fn(u) denote the distribution function of a random 
variable Un whose distribution depends upon the positive integer n. Let 
Un converge in probability to the constant c :/; O. The random variable 
Unlc converges in probability to 1. 

The proof of this theorem is very easy and is left as an exercise. 

Theorem 5. Let Fn(u) denote the distribution/unction of a random 
variable Un whose distribution depends upon the positive integer n. 
Further, let Un converge in probability~o the positive constant c and let 
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Pr (Un < 0) = 0 for every n. The random variable fo. converges in 

probability to Jc. 
Proof. We are given that the lim Pr (I Un - cl > £) = 0 for every 
O n-+C't) 

£ > . 

We are to prove that the lim Pr (lfo. - Jcl > £') = 0 for every 
£' > O. Now the probability n-+C't) 

Pr (I Un - cl > £) = Pr [l(fo. - Jc)(fo. + Jc)l > £] 

= Pr (Ifo. - Jcl ~ fo. ~ Jc) 

> Pr (Ifo. - Jcl ~ ~) > O. 

If we let £' = £/ Jc, and if we' take the limit, as n becomes infinite, we 
have 

0= lim Pr(lUn - cl > £) > lim Pr(lfo. - Jcl > £') = 0 
n-+C't) n-+tXj 

for every £' > O. This completes the proof. 

The conclusions of Theorems 4 and 5 are very natural ones and 
they certainly appeal to our intuition. There are many other theorems 
of this flavor in probability theory. As exercises, it is to be shown that 
if the random variables Un and Vn converge in probability to the 
respective constants c and d, then Un Vn converges in probability to the 
constant cd, and Un/Vn converges in probability to the constant c/d, 
provided that d =I: O. 'However, we shall accept, without proof, the 
following theorem, which is a modification of Slutsky's theorem. 

TheoreDl 6. Let Fn(u) denote the distribution function of a random 
variable Un whose distribution depentl$ upon the positive integer n. Let 
Un have a limiting distribution with distribution function F(u). Let a 
random variable Vn converge in probability to I. The limiting distribution 
of the random variable Wn = Un/ Vn is the same as that of Un; that is, Wn 
has a limiting distribution with distribution function F(w). 

Example I.- Let Yn denote a random variable that isb(n, p), 0 < p < 1. We 
know that 

Y - nrp U = n 
n -Jr=nP(=l===p=) 
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has a limiting distribution that is N(O, I). Moreover, it has been proved that 
Ynln and 1 - Ynln converge in probability to p and 1 - p, respectively; thus 
(Y"ln)(l - Ynln) converges in probability to p(1 - pl. Then, by Theorem 4, 
(Ynln)(l- Ynln)/[p(] -p)] converges in probability to I, and Theorem 5 
asserts that the following does also: 

= [(Y"ln)(1 - Ynln)]1/2 
VII p(l - p) . 

Thus, in accordance with Theorem 6, the ratio W" = U"I VII' namely 

Yn-np 

jn( Yllln)(1 - Y,,/n) • 

has a limiting distribution that is N(O, I). This fact enables us to write (with 
n a large, fixed positive integer) 

Pr - 2 < < 2 = 0.954, [ 
Y-np ] 

jn(Yln)(1 - Yin) 

approximately. 

Example 2. Let X" and S~ denote, respectively, the mean and the variance 
of a random sample of size n from a distribution that is N(p, 0'2), 0'2 > O. It 
has been proved that Xn converges in probability to p and that S~ converges 
in probability to 0'2, Theorem 5 asserts that S" converges in probability to 0' 

and Theorem 4 tells us that SnlO' converges in probability to 1. In accordance 
with Theorem 6, the random variable Wn = O'XIIISn has the same limiting 
distribution as does X". That is, O'XII/Sn converges in probability to p. 

EXERCISES 

5.32. Prove Theorem 4. 
Hint: Note that Pr (IUnlc - 11 < e) = Pr (IU" - cl < llcl), for every 

e > O. Then take e' = elcl. 

5.33. Let Xn denote the mean of a random sample of size n from a gamma 
distribution with parameters IX = ~ > 0 and P = I. Show that the limit
ing distribution of In( Xn -fl.)1 Po is N(O, ]). 

5.34., Let Tn = (Xn - p)ljS~/(n - 1), where Xn and S; represent, respect
ively, the mejln and the variance of a random sample of size n from a 
distribution that is N(p. al). Pr~ve that the limiting distribution of Tn 
is N(O, 1). 

5.35. Let XI • ..• , Xn and YI , •.. , Yn be the observations of two independent 
random samples, each of size n, from the distributions that have the 
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respective means PI and 1'2 and the common variance (12. Find the limiting 
distribution of 

(Xn - f ll) - (PI - 1'2) 

(1J2{n 
where XII and fll are the respective means of the samples. 

- II 
Hint: Let Zn = L Z;/n, where Z; = Xi - Yj • 

I 

5.36. Let U" and VII converge in probability to c and d, respectively. Prove the 
following. 
(a) The sum Un + Vn converges in probability to c + d. 

Hint: Show that Pr (IU" + V" c - dl > £) < Pr (IU" - cl + I Vn - dl 
~ £) < Pr (I Un - cl > £/2 or 1 V" - dl ~ £/2) < Pr (I Un - cI ~ £/2) + 
Pr (I VII - dl > £/2). 

(b) The product U" Vn converges in probability to cd. 
(c) If d =1= 0, the ratio Un/ Vn converges in probability to cld. 

5.37. Let U" converge in probability to c. If h(u) is a continuous function at 
u = c, prove that h( UII ) converges in probability to h(c). 

Hint: For each £ > 0, there exists a 0 > 0 such that Pr [lh( Un) -
h(c)1 < £] > Pr [I Un - cl < 0]. Why? 

ADDITIONAL EXERCISES 

5.38. A nail manufacturer guarantees that not more than one nail in a box 
of 100 nails is defective. If, in fact, the probability of each individual nail 
being defective is p = 0.005, compute the probability that: 
(a) The next box of nails violates the guarantee. Use the Poisson 

approximation, after assuming independence. 
(b) The guarantee is violated at least once in the next 25 boxes. 

5.39. Let X" and fn be the means of two independent random samples of 
size n from a distribution having variance (12. Determine n so that 
Pr OXn - fnl < (1/2) = 0.98, approximately. 

5.40. Let XI, X2, ••• , X2S be a random sample from a distribution with p.d.f. 
f(x) = 6x(l - x), 0 < x < I, zero elsewhere. Find Pr [0.48 < XII < 0.52] 
approximately. 

5.41. A rolls an unbiased die 100 independent times and B rolls an unbiased 
die 100 independent times. What is the'approximate probability that A will 
total at least 25 points more than B? 

5.42. Compute, approximately, the probability that the sum of the 
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observations of a random sample of size 24 from a chi-square distribution 
with 3 degrees of freedom is between 70 and 80. 

'5.43. Let X be the number of times that no heads appear on two coins when 
these two coins are tossed together n times. Find the smallest value of n so 
that Pr (0.24 < X/n < 0.26) ~ 0.954, approximately. 

'5.44. Two persons have 16 and 32 dollars, respectively. They bet one dollar 
on each of 900 independent tosses of an unbiased coin. What is an 
approximation to the probability that neither person is in debt at the end 
of the 900 trials? \ 

'5.4'5. A die is rolled 720 independent times. Compute, approximately. the 
probability that the number of fives that appear will be between ) 10 and 
125 inclusive. 

'5.46. A part is produced with a mean of 6.2 ounces and a standard deviation 
of 0.2 ounce. What is the probability that the weight of 100 such items is 
between 616 and 624 ounces? 

'5.47. Let X., ... , X25 be a random sample of size 25 from a distribution 
having p.d.f. f(x) = x/6, x = 1, 2, 3, zero elsewhere. Approximate 

Pr (.f Xi = 50, 51, ... , or 60). 
1- I 

5.41. Say that a lot of 1000 items contains 20 defective items. A sample of 
size 50 is taken at random and without replacement from the lot. If 3 or 
fewer defective items are found in this sample, the lot is accepted. 
Approximate the probability of accepting this lot. 

'5.49. Let XI, X2, ••• , Xn be a random sample from a distribution having finite 
• n 

E(xm), m > O. Show that L X,!,/n converges in probability to E(xm). Was 
i= I 

an additional assumption needed? 

5.'50. It can be proved that the mean Xn of a random sample of size n from 
a Cauchy distribution has that same Cauchy distribution for every n. Thus 
Xn does not converge in probability to zero. How can this be, as earlier, 
under certain conditions, we proved that Xr. c:mvagtS in probability to the 
mean of the distribution? 

5.'51. Let Y be x2(n). What is the limiting distribution of Z = jY - Jn1 

'5.52. Let X be the mean of a random sample of size n from a Poisson 
distribution with parameter p. Find the function Y = u(X) so that Yhas an 
approximate normal distribution with mean u(p) and variance that is free 
of p. 



Limitillg DIstribution, 1Ch. 5 

5.53. Let Y, < Y2 < ... < Yn be the order statistics of a random sample 
XI, X2 • ••• , Xn of size n from a distribution with distribution function F(x) 
and p.d.f. f(x) = F(x). Say F(~p) = p and f(~p) > O. Consider the order 
statistic YInp]. where [np] is the greatest integer in np. 
(a) Note that the event In( Y[np] - ~p) < u is equivalent to Z > [np], where 

Z is the number of X-values less than or equal to ~P + u/Jn. 
(b) Write Z > np, an approximation to Z > [np], as 

Z - nF(~p + u/Jn) -f(~p)u 
--;=::===~....;., ~ approximately, 

Jnp(l - p) Jp(l - p) , 

using F(~p + ulJn) ~ p + f(~p)u/Jn. 
(c) Since the left-hand member of the inequality in part (b) is 

approximately ~(O, 1), argue that Y[npi has an approximate normal 
distribution with mean ~p and variance p(l - p)/n[f(~p)]2. 

• 



CHAPTER. 6 

Introduction 
to Statistical 
Inference 

6.1 Point Estimation 

The first five chapters of this book deal with certain concepts 
and problems of probability theory. Throughout we have carefully 
distinguished between a sample space ct of outcomes and the space d 
of one or more random variables defined on ct. With this chapter we 
begin a study of some problems in statistics and here we are more 
interested in the number (or numbers) by which an outcome is 
represented than we are in the outcome itself. Accordingly, we shall 

. adopt a frequently used convention. We shall refer to a random 
variable X as the outcome of a random experiment and we shall refer 
to the space of X as the sample space. Were it not so awkward, we 
would call X the numerical outcome. Once the experiment has been 
performed and it is found that X = x, we shall call x the experimental 
value of X for that performance of the experiment. 

259 
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This convenient terminology can be used to advantage in more 
general situations. To illustrate this, let a random experiment be 
repeated n independent times and under identical conditions. Then 
the random variables X., Xh ... ,Xn (each of which assigns a 
numerical value to an outcome) constitute (Section 4.1) the 
observations of a random sample. If we are more concerned with the 
numerical representations of the outcomes than witb.the outcomes 
themselves, it seems natural to refer to XI, X2, ••• , Xn as the outcomes. 
And what more appropriate name can we give to the space of a random 
sample than the sample space? Once the experiment has been 
performed the indicated number of times and it is found that XI = XI, 

X2 = X2, ••• , Xn = Xn, we shall refer to X., X2, ••. ,Xn as the 
experimental values of XI' X2, ••• , Xn or as the sample data. 

We shall use the terminology of the two preceding paragraphs, and 
in this section we shall give some examples of statistical inference. These 
examples will be built around the notion of a point estimate of an 
unknown parameter in a p.d.f. 

Let a random variable X have a p.d.f. that is of known functiona1 
form but in which the p.d.f. depends upon an unknown parameter 0 
that may have any value in a set n. This will be denoted by writing the 
p.d.f. in the formf(x; 0), 0 E n. The set n will be called the parameter 
space. Thus we are confronted, not with one distribution of probabi1ity, 
but with a family of distributions. To each value of 0, fJ E n, there 
corresponds one member of the family. A family of probability density 
functions will be denoted by the symbol {f(x; fJ) : fJ En}. Any member 
of this famHy of probability density functions will be denoted by the 
symbolf(x; fJ), fJ E n. We shall continue to use the special symbols that 
have been adopted for the normal, the chi-square, and the binomial 
distributions. We may, for instance, have the family {N(O, I): fJ En}, 
where n is the set -00 < 0 < 00. One member of this family of 
distributions is the distribution that is N(O, 1). Any arbitrary member 
is N(fJ, I), - 00 < fJ < 00. 

Let us consider a family of probability density functions 
{f(x; fJ) : fJ En}. It may be that the experimenter needs to select 
precisely one member of the family as being the p.d.f. of his random 
variable. That is, he heeds a point estimate of fJ. Let XI' X 2, ••• , Xn 
denote a random samp1e from a distribution that has a p.d.f. which is 
one member (but which member we do not know) of the family 
{f(x; fJ) : fJ En} of probability density functions. That is, our sample 
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arises from a distribution that has the p.d.f. f(x; 6):6 E n. Our 
problem is that of defining a statistic Y, = UI (XI' X2, ••• ,X,,), so 
that if x" x2 , ••• ,x" are the observed experimental values of 
X" Xl, ... , X"' then the number YI = UI (x" X2, .•• , x,,) will be a good 
point estimate of 6. 

The following illustration should help motivate one principle that 
is often used in finding point estimates. 

EXlUllple 1 .. Let X., Xl, ... ,XII denote a random sample from the 
distribution with p.d.f. 

f(x) = OX(1 - 8)1-x, x = 0, I, 

= 0 elsewhere, 

where 0 <8< 1. The probability that XI = XI' X2 = X2 , ••• , XII = XII is the 
joint p.d.f. 

9X1(1 - 8)1 -xl9X2(l - 8)I-x2 • •• 9Xn(1 - 8)I-xlI = et:Xi(l - 8),,-"£x1, 

where Xi equals zero or 1, i == 1, 2, ... , n. This probability, which is the joint 
p.d.f. of XI, Xl • ...• XII' may be regarded as a function of 8 and, when so 
regarded, is denoted by L(8) and called the likelihood function. That is, 

L( 8) = 8"£Xi(l - 8)n - Ex;, 0 < 8 < 1. 

We might ask what value of 8 would maximize the probability L(8) of 
obtaining this particular observed sample XI, X2, ... ,XII' Certainly, this 
maximizing value of 8 would seemingly be a good estimate of 8 because it 
would provide the largest probability of this particular sample. Since the 
likelihood function L( 8) and its logarithm, In L( 8), are maximized for the same 
value 8, either L(8) or In L(8) can be used. Here 

In L(II) = (~x}n // + (n -~ x}n (I -II); 
so we have 

dlnL(8) LX; n-Lx; 
d8 =0- 1-8 =0, 

provided that 8 is not equaJ to zero or 1. This is equivalent to the equation 

(I - //) ~Xj = //(n - ~x.). 
II II 

whose solution for 8 is L xJn. That L xJn actually maximizes L(8) and 
I I 

In L(8) can be easily checked, even in the cases in which aU of x" X 2, ••• ,XII 
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n 

equal zero together or 1 together. That is. L xJn is the value of (J that 
I 

maximizes L( (J). The corresponding statistic.' 

1 n -
8 = - L Xi = X. 

n j = I 

is called the maximum likelihood estimator of fJ. The observed value of 8. 
" namely L xJn. is called the maximum likelihood estimate of 9. For a simple , 

example,supposethatn = 3,andx, = l,x2 = O,x3 = l,thenL«(J) = 92(1 - 9) 
and the observed tJ = 1 is the maximum likelihood estimate of 8. 

The principle of the method of maximum likelihood can now be 
formulated easily. Consider a random sample XI' X2, ...• Xn from a 
distribution having p.d.f. f(x; 8), 8 e n. The joint p.dJ. of 
X .. X2, ... , XII is f(xl; 6)f(x2; 6) ... f(xn; 6). This joint p.d.f. may be 
regarded as a function of 8. When so regarded. it is called the likelihood 
function L of the random sample, and we write 

8eO. 

Suppose that we can find a rtontrivial function of XI' X2, ••• , XII' say 
U(XI' X2, ••• , xn), such that, when 8 is replaced by U(XI' X2' •••• x,,), the 
likelihood function L is maximized. That is. L[u(x,. Xl, ...• X,,): 
XI, X2, ••• , xn] is at least as great asL(8; XI. X2, ••• , xn) for every 8 e n. 
Then the statistic u(X., X2, ...• X,,) will be called a maximum likelihood 
estimator (hereafter abbreviated m.Le.) of 8 and will be denoted by the 
symbol t1 = u(XI , X2, ••• , Xn)' We remark that in many instances there 
will be a unique m.l.e. fJ of a parameter 6. and often it may be obtained 
by the process of differentiation. 

Example Z. Let XI, X 2, ••• , X" be a random sample from the normal 
distribution N«(J, 1), - 00 < (J < 00, Here 

( I)n [n (Xi - (J)2] 
L(e;X"X2,""Xn)= fo exp -~ 2 . 

This function L can be maximized by setting the first derivative of L. with 
respect to e, equal to zero and solving the resulting equation for e. We note, 
however, that each of the functions L and In L is maximized at the same value 
of e. So it may be easier to solve 

dIn L(e; x" X2, ... ,XII) 
----dl-V---- = O. 
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For this example, 

din L(8; Xh X2, ••• , xn) _ f _ 
d8 - f(x1 8). 

If this derivative is equated to zero, the solution for the parameter 8 is 
n n 

U(XI' X2,' •• ,xn ) = 2: xi/no That 2: xi/n actuallymaximizes·L is easily shown. 
I I 

Thus the statistic 

is the unique m.l.e. of the mean 8. 

It is interesting to note that in both .Examples 1 and 2, it is true that 
E( d) = O. That is, in each of these cases, the expected value. of the 
estimator is equal.t().t~e corresponding parameter, which leads to the 
following definition. 

Definition I. Any statistic whose mathematica1 expectation is equal 
to a parameter 0 is called an unbiased estimator of the parameter O. 
Otherwise, the statistic is said to be biased. 

Example 3. Let 

I 
f(x; 8) = 7J' 0 < x <8. 0 < 8 < 00. 

= 0 elsewhere, 

and let XI, Xh •.. , Xn denote a random sample from this distribution. Note 
that we have taken 0 < x < 8 instead of 0 < x < 8 so as to avoid a discussion 
of supremum versus maximum. Here 

1 
L(8; XI' X2, .•. , x,,) = 9" ' 0 < Xi S; 8, 

which is an ever-decreasing function of O. The maximum of such functions 
cannot be found by differentiation but by selecting 8 as sma)) as possible. Now 
8 > each Xi; in particular, then, 8 > max (Xi)' Thus L can be made no larger 
than 

1 
[max (x;)]n 

and the unique m.l.e. 0 of 8 in this example is the nth order statistic max (Xi)' 
It can be shown that E[max (Xi)] = nO/(n + 1). Thus, in this instance, the 
m.l.e. of the parameter 8 is biased. That is, the property of unbiasedness is not 
in general a property of a m.l.e. 
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While the m.l.e. U of 0 in Example 3 is a biased estimator, results 
in Chapter 5 show that the nth order statistic U = max (X;) = Y" 
converges in probability to O. Thus, in accordance with the following 
definition, we say that U = Y" is a consistent estimator of O. 

Definiti~n 2. Any statistic that converges in probability to a 
parameter 8 is called a consistent estimator of that parameter O. 

Consistency is a desirable property of an estimator; and, in all cases 
of practical interest, maximum likelihood estimators are consistent. 

The preceding definitions and properties are easily generalized. Let 
X, Y, ... ,Z denote random variables that mayor may not 
be independent and that mayor may not be identically distributed. Let 
the joint' p.d.f. g(x, y, ... , z; 01, O2, .•. ,Om), (01, O2, ••• , Om) E n, 
depend on m parameters. This joint p.d.f., when regarded as a 
function of (0" O2, ••• , Om) En, is called the likelihood function 
of the' random variables. Then those functions UI (x, y, ... , z), 
U2(X, y, ... ,z), ... , um(x, y, ... ,z) that maximize this likelihood 
function with respect to 01, O2, ••• ,Om' respectively, define the 
maximum likelihood estimators 

(jl = UI(X, Y, ... ,Z), (j2 = U2(X, Y, ... , Z), ... , 

(jm = um(X, Y, ... , Z) 

of the m parameters. 

Example 4. Let Xl> X2, ••• , XII denote a random .sample from a 
distribution that is N(8 .. 82), -00 < 8. < 00,0 < 82 < 00. WeshallfindO.and 
O2, the maximum likelihood estimators of 8, and O2, The logarithm of the 
likelihood function may be written in the form 

We observe that we may maximize by differentiation. We have 

o In L olnL 

If we equate these partial derivatives to zero and solve simultaneously the two 
n 

equations thus obtained, the solutions for 81 and 82 are found to be L x;/n = X 
n I 

and L (Xi - x)2/n = s2, respectively. It can be verified that these 
1 
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solutions maximize L. Thus the maximum likelihood estimators of '8i == J.l 
and 82 = u2 are, respectively, the mean and the variance oJ the sample, namely 
0, = X and O2 = S2. Whereas 0, is an unbiased estimator of 81, the estimator 
O2 = S2 is biased because . 

O
A (12 (n02) (12 (nS2) '{n - 1)0'2 (n - 1)82 

E( 2) = - E - = - E - = = . n (12 n (12 n n 

However, in Chapter 5 it has been shown that 01 = X and O2 = S2 converge 
in probability to 81 and 82, respective1y, and thus they are consistent estimators 
of 01 and 82 , 

Suppose that we wish to estimate a function of e, say h(e). For 
convenience, let us say that ,,= h(e) defines a one-to-one 
transformation. Then the value of ", say ~, thai maximizes the 
likelihood function L(e), or equivalently L[e = h- '(,,)], is selected so 
that 8 =h-'(~), where 8 is the m.l.e. of e. Thus ~ is taken' so that 
~ = h(8); that is, ' 

............... 

h(e) = h(8). 

This result is called the invariance property of a maximum Iikidihood 
estimator. For illustration, if" = ff, where 8 is the mean of N(e, 1), then 
~ = il. While there is a little complication if h(e) is not one-to-one, we 
still use the fact that tl = h(8). Thus if X is the mean of!.he samylefrom 
b(l, e), so that 8 = X and if" = e(1 - e), then ~ = X(l - X). These 
ideas can be extended to more than one parameter. For illustration, in 
Example 4, if" = e, + 2.jii;, then ~ = X + 2S.; : . . 

Sometimes it is impossible to find maximum likelihood estimators 
in a convenient closed form and numerical methods must be used to 
maximize the likelihood function. For illustration, suppose. that
XI, X2 , ••• , Xn is a random sample from a gamma distribution with 
parameters a = e\ and fJ = 82 , where e, > 0, e2 > O. It is difficult to 
maximize 

with respect to e1 and 62, owing to the presence of the gamma function 
r(e.). Thus numerical methods must be used to maximize L once 
XI, X2, ••• , Xn are observed. 

There are other ways, however, to obtain easily point estimates of 
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O. and Oz. For illustration, in the gamma distribution situation, let us 
simply equate the first two moments of the distribution to the 
corresponding moments of the sample. This seems like a reasonable 
way in which to find estimators, since the empirical distribution Fn(x) 
converges in probability to flx), and hence corresponding moments 
should be about equal. Here in this illustration we have 

O. O2 = X, O. O~ = S2, 

the solutions of which ,are 

and 
_ S2 
6 _-

2 - -. 
X 

We say that these latter two statistics, If. and 1f2~ are respective 
estimators of O. and O2 found· by the method of moments. 

To generalize the discussion of the preceding paragraph, let 
XI, X2, ••• , Xn be a random sample of size n from a distribution with 
p.d.f. f(x; OJ, O2, ••• , Or), (01, ••• , Or)eO. The expectation E(Xk) is 
frequently called the kth moment of the distribution, k = 1,2,3, .... 

n 

The sum Mk = L X~ In is the kth moment of the sample, 
• k = 1, 2, 3, .... The method of moments can be described as follows. 

Equate E(Xk) to M k , beginning with k = 1 and continuing until there 
are enough equations to provide unique solutions for 01, O2, ••• ,0" 
say hj(MJ, M2, ••• ); i = 1,2, ... , r, respectively. It should be noted 
that this could be done in an equivalent manner by equating J.l = E(X) 

_ n. _ 

to X and El(X - J.l)k] to L (Xj - Xl In, k = 2, 3, and so on until unique 
• solutions for 01, O2 , ••• , Or are obtained. This alternative procedure 

was used in the preceding illustration. In most practical cases, the 
estimatorlJ; = h;(M

" 
M2 , ••• )ofOj , found by the method of moments, 

is a consistent estimator of 0" i = 1,2, ... , r. 

EXERCISES 

6.1. Let XI, X2, ••• ,Xn represent a random sample from each of the 
distributions having the following probability density functions: 
(a) f(x; 8) = OXe-9/x!, x = 0, 1,2, ... ,0 < 8 < 00, zero elsewhere, where 

f(0; 0) = 1. 
(b) f(x; 8) = 8J! 1,0 < X < 1,0 < (:J < 00, zero elsewhere. 
(c) f(x; 8) = (l/8)e-x/6, 0 < X < 00,0 < (:J < 00, zero elsewhere. 
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(d) f(x; 8) = !e-lx-91, -00 < x < 00, -00 < 8 < 00. 

(e) f(x; 8) == e-(x - 6),8 ::s:; x < 00, - 00 < 0 < 00, zero elsewhere. 
In each case find the m.l.e. 11 of 8. 

6.2. Let XI, X2, ••• ,Xn be Li.d., each with the distribution having p.d.f. 
f(x; 8., ( 2) = (1/82)e-<x-9,)/82, 8, S; x < 00, ...... 00 < 8, < 00, 0 < 82 < 00, 

zero elSewhere. Find the maximum likelihood estimators of 81 and 82, 

6.3. Let Y, < Y2 < ... < Yn be the order statistics of a random sample from 
a distribution with p.d.f. f(x; 8) = 1,8 - ! ::s:; x ::s:; 8 +!, - 00 < 8 < 00, 

zero elsewhere. Show that every statistic u(X" X2, ••• , X,,) such that 

Y" - ! < u(X" X2, ••• , X,,) < Y. + ! 
is a m.l.e. of 8. In particular, (4 Y. + 2 Y" + 1 )/6, (Y. + Y,,)/2, and (2 Y. + 
4 Y" - 1 )/6 are three such statistics. Thus uniqueness is not in general a 
property of a m.1.e. 

6.4. Let X" X2, and X3 have the multinomial distribution in which n = 25, 
k = 4, and the unknown probabilities are 8" 82, and 83, respectively. 
Here we can, for convenience, let X4 = 25 - X. - X2 - X3 and 
84 = 1 - 8. - 82 - 83, If the observed values of the rand Oil! variables are 
XI = 4, X2 = 11, and X3 = 7, find the maximum likelihood estimates of 8" 
82, and 83, 

6.5. The Pareto distribution is frequently used as a model in study of incomes 
and has the distribution function 

8, < x, zero elsewhere, 

where 8, > 0 and 82 > O. 

If X" X2, ••• ,XII is a random sample from this distribution, find the 
maximum likelihood estimators of 8. and 82, 

6.6. Let Y" be a statistic such that lim E( Y,,) = 8 and lim at = O. Prove that 
11-+00 ""'00 

Y" is a consistent estimator of 8. 
Hint: Pr (I Y" - 81 ~ £) < E[( Y" - 8):z:J/£2 and E[( Y" - 8)2] = [E( Y" - 8)]2 

+ a1y". Why? < 

6.7. For each of the distributions in Ex~rcise 6), find an estimator of 8 by 
the method of moments and show that it is consistent. 

6.8. If a random sample of size n is taken from a distribution having p.d.f. 
f(x; 8) = 2x/82, 0 < X ::s:; 8, zero elsewhere, find: 
(a) The m.l.e. 11 for 8. 
(b) The constant c so that E(cl1) = 8. 
(c) The m.l.e. for the median of the distribution. 
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6.9. Let XI' X2, ••• ,XII be i.i.d., each with a distribution with p.dJ. 
f(x~ 8) = (I /8)e- K/8, 0 < X < 00, zero elsewhere. Find the m.l.e. ofPr (X ::;; 2). 

6.10. Let X have a binomial distribution with parameters nand p. The 
variance .of Xln is p(1 - p)!n; this is sometimes estimated by the m.l.e. 

! (I - !) I n. Is this an unbiased estimator of pi I - p)/n? If not, can you 

construct one by multiplying this one by a constant? 

6.11. Let the table 

x 2 3 4 5 

Frequency 10 14 13 6 I 

represent a summary of a sample of size 50 from a binomial distribution 
having n , 5. Find the m.l.e. of Pr (X > 3). 

6.12. Let Y, < Y2 < ... < Yn be the order statistics of a random sample of 
size n from the uniform distribution of the continuous type over the closed 
interval [8 - p. 8 + pl. Find the maximum likelihood estimators for 8 and 
p. Are these two unbiased estimators"? 

6.13. Let X,. X2 , X3 , X4 • Xs be a random sample from a Cauchy distribution 
with median iJ, that is, with p.d.f. 

- 00 < x < 00, 

where - 00 < 8 < 00. If XI = - 1.94, X2 = 0.59, X3 = - 5.98, 
X4 = - 0.08, Xs = - 0.77. find by numerical methods the m.l.e. of 8. 

6.2 Confidence Intervals for Means 

Suppose that we are wiHing to accept as a fact that the (numerical) 
outcome X of a random experiment is a random variable that has a 
normal distribution with known variance (12 but unknown mean JJ.. 
That is, JJ. is some constant, but its value is unknown. To elicit some 
information about jl, we decide to repeat the random experiment 
under identical conditions nindependent times, n being a fixed 
positive integer. :Let the random variables XI, X2, ••• , XIf denote, 
respectively, the outcomes to be obtained on these n repetitions of the 
experiment. If our assumptions are fulfilled, we then have under 
consideration a random sample XI, Xl' ... ,XIf from a distribution 
that is N(jL. (12), (12 known. Consider the maximum likelihood estima-
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tor of Jl, namely p. = X. Of course, X is N(Jl, 0'2/n) and (X - Jl)/(O'IJn) 
is N(O, I). Thus 

Pr (-2 < :/In < 2) = 0.954. 
However, the events 

X-Jl -2 < ;: < 2, 
u/yn 

-20' - 20' 
--<X-Jl<-
In In' 

and 
- 20') - 20' 
X--. -<Jl<X+-In In 

are equivalent. Thus these events have the same probability. That is, 

(
- 20' - 20') Pr X - In < Jl < X + In = 0.954. 

Since_O' is a known number, each of the rand~m variables'! 20'1); 
and X + 20'IJn is a statistic. The interval (X - 2u1Jn, X + 20'iJ;,) 
is a random interval. In this case, both end points of the interval are 
statistics. The immediately preceding probability statement can be 
read: Prior to the repeated independent performances of the random 
experiment, the probability is 0.954 that the random interval 
(X - 2u1Jn, X + 2u1Jn) includes the unknown fixed point (par
ameter) Jl. 

Up to this point, only probability has been involved; 
the determination of the p.d.f. of X and the determination of 
the random interval were problems of probability. Now the 
problem becomes statistical. Suppose the experiment yields 
XI = X., X2 = X2' ... , X" = x". Then the sample value of X is 
x = (XI + X2 + ... + x,,)/n, a known number. Moreover, since 0' 
is known, the interval (x - 20'1Jn, x + 2u1Jn) has known 
endpoints. Obviously, we carinot say that 0.954 is the probability that 
the particular inte,rval (X - 2uIJn,:x + 2u1Jn) includes the 
parameter Jl, for Jl, although unknown, is some constant, and this 

, particular interval either does or does not include Jl. However, the 
fact that we had such a high probability, prior to the Rerformance of 
the experiment, that the random interval (X - 2uljit, i + 20'1";;') 
includes the fixed point (parameter) Jl, leads us to have some 
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reliance' on the particular interval (x - 2a1Jn, x + 2aIJn). This • 
reliance is reflected by calling the known interval (X - 2a 1 In, 
x + 2(1IJn) a 95.4 percent confidence interval for p. The number 0.954 
is called the confidence coefficient. The confidence coefficient is equal 
to the probability that the random interval includes the parameter. One 
may, of course, obtain an 80, a 90, or a 99 percent confidence interval 
for Jl by using 1.282, 1.645, or 2.576, respectively, instead of the 
constant 2. 

A statistical inference of this sort is an example of interval 
.. estimation ofa parameter. Note that the interval estimate of Jl is found 
by taking a good (here maximum likelihood) estimate x of Jl and adding 
and subtracting twice the standard deviation of X, namely 
2a 1 In, which is small if n is large. If a were not known, the end points 
of the random interval would not be statistics. Although the prob
ability statement about the random interval remains valid, the sample 
data would not yield an interval with known end points. 

Example 1. Ifin the preceding discussion n = 40, (12 =" 10, and x = 7.164, 
then (7.164 - 1.282A, 7.164 + 1.282Jlb,or(6.523, 7.805),isan80percent 
confidence interval for JI.. Thus we have an interval estimate of JI.. 

In the next example we show how the central limit theorem may 
be used to help us find an approximate confidence interval for Jl when 
our sample arises from a distribution that is not normal. 

Example 2. Let X denote the mean of a random sample of size 25 from 
a distribution having variance (12 = 100, and mean JI.. Since (1IJn = 2, 
then approximately 

Pr ( -1.96 < X ; II < 1.96) = 0.95, 

or 
Pr (X - 3.92 < JI. < X + 3.92) = 0.95. 

Let the observed mean of the sample be x = 67.53. Accordingly. the interval 
from x - 3.92 = 63.61 to x + 3.92 = 71.45 is an approximate 95 percent 
confidence interval for the mean JI.. 

Let us now turn to the problem of finding a confidence interval for 
the mean p of a normal distribution when we are not so fortunate as 
"to know the variance til. From Section 4.8, we know that 

In(X - JI.)/(I X - P 
T- --r== 

- JnS2/(a2(n - I)] - SIJn - 1 
has a I-distribution with n - I degrees of freedom. whatever the value 
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of (12 > O. For a given positive integer n and a probability of 0.95, say, 
we can find a number b from Table IV in Appendix B, such that 

Pr (-b < ~ - P < b) = 0.95. 
S/ n - I 

which can be written in the form 

Pr (x -J bS < p < X + bS ) = 0.95. n - I In - I 

Then the interval [X - (bS/Jn - 1), X + (bS/Jn - 1)] is a random 
interval having probability 0.95 of including the unknown fixed point 
(parameter) J.t. If the experimental values of XI, X2, ••• ,X" are 

" " 
XI, X2, ••. , Xn with ;. = L (Xi - x)2/n, where x = L x;/n, then the 

I 1 

interval Lx ...:... (bs/Jn - I), x + (bs/Jn - 1)] is a 95 percent confidence 
interval for J.t for every (12 > O. Again this interval estimate of Jl. is found 
by adding and subtracting a quantity, here bs/ J n - 1, to the point 
estimate X. 

Example 3. If in the preceding discussion n = 10, x = 3.22, and s = 1.17, 
then the interval [3.22 - (2.262)(1.17)/)9, 3.22 + (2.262)(1.17)/)9] or 
(2.34,4.10) is a 95 percent confidence interval for Jl. 

Remark. If one wishes to find a confidence interval for Jl and if the 
variance (12 of the nonnormal distribution is unknown (unlike Example 2 of 
this section), he may with large samples proceed as follows. If certain weak 
conditions are satisfied, then S2, the variance of a random sample of size n > 2. 

, converges in probability to q2. Then in 

In(X - Jl)/CT _ ~(X - Jl) 

JnSl/(n - 1)(12 - S 
the numerator of the left-hand member has a limiting distribution that is 
N(O, I) and the denominator of that member converges in probability to 1. 
Thus ;;=I(X - Jl)/S has a limiting distribution that is N(O. I). This fact 
enables us to find approximate confidence intervals for p. when our conditions 
are satisfied. This procedure works p3:rticularly well when the underlying 
nonnormal distribution is symmetric, because then X and S2 are uncorrelated 
(the proof of which IS beyond the level of the text). As the underlying 
distribution becomes more skewed, however, the sample size must be larger 
to achieve good approximations to the desired probabilities. A similar 
procedure can be followed in the next section when seeking confidence 
intervals for the difference of the means of two non normal distributions. 
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We shall now consider the problem of determining a confidence 
interval for the unknown parameter p of a binomial distribution when 
the parameter n is known. Let Y be b(n, p), where 0 < p < 1 and n is 
known. Then p is th~ mean of Yin. We shall use a result of Example 
1, Section 5.5, to find an approximate 95.4 percent confidence interval 
for the mean p. There we found that 

Pr -2 < < 2 = 0.954, [ 
Y-np ] 

jn(Yln)(1 - Yin) 

approximately. Since 

Y - np (Yin) - p 
--;====== , 
jn(Yln)(1 - Yin) j(Yln)(1 - Yln)/n 

the probability statement above can easily be written in the form 

P [Y 2 (Yln)(1 - Yin) Y (Yln)(l - Yin)] 95 
r n - n < p < n + 2 n = O. 4, 

approximately. Thus, for large n, if the experimental value of Y is y, 
the interval 

[~ _ 2 (yln)(1 - yin) 
n n' 

, r------
~ + 2 (yln)(l - Yin)] 
n n 

provides an approximate 95.4 percent confidence interval for p. 
A more complicated approxima~e 95.4 percent confidence interval 

can be obtained from the fact that Z = (Y - np)/jnp(1 - p). has a . 
limiting distribution that is N(O, I), and the fact that the event 
- 2 < Z < 2 is equivalent to the event 

Y + 2 - 2j[Y(n - Y)ln] + 1 Y + 2 + 2J[Y(n - Y)ln] + 1 
. + 4 <p < 4 . n n + . 

(1) 

The first of these facts was established in Chapter 5, and the proof of 
inequalities (1) is left as an exercise. Thus an experimental value Y of 
Y may be used in inequalities (1) to determine an approximate 95.4 
percent confidence interval for p. 

If one wishes a 95 percent confidence interval for p that does not 
depend upon limiting distribution theory, he or she may use the 
following approach. (This approach is quite general and can be used 
in other instances; see Exercise 6.21.) Determine two increasing 
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functionsofp, say CI(P) and C2(P), such that for each valueofpwehave, 
at least approximately, 

Pr [CI(P) < Y < C2(P)] = 0.95. 

The'reason that this may be approximate is due to the fact that Yhas 
a distribution of the discrete type and thus it is, in general, impossible 
to achieve the probability 0.95 exactly. With CI (p) and C2(P) increasing 
functions, they have single-valued inverses, say d, (y) and d2(y), 
respectively. Thus the events CI (p) < Y < C2(P) and d2( Y) < p < d, (Y) 
are equivalent and we have, at least approximately, 

Pr [d2(y) < p < d,(Y)] = 0.95. 

In the case of the binomialdistributioD, thefuDctions c.(p), C2(P), d2(y), 
and d\(y) caDnot be found explicitly, but a number of books provide 
tables of d2(y) and d\(y) for various values of n. 

Example 4. If, in the preceding discussion, we take n = 100 and y = 20, the 
first approximate 95.4 percent confidence interval is given by 
(0.2 - 2j(0.2)(0.8)/I00, 0.2 + 2j(0.2)(0.8)/100) or (0.12,0.28). The ap
proximate 95.4 percent confidence interval provided by inequalities (1) is 

(
22 - 2j(1600/100) + 1 22 + 2j(1600/100) + 1) 

104 ' 104 

or (0.13, 0.29). By referring to the appropriate tables found elsewhere, we find 
that an approximate 95 percent confidence interval has the limits dz(20) = 0.13 
and d.(20) , 0.29. Thus, in this example, we see that all three methods yield 
results that are in substantial agreement. 

Remark. The fact that the variance of YIn is a function of p caused us 
some difficulty in finding a confidence interval for p. Another way of handling 
the problem is to try to find a function u(Y/n) of YIn, whose variance is 
essentially free of p. In Section 5.4, we proved that 

u (:) = arcsin ft 
has an approximate normal distribution with mean arcsin JP and variance 
1/4n. Hence we could find an approximate 95.4 percent confidence interval by 
using 

pr(_2<arcsin~rcsinJP <2)=0.954 
1/4n 

and solving the inequalities for p. 

Example 5. Suppose that we sample from a distribution with unknown 
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mean p. and variance til = 225. We want to find the sample size n so that i + 1 
(which means i-I to i + 1) serves as a 95 percent confidence interval 
for p.. Using the fact that the sample mean of the observations, i, is 
approximately N(p., til/n), we see that the interval given by x + 1.96(l5/Jn) 
will serve as an approximate 95 percent confidence interval for p.. That is, we 
want 

or, equivalently, 

In = 29.4, and thus n ~ 864.36 

or n = 865 because n must be an integer. Suppose, however, we could not 
afford to take 865 observations. In that case, the accuracy or confidence level 
could possibly be relaxed some. For illustration, rather than requiring i + 1 
to be a 95 percent confidence interval for p., possibly i + 2 would be a 
satisfactory 80 percent one. If this modification is acceptable, we now have 

1.282(j;) = 2 
or, equivalently, 

In = 9.615 and n ~ 92.4. 

Since n must be an integer, we wOlJld probably use 93 in practice. Most likely, 
the persons involved in this project would find this is a more reasonable sample 
size. 

EXERCISES 

6.14. Let the observed value of the mean i of a random sample of size 20 from 
a distribution that is N(p., 80) be 81.2. Find a 95 percent confidence interval 
for p.. 

6.15. Let X be the mean of a random sample of size n from a distribution that 
is N(p., 9). Find n such that Pr (X - 1 < p. < X + I) = 0.90, approximately. 

6.16. Let a random sample of size 17 from the normal distribution N(p.,0"2) 
yield i = 4.7 and jl = 5.76. Determine a 9O-percent confidence interval for 
p.. 

6.17. Let X denote the mean of a random sample of size n from a distribution 
that has mean p. and variance til = 10. Find n so that the probability is 
approximately 0.954 that the random interval (X - !, X + ! ) includes p.. 
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6.18. Let XI, X2, ••• , X9 be a random sample of size 9 from a distribution that 
is N(p, a2). 
(a) If (J is known, find the length of a 95 percent confidence interval for p 

if this interval is based on the random variable ..j9(X - p)/(J. 
(b) If (J is unknown, find the expected value of the length of a 95 percent 

confidence interval for p if this interval is based on the random variable 
j8(X - p)/ S. . 
Hint: Write E(S) = «(J/Jn)E[(nS2/(J2)1/21. 

(c) Compare these two answers. . 

6.19. Let X., X2, ••• , Xm X" + I be a random sample of size n + 1, n > 1, from 
- " "-a distribution that is N{Jl, 0'2). Let X = L Xdnan4 SZ = L(X; - Xf/n. Find 

I I 

the constant C so that the statistic c(X - X,,+ I)/S has a t-distribution. If 
n = 8, determine k such that Pr (X - kS < X9 < X + kS) = 0.80. The 
observed interval (x - ks, x + ks) is often called an 80 percent prediction 
interval for X9 • 

6.20. Let Y be b(300, p). If the observed value of Y is y = 75, find an 
approximate 90 percent confidence interval for p. 

6.21. Let X be the mean of a random sample of size n from a distribution that 
is N{Jl, a2), where the positive variance (J2 is known. Use the fact that 
CJ)(2) - cI>( - 2) = 0.954 to find, for each p, CI{Jl) and C2(P) such that 
Pr [Ct(p) < X < C2(P)] = 0.954. Note that CI(P) and C2{Jl) are increasing 
functions of p. Solve for the respective functions dl(x) and d2(x); thus we 
also have that Pr [d2(X) < p < d,(X)1 = 0.954. Compare this with the 
answer obtained previously in the text. 

6.22. In the notation of the discussion of the confidence interval for p, show 
that the event - 2 < Z < 2 is equivalent to inequalities (I). 

Hint: First observe that - 2 < Z < 2 is equivalentto Z2 < 4, which can 
be written as an inequality involving a quadratic expression in p. 

6.23. Let X denote the mean of a random sample of size 25 from a 
gamma-type distribution with IX = 4 and {J > O. Use the central limit 
theorem to find an approximate 0.954 confidence interval for p, the mean 
of the gamma distribution. 

Hint: Base the confidence interval on the random variable 
(X - 4{J)/(4P2/25)1/2 = 5X/2{J - 10. 

6.24. Let x be the observed mean of a random sample of size n from a 
distribution having mean p and known variance a2. Find n so that x - 0'/4 
to x + 0'/4 is an approximate 95 percent confidence interval for p. 

6.25. Assume a binomial model for a certain random variable. If we desire 
a 90 percent confidence interval for p that is at most 0.02 in length, find n. 
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Hint: Note that j(y/n)(l - yin) ~ j(!)(1 - !). 

6.16. It is known that a random variable X has a Poisson distribution with 
parameter Jl. A sample of200 observations from this population has a mean 
equal to 3.4. Construct an approximate:9O percent confidence interval 
for Jl. 

6.17. Let Y I < Y2 < '" < Y" denote the order statistics of a random sample 
of size n from a distribution that has p.d.f. f(x) = 3r/fP, 0 < x < 6, zero 
elsewhere. . 
(a) Show that Pr (c < Y,,/6 < 1) = 1 - r.f3", where 0 < c < 1. 
(b) If n is 4 and if the observed value of Y4 is 2.3, what is a 95 percent 

confidence interval for 61 

6.21. Let XI, X2, ••• , X" be a random sample from N(p, 01), where both 
parameters Jl and (12 are unknown. A confidence interval for u2 can be found 
as follows. We know that nS2/(12 is x2(n - 1). Thus we can find constants 
a and b so that Pr (nS2/u2 < b) = 0.975 and Pr (a < nS2/u2 < b) = 0.95. 
(a) Show that this second probability statement can be written as 

Pr (nS2/b < u2 < nS2/a) = 0.95. 
(b) If n = 9 and; = 7.63, find a 95 percent confidence interval for u2. 
(c) If Jl is known, how would you modify the preceding procedure for 

finding a confidence interval for u2? 

6.29. Let X" X2, ••• , X" be a random sample from a gamma distribution with 
known parameter IX = 3 and unknown p > O:Discuss the construction of 
a confidence interval for p. " 

Hint: What is the distribution of 2 L XJ{J? Follow the procedure 
outlined in Exercise 6.28. i"" I 

6.3 Confidence Intervals for Differences of Means 

The random variable T may also be used to obtain a confidence 
interval for the difference III - 112 between the means of two normal 
distributions, say N(P" 0'2) and N(P2, a2), when the distributions have 
the same, but unknown, variance 0'2. 

Remark. Let X have a normal distribution with unknown parameters JlI 
and u2. A modification can be made in conducting the experiment so that the 
variance of the distribution will remain the same but the mean of the 
distribution will be changed; say, increased. After the modification has been 
effected, let the random variable be denoted by Y, and let Y have a normal 
distribution with unknown parameters Jl2 and u2. Naturally, it is hoped that 
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112 is greater than Ill' that is, that III - 112 < O. Accordingly, one seeks a 
confidence interval for III - 112 in order to make a statistical inference. 

,A confidence interval for PI' - P2 qlay be obtained as follows: Let 
Xh X 2, ••• , X" and Y., Y2, ••• , Ym denote, respectively, independent 
random samples from the two distributions, N(PI, 0-2) and N(P2, 0-2), 
respectively. Denote the means of the samples by X and Y and the 
variances of the samples by Si and Si, respectively. It should be noted 
that these four statistics are independent. The independence of X and 
si (and, inferentially that of Yand SD was established in Section 4.8; 
the assumption that the two samples are independent accounts for the 
independence of the others. Thus X and Yare normally and 
independently distributed with means PI and P2 and variances 0-2/n and 
0-2/m, respectively. In accordance with Section 4.7, their difference 
X - Y is normally distributed with mean PI - P2 and variance 
0-2/n + 0-2/m. Then the random variable 

(X - Y) - (PI - P2) 

J 0-2/n + a2/m 
is normally distributed with zero mean and unit variance. This random 
variable may serve as the numerator of a T random variable. Further, 
nSi/0-2 and mSi/a2 have independent chi-square distributions with 
n - 1 and m - 1 degrees of freedom, respectively, so that their sum 
(nSi + mSD/0-2 has a chi-square distribution with n + m - 2 degrees 
offreedom,providedthatm + n - 2> O. Because of the independence 
of X, Y, Si, and S~, it is seen that 

.-----:----:--

nSi + mSi 
a2(n + m - 2) 

may serve as the denominator of a T random variable. That is, the 
random variable 

has at-distribution wit,h n + m - 2 degrees of freedom. As in the 
previous section, we can (once nand m are specified positive integers 
with n + m - 2 > 0) ijnd a positive number b from Table IV of 
Appendix B such that 

Pr ( -b < T < b) = 0.95. 
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If we set 

R= 

this probability may be written in the form 

Pr [(X - f) - bR < IIi - 112 < (X - f) + bR] = 0.95. 

It follows that the ran~om interval 

(X - 'f) - b - + -
[ 

. nS1;+ mS~ (I 1) 
n+m-2 n m' 

(X - Y) +b nSf + mS~ (! +l)J 
n+m-2 n m 

has probability 0.95 of including the unknown fixed point (PI - Ill)' As 
usual, the experimental values of X, Y, Si, and S~, namely X, y, sf, and 
si, will provide a 95 percent confidence interval for III - 112 when the 
variances of the two normal distributions are unknown but equal. A 
consideration of the difficulty encountered when the unknown 
variances of the two normal distributions are not equal is assigned to 
one of the exercises. 

EXlI1IIple 1. It maybe verified that if in the preceding discussion.Jt = 10, 
m = 7, x = 4.2, Y = 3.4, s~ = 49, s~ = 32, then the interval ( - 5.16, 6.76) is a 
90 percent confidence interval for PI - P2' 

Let Y. and Y2 be two independent random variables with binomial 
distributions b(n., PI) and b(n2' P2), respectively. Let us now tum to the 
problem of finding a confidence interval for the difference P. - P2 of 
the means of Y. /n. and Y2/n2 when nl and n2 are known. Since the mean 
and the variance of YJ!nl - Y2/n2 are, respectively, PI - P2 and 
P. {l - PI )/n. + P2(1 - P2)/nh then the random variable given by the 
ratio 

(Y. /n. - Y2/n2) - (PI -P2) , 
Jp.(1 - p.)/n. + P2(l - P2)/n2 

has mean zero and variance 1 for all positive integers fll and n2' More
over, since both Y. and Y2 have approximate normal distributi()n~ 
for large n. and n2, one suspects that the ratio has an approximate 
normal distribution. This is actually the case, but it will not be 
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proyed here. Moreover, if n\ /nz = c, where c is a fixed positive constant, 
the result of Exercise 6.36 shows that the random variable 

(Y'/n\)(l - Y'/n\)/n. + (Yz/nz)(1 - Y2/n2)/n2 
P. (l - P. )/n. + P2(l - P2)/n2 

(1) 

converges in probability to I as n2 -. 00 (and thus n.-.oo, since 
n. /n2 = c, c > 0). In a~ordance with Theorem 6, Section 5.5, the 
random variable 

where 

u = J(Y./nl)(1 - Y'/nl)/n. + (Y2/n2)(1 - Y2/n2)/n2, 

has a limiting distribution that is N(O, 1). The event - 2 < W < 2, the 
probability of which is approximately equal to 0.954, is equivalent to 
the event 

Accordingly, the experimental values Y. and Y2 of Y. andY2~ 
respectively, will provide an approximate 95.4 percent confidence 
interval for PI - P2' 

EXllIIIple Z. If, in the preceding discussion, we take nl = 100, n2 .- 400, 
y, = 30, Y2 = 80, then the experimental values of Ydn, - Y2/n2 and U are 0.1 

and j(0.3)(0.7)/I00 + (0.2)(0.8)/400 = 0.05, respectively. Thus the interval 
(0, 0.2) is an approximate 95.4 percent confidence interval for p, - P2' 

EXERCISES 

6.30. Let two independent random samples, each of size 10, from two normal 
distributions N(IlI' 0'2) and N(P2, 02) yield i = 4.8, s: = 8.64, Y = 5.6, 
si = 7.88. Find a 95 percent confidence interval for III - 1l2' 

6.31. Let two independent random variables Y, and Y2, with binomial 
distributions that have parameters n, = n2 = 100, Ph and P2, respectively, 
be observed to be equal to YI = 50 and 12 = 40. Determine an approximate 
90 percent confidence interval for PI - P2' 

6.32. Discuss the problem of finding a confidence interval for the difference 
III - 112 between the two means of two nonnaldistributions if the variances 
O'i and ~ are known but not necessarily equal. 
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6.33. Discuss Exercise 6.32 when it is assumed that the variances are unknown 
and unequal. This is a very difficult problem, and the discussion 
should point out exactly where the difficulty lies. If, however, the variances 
are unknown but their ratio o'~ /o'~ is a known constant k, then a statistic that 
is a T random variable can again be used. Why? 

6.34. As an illustration of Exercise 6.33, one can let XI, X 2, ••• ,X9 and 
YI , Y2, ••• , YI2 represent two independent random samples from the 
respective normal distributions N(PI, O'D and N(1'2' O'D. It is given that 
o'~ = 3O'~, but o'~ is unknown. Define a random variable which has a 
t-distribution that can be used to find a 95 percent interval for 1'1 - 1'2' 

6.35. Let X and Y be the means of two independent random samples, each 
of size n, from the respective distributions N(PI, 01) and N{JJ2, 01), where the 
common variance is known. Find n such that 

- - - -
Pr (X - Y - 0'/5 < 1'1 - 1'2 < X - Y + 0'/5) = 0.90 

6.36. Under the conditions given, show that the random variable defined by 
ratio (I) of the text converges in probability to I. 

6.37. Let XI, X2, ••• ,Xn and Y" Y2, ••• , Ym be two independent random 
samples from the respective normal distributions N(I'I, ~) and N(P2, O'D, 
where the four parameters are unknown. To construct a confidence interval 
for the ratio, O'~/o'~, of the variances, form the quotient of the two 
independent chi-square variables, each divided by its degrees of freedom, 
namely 

F= S2/ ' n I 
- (n - I) 0'2 

I 

where S~ and S~ are the respective sample variances. 
(a) What kind of distribution does F have? 
(b) From the appropriate table, a and b can be found so that 

Pr (F < b) = 0.975 and Pr (a < F < b) = 0.95. 
(c) Rewrite the second probability statement as 

Pr a < - < = . 5. [ 
nS~/(n - 1) O'f b nSf/(n - I) ] 09 
mS~/(m - 1) o'~ mS~/(m - I) 

The observed values, sf and s~, can be inserted in these inequalities to 
provide a 95 percent confidence interval for ~/~. 

6.4 Tests of ~tatistical Hypotheses 
The two principal areas of statistical inference are the areas of 

estimation of parameters and of tests of statistica1 hypotheses. The 
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problem of estimation of parameters, both point and' interval esti
mation, has been treated. In Sections 6.4 and 6.5 some aspects 
of statistical hypotheses and tests of statistical hypotheses will 
be considered. The subject will be introduced by way of example. 

Example 1. Let it be known that the outcome X of a random experiment 
is N(9, 100). For instance, X may denote a score on a test, which score 
we assume to be normally distributed with mean 9 and variance 100. Let 
us say the past experience with this random experiment indicates that 
9 = 75. Suppose, owing possibly to some research in the area pertaining to 
this experiment, some changes are made in the method of performing 
this random experiment. It is then suspected that no longer does 9:;:: 75 
but that now 9> 75. There is as yet no formal experimental evidence 
that 9> 75; hence the statement 9> 75 is a conjecture or a statistical 
hypothesis. In admitting that the statistical hypothesis 9 > 75 may be false, 
we allow, in effect, the possibility that 9 < 75. Thus there are actually two 
statistical hypotheses. First, that the unknown parameter 9 < 75; that is, 
there has been no increase in 9. Second, that the unknown parameter 
9 > 75. Accordingly. the parameter space is n = {9: - 00 < 9 <00 }. We 
denote the first of these hypotheses by the symbols Ho: 9 < 75 and the 
second by the symbols HI : 9 > 75. Since the values 9 > 75 are alternatives 
to those where 9 < 75, the hypothesis HI : 9 > 75 is called the alternative 
hypothesis. Needless to say, Ho could be called the alternative to HI; 
however, the conjecture, here 9> 75, that is made by the research worker 
is usually taken to be the alternative hypothesis. In any case the problem 
is to decide which of these hypotheses is to be accepted. To reach a decision, 
the random experiment is to be repeated a number of independent times, 
say n, and the results observed. That is, we consider a random sample 
XI> X2 • •••• Xn from a distribution that is N(9. 100), and we devise a rule 
that will tell us what decision to make once the experimental values, 
say x" X2, ••• ,Xm have been determined. Such a rule is called a test of 
the hypothesis Ho: 9 <75 against the alternative hypothesis HI : 9 > 75. 
There is no bound on the number of rules or tests that can, be con
structed. We shall consider three such tests. Our tests will be constructed 
around the following notion. We shall partition the sample space d into a 
subset C and its complement C*. If the experimental values of XI. X2 • ••• , Xn• 

say X" X2, ••• ,Xn, are such that the point (x" X2, •••• xn) E C. we shall reject 
the hypothesis Ho (accept the hypothesis HI)' If we have (XI' X2 • •••• xn) E C·, 
we shall accept the hypothesis Ho (reject the hypothesis H.,). 

Test 1. Let n = 25. The sample space d is the set 

{(x" Xl> ••• , X2S): - 00 < Xi < 00, i = 1,2, ...• 25}. 
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Let the subset C of the sample space be 

C = {(XI, X2, ••• ,X2S) : XI + X2 + ... + X2S > (25)(75)}. 

We shall reject the hypothesis Ho if and only if our 25 experimental values are 
such that (XI, X2, ••• , X2S) E C. If (XI, X2, •••• X2S) is not an element of C, we 
shall accept the hypothesis Ho. This subset C of the sample space that leads 
to the rejection of the pypothesis Ho : 8 < 75 is called the critical region of Test 

2S 2S 

1. NowL:x; > (25)(75) if and only if x > 75, where x = L:x;/25. Thus we can 
I I 

much more conveniently say that we shall reject the hypothesis Ho : 8 < 75 and 
accept the hypothesis Hi : 8 > 75 if and only if the experimentally determined 
value of the sample mean x is greater than 75. If x s; 75, we accept the 
hypothesis Ho: 8 s; 75. Our test then amounts to this: We shall reject the 
hypothesis Ho: (J s; 75 if the mean of the sample exceeds the maximum value 
of the mean of the distribution when the hypothesis Ho is true. 

It would help us to evaluate a test of a statistical hypothesis if we knew 
the probability of rejecting that hypothesis (and hence of accepting the 
alternative hypothesis). In our Test 1, this means that we want to compute the 
probability 

Pr [(XI, ... ,X2S ) E C] = Pr (X > 75). 

Obviously, this probability is a function of the parameter 8 and we shall denote 
it by K ,(8). The function K,(8) = Pr (X > 75) is called the power function of 
Test 1, and the value of the power function at a parameter point is called the 
power of Test 1 at that point. Because X is N(8,4), we have 

K,(II) = Pr (i 2" /I > 7S 2 8) = I - <lies 2 II} 
So, for illustration, we have, by Table III of Appendix B, that the power at 
(} = 75 is K,(75) = 0.500. Other powers are KI (73) = 0.159, K ,(77) = 0.841, 
and K,(79) = 0.977. The graph ofK,(8) of Test 1 is depicted in Figure 6.1. 
Among other things~ this means that, if 8 = 75, the probability of rejecting 
the hypothesis Ho :'8 < 75 is f. That is, if 8 = 75 so that Ho is true, the 

o 

:nn_~~_ :.8 
71 73 75 77 79 

FIGURE 6.1 



probability of rejecting this true hypothesis Ho is!. Many statisticians and 
research workers find it very undesirable to have such a high probability as 
! assigned to this kind of mistake: namely the rejection of Ho when Ho is a true 
hypothesis. Thus Test 1 does not appear to be a'very satisfactory test. Let us 
try to devise another test that does not have this objectionable feature. We 
shall do this by making it more difficult to reject the hypothesis Ho, with the 
hope that this will give a smaller probability of rejecting Ho when that 
hypothesis is true. 

Test 2. Let n = 25. We shall reject the hypothesis Ho: 6 < 75 and aqcept 
the hypothesis HI : 6> 75 if and only if i > 78. Here the critical region is 
C = {(XI, ••• , X2S) : Xl + ... + X2S > (25)(78)}. The power function of 
Test 2 is, because X is N(9, 4), 

-; (78 ~ 6) , K2(6) = Pr (X > 78) = 1 - ~ 2 :' 

Some values of 'the power function of Test 2 ate K2(73) = O~OO6, 
K2(75) = 0.067, K2(77) = 0.309, and K2(79) = 0.691. That is, if 9 = 75, the 
probability of rejecting Ho : 6 S 75 i~,0~Q<i7; this is much more desirable than 
the corresponding probability! that resulted from Test 1. However, ifHo is 
false and, in fact, 6 = 77, the probability of rejecting Ho: 6 < 75 (and hence 
of accepting H): 6 > 75) is only 0.309. In certain instances, this' low 
probability 0.309 of a correct decision (the acceptance of HI when HI is true) 
is objectionable. That is, Test 2 is not wholly satisfactory. Perhaps we can 
overcome the undesirable features of Tests 1 and 2 if we proceed as in Test 3. 

Test 3. Let us first select a power"function K3(6) that has the features of 
a small value at 9 = 75 and a large value at 6 = 77. For instance, take 
K3(75) == 0.159 and K3(77):::i:: 0.841. To determine a test with such a power 
function, let us reject Ho : 6 < 75 if and only if the experimental value i of the 
mean of a random sample of size n i~ greater than some constant ,c. Thus the 
critical region is C = {(XI> X2 • ••• , xn) : XI + X2 + + ... + Xn > nc}. It 
should be noted that the sample size n and the constant c have not been 
determined as yet. However, since X is N(6, l00/n), the power function is 

- (C-6) K)(6) = Pr (X > c) = 1 - ~ r:. . 
101-" n 

The conditions 1(,(75) = 0.159 and K3(77)_ 0.841 require that 

1 - ~(;o~JD = 0.159, 1 -" ~to~JD '" 0.84\. 

Equivalently, from Table III of Appendix B, we have 

C -75 C -77 --= 1 - -1. 
10/Jr, , 10/Jr, 
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The solution to these two equations in nand c isn = 100, c = 76. With these 
values of nand c, other powers of Test 3 are K3(73) = 0.00 I and 
K3(79) = 0.999. It is important to observe that although Test 3 has a more 
desirable power function than those of Tests I and 2;' a certain "price" has 
been paid-a sample size ofn = 100 is required in Test 3, whereas we had 
n = 25 in the earlier tests. 

Remark. Throughout the text we frequently say that we accept the 
hypothesis Ho if we do not reject Ho in favor of HI' If this decision is made, 
it certainly does not mean that Ho is true or that we even believe that it is true. 
All it means is, based upon the data at hand, that we are not convinced that 
the hypothesis Ho is wrong. Accordingly, the statement "We accept Ho" would 
possibly be better read as "We do not reject Ho." However, because it is in 
fairly common use, we use the statement "We accept Ho," but read it with this 
remark in mind . 

. We have now illustrated the following con~epts= 

1. A statistical hypothesis. ~ .. 
2. A test of a hypothesis against an alternative hypothesis and the 

associated concept of the critical region of the test. 
3. The power of a test. 

These concepts will now be formally defined. 

Definition 3. A statistical hypothesis is an assertion about the 
distribution of one or more random variables. If the statistical • 
hypothesis completely specifies the distribution, it is called a simple 
statistical hypothesis; if it does not, it is called a composite statistical 
hypothesis. 

If we refer to Example 1, we see that both Ho: 0 <75 and 
HI : 0 > 75 are composite statistical hypotheses, since neither of them 
completely specifies the distribution. If there, instead of Ho : () < 75, we 
had Ho: () = 75, then Ho would have been a simple statistical 
hypothesis. ' 

Definition 4. A test of a statistical hypothesis is a rule which, when 
the experimental sample values have been obtained, leads to a decision 
to accept or to reject the hypothesis under consideration. 

Definition S. Let C be that subset of the sample space which, in 
accordance with a prescribed test, leads to the rejection of the 
hypothesis under consideration. Then C is called the critical region of 
the test. 
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Definition 6. The power Junction of a test of a statistical hypothesis 
Ho against an alternative hypothesis H, is that function. defined for 
all distributions under consideration, which yields the probability that 
the sample point falls.in the critical region C of the test, that is. a 
function that yields the probability of rejecting the hypothesis under 
consideration. The value of the power function at a parameter point 
is called the power of the test at that point. 

Definition 7. Let Ho denote a hypothesis that is to be tested against 
an alternative hypothesis H, in accordance with a prescribed test. The 
significance level of the test (or the size of the critical region C) is the 
maximum value (actually supremum) of the power function of the test 
when H 0 is true. 

., 

If we refer again to Example I, we see that the significance levels 
of Tests 1, 2, and 3 of that example are 0.500, 0.067~ and .0.159, 
respectively. An additional example may help clarify these ~efinitions. 

EXlUllple 2. 'It is known that the random variable X has a p.d.f. of the form 

I 
!(x; 0) = 8 e-x/6, 0 < x < 00, 

= 0 elsewhere. 

It is· desired to test the simple hypothesis Ho: 0 = 2 against the alternative 
simple hypothesis H, : 0 = 4. Thus n = {O: 0 = 2, 4}. A random sample 
XI' X2 of size n = 2 will be used. The test to be used is defined by taking the 
critical region to be C == {(x,. xz): 9.5 < x, + X2 < oo}. The power function 
of the test and the significance level of the test will be determined. 

There are but two probability density functions under consideration, 
namely, !(x; 2) specified by Ho and !(x; 4) specified by HI' Thus the power 
function is defined at but two points 0 = 2 and 0 = 4. The power function of 
the test is given by Pr [(XI' X2) E C'j. If Ho is true, that is, (J = 2, the joint p.d.f. 
of XI and X2 is 

!(x,; 2)!(X2; 2) = ie-(X, + X2)!2, 0 < XI < 00, 0 < Xz < 00, 

= 0 elsewhere, 

and 

= 0.05, approximately. 
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If HI is true, that i$, 8. = 4, the joint p.d.f. of XI and X2 is 

f(XI; 4)f(X2; 4) = 116e-(Xl + Xl)'\ 0 < XI < 00, 0 < X2 < 00, 

= 0 elsewhere, 

and 

-:.0.31, approximately. 

Thus the power of the test is given by 0.05 for 8 = 2 and by 0.31 for 8 = 4. 
That is, the probability of rejecting Ho when Ho is true is 0~05; and. the 
probability of rejecting Ho when Ho is false is 0.31. Since the significance level 
of this test (or the size of the critical region) is the power of the test when Ho 
is true, the significance level of this test is 0.05. . . 

The fact that the power of this test, when 8 =4, is only 0.31 immediately 
suggests that a search be made for another test which, with the same/power 
when 8 = 2, would have a power greater than 0.31 when 8 = 4. However later, 
it will be clear that such a search would be fruitless. That IS, there is no test 
with a significance level of 0.05 and based on a random sample of size n = 2 
that has greater power at 8 = 4. The only manner in which the situation may 
be improved is to have recourse to a random sample of size n greater than 2. 

Our computations of the powers of this test at the two points 8 = 2 and 
8 = 4 were purposely done the hard way to focus attention on fundamental 
concepts. A procedure that is computationally simpler is the following. When 
the hypothesis Ho is true,the random variable X is X2(2). Thus the random 
variable XI + Xl = Y, say, is X2(4). Accordingly, the power of the test when 
Ho is true is given by·; 

Pr(Y~ 9.5) = I - Pr(Y < 9.5) = 1 - 0.95 = 0.05, 

from Table II of Appendix B. When the hypothesis HI is true, the random 
variable X/2 is X2(2); so the random variable (XI + X2 )/2 = Z, say, is t(4). 
Accordingly, the power of the test when HI is true is given by 

Pr (XI + X2 > 9.5) = Pr (Z > 4.75) 

which is equal to 0.31, approximately. 

= 100 

~Z.-"2 dz. 
4.1S 

ReDlark. The rejection of the hypothesis Ho when that hypothesis is true 
is, of course, an incorrect decision or an error. This incorrect decision is often 
called a type I error; accordingly, the significance level of the test is the 
probability of committing an error of type I. The acceptance of Ho when Ho 
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is false (HI is true) is called an error of type II. Thus the probability .of a 
type II error is 1 minus the power of the test when HI is true. Frequently, it 
is disconcerting to the student to discover that there are so many names for 
the same thing. However, since all of them are used in the statistical literature, 
we feel obligated to point out that "significance level," "size of the critical 
region," "power of the test when Ho is true," and "the probability of 
committing an error of type I" are all equivalent. 

EXERCISES 

6.38. Let X have a p.d.f. of the form f{x; 6) = 6x9 - 1,,0 < X < 1, zer:o 
elsewhere, where 6 e {6 : 6 = 1, 2}. To test the simple hypothesis Ho : 6 = 1 
against the alternative simple hypothesis HI: 6 = 2, use a random 
sample XI, X 2 of size n = 2 and define the critical region to be 
C = {(XI', X2) : 1 < XI X2}' Find tt,te power function of the test. 

6.39. Let X have a binomial distribution with parameters n = 10 and 
p e {p : p = 1, !}. The simple hypothesis Ho: p =! is rejected, and the 
alternative simple hypothesis H. : p = i is accepted, if the observed value of 
X .. a random sample of size I, is less than orequal to i Find the power 
function of the test. 

6.40. Let XI, X2 be a random sample of sizen = 2 from the distribution having 
p.d.f.f{x; 6) = (l/6)e-:rI6, 0 < X < 00, zero elsewhere. We reject Ho:6 = 2 
and accept HI : 6 = 1 if the observed values of X" X2, say X" X2, are such 
that 

f(xI; 2)f(X2; 2) 1 
---'---<-
f(Xl; 1)f(x2;1) - 2' 

Here n = {6 : 6 = 1, 2}. Find the significance level of the test and the power 
of the test when Ho is fal~e. 

6.41. Sketch, as in Figure 6.1, the graphs of the power functions of Tests 1, 
2, and 3 of Example 1 of this section. 

6.42. Let us assume that the life of a tire in miles, say X, is normally distributed 
with mean 6 and standard deviation 5000. Past experience indicates that 
6 = 30,000. The manufacturer claims that the tires made by a new process 
have mean 6 > 30,000, and it is very possible that 6 = 35,000. Let us cheCk 
his claim by testing Ho: 6 = 30,000 against. HI : 6 > 30,000. We shall 
observe n independent values of X, say XI, .•• ,Xn, and we $hall reject Ho 
(thus accept HI) if and only if x > c. Determine nand c·so.that the power 
function K(6) of the test has the values· K(30,000) = 0.01 and 
K(35,OOO) = 0.98. 

6.43. Let X have a Poisson distribution with mean 6. Consider the simple 
hypothesis Ho: 6 = ~ and the alternative composite hypothesis H. : 6 <!. 
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Thus n = {O : 0 < 0 < !}. Let XI, ... , X12 denote a random sample of size 
12 from this distribution. We reject Ho if and only if the observed value of 
Y = XI + ... + X 12 < 2. If K(O) is the power function of the test, find the 
powers KG), K(j), K(!), K(~), and KG2)' Sketch the graph of K(O). What is 
the significance level of the test? 

6.44. Let Y have a binomial. distribution with parameters nand p. We reject 
Ho:p = i and accept HI :p >! if Y> c. Find nand c to give a power 
function K(P) which is such that K(D = 0.10 and K(j) = 0.95, 
approximately. 

6.45. Let YI < 'Y2 < Y3 < Y4 be the order statistics of a random sample of size 
n = 4 from' a. distribution with p.d.f. f(x; 0) =1/0, 0 < x < 0, zero 
elsewhere, where 0 < O. The hypothesis Ho : 0 = 1 is rejected and HI : 0 > 1 
accepted if the observed Y4 > c. 
(a) Find the constant c so that the significance level is IX = 0.05. 
(b) Determine the power function of the test. 

6.5 Additional Comments About Statistical Tests 

All of the alternative hypotheses considered in Section 6.4 were 
one-sided hypotheses. For illustration, in Exercise 6.42 we tested 
Ho : (J = 30,000 against the one-sided alternative HI: (J > 30,000, 
where (J is the mean of a normal distribution having standard deviation 
(J' = 5000. The test associated with this situation, namely reject Ho if 
and only if the sample mean X > c, is a one-sided test. For convenience, 
we often call Ho: (J = 30,000 the null hypothesis because, as in this 
exercise, it suggests that the new process has not changed the mean of 
the distribution. That is, the new process has been used without 
consequence if in fact the mean still equals 30,000; hence the 
terminology null hypothesis is appropriate. So in Exercise 6.42 we are 
testing a simple null hypothesis against a composite one-sided 
alternative with a one-sided test. 

This does suggest that there could be two-sided alternative 
hypotheses. For illustration, in Exercise 6.42, suppose there is the 
possibility that the new process might decrease the mean. That is, say 
that we simply do not know whether with the new process (J > 30,000 
or (J < 30,000; or there has been no change and the null hypothesis 
Ho : (J = 30,000 is still true. Then we would want to test Ho : (J = 30,000 
against the two-sided alternative H, : 8 =I: 30,000. To help see how to 
construct a two-sided test for Ho against H" consider the following 
argument. 
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In dealing with a test of Ho: 8 = -30,000 against the one-sided 
alternative 8 > 30,000, we used X > c or, equivalently, 

Z 
_ X - 30,000 ..... c - 30,000 _ 
- c::::;. - CI 

(JIJn (JIJn ~ 
where since X is N(8 = 30,000, u'lln) under Ho, Z is N(O, I); and we 
could select CI = 1.645 to have a test of significance level a = 0.05. That 
is, if X is 1.645(J I In greater than the mean 8 = 30,000, we would reject 
Ho and accept HI and the significance level would be equal to a = 0.05. 
To test Ho: 8 = 30,000 against HI : 8 '#; 30,000, let us again use X 
through Z and reject Ho if X or Z is too large or too small. Namely, 
if we reject Ho and accept HI when 

1.21 = IX ~~OOO > 1.96, 
(J/v n 

the significance level a = 0.05 because this is the probability of 
/ZI > 1.96 when Ho is true. 

It is interesting to note that the latter test is the equivalent of 
saying that we reject Ho and accept HI if 30,000 is not in the (two
sided) confidence interval for the mean 8. Or equivalently, if 

- (J -' (J 
X - 1.96 In < 30,000 < X + 1.96 In' 

then we accept Ho: 8 = 30,000 because those two inequalities are 
eq uivalent to 

X - 30,000 < 1.96, 
(JIJn . 

which leads to the acceptance of Ho : 8 = 30~000. 
Once we recognize this relationship between confidence intervals 

and tests of hypotheses, we can use all those statistics that we used to 
construct confidence intervals to test hypotheses, not only against 
two-sided alternatives but one~sided ones as welL Without listing all 
of these in a table, we give enough of them so that the principle can 
be understood. 

EXlllllp/e I. Let X and S2 be the mean and the variance of a random sample 
of size n coming from N(p, 0'2). To test. at significance level 1%= 0.05, 
Ho : p = IJo against the two-sided alternative HI : p. :cF 1Jo. reject if . 

X-Jl1) 
ITJ = r:::--; > b, 

S/yn - I 
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where b is the 97~5th percentile of the I~istribution with n - 1 degrees of 
freedom. 

EXllmpk Z. Let independent random samples be taken from N(PI' (12) and 
N(P2, (12), respectively. Say these have the respective sample characteristics n, 
i, Sr and m, Y, si. At ex = 0.05. reject Ho: PI = P2 and accept the one·sided 
alternative HI : 1'1 > P2 if 

i- y-o 
T= ---;:==::==::;:::;=== 2: c. 

nSr.+ mS~ (I 1) 
n+m-2 ;;+m 

Note that i - Y has a normal distribution ~ith.mean zero under Ho. So c 
is taken as the 95th percentile of a t-distributionwith n + m - 2 degrees of 
freedom to provide ex = 0~05. 

EXllmple 3. Say Y is b(n. p). To test Ho : P = Po against HI : P < Po, we use 
either 

(Yin) - Po (Yin) - Po 
Z. = < C or Z2 = < c. 

J Po( l- po)/n. ' J( Yln)() - Yln)/n 
Ifn is large,both Zland Z2 have approximate standard normal distributions 
provided that Ho : P = Po is true. Hence c'is taken to be - 1.645 to give an 
approximate significance level of ex = 0.05. Some statisticians use ZI and 
others Z2' We do not have strong preference one way or the other because 
the two methods provide about the same numerical result. As one might 
suspect, using Z, provides better probabilities for power calculations if the 
true P is close to Po while Z2 is better if Ho is clearly false. However, with a 
two-sided alternative hypothesis. Z2 does provide a better relationship with 
the confidence interval for p. That is, IZ21 < 2 is equivalent to Po being in the 
interval from 

Y _ 2 (Yln)(1 - Yin) to Y +2 (Yln)(l - Yin) , 
n n n n 

which is the interval that provides a 95.4 percent confidence interval for p as 
considered in Section 6.2. 

In closing this section, ~we introduce the concepts of randomized 
tests and p-l)aiues through an example and remarks that follow the 
example. 

Example 4. tet XI. X 2, •••• X IO be a: random sample of size n = 10 from 
a Poisson distrioution with mean 8.A critical region for testing Ho: e = 0.1 

10 

against HI : 8 > 0.1 is given by Y = L Xi:> 3. The statistic Y has a Poisson 
i .. 1 
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distribution with mean 108. Thus, with (J = 0.1 so that the mean ofY is I, the 
significance level of the test is 

Pr (Y > 3) = 1 - Pr (Y < 2) = 1 - 0.920 = 0.080. 

10 

If the critical region defined by ~ Xi ~4 is used, the significance level is 
I 

a=Pr(Y>4)= I-Pr(Y<.3)= 1-0.981 =0.019. 

If a significance lever of about IX = 0.05, say, is desired, most statisticians 
woul~ use one of these tests; that is. they would adjust the significance level 
to that of one of these 'convenient tests. However, a significance level of 

10 10 

a = 0.05 can be achieved exactly by rejecting Ho if LXI > 4 OF if LXi = 3 and 
. 1 I 

an auxiliary independent random experiment resulted in "success," where the 
probability of success is selected to be equal to 

0.050 - 0.019 31 
0.080 - 0.019 = 61 . 

This is due to the fact that, when 0 = 0.1 so that the mean of Y is I, 

Pr (Y ~ 4) + Pr (Y = 3 and success) = 0.019 + Pr (Y = 3) Pr (success) 

= 0.019 + (0.061) M- = 0.05. 

The process of performing the auxiliary experiment to decide whether to reject 
or not when Y = 3 is sometimes referred to as a randomized test. 

Remarks. Not many statisticians like randomized tests in practice, 
because the use of diem means that two statisticians could make the same 
assumptions, observe the same data, apply the same test, and yet make 
different decisions. Hence they usually adjust their significance level so as not 
to randomize. As a matter of fact, many statisticians report what are 
commonly called p-values (for probability values). For illustration, if in 
Example 4 the observed Y is y ,= 4, the p-value is 0.019; and if it is y = 3, the 
p-value is 0.080. That. is, the p-value is the Qbserved "tail" probability of a 
statistic being at least as extreme as the particuiar observed value when Ho is 
true. Hence, mort.? generally, if Y = ,(XI , X2 , •••• XII) is the statistic to be used 
in a test of Jlo ~ and if the critical region is of the form 

u(X .. X2 • ...• XII) < C, 

an observed value u(x" xz, ... , XII) = d would mean that the 

p-value = Pr (Y < d; Ho). 

That is, if G(y) is the distribution function of Y = U(XI' X2, ••• , XII)' provided 
that Ho is true, the p-value is equal to G(d) in this case. However, 
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G( Y), in the continuous case, is uniformly distributed on the unit interval, so 
an observed value G(d) < 0.05 would be equivalent to selecting c, so .that 

Pr [U(XI' X2, ••• , XIf) :s;; c; Hol = 0.05 

and observing that d < c. Most computer programs automatically print out 
the p-value of a test. 

Exlllflple 5. Let XI, X2, ••• ,X2S be a random sample from N(p, (12 = 4). 
To test Ho: Il = 77 against the one-sided alternative hypothesis HI: 
Il < 17, say we observe the 25 values and determine that i...:... 76.1. the 
variance of X is u2/n = 4/25 = 0.16; so we know that Z = (X - 71)/0.4 
is N(O, l) provided that Il = 71. Since the observed value of this test statistic 
is z = (76.1 - 17)/0.4 = - 2.25, the p-value of the test is tJ)( - 2.25) = 
I - 0.988 = 0.012. Accordingly, if we were using a significance level of 
IX = 0.05, we would reject Ho and accept HI : Il < 77 because 0.012 < 0.05. 

EXERCISES 

6.46. Assum~ that the weight of cereal in a "lO-ounce box" is N(Il, u2). To 
test Ho: /J = 10.1 against H. : Il > 10.1, we take a random sample of size 
n = 16 and observe that i = 10.4 and s = 0.4. 
(a) Do we acCept or reject Ho at the 5 percent significance level? 
(b) What is the approximate p-value of this test? 

6.47. Each of 51 golfers hit three golf balls of brand X and three golf balls 
of brand Y in a random order. Let Xi and Yi equal the averages of the 
distances traveled by the brand X and brand Y golfbaUs hit by the ith golfer, 
i= 1,2 •... ,51. Let W;=Xf- Yj , i= 1,2, ... ,51. Test Ho:llw=O 
against HI : Ilw > 0, where Ilw is the mean of the differences. If w = 2.07 and 
s; = 84.63, would Ho be accepted or rejected at an IX = 0.05 significance 
level? ,What is the p-value of this test? 

6.41. Among the data collected for the World Health Organization air quality 
monitoring project is a measure of suspended particles in Ilg/m3• Let X and 
Yequal the concentration of suspended particles in Ilg/m3 in the city center 
(commercial district) for Melbourne and Houston, respectively. Using 
n = 13 observations of X and m = 16 observations of Y, we shall test 
Ho: Ilx = Ily against HI : Ilx < Ily· 
(a) Define the test statistic and critical region, assuming that the variances 

are equal. Let IX = 0.05. 
(b) Ifi = 12.9,8)( = 25.6,:;; = 81.7,andsy = 28.3, calculate the value of the 

test statistic and state your conclusion. 

,6.49. Let p equal the proportion of drivers who use a seat belt in a state that 
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does not have a mandatory seat belt law. It was claimed that p = 0.14. An 
advertising campaign was conducted to increase this proportion. Two 
months after the campaign, y = 104 out of a random sample of n = 590 
drivers were wearing their seat belts. Was the campaign successful? 
(a) Define the null and alternative hypotheses. 
(b) Define a critical region with an ex = 0.0 I significance level. 
(c) Determine the approximate p-value'and state your conclusion. 

6.50. A machine shop that manufactures toggle levers has both a day 
and a night shift. A toggle lever is defective if a standard nut cannot be 
screwed onto the threads. Let PI and P2 be the proportion of defective levers 
among those manufactured by the day and night shifts, respectively. We 
shall test the null hypothesis, Ho : PI = P2, against a two-sided alternative 
hypothesis based on two random samples, each of 1000 levers taken' from 
the production of the respective shifts. 
(a) Define the test statistic which has an approximate N(O, I) distribution. 

Sketch a standard normal p.d.f. illustrating the critical region having 
ex = 0.05. 

(b) If Yl = 37 and Y2 = 53 defectives were observed for the day and night 
shifts, respectively, calculate the value of the test statistic and the 
approximate p-value (note that this is a two-sided test). Locate the 
calculated test statistic on your figure in part (a) and state your 
conclusion. 

6.51. In Exercise 6.28 we found a confidence interval for the variance 0'2 using 
the variance S2 of a random sample of size n arising from N(p., O'~, where 
the mean Jl is unknown. In testing Ho : 0'2 = oi against HI : cI- > O'~, use the 
critical region defined by nffl/oi > c. That is, reject Ho and accept HI if 
S2;;;::: cO'Un. If n = 13 and the significance level ex = 0.025, deten;nine c. 

6.52. In Exercise 6.37, in finding a confidence interval for the ratio, of 
the variances of two normal distributions, we used a statistic 
[nSi /(n - 1 )]/[mSV(m - 1)], whic,h has an F-distribution when those two 
variances are equal. Ifwe denote that statistic by F, we can test Ho : O'i = ~ 
against HI: 07 > ~ using the critical region F;;;::: c. If n = 13, m = 11, and 
ex = 0.05, find c. 

6.6 Chi-Square Tests 

In this section we introduce tests of statistical hypotheses called 
chi-square tests. A test of this sort was originally proposed by Karl 
Pearson in 1900, and it provided one of the earlier methods of statistical 
inference. 
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Let the random variable Xi be N(l'i' 07), i = 1, 2, ... , n, and let 
XI, Xl, ... , Xn be mutually independent. Thus the joint p.d.f. of these 
variables is 

-00 < Xi < 00. 

The random variable that is defined by the exponent (apart from 
n , 

the coefficient -!) is L (Xi - 1'1)2/0';, and this random variable is x2(n). 
I 

In Section 4.10 we generalized this joint normal distribution 
of probability to n random variables that are dependent and we call the 
distribution a multivariate normal distribution. In Section 10.8, it will 
be shown that a certain exponent in the joint p.d.f. (apart from a 
coefficient of -!)defines a random variable that is xl(n). This fact is 
the mathematical basis of the chi-square tests. 

Let us now discuss some random variables that have approximate 
chi-square distributions. Let Xl be b(n, PI)' Since the random variable 
Y = (Xl - npI)/Jnpl (1 - PI) has, as n-+ 00, a limiting distribution 
that is N(O, 1), we would strongly suspect that the limiting distribution 
of Z = y2 is x2(1). This is, in fact, the case, as will now be shown. If 
G,,(y) represents the distribution function of Y, we know that 

lim G,,(y) = (J)(y), -00 <y < 00, 
" .... 00 

where (J)(y) is the distribution function of a distribution that is N(O, 1). 
Let H,,(z) represent, for each positive integer n, the distribution 
function of Z = yl. Thus, if z > 0, 

H,,(z) = Pr(Z < z) = Pr~-Jz < y< Jz) 

= G;,(Jz) - G,,[( -Jz)-]. 

Accordingly, since (J)(y) is everywhere continuous, 

lim H,,(z) = (J)(Jz) - Cf)( -Jz) 
" .... 00 

I
JZ 1 

= 2 0 J2-ir, e-
w2

/
2 dw. 
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If we change the variable of integration in this last integraJ by writing 
w2 = v, then 

lim H (z) = V I /2 - le- IJ
/
2 dv lz 1 

n .... oo n 0 r(~)21/2 ' 

provided that z ~ O. If z < 0, then lim Hn(z) = O. Thus lim Hn(z) is 
n .... oo n .... ct) 

equal to the distribution function of a random variable that is x2(1). 
This is the desired result. 

Let us now return to the random variable XI which is b(n, PI)' Let 
X2 ~ n - XI and let P2 = 1 - PI' If we denote y2 by QI instead of Z, 
we. see that Q I may be written as 

QI = (XI - nplf = (XI - npl)2 + (XI - npl)2 
npl(1 - PI) npi n(1 - PI) 

(XI - npI)2 (X2 - np2)2 
= +----

npi np2 

because (XI - npl)2 = (n - X2 - n + np2)2 = (X2 - np2)2. Since Q, has 
a limiting chi-square distribution with I degree of freedom, we say, 
when n is a positive integer, that Q I has an approximate chi-square 
distribution with I degree of freedom. This result can be generalized 
as follows. 

Let XI, X2, • ' •• ,Xk I have a multinomial distribution with the 
parameters n, PI, ... ,Pk _ I, as in Section 3.1. As a convenience, let 
Xk=n-(XI+",+Xk I) and let- Pk=I-(PI+"'+Pk-I)' 
Define Qk I by 

Q 
_ f (X; - np;)2 

k-I- i.J 
i= I npi 

It is proved in a more advanced course that, as n -+ 00, Qk _ I has a 
limiting distribution that is X2(k - 1). If we accept this fact, we can say 
that Qk _ I has an approximate chi-square distribution with k - 1 
degrees of freedom when n is a positive integer. Some writers caution 
the user of this approximation to be certain that n is large enough that 
each np" i = 1, 2, ... , k, is at least equal to 5. In ~ny case it is important 
to realize that Qk I does not have a chi-square distribution, only an 
approximate chi-square distribution. 

The random variable Qk _ I may serve as the basis of the tests of 
certain statistical hypotheses which we now discuss. Let the sample 
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space .xl of a random experiment be the union of a finite number 
k of mutually disjoint sets A I> A2, ••• , Ale' Furthermore, let P(Ai) = Ph 
i = I, 2, ... ,k, where Pk = I - PI - ... - Pk _ I, so that Pi is the 
probability that the outcome of the random experiment is an element 
of the set Ai' The random experiment is to be repeated n independent 
times and Xi will represent the number of times the outcome is an 
element of the set Ai' That is, XI, X2, ••• , Xic = n - XI - ... - Xk _ I 

are the frequencies with which the outcome is, respectively, an element 
of AI, Ah ... , Ale' Then the joint p.d.f. of XI' Xl> ... ,XIc _ I is the 
multinomhil p.d.f. with the parameters n, PI, ... ,Pie _ I' Consider the 
simple hypothesis (concerning this multinomial p.d.f.) Ho : PI ..:... PIO, 
P2 = P20, ... ,Pk I = Pic 1,0 (Pic = PIcO = I -PIO - ..• - Pic -1,0), where 
PIO' ... ,Pic - 1,0 are specified numbers. It is desired to test Ho against all 
alternatives. 

If the hypothesis Ho is true, the random variable 

has an approximate < chi-square distribution with k - I degrees of 
freedom. Since, when Ho is true, npiO is the expected value of Xi' one 
would feel intuitively that experimental values of QIc _ I should not be 
too large if Ho is true. With this in mind, we may use Table II of 
Appendix B, with k - 1 degrees of freedom, and find c so that 
Pr (QIc _ I > c) = ct, where ct is the desired significance level of the test. 
If. then. the hypothesis Ho is rejected when the observed value of QIc I 

is at least as great as c, the test of Ho will have a significance level that 
is approximately equal to ct. 

Some illustrative examples follow. 

Example I. One of the first six positive integers is to be chosen by a 
random experiment (perhaps by the cast of a die). Let Ai = {x : ~= i}, 
i = 1, 2, ... , 6. The hypothesis Ho: P(A;) = PiO = t, i = 1, 2 •... , 6, will be 
tested, at the approximate 5 percent significance level, against all alternatives. 
To make the test, the random experiment will be repeated, under the same 
conditions, 60 independenttimes.ln thisexalllple k = 6and np.o = 60(~) = 10, 
i = J, 2 •...• 6. Let XI denote the frequency with which the random 
experiment terminates with the outcome in Aj , i = 1, 2, ... ,6, and Jet 

6 

Qs = L (X, 10)2/10. If Ho is true, Table II, with k - 1 = 6 -1 = 5 degrees 
I 

. of freedom, shows that we have Pr (Qs 11.1) = 0.05. Now suppose that 
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the experimental frequencies of Ab A2, ••• , A6 are, respectively, 13. 19, II, 
8, 5, and 4. The observed value of Qs is 

(13 - 10)2 (19 - 10)2 (II - 10)2 (8 - 10)2 
10 + 10 + 10 + 10 

(5 - 10)2 (4 - 10)2 
+ 10 + 10 = 15.6 

• 
Since 15.6> 11.1, the hypothesis P(Aj) =~,; = 1,2, ... ,6, is rejected at the 
(approximate) 5 percent significance level. 

EXll1IIple 2. A point is to be selected from the unit interval {x : 0 < x < I} 
by a random process. Let AI = {x: 0 < x <H, A2 = {x: * < x :S.4}, A3 = 
{x : ! < x S;; n, and A4 = {x : ~ < x < I}. Let the probabilities Ph ; = I, 2, 3, 4, 
assigned to these sets under the hypothesis be determined by the p.d.f. 2x, 
o < x < 1, zero elsewhere. Then these probabilities are, respectively, 

1
1/4 

PIO = 0 2x dx = I~' P 
_ 3 

20 - j(j, P 
_ 7 

40 -16' 

Thus the hypothesis to be tested is that PI, P2, P3, and P4 = 1 - PI - P2 - P3 
have the' preceding val,ues in a multinomial distribution with k = 4. This 
hypothesis is to be tested at an approximate 0.025 significance level by 
repeating the random experiment n = 80 independent times under the same 
conditions. Here the np,o, ; = 1,2,3,4, are, respectively, 5, 15, 25, and 35. 
Suppose the observed frequeacies of A" A2, A3, and A4 are 6, 18, 20, and 

4 

36, respectively. Then the observed value of Q3 = I (Xi - npiQ)2/(npiO) is 
1 . 

(6 - 5)2 (18 - 15)2 (20 - 25)2 (36 - 35)2 _ 64 _ 3 
5 . + 15. + 25 + 35 - 35 -. 1.8. ' 

approximately. From Table II, with 4 - I = 3 degrees ~f freedom, the value 
corresponding to a 0.025 significance level is c = 9.35. Since the observed 
value of Q3 is less than 9.35, the hypothesis is accepted at the (approximate) 
0.025 level of significance. 

Thus far we have used the 'chi-square test when the hypothesis Ho ' 
is a simple hypothesis. More often we encounter hypotheses Ho in 
which the multinomial probabilities PI, P2, ... ,Pk are not completely 
specified by the hypotliesis Ho. That is, under Ho, these probabilities 
are functions of unknown parameters. For illustration, suppose that 
a certain random variable Y can take on any real value. Let us partition 
the space {y: - 00 < y < oo} into k mutually disjoint· sets 
Ab A2 , ••• , Ak so that the events AI> A2 , ••• , Ak are mutually exclu-
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sive and exhaustive. Let Ho be the hypothesis that Y is N(Il,,r) with 
Il and q2 unspecified. Then each 

Pi = I fo exp [-(y - p)'/2a'1 dy. 
At 2n: (1 

; = I, 2, ... , k, 

'is a function of the unknown parameters J1. and (12. Suppose that we take 
a random sample Y1, ••• , Yn of size n from this distribution. If we let 
Xi denote the frequency of Ai. i = 1, 2, ... , k, so that 
XI + ... + Xk = n, the random variable 

cannot be computed once XI, ... , X k have been observed, since each 
Pi, and hence Qk _ I, is a function of the unknown parameters Il and (12. 

There is a way out of our trouble', however. We have noted that 
Qk I is a function of J1. and (12. Accordingly, choose the values of Il and 
q2 that minimize Qk _ I' Obviously, 'these values depend upon the " 
observed XI = XI, ••• , Xk = Xk and are called minimum chi-square 
estimates of J1. and (12. These point estimates of Il and (12 enable us to 
compute numerically the estimates of each Pi' Accordingly, if these 
values are used, Qk _ • can be computed once Y., Y2, ... , Yn, and hence 
XI' X2 , ••• , Xb are observed. However, a very important aspect of the 
fact, which we accept without proof, is that now Qk I is approximately 
"t(k - 3). That is, the number of degrees of freedom of the limiting 
chi-square distribution of Qk _ 1 is reduced by one for each parameter 
estimated by the experimental data. This statement applies not only to 
the-problem at hand but also to more general situations. Two examples 
will now be given. The first of these examples will deal with the test of 
the hypothesis that two multinominaldistributions are the same. 

Remark. In many instances, such as that involving the mean Jl and the 
variance (12 of a normal distribution, minimum chi-square estimates are 
difficult to compute. Hence other estimates, such as the maximum likelihood - -estimates p. = Yand U2 = S2, are used to evaluate Pi and Qk _ I' In general, 
QIc _ I is not minimized by maximum likelihood estimates, and thus its 
computed value is somewhat greater than-it would be if minimum chi-square 
estimates were used. Hence, when comparing it to a critical value listed in the' 
chi-square table with k - 3 degrees of freedom, there is a greater chance of 
rejecting than there would be if the actual minimum of Qk _ I is used. 
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Accordingly, the approximate significance level of such a test will be some
what higher than that value found in the table. This modification should be 
kept in mind and, if at all possible, each Pi should be estimated using the 
frequencies XI, ... , Xk rather' than using directly the observations 
Y" Yz, ••. , Yn of the random sample. 

Example 3. Let us consider two multinomial distributions with pa
rameters n}, PI}, PZ}, ... ,Pk}, j = I, 2, respectively. Let Xi" i = I, 2, ... , k, 
j = 1, 2, represent the corresponding frequencies. Ifni and n2 are large and the 
observations from one distribution are independent of those from the other, 
the random variable 

is the sum of two independent random variables, each of which we treat as 
though it were x2(k - I); that is, the random variable is approximately 
X2(2k ..,.. 2). Consider the hypothesis 

Ho : PI\ = P12, P21 = P22, .•• ,PH = Pk2, 

where each Pil = Pi2, i = 1,2, ... , k, is unspecified. Thus we need point esti
mates of these parameters. The maximum likelihood estimator of Pil = Pi2, 
based upon the frequencies Xii' is (Xii + Xi2 )/(nl + n2), i = I, 2, ... ,k. Note . 
that we need only k - 1 point estimates, because we have a point estimate of 
Pkl = Pk2 once we have point estimates of the first k - 1 probabilities. In 
accordance with the fact that has been stated, the random variable 

± f {XI} - n,[(X" + Xi2 )/(nl + n2)]}2 

, I i = I nj[(Xil + Xd/(nl + n2)] 

has an approximate X2 distribution with 2k - 2 - (k - 1) = k - 1 degrees of 
freedom. Thus we are able to test the hypothesis that two multinomial 
distributions are the same; this hypothesis is rejected when the computed value 
of this random variable is at least as great as an appropriate number from 
Table II, with k - 1 degrees of freedom. 

The second example deals with the subject of contingency tables. 

Example 4. Let the result of a random experiment be classified by two 
attributes (such as the color of the hair and the color of the eyes). That is, one 
attribute of the outcome is one and only one of certain mutually exclusive and 
exhaustive events, say AI, A2, ••• , Aa; and the other attribute of the outcome 
is also one and only one of certain mutually exclusive and exhaustive events, 
say Bh B2, ••• ,Bb• Let Pu == P(A, n B), i = 1,2, ... ,a; j = 1,2, ... ,b. 
The random experiment is to be repeated n independent times 
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and Xij will denote.the frequency of the event Ai n Bj • Since there are k = ab 
such events as Ai n B;, the random variable 

Q 
= .f ~ (Xjj - npij)2 

ab-I £... £... 
j=li=1 npii 

has an approximate chi-square distribution with ab - I degrees of freedom, 
provided that n is large. Suppose that we wish to test the independence of 
the A attribute and the B attribute; that is, we wish to test the hypothesis 
Ho: P(A; ('\ Bj ) = P(A;)P(B), i = 1,2, ... ,a;j = 1,2, ... , b. Let us deI.l0te 
P(A j ) by Pi. and P(Bj) by P.j; thus 

and 

b 

Pi. = r Pij' 
j=1 

Q 

P.j = r Pij' 
i- 1 

b a b a 

I = L L Pij = L P.j = L Pi.' 
j=li=1 j=1 ;=1 

Then the hypothesis can be formulated as Ho: Po = Pi.P.}, i = 1,2, ... ,a; 
j = 1,2, ... , b. To test Ho, we can use Qob-I with Pij replaced by Pi.P.}· 
But if Pi., i = 1,2, ... ,a, and P. j' j = 1,2, ... ,b, are unknown, as they 
frequently are in applications, we cannot compute Qab _ 1 once the frequencies 
are observed. In such a case we estimate these unknown parameters by 

X. 
A I. 

Pi. =n' 
and 

X· 
A • J 
P·j=n' 

b 

where Xi. = L Xij' 
j 1 

Q 

where X. j = L Xij' 
i = 1 

i = 1, 2, ... , a, 

j = 1,2, ... , b. 

Since LPi. = LP.) = I, we have estimated only a - I + b - I = a + b - 2 
i ' j 

parameters. So if these estimates are used in Qob-I, with Pij = Pi.P.}, then, 
according to the rule that has been stated in this section, the random variable 

t t (Xi.I~- n(Xi./n)(X.l!n~j2 
j II-I n(X;jn)(X.j!n) 

has an approximate chi-square distribution with ab - I - (a + b - 2) = 
(a - 1 )(b - I) degrees of freedom provided that Ho is true. The hypothesis Ho 
is then rejected if the computed value of this statistic exceeds the constant c, 
where c is selected from Table II so that the'test has the desired significance 
level IX. 

In each of the four examples of this section, we have indicated that 
the -statistic used to test the hypothesis Ho has an approximate 
chi-square distribution, provided that n is sufficiently large and Ho is 
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true. To compute the power of any of these tests for values of the 
parameters not described by Ho, we need the distribution of the statistic 
when Ho is not true. In each of these cases, the statistic has an 
approximate distribution called a noncentral chi-square distri
bution. The noncentral chi-square distribution will be discussed in 
Section to.3. 

EXERCISES 

6.53. A number is to be selected from the interval {x: 0 < x < 2} by a 
random process. Let Ai = {x: (i - 1)/2 < x <iI2}, i = 1,2,3, and let 
A4 = {x : ~ < x < 2}. A certain hypothesis assigns probabilities PiO to these 
sets in accordance with Pm = fA; 0)(2 - x) dx, i = 1, 2, 3, 4. This hypothesis 
(concerning the multinomial p.d.f. with k = 4) is to be tested, at the 5 
percent level of significance, by a chi-square test. If the observed frequencies 
of the sets Ah i = 1,2,3,4, are, respectively. 30, 30, 10, 10, would Ho be 
accepted at the (approximate) 5 percent level of significance? 

6.54. Let the following sets be defined: A I = {x: - 00 < x < O}, 
Ai = {x: i - 2 < x < i-I}, i = 2, ... , 7, and A8 = {x: 6 < x < oo}. A 
certain hypothesis assigns probabilities Pm to these sets Ai in accordance 
with 

Pro = L 2~ exp [ - (x 2(4:),] dx, i = 1,2, ... , 7, 8. 

This hypothesis (concerning the multinomial p.d.f. with k = 8) is to be 
tested, at the 5 percent level of significance, by a chi-square test. If the 
observed frequencies of the. sets Ai, i = I, 2, ... , 8, are, respectively, 60, 96, 
140,210, 172, 160,88, and 74, would Ho be accepted at the (approximate) 
5 percent level of significance? 

6.55. A die was cast n = 120 independent times and the following data 
resulted: 

Spots up 

I ~ 
2 3 4 5 6 

6.56. Consider the problem from genetics of crossing two types of peas. 
The Mendelian theory states that the probabilities of the classifications 
(a) round and yellow, (b) wrinkled and yellow, (c) round and green, and 
(d) wrinkled and green are ~, t6' I~' and /6' respectively. If, from 160 
independent observations, the observed frequencies of these respective 
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classifications are 86, 35, 26, and 13, are these data consistent with the 
Mendelian theory? That is, test, with 0: = 0.01, the hypothesis that the 

. b b'I' , 9 3 3 d I respective pro a 1 ltles are Tii' Tii. 16' an 16' 

6.57. Two different teaching procedures were used on two different groups 
of students. Each group contained 100 students of about the same ability. 
At the end of the term, an evaluating team assigned a letter grade to each 
student. The results were tabulated as follows. 

Group A 

I 15 
II 9 

B 

25 
18 

Grade 

c 

32 
29 

D 

17 
28 

F 

11 
16 

Total 

tOO 
100 

If we consider these data to be independent observations from two 
respective multinomial distributions with k = 5, test, at the 5 percent 
significance level, the hypothesis that the two di~tributions are the same 
(and hence the two teaching procedures are equal1y effective). 

6.58. Let the result of a random experiment be classified as one of the mutually 
exclusive and exhaustive ways At. A2• A3 and also as one of the mutually 
exclusive and exhaustive wa.ys BJ, B2, B3 , B4 • Two hundred independent 
trials of the experiment result in the following data: 

10 
II 
6 

21 
27 
19 

15 
21 
27 

6 
13 
24 

Test, at the 0.05 significance level, the hypothesis of independence of the 
A attribute and the B attribute, namely Ho: P(A j (\ Bj) = P(Ai)P(Bj ), 

i = I, 2, 3 and j = 1, 2, 3, 4, against the alternative of dependence. 

6.59. A certain genetic model suggests that the probabilities of a particular 
trinomial distribution are, respectively, PI = p2, P2 = 2p(1 - p), and 
P3 = (1 - p)2, where 0 < P < 1. If Xl> X2, X3 represent the respective 
frequencies in n independent trials, explain how we could check on the 
adequacy of the genetic model. 

6.fiG. Let the result of a random experiment be classified as one of the mutually 
exclusive and exhaustive ways A" A2, A3 and also as one of the 
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mutually and exhaustive ways B1, Bh B3, B4• Say that 180 independent 
trials of the experiment result in the following frequencies: 

15 - 3k 15 -k 15 +k 15 + 3k 

15 15 15 15 

15 + 3k 15 +k 15 -k 15 - 3k 

where k is one of the integers 0, 1, 2, 3, 4, 5. What is the smallest value of 
k that will lead to the rejection of the independence of the A attribute and 
the B attribute at the ex = 0.05 significance level? 

6.61. It is proposed to fit the Poisson distribution to the following data 

x o 1 2 3 3<x 

Frequency 20 40 16 18 6 

(a) Compute the ~orresponding chi-square goodness~f-fit statistic. 
Hint: In computing the mean, treat 3 < x as x = 4. 

(b) How many degrees of freedom are associated with this chi-square? 
(c) Do these data result in the rejection of the Poisson model at the ex = 0.05 

significance level? 

ADDITIONAL EXERCISES 

6.62. Let Y. < Y2 < ... < Y" be the order statistics of a random sample of 
size n from the distribution having p.d.f. f(x) = 2x/(J2, 0 < x < (J, zero 
elsewhere. . 
(a) If 0 < c < 1, show that Pr (c < YII/(J < 1) = I - Cl". 
(b) If n = 5 and if the observed value of YII is 1.8, find a 99 percent 

confidence interval for (J. 

6.63. If 0.35, 0.92, 0.56, and 0.71 are the four observed values of a random 
sample from a distribution having p.d.f. f(x; (J) = (JxS - 1, 0 < x < 1, zero 
elsewhere, find an estimate for (J. 

6.64. Let the table 

x o 1 2 3 4 5 

Frequency 6 10 14 13 6 1 
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represent a summary of a random sample of size 50 from a Poisson 
distribution. Find the maximum likelihood estimate of Pr (X = 2). 

6.65. Let X be N(p" 100). To test Ho: p, = 80 against HI : p, > 80, let the 
critical region be defined by C = {(Xh X2, ••• , X2S) : X > 83}, where x is the 
sample mean of a random sample of size n = 25 from this distribution. 
(a) How is the power function K(p,) defined for this test? 
(b) What is the significance level of this test? 
(c) What are the values of K(80), K(83), and K(86)? 
(d) Sketch the graph of the power function. 
(e) What is the p-value corresponding to x = 83.41? 

6.66. Let X equal the yield of alfalfa in tons per acre per year. Assume that 
X is N(1.5, 0.09). It is hoped t)lat new fertilizer will increase the average 
yield. We shall test the null hypothesis Ho : p, = 1.5 against the alternative 
hypothesis HI : p, > 1.5. Assume that the variance continues to equal 
(/2 = 0.09 with the new fertilizer. Using X, the mean of a random sample 
of size n, as the test statistic, reject Ho if x > c. Find nand c so that the 
power function K(p,) = Pr (X;::: c : p,) is such that a; = K(1.5) = 0.05 and 
K(1.7) = 0.95. 

• 
6.67. A random sample of 100 observations from a Poisson distribution has 

a mean equal to 6.25. Construct an approximate 95 percent confidence 
interval for the mean of the distribution. 

6.68. Say that a random sample of size 25 is taken from a binomial 
distribution with parameters n = 5 and p. These data are then lost. but we 
recall that the relative frequency of the value 5 was -!so Under these 
conditions, how would you estimate p? Is this suggested estimate unbiased? 

6.69. When 100 tacks were thrown on a table, 60 of them landed point up. 
Obtain a 95 percent confidence interval for the probability that a tack of 
this type will land point- up. Assume independence. 

6.70. Let XI' X2 • •••• 'Xs be a random sample of size n = 8 from a Poisson 
distribution with mean p,. Reject the simple null hypothesis Ho : p, = 0.5 and 

8 

accept HI: p, > 0.5 if the observed sum L Xi > 8. 
i.: I 

(a) Compute the significance level a; of the test. 
(b) Find the power function K(p) of the test as a sum of Poisson 

probabilities. ! 

(c) Using the Appendix, determine K(O.75). K( I). and K( 1.25). 

6.71. Let p denote the probability that. for a particular tennis player. the 
first serve is good. Since p = 0.40, this player decided to take lessons in 
order to increase p. When the lessons are completed. the hypothesis 
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Ho : P = 0.40 will be tested against HI : P > 0.40 based on n = 25 trials. Let 
y equal the number of first serves that are good, and let the critical region 
be defined by C = {y: y > 13}. 
(a) Determine a = Pr (Y ~ 13; P = 0.40). 
(b) Find P = Pr (Y < 13) when P = 0.60; that is, P = Pr (Y < 12; 

P = 0.60). 

6.72. The mean birth weight in the United States is j.t = 3315 grams with a 
standard deviation of (1 = 575. Let X equal the birth weight in grams in 
Jerusalem. Assume that the distribution of X is N(j.t, (12). We shall test 
the null hypothesis Ho: j.t = 3315 against the alternative hypothesis 
H, : j.t < 3315 using a random sample of size n = 30. 
(a) Define a critical region that has a significance level of a = 0.05. 
(b) If the random sample of n = 30 yielded x = 3189 and s = 488, what is 

your conclusion? 
(c) What is the approximate p-value of your test? 

6.73. Let YI < Y2 < ... < Ys be the order statistics of a random sample of 
size.5 from the distribution having p.d.f. I(x) = exp [-(x - (J)/{J]IP, 
(J < x < 00, zero elsewhere. Discuss the construction of a 90 percent 
confidence interval for P if (J is known. 

6.74. Three independent random samples, each of size 6, are drawn from three 
normal distributions having common unknown variance. We find the three 
sample variances to be 10, 14, and 8, respectively. 
(a) Compute an unbiased estimate of the common variance. 
(b) Determine a 90 percent confidence interval for the common variance. 

6.75. Let XI, X2, ••• , Xn be a random sample from N(j.t, al). 
(a) If the constant b is defined by the equation Pr (X < b) = 0.90, find the 

m.l.e. of b. 
(b) If c is given constant, 'find the m.l.e. of Pr (X < e). 

6.76. Let X" X2, and X3 and S~, S~, and S; denote the means and the variances 
of three independent random samples, each of size 10, from a normal 
distribution with mean j.t and variance (12. Find the constant e so that 

Pr < c = 0.95. (
XI + X2 - 2X3 ) 

J IOsi + 10Si + 1051 

6.77. Let Y be b(192, pl. We reject Ho : p = 0.75 and accept HI : p > 0.75 
if and only if Y > 152. Use the normal approximation to determine: 
(a) (X = Pr (Y > 152; p = 0.75). 
(b) P = Pr (Y < 152) when p = 0.80. 

6.78. Let Y be b(lOO, pl. To test Ho : p ,0.08 against HI : p < 0.08, we reject 
Ho and accept HI if and only if Y < 6. 
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(a) Determine the significance level IX of the test. 
(b) Find the probability of the type II error if in fact p = 0.04. 

6.79. Let X., X 2 , ••• ,Xn be a random sample from a Bernoulli distribution 
with parameter p. If p is restricted so that we know that! < p < t. find the 
m.l.e. of this parameter. 

6.80. Consider two Bernoulli distributions with unknown parameters PI and 
P2, respectively. If Y and Z equal the numbers of successes in two 
independent random samples, each of sample size n, from the respective 
distributions, determine the maximum likelihood estimators of PI and P2 if 
we know that 0 <PI < P2 s: 1. 

6.81. Let (X., YI ), (X2• Yl) • ... , (Xn' Yn) be n Li.d. pairs of random vari
ables, each with the bivariate normal distribution having five par
ameters J.l h J.l2, O'r, ~, and p. 
(a) Show that Z, = X; - Y; is N(J.l, 0-2), where J.l = J.l1 - J.l2 and 0'2 = O'r -

2pO'I0'1 + ~, i = 1,2, ... ,n. 
(b) Since all five parameters are unknown, J.l and u2 are unknown. To test 

Ho : J.l = 0 (Ho : J.l1 = J.l2) against HI : IL > 0 (H, : ILl > IL2), construct a 
t-test based upon the mean and the variance of the n differences 
ZI, Z2, ... ,Zn' This is often called a paired t-test. 



CHAPTER 7 . 

Sufficient Statistics 

7.1 Measures of Quality of Estimators 

In Chapter 6 we presented some procedures for finding point 
estimates, interval estimates, and tests of statistical hypotheses; In this 
and the next two chapters, we provide reasons why certain statistics are 
used in these various statistical inferences. We begin by considering 
desirable properties of a point estimate. 

Now it would seem that if y = U(XI' X2, ••• , xn) is to qualify as a 
good point'estimate of 0, there should be a great probability that the 
statistic Y = u(XI • X2 • ••• , X,,) will be close to 0; that is, 0 should be 
a sort of rallying point for the numbers y = U(Xh X2, •.. , xn). This can 
be achieved in one way by selecting Y = U(XI' X 2 , ••• ,Xn) in such a 
way that not only is Yan unbiased estimator of 0, but also the variance 
of Y is as small as it can be made. We do this because the variance of 
Y is a measure of the intensity of the concentration of the probability 
for Y in the neighborhood of the point 0 = E( Y). Accordingly. we 
defirie an unbiased minimum variance estimator of the parameter 0 in 
the following manner. 

Definition 1. For a given positive integer n, Y = u(XI , X2, ••• , Xn) 
will be called an unbiased minimum variance estimator of the par~ 

307 
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ameter B if Y is unbiased, that is, E(y) = B, and if the variance of Y 
is less than or equal to the variance of every other unbiased estimator 
of B. 

For illustration, let Xh X2 , ••• ,X9 denote a random sample from 
a distribution that is N(B, 1), - 00 < B < 00. Since the statistic 
X = (XI + X2 + ... + X9)/9 is N(fJ,4), X is an unbiased estimator of 
B. The statistic XI is N(B, 1), so XI is also an unbiased estimator of 
B. Although the variance 4 of ~ is less than the variance 1 of XI, we 
cannot say, with n = 9, that X is the unbiased minimum variance 
estimator of B; that definition requires that the comparison be made 
with every unbiased estimator of B. To be sure, it'is quite impossible 
to tabulate all other unbiased estimators of this parameter B, so other 
methods must be developed for making the comparisons of the 
variances. A beginning on this problem will be made in this chapter. 

Let us now discuss the problem of point estimation of a parameter 
from a slightly different standpoint. Let XI, X2, ••• ,XII denote a 
random sample of size n from a distribution that has the p.d.f. f(x; B), 
BEn. The distribution may be either of the continuous or the discrete 
type. Let Y = u(XI, X2, ••• , X,,) be a statistic on which we wish to base 
a point estimate of the parameter B. Let b(y) be that function of the 
observed value of the statistic Y which is the point estimate of B. Thus 
the function b decides the value of our point estimate ofB and b is called 
a decision function or a decision rule. One value of the decision function, 
say b(y), is called a decision. Thus a numerically determined point 
estimate of a parameter () is a decision. Now a decision may be correct 
or it may be wrong. It would be useful to have a measure of the 
seriousness of the difference, if any, between the true value of fJ and the 
point estimate b(y). Accordingly, with each pair, [8, ,5(y)], () E n, we 
will associate a nonnegative number !l'[(), b(y)] that reflects this 
seriousness. We call the function !l' the loss function. The expected 
(mean) value of the loss function is called the risk function. If g(y; fJ), 
fJ EO, is the p.d.f. of Y, the risk function R(fJ, ,5) is given by 

R( /I, tl) = E{ 9'[/1, D( Y)]} = r 9'[/1, b(y)]g(y; /I) dy 
-00 

if Y is a random variable of the continuous type. It would be desirable 
to select a decision function that minimizes the risk R( (), b) for all values 
of B, BEn. But this is usually impossible because the decision function 
b that minimizes R(8, b) for one value of () may not minimize 
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R(O, c5) for another value of 8. Accordingly, we need either to restrict 
our decision function to a certain class or to consider methods of 
ordering the risk functions. The following example, while very simple, 
dramatizes these difficulties. 

Example 1. Let XI, X2, ••• ,X2S be a random sample from a distribution 
that is N(O, 1), - 00 < 0 < 00. Let Y = X, the mean of the random sample, 
and let ..2'[0, h(y)] = [0 - h(y)J2. We shall compare the two decision functions 
given by hJ(Y) = Y and h2(Y) = 0 for - 00 < Y < 00, The corresponding risk 
functions are 

and 

R(fJ, h2) = E[(O - O)~' = 02, 

Obviously, jf;iniact, tJ = 0, then h2(y) = OisanexceUentdecisionandwehave 
R(O, h2) = O. However, if 0 differs from zero by very much~ it is equally 
clear that h2(y) = 0 is a poor decision. For example, i~ in fact, 0 = 2, 
R(2, h2) = 4 > R(2, hi) = ~5' In general, we see that R(O, h2) < R(O, hi), 
provided that -! < 0 <! and,that otherwise R(O, h2) > R(O, hi)' That is, one 
of these decision functions is better than the other for some values of 0 and 
the other decision functi~ns are better for other values of O. If, however, we 
had restricted our consideration to decision functions h such that,EIh( Y)] = 0 
for all values of 0,0 E n, then the decision h2(y) = 0 is not allowed. Under this 
restriction and with the given ..2'[0, h(y)], the risk function is the variance of 
the unbiased estimator h( y), and we are confronted with the problem of 
finding the unbiased minimum variance estimator. Later in this chapter we 
show that the solution is h(y) = y = i. 

Suppose, however, that we do not want to restrict ourselves to decision 
functions h, such that EIh( Y)] = 0 for all values of 0, 0 E n. Instead, let us 
say that the decision function that minimizes the maximum of the risk 
function is the best decision function. Because, in this example, R(O, h2) = 02 

is unbounded, h2(y) = 0 is not, in accordance with this criterion, a good 
decision function. On the other hand, with - 00 < 0 < 00, we have 

max R(fJ, hi). = max (n) = ~S' 
8 8 

Accordingly, hl(y)=y : X seems to be a very good decision in accordance 
with this criterion because isis small. As a matter offact, it can be proved that 
hi is the best decision function, as measured by the minimax criterion, when 
the loss fUQction is ..2'[fJ, h(y)} = [0 ..... b(y)]2, 

In this example we illustrated the following: 

1. Without some restriction on the decision function, it is difficult to 
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find a decision function that has a risk function which is uniformly 
less than the risk function of another decision function., 

2. A principle of selecting a best decision function, called the minimax 
principle. This principle may be stated as follows: If the decision 
function given by bo(Y) is such that, for all () E Q, 

max R[O, bo(Y)] < max R[(}, o(y)] 
fJ 8 

for every other decision function b(y), then bo(Y) is called a minimax 
decision function. 

With the restriction E[b( Y)] = fJ and the loss function 
~[e, b(y)] = [9 - b(y)]2, the decision function that minimizes the risk 
function yields an unbiased estimator with minimum variance. If, 
however, the restriction E[b( Y)] = 9 is replaced by some other 
condition, the decision function b( y), if it exists, which minimizes 
E{[D - b(Y)Jl} uniformly in D is sometimes called the minimum 
mean-square-error estimator.' Exercises 7.6, 7.7, and 7.8 provide 
examples of this type of estimator. 

There are two additional observations about decision rules and loss 
functions that should be made at this point. First, since Y is a statistic, 
the decision rule b( Y) is also a statistic, and we could have started 
directly with a decision rule based on the observations in a random 
sample, say b l (Xl' X2, ••• , X"). The risk function is then given by 

R(fJ, bl) = E{ ~[O, bl(Xh X2, ••• , X,,)]} 

~ 1: [ .. ·1: g>[9, ",(x" x" ... , x.)] 

if the random sample arises from a,continuous-type distribution. We 
did not do this because, as you will see in this chapter, it is rather easy 
to find a good statistic, say Y, upon which to base all of the statistical 
inferences associated with a particular model. Thus we thought it more 
appropriate to start with a statistic that would be familiar, like the 
m.l.e. Y = X in Example 1. The second decision rule of that example 
could be written b2(X" X2, ••• , X,,) = 0, a constant no matter what 
values of Xh X2, ••• , Xn are observed. 

The second observation is that we have only used one loss 
function, namely the square-error loss function !i'( 0, b) =. (e,:- b)2. 
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The absolute-error loss function !£( 0, 0) = 10 - 01 is another popular 
one. The loss function defined by 

!£(O, 0) = 0, 

= b, 10 01> a, 

where a.and b are ~ositive constants, is sometimes refet;:red to as the 
goal post loss function. The reason for this terminology is th~t fQotball 

, . . . . 

fans recognize it is like kicking a field goal: There is no loss (actually 
a three-point gain) if within a units of the middle but b units of loss 
(zero points aw~rded) if outside that restriction:' In addition, loss 
functions can be asymmetric as well as symmetric as the three previous 
ones have been. That is,. for example, it might be more costly to 
underestimate the value of (J than to overesti~ate it. (Many of us think 
about this type of loss function when estimating the time it takes us 
to reach an airport to catch a plane.) Some of these loss functions are 
considered when studying Bayesian estimates in Chapter 8. 

Let us close this section with an interesting illustration that raises 
a question leading to the likelihood principle which many statisticians 
believe is a quality characteristic that estimators should enjoy. Suppose 
tnat two statisticians, A and B, observe 10 independent trials of a 
random experiment ending in success or failure. Let the probability of 
success on each trial be 0, where 0 <0< 1. Let us say that each 
statistician observes one success in these 10 trials. Suppose, however, 
that A had· decided to take n = 10 such observations in advance,and 
found only one success while B had decided to take as many 
observations as needed to get the first success, which happened on the 
10th trial. The model of A is that Y is b(n = 10, 0) and y = 1 is observed. 
On the other hand, B is considering the random variabJe Z that has 
a geometric p.d~f. g(z) = (1 - oy 10, Z = .I, 2, 3, ... , and z = 10 is 
observed. In either case, the relative frequency of success is 

Y I I ------ -n z 10' 

which could be used as an estimate of O. 
Let us observe, however, that one of the corresponding estimators, 

Yin and liZ, is biased. We have 

( Y) 1 l' 
E 10 = 10 E(1') ='10 (108) = 0 
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= 0 + t{l - 0)0 + J{l - 0)20 + ... > o. 
That is, 1 jZ is a biased estimator while Yj lOis unbiased. Thus A is using 
an unbiased estimator while B is not. Should we adjust B's estimator 
so that it too is unbiased? 

It is interesting to note that if we maximize the two respective 
likelihood functions, namely 

L, (6) = (~)8>'(1 -6)'0 - y 

and 

L2(0) = (l - oy ·0, 

with n = 10, y = 1, and z = 10, we get exactly the same answer, t1 = I~. 
This must be the case, because in each situation we are maximizing 
(1 - 0)90. Many statisticians believe that this is the way it should be 
and accordingly adopt the likelihood principle: 

Suppose two different sets of data from possibly two different random 
experiments lead to respective likelihood ratios, L.(6) and ~(6), that are 
proportional to each other. These two data sets provide the same 
information about the parameter 0 and a statistician should obtain the 
same estimate of (J from either. 

In our special illustration, we note that LI(8)oc~(8), and the 
likelihood principle states that statisticians A and B should make the 
same inference. Thus believers in the likelihood principle would not 
adjust the second estimator to make it unbiased. 

EXERCISES 

7.1. Show that the mean i of a random sample of size n from a distribution 
baving p.d.f. I(x; 8) = (l18)e-(JC'ff), 0 < X < 00,0 < 8 < 00, zero elsewhere, 
is an unbiased estimator of 8 and bas variance (fIn. 

7.2. Let XI' X2 • ••• ,Xn denote a random sample from a normal distribution 
n 

with mean zero and variance 8, 0 < 8 < 00. Show that L x: In is an unbiased 
estimator of 8 and has variance 282/n. I 
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7.3. Let Y I < Y2 < Y3 be the order statistics of a random sample of size 3 from 
the uniform distribution having p.d.f.J(x; 0) = 1/0,0 < x < 0,0< 0 < 00, 

zero elsewhere. Show that 4Y" 2Y2, and ~ Y3 are all unbiased estimators of 
O. Find the variance of each of these unbiased estimators. 

7.4. Let Y, and Y2 be two independent unbiased estimators of O. Say the 
variance of Y1 is twice tlie variance of Y2• Find the constants k, and k2 so 
that kl Y1 + k2 Y2 is an unbiased estimator with smallest possible variance 
for such a linear combination. 

7.5. In Example I of this section, take ...2"'[0, «5(y)] = 10 - «5(y)l. Show that 
R(O, «5 1) = f~ and R(O, «52) = 101. Of these two decision functions «5, and 
b2 , which yields the smaller maximum risk? 

7.6. Let XI, X2, ••• , XII denote a random sample from a Poisson distribution 
" 

with parameter 8, 0 < 0 < 00. Let Y = L Xi and let ...2"'[0, «5(y)] = 
1 

[0 - bCV)}2. If we restrict our considerations to decision functions of the 
form «5(y) = b + yin, where b does not depend upon y, show that 
R«(J, <5) = bl + O/n. What decision function of this form yields a uniformly 
smaller risk than every other decision function of this form? With this 
solution, say «5, and 0 < (J < 00, determine max R(8, «5) if it exists. 

(J 

7.7. Let Xh X2, ••• ,XII denote a random sample from a distribution that is , II _ 
N(p., 0), 0 < 0 < 00, where Jl is unknown. Let Y = L (Xi - X)2/n = $2 and 

~ I 

let ...2"'[0, «5(y)] = [0 - «5(y)]2. If we consider decision functions of the form 
b(y) = by, where b does not depend upon y, show that R(O, b) = (82

/ 

n2)[{n2 
- 1)b2 - 2n(n - 1)6+ n~. Show that b = n/(n + I) yields a 

minimum risk for decision functions of this form. Note that n Y/(n + 1) is 
not an unbiased estimator of 8. With «5(y) =ny/(n + I) and 0 < 8 < 00, 

determine max R(O, «5) if it exists. 
(J 

7.8. Let XI, X2, • .. ,XII denote a random sample from a distribution that IS 
II 

b(l, 0), 0 < 0 < 1. Let Y == L Xi and let ...2"'[8, b(Y)] = [8 - «5(y)J2. Consider 
I 

decision functions of the form b(y) = by, where b does not depend upon y. 
Prove that R(O, «5) = b2n8(1 - 8) + (bn - 1)282• Show that 

provided that the value b is such that bln > 2(bn - 1 y. Prove that b == l/n 
does not minimize max R(8, «5). ' 

e 
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7.9. Let XI' X2, ••• , Xn be a random sample from a Poisson distribution with 
mean () > O. 
(a) Statistician A observes the sample to be the values XI' X2, ••• , Xn with 

sum YI = k Xi' Find the m.I.e. of 8. 
(b) Statistician B loses the sample values x .. X2, ••• ,Xn but remembers the 

sum YI and the fact that the sample arose from a Poisson distribution. 
Thus B decides to create some fake observations which he calls 
z .. Z2, ••• ,Zn (as he knows they will probably not equal the original 
x-values) as foHows. He notes that the conditional probability of 
independent Poisson random variables ZI' Z2, ... , Zn being equal to 
Z .. Z2, ••• ,Zn, given 1: Z; = y., is 

"fF'e- 1A 
(}Z2e-e (]Zne-e 

ZI! (:~;Y1e~~ z.! = ZI! z2i~' .. z,! (~r(~r·· (~r 
YI! 

since YI = :£ Z; has a Poisson distribution with mean n9. The latter 
distribution is multinomial withYI independent trials, each terminating 
in one of n mutually exclusive and exhaustive ways, each of which has 

. the same probability I In. Accordingly, B runs such a multinomial 
experiment YI independent trials and obtains z .. Z2, ••• 'Zn' Find the 
likelihood function using these z-values. Is it proportional to that of 
statistician A? 
Hint: Here the likelihood function is the product of this conditional 
p.d.f. and the p.d.f. of Y1 = 1: Z;. 

J 

7.2 A Sufticient Statistic for· a· Parameter 
J 

Suppose that XI, X2, ••• ,Xn is a random sample from a dis-
tribution that has p;d.f. f(x; 0), 8 e n. In Cpapter 6 and Section 7.1 
we constructed statistics to make statisti0al inferences as illustrated by 
point and interval estimation and tests of statistical hypotheses. We 
note that a statistic, say Y = U(XI' X2, ••• ,XII)' is a form of data 
reduction. For illustration, instead of listing all of the individual 
observations XI, X2, ••• , Xn, we nJ.ight prefer to give only the sample 
mean X or the sample variance $2. Thus statisticians look for ways of 
reducing a set of data so that these data can be more easily understood 
without losing the meaning associated :'with the entire set of 
observations. 

It is interesting to note that a statistic Y = U(XI' X2 , ••• , Xn) really 
partitions the sample space of Xh X2, ••• ,Xn • For illustration, 
suppose we say that the sample was observed and x = 8.32. There are 
many points in the sample space which have that same mean of 8.32, 
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and we can consider them as belonging to the set {(XI' X2, •.• ,X,,) : 
x = 8.32}. As a matter of fact, all points on the hyperplane 

XI + X2 + ... + Xn = (8.32)n 

yield the mean of i = 8.32, so this hyperplane is that set. However, 
there are many values that X can take and thus there are many 
such sets. So, in this sense, the sample mean X --or any statistic 
Y = U(XI' X2, ••• , X,,}--partitions the sample space into a collection 
of sets. 

Often in the study of statistics the parameter 8 of the model is 
unknown; thus we desire to make some statistical inference about it. In 
this section we consider a statistic denoted by YI = UI (XI, X2, ••• , Xn), 

which we call a sufficient statistic and which we find is good for making 
those inferences. This sufficient statistic partitions the sample space in 
such a way that, given 

(Xh X2, ... , X,,) E {(X., X2, ..• ,x,,) : u,(x., X2, ... ,x,,) = yd, 
the conditional probability of XI, X2, ••• , X" does not depend upon 8. 
Intuitively, this means that once the set determined by YI = YI is fixed, 
the distributi9n of another statistic, say Y2 = U2(XI, X2, ... , X,,), does 
not depend upon,the parameter 8 because the cf;>nditional distribution 
of X., X2, ••• , X" does not depend upon 8. Hence it is .impossible to 
use Yh given YI = y., to make a statistical inferen~ about 8. So, in a 
sense, YI exhausts all the information about 8 that is contained in the 
sample. This is why we call Y. = u, (X" X2, ••• ,X,,) a sufficient 
statistic. 

To understand clearly the definition of a sufficient statistic for a 
parameter 8, we start with an illustration. 

Example 1. Let X., X2 , ••• ,Xn denote a random sample from the 
distribution that has p.d.f. 

f(x; 9) = OX(l - 9)I-x, x = 0, 1; 0 < 9 < 1; 

= 0 elsewhere. 

The statistic Y, = XI + X2 + ... + Xn has the p.d.f. 

g,(y,; 0) = (:,,'(1 - 0Y-Y" y, ~ 0, I, ... ,n, 

= 0 elsewhere. 

What is the conditio.nal probability 

Pr (XI = X" Xl = X2, •.. , Xn = xnl Y1 = y,) = P(AIB), 
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say, where y, = 0, 1,2, ... ,n? Unless the sum of the integers x" X2, ••• , XII 

(each of which equals zero or 1) is equal to Y .. the conditional probability 
obviously equals zero because A " B = 0. But in the case YI = 1: Xi, we have 
thatA c BsothatA " B = Aandp(AIB) = P(A)/P(B);thustbeconditional 
probability equals 

9X'(l - 6)I-XI6x2(1 - 6)1-.Xl ... 9Xi1 - 6)I-X" = tJIXi(l - 6)1I-1:x/ 

(;,r'(1 -6)" - y, (i X}IX~ 1 - 6)" - IX, 

1 ---

Since YI = XI + Xl + ... + XII equals the number of Its in the n inde
pendent trials, this conditional probability is the probability of selecting 
a particular arrangement of y, l's and (n - y,) zeros. Note that this 
conditionar probability does not depend upon the value of the parameter 9. 

j 

In general, let g. (YI; 8) be the p.d.f. of the statistiC Y. = 
u,(X" X2, • •• , XII)' where X" Xh ••• , XII is a random sample arising 
from a distribution of tile discrete type having p.d.f./(x; 8), 8 E n. The 
conditi9rlal probability of XI = XI, X2 = X2, ... , XII = XII' given 
Y. = Y., equals 

I(x.; 8)/(X2; 8) ... l(xlI ; 8) 

gl[U.(XI~ X2, ... ,XII); 0]' 

provided that XI, X2, ••• ,XII are such that the fixed YI = 
u.(x" X2, ••• ,xn), and equals zero otherwise. We say that 
YI = UI(X" Xh . •. , XII) is a sufficient statistic for 8 if and only if this 
ratio does not depend upon O. While, with distributions of the 
continuous type, we cannot use the same argument. we do, in this case, 
accept the fact that if this ratio does not depend upon 8, then the 
conditional distribution of X" X2 , ••• ,XII' given Y, = y" does not 
depend upon 8. Thus, in both cases, we use the same definition of a 
sufficient statistic for 8. 

Definition 2. Let XI, X2, ••• ,XII denote a r~ndom sample 
of size n from a distribution that has p.d.f. I(x; 8), 0 E n. Let 
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Y) = u) (Xl' Xh ... , X,,) be a statistic whose p.d.f. is g I (YI; 8). Then YI 

is a sufficient statistic for 8 if and only if 

f(XI; 8)!(X2; 8) ... !(x,,; 8) 
------~.-:-.-- = H(x) , Xh' .. ,x,,), 
gl [UI (Xl, X2, ••• , xn); 8] 

where H(xh X2, ... ,xn) does not depend upon 8 E n. 

Remark. In most cases in this book, XI, x2, ••• , XII do represent the 
observations of a random sample; that is, they are LLd. It is not necessary, 
however, in more general situations, that these random variables be 
independent; as a matter of fact, they do not need to be identically distributed. 
Thus, more generally, the definition of sufficiency of a statistic 
YI = UI(X" X2, ••• , X,,) would be extended to read that 

!(XI, Xl, ••• , X,,; 8) 
--::..~-~---~ = H(x, , Xh .•• ,XII) 
gl[U,(X" Xl,· .. , X,,); 8] 

does not depend upon 8 E a, where !(x" Xh .•• , X,,; 8) is the joint p.d.f. 
of XI, Xl, ... ,XII' There are even a few situations in which we need an 
extension like this one in this book. 

We now give two examples that are illustrative of the definition. 

Example 2. Let XI' X2, •• • ,X" be a random sample from a gamma 
distribution with ex = 2 and P = 8 > O. Since the m.g.f. associated with this 

" 
distribution is M(t) = (1 - Ot)-2, t < 110, the m.g.f. of Y1 = L Xi is 

j = I 

Thus Y I has a gamma distribution with ex = 2n and P = 0, so that its p.d.f. is 

( . 0) - 1 2n-Ie-YI/8 
gl y" - r(2n)02" YI , 0< YI < 00, 

= 0 elsewhere. 

Thus we have that the ratio in Definition 2 equals 
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where 0 < Xi < 00, i = I, 2, ... , n. Since this ratio does not depend upon (J, 

the sum Y. is a sufficient statistic for (J. 

EXlJlllpk 3. Let Y. < Y2 < ... < YII denote the order statistics of a 
random sample of size n from the distribution with p.d.f. 

I(x; (J) = e- Ix 6)1(8. 00) (x). 

Here we use the indicator function of set A defined by 

IA(x) = 1, xeA, 

=0, x¢A. 

This means, of course, that/(x; (J) = e-(x-8), (J < x < 00, and zero elsewhere. 
The p.d.f. of Y. = min (Xi) is 

g,(y,; (J) = ne-nf.Y, 6)/19,OO)(y,). 

Thus we have that 

II 

since n 1(6.00)(x;) = 1(6.oo)(min Xi), because when (J < min Xi, then (J < XI! 
1- , 

i = 1, 2, ... ,n, and at least one x-value is less than or equal to 8 when 
min x;:S (J. Since this ratio does not depend upon 0, the first order statistic 
Y. is a sufficient statistic for O. 

If we are to show, by means of the definition, that a certain 
statistic Y, is or is not a sufficient statistic for a parameter 8, we must 
first of all know the p.d.f. of Y" say g,(y,; 8). In some instances it may 
be quite tedious to find this p.d.f. Fortunately, this problem can be 
avoided if we will but prove the following factorization theorem of 
Neyman. 

Theorem 1. Let X .. X2, • •• ,Xn denote a random sample from 
a distribution that has p.d.f. f(x; 8), 8 E n. The statistic Y 1 = 
UI (XI, X2, ••• , Xn) is a sufficient statistic for 8 if and only if we can find ' 
two nonnegative functions, kl and k2' such that 

f(xl; 8)f(X2; 8) ... f(xn; 8) 

= k,[u.(x" X2, ... ,x,,); 8]k2(x" X2, ... ,x,,), 

where k2(x" X2, ... , xn) does not depend upon 8. 

Proof. We shall prove the theorem when the random variables 
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are of the continuous type. Assume that the factorization is as 
stated in the theorem. In our proof we shall make the one-to-one 
transformation YI = UI (XI, ... , xn), Y2 = U2(XI, ... , xn), ... ,Yn = 

un(x" ... ,xn) having the inverse functions X, = w,(y" ... ,Yn), 
X2 = W2(Yt, ... ,Yn), ... , Xn = wiy" ... ,Yn) and Jacobian J. The 
joint p.d.f. of the statistics Y" Yh .•. , Yn is then given by 

g(y., Y2, ... ,Yn; 8) = kl (YI; 8)kz(w
" 

wz, ... , wn)IJI, 

where Wj = w;(y" Y2, ... ,Yn), i = 1,2, ... ,n. The p~d:f. of Yh say 
gl (y,; 8), is given by 

g I (y,; 6) = f'" .. -f'" g(y,. y, • ... ! Y.; 6) dy, ... dy. 
-00 -00 

= kl(Y,; 8) f'" ... f'" IJlk,( w,. w, • ...• w.) dY2 ... dy •. 
-00 -00 

Now the function k2 dpes not depend upon 8. Nor is 8 involved in 
either the Jacobian J or the limits of integration. Hence the (n - 1)
fold in~egraJ in the right'!'hand, member of the preceding equation is 
a function of y, alone,.s~y m(YI). Thus 

" ' 

g,(YI; 8) = k,(y,; 8)m(y,). 

If m{Yl) = 0, then g,(YI; 8) = 0. If m(YI) > 0, we can write 

k,[ II ,). 8] _ g,[ul(x"" . ,xn); 8] .. 
I UJ \X h ... , Xn , - , 

m[u, (XI , .•. , Xli)] 

and the assumed factorization becomes 

Since neither the functio~ k2 nor the function m depends upon (J, then 
in accordance with, the definition, Y, is a sufficient statistic for the 
parameter 8. 

Conversely, if YI is a sufficient statistic for (J, the factorization can 
be realized by taking the function k, to be the p.d.f. of Y1, namely the 
function g I. This completes the proof of the theorem. 

ExlUlfple 4. Let Xh X2, ••• , Xn denote a random sample from a distri-
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bution that is N(8, 0-2), - 00 < 0 < 00, where the variance 0-2 > 0 is known. 
n 

If X = L xt/n, then 
I 

n n n 

L (Xi - 0)'- = L [(Xi - X) + (x - 8)]2 = L (Xi - X)2 + n(i - 8)2 
i-I i-I i-I 

because 
n n 

2L (Xi - i)(i - 8) = 2(X - 8) L (Xi - X) = O. 
;= I i=. 

Thus the joint p.d.f. of XI, X2, ••• , Xn may be written 

( fo)n exp [-.f (Xi - 8)2/2(12J 
(1 21t 1=1 

= {exp [-n(i - 0)2/2a2]} 

Since the first factor of the right-hand member of this equation depends upon 
X" X2, .•• ,xn only through x, and since the second factor does not depend 
upon 8, the factorization theorem implies that the mean i of the sample is, 
for any particular value of 0-2, a sufficient statistic for 8, the mean ofthe normal 
4istribution. 

We could have used the definition in the preceding example because 
we know that X is N( (J, (12/11). Let us now consider an example in which 
the use of the definition is inappropriate. 

Example 5. Let X" X2, ••• ,Xn denote arandom sample from a distri
bution with p.d.f. 

f(x; 0) == 8x! • , . 0 < X < I, 

= 0 elsewhere, 

where 0 < O. We shall use the factorization theorem to prove that the product 
u,(X" X2, ••• ', Xn) = X,X2 ••• Xn is a sufficient statistic for O. The joint p.d.f. 
of Xit X2 , ••• , Xn is 

/J"(x, x, ... x,), - , = [I/"(x, x, ... x'>'1(x, x, ~ .. xJ 

where 0 < Xi < 1, i = 1, 2, ... ,n. In the factorization theorem let 

. k. lUi (X., X2' .•• , Xn ); 0] = 8"(Xl X2 ••• xn)' 
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and 

Since k2(XI, X2, ... , xn) does not depend upon 8, the product X I X2 ... Xn is 
a sufficient statistic for 8. 

There is a tendency for some readers to appJy incorrectly the 
factorization theorem in those instances in which the domain of 
positive probability density depends upon the parameter 8. This is due 
to the fact that they do not give proper consideration to the domain 
of the function k2(x., X2, ••• ,xn). This will be illustrated in the next 
example. 

ExtllllJlle 6. In Example 3 with fix; 8) = e-(x - 0) 1(0,00) (x), it was found 
that the first order statistic Y, is a sufficient statistic for 8. To illustrate our 
point about not considering the domain of the function, take n = 3 and note 
that 

or a similar expression. Certainly, in the latter formula, there is no 8 in the 
second factor and it might be assumed that Y3 = max Xi is a sufficient 
statistic for 8. Of course, this is incorrect because we should have written the 
joint p.d.f. of XI' X2, X3 as 

[e-(XI 0) 1(8.oolx , )][e-(X2 - 9)1(11,00) (x2)][e-(X) - 9)1(1I.00)(x3)] 

= [e3111(8.00) (min xi»)[e-~1 - X2 - X3] 

because l(o.oo)(min Xi) = 1(8,00)(x, )1(11.00) (x2)1(1I.00) (X3)' A similar statement cannot 
be made.with max Xi' Thus Y, = min Xi is the sufficient statistic for 8, not 
YJ '. max Xi' 

EXERCISES 

7.10. Let XI, X2, ••• , Xn be a random sample from the normal distribution 
n 

. N(O, 8), 0 < 8 < 00. Show that L X~ is a sufficient statistic for 8. 
I 

7.11. Prove that the sum of the observations of a random sample of size n 
from a Poisson distribution having parameter 8, 0 < 8 < 00, is a sufficient 
statistic for 8. 

7.12. Show that the nth order statistic of a random sample of size n from the 
uniform distribution having p.d.f. I(x; 8) = 1/8, 0 < X < 8, 0 < 8 < 00, 

zero elsewhere, is a sufficient statistic for 8. Generalize this result by 
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considering the p.d.f. f(x; 0) = Q(8)M(x), 0 < x < 0, 0 < 0 < 00, zero 
elsewhere. Here, of course, 

1
8 

1 
M(x)dx=-. 

o Q(O) 

7.13. Let Xl> X2, ••• ,Xn be a random sample of size n from a geometric 
distribution that has p.d.f. f(x; 0) = (1 - oyo, x = 0, 1, 2, ... , 0 < 0 c< 1, . " 

zero elsewhere. Show that L Xi is a. sufficient statistic for O. 
I 

. . 
7.14. Show that the sum of the observations of a random sample of size n 

from a gamma distribution that has p.d.f.Jtx; 0) = (1/8)e-x/8, 0 < X < 00, 

o < 0 < 00, zero-elsewhere, is a sufficient statistic for O. 

7.15. Let X., X2, ••• , Xn be a random sam pIe of size n from a beta distri bution 
with parameters ex = 0 > 0 and fJ = 2. Show that the product XI X2 ••• Xn 
is a sufficient statistic for.O. 

7.16. Show that the product ofthe sample observations is a sufficient statistic 
for 0 > 0 if the random sample is taken from a gamma distribution with 
parameters ex = 0 and fJ = 6. . 

7.17. What is the sufficient statistic for () if the sampl~ arises from a beta 
distribution in which ex = fJ = 0 > O? 

7.3 Properties of a Sufficient Statistic 

Suppose that a random sample XI' X2, ••• , Xn is taken from a 
distribution with p.d.f. fix; 9) that depends upon one parameter 9 E n. 
Say that a sufficient statistic Y1 c UI (XI' X2 , ••• , Xn) for 9 exists and 
has p.d.f. gl (YI; 9). Now consider two statisticians, A and B. Th~firsf 
statistician, A, has all of the observed data XI, X2, ••• ,Xn ; but the 
second, B, has only the value YI of the sufficient statistic. Clearly, A has 
as much information as does B. However, it turns out that B is as well 
off as A in making statistical inferences about 9 in the following sense. 
Since the conditional probability of X., X2, ••• ,Xn , given Y. = y" 
does not depend upon 9, statistician B can create some pseudo 
observations, say Z" Z2, ... , Zm that provide a likelihood function 
that is proportional to that based on XI ,Xh ... , Xn with the factor 
gl (YI; 9) being common to each 1ikelihood. The other factors of the two 
likelihood functions do not depend upon 9. Hence, in either case, 
inferences, like the m.l.e. of 9, would be based upon the sufficient 
statistic YI • 

To make this clear, we provide two illustrations. The first is based 
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upon Example 1 of Section 7.2. There the ratio of the likelihood 
function and the p.d.f. of Y1 is 

L(O) 

II 

where y, = I Xi' Recall that each Xi is equal to zero or 1, and thus YI 
i= J 

is the sum of YI ones and (n- YI) zeros. Say we know only the value YI 
and not XI, X2, ••• ,XII; so we create pseudovalues z" Z2, ••. ,ZII by 
arranging at random YI ones and (n- Yt) zeros so that the probability 

of each arrangement is p = 1/ ~,). Thus the probability that these 

z-values equal the original x-values is p, and hence it is highly 
unlikely, namely with probability p, that those two sets of values 
would be equal. Yet the two likelihood functions are proportional, 
namely 

II II 

because Yt = I Xj= I Zj. Clearly, the m.l.e. of 0, using either ex-
i= I 1= 1 

pression, is Ydn. 
The next illustration refers back to Exercise 7.9. There the sample 

arose from a Poisson distribution with parameter 8> O. It turns 
II 

out that Y, = I Xi is a sufficient statistic for 0 (see Exercise 7.11). In 
i-I 

Exercise 7.9 we found that 

L(O) Yl! (1 )Xl(1)X2 (l)xn 
g,(y,; 0) - XI! X2! ••• XII! n n ... n ' 

when L(O) is the likelihood function based upon XI, X2, ~ .•• , XII' Since 
this is a multinomial distribution that does not depend upon 0, we can 
generate some values of Z" Zh ... , ZII' say Z" Z2, ••• , ZII' that have 
this multinomial distribution. It is interesting to note that while in the 
previous examples the z-values provided an arrangement of the 
x-values, here the z-values do not need to equal those x-values. That 
is, the values ZI, Z2, ••• ,ZII do not necessarily provide an arrangement 
of x" X2, ••• ,XII' It is, however, true that 1: Zi= 1: X;= Yt. Of course, 
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from the way the z-values were obtained, the two likelihood functions 
enjoy the property of being proportional, namely 

, YI! (1)XI(1)X2 (l)xn 
gl(YI; 8) XI! X2! ..• xn! n n ... n 

YI! (I)ZI(I)Z2 (l)zn 
oc gl(YI; 8) Zl! Z2!'" zn! n n ... n . 

Thus, for illustration, using either of these likelihood functions, the 
m.l.e. of8 is Yl/n because this is the value of8 that maximizesgl(Yl; 8). 

Since we have considered how the statistician knowing only the 
value of the sufficient statistic can create a sample that satisfies the 
likelihood principle; and thus, in this sense, she is as well off as 
the statistician that has knowledge of all the data. So let us now state 
a fairly obvious theorem that relates the m.l.e. of 8 to a sufficient 
statistic. 

Theorem 2. Let XI ~ X2, .•. , Xn denote a random sample from a 
distribution that has p.d.f. f(x; 8), 8 e n. If a sufficient statistic 
Y1 = UI (XI' X2, ••• , Xn) for 8 exists and if a maximum likelihood 
estimator t1 of 8 also exists uniquely, then t1 is a function of 
Y1 = UI(XI , X2, ••• ,Xn). 

Proof. Let gl(YI; 8) be the p.d.f. of YI . Then by the definition of 
sufficiency, the likelihood function ' 

= g I [UI (XI, •.. , xn ); 8]H(x" ... , xn ), 

where H(x" ... ,xn ) does not depend upon 8. Thus Land gl, as 
functions of 8, are maximized simultaneously. Since there is one and 
only one value of 8 that maximizes L and hence gl[UI(Xh ... , xn); 6], 
that value of 8 must be a function of UI (XI' X2, ... , xn). Thus the m.l.e. 
t1 is a function of the sufficient statistic YI = UI(Xh X2, ••• ,Xn). " 

Let us consider another important property possessed by a 
sufficient statistic Y. = UI(X" X2, ••• , Xn)for8. Theconditionalp.d.f. 
of a second statistic, say Y2 = U2(X1, X2, ••• , Xn), given YI = YI, does 
not depend upon 8. On intuitive grounds, we might surmise that the 
conditional p.d.f. of Y2, given some linear function aYI + b, a #= 0, 
of Yh does not depend upon 8. That is, it seems as though, the 
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random variable a Y. + b is also a sufficient statistic for 6. This con
jecture is correct. In fact, every function Z = u( Y I ), or Z = 

u[u.(X., X2 , ••• ,Xn )] = v(X., X2 , ••• ,Xn ), not involving 6, with a 
single-valued inverse Y I = w(Z), is also a sufficient statistic for 6. To 
prove this, we write, in accordance with the factorization theorem, 

However, we find that YI = w(z) or, equivalently, u.(x., X2, ... , xn) = 
W[V(XI' X2, ... , xn)], which is not a function of 6. Hence 

f(xl; 6) ... f(xn; 6) = k. {w[v(x., ... , xn)]; 6}k2(xl, X2, ... , xn). 

Since the first factor of the right-hand member of this equation is a 
function of z = v(x l , ... ,xn) and 6, while the second factor does not 
depend upon 6, the factorization theorem implies that Z = u( Y I ) is also 
a sufficient statistic for 6. 

Possibly, the preceding observation is obvious if we think about the 
sufficient statistic YI partitioning the sample space in such a way that 
the conditional probability of X., X2 , ••• , Xn , given Y. = Y., does not 
depend upon 6. We say this because every function Z = u(YI ) with a 
single-valued inverse Y. = w(Z) would partition the sample space in 
exactly the same way, that is, the set of points 

for each y., is exactly the same as 

{(X., X2, ... , xn): v(X., X2, ... , xn) = U(YI)} 

because w[v(X., X2, ... , xn)] = u\ (X., X2, ... , xn) = YI. 

Remark. Throughout the discussion of sufficient statistics, as a matter of 
fact throughout much of the mathematics of statistical inference, we hope 
the reader recognizes the importance of the assumption of having a certain 
model. Clearly, when we say that a statistician having the value of a certain 
statistic (here sufficient) is as well off in making statistical inferences as the 
statistician who has all of the data, we depend upon the fact that a certain 
model is true. For illustration, knowing that we have i.i.d. variables, each with 
p.d.f. f(x; 8), is extremely important; because if that f(x; 8) is incorrect or if 
the independence assumption does not hold, our resulting inferences could 
be very bad. The statistician with all the data could-and should-check to 
see if the model is reasonably good. Such procedures checking the model are 
often called model diagnostics, the discussion of which we leave to a more 
applied course in statistics. 
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We now consider a result ofRao and Blackwell from which we see 
that we need consider only functions of the sufficient statistic in finding 
the unbiased point estimates of parameters. In showing this, we 
can refer back to a result of Section 2.2: If Xl and X2 are random 
variables and certain expectations exist, then 

and 

For the adaptation in context of sufficient statistics, we let the sufficient 
statistic Y1 be XI and Y2, an unbiased statistic of 0, be X2• Thus, with 
E(Y2 IYI) = CP(YI), we have 

(J = E(Y2 ) = E[cp(Y.)] 

and 

var (Y2 ) > var [cp(YJ)]. 

That is, through this conditioning, the function cp( YI ) of the sufficient 
statistic YI is an unbiased estimator of 0 having smaller variance than 
that of the unbiased estimator Y2• We summarize this discussion more 
formally in the following theorem, which can be attributed to Rao and 
Blackwell. 

Tbeorem 3. Let XI, X2, ••• , Xn , n a fixed positive integer, denote a 
random sample from a distribution (continuous or discrete) that has p.d.f. 
f(x; 0),0 E O. Let Y1 = UJ (XI, X2, ... , Xn) be a sufficient statistic for 0, 
and let Y2 = U2(X" X2, ... ,Xn), not a function of Y 1 alone, be an 
unbiased estimator ofO. Then E(YzIYI) = CP(Yl) defines a statistic cp(Y.). 
This statistic cp( Y.) is a function of the sufficient statistic for 0; it is an 
unbiased estimator of 0; and its variance is less than that of Y2• 

This theorem tells us that in our search for an unbiased minimum 
variance estimator of a parameter, we may, if a sufficient statistic for 
the parameter exists, restrict that search to functions of the sufficient 
statistic. For if we begin with an unbiased estimator Y2 that is not a 
function of the sufficient statistic Y. alone, then we can always improve 
on this by computing E(Y2Iy.) = cp(YJ) so that cp(Y1) is an unbiased 
estimator with smaller variance than that of Y2• 

After Theorem 3 many students believe that it is necessary to find 
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first some unbiased estimator Y2 in their search for cp( Y.), an unbiased 
estimator of (J based upon the sufficient statistic Y1• This is not the case 
at all, and Theorem 3 simply convinces us that we can restrict our 
search for a best estimator to functions of Y •. It frequently' happens 
that E( YI ) = a(J + b, where a::/= 0 and b are constants, and. thus 
(YI - b)/a is a function of Y1 that is an unbiased estimator of (J. That 
is, we can usually find an unbiased estimator based on YI without first 
finding an estimator Y2 • In the next two sections we discover that, in 
most instances, if there is one function cp( Y,) that is unbiased, qJ( Y1) 

is the only unbiased estimator based on the sufficient statistic Y1• 

Remark. Since the unbiased estimator qJ( YI ), where cp(y,) = E( Y2IYI), has 
variance smaller than that of the unbiased estimator Y2 of 0, students 
sometimes reason as follows. Let the function 1'(Y3) = E[cp(Y1)!Y3 = Y3], 
where Y3 is another statistic, which is not sufficient for O. By the 
Rao-BlackwelI theorem. we have that E[1'( Y3)] = 8 and 1'( Y3 ) has a smaller 
variance than does cp(Y.). Accordingly, 1'(Y3) must be better than cp(Y1) as 
an unbiased estimator ofO. But this is not true because Y3 is not sufficient; thus 
o is present in the conditional distribution of Y" given Y3 = Y3, and the 
conditional mean 1'(Y3)' So although indeed E[1'( Y3)] = 0, 1'( Y3) is not even 
a statistic because it involves the unknown parameter 0 and hence cannot be 
used as an estimator. 

Example 1. Let XI. X2 , X3 be a random sample from an exponential 
distribution with mean 8 > 0, so that the joint p.d.f. is 

(
_0
1 )3 e-(XI + X2 + X3)/fJ, • 0 < < Xi 00, 

i = 1,2,3, zero elsewhere. From the factorization theorem, we see that 
Y. = X. + Xl + X3 is a sufficient statistic for 8. Of course, 

E(Y,) = E(X, + X2 + X3) = 39, 

and thus Y. /3 = X is a function of the sufficient statistic that is an unbiased 
estimator of 9. 

In addition, let Y2 = X2 + X3 and Y3 = X).. The one~to-one transformation 
defined by 

" 
has Jacobian equal to I and the joint p.d.f. of Y" Y2, Y3 is 

g(y" y" y,; 8) = (~)' e-YII', 0 < y, < y, < y, < 00, 
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zero elsewhere. The marginal p.d.f. of Y, and Y3 is found by integrating out 
Y2 to obtain 

g13(y" y,; 9) = (~)' (y, - y,)e-n", 0 < y, < y, < 00, 

zero elsewhere. The p.d.f. of Y3 alone is 

1 
g3(Y3; 8) ="8 e-n/8, 0 < Y3 < 00, 

zero elsewhere, since Y3 = X3 is an observation of a randopl sample from this 
exponential distribution. 

Accordingly, the conditional p.d.f. of Y" given Y3 = Yl, is 

( 
I .. ) _ gl3(Yh Yl; 8) 

gill YII.Y3 - ( 8) 
gl Y3; 

= (~)' (y, ~ y,)e -IY, - y,l/f, o < Yl < YI < 00, 

(1) fOO (1)2 . Y = 3' "8 (y, - Yl)2e-CY, - Y3}/8 dYI + ; 
13 

= (!) r(3)8
l 
+ Yl = 28 + Y3 = Y(Yl)' 

3 02 3 3 3 

Of course, E[Y( Y3)] = 8 and var [Y( Y3)] < var (Y,/3), but Y( Y3) is not 
a statistic as it involves 8 and cannot be used as an estimator of 8. This 
illustrates the preceding remark. 

EXERCISES 

7.18. In each of the Exercises 7.10, 7.11, 7.13, and 7.14, show that the m.l.e. 
of 8 is a function of the sufficient statistic for 8. 

7.19. Let Y, < Y2 < Yl < Y. < Ys be the order statistics of a random sample 
of size 5 from the uniform distribution having p.d.f. f(x; 8) = 1/8, 
o < x < 8, 0 < 8 < 00, zero elsewhere. Show that 2 Yl is an unbiased 
estimator of 8. Determine the joint p.d.f. of Y3 and the sufficient statistic 
Y, for 8. Find the conditional expectation E(2 Y31Ys) = cp(Ys)' Compare the 
variances of 2 Y3 and cp( Y,). 

Hint: All of the integrals needed in this exercise can be evaluated by 
making a change of variable such as z = y/8 and using the results associated 
with the beta p.d.f.; see Section 4.4. 
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7.20. If XI, X2 is a random sample of size 2 from a distribution having p.d.f. 
f(x; 0) = (11()e- X1B , 0 < x < 00,0 < () < 00, zero elsewhere, find the joint 
p.d.f. of the sufficient statistic YI = XI + X2 for 0 and Y2 = X2• Show that 
Y2 is an unbiased estimatorof() with variance 02. Find E(Y2IYI) = q>(Yl) and 
the variance of q>(Y,). 

7.21. Let the random variables X and Y have the joint p.d.f. 
f( x, y) = (21 (2)e -(x + ,)/B, O' < x < Y < 00, zero elsewhere. 
(a) Show that the mean and the variance of Yare, respectively, 3()12 and 

S(}2/4. 
(b) Show that E( Ylx) = x + (). In accordance with the theory, the expected 

value of X + 0 is that of Y, namely, 3012, and the variance of X + () is 
less than that of Y. Show that the variance of X + 0 is in fact 02/4. 

7.22. In each of Exercises 7. J.p, 7.11, and 7 ~J 2, compute the expected value 
of the given sufficient statistic and, in each case, determine an unbiased 
estimator of 0 that is a function of that sufficient statistic alone. 

7.4 Completeness and Uniqueness 

'Let XI, X2, •• '.' Xn be a random s~mple from the Poisson distri
bution that has p.d.f. 

OXe-8 

f(x; 8) = -,-, x = 0, 1,2, ... ; 0 < 8; x. 

= 0 elsewhere. 
n 

From Exercise 7.11 of Section 7.2 we' know that 
sufficient statistic for 8 and its p:d.f. is 

Y1 = ~ Xi is a 
j - t 

(n8)Y' e-n8 

g\(y\; 8) = y , ' 
I . 

Yl = 0, 1, 2, ... , 

= 0 elsewhere. 

Let us consider the family {g,(YI; fJ) : 0 < 8} of probability density 
functions. Suppose tha,t the function u(Yt ) of Y1 is such that 
E[u(Y\)] = 0 for every 8> O. We shall show that this requires U(YI) 
to be zero at every point Y\ = 0, 1, 2, .... That is, 

0.< 8, 

implies that 

o = u(O) = u(l) = u(2) = u(3) = .... 
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We have for all 8> 0 that 

00 (n8)Y' e-n9 

0= E[u(YI )] = L U(YI) , 
Y1 =0 YI' 

[ 
n8 (n8)2 ] = e-n9 u(O) + u(l) 1T + u(2) 2! + . .. . 

Since e-n8 does not equal zero, we have that 

[
n

2
U(2)] o = u(O) + [nu(l )]8 + 2 82 + .... 

However, ifsuch an infinite series converges to zero for all 8 > 0, then 
each of the coefficients must equal zero. That is, 

n2
u(2) = 0 

u(O) = 0, nu(1) = 0, 2 ' ... 

and thus 0 = u(O) = u(1) = u(2) = ... , as we wanted to show. Of 
course, the condition E[u( Y I )] = 0 for all 8 > 0 does not place any 
restriction on U(YI) wheny. is not a nonnegative integer. So we see that, 
in this illustration, E[u(YI )] = 0 for all 8 > 0 requires that U(YI) equals 
zero except on a set of points that has probability zero for each p.d.f. 
gl(YI; 8), 0 < (J. From the following definition we observe that the 
family {gl (YI; 8) : 0 < 8} is complete. 

Definition 3. Let the random variable Z of either the continuous 
type or the discrete type have a p.d.f. that is one member of the family 
{h(z; 8) : (J EO}. If the condition E[u(Z)] = 0, for every 8 E 0, requires 
that u(z) be zero except on a set of points that has probability zero for 
each p.d.f. h(z; 8), 8 E 0, then the family {h(z; 8) : (J E O} is called a 
complete family of probability 4ensity functions. 

Remark. In Section 1.9 it was noted that the existence of E[u(X)] implies 
that the integral (or sum) converges absolutely. This absolute convergence 
was tacitly assumed in our definition of completeness and it is needed to 
prove that certain families of probability density functions are complete. 

In order to show that certain families of probability density 
functions of the continuous type are complete. we must appeal to the 
same type of theorem in analysis that we used when we claimed that 
the moment-generating function uniquely determines a distribution. 
This is illustrated in the next example. 
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Extllllple 1. Let Z have a p.d.f. that IS a member of the family 
{h(z; 8) : 0 < (J < oo}, where 

h(z, 8) = ! e-z/8 
, 8 ' 0< z < 00, 

= 0 elsewhere. 

Let us say that E[u(Z)] = 0 for every (J > O. That is, 

1100 

"6 0 u(Z)e-z/8 dz = 0, for (J > O. 

Readers acquainted with the theory of transforms wi11 recognize the integral 
in the left-hand member as being essentially the Laplace transform of u(z). In 
that theory we learn that the only functi9n ~(z) transforming to a function of 
(J which is identically equai to zero is u(Z] = 0, except (in'our terminology) on 
a set of points that has probability zero for each h(z; 8), 0 < 8. That is, the 
family {h(z; 8) : 0 < (J < oo} is complete. 

Let the parameter 0 in the p.d.f. f(x; 0), 0 E n, have a sufficient 
statistic YI = "I (XI' X2, ••• , Xn), where XI, X2, ••• , Xn is a random 
sample from this distribution. Let the p.d.f. of Y1 be gl(YI; 0), 0 En. 
It has been seen that, if there is any unbiased estimator Y2 (not a 
function of Y1 alone) of 0, then there is at least one function of Y 1 that 
is an unbiased estimator of 0, and our search for a best estimator of 
o may be restricted to functions of Y1• Suppose it has been verified that 
a certain function q>(Y1), not a function of 0, is such that E[q>(YI )] = 0 
for all values of 0,0 E n. Let y,(Y1) be another function of the sufficient 
statistic Y1 alone, so that we also have E[y,(Y1)] = 0 for all values of 
0, 0 En. Hence 

OEn .. 

If the family {g 1 (YI; 0) : 0 en} is complete, the function q>(YI) -
Y,(YI) = 0, except on a set of points that has probability zero. That is, 
for every other unbiased estimator y,(Y1) of 0, we have 

q>(y') = Y,(YI) 

except possibly at certain special points. Thus, in this sense [namely 
q>(YI) = Y,(YI), except on a set o(points with probability zer01, q>(YI ) 

is the unique function of YI , which is an unbiased estimator of 0. In 
accordance with the Rao-Blackwell theorem, q>(Y1) has a smaller 
variance than every other unbiased estimator of 0. That is, the 
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statistic cp(Y1) is the unbiased minimum variance estimator of 8. This 
fact is stated in the following theorem of Lehmann and Scheffe. 

Theorem4. Let X., X2, ••• ,Xn , n a fixed positive integer, denote a 
random sample from a distribution that has p.d.f. f(x; 8), 8 E 0, let 
Y1 = UI(X" X2, ••• , Xn) be a sufficient statistic for 8, and let thefamity 
{g, (YI ; 8) : 8 EO} of probability density functions be complete. If there 
is a function of Y\ that is an unbiased estimator of 8, then this function 
of Y1 is the unique unbiased minimum variance estimator of 8. Here 
uunique" is used in the sense described in the preceding paragraph. 

The statement that Y1 is a sufficient statistic for a parameter 8~ 
9 e 0, and that the family {gl(YI; 8) : 8 e O} of probability density 
functiop.s is complete is lengthy and sontewhat awkward. We shall 
adopt the less descriptive, but more convenient, terminology that Y. 
is a complete sufficient statistic for 8. 'In the next section we study a fairly 
large class of probability density functions for which a complete 
sufficient statistic Y1 for 8 can be determined by inspection. 

EXERCISES 

7.23. If ail + bz + c = 0 for more thail two values of z. then a = b = c = o. 
Use this result to show that the family {b(2, 0) : 0 < 0 < I} is complete. 

7.24. Show that each of the following families is not complete by finding at 
least one nonzero function u(x) such that E[u(X)] = 0, for all 0 > O. 

1 > 

(a) f(x; 0) = 20' -0 < x < 0, where 0 < (J < 00, 

= 0 elsewhere. 

(b) N(O, (J). where 0 < 0 < 00. 

7.15. Let X" X2, • •• ,Xn represent a random sample from the discrete 
distribution having the probability density function 

f(x; 0) = (IX(1 - 6)1, -x, x = 0, 1, 0 < (J < I, 

= 0 elsewhere. 

II 

Show that :r. = L Xi is a complete sufficient statistic for O. Find the unique 
I 

function of Y1 that is the unbiased minimum variance estimator of O. 
Hint: Display E[u(Y1)] = 0, show that the constant term u(0) is equal 

to zero, divide both members of the equation by 0 -:F 0, and repeat the 
argument. 
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7.26. Consider the family of probability density functions {h(z; 8): 8 En}, 
where h(z; 8) == 1/8,0 < z < 8, zero elsewhere. 
(a) Show that the family is complete provided that n = {8: 0 < 8 < oo}. 

Hint: For convenience, assume that u(z) is continuous and note that the 
derivative of E[u(Z)] with respect to 8 is equal to zero also. 

(b) Show that this family is not complete if n = {8 : 1 < 8 < oo}. 
Hint: Concentrate on the interval 0 < z < I and find a nonzero function 
u(z) on that interval such that E[u(Z)] = 0 for all 8 > I. 

7.27. Show that the first order statistic Y1 of a random sample of size n from 
the di,stribution having p.d.f./(x; 8) = e-(x 6),8 < x < 00, - 00 < 8 < 00, 

zero elsewhere, is a complete sufficient statistic for 8. Find the unique 
function of this statistic which is the unbiased minimum variance estimator 
of 8. 

7.28. Let a random sample of size n be taken from a distribution of the discrete 
type with p.d.f./(x; 8) = 1/8, x = 1,2, ... ,8, zero elsewhere, where 8 is an 
unknown positive integer. 
(a) Show that the largest observation, say Y, of the sample is a complete 

, sufficient statistic for 8. 
(b) Prove that 

[Y"+ 1_ (Y - I)n+ I]/[y" - (Y - 1)"] 

is the unique unbiased minimum variance estimator of 8. 

7.5 The Exponential Class of ProbabiUty Density Functions 

Consider a family (f(x; 6) : 6 e !l} of probability density functions, 
where!l is the interval set!l = {6 : y < 6 < «5}, where y and «5 are known 
constants, and where 

f(x; 6) = exp [p(6)K(x) + S(x) + q(6)], a < x < b, 

=0 elsewhere. (I) 

A p.d.f. of the form (1) is said to be a member of the exponential 
class of probability density functions of the continuous type. If, in 
addition, 

t 

1. neither a nor b depends upon 6, y < 6 < «5, 
2. P(6) is a nontrivial continuous function of 6, y < 6 < «5, 
3. each of K'(x) ¥= 0 and S(x) is a continuous function of x, a < x < b, 
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we say that we have a· regular case of the exponential class. A p.d.f. 

f(x; 0) = exp [p(O)K{x) + S{x) + q{O)], x = a" a2, a3, ... , 
= 0 elsewhere, 

is said to represent a regular case of the exponential class of probability 
density functions of the discrete type if 

1. The set {x: x = a" a2' ... } does not depend upon O. 
2. p{O) is a nontrivial continuous function of 0, y < 0 < O. 
3. K{x) is a nontrivial function of x on the set {x: x = a" a2, .. }. 

For example, each member of the family {f(x; 0): 0 < 0 < oo}, 
where f{x; 0) is N(O, 0), represents a regular case of the exponential 
class of the continuous type because 

f(x; 0) = I e-x2/29 

jhl 

= exp ( - 2~ xl - In jhl) , - 00 < x < 00. 

Let XI, X2, ••• , Xn denote a random sample from a distribution 
that has a p.d.f. that represents a regular case of the exponential class 
of the continuous type. The joint p.d.f. of XI, X2, ••• , X" is 

exp [P(O) ~ K(x,) + ~.S(X') + nq(O)] 

for a < Xi < b, i = 1,2, ... ,n, Y < 0 < 0, and is zero elsewhere. At 
points of positive probability density, this joint p.d.f. may be written 
as the product of the two nonnegative functions 

exp [P(O) ~ K(x,) + nq(O)] exp [~ S(X,)] . 

In accordance with the factorization theorem (Theorem 1, Section 7.2) 
n 

Y, = L K{Xj ) is a sufficient statistic for the parameter 8. To prove that 
I 

n 

Y1 = L K(Xj) is a sufficient statistic for 0 in the discrete case, we take 
I 

the joint p.d.f. of XI, X2, ••• , Xn to be positive on a discrete set of 
points, say, when Xi e {x: x = ai, a2, ... },;;= 1, 2, ... , n. We then use 
the factorization theorem. It is left as an exercise to show that in 
either the continuous or the discrete case the p.d.f. of YI is of the form 

gt(Y,; 0) = R(YI) exp [P(8)y, + nq(O)] 
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at points of positive probability density. The points of positive 
probability density and the function R(y,) do not depend upon (J. 

At this time we use a theorem in analysis to assert that the family 
{g, (YI; (J) : y < (J <~} of probability density functions is complete. 
This is the theorem we used when we asserted that a moment
generating function (when it exists) uniquely determines a distribution. 
In the present context it can be stated as follows. 

Theorem 5. Let f(x; (J), y < (J < ~, be a p.d.f. which represents a 
regular case of the exponential class. Then if XI' X2 , ••• , Xn (where n 
is a fixed positive integer) is a random sample from a distribution with 

n 

p.d.f. f(x; (J), the statistic Yt = I K(X;) is a sufficient statisti£; for 8 and 
I 

the family {g. (y.; 9) : y < (J < d} of probability density functions of Y, 
is complete. 'That is, Y, is a complete sujJicient statistic for O. 

This theorem has useful implications. In a regular case of form 
n 

(I), we can see by inspection that the sufficient statistic is Y, = I K(X;). 
I , 

If we can see how to form a function of Y" say !pC Y,), so that 
E[!P(YI )] = (J, then the statistic !p(Y,) is unique and is the unbiased 
minimum variance estimator of (J. 

EXtlltlple 1. Let XI, X2, ••• , Xn denote a random sample from a normal 
distribution that has p.d.f. 

1 [(X - (J)2] I(x; (J) = ufo exp - 202 ' - 00 < x < 00, -00 < (J < 00, 

or 

/(x; 8) = exp (~ x - ;~ - In J2na' - ~2) . 
Here 02 is any fixed positive number. This is a regular case of the exponential 
class with 

8 
P(8) = 2' u 

K(x) = x, 

S(x) = - ~ -In J2xu2
, 

(J2 
q(8) = - 2u2 • 

Accordingly, Y I = XI + X 2 + ... + Xn = nX is a complete sufficient statistic 
for the mean 8 of a normal distribution for every fixed value of the variance 
rr. Since E(Y,) = n8, then cp(Y,) = Y,/n = Xis the only function of Y. that 
is an unbiased estimator of 8; and being a function of the sufficient statistic 
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YI , it has a minimum variance. That is, X is the unique unbiased minimum 
variance estimator of 9. Incidentally, since Y. is a one-to-one function of 
X, X itself is also a complete sufficient statistic for 9. 

Exampit! Z. Consider a Poisson distribution with parameter 9, 0 < 9 < 00. 

The p.d.f. of this distribution is 

(}Xe-o 
f(x; 9) = -,- = exp [(In 8)x -In (x!) - 8], x. 

= 0 elsewhere. 

x = 0, 1,2, ... , 

If • 

In accordance with Theorem 5, Y. = L Xi is a complete sufficient statistic for 
• 

8. Since E(Y.) = n8, the statistic rp(Y.) = Y'/n = X, which is also a complete 
sufficient statistic for 8, is the unique unbiased minimum variance estimator 
of 8. 

EXERCISES 

7.29. Write the p.d.f. 

I 
1"1 X 8) = - xle-:C/o 

J \ , 6(14 • 0< x < 00, 0 < 8 < 00, 

zero elsewhere, in the exponential form. If XI, X2 , ••• ,Xn is a random 
sample from this distribution, find a complete sufficient statistic Y. for 8 
and the unique function rp( Y.) of this statistic that is the unbiased minimum 
variance estimator of 8. Is rp( Y,) itself a complete sufficient statistic? 

7.30. Let Xl, Xh •.• ,Xn denote a random sample of size n > I from a 
distribution with p.d.f. f(x; 9) = ge-°X, 0 < x < 00, zero elsewhere, and 

n 
8 > O. Then Y = L Xi is a sufficient statistic for 8. Prove that (n - 1)/ Y is 

• the unbiased minimum variance estimator of 8. 

7.31. Let X .. X2 , ••• , Xndenotea random sample of size n from a distribution 
with p.d.f. fix; 8) = 8:x!' " 0 < x < I, zero elsewhere, and 8 > O. 
(a) Show that the geometric mean (X,X2' .. XII)',n of the sample is a 

complete sufficient statistic for 8. 
(b) Find the maximum likelihood estimator of 8, and observe that it is a 

function of this geometric mean. 

7.32. Let X denote the mean of the random sample XI> X2 , • •• ,Xn from a 
gamma-type distribution with parameters IX > 0 and fJ = 8 > O. Compute 
E[X11x]. 
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Hint: Can you find directly a function t/I(X) of X such that 
E[t/I(X») == fJ? Is E(XII~ = t/I(X)? Why? 

7.33. Let X be a random variable with a p.d.f. of a regular case of the 
exponential class. Show that E[K(X)] = -q'(O)/p'(O), provided these 
derivatives exist, by differentiating both members of the equality r exp [p(8)K(x) + S(x) + q(8)] dx = 1 

a 

with respect to O. By a second differentiation, find the variance of K(X). 

7.34. Given that fix; 0) = exp [OK (x) + S(x) + q(O)}, a < x < b, y < 0 < 0, 
represents a regular case of the exponential class, show that the moment
generating function M(t) of Y = K(X) is M(t) = exp [q(O) - q(O + t)], 
Y < 0 + t < 0. 

7.35. Given, in the preceding exercise, that E(Y) = E[K(X)] = O. Prove that 
Y is N(O, 1). 

Hint: Consider M'(O) = 0 and solve the resulting differential equation. 

7.36. If XI, X2, ••• , X" is a random sample from a distribution that has a 
p.d.f. which is a regular case of the exponential class, ,show that the p.d.f. 

n 

of Y I = L K(Xj) is of the form gl(YI; 0) = R(YI) exp [P(O)YI + nq(O)]. 
I 

Hint: Let Y2 = X2, ••• , Y" = XII be n - I auxiliary random variables. 
Find the joint p.d.f. of Y1, Y2 , ••• , YII and then the marginal p.d.f. of Y I • 

7.37. Let Y denote the median and let X denote the mean of a random sample 
of the size n = 2k + 1 from a distribution that is N(p., a2

). Compute 
E(Y1X = X). 

Hint: See Exercise 7.32. 

7.38. Let XI, X2, ••• , X" be a random sample from a distribution with p.d.f. 
f(x; 0) = 02xe-8x

, 0 < x < 00, where 0> O. 
n 

. (a) Argue that Y = L X j is a complete sufficient statistic for O. 
1 

(b) Compute E(l/ Y) and find the function of Y which is the unique 
unbiased minimum variance estimator of 8. 

7.39. Let XI, X2, ••• ,X"' n > 2, be a random sample from the binomial 
distribution b(1, 0). 
(a) Show that YI = XI + X2 + ... + Xn is a complete sufficient statistic 

for O. 
(b) Find the function tp(Y.) which is the unbiased minimum variance 

estimator of O. 
(c) Let Y2 = (XI + X 2)/2 and compute E(Y2). 

(d) Determine E( Y21 Y, = YI)' 
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7.6 Functions of a Parameter 

Up to this point we have sought an unbiased and mmtmum 
variance estimator of a parameter 8. 'Not always, however, are we 
interested in 8 but rather in a function of 8. This will be illustrated in 
the following examples. 

Example 1. Let Xl, X2, ••• ,Xn denote the observations of a random 
sample of size n > I from a distribution that is b(l, (J), 0 < 8 < l. We know 

n 

that if Y = L, Xi' then Yin is the unique unbiased minimum variance estimator 
I 

of 8. Now the variance of Yin is 8(1 - 8)ln. Suppose that an unbiased and 
minimum variance estimator of this variance is sought. Because Y is a 
sufficient statistic for (J, it is known that we can restrict our search to functions 
of Y. Consider the statistic (Yln)(l - Yln)/n. This statistic is suggested by the 
fact that Yin is an estimator of 8. The expectation of this statistic is given by 

! E [Y (1 - Y)] = 1.. E(Y) _1.. E(f2). 
n n n n2 n3 

Now E(Y) = n8 and E(f2) = n8(1 - (J) + n282• Hence 

! E [Y (1 - Y)] = n - 1 (J(l - 8) . 
n n n n n 

If we multiply both members of this equation by nl(n - I), we find that the 
statistic (Yln)(1 - Yln)/(n - I) is the unique unbiased minimum variance 
estimator of the variance of Yin. 

A somewhat different. but also very important problem in point 
estimation is considered in the next example. In the example the 
distribution of a random variable X is described by a p.d.f. f(x; 8) that 
depends upon (J e n. The problem is to estimate the fractional part of 
the probability for this distribution which is at, or to the left of, a fixed 
point c. Thus we seek an unbiased minimum variance estimator of 
ftc; 8), where F(x; 8) is the distribution function of X. 

Example 2; Let X" X2, ••• , Xn be a random sample of size n > 1 from a 
distribution that is N(8, 1). Suppose that we wish to find an unbiased minimum 
variance estimator of the function of (J defined by 

Pr (X < c) = -- e-(x - 8)1/2 dx = (J)(c - 8), I
c 1· 

-oofo 
where c is a fixed constant. There are many unbiased estimators of<l>(c - (J). 

We first exhibit one of these, say u(XI ), a function of XI a]one; We shall then 
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compute the conditional expectation. E[u(XI )IX = x] = q>(x). of this unbiased 
statistic. given the sufficient statistic X. the mean of the sample. In accordance 
with the theorems of Rao-Blackwel1 and Lehmann-Scheffc:. cp(X) is the 
unique unbiased minimum variance estimator of fJ>(c - 8). 

Consider the function U(XI)' where 

U(XI) I, XI < c, 

= 0, X, > c. 

The expected value of the random variable u(X,) is given by 

Joo 1 [(X' - 8)2] 
E[u(X,)] = -00 u(XI) fo exp - 2 dXI 

Jl' J [(XI - 8)2] 
= -00 (I) fo exp - 2 dx" 

because u(x,) = 0, x, > c. But the latter integral has the value fJ>(c - 8). That 
is, u(X,) is an unbiased estimator of «Il(c - 8). -' 

We shall next discuss the joint distribution of X, and X and the conditional 
distribution of X" given X = X. This conditional distribution wi1lenable us 
to compute E[u(X, )/X = X] = cp(x). In accordance with Exercise 4.92, Section 
4.7, the joint distribution of X, and X is bivariate normal with means 8 and 
8, variances' ai = 1 and u~ = lIn. and correlation coefficient p = IIJn. Thus 
the conditional p.d.f. of XI, given X = x, is normal with linear conditional 
mean 

and with variance 

n-I <Ti( I - p2) = -- . 
n 

The conditional expectation of u(X1), given X = x, is then 

_ n 1 n(x, - x) Joo j;S [ -2] 
cp(x) = -co u(x,) n - I fo exp - 2(n _ 1) dXI 

Jl' j;S [ -)2J n I n(x, - X 
= ----exp - dXI 

_ 00 n - I fo 2(n - 1) . 

The change of variable z = In(XI - x)/~ enables us to write, with 

c' = In(c - x)/~, this conditional expectation is 

- Jt:. I 2 [In(c - X)] cp(x) = -- e- Z /2 dz = fJ>(c') = fJ> • 
-oofo Fn=l 
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Thus the unique, unbiased, and minimum variance estimator of ~c - 8) is, 
for every fixed constant c, given by tp(X) = cJ)[Jn(c - X)1Jn="i]. 

Remark. We should like to draw the attention of the reader to a rather 
important fact. This has to do with the adoption of a principle, such as the 
principle of unbiased ness and minimum variance. A principle is not a theorem; 
and seldom does a principle yield satisfactory results in all cases. So far, this 
principle has provided quite satisfactory results. To see that this is not always 
the case, let X have a Poisson distribution with parameter 8, 0 < 8 < 00. We 
may look upon X as a random sample of size 1 from this distribution. Thus 
X is a complete sufficient statistic for (J. We seek the estimator of e- 28 that is 
unbiased and has minimum variance. Consider Y = (_I)x. We have 

«> (- (J¥e- 8 

E(y) = E[( -1),,] = L I = e-28
• 

x=o x. 

Accordingly, (-I)X is the unbiased minimum variance estimator of e-26• Here 
this estimator leaves much to be desired. We are endeavoring to elicit some 
information about the number e-26

, where 0 < e-26 < 1. Yet our point 
estimate is either - 1 or + 1, eacl) of which is a very poor estimate of a number 
between zero and I. We do not wish to leave the reader with the impression 
that an unbiased minimum variance estimator is bad. That is not the case at 
aU. We merely wish to point out that if one tries hard enough, he can find 
instances where such a statistic is not good. Incidentally, the maximum 
likelihood estimator of e- 26 is, in the case where the sample size equals 1, e-2X

, 

which is probably a much better estimator in practice than is the unbiased 
estimator ( - 1 )X, 

EXERCISES 

7.40. Let XI, X2 , ••• , Xn denote a random sample from a distribution that is 
N«(J, I), -00 < 8 < 00. Find the unbiased minimum variance estimator 
of (J2. 

Hint: First determine E(X2). 

7.41. Let XI, X2, ••• , Xn denote a random sample from a distribution that is 
N(O, 8). Then Y = L X; is a complete sufficient statistic for (J. Find the 
unbiased minimum variance estimator of (J2. 

7.42. In the notation of Example 2 of this section, is there an unbiased 
minimum variance estimator of Pr ( - c < X ~ c)? Here c > O. 

7.43. Let X" X2, ••• ,Xn be a random sample from a Poisson distribution 
with parameter (J > O. Find the unbiased minimum variance estimator of 
Pr (X ~ 1) = (1 + (J)e-8

• 
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Hint: Let U(XI) = 1, XI:!S':; I, zero elsewhere, and find E[u(X,)IY=y], 
n 

where Y = L Xi' Make use of Example 2, Section '4.2. 
I 

7.44. LetXh X2, ••• , Xndenotea random sample from a Poisson distribution 
with parameter 0 > O. From the Remark of this section, we know that 
E[( _l)XI] = e-2D• 

(a) Show that E[( -I)xq YI = y.1 == (1 - 2In)", where Y1 = X. + X2 + 
···+XII • 

Hint: First show that the conditional p.d.f. of XI' X2, ••• , X II _ I, 

given Y1 = YI, is multinomial, and hence that of XI given Y. YI IS 

b(y., lIn). 
(b) Show that the m.l.e. of e-29 is e-2i• 

(c) Sincey, = nx, show that (1 - 2ln)'lisapproximatelyequal toe-2T when 
n is large. 

7.45. Let a random sample of size n be taken from a distribution that has the 
p.d.f. f(x; 0) = (110) exp ( - xIO)I(o, OO)(x). Find the m.l.e. and the u~biased 
minimum variance estimator of Pr (X ~ 2). 

7.7 The Case of Several Parameters 

In many of the interesting problems we encounter, the p.d.f. may 
not depend upon a single parameter 9, but perhaps upon two (or more) 
parameters, say 9. and 92, where (9., ( 2) E n, a two-dimensional 
parameter space. We now define joint sufficient statistics for the 
parameters. For the moment we shall restrict ourselves to the case of 
two parameters. 

Definition 4. Let XI, X2 , ••• , Xn denote a random sample from a 
distribution that has p.d.f. f(x; 9., ( 2), where (9., ( 2) E n. Let 
Y. = U. (Xl , X2, ... ,Xn) and Y2 = U2(X., X2, .•. ,Xn) be two statistics 
whose joint p.d.f. is g.2(y" Y2; 9" ( 2), The statistics Y. and Y2 are called 
joint sufficient statistics for 9. and 92 if and only if 

f(x ,; 9J, ( 2)f(X2; 9" ( 2)' •• f(xn; 9" ( 2) U( ) . = I~I Xl, X2, ... ,X" , 
gll[U. (XI, ••• , Xn), U2(XI, ... , Xn); 91, 92] . 

where H(x" X2, ... ,xn) does not depend upon 9, or 92 , 

As may be anticipated, the factorization theorem can be extended. 
In our notation it can be stated in the following manner. The statistics 
Y. = UI (XI' X2, ••• ,Xn) and Y2 = U2(XI , X2, ••• ,Xn) are joint suffi-
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cient statistics for the parameters 8, and 82 if and only if we can find 
two nonnegative functions k, and k2 such that 

I(Xt; ~h 82}f(X2; 8J, ( 2) ••. I(x,,; Oh ( 2) 

=k,[u,(x" X2,,' .. ~ x,,), U2(X., X2, ... ~ XII); 0" 02]k2(x" X2, ... ,x,,), 

where the function k2(XI, X2, ... ,xn ) does not depend upon both or 
either of 0, and O2, 

EXflIIIJJ1e 1. Let X" X2, ••• , Xn be a random sample from a distribution 
having p.d.'r. 

1 
I(x; 8" ( 2)= 28

2
' 8,-82 <x<8, +82, 

= 0 elsewhere, 

where - 00 < 8, < 00, 0 < 82 < 00. Let Y1 < Y2 < . . . < Yn be the order statis
tics. The joint p.d.f. of Y, and Yn is given by 

. n(n-l) n-2 
g'n(Y" YII' 8" ( 2) = (28

2
t (yn - y,) , 

and equals zero elsewhere. Accordingly, the joint p.d.f. of X" X2, ••• , Xn can 
be written"for points of positive probability density, 

(
_I )n,= n(n-l)[max (x;)-min (x;)]n-2 

282 (202t 

x (n(n _ I ) [max (;,) - min (X,ll'-2)
Since min (Xi) < Xj < max (Xi), j = I, 2, ... , n, the last factor does not depend 
upon the parameters. Either the definition or the factorization theorem 
assures us that Y, and Yn are joint sufficient statistics for 0, and O2 , 

The extension of the notion of joint sufficient statistics for more 
than two paratneters is a natural one. Suppose that a certain p.d.f. 
depends upon m parameters. Let a random sample of size n be taken 
from the distribution that has this p.d.f. and define m statistics. These 
m statistics are called joint sufficient statistics for the m parameters if 
and only if the ratio of the joiqt p.d.f. of the ol?servations of the random 
sample and the joint p.d.f. of these m statistics does not depend upon 
the m parameters~ whatever the fixed values of the m statistics. Again 
the factorization theorem is readily extended. 

There is an extension of the Rao-Blackwell theorem that can be 
./ 
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adapted to joint sufficient-statistics for several parameters, but that 
extension will not be included in this book. However, the concept of 
a complete family of probability density functions is generalized as 
follows: Let 

• 

{f(v" V2, • 0 • , Vk; 8" 82, ... ,8m ) : (8" 82, ... ,8m) En} 

denote a family of probability density functions of k random variables 
VI, V2, ••• , Vk that depends upon m parameters (8" 82, •• 0 , 8",) E n. 
Let u( V" V2, •• 0 , Vk) be a function of VI, V2, ••• , Vk (but not a function 
of any or all of the parameters). If 

E[u(V., V2, • 0 • , Vk)] = 0 

for all (8" 82 , ••• ,8m) E n implies that U(VI' V2, • 0 • , Vk) = 0 at aU 
points (VI' V2, ••• , Vk), except on a set of points that has probability 
zero for all members of the family of probability density functions, we 
shall say that the family of probability density functions is a complete 
family. 

The remainder of our treatment of the case of several parameters 
will be restricted to probability density functions that represent what 
we shall call regular cases of the exponen'tial class. Let Xl, X2 , ••• , Xn, 

n > m, denote a random sample from a distribution that'depends on 
m parameters and has a pod.f. of the form 

fix; 8" 8, •...• 8 .. ) = exp L~, pi8" 8, •...• 8mlK;(xl 

+ S(x) + q(8" 8, •...• 8 .. )] 

(1) 

for a < x <h, and equals zero elsewhere. 
A p.d.f. of the form (I) is said to be a member of the exponential 

class of probability density functions of the continuous type. If, in 
addition, . 

1. neither a nor b depends upon any or all of the parameters 
8J, 02> . 0 • ,8m, 

2. the p,( 81, O2, ••• ,8m), j = 1, 2, ... , m, are nontrivial, functionally 
independent, continuous functions of 8,,"1, < 8, < O"j = 
I, 2, 0 •• , m, 

3. the Kj (x), j = I, 2, ... , m, are continuous for a < x < b and no one 
is a linear homogeneous function of the others, 
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4. S(x) is a continuous function of x, a < x < b. we say that we have 
a regular case of the exponential class. 

The joint p.d.f. of XI. X2 • •••• Xn is given, at points of positive 
probability density, by 

exp [It piIJ" •.. • IJm ) It, Kix,) + .t, S(x,) + nq(IJ" ...• IJm)] 

= exp L ~'pi IJ, • ... • IJ m) It, IS(x,) + nq( IJ" ... • IJm ) ] 

x exp [.f S(X;)] . 
I = I 

In accordance with the factorization theorem. the statistics 
n n n 

Y1 = L KI (Xi), Y2 = L K2(X;), . .. , Ym = L Km(XJ 
i= I j = I i= I 

are joint sufficient statistics for the m parameters 81, 82, •••• Om. It is 
left as an exercise to prove that the joint p.d.f. of Y1, ••• , Y m is of 
the form . 

R(YI,"· ,Ym) exp [.f Pj(OI,' •. , 8m)Yj + nq(8" ... , Om)] (2) 
)=1 

at points of positive probability density. These points of positive 
probability density and the function R(y" ... , Ym) do not depend upon 
any 'or all of the parameters OJ, 8h ... ,8m • Moreover, in accordance 
with a theorem in analysis, it can be asserted that, in a regular case of 
the exponential class, the family of probability density functions of 
these joint sufficient statistics YI , Y2 , ••• , Ym is complete when n > m. 
In accordance with a convention previously adopted, we shall refer to 
Y., Y2 • ••• , Ym asjoint complete sufficient statisticsfor the parameters 
0., O2, ••• , Om. 

Example 2. Let XI. X2 • •••• Xn denote a random sample from a 
distribution that is N(O" ( 2), - 00 < 0, < 00.0 < O2 < 00. Thus the p.d.f. 
f(x; OJ, ( 2) of the distribution may be written as 

( 
- I 0 I 0i r:;::;;) 

fix; 0., ( 2) = exp 20
2 

xl + O
2 

X - 20
2 

- l~ V 2n02 . 



Sec. 7.71 The Case of Snertll Ptlrtlllleters 345 

Therefore, we can take K, (x) = xl and K2(x) = x. ConsequentJy, the statistics 

and 

are joint complete sufficient statistics for 8, and 82 , Since the relations 

Y2 - Y, - Y~/n L (Xi - X)2 
Z,=-=X Z2= ==----

n' n-l n-l 
define a one-to-one transformation, Z, and Z2 are also joint complete 
sufficient statistics for 8, and 82 , Moreover, 

E(Z,) = 8, and E(Z2) = 82 , 

From completeness, we have that Z, and Z2 are the only functions of Y, and 
Y2 that are unbiased estimators of 81 and 82, respectively. 

Ap.d.f. 

fix; II" II" ... ,11m} = exp Lt pill" II" ... , IIm)~(x} + S(x} 

+ q(1I" II" ... , 11m} ] ' X = a" a" a" ... , 

zero elsewhere, is said to represent a regular case of the exponential 
class of probability density functions of the discrete type if 

1. the set {x : x = QJ, Q2, ••• } does not depend upon any or all of the 
parameters 01, O2, ••• , Om, 

2. the Pj(O" O2, ... ,Om), j = 1,2, ... , m, are nontrivial, functionally 
independent, and continuous functions of OJ, Yj < OJ < tJj , j = 
I, 2, ... , m, 

3. the Kix), j = 1,2, ... , m, are nontrivial functions of x on the set 
{x : x = QJ, Q2' ••• } and no one is a linear function of the others. 

Let X J , X2, ••• , Xn denote a random sample from a discrete-type 
distribution that represents a regular case of the exponential class. 
Then the statements made above in connection with the random 
variable of the continuous type are also valid here. 

Not always do we sample from a distribution of one random 
variable X. We could, for instance, sample from a distribution of two 
random variables V and W with joint p.d.f. f(v, w; OJ, O2, ... , Om). 
Recall that 'by a random sample (V" WI), (V2' W2), ... , (Vn' Wn) from 
a distribution of this sort, we mean that the joint p.d.f. of these 2n 
random variables is given by 

f(v" WI; 0" ... , Om)f(V2, W2; OJ, ... , Om) ... f(vn, Wn; OJ, ... , Om). 



In particular, suppose that the random sample is taken from a 
distribution that has the p.d.f. of V and W of the exponential class 

f(v, w; Oh ... ,8m ) 

[
m ] rn = exp j~' p/O" ... , 8m)K;(v, w) + S(v, w) + q(8" ... , 8m ) 

for a < v < b, c < w < d, and equals zero elsewhere, where a, b, c, d do 
not depend on the parameters and conditions similar to 1 to 4, p. 343, 
are imposed. Then the m statistics 

n n 

Y, = L KJ(V;, Wi), ... , Ym = L Km(V;, W;) 
i-oJ f- I 

are joint complete sufficient statistics for the m parameters 
8" 82, ••• ,8m• 

EXERCISES 

7.4t. Let YI < Y2 <:: Y3 be the order statistics of a random sample of size 3 
from the distribution with p.d.f. 

1 (X - (1) fix; 8), ( 2) = 8
2 

exp - 8
2 

' 

8, < x < 00, - 00 < 8. < 00, 0 < 82 < 00, 

zero elsewhere. Find the joint p.d.f. of Z, = Y" Z2 = Y2 , and Z3 = 
Y, + Y2 + Y3• The corresponding transformation maps the space 
{(y" Y2, Y3): 8, < Y. < Y2 < Y3 < oo} onto the space 

{(ZI, Z2, Z3): 8. < ZI < Z2«Z3 - z,)/2 < oo} 

Show that Z. and Z3 are joint sufficient statistics for 8, and 82 , 

7.47. Let X" X2, ••• , Xn be a ra.ndom sample from a distribution that has 
_ , II 

a p.d.f. of form (1) of this section. Show that Y, = L KI (Xi), 
. i - • 

" 
... , Ym = L KnI(X,) have a joint p.d.f. of form (2) of this section. 

1- I • 

7.48. Let (X" Y,), (X2' Y2), ... ,(XII' Y,,) denote a random sample of size n 
from a bivariate normal distribution with means III and 1l2. positive 

" " 
variances aT and t1~, and correlation coefficient p. Show that LXi' L Y;, 
"" " ' 1 L X7, L y;, and L Xi Y, are joint complete sufficient statistics for the five 
I' , 
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, ,,_ If _' If If_ 

parameters. Are' X = L Xdn, Y = L Ydn, Si = L (X; - X)z/n, ~ = 
If ,,1 , , ' 

L (Yl - yp/n, and L (X, - i)(Yj - y)/nStSz also joint complete sufficient 
I I, 

statistics for these parameters? 

7.49. Let the p.d.f./(x; 8" 82) be of the fo.rm 

exp [PI (8" 82)K,(x) + P2(8 .. 82)K2(x) + Sex) + q(8" 82)], a < x < b, 

zero elsewhere. Let Kj(x) = cKi(x). Show that I(x; 8" 82) can be written 
in the form 

exp [p(8h 82)K(x) + Sex) + q,(8" 82)1, a < x < b, 

.zero elsewhere. This is the reason why it is required that no one Aj(x) be 
'a linear homogeneous function of the others, that is, so that the number of 
sufficient statistics equals the number of parameters." ' 

7 .so. Let Y1 < Yz < ... < YII be the order statistics of a random sample 
X" X2, ••• , X" of sW: n from a distribution of the continuous type with 
p.d.f. fix). Show that the ratio of the joint p.d.f. of X" X2, ••• , XllaQd that 
of Y, < Y2 < ... < Y" is equal to lIn!, which does not depend upon the 
underlying p.d.f. This suggests, that Y, < Y2 < ... < Y" a're joint sUfficient 
statistics for the unknown "parameter" f.' 

7.5t. Let X" X2, ••• ,X" be a random sample .. from the uniform distri
bution with p.d.f. I(x; 8" 82) = 1 /(282), 8. - 82 < X < 8, + 82, where 
- 00 < 8, <: 00 and 82 > 0, and the p.d.f. is equal to zeroel~where. 
(a) Show that Y, = min (XJ and Y" , max (X;), the Joint sufficient 

, statistics for.8, and 82, are complete. 
(b) Find the unbiased minimum variance estimators of 8, and 82 , 

7.52. Let X" X2, ••• ,X" be a random sampl~'from N(8f, 82), 

(a) If the constant b is defined by the equation Pr (X:S; b) = 0.90, fi~d the 
m.l.e. and the unbiased minimum variance estimator of b. 

(b) If c is a given constant, find the m.l.e. and the unbiased Minimum 
variance estimator of Pr (X:S; c). 

7.8 Minimal SufIlcient and,.Ancillary ·Statistics 

In the study of statistics, it is clear that we want to reduce the data 
contained in the entire sample as much as possible without losing 
reJevant information about the important characteristics of the 
underlying distribution. That is,,a large collection of numbers in the 
sample is not as meaningful as a few good summary statistics of those 
data. Sufficient statistics, if they exist, are valuable because we know 
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that the statistician with those summary measures is as well off as the 
statistician with the entire sample. Sometimes, however, there are 
several sets of joint' sufficient statistics, and thus we would like to find 
the simplest one of these sets. For illustration, in a sense, the 
observations XI, Xh •.. , Xn, n > 2, of a random sample from 
N(8, , 82) could be thought of as joint sufficient statistics for 8, and 82, 

We know, however, that we can use X and S2 as joint sufficient statistics 
for those parameters, which is a great simplification over using 
XI, X2 , ••• , Xn, particularly if n is large. 

In most instances in this chapter, we have been able to find a single 
sufficient statistic for one parameter or two joint sufficient statistics for 
two parameters. Possibly the most complicated case considered so far 
is given in Exercise 7A8, in which we find five joint sufficient statistics 
for five parameters. Exercise 7.50 suggests the possibility of using the 
order statistics of a random sample for some completely unknown 
distribution of the continuous tyPe. 

What we would like to do is to change from one set of joint sufficient 
statistics to another, always reducing the number of statistics involved 
until we cannot go any further without losing the sufficiency of the 
resulting statistics. Those statistics that are there at the end of this 
process are called minimal sufficient stat~stics for the parameters. That 
is, minimal sufficient statistics are those that are sufficient for the 
parameters and are functions of every other set of sufficient statistics 
for those same parameters. Often, if there are k parameters, we can find 
k joint sufficient statistics that are minimal. In particular, if there is one 
parameter, we can often find a single sufficient statistic which is 
minimal. Most of the earlier examples that we have considered 
illustrate this point, but this is not always the case as shown by the 
following example. ' 

ExtUllple I. Let XI' X2, ... ,XII be a random sample from the uniform 
distribution '~ver the interval (8 - 1,8 + I) having p.d.f. 

fix; 8) = 0)1(6 - 1.6 + \)(x), where - 00 < 8 < 00. 

The joint p.d.f. of X., X2, ... ,XII equals the product of (!Y' and certain 
indicator functions, namely 

II 

(t)n n 1(6 -1.6+ I)(Xi) = (!Y'{1(6- J,lI + \)[min (Xi)]} {/(6-1,9+ I)[max (Xi)]}, 
i= I 

because 8,- I < min (Xi) < Xi < max (Xi) < 8 + I,j = 1,2, ... ,n. Thus the 
order statistics Y1 = min (XI) and YII = max (Xi) are the sufficient statistics for 
O. These two statistics actually are minima) for, this one parameter, as 
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we cannot reduce the number of them to less than two and stm have 
sufficiency. 

There is an observation that helps us observe that almost all the 
sufficient statistics that we have studied thus far are minimal. We have 
noted that the m.l.e. 8 of 8 is a function of one or more sufficient 
statistics, when the latter exist. Suppose that this m.Le. 8 is also 
sufficient. Since this sufficient statistic 8 is a function of the other 
sufficient statistics, it must be minimal. For example, we have 

1. The m.l.e. 8 = X of 8 in N(8, 0'2), 0'2 known, is a minimal sufficient 
statistic for 8. 

2. The m.l.e. 8 = X of 8 in a Poisson distribution with mean 8 is a 
minimal sufficient statistic for 8. 

3. The m.l.e. 8 = Yn = max (Xi) of 8 in the uniform distribution over 
(0, 8) is a minimal sufficient statistic for 8. 

4. The maximum likelihood estimators 8. = X and 82 = S'- of 81 and 
82 in N(8., ( 2) are joint minimal sufficient statistics for 8. and 82, 

From these examples we see that the minimal sufficient statistics do 
not need to be unique, for any one-to-one transformation of them 'also 
provides minimal sufficient statistics. For illustration, in 4, the 1: Xi and 
1: X; are also minimal sufficient statistics for 8, and 82 , 

ExtIIIIJI1e 2. Consider the model given in Example 1. There we noted that 
Y\ = min (Xi) and Y" = max (Xi) are joint sufficient statistics. Also, we have 

o - I < Y, < Y" < 0 + I 
or, equivalently, 

Y" - I < 0 < Y, + l. 
Hence, to maximize the likelihood function so that it equals (!)", 0 can 'be any 
value between YII - I and Y. + 1. For example, many statisticians take the 
m.l.e. to be the mean of these two end points, namely 

9 = YII - I + Y\ + 1 = Y, + Y" 
1 2 2' 

which is the midrange. We recognize, however, that this m.l.e. is not unique. 
Some might argue that since 9 is an m.l.e. of 0 and since it is a function of 
the joint sufficient statistics, Y1 and Y", for 0, it will be a minimal sufficient 
statistic. This is not the case at all, for 9 is not even sufficient. Note that the 
mJ.e. must itself be a sufficient statistic for the parameter before it can be 
considered the minimal sufficient statistic. 
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There is also a relationship between a minimal sufficient statistic 
and completeness that is explained more fully in the 1950 article by 
Lehmann and Scheffe. Let us say simply and without explanation that 
for the cases in this book, complete sufficient statistics are minimal 
sufficient statistics. The converse is not true, however, by noting that 
in Example I we have 

E[Yn
- Y. _n-IJ=o for all 8. 
2 n + I ' 

That is, there is a nonzero function of those minimal sufficient 
statistics, Y, and Y,., whose expectation is zero for all 8. 

There are other statistics that almost seem opposites of sufficient 
statistics. That is, while sufficient statistics contain all the information 
about the parameters, these other statistics, called ancillary statistics, 
have distributions free of the parameters and seemingly. contain no 
information about those parameters. As an illustration, we know that 
the variance $l of a random sample from N(8, I) has a distribution that 
does not depend upon 8 and hence is an ancillary statistic. Another 
example is the ratio Z =X. /(X. + X2), where X., X2 is a random 
sample from'a gamma distribution with known parameter IX> 0 and' 
unknown parameter fJ = 8, because Z has a beta distribution that is 
free of 8. There are a great number of examples of ancillary statistics, 
and we provide some rules that make them rather easy to find with 
certain models. 

First consider the situation in which there is a location parameter. 
That is, let X., X2, ••• ,X,. be a random sample from a distribution 
that has a p.d.f. of the form !(x - 8), for every real 8; that is, 8 is a 
location parameter. Let Z = u(X" X2, ••• , Xn) be a statistic such that 

for all real d. The one-to-one transformation defined by Wi = Xi - 8, 
i = 1,2, ... ,n, requires that the joint p.d.f. of WI' W2, ••• , W" be 

!(W,)!(W2) ... !(W,.), 

which does not depend upon 8. In addition, we have, because of the 
special functional nature of U(XI' X2, ••• , x,,), that 

Z = u(W, + 8, W2 + 8, ... , W" + 8) = u(W., W2, ••• , W,,) 

is a function of WI, W2, ••• , W,. alone (not of 8). Hence Z must have 
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a distribution that does not depend upon 0 because, for illustration, 
the m.g.f. of Z, namely 

E(e'Z) = Joo '" Joo e'o(x' .... ,x'lj{x, - /J) ••• f(x. - /J) tix, ... tix, 
-IX) -IX) 

is free of O. We call Z = u(X" X2, ••• , X,,) a location-invariant statistic. 
We immediately see that we can construct many examples of 
location-invariant statistics: the sample variance = 8 2

, the sample 
range = Y" - Y I , the mean deviation from the sample median = 
(l/n) I:IXi - median (Xi)l, XI + X2 - X3 - X4 , XI + X3 - 2Xh 

(l/n) I: [Xi - min (Xi)], and so on. 
We now consider a scale-invariant statistic. Let XI, X2, ••• , X" be 

a random sample from a distribution that has a p.d.f. of the form 
(l/O)f(x/O), for all 0 > 0; that is, 0 is a scale parameter. Say that 
Z = U(XI' X2, ••• , X,,) is a statistic such that 

for all c > O. The one-to-one transformation defined by Wi = 
X;jO, i = 1, 2, ... , n, requires the following: (1) that the joint p.d.f. of 
WI, W2 , ••• , W" be equal to 

f(WI )f(W2) ••• f(wn), 

and (2) that the statistic Z be equal to 

Z = u(OW" OW2, ••• ,OWn) = u(W" W2, ••• , W,,). 

Since neither the joint p.d.f. of WI', W2 , ••• , Wn nor Z contain 0, the 
distribution of Z must not depend upon O. There are also many ex-

n 

amples of scale-invariant statistics like this: Z : XI/(XI + X2), Xi /L Xf, 
I 

min (Xi)/max (Xi), and so on. 
Finally, the location and the scale parameters can be combined in 

a p.d.f. of the form (1/02)f[(x - ( 1)/02], - 00 < 01 < 00,0 < O2 < 00. 

Through a one-to-one transformation defined by Wi = (Xi - 01 )/62, 

i = 1, 2, ... , n, it is easy to show that a statistic Z = U(XI' X2, ••• , X,,) 
such that 

U(CXI + d, ... , ex" + d) = U(XI,' .. , x,,) 
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for - 00 < d < 00, 0 < c < 00, has a distribution that does not depend 
upon (}I and (}2' Statistics like this Z = u(X" X2, ••• , Xn) are location
and-scale-invariant statistics. Again there are many examples: 

n-I 

[max (Xi) - min (Xj)]/S, I (Xj + I - Xj)2/S2, (Xi - X)/S, IX; - ~I/S, 
i #= j, and so on. j = I 

Thus these location-invariant, scale-invariant, and location
and-scale-invariant statistics provide good illustrations, with the 
appropriate model for the p.d.f., of ancillary statistics. Since an 
ancillary statistic and a complete (minimal) sufficient statistic are such 
opposites, we might believe that there is, in some sense, no relationship 
between the two. This is true and in the next section we show that they 
are independent statistics. 

EXERCISES 

7.53. Let XI, X2 , ••• ,XII be a random sample from each of the following 
distributions involving the parameter (J. In each case find the m.l.e. of (J and 
show that it is a sufficient statistic for (J and hence a minimal sufficient 
statistic. 
(a) b(l, (J), where 0 < (J :s;; J. 
(b) Poisson with mean (J > O. 
(c) Gamma with IX = 3 and P = (J > O. 
(d) N«(J, l), where - 00 < (J < 00. 

(e) N(O, (J), where 0 < (J < 00. 

7.~. Let Y, < Y2 < ... < YII be the order statistics of a random sample of 
size n from the unifonn distribution over the closed interval [ - (J, (J] having 
p.d.f. f(x; (J) = (l/2(J}/l- B•8J(X). 
(a) Show that Y, and YII are joint sufficient statistics for (J. 
(b) Argue that the m.1.e. of (J equals n = max ( - Y1, YII ). 

(c) Demonstrate that the m.J.e. n is a sufficient statistic for (J and thus is 
a minimal sufficient statistic for (J. 

7.55. Let Y1 < Y2 < ... < YII be the order statistics of a random sample of 
size n from a distribution with p.d.f. 

/(x; 8" 8,) = G') .-'< -',w"Ji.,,<o'(x), 

where - 00 < (J I < 00 and 0 < (J2 < 00. Find joint minimal sufficient 
statistics for (JI and (J2' 
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7.56. With random samples from each of the distributions given in Exercises 
7.53(d), 7.54, and 7.55, define at least two ancillary statistics that are 
different from the examples .given in the text. These examples illustrate, 
respectively, location-invariant, scale-invariant, and location-and-scale
invariant statistics. 

7.9 Sufliciency, Completeness, and Independence 

We have noted that if we have a sufficient statistic Y, for a 
parameter 8, 8 E n, then h(zly,), the conditional p.d.f. of another 
statistic Z, given Y1 = YI, does not depend upon 8. If, moreover, Y1 and 
Z are independent, the p.d.f. g2(Z) of Z is such that g2(Z) = h(zly,), and 
hence g2(Z) must not depend upon 8 either. So the independence of a 
statistic Z and the sufficient statistic Y1 for a parameter 8 means that 
the distribution of Z does not depend upon 8 E n. That is, Z is an 
ancillary statistic. 

It is interesting '0 investigate a ~onverse of that property. Suppose 
that the distribution of an ancillary statistic Z does not depend upon 
8; then, are Z and the sufficient statistic Y, for 8 independent? To begin 
our search for the answer, we know that the joint p.d.f. of Y, and Z 
is g,(YI; 8)h(zly,), where g,(y,; 8) and h(zly,) represent the marginal 
p.d.f. of Y. and the conditional p.d.f. of Z given Y. = Y., respectively. 
Thus the marginal p.d.f. of Z is 

foo g,(y,; 6)h(zly,) dy, = g,(z), 
-00 

which, by hypothesis, does not depend upon 8. Because 

foo g,(z)g, (y,; 6) dy, = g,(z), 
-00 

it follows, by taking the difference of the last two integrals, that 

foo [g,(z) - h(z!y,)]g,(y,; 8) dy, = 0 (I) 
-00 

for all 8 E n. Since Y. is a sufficient statistic for 8, h(zly,) does not 
depend upon 8. By assumption, g2(Z) and hence g2(Z) - h(zIYI) do not 
depend upon 8. Now if the family {g.(y,; 8) : 8 En} is complete, 
Equation (1) would require that 

or 
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That is, the joint p.d.f. of Y1 and Z must be equal to 

gl(Y.; 8)h(zly.) = g\(y\; 8)g2(Z). 

Accordingly, YI and Z are independent, and we have proved the 
following theorem, which was considered in special cases by Neyman 
and Hogg and proved in general by Basu. 

Theorem 6. Let XI, X2 , ••• ,X" denote a random sample from a 
distribution having a p.d.f. f(x; 8), 8 E n, where n is an interval set. Let 
Y1 = U, (XI' X2, ••• , X,,) be a sufficient statistic for 8, and let the family 
{g\(y,; 8): 8 E n} of probability densityfunctions ofY, be complete. Let 
Z = U(Xh X h . .. , X,,) be any other statistic (not afunction ofY, alone). 
If the distribution of Z does not depend upon 8, then Z is independent of 
the sufficient statistic Y I • 

In the discussion above, it is interesting to observe that if Y1 is a 
sufficient statistic for 8, then the independence of Y, and Z implies 
that the distribution of, Z does not depend' upon 8 whether 
{gl(Y\; 8) : 8 E n} is or is not complete. However, in the converse, to 
prove the independence from the fact that g2(Z) does not depend upon 
8, we definitely need the completeness. Accordingly, if we are dealing 
with situations in which we know that the family {g(y,; 8) : 8 En} is 
complete (such as a regular caSe of the exponential class), we can say 
that the statistic Z is independent of the sufficient statistic YI if, and 
only if, the distribution of Z does not depend upon 8 (Le., Z is an 
ancillary statistic). 

It should be remarked that the theorem (including the special 
formulation of it for regular cases of the exponential class) extends 
immediately to probability density functions that involve m parameters 
for which there exist m joint sufficient statistics. For example, let 
X" X2, ••• ,X" be a random sample from a distribution having the 
p.d.f. f(x; 8\, 82) that represents a regular case of the exponential class 
such that there ate two joint complete sufficient statistics for 81 and 82' 
Then any other statistic Z = U(XI' X2, ' • , ,Xn ) is independent of the 
joint complete sufficient statistics if and only if the distribution of Z 
does not depend upon 81 or 82' 

We give an example of the theorem that provides an alternative 
proof of the independence of X and 82

, the mean and the variance of 
a random sample of size n from a distribution that is N(Jl, 0'2), This 
proof is presented as if we did not know that n82j0'2 is x2(n - II 
because that fact and the independence were established in the 
same argument (see Section 4.8). 
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Example 1. Let XI, X2, ... , XII denote a random sample of size n from a 
distribution that is N(p, (12). We know that the mean i of the sample is, for 
every known (12, a complete sufficient statistic for the parameter p, 
- 00 < p < 00. Consider the statistic 

I n _ 

$1 = -n L (X; - X)2, 
; I 

which is location-invariant. Thus $1 must have a distribution that does not 
depend upon p; and hence, by the theorem, Sl and i, the complete sufficient 
statistic for p, are independent. 

Example 2. Let XI, X2 • ... ,Xn be a random sample of size n from the 
distribution having p.d.f. . 

f(x; 8)" = e-(x - II), 8 < x < 00, - 00 < 8 < 00. 

= 0 elsewhere. 

Here the p.d.f. is of the form f(x - 8), where f(x) = e-X, 0 < x < 00, zero 
elsewhere. 'Moreover, we know (Exercise 7.27) that the first order statistic 
Yj = min (Xi) is a complete sufficient statistic for 8. Hence Y. must be 
independent of each location-invariant statistic U(XI' X2; ... , Xn), enjoying 
the property that 

U(XI + d, X2 + d, ... , Xn + d) = U(Xh X2, ... ,xn) 

for all real d. Illustrations of such statistics are $1, the sample range, and 

J II - L [X, - min (Xi)]' 
HI_I 

Example 3. Let Xl> X2 denote a random sample of size n = 2 from a 
distribution with p.d.f. 

o < x < 00, 0 < 8 < 00, 

= 0 elsewhere. 

The p.d.f. is of the form (1/8)f(x/8), where fix) = e-x
, 0 < x < 00, zero 

elsewhere. We know (Section 7.5) that Y. = X. + X2 is a complete sufficient 
statistic 1'for 8. Hence YJ is independent of every scale-invariant statistic 
u(X" X2) with the property u(ex" eX2) = u(XI> X2)' Illustrations of these are 
Xt/X2 and X,/(X1 + X2), statistics" that have 'F and beta distributions, 
respectively. 

Example 4. Let X., X2, ••• ,X" denote a random sample from a 
distribution that is N(8, , 82), - 00 < 8, < 00, 0 < 82 < 00. In Example 2, 



356 Sufficient Sttltistics fCh. 7 

Section 7.7, it was proved that the mean X and the variance S'- of the sample 
are joint complete sufficient statistics for 6, and 62 , Consider the statistic 

n-I 

I (Xi+ I - X;)2 

Z = '" = u(XI, X2 • ... , XII)' 
I (Xi - i)2 , 

which satisfies the propeny that u(ex, + d, ... , ex" + d) = U(XI' ••• , XII)' 

That is, .the ancillary statistic Z is independent of both X and S2. 

Let N(O, , 03 ) and N(Oh 04 ) denote two norma1 distributions. RecalI 
that in Example 2, Section 6.5, a statistic, which was denoted by T, was 
used to test the hypothesis that 01 = O2, provided that the unknown 
variances 03 and 04 were equal. The hypothesis that 0, = O2 is rejected 
if the computed 111 > c, where the constant c is selected so that 
(X2 = Pr (111 > c; 0, = O2, 03 = 04 ) is the assigned significance level of 
the test. We shall show that, if 03 = 04 , F of Exercise 6.52 and Tare 
independent. Among other things, this means that if these two tests 
based on F and T, respectively, are performed sequentially, with 
significance levels (x, and (X2, the probability of accepting both these 
hypotheses, when they are true, is (I - (x,)( 1 - (X2)' Thus the 
significance 1evel of this joint test is (X = 1 - (1 - (X,)( I - (X2)' 

The independence of F and T, when 03 = 04 , can be established by 
an appeal to sufficiency and completeness. The three statistics i, Y, and 
II _ m _ 

1: (Xi - X)2 + 1: (Yj - Y)2 are joint complete sufficient statistics for , , 
the three parameters 0" O2, and 03 = 04 , Obviously, the distribution of 
Fdoes not depend upon 0), O2, or 03 = 04 , and hence Fis independent 
of the three joint complete sufficient statistics. However, Tis a function 
of these' three joint complete sufficient statistics alone, and, 
accordingly. T is independent of F. It is important to note that these 
two statistics are independent whether 0, = O2 or 0, #; O2 , This permits 
us to calculate probabilities other than the significance level of the test. 
For example, if 03 = 04 and 01 #; O2, then 

Pr (c, < F < Ch 111 > c) = Pr (e, < F < e2) Pr <111 > c). 

The second factor in the right-hand member is evaluated by using the 
probabilities for what is called a noncentralt-distribution. Of course, 
if 03 = 04 and the difference 01 - O2 is large, we would want the 
preceding probability to be close to 1 beca use the event 
{e, < F < Ch 111 > c} leads to a correct decision. namely accept 03 = 04 

and reject 0, = 82 , 
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In this section we have given several examples in which the complete 
sufficient statistics are independent of ancillary statistics. Thus, in 
those cases, the ancillary statistics provide no~ information about 
the parameters. However, if the sufficient statistics are not complete, 
the ancillary statistics could provide some information as the following 
example demonstrates. 

Example 5. We refer back to Examples I and 2 of Section 7.8. There the 
first and nth order statistics, YI and Y", were minimal sufficient statistics for 
(), where the sample arose from an underlying distribution having p.d.f. 
(i)1(6 _ 1.6 + I)(x). Often TI = (Y, + Y,,)/2 is used as an estimator of () as it is a 
function of those sufficient statistics which is unbiased. Let us find a 
relationship between T, and -the ancillary statistic T2 = YII - Y,. 

The joint p.d.f. of Y, and Y" is 

() - I < YI < Y" < 6 + 1, 

zero elsewhere. Accordingly, the joint p.d.f. of T, and T2 is, since the absolute 
value of the Jacobian equals 1, 

zero elsewhere. Thus the p.d.f. of T2 is 

h2(12; 6) = n(n -:- l)1~ - 2(2 - (2)/2", o < '2 < 2, 

zero elsewhere, which of course is free of 6 as T2 is an ancillary statistic. Thus 
the conditional p.d.f. of T" given T2 = 12, is 

12 12 
fJ - 1 + 2 < II < fJ + I - 2' 0 < 12 < 2, 

zero elsewhere. Note that this is uniform on the interval (6 - 1 + '2/2, 
6 + 1 - (2/2); so the conditional mean and variance of TI are, respectively, 

and 
(2 - (2)2 

var (T,1/2) = 12 . 

That is, given T2 = 12, we know something about the conditional variance of 
T,. In particular, if that observed value of Tz is large (close to 2), that variance 
is small and we can place more reliance on the estimator T,. On the other 
hand, a small value of 12 means that we have less confidence in TI as 
an estimator of 6. It is extremely interesting to note that this conditional 
variance does not depend upon the sample size n but only on the given value 
of T2 = '2' Of course, as the sample size increases, T2 tends to become larger 
and, in those cases, TI has smaller 'conditional variance. 
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While Example 5 is a special one demonstrating mathematically 
that an ancillary statistic can provide some help in point estimation, 
this does actually happen in practice too. For illustration, we know that 
if the sample size is large enough, then 

T= X-p. 
S/Jn - 1 

has an approximate standard normal distribution. Of course, if the 
sample arises from a normal distribution, X and S are independent and 
Thas a t-distribution with n - 1 degrees offreedom. Even irthe sample 
arises from a symmetric distribution, X and S 'are uncorrelated and T 
has an approximate I-distribution and certainly an approximate 
standard normal distribution with sampJe siies around 30 or 40. On 
the other hand, if the sample arises from a highly skewed distribution 
(say to the right), then X and S are highly correlated and the probability 
Pr ( -1.96 < T < 1.96) is not necessarily close to 0.95 unless the 
sample size is extremely large (certainly much greater than 30). 
Intuitively, one can understand why this correlation exists if the 
underlying distribution is highly skewed to the right. While S has a 
distribution free of p. (and hence is an ancillary), a large value of S 
implies a large value of X, since the underlying p.d.f. is like the one 
depicted in Figure 7.1. Of course, a small value of X (say less than the 
mode) requires a relatively small value of S. This means that unless n 
is extremely large, it is risky to say that 

- 1.96s 
X---r== In -I' 

- J,96s 
X+--r== In-I 

provides an approximate 95 percent confidenceinterval with data from 
a very skewed distribution. As a matter of fact, the authors have seen 
situations in which this confidence coefficient is closer to 70 percent, 
rather than 95 percent, with sample sizes of 30 to 40. 

x 

FIGURE 7.1 
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EXERCISES 

7.57. Let YI < Y2 < Y3 < Y4 denote the order statistics of a random sample 
of size n = 4 from a distribution having p.d.f.f(x; 8) = 1/8,0< x < 8, zero 
elsewhere, where 0 < 8·< oo~ Argue that the complete sufficient statistic Y. 
for 0 is independent of each of the statistics Yj / Y. and (Y. + Y2 )/( Y3 + Y4 ). 

Hint: Show that the p.d.f. is of the fOIm (1/8)f(x/(/), where f(x) = 1, 
o < x < 1, zero elsewhere. 

7.58. Let YI < Y2 < ... < Yn be the order statistics of a random sample from 
the normal distribution N(8, 0-2), - 00 < 8 < 00. Show thatthedistribution _ _ n 

of z= Y" - Y does not depend upon 8. Thus Y = L Y,/n, a complete 
sufficient statistic for 8, is independtmt of Z. I 

7.59. Let XI, X 2 , ••• ,X" be a random sample from the normal distribution 
N( 8, 0-2), - 00 < 8 < 00. Prove that a necessary and sufficient condition that 

n " 
the statistics Z = L ajX; and Y = L X;, a complete sufficient statistic for 8., 

I" I 
be independent is that L at = O. 

I 

7.60. Let X and Y be random variables such that E(X*) and E( ytc) :F 0 exist 
fork = 1,2,3, .... IftheratioX/Yanditsdenominator Yare independent, 
prove that E[(X/Y)"] = E(X*)/E(Y*), k = 1,2,3," ... 

Hint: Write E(X*) = E[Y*(X/y)kj. 

7.61. Let Y, < Y2 < ... < Yn be the order statistics of·a random sample of 
size n from a distribution that has p.d.f.f(x; 8) = (l/8)e- X

/
9

j9 < x < 00, 

o < 8 < 00, zero elsewhere. Show that the ratio R = n YI L Y/ and its 
I 

denominator (a complete sufficient statistic for 8) are independent. Use the 
result of the preceding exercise to determine E(R!'), k = 1,2,3, .... 

7.62. Let XI, X2 , ••• , Xs be a random sample of size 5 from the distribution 
that has p.d.f. f(x) = e-x , 0 < x < 00, zero elsewhere. Show that 
(XI + X 2)/(XI + X 2 + ... + X,) and its denominator are independent. 

Hint: The p.d.r. j(x) is a member of {f(x; 8): 0 < 8 < oo}, where 
f(x; 8) = (l/8)e- x/9 , 0 < X· < 00, zero' elseWhere. 

7.63. Let Y. < Y2 < ... < Yn be the order statistics of a random samP.le from 
the normal distribution N(8) , ( 2), -00 < 81 < 00,0 < 82 < 00. Show that 
~he joint complete sufficient statistics X = iT and Sl for 0. and 82 are 

- I 
independent of each of (Y" - Y)/ Sand (Y" - Y,)/ S. 



7.64. Let Y. < Y2 < ... < Yn be the order statistics of a random sample from 
a distribution with the p.d.f. 

j{X; 0" 0,) = ~, exp ( _ x;, 8,), 
(). < x < 00, zero elsewhere, where - 00 < ()1 < 00,0 < ()2 < 00. Show that 
the joint complete sufficient statistics Y. and X = Y for (). and ()2 are 

independent of (Y, - Y,) It (Y, - Y,). 

7.65. Let X., X2, ••• , X,be a random sample of size n = S from the normal 
distribution N(O, (). 
(a) Argue that the ratio R = (Xi + Xi)/(Xi + ... + X;) and its denomi

nator (Xi + . .. + X;) are independent. 
(b) Does SR/2 have an F-distribution with 2 and S degrees of freedom? 

Explain your answer. 
(c) Compute E(R) using Exercise 7.60. 

7.66. Let Y. < Y2 < ... <' Yn be the order statistics of a random sample of 
size n from a distribution having p.d.f. 

j{x; 0) = (1/O)~xp ( OX). 0< x < 00, 

n 

and equal zero elsewhere, where 0 < () < 00. Show that W = L Y1 and 

I
n I 

Z = nY. ~ Y;areindependent. FindE(zt),k = 1,2,3 •... using the result 

of Exercise 7.60. What is the distribution of Z? 

7.67. Referring to Example S of this section, determine c so that 

Pr( -c < TI - () < clT2 = (2) = 0.95. 

Use this result to find a 9S percent confidence interval for (), given T2 = 12; 

and note how its length is smaller when the range 12 is larger. 

ADDITIONAL EXERCISES 

7.68. Let X" X2, ••• , Xn be a random sample from a distribution with p.d.f. 
f(x; () = ()e- tJx

, 0 < x < 00, zero elsewhere where 0 < (). 
(a) What is the complete sufficient statistic, say Y, for 8? 
(b) What function of Y is an unbiased estimator of 8? 

7.69. Let Y. < Y2 < ... < Yn be the order statistics of a random sample 
of size n from a distribution with p.d.f. f(x; 8) = 1/8, 0 < x < 8, zero 
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elsewhere. The statistic Y" is a complete sufficient statistic for 0 and it has 
p.d.f. 

",n - I n),,, 
g(y ... ; 0) = 8" ' 

and zero elsewhere. 

0< y" < 0, 

(a) Find the distribution function H,,(z; 0) of Z = n(O - Y,,). 
(b) Find the lim H,,(z; 0) and thus the Jimiting distribution of Z. ,,-lo 0() 

7.70. Let XI"", X,,; Y., ... , Y,,; Z" ... , Z" be respective independent 
random samples from three normal distributions N(PI = a. + {J, a2) 
N(1l2 = {J + ,,/, (12), N{Jl3 = a. + ,,/, (12). Find a point estimator for {J that is 
based on X, iT, Z. Is this.estimator unique? Why? If a2 is unknown, explain 
how to find a confidence'interval for {J. 

7.71. Let XI' X2, ••• , X" be a random sample from a Poisson distribution 
. . " 

with mean O. Find the conditional expectation E(XI + 2X2 + 3X31L X;). 
I 

7.72. Let X" X2, ••• ,X" be a random sample of size n from the normal 
distribution N(O, I). Find the unbiased minimum variance estimator of 02. 

7.73. Let XI, X2, ••• ,X" be a random sample from a Poisson distribution 
with mean O. Find the unbiased minimum variance estimator of 02. 

7.74. We consider a random sample X" Xz, ... , X" from a distribution with 
p.d.f./(x; 0) = (I/O) exp (-x/O), 0 < x < 00, zero elsewhere, where 0 < O. 
Possibly, in a life testing situation, however, we only observe the first r order 
statistics, YI < Y2 < ... < Yr' 
(a) Record the joint p.d.f. of these order statistics and denote it by L(O). 
(b) Under these conditions, find the m.l.e., 0, by maximizing L(O). 
(c) Find the m.g.f. and p.d.f. of O. . 
(d) With a slight extension of the definition of sufficiency, is 0 a sufficient 

statistic? 
(e) Find the unbiased minimum variance estimator for O. 
(f) Show that YI/O and t1 are independent. 

7.75. Let us repeat Bernoulli trials with parameter 0 until k successes occur. 
If Y is the number of trials needed: 

(a) Show that the p.d.f. of Y is g(y; 0) = ({:::: :)0'(1 - 0)'-., y = k, 

k + 1, ... , zero elsewhere, where 0 < 0 :s; I. 
(b) Prove that this family of probability density functions is complete. 
(c) Demonstrate that E[(k - I)/(Y - 1)] = O. 
(d) Is it possib1e to find another statistic, which is a function of Yalone, 

that is unbiased? Why? 
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7.76. Let Xh X2, ••• , Xn be a random sample from a distribution with p.d.f. 
f(x; tJ) = fJX(t - tJ), x = 0, 1,2, ... , zero elsewhere, where 0 < tJ :s: 1. 
(a) Find the mJ.e., 0, of tJ. 

n 

(b) Show that I Xi is a complete sufficient statistic for tJ. 
i"" I 

(c) Determine the unbiased minimum variance estimator of tJ. 

7.77. If XIt X2, • <. , Xn il) a random sample from a distribution with p.d.f. 
f(x; tJ)=4lPx2e- ex, 0 < x < 00, zero elsewhere, where 0 < 8 < 00: 

(a) Find the m.l.e., o.,{)f 8. Is 0 unbiased? 
n 

Hint: First find the p.d.f. of Y = L Xi and then compute £(0). 
. . - i", I 

(b) Argue that Y is a complete sufficient statistic for tJ. 
(c) Find the unbiased minimum variance estimator of tJ. 
(d) Show that Xii Y and Yare independent. 
(e) What is the distribution of XilY? 



CHAPTER 8 

More About 
Estimation 

8.1 Bayesian Estimation 

In Chapter 6 we introduced point and interval estimation for 
various parameters. In Chapter 7 we observed how such inferences 
should tie based upon sufficient statistics for the parameters if they 
exist. In this chapter we introduce other concepts related to estimation 
and begin this by considering Bayesian estimates, which are also based 
upon sufficient statistics if the latter exist. 

In introducing the interesting and sometimes controversial 
Bayesian method of estimation, the student should constantly keep 
in mind that making statistical inferences from the data does not 
strictly follow a mathematical approach. Clearly, up to now, we have 
had to construct models before we have been able to make such 
inferences. These models are subjective, and the resulting inference 
depends greatly on the model selected. For illustration, two statis
ticians could very well select different models for exactly the same 
situation and make different inferences with exactly the same data. 
Most statisticians would use some type of model diagnostics to see if 

363 
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the models seem to be reasonable ones, but we must still recognize 
that there can be differences among statisticians' inferences. 

We shall now describe the Bayesian approach to the problem of 
estimation. This approach takes into account any prior knowledge of 
the experiment that the statistician has and it is one application of a 
principle of statistical inference that may be called Bayesian statistics. 
Consider a random variable X that has a distribution of probability 
that depends upon the symbol 0, where 0 is an element ofa well-defined 
set n. For example, if the symbol 0 is the mean of a normal distribution, 
n may be the real line. We have previously looked upon 0 as being some 
constant, although an unknown constant. Let us now introduce a 
random variable e that has a distribution of probability over the set 
n; and, just as we look upon x as a possible value of the random 
variable X, we now look upon 0 as a possible value of the random 
variable 9. Thus the distribution of X depends upon 0, an experimental 
value of the random variable 9. We shall denote the p.d.f. of 9 by h( 0) 
and we take h(O) = 0 when 0 is not an element ofn. Moreover, we now 
denote the p.d.f. of Xby f(xIO) since we think of it as a conditional p.d.f. 
of X, given 9 = O. 

Say XI, X2, ... , Xn is a random sample from this conditional 
distribution of X. Thus we can write the joint conditional p.d.f. of 
XI' X2, ... , Xn, given 9 = 0, as 

f(x) I 0)f(X2 10) ... f(xnIO). 

Thus the joint p.d.f. of XI, X2, ... , Xn and e is 
g(XI, X2, ... , Xn, 0) = f(xdO)f(X210) ... f(xn I O)h(O). 

If 9 is a random variable of the continuous type, the joint marginal 
p.d.f. of XI' X2, ... , Xn is given by 

g,(x,. x" ...• x,) = fa) g(x" x, • ...• x .. /J) d8. 
-00 

If 9 is a random variable of the discrete type, integration would be 
replaced by summation. In either case the conditional p.d.f. of9, given 
XI = x I, . . . , Xn = Xn, is • 

g(X., X2, ... , Xn, 0) 
k(Olx" X2, ... , xn) = ( ) g, XI' X2, ... , Xn 

g,(X., X2' ... , xn) 

This relationship is another form of Bayes' formula. 
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EXIlIIIJIle 1. Let X" Xl, ... ,XII be a random sample from a Poisson 
distribution with mean 6, where 6 is the ob~rved value of a random variable 
a having a gamma distribution with known parameters IX and p. Thus 

[
OX1e-B OXlfe-B] [fI': -Ie-BIll] 

g(x" ... , x., 6) = XI!' .. XII! r(a)fJ«' 

provided that Xi = 0, 1,2, 3, ... , i = 1,2, ... , nand 0 < 6 < 00, and is equal 
to zero elsewhere. Then 

r(~x, H) 
=-----------:---

XI! ••• XII! r(a)fJ«(n + I/P)'E.X;+I1· 

Finally, the conditional p.d.f. of a, given X, = X" ••• ,X" = x,,, is 

k«(}1 ) = g(x., ... , XII' 6) 
X" ... ,X" 

g,(XI, ... ,XII) 

----------r( LX, + ~ )lPl(n,8 + I)F'+·· 

provided that 0 < (} < 00. and is equal to zero elsewhere. This conditional 
p.d.f. is one of the gamma type with parameters IX· = 1: XI + a and 
p. = p/(np + I). 

In Example 1 it is extremely convenient to notice that it is not really 
necessary to determine gl(x" ... ,XII) to find k(Olx" ... ,XII)' If we 
divide 

f(xdO)f(X210) ... f(xII18)h(0) 

by gl (XI, ... , XII)' we must get the product of a factor, which depends 
upon XI, ... , XII but does not depend upon 0, say c(x" ... , XII)' and 

fP Xi + II - Ie -1J/(fJ/(II/1 + ')] . 

That is, 

k(8lx X ) = c(x X )Ll'I:.Xi + 11- le-8/(/J/(II/1 + I)J I,···, II I,"" IIU- , 

provided that 0 < 8 < 00 and Xi = 0, 1,2, ... , i = 1,2, ... ,n. 
However, c(x" .. . ,XII) must be that "constant" needed to make 
k(Olx" ... ,XII) a p.d.f., namely 

1 
c(x" •.. , XII) = -----------. «r x, + IX) IPI(nfl + 1)]",+0 
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Accordingly, Bayesian statisticians frequently write that 
k(8Ixl' ... , xn) is proportional to 

that is, 

k(8Ixl, ... , xn) OC f(xI18) ... f(xnI8)h(8). 

Note that in the right-hand member of this expression all factors 
involving constants and XI, ••• , Xn alone (not 8) can be dropped. For 
illustration, in solving the problem presented in Example 1, the 
Bayesian statistician would simply write 

k(Olx., ... ,xn) oc O'f.Xle-nfJ(J«-le-8/(J 

or, equivalently,' 

k(Olx), ... ,xn) oc gr.xi+a.-le-8/(fJ/(n(J+ I)J, 

o < 8 < 00 and is equal to zero elsewhere. Clearly, k(8Ix., ... ,xn) 
must be a gamma p.d.f. with parameters (X* = 1: Xi + (X and 
P* = pf(np + 1). 

There is another observation that can be made at this point. 
Suppose that there exists a sufficient statistic Y = U(XI' ... , Xn) for the 
parameter so that 

f(x.l8) ... f(xnI8) = g[u(X, , ... , xn)IO]H(x), ... , xn), 

where now g(yIO) is the p.d.f. of Y, given 9 = O. Then we note that 

k(Olx" ... , xn) oc .g[u(xJ' ... , xn)IO]h(8) 

because the factor H(xl' ... , xn) that does not depend upon 8 can be 
dropped. Thus, if a sufficient statistic Y for the parameter exists, we can 
begin with the p.d.f. of Y if we wish and write 

k(8IY) oc g(YI8)h(8), 

where now k(Oly) is the conditional p.d.f. of 9, given the sufficient 
statistic Y = y. The following discussion assumes that a sufficient 
statistic Y does exist; but more generally, we could replace Y by 
X., X2 , ••• ,Xn in what follows. Also, we now use gl(Y) to be the 
marginal p.d.f. of Y; that is, in the continuous case, 

g,(y) = r g(yIO)h(O) dO. 
-IX) 



Sec. 8.11 Bayes;1Uf Estimation 367 

In Bayesian statistics, the p.d.f. h«(J) is called the prior p.d.f 
of 9, and the conditional p.d.f. k«(JIY) is called the posterior 
p.d/. of8. This is because h«(J) is the p.d.f. ofe prior to the observation 
of Y, whereask«(J}y)is the p.d.f. of9 after the observation of Yhas been 
made. In many instances, h«(J) is not known; yet the choice of h«(J) 
affects the p.d.f. k«(JIY). In these instances the statistician takes into 
account all prior knowledge of the experiment and assigns the prior 
p.d.f. h«(J). This, of course, injects the problem of personal or subjective 
probability (see the Remark, Section 1.1). 

Suppose that we want a point estimate of (J. From the Bayesian 
viewpoint, this really amounts to selecting a decision function ~, so that 
~(y) is a predicted value of (J (an experimental value of the random 
variable 9) when both the computed value y and the conditional p.d.f. 
k«(Jly) are known. Now, in general, how would we predict an 
experimental value of any random variable, say W, if we want our 
prediction to be "reasonably close" to the value to be observed? Many 
statisticians would predict the mean, E(JV), of the distribution of W; 
others would predict a median (perhaps unique) of the distribution of 
W; some would predict a mode (perhaps unique) of the distribution of 
W; and some would have other predictions. However, it seems 
desirable that the choice ofthe.decision function should depend upon 
the loss function 'p[(J, ~(y)]. One way in which this dependence upon 
the loss function can be reflected is to select the decision function ~ in 
such a way that the conditional expectation of the loss is a minimum. 
A Bayes' solution is a decision function ~ that minimizes 

E{ !e[e, b(y)] I Y = y} = r !e[II, b(y )]k(IIIY) dO, 
-00 

y' 

if 9 is a random variable of the continuous type. The usual 
modification of the right-hand member of this equation is made for 
random variables of the discrete type. If, for example, the loss function 
is given by 'p[(J, ~(y)] = [(J - ~(y)J2, the Bayes' solution is given by 
~(y) -:- E(9Iy), the mean of the conditional distribution of 9, given 
Y = y. This follows from the fact that E[(W b)2] , if it exists, is 
a minimum when b = E( JV). If the loss function is given by 
'p[(J, ~(y)] = I(J - b(y)/, then a median of the conditional distribution 
of 9, given Y = y, is the Bayes' solution. This follows from the fact 
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that E(I W - hI), if it exists, is a minimum when h is equal to any median 
of the distribution of W. 

The conditional expectation of the loss, given Y = y, defines a 
random variable that is a function of the statistic Y. The expected value 
of that function of Y, in the notation of this section, is given by 

1: {1: ..2'[0, c5(y»)k( Oly) dO }g, (y) dy 

= f., {f., ..2'[0, c5(y»)g(yI6) dy }h(6) d8, 

in the continuous case. The integral within the bra~s in the latter 
expression is, for every given 8 e 0, the risk function R(8, b); 
accordingly, the latter expression is the mean value of the risk, or the 
expected risk. Because a Bayes' solution minimizes r ..2'[0, c5(y»)k(6Iy) d6 

-ao 

for every y for which gl (y) > 0, it is evident that a Bayes' solution b(y) 
minimizes this mean value of the risk. We now give an illustrative 
example. 

EXlUllple 2. Let XI, X2 , ••• ,X" denote a random sample from a 
distribution that is b(l, 9), 0 < 9 < l. We seek a decision function ~ that is a 

" Bayes' solution. The sufficient statistic Y = L Xh and Y is b(n, 9). That is, the 

conditional p.d.f. of Y, given a = 9, is 

g(yIO) = G )/I'() - or -Y, 

= 0 elsewhere. 

I 

y = 0, I, ... , n, 

We take the prior p.d.f. of the random variable a to be 

= 0 elsewhere. 

where a and P are assigned positive constants. Thus the conditional p.d,f. of 
e, given Y = y, is, at points'of positive.probabifity density, 

0<9<1. 
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That is, 

k(Oly) = r(n + a + P) (f+y-I(1- O)p+n y-I, 
r(a + y)r(n + P - y) 

0< 0 < I, 

and y = 0, 1, ... ,n. We take the loss function to be ..27[0, b(Y)] = [0 - b(y)]2. 
Because Y is a random variable of the discrete type, whereas e is of the 
continuous type, we have for the expected risk, 

f.' L to [0 - ci(Y)lt )/1'(1 - /1)" - Y}h( 0) d8 

= t {rl [0 - b(y)]2k(0IY) dO}gl(y). 
y-o Jo 

The Bayes' solution b(y) is the mean of the conditional distribution of9, given 
Y = y. Thus 

ci(y) = f Ok( /IIy) d8 

= r(n + a + P) r1 
(f+Y(l _ O)fI+n-y-1 dO 

r(a + y)r(n + p - y) Jo 

a+y 
-

a+p+n 

This decision function b(Y) minimizes 

f.' [0 - ci(y)fk(Oly) d8 

for y = 0, 1, ... ,n and, accordingly, it minimizes the expected risk. It is very 
instructive to note that this Bayes' solution can be written as 

b(y)-( 'n ):!:+( a+p )~ 
a+p+n n a.+p+n a+p 

which is a weighted average of the maximum likelihood estimate yin of (J and' 
the mean, a/(a + P) of the prior p.d.f. of the parameter. Moreover, the 
respective weights aren/(a + p + n)and(a. + P)/(a. + P + n). Thus we see that 
a and p should be selected so that not only is a/( a + P) the desired prior mean, 
but the sum a + P indicates the worth of the prior opinion, relative to a sample 
of size n. That is, if we want our prior opinion to have as much weight as a 
sample size of 20, we would take a + p = 20. So if our prior mean is t; we have 
that a and p are selected so that a = 15 and P = 5. 

Extunpk 3. Suppose that Y = X, the sufficient statistic, is the mean of a 
random sample of size n that arises from the normal distribution N(O,0-2), 
where (12 is known. Then g(yIO) is N(O, al/n). Further suppose that we 
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are able to assign prior knowledge to 8 through a prior p.d.f. h(8) that is 
N(8o• cro). Then we have that 

k(8Iy) oc 1 1 exp [_ (y - 8)2 _ (8 - 80f ] 
fo,u/';;' fo,uo 2(u2/n) 2cro . 

If we eliminate all constant factors (including factors involving y only), we 
have 

k 8 [ (u~ + u2/n)82 
- 2(ycro + 80u2/n)8] 

( Iy) oc exp - 2(u2/n)cro . 

This can be simplified, by completing the square, to read (after eliminating 
factors not involving 8) 

k( 81y) oc exp 
2(u2/n)cro 

(cro + Ul/n) 
That is, the posterior p.d.f. of the parameter is obviously norma) with mean 

y_~-=-o +_8o_u2,;,.-./n ( cro ) (U2 
/n ) 8 

cro + u2/n = cro + u2/n y + cro + (f/n 0 

and variance (u2/n)cro/(cro + u2/n). Ifthe square-error loss function is used, this 
posterior mean is the Bayes' solution. Again, note "that it is a weighted average 
ofthe maximum likelihood estimate y = x and the prior mean 80 , Observe here 
and in Example 2 that the Bayes' solution gets closer to the maximum 
likelihood estimate as n increases. Thus the Bayesian procedures permit the 
decision maker to enter his or her prior opinions into the solution in a very 
formal way such that the influences of these prior notions will be less and less 
as n increases. 

In Bayesian statistics all the information is contained in the 
posterior p.d.f. k(8Iy). In Examples 2 and 3 we found Bayesian point 
estimates using the square-error loss function. It should be noted that 
if o!l'[b(y), 8] = Ib(Y) - 81, the absolute value of the error, then the 
Bayes' solution would be the median of the posterior distribution of 
the parameter, which is given by k(8\y). Hence the Bayes' solution 
changes, as it should, with different loss functions. 

If an interval estimate of 8 is desired, we can now find two functions 
u(y) and v(y) so that the conditional probability 

Pr [u(y) < e < V(y)IY = y] = fYl 

k(6Iy) dO, 
u(y) 

is large, say 0.95. The experimental values of XI, X2, ••• ,Xn , say 
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XI, X2, ••• , Xn , provide us with an experimental value of Y, say y. Then 
the interval u(y) to v(y) is an interval estimate of 8 in the sense that the 
conditional probability ofa belonging to that interval is equal to 0.95. 
For illustration, in Example 3 where the posterior p.d.f. of the 
parameter was normal, the interval, whose end points are found by 
taking the mean of that distribution and adding and subtracting 1.96 
of its standard deviation, 

«(12jn)(1~ 

(1~ + (J2jn 

serves as an interval estimate for 8 with posterior probability of 0.95. 

EXERCISES 
~ 

8.1. Let X" X2 , ••• , X"bea random sample from a distribution that is b(l, 8). 
Let the prior p.d.f. of a be a beta one with parameters ct and p. Show that 
the posterior p.d.f. k(Olxl, X2, ••• , xn) is exactly the same as k(Oly) given in 
Example 2. 

8.2. Let X" X2, ••• , Xn denote a random sample from a distribution that is 
N(O, (12), - 00 < 0 < 00, where a2 is a given positive number. Let Y = i, 
the mean of the random sample. Take the loss function to be 
9'[0, D(y)] = 10 - D(y)l. If 0 is an observed value of the random variable a 
that is N(p., 1'2), where ~ > 0 and p. are known numbers, find the Bayes' 
solution D(Y) for a point estimate of O. 

8.3. Let XI, X2, ••• , Xn denote a random sample from a Poisson distribution 
n 

with mean 0, 0 < 0 < 00. Let Y = L Xi and take the loss function to be 
~ I 

9'[0, D(y)] = [0 - D(y)]2. Let 8 be an observed value of the random variable 
a. Ira has the p.d.f. h(O) = (P-'e-fJ1P/r(a)p, 0 < 0 < 00, zero elsewhere, 
where a > 0, P> 0 are known numbers, find the Bayes' solution D(y) for 
a point estimate of O. 

8.4. Let Yn be the nth order statistic of a random sample of size n from a 
distribution with p.dJ. f(xIO) = I/O, 0 < x < 0, zero elsewhere. Take the 
loss function to be Z[O, D(Yn)] = [8 - D(YnW. Let 0 be an observed value of 
the random variable a, which has p.d.f. h( 0) = paP /8P + I, ct < 0 < 00, zero 
elsewhere, with ex> 0, P> O. Find the Bayes' solution .5(Yn) for a point 
estimate of O. 

8.5. Let Y, and Y2 be statistics that have a trinomial distribution with 
parameters n, 0" and O2 , Here 0, and O2 are obser~ed values of the random 
variables 8 1 and 8 2, which have a Dirichlet distribution with known 
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parameters IX" 1X2, and 1X3 (see Example I, Section 4.5). Show that the 
conditional distribution of 9 1 and 9 2 is Dirichlet ~nd determine the 
conditional means E(9dy., Y2) and E(92Iy., Y2)' 

8.6. Let X be N(O, 1/8). Assume that the unknown 8 is a value of a random 
variable 9 which has a gamma distribution with parameters IX = r/2 and 
p = 2/r, where r is a positive integer. Show that X has a marginal 
t-distribution with r degrees of freedom. This procedure is called 
compounding, and it may be used by a Bayesian statistician as a way offirst 
presenting the t-distribution, as well as other distributions. 

8.7. Let X have a Poisson distribution with parameter 8. Assume that the 
unknown 8 is a value of a random variable 9 that has a gamma distribution 
with parameters IX = rand P = (1 - p)/p, where r is a positive integer and 
o < p < I. Show, by the procedure of compounding, that X has a marginal 
distribution which is negative binomial, a distribution that was introduced 
earlier (Section 3.1) under very different assumptions. 

8.8. In Example 2 let n = 30. IX = 10, and P = 5 so that t5(y) = (lO + y)/45 is 
the Bayes' estimate of 8. 
(a) If Y has the binomial distribution b(30,8), compute the risk 

E{[8 - t5(Y)]2}. 
(b) Determine those values of 8 for which the risk of part (a) is less than 

8(1 - 8)/30, the risk associated with the maximum likelihood estimator 
Y/n of 8. 

8.9. Let Y4 be the largest order statistic of a sample of size n = 4 from a 
distribution with uniform p.d.f.J(x; 8) = 1/8,0 <' x < 8, zero elsewhere. If 
the prior p.d.f. of the parameter is g( 8) = 2/83, 1 < 8 < 00, zero elsewhere, 
find the Bayesian estimator t5( Y4 ) of 8, based upon the sufficient statistic Y4 , 

using the loss function 1t5(Y4) - 81. 

8.10. Consider a random sample XI. X2, ... , XII from the Weibull distribution 
with p.d.f. J(x; 8, 't') = 8't'xt 

- le-8xr, 0 < x < 00, where 0 < 8, 0 < 't', zero 
elsewhere. 
(a) If't' is known, find the m.l.e. of 8. 
(b) If the parameter 8 has a prior gamma p.d.f. g(8) with parameters IX and 

p. = 1/ p, show that the compound distribution is a Burr type with p.d.f. 
h(x) = 1X't'P«Xt-I/(xt + P)a.+ 1,0 < X < 00, zero elsewhere. 

(c) If, in the Burr distribution, 't' and P are known. find the m.l.e. of IX based 
on a random sample of size n. 

8.2 Fisher Information and the Rao-Cramer Inequality 

Let X be a random variable with p.d.f. /(x; 0), 0 E a, where the 
parameter space n is an interval. We consider only special cases, 
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sometimes called regular cases, of probability density functions as we 
wish to differentiate under an integral (summation) sign. In particular, 
this means that the parameter 8 does not appear in endpojnts of the 
interval in which f(x; 8) > O. ' 

With these assumptions, we have (in the'continuous case, but the 
discrete case can be handled in a similar manner) that r Ax; 8) dx = I 

-00 

and, by taking the derivative witQ r~spect to 8, 

foo iJf(x; 8) d = 0 
a8 x . 

-00 

The latter expression can be rewritten as 
af(x; 8) 

foo a8 
_ 00 f(x; 8) f(x; 8) dx = 0 

or, equivalently, 1: I) In ~~x; 8) f(x; 8) dx = O. 

If we differentiate again, it follows that 

foo [iJ2Inf(x; 8) 1'( • 8) iJ Inf(x; 8) af(x; (J)] d = 0 
a82 J ,x, + iJ(J a8 x . 

-00 

(I) 

(2) 

We rewrite the second term of the left-hand member of this equation 
as 

af(x; 8) 

f
oo 0 lnf(x; (J) 08 I'f. 8) d = foo [0 Inf(x; (J)]2f(X' 8) dx. 

iJ8 f(x; 8) J ,x, X iJ8 ' 
-00 -00 

This is called Fisher information and is denoted by /(8). That is, 

1(8) = r [I) In~:;8)Jf(X; 8) dx; 
-00 

but, from Equation (2), we see that /(6) can be computed from 

. 1(8) = - r 1)
21nt:t 8) f(x; 8) dx. 

-00 
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Sometimes. one expression is easier te· compute than the other, but 
often we prefer the second expression. 

Remark. Note that the information is the weighted mean of either 

[
0 In Jt;\";, 0)]2 021nJtx; 0) 

00 .. or 002 

where the weights are given by the p.d.r: Jtx; 0). That is, the greater these 
derivatives on the average, the more information that we get about O. Clearly, 
if they were equal to zero [so that 0 would not be in In Jtx; 0»), there would 
be zero information about O. As we study more and more statistics, we learn 
to recognize that the function 

o InJtx; 0) 

00 

is a very important one. For example, it played a major role in finding the m.l.e. 
o by solving 

t 0 In Jtx;; 0) 0 
i=1 00 

for O. 

Example 1. Let Xbe N(9, 0'2), where - 00 < 0 < 00 and 0'2 is known. Then 

1 [(X-0)2] Jtx; 0)= ~exp .. -:- 2 ' -00 <x< 00, 
V 2ntr 20' 

where -00 < 0 < 00, and 

1 (X-0)2 
InJtx; 0)= -2 1n (2n(J'2)- 2tr . 

Thus 

: 0 InJtx; 0) x-O 
00 0'2 

and 

02 hi fix; 0) - I 
002 0'2 . 

Clearly, El(X-0)2/0'4] = -El-I/0'2]= 1/0'2, That is, in this case, it does not 
matter much which way we ,compute 1(0), as 

/1(0) = E{[O In fiX; 0)]2}. or II = _ [02 
In JtX; 0)] 

00 ~ E ~ , 
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because each is very easy. Of course, the information is greater with smaller 
values of lfl. 

ExtDllJlle 2. Let X be binomial b(1, 8). Thus 

and 

Clearly, 

, Inf(x;8}":2 x In 8 + (1 - x) In (1 - 8), 

olnf(x; 8) x 1 - x 
08 = 8 - 1 - 8' 

02 In f(x; 8) x 1 - X 

082 =-82-(1-8)2' 

1(8) = -E [ 8'X "- (! ::: ~], 
8 1-8 1 L 1 

= lJ2 + (1 - 8)2 = (1 + 1 -8 = 8(1 - 8)' 

which is larger for 8 values close to zero or 1. 

Suppose that XI, X 2, ••• ,Xn is a random sample from a 
distribution having p.d.f./(x; fJ). Thus the likelihood function (the joint 
p.d.f. of XI, X 2, ••• , Xn) is 

L(fJ) = /(x,; fJ)/(X2; fJ) ... /(xn; fJ). 

Of course, 

In L(fJ) = In/(xt; fJ) + In/(x2; fJ) + ... + In/(xn; fJ) 

and 

o In L(fJ) 0 In/(xl; fJ) 0 In/(x2; fJ) 0 In/(xn ; fJ) (3) 
ofJ = ofJ + ofJ + ... + ofJ . 

It seems reasonable to define the Fisher in/ormation in the random 
sample as 

{[
a In L(fJ)]2} 

In(fJ) = E ofJ.' 

Note if we square Equation (3), we obtain cross-product terms like 

2 [
0 1n/(X;; fJ) iJ In/(X]; ~)] 

E iJfJ ofJ ,. i #: j, 
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which from the independence of·Xj and ~ equals 

2E [0 In f(X;; 8)J [8 In f(~; 8)J = 0 
88 E, 88 . 

The fact that this pro.duct equals zero follows immediately from 
Equation (1). Hence we have the result tha.t 

In(8) = .f E {[8 Inf(X/; 8)J2}. 
,_I 88 

However, each term of this summation equals 1(8), and hence 

In(8) = n/(8). 

That is, the Fisher information in a random sample of size n is n times 
the Fisher information in one observation. So, in the two examples of 
this section, the Fisher information in a random sample of size n is n/rr 
in Example I and n/[8(l - 6)] in Exaplple 2. 

We can now prove a very important inequality involving the 
variance of an estimator, say Y = u(Xlt X2, ••• , Xn), of 8, which can 
be biased. Suppose that 

E( Y) = E[u(X" X2, ••• , Xn)] = k(8). 

That is, in the continuous case, 

k(1I) = foo ... foo u(x, •...• x.)j{x,; 9) ... f(x.; 9) tix, ... dx.; 
-00 -00 

, foo foo [ n I 8f(xj; 8)J 
k (8) = -00'" -00 u(X, , X2, ..• ,xn ) ~ f(x;; 8) 88 

x f(x,; 8) ... f(xn; 8) dx • ... dXn 

= [ ... L: u(x" X2.·· •• x.>[ * a In~:,; II)J 
x f(x,; 8) ... f(xn; 8) dx, ... dxn • (4) 

n 

Define the random variable Z by Z = L (j)·fnf(X;; 8)/08]. In accord
I 

n 
ance with Equation (1) we have E(Z) = I E[o Inf(X;; 8)/08] = o. 

. I 

Moreover, Z is the sum of n independent random variables each with 
mean zero and consequently with varianceE{[o Inf(X; 8)/08j2}. Hence 
the variance of Z is the sum of the n variances, 

~ - nE [e In~x; 9»)] = I.(IJ) = nI(II). 



n 

Because Y = u(Xh ' ..• ,Xn) and Z = L (a Inf(X;; 9)/08], Equation (4) , 
shows that E( YZ) = k'(8). Recall that 

E(YZ) = E(y)E(Z) + pO'yaZ' 

where p is the correlation coefficient of Yand Z. Since E( Y) = k(8) and 
E(Z) = 0, we have 

k'(fJ) = k(8) . 0 + pO'yO'z 

Now p2 < 1. Hence 

[k'(8)]2 
2 -2 <I 

O'yuz 
or 

If we replace ~ QY,its value, we have 

k'(8) 
or P--- . 

O'yt1z 

[k'(8)]2 ,,' [k'(8)]2 

cry > nE [ CJln :OX; 0) yf n/(O) . 

This inequality is known as the ll.ao-Cramer in~uality. 
If Y = U(XI' X2, ••• ,X,,) is an unbiased estimator of 8, so that 

k(8) = 8, then the Rao-Cramer inequality becomes, since k'(8) = 1, 
• j 

I 
aly 2:: n/( 8) . 

Note that in Examples 1 and 2 of this section 1/n/(8) equals O''jn and 
8(1 - 8)/n, respectively. In each case, the unbiased estimator, X, of 8, 
which is based upon the sufficient statistic for 6, has a variance that is 
equal to this Rao-Cramer lower bound of 1/n/(6). 

We now make the following definitions. 
,,~ , 

Definition 1. Let Y be an unbiased estimator of a parameter 6 in 
such a case of point estimation. The statistic Y is called an efficient 
estimator of 6 if ana only if the varianCe of Yattains the Rao-Cramer 
lower bound. 

Definition 2. In cases i~ which we can differentiate with respect to 
a parameter under an integral or summation symbol, the ratio of the 
Rao-Cramer lower bound to the actual variance of any unbiased 
estimation of a parameter is called the efficiency of that statistic. 

Extlmple 3. LetX",X2 , • •• ,XII denote a random sample from a Poisson 
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distribution that has the mean 0> O. It is known that X is an m.l.e. of 0; 
we shall show that it is also an efficient estimator of O. We have 

a Inf(x; 6) a 
00 = 06 (x In 6 - 0 - In xl) 

x x-6 
=0- 1 =-0-' 

Accordingly, 

E [(0 Inf(X; 0»)2J = E(X - 0)2 = a2 =!!.. .. !. 
00 (J2 02 (J2 0 

The Rao-Cramer lower bound in this case is 1/[n(I/0)] = O/n. But O/n is the 
variance of X. Hence X is an efficient estimator of O. 

EXlllllple 4. Let $2 denote the variance of a random sample of size n > 1 
from a distribution that is N(p, 0),0 < 0 < 00, where p. is known. We know 
thatE[n$2/(n - 1)] = O. Whatistheefficiencyoftheestimatorn~/(n - 1)?We 
have 

I 11 . 0) = _ (x - p.)2 _ In (2'1t0) 
n {x, 20 2' 

ohlJ(i; 0) (x -p.)2 I 
00 - 2iP - 20' 

and 

Accordingly, 

_ E [iP In f(X; O)J = !!.. __ 1 =_1 
002 fP 262 202 . 

Thus the Rao--Cramer lower bOund is202/n. Now n$2/0 is xi(n - 1), so the 
variance of n$2/0 is 2(n - I)~ Accordingly, the variance of n$2/(n - 1) is 
2(n - 1)[(J2/(n - 1)2] = 202

/(" - 1). Thus the efficiency of the est~mator 
n$2/(n -I) is (n - 1 lin. With II- kn()wn, what is the efficient ·estimator of the 
variance? 

Example 5. Let XI, X2, ••• , Xn denote a random sample of size n > 2 from 
a distributi'oil with p.d.f. ' 

f(x; 6) = Ox'-I = exp (8.1n x ...... Inx + In 8), 0 < x < 1. 

= 0 elsewhere. 

It is easy to verify that the Rao-Cramer lower bound is fPln. Let 
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Yi = -In Xi' We shall indicate that eachY; has a gamma distribution. The 
associated transform Yi =-In Xi' with inverse Xi = eTY(, is one-to-one and 
the transformation maps the space {Xi: 0 < Xi < I} onto the space 
{Yi: 0 < Yi < oo}. We have 1.11 = e-Y'. Thus Yi has a gamma distribution with 

n . 

cc = 1 and P == l/(J; Let Z == - r In Xj; Then Z has a gamma distribution with 
J 

. ' 

cc = nand P == l/(J. Accordingly, we have E(Z) == ccp = n/(J. This suggests that 
we compute the expectation of liZ to see if we can find an unbiased estimator 
ofO. Asimpleintegr:ation6h~wsthat.E(1/z) =lJl(n.- I). Hence(n - l)/Zis 
an unbiased estimator of(J. With n > 2, the variance of(n - l)/Z exists and 
is found to be (J2/(n - 2), so that the efficiency of (n - 1 liZ is (n - 2)/n. This 
efficiency tends to 1 as n increases. In such an instance, the estimator is. said 
to be asymptotically efficient. ' 

The concept of joint efficient estimators of several parameters has 
been developed along with the associated concept of joint efficiency of 
several estimators. But limitations of.space prevent their inclusion in 
this book. . 

EXERCISES 

B.ll. Prove that X, the mean,()f a random sample of size n. from a 
distribution that is N(O, 02),-00:< (J <; 00, is, for every known (72 > 0, an 
efficient estimator of (J. 

B.l1. Show that the mean X of a random sample of size n from a distribution 
which is b(l, 6), 0 < (J < 1, is an efficient estimator of O. 

B.13. Given f(x; 0) == I/(J, 0 < X < (J, zero elsewhere, with (J > 0, formally 
compute the reciprocal of 

nE {[ a In :ox; 8) Jl 
Compare this with the variance of(n + l)Yn/n, where Yn is the largest item 
of a random sample of size n from this distribution. Comment. 

B.14. Given the p.d.f. 

1 
fix; 0) = x[1 + (x - (J)2] , - 00 < X < 00, - 00 < (J < 00. 

Show that the Rao-Cramerlower bound is 2/n, where n is the size of a 
random sample from this Cauchy distribution. 

B.lS. Let X have a gamma distribution with cc = 4 and P = (J > O. 
(ar Find the Fisher information /«(J). 
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(b) If XI,. X2 , ••• , X" is a random sample from this distribution, show that 
the m.l.e. of (J is an efficient estimator of 9. 

8.16. Let, X be N(O, 8),0 < 8 < 00. 

(a) Find the Fisher information /(8). 
(b) If X" X2, ••• , XII is a random sample 'from this distribution,' show that 

the m.l.e. of 8 is an efficient estimator of 8. 

8.3 Limiting Distributions of Maximum Likelihood Estimators 

We uS"e the notation and assumptions of Section 8.2 as much as 
possible here: In particular, f(x; 8) is the ,p.d.f., /(8) is' the Fisher 
information, and the likelihood function is 

Also, we can differentiate under the integral (summation) sign, so that ' 

z = 0 In L(8) = t 0 Inf(X;; 8) 
08 ;= I 08 

has mean zero and variance n/(8). In addition, we want to be able to 
find the maximum likelihood estimator 0 by solving 

o[ln L(8)] = 0 
08 . 

That is, 

o[ln L(8)] , 
00 = 0, 

where now, with 0 in this expression, 4,0) = j(X1; 8) ... f(Xn; 8). 
We can approximate the left-hand member of this latter equation by 
a linear function found from the first two terms of a Taylor's series 
expanded about 8, namely 

orIn L(8)] A 8 a2[ln L(O)] 0 
00 + (f1 -) 002 ~, 

when L(8) = f(X1; 8)f(X2; 0) ... f(Xn; 8). 
Obviously, this approximation is good enough only if 0 is close to 

0, and an adequate mathematical proof involves certain regularity 
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. conditions, all of. which . we have not given here. But a heuristic 
argument can be made by solving for 0- 0 to obtain 

a[ln L(O)] 

iJO 0- 0 = -:;:----
o2[ln L( 0)] -

002 

Let us rewrite this equation as 

z 

Since Z is the sum of the Li.d. random variables 

a In f(X;; 0) 

ao i = I, 2, ... , n, 

(I) 

each with mean zero and variance 1(8), the numerator ofthe right-hand 
member of Equatiop (I) is limitingN(O, I),by the central limit theorem. 
Moreover, the mean 

.! f -o2In~(Xi; 0) 
n i"", I iJO 

converges in probability to its expected value, namely 1(0). So the 
denominator of the right-hand member of Equation (I) converges in 
probability I. Thus, by Slutsky's theorem given in Section 5.5, the 
right-hand member of Equation (I) is limiting N(O, I). Hence the 
left-hand member also has this limiting standard normal distribution. 
That means that we can say that 0 has an approximate normal 
distribution with mean 0 and variance l/n/(O). 

The preceding result means that in a regular case of estimation and 
in some limiting sense, the m.l.e. 0 is unbiased and its variance achieves 
the Rao-Cramer lower bound. That is, the m.l.e. 0 is asymptotically 
efficient. ' 

Extunp/e 1. In Exercise 8.14 we examined the Rao-Cramer lower bound 
of the variance of an unbiaS¢ estimator of 8, the median of a certain Cauchy 
distribution. We now know that the m.l.e. 8 of 8 has an approximate normal 
distribution with mean (J and variance equal to the lower bound o!J:Ln. Hence, 
o.ooe we compute 8, we can say, for illustration, that t1 ± 1.96.j2/n provides 
an approximate 95 percent confidence interval for (J. 
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To determine 0, there are many numerical methods that can be . 
used. In the Cauchy case, one of the easiest is given by the following: 

0= 0 In L(O) = t 2(xl- 0) 2' 

00 i- \ 1 + (Xi - 0) 

In the denominator of the right-hand member, we use a preliminary 
estimate of 0 that is not influenced too much by extreme observations. 
For illustration, the sample median, say 00, is very good one while the 
sample mean X would be a poor choice. This provides weights 

2 
W:' = 1 + (Xi - 00)2 ' 

so that we can solve 

i = 1,2, ... , n, 

11. L Wi\Xi 
0,= L (wiI)(Xj - 0) to get 01 = L . 

;= \ W i \ 

Now 0, can be used to,~9,btain new weights and O2: 

2 L Wi2 X i 

Wi2 = 0 2' O2 = L . 1 + (Xi - .) Wi2 

This iterative process can be continued until adequate convergence is 
obtained; that is, at some step k, Uk wilJ be close enough to 0 to be used 
as the m.l.e. 

ExtltnJlle 2. Suppose that the random sample arises from a distribution 
with p.d.f. 

f(x; e) = ex' - I, 0 < x < I, e E {1., {() : 0 < 8 < 00 h 
zero elsewhere. We have 

and 

Inf(x; e) = In () + (e - I) In x, 

iJ Inf(x; e)l 
iJe = "8 + In x, 

iJ2 Inf(x; e) I 
iJ(}2 = - e2 

Since E( -1/(2) = -l/(fl, the lower bound of the variance of every unbiased 
estimator of e is (}2/n. Moreover, the maximum likelihood estimator 
tJ = · .... n/ln n7., Xi has an approximate normal distribution with mean e and 
variance ()2ln. Thus, in a limiting sense, tJ is'the unbiased minimum variance 
estimator of e; that is, tJ is asymptotically efficient. 
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EXlUllJJk 3. The m.l.e. for (J in 

OXe-8 

f( x; (J)= -,- , x = 0, '1, 2, . . ., (J E n = {(J : 0 < (J < oo}, x. 
is 11 = X, the 'mean of a random sample; Now 

In Jtx; (J) = x In (J '::.... (J i_ In x! 

and 

o[ln f(x; (J)] = ~ _ 1 
c(J (J 

and 
o2pnJtx; (J)] x 

0(J2 = - (J2 . 

Thus 

-E( -~)= ;=~ 
and 11 = X has an approximate normal distribution with mean (J and standard 
deviation .Jii'frt. That is, Y = (X - (J)/.Jii'frt has a limiting standard normal 
distribution. The problem in practice is how best to estimate the standard 
deviation in the denominator of Y. Clearly, we might use X for (J there, but 
does that create too much dependence between the numerator and 
denominator? If so, this requires a very large sample size for (X - (J)/J'X'fr, 
to have an approximate normal distribution. It might be better to approximate 
/«(J) by 

Thus n/«(J) is approximated by ns2(i2 and we can say that 

In(X - (J) 

XIS 
is approximately N(O, I). We do not know exactly which of these two' 
solutions, or others like simply using s/ In in the denominator, is best. 
Fortunately, however, if the Poisson model is correct, usually 

In .. ;:" In" 
If this is not true, we should check the Poisson assumption, which requires, 
among other things, that J.l = tT". Hence, for illustration, either 

- + 1 96 In -+i.96x - + 1.96s x _. Ii or x - r:.. or x - r:.. 
'\Ins '\In . 

serves as an approximate 95 percent confidence interval for (J. In 'situations 
like this, we recommend that a person try all three because they should be in 
substantial agreement. If not, check the Poisson assumption. 
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The fact that the m.l.e. 9 has an approximate normal distribution 
with mean 8 and variance 1/n/(8) suggests that 0 (really a sequence 
0,,92, 83 , ••• , 9n, ... ) converges in probability to 8. Of course, On can 
be biased; say E(8n - 8) = b,,(8), where b,,(8) is the bias. However, bn(8) 
equals zero in the limit. Moreover, if we assume that the variances exist 
and 

then the limit of the variances is obviously zero. Hence, from 
Chebyshev's inequality, we have 

However, 

lim El(9" - 8)2] = lim [b;(8) + var (0,,)] = 0 ' 

and thus 

lim Pr [10" - 81 ~ £] = 0 
"-00 

for each fixed £ > O. Any estimator, not just maximum likelihood 
estimators, that enjoys this property is said to be a consistent estimator 
of 8. As illustrations, we note that all the unbiased estimators based 
upon the complete sufficient statistics in Chapter 7 and all the 
estimators in Sections 8.1 and 8.2 are consistent ones. 

We close this section by considering the extension of these limiting 
distributions to maximum likelihood estimators of two or more 
parameters: For convenience, we restrict ourselves to the regular ca,se 
involving two parameters, but the extension to more than two is 
obvious once the reader understands multivariate normal distributions 
(Section 4.10). 

Suppose that the random sample XI, X2, ••• ,Xn arises from a 
distribution with p.d.f. fix; 8., ( 2), (81, ( 2) e Q, in which regularity 
conditions exist. Without describing these conditions in any detail, let 
us simply say that the space of X where f(x; 8., ( 2) > 0 does not 
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involve 61 and 62, and we are able to differentiate under the integral 
(summation) signs. The information matrix of the sample is equal to 

= -n 

One can immediately see the similarity of this to the one-parameter 
case. 

If 111 and 112 are maximum likelihood estimators of 8, and 62, then 
111 and 112 have an approximate bivariate normal distribution with 
means 6. and 62 and variance-covariance matrix I;'. That is, the 
approximate variances and covariances are found, respectively, in the 
matrix 

An illustration will help us understand this result that has simply been 
given to the reader to accept without any mathematical derivation. 

EXturlp/e 4. Let the random sample X .. X2 • •••• XII arise from N(8" 82), 

Then 

1 (x - 81)2 
Inf(x; 8h 82) = -'2 In (21[82) - 28

2 
• 

o lnf(x; 8), 82) x - 81 

081 82 • 

o Inf{x; 8), 82) I (x - 81)2 

082 = - 282 + 28i • 
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a2 Inf(x; q" (2) -1 
o~ = O2 ' 

02 In Ax; 0(, ( 2 ) - (x - OJ) -
80) 802 ~ 

82 In Ax; 0" ( 2) I " (x - ( 1)2 

a~ =2~- ~ 

If we take the expected value of these three second partial derivatives and 
multiply by - n, we obtain the information matrix of the sample, namely, 

1.= [: ~l. 
Hence the approximate variance-covariance matrix of the maximum 
likelihood estimators 01 = X and O2 = $1. is 

~-I = [: 2:' l. 
It is not surprising that the covariance equals zero as we know tJ,at X and 
SZ are independent. In addition, we-know that 

and 

. - O2 var(X) =
n 

var(~ = var[ (~) (":)]. ~ var (n;,) =2(n ~ 1)8l 

since n$2/82 is t(n - I). While var ($2) :F 2~/n, it is true that 

29i 2(n - I)~ 
-~~-....;....;: 

n n2 

for large n. 

EXERCISES 

1.17. Let Xh X2 , • •• , XII be a random sample from each of the following 
distributions. In each case, find them.l.e. 0, var (11), l/nl(O), where 1(0) is 
the Fisher information of a single observation X, and compare var (11) and 
l/nl(O). 
(a) b(1,O), 0 < 0 :S 1. 



Sec. 8.4) RoINnt M-Estimtlti_ 

(b) N(O, 1), - 00 < (J < 00. 

(c) N(O, 0), 0 < 0 < 00. 

(d) Gamma (a =5, fJ = 0), 0 < 0 < 00. 
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8.18. Referring to Exercise 8.17 and using the fact that 0 has an approximate 
N[O, I/n/(O)], in ea~h case construct an approximate 95 percent confidence 
interval for (J. 

8.19. Let (X" Y1), (X2' Y2) • ... , (Xn, Yn) be a random sample from a 
bivariate normal diRtribution with unknown means 8, and O2 and with 
known variances and correlation coefficient, af , O'~, and P. respectively. Find 
the maximum likelihood estimators 01 and O2 of O. and O2 and their approxi
mate variance-covariance matrix. In this case, does the latter provide the 
exact variances and covariance? 

8.20. Let (XJ, Y1), (Xh Y2), ••• , (X"' Y,,) be a random sample from a 
bivariate normal distribution with means equal to iero and variances (JI and 
O2, respectively, and known correlation coefficient p. find the maximum 
likelihood estimators -0, and O2 of 01 and O2 and their -approximate 
variance-covariance matri",. 

8.4 Robust M-Estimation 

In Example I of Section 8.3 we found the m.,.e. of the center (J of 
the Cauchy distribution with p.d.f. 

I 
I(x; 8) = 11:[1 + (x _ 8)2] , -00 < x < 00, 

where - 00 < (J < 00. The logarithm of the likelihood function of a 
random sample XI, X2, ••• , XII from this distribution is 

n 

In L(O) = -n In 11: - I In [l + (x; - 0)2]. 
i .. I 

To maximize, we differentiated In L(8) to obtain 

dIn L(O) = t 2(x; - (J) 2 = o. 
dO ; = 1 I + (Xi - 0) 

The solution of this equation cannot be found in closed form, but the 
equation can be solved by some iterative process. There, to do this, we 
used the weight function 

w(x - 11.) = I + .(; -11.)2 ' 
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where 110 is some preliminary estimator of 8, like the sample median. 
Note that values of x for which Ix - 1101 is relatively large do not have 
much weight. That is, in finding the maximum likelihood estimator of 
8, the outlying values are downweighted greatly. 

The generalization of this special case is described as follows. Let 
XI' X2, ••• , X,. be a random sample from a distribution with a p.d.f. 
of the form f(x - 8), where 8 is a location parameter such that 
-00 < 8 < 00. Thus 

/I ,. 

In L(8) = L Inf(xi - 0) = - L p(x; - 6), 
'-I i-~ 

where p(x) = -Inf(x), and 

dIn L(8) = _ t f(x; - 6) = t 'I'(Xi - 6), 
dO i-I f(x, - 8) ,- I 

where p'(x) = 'I'(x). For the Cauchy distribution, we have that these 
functions are 

and 

p(x) = In 1t + In (1 + .xl), 

2x 
'P(x) = 1 +.xl' 

In addition, we define a weight function as 

w(x) = 'P(x) , 
. x 

which equals 2/(1 + .xl) in the Cauchy case. 
To appreciate how outlying observations are handled in estimating 

a center 8 of different models progressing fro'm a fairly light-tailed 
distribution like the normal to a very heavy-tailed distribution like the 
Cauchy, it is an easy exercise (Exercise 8.21) to show that standard 
normal distribution, with p.d.f. tp(x), has 

I .xl 
p(x) = 2 In 21t + 2" ' 'P(x) = x, w(x) = I. 

That is, in estimating the center 8 in tp(x - 8) each value of x has the 
weight I to yield the estimatorD = X. 
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Also, the double exponential distribution, with p.d.f. 

1 
f(x) = 2 e- 1xl , - 00 < x < 00, 

has, provided that x #: 0, 

p(x) = In2 + lxi, (
sign (x) 1 

'P(x) = sign (x), w x) = x = Ixl . 

Here U = median (X;) beCause in solving 
n n 

L 'P(Xi - 0) = L sign (Xi - 0) = 0 
i = I ; = I 
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we need as many positive values of Xi - 8 as negative values. The 
weights in the double exponential case are of the order l/ix - 01, while 
those in the Cauchy case are 2/[1 + (x - 0)2]. That is, in estimating the 
center, outliers are downw~ighted more severely in a Cauchy situation, 
as the tails of the distribution are heavier than those of the double 
exponential distribution. On the other hand, extreme values from the 
double exponential distribution are dowrlWeighted more than those 
under normal assumptions in arriving at an estimate of the Center O. 

Thus we suspect that the m.l.e. associated with one of these three 
distributions would not necessarily be a good estimator in another 
situation. This is true; for example, X is a very poor estimator of the 
median of a Cauchy distribution, as the variance of X does not even 
exist if the sample arises fr<:>m a Cauchy distribution. Intuitively, X is 
not a good estimator with the Cauchy distribution, because the very 
small or very large values (outliers) that can arise from that distribution 
influence the mean X of the 'sample too much. 

An estimator that is fairly good (small variance, say) for a wide 
variety of distributions (not necessarily the best for anyone of them) 
is called a robust estimator. Also estimators associated with the 
solution of the equation 

n 

L 'P(x; - 9) = 0 
; = I 

are frequently called robust M-estimators (denoted by 0) because they 
can be thought of as maximum likelihood estimators. So in finding a 
robust M-estimator we must select a 'II function which will provide an 
estimator that is good for each distribution in the collection under 
consideration. For certain theoretical reasons that we cannot explain 
at this level, Huber suggested a 'II function that is a combination of 



390 More Abo", Eatbtltltitnl (Ch. 8 

those associated with the normal and double exponential distributions, 

'P(x) ~ -k, x < -k 

= x, -k < x <k, 

= k, k < x, 

with weight w(x) = I, Ixl < k, and k/lxl, provided that k < Ix1. In 
Exercise 8.23 the reader is asked to find the p.d.f. fix) so that the 
M-estimator associated with this 'P function is the m.l.e. of the 
location parameter 8 in the p.d.f. f(x - 8). 

With Huber's 'P function, another problem arises. Note that if we 
double (for illustration) each XI, X2, ••• , X"' estimators such as X and 
median (Xi) also double. This is not at all true with the solution of the 
equation 

" I 'P(Xj- 8) = 0, 
i == I 

where the 'Pfunction is thflt of Huber. One way to avoid this difficulty 
is to solve another, but similar, equation instead, 

t 'P(XI- 8) = 0, (I) 
I_I d 

where d is a robust estimate of the scale. A popular d to use is 

d = 'median Ix; ~ median (xi)1 . 
0.6745 . 

The divisor 0.6745 is ,inserted in the definition of d because then .~ is 
a consistent estimat~ of a and thus is about equal to a, if the sample 
arises from a normal distribution. That is, a.can be approximated by 
d under normal assumptions. 

That scheme of selecting d also provides us with a clue for select
ing k. For if the sample actually arises from a normal distribution, we 
would want most of the values XI, X2, ••. , x. to satisfy the inequality 

because then 

XI- 8 .-!" k 
d .::::t 

(

Xi - 8) Xi - 8 
'I' d = d . 
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That is, for illustration, if all the values satisfy this inequality, then 
Equation (1) becomes 

n (Xi - 8) n Xi - 8 L 'P d = L d = 0. 
;= • ;= • 

This has the solution i, which of course is most desirable with normal 
distributions. Since d approximates (I, popular values of k to use are 
1.5 and 2.0, because with those.selections most normal variables would 
satisfy the desired inequality. 

Again an iterative process must usually be used to solve Equation 
(1). One such scheme, Newton's method, is described. Let 00 be a first 
estimate of 8, such as 00 = median (Xi)' Approximate the left-hand 
member of Equation (1) by the first two terms of Taylor's expansion 
about 00 to obtain 

, ~ i 

.f 'P(Xi - 80
) + (8.~ 00 ) .f :'P,(Xi - 80

) (-!) = 0, 
1= I d 1= I d d 

approximately. The solution of this provides a second estimate of 8, 

11, = 11. + t 'P,(Xi -00) , 
;=. d 

which is called the one-step M-estimate of 8. If we use O. in place of 
00 , we obtain O2 , the two-step M-estimate of 8. This process can 
continue to obtain any desired degree of accuracy. With Huber's 'P 
function, the denominator of the second term, 

n (X. - 0.0) L '1" 1 , 

i=. d 

is particularly easy to compute because 'I"(x) = 1, - k < X < k, and 
zero elsewhere: Thus that denominator simply counts the number of 
x., X2, ••• ,Xn such that Ix; -Ool/d < k. 

Say that the scale parameter (I is known {here (I is not necessarily 
the standard deviation for it does not exist for a distribution like the 
Cauchy). Two terms of Taylor's expansion of 

It, 'P(XI; 11) = 0 
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about 8 provides the approximation 

.f 'P(Xi - 8) + (0 _ 8) .f 'P,(X; - 8)( -!) = o. 
I-I (1 1=1 (1 (J 

This can be rewritten 

provided that X has a symmetric distribution about 8. Clearly, 

var[ ~(X; 8)J = E[ ~2(X; 8)J. 
Thus Equation (2) can be rewritten as 

In(t1- 8) 

u JE [~'(X; 8)J/{E [~{X; 8) Jr 
. L~e';8)IJnE[~2(X;8)J 

L ~'(XI;; 8)1 nE [~t';; 8)J 
(3) 

Clearly, by the central limit theorem, the numerator of the right
hand member of Equation (3) has a limiting standardized normal 
distribution, while the denominator converges in probability to 1. Thus 
the left-hand member has a limiting distribution that is N(O, 1). In 
application we must approximate the denominator of the left-hand 
member. So we say that the robust M-estimator t1 has an approximate 
normal distribution with mean 8 and variance 

(tP)! f 'P2(Xi - Ok) 
n n i= I d 

v = '{!.f 'P'(~i - t1k)}2 ' 
n I~ t d 
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where Ok is the (last) k-step estimator of 8. Of course, 0 is approximated 
by Ok; and an approximate 95 percent confidence interval for 8 is 
given by Ok - 1.96Jv to ,Ok + 1. 96Jv. 

EXERCISES 

8.21. Verify that the functionsp(x), 'P(x), and w(x) given in the text for the 
normal and double exponential distributions are correct. 

8.22. Compute the one-step M-estimate 0, using Hu~r's 'P ,with k = 1.5 if 
n = 7 and th~ seven observations are 2.1, 5.2, 213, 1.4, 2.2,2.3, and 1.6. Here 
take 00 = 2.2, tbe median of tm, sample. C01}lpare 01 with i. 

8.23. Let the~p.d.f. I(x) be such,that the M:-estimator associated with Huber's 
'P function is a maximum likelihood estimator of the location parameter 
in/(x - 8). Show that/(x) is of the form ce-P1(x), where PI (x) = r/2,lxl s; k 
and PI(X) = klxl- k2/2, k < Ixi. 

8.24. PI~t tJ:te 'P fu~ctions associated with the normal, double exponential, 
and Ca1;1chy distributions in addition to ~at of Huber. Why is the 
M-estimator associated with the 'P function of the Cauchy distribution 
called a redescen'di~g AI -estimator? 

8.25. Use the data in Exercise 8.22 to find the one-step redescending M
estimator 01 associated with 'P(x) = sin (x/1.5), Ixl s; 1.511:, zero elsewhere. 
This was first proposed by D. F. Andrews. Compare this to x and the 
one-step M-estimator of Exercise 8.22. [It should be noted that there is no 
p.d.f. fix) that could be associated with this 'P(x) because 'P(x) = 0 if 
Ixl > 1.511:.] 

ADDITIONAL EXERCISES 

8~26. Let XI, Xl' ... , Xn be a random sample from a gamma distribution with 
IX = 2 and P = lIe, 0 < e < 00. 

(a) Find the m.l.e., 0, of e. Is 0 unbiased? 
(b) What is the approximating distribution of t1? 
(c) If the prior distribution of the parameter is exponential with mean 2, 

determine the Bayes' estimator associated with a square-error loss 
function. 

8.27. If Xl, Xl, 0 0 0 , Xn is a random sample from a distribution with pod.f. 
I(x; e) = 3el (x + 6)-4,0 < X < 00, zero elsewhere, where 0 < 6, show that 
Y = 2X is an unbiased estimator of e and determine its efficiency. 

8.21. Let XI, Xl, ... , Xn be a random sample from a distribution with p.d.f. 
6 

I(x; e) = (1 + x)fJ + 1 ' 0 < x < 00, zero elsewhere, where 0 < e. 
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(a) Find the m.l.e., 0, of 8 and argue that it is a complete sufficient 
statistic for 8. Is 0 unbiased? 

(b) If 0 is adjusted so that it is an unbiased estimator of 8, what is a lower 
bound for the variance of this unbiased estimator? 

8.29. If XI. X2, • •• , XII is a random sample from N(8, 1), find a lower bound 
for the variance of an estimator of k(8) = 82. Determine an unbiased 
minimum variance estimator of 82 and then compute its efficiency. 

8.30. Suppose that we want to estimate the middle, 8. of a symmetric 
distri bution using a robust estim~ator because we believe that the tails of this 
distribution are much thicker than those of a normal distribution. A 
,-distribution with J degrees of freedom with center at'8 {not at zero) is 
such 'a distribution, so we decide to use the m.l.e., 0, assOciat-ed with that 

,'j distribution as our robust estimator. Evaluate d for the five observations: 
10.1,20.7,11.3,12.5,6.0. Here we assume that the spread patameterisequal 
to 1. 

8.31. Consider the normal distribution N(O,8). With a random sample 
Xi. Xl! ... , X" we want to estimate the standard deviationjfJ. Find the 

constant c so that Y = c f IX;I is an unbiased e§timator of J9 and 
determine its efficiency. 1- I 



CHAPTER 9 

Theory of 
Statistical Tests 

9.1 Certain Best Tests 

In Chapter 6 we introduced many concepts associated with tests of 
statistical hypotheses. In this chapter we consider some methods of 
constructing good statistical tests, beginning with testing a simple 
hypothesis Ho against a simple alternative hypothesis HI' Thus, in all 
instances, the parameter space is a set that consists of exactly two 
points. Under this restriction, we shall do three things: 

1. Define a best test for testing Ho against HI' 
2. Prove a'theorem that provides a method of determining a best test. 
3. Give two examples. 

Before we define a best test, one important observation should 
be made. Certainly, a test specifies a critical region; but it can also be 
said that a choice of a critical region defines a test. For instance, if 
one is given thecritic~1 region C = {(XI' X2, X3) : if + ~ + xi ~ I}, the 
test is determined: Three random variables XI' X2, X3 are to be 
considered; if the observed values are X" X2, Xh accept Ho if 

395 
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~ + ~ + x~ < 1; otherwise, reject Ho. That is, the' terms "test" and 
"critical regionH can, in this sense, be used interchangeably. Thus, if 
we define a best critical region, we have defined a best test. 

Let f(x; 8) denote the p.d.f. of a random variable X. Let 
XI' X2, ••• , Xn denote a random sample from this distribution, and 
consider the two simple hypotheses Ho : 8 = 8' and HI : 8 = 8". Thus 
n = {8 : 8 = 8', 8"}. We-now define a best critical region (and hence a 
best test) for testing the simple hypothesis Jlo against the alternative 
simple hypothesis HI' In this definition the symbols 
Pr [(XI, Xh ••. , Xn) E C; Hol and Pr [(XI' X2, ••• , Xn) E C; Hil mean 
Pr [(XI' X2, ••• , Xn) E C] when, respectively, Ho and HI are true. 

Definition 1. Let C denote a subset of the sample space. Then C is 
called a best critical region of s~ze IX for testing the simple hypothesis 
Ho : 8 = 8' against· tbe alte~ative simple I \lypothesis HI: 8 = 8" 
if, for every subset A of the sample space for which 
Pr [(XI, ... , Xn) E A; Hol = IX: 

(a) Pr [(X" X2, ••• , Xn) E C; Ho] = IX. 

(b) Pr [(XI' X2, ••• , Xn) E C; HI] ~ Pr [(X., X2, • •• , Xn) e A; H.). 

This definition states, in effect, the following: First assume Ho to 
be true. In general, there will be a multiplicity of subsets A of the 
sample space such that Pr [(XI, X2, ••• ,Xn) e A] = IX, Suppose that 
there is one of these subsets, say C, such that when HI is true, the power 
of the test associated withC is at least as great as the power of the test 
associated with each other A.Then Cis defined as a best critical region 
of size IX for testing Ho against HI' 

In the following example ~e shall examine this definition in some 
detail and in a very simple case. 

Example 1. Consider the one random variable X that has a binomial 
distribution with n = 5 and p = 9. Let f(x; 9) denote the p.d.f. of X and let 
Ho: 9 = 4 and HI : 8 =1. The following tabulation gives, at points of positive 
probability density, the values of f(x; 4), f(x; 1), and the ratio f(x; !)/f(x; 1)· 

x 0 1 2 3 4 5 

f(x; !) I s 10 10 S 1 
12 12 32 32 12 12 

f(x; 1) I IS 90 210 40' 243 
1024 iOi4 iOi4 . 1024 'i024 iOi4 

f(x; !>If(x; 1) 32 32 32 32 32 32 
1" 9" Ti 81 243 
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We shall use one random value of X to test the simple hypothesis Ho: 8 = i 
against the alternative simple hypothesis HI: 8 = l, and we shall first 
assign the significance level of the test to be IX = ~. We seek a best 
critical region of size IX = ;2' If AI = {x: x = O} and A2 = {x: x = 5}, then 
Pr (X E A I; Ho) = Pr (X E A2; Ho) = -b and there is no other subset A3 of the 
space {x: x = 0, 1,2, 3,4, 5} such that Pr (X E A 3; Ho) = ;2' Then either AI or 
A2 is the best critical region C of size IX = -b for testing Ho against HI' We note 
that Pr (X E A I; Ho) = 3'2 and that Pr (X E" A I; HI) = 1~24' Thus, if the set A I is 
used as a critical region of size IX = ;2' we have the intolerable situation that 
the probability of rejecting Ho when HI is true (Ho is false) is much less than 
the probability of rejecting Ho when Ho is true. 

On the other hand, if the set A2 is used as a critical region, then 
Pr (X E A2; Ho) = 12 and Pr (X E A2; HI) = 1~~4' That is, the probability of 
rejecting Ho when HI is true is much greater than the probability of rejecting 
Ho when Ho is true; Certainly, this is a more desirable state of affairs, and ac
tually A2 is the best critical region of size IX = ;2' The latter statement follows 
from the fact that, when Ho is true. there are but two subsets, Al and A 2, of 
the sample space, each of whose probability measure is ;2 and the fact that 

1~~4 = Pr (X E A2; HI) > Pr (X E AI; HI) = uki. 
It should be noted, in this problem, that the best critical region C = A2 of size 
IX = 3

1
2 is found by including in C the point (or points) at which f(x;!) is small 

in comparison with f(x; i). This is seen to be true once it is observed that the 
ratio f(x; ~)Lf(x; ~) is a minimum at x = 5. Accordingly, the ratio f(x; !)If(x; ~), 
which is giyen in the last line of the above tabulation, provides us with a precise 
tool by which to find a best critical region C for certain given values of IX. To 
illustrate this, take IX = A. When Ho is true, each of the subsets {x: x = 0, I}, 
{x: x = 0, 4}, {x: x = 1, 5}, {x: x = 4, 5} has probability measure ~, By 
direct computation it is found that the best critical region of this size is 
{x: x = 4, 5}. This reflects the fact that the ratio f(x; !)If(x; 1) has its 
two smallest values for x = 4 and x = 5. The power of this test, which has 
N - 6 l'S" " ... -:",~, 

Pr (X - 4 5' H ) - 405 + 243 _ 648 
- , , I - 1024 iiiU - 1024' 

The preceding example should make the following theorem, due to 
Neyman and Pearson, easier to understand. It is an important theorem 
because it provides a systematic method of determining a best critical 
region. 

Neyman-Pearson Theorem. Let XI' X2, • •• , Xn,"where n is afixed 
positive integer, denote a -random sample from a distribution that has 
p.d.f. f(x; lJ). Then the joint p.d.f. of XI, X2, ••• , Xn is 

L(8; XI, X2, ••• , XII) = f(x,; lJ)f(x2; lJ) ... f(xlI ; lJ). 
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Let 8' and 8" be distinct fixed values of8 so that n = {8 : 8 = 8', 8"}, and 
let k be 'a positive number. Let C be a subset of the sample space'such 
thilt: 

Then C is a best critical region of size IX for testing the simple hypothesis 
Ho : 8 = ()' against the alternative simple hypothesis HI : 8 = 8". 

Proof We shall give the proof when the random variables are 
of the continuous type. If C is the only critical region of size 
IX, the theorem is proved. If there is another critical region of 
size IX, denote it by A. For convenience, we shall let 
J . if . J L(8; XI, ... , x,,) dXI ... dx" be denoted by JR L(8). In this 
notation we wish to show that 

1 L( (J") -1 L( 0") 2! O. 

Since C is the union of the disjoint sets C fl A and C fl A* and A is 
the union of the disjoint sets A fl C and A fl C*, we have 

1 L(O") -1 L(O") 

= 1 L( 8") + 1 L( 8") - fL(O") - f L(O") 
C 1"'1 A C n A· A 1"'1 C An~ 

= 1 L( (J") - f L( 0"). 
CI"'I A· A n ~ 

(1) 

However, by the hypothesis of the theorem, L(8") ~ (1jk)L(8') at each 
pOint of C, and hence at each point of C fl A*; thus 

r L(8") ~ ! 1 L(8'). 
Jc 1"'1 A· C 1"'1 A· 



Sec. 9.11 em.,Be,t Test, 399 

But L(8") < (1/k)L(8') at each-point of C*, and hence at each point of 
A fl C*; accordingly, 

These inequalities imply that 

I L( 8") - J L( 6") ~ il L(O') - ! i L(O'); 
CnA* AnC* CnA* AnC* 

and, from Equation (1), we obtain 

1 L(811)-J L(8"»i [1 L(8')-J L(8')], (2) 
C A CnA* AnC* 

However, 

I L( 8') - J L( 8') 
CnA* AnC* 

= 1 L(O')+ I L(O')-i L(6')-i L(O') 
CnA* CnA AnC AnC* 

= L L(8') - i L(8') 

=cx-cx=o. 
If this result is substituted in inequality (2), we obtain the d~sired 
result, 

L L(O")-i L(O"»O. 

If the random variables are of the discrete type, the proof is the same, 
with integration replaced by summation. 

Remark. As stated in the theorem, conditions (a), (b), and (c) are sufficient 
ones for region C to be a best critical region of size IX. However, they are also 
necessary. We discuss this briefly. Suppose there is a region A of size a that 
does not satisfy (a) and (b) and that is as powerful at 6=8" as C, which satisfies 
(a), (b), and (c). Then expression (I) would be zero, since the power at 6" using 
A is equal to that using C. It can be proved that to have expresslQn (1) 
equal zero A must be of the same form as C. As a matter of fact, in 
the continuous case, A and C would essentially be the same region; that 
is, they could differ only by a set having probability zero. However, in 
the discrete case, if Pr [L(6')'- kL(6"); Ho] is positive. A and C could be . , 
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different sets, but each would necessarily enjoy conditions (a), (b), and (c) to 
be a best critical region of size a. 

One aspect of the theorem to be emphasized is that if we take C to 
be the set of all points (XI' X2, •• ", x,,) which satisfy 

L(8'; XI, X2, ••• , x,,) k 
L(8"; XI, X2, ••• , x,,) S; , 

k> 0, 

then, in accordance with the theorem, C will be a best critical region. 
This inequality can frequently be expressed in one of the forms (where 
C, and C2 are constants) 

or 

U2(X" X2, ••• ,X,,; 8',8") > C2' 

Suppose that it is the first form, UI < CI' Since 8' and 8" are given 
constants,u,(Xh X2, ••• , X,,; 8', 8")isastatistic;andifthep.d.f.ofthis 
statistic can be found when Ho is true, then the significance level of the 
test of Ho against HI can be determined from this distribution. That . 
IS, 

ex = Pr [UI (X., X2, ••• , Xn; 8', 8") S; CI; Hol. 

Moreover, the test may be based on this statistic; for, if the observed 
values of X" X2, ••• , X" are x" X2, ••• , x"' we reject Ho (accept H,) if 
UI(Xh X2, ••• , x,,) < CI' 

A positive number k determines a best critical region C whose size 
is a. = Pr [(Xl, X2 , ••• , Xn) e C; Ho] for that particular k. It may be that 
this value of ex is unsuitable for the purpose at hand; that is, it is too 
large or too small. However, if there is a statistic u,(X., X2 , ••• , Xn), 

as in the preceding paragraph, whose p.d.f. can be determined when 
Ho is true, we need not experiment with various values of It to 
obtain a desirable significance level. For if the distribution of the 
statistic is known, or can be found, we may determine c, such that 
Pr (u, (X" X2, ••• , X,,) < CI; Hol is a desirable significance level. 

An illustrative example follows. 

ExtUnple 2. Let XI. Xl • ... ,Xn denote, a random sample from the 
distribution that has the p.d.f. 

f(x; 9) = foexp ( - (x ~ 8)'). -00 < x < 00. 
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It is desired to test the simple hypothesis Ho : 0 = 0' = 0 against the alternative 
simple hypothesis HI : 0 = 0" = 1. Now 

If k > 0, the set of all points (XI> X2, ••• , x,,) such that 

exp ( - ~ X, + ~) !> k 

is a be~t critical region. This inequality holds if and only if 

n n - L Xi + 2 s; In k 
I 

or, equivalently, 

1D this case, a best critical region is the set C = {(X,, x" .... x.): ~ x, > c}. 
where C is a constant that can be determined so that the size of the critical 

II 

region is a desired number IX. The event L Xi ~ C is equivalent to the event 
_ I_ 

X > c/n = CI , say, so the test may be based upon the statistic X. If Ho is true, 
that is, 0 = 0' = 0, then X has a distribution that is N(O, l/n). For a given 
positive integer n, the size of the sample, and a given significance level IX, the 
num.Eer CI can be found from Table III in Appendix B, so that 
Pr (X ~ Ct; Ho) = IX. Hence, if the experimental values of XI, X2 , ••• , XII were, 

II 

respectively, x .. X2, ..• ,XII' we would compute x = L x,fn. If x > Cit the 
I 

simple hypothesis Ho : 0 = 0' = 0 would be rejected at the significance level 
IX; if x < CI, the hypothesis Ho would be accepted. The probability of rejecting 
Ho, when Ho is true, is IX; the probability of rejecting Ho, when Ho is false, 
is the value of the power of the test at 0 = 0" = 1. That is, 

- faJ 1 [ (x - 1 ~J Pr (X ~ CI; HI) = ;;;: fil.:. exp 2(1/n) ax. 
"I y 2fty lin 

For example, if n = 25 and if IX is selected to be 0.05, then from Table III 
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we find that CI = 1.645/J2'S = 0.329. Thus the power of this best test of Ho 
against H, is 0.05, when Ho is true, and is 

f.
00) [ (x - )2] fOO 1 .focA exp - 2( I dX = £ e- w2

/
2 dw = 0.999+, 

0.329 21t 25 n) - 3.355 V 21t 

when HI is. true. 

There is another aspect of this theorem that warrants special 
mention. It has to do with the number of parameters that appear in 
the p.d.f. Our notation suggests that there is but one parameter. 
However, a careful review of the proof will reveal that nowhere was 
this needed or assumed. The p.d.f. may depend upon any finite number 
of parameters. What is essential is that the hypothesis Ho and the 
alternative hypothesis HI be simple, namely that they completely 
specify the distributions. With this in mind, we see that the simple 
hypotheses Ho and HI do not need to be hypotheses about the 
parameters of a distribution, nor, as a matter of fact, do the random 
variables XI' X2, ••• ,Xn need to be independent. That is, if Ho is the 
simple hypothesis that "the joint p.d.f. is g(XI' X2, ... ,xn), and if HI 
is the alternative simple hypothesis that the joint p.d.f. is 
h(XI, X2, ••• , xn), then C is a best critical region of size (X for testing Ho 
against HI if, for k > 0: 

I'. g(XI' Xl, •.• , Xn) < k &' ( ) C lor X,, X2'~' •• , Xn E • 
h(Xh Xl, .•• , Xn) -

2' g(x" X2, . 0 • , Xn) > k 
. for (X., X2, ••• , Xn) E C* .. 

h(x., X2, ••• , xnJ-
3'. (X' Pr [(X .. X2, ••• " Xn)'E C; HoJ. 

An illustrative example follows. 

Example 3. Let XI , . 0 • , Xn denote a random sample from a distribution 
which has a pod.f. f(x) that is positive on and only on the nonnegative 
integers. It is desired to test the simple hypothesis 

e- I 

Ho :f(x) = -" x = 0, 1,2, ... , x. 

= 0 elsewhere, 

against the alternative simple hypothesis 

HI : f(x) = <!Y + J, X = 0, 1, 2, ... , 

= 0 elsewhere. 
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Here 

g(X., ... ,x,,) e-"/(xl! X2! ... XII!) 
-

h(x X ) ( -21 )"(-21 )XI + X2 + ... + XII " ... , " 
(2e- lr2EXI 

/I n (Xi!) 
I 

If k > 0, the set of points (XI' X2, ..• , x,,) such that 

(~x)tl! 2 -In[ ~ (XII)]"; In k - n In (2e- ' ) = c 

is a best critical region C. Consider the case of k == 1 and n == 1. The preceding 
inequality may be written 2xl / ~II < e /2. This inequality is satisfied by all points 
in the set C == {XI: XI = 0, 3,4,5, ... }. Thus the power of the test when Ho 
is true is 

Pr (XI E C; Ho) == 1 - Pr (XI == 1,2; Ho) == 0.448, 

approximately, in accordance with Table I of Appendix B. The power of the 
test when HI is true is given by 

Pr (XI E C; HI) = 1 - Pr (XI == I, 2; HI) 

= 1 - G + i) == 0.625. 

Remark. In the notation of this section, say C is a critical region such that 

IX = L L(8') and P = L L(IJ"), 

so that here a and {J equal the respective probabilities of the type I and type 
II errors associated with C. Let d l and d2 be two given positive constants. 
Consider a certain linear function of ex and {J, namely 

d, L L(8') + d, L L(IJ") = d, L L(8') + d{1 - L L(IJ")] 

= d, + L [d,L(8') - d,L(8")]. 

If we wished to minimize this expression, we would select C to be the set of 
all (XI, X2, ... , x,,) such that 

d,L(8') - d2L(8") < 0 

or, equivalently, 

L(8') d2 --<-
L(8") d l ' 
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which according to the Neyman-Pearson theorem provides a best critical 
region with k = d2/d1• That is, this critical region C is one that minimizes 
dla. + d2p. There could be others, for example, including points on which 
L(8')/L(8") = d2/dl , but these would still be best critical regions according to 
the Neyman-Pearson theorem. 

EXERCISES 

9.1. In Example 2 of this section, let the simple hypotheses read 
Ho : 8 = 8' = 0 and HI : 8 = 8" = - 1. Show that the best test of Ho against 
HI may be carried out by use of the statistic X, and that if n = 25 and 
a. = 0.05, the power of the test is 0.999 + when HI is true. 

9.2. Let the random variable X have the p.d.f. f(x; 8) == (l/81e- x/fJ
, 

o < x < 00, zero elsewhere. Consider the simple hypothesis Ho : 8 = 8' 2 
and the alternative hypothesis HI: 8 = 8" = 4. Let XI, X2 denote a 
random sample of size 2 from this distribution. Show that the best test 
flf Ho against HI may be carried out by use of the statistic XI + X2 and 
that the assertion in Example 2 of Section 6.4 is correct. 

9.3. Repeat Exercise 9.2 when HI : 8 = 8" = 6. Generalize this for every 
8" > 2. 

9.4. Let XI, Xh ••• ,XIO be a random sample of size 10 from a normal 
distribution N(O, 02). Find a best critical region of size a. = 0.05 for testing 
Ho : 02 = 1 against HI : 02 = 2. Is this a best critical region of size 0.05 for 
testing Ho: 02 = 1 against HI : 02 = 41 Against HI : 02 = O'T> 11 

9.5. If XI, X2, ••• ,Xn is a random sample from a distribution having 
p.d.f. of the form f(x; 9) = 8x1l- I, 0 < x < 1, zero elsewhere, show 
that a best critical region for testing Ho: 8 = 1 against HI : 8 = 2 is 

C = {(XI> X2 . ... , xn) : c:s .n Xi} . 
I = I 

9.6. Let XI, X2, ••• ,XIO be a random sample from a distribution that is 
N(8 .. 82), Find a best test of the simple hypothesis Ho: 91 = 8. = 0, 
82 = 82 = 1 against the alternative simple hypothesis HI: 91 = 8r = 1, 
8 -8"-4 2 - 2 - • 

9.7. Let XI' X2, ••• ,XII denote a random sample from a normal distribution 

N(9, 100). Show that C = {(XI, X" ... , x.) : c < x = * x'ln} is a best criti

cat region for testing Ho: 8 = 75 against HI: 8 = 78. Find nand c so that 

and 
Pr [(XI' X2, ••• , Xn) E C; Ho] = Pr (X > c; Ho) = 0.05 

Pr [(XI' X2, ••. , XII) E C; H.J = Pr (X ~ c; HI) = 0.90, approximately. , 
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9.S. If XI' X2, ... ,XII is a random sample from a beta distribution with 
parameters rt = fJ == (J> 0, find a best critical region for testing Ho :'(J == I 
against HI : (J = 2. 

9.9. Let XI, X2, ••• , XII denote a random sample from a distribution having 
. the p.d.f. !(x;p) = ;(1 - p)I-X, x = 0, 1, zero elsewhere. Show that 

, C - {(Xi", .. ,x.) : ~ x, os: c} is a best critical region for testing H. : p = ! 
against HI : P = j. Use the central limit theorem'to find nand c so that 

· ~pptoximately Pr ( ~ X, < C; H.) = 0.10 and' Pr ( ~ X, < c; H,) = 0.80. 

9.10. Let X., X2, ••• , X10 denote a random sample of size 10 from a Poisson . w 
distribution with mean (J. Show that the critical region C defined by L Xi ~ 3 

I 

is a best critical 'region for testing Ho: (J == 0.1 against HI: (J = O.S. 
Determine; for this test, the':grgnifioance level « and the power at 0 =O.S. 

9.2 Uniformly Most Powerful Tests 

This section· will take up the problem of a test of a simp,e hypoth
esis Ho against an alternative composite hypothesis HI' We begin 
with an example. 

Example 1. Consider the p.d.f. 

I I(x; (J) = - e-x/fJ, 0 < x < 00, 
(J 

= 0 elsewhere, 

of Example 2, Section 6.4, and later of Exercise 9.3. It is desired to test the 
simple hypothesis Ho: (} == 2 against the alternative composite hypothesis 
HI : 0 > 2. ThusCl == {o: 0;;:: 2}. A random sample, Xl, X2, of size n = 2 will 
be used, and the critical region is C = {(Xit X2): 9.S s;; XI + X2 < oo}. It was 
shown in the example cited that the significance level of the test is 
approximately O.OS and that the power ofthe test when (} = 4 is approximately 
0.31. The power function K(O) of the test for all 0 ;;:: 2 will now be obtained. 
We have 

'., r"s r"s -Xl I (X + X ) 
K(9) = I - J

o 
J
o 

(J2exp - I (} 2 dXI dX2 

= e +/.5) e-9.5fB, 

For example, K(2) = 0.05, K(4) = 0.31, and K(9.S) = 21e. It is known 
(Exercise 9.3) that C = {(XI, X2) : 9.5 .< XI + X2 < oo} is a best critical region 
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of size 0.05 fol' testing the simple hypothesis Ho : 8 = 2 against each simple 
hypothesis in'the composite hypothesis H, : 8 > 2. 

The preceding example affords an iJlustration of a test of a simple 
hypothesis Ho that is a besf test ofH~ against every simple hypothesis 
in the alternative composite hypothesis HI' We now define a 'critical 
region, whenjt exists, which is a best critical region for testing a simple 
hypothesis Ho against an alternative composite hypothesis HI . It seems 
desirable that this critical-region should be: a best critical region for 
testing Ho against each simple hypothesis in HI' Th,at is, the p<.?wer 
function of the test that corresponds to this critical region should be 
at least as great as the power function of any other test with the same 
significance level for every simple hypothesis in HI' 

Definition 2~, The critical region C is a uniformly· mpst powerful 
critical region of size ex for testing the simple: hypothesis Ho against an 
alternative composite hypothesis HI if the set C is a best critical region 
of size ex for testing Ho against each simple hypothesis in. HI' A test 
defined by this critical region C is called a uniformly most powerful test, 
with significance level <x, for testing the simple hypothesisHo against ' 
the alternative composite hypothesis HI. 

As will be seen presently, uniformly most powerful ~tests d~ not 
always exist. However, when they do exist, the Neyman-Pearson 
theorem provides a technique for finding them. Some illustrative 
examples are given here. 

Extllllple 2. Let XI, X2, ••• ,Xn denote a random sample;. from a 
distribution that is N(O, 8), where the variance 8 -is an unknown positive 
number. It will be shown that there exists a uniformly most, powerful test with 
significance level (X for testing the simple hypothesis Ho : 8 = 8', where 0' is a 
fixed positive number, against the alternative composite hypothesis 
HI: 8> 8', Thus n = {8: 8 > 8'}. The joint p.d.f. of XI, X2" '.'" Xn is 

. 1 nIl. ~ X; 
( 

n ) 

L(6; x" x" ... , x.) = (2,,6) exp -28 . 

Let 8" represent a number greater than 8', and let k denote a positive number. 
Let C be the set of points where 
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that is, the set of points where 

(0")"12. , [ (0" - 0'), " ] O,exp' - 26'0" . ~ if ~ k 

or, equivalently, 

" 20' 0" [n (0") ] ~ if ~ 0" _ 8' ;2'hl o"- In k = c. 

The set C = {(XI, X" ... ,x,) : t xl > c} is then a best critical region for 

testing the simple hypothesis Ho : ° = 0' against the simple hypothesis ° = {}". 
It remains to determine c, so that this critical region has the desired size 11. 

" If Ho is true, the random variable L X7 lOt has a'chi-square distribution with n 
I 

degrees of freedom. Since" = Pr ( t X1 /IY > c/6'; Ho). c/6' may be 

read from Table II in Appendix, Band c determined. Then C = 

{(XI> X" ... ,x,): t xl ~'C}IS a best critical region of size" for testing 

Ho:O =; IJ' against the hypothesis 0=0". Moreover, for each number 0" 
greater than; {}', the foregoing argument holds. That is, if 0''' is another 

number ~ter than 6', t1ien.C = {(XI' .: .,.x,): ~ xi ~ c} isa best critical 

region 6f size 11 fdl' testing fio: (): 0" against the hypothesis ° = 9"'. 
; 

Al:cordingly, C = {(XI' .... 'x,) :·t:xi ::> C}is a imiformly most powerful 

critical region of size 11 for testing Ho: 9 = 0' against HI: ° > 0'. If 
Xl, X2, ••• ~'x" denote the ~xperimental values of XI, X2, ••• ,Xn , then 
flo : 0' = 0' is rej~ted at -'the significance level 11, and HI : ° > 9'is aCcepted, 

" 
if L x; ~ e; otherwise, Ho: ° = f}' is accepted. 

I 

If, in the preceding 'di~ciission, we take n = 15, 11 = 0.05, and 8' = 3, then 
here th~ two hypotheses will be Ho : 0 ~J- and HI: {} > 3. From Table II, 
el3 = is and hence c = 75. . . . 

Example 3. Let Xi, X~~ ... ,X" denote a random sample from a 
distribution that is N(O, 1), where the mean 9 is 'unknown. It will be 
shown that there is no uniformly most powerful test of the simple 
hypothesis Ho: ° = 0', where 0' is a fixed number, against the alternative 
composite hypothesis H, : 8 =F 0'. Thus n = {O: - 00 < ° < oo}. Let 0" be a 
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number not equal to 8'. Let k be a positive number and consider 

(1/2,,'1'" exp [ - ~ (XI -8')'/2 ] 
----------- 5. k. 

(1/2"y12 exp [ -* (XI- 8")'/2] 

The preceding inequality may be'i\Vrittenas. 

exp { -(8" - 6') * XI + ~ [~6')' - (6')']} 5, k 

or ., 

(8" - 8') t Xi ~ ~ [(8")2 - (8')2]- In k. 
I . 

.- ' . ~ 

This last inequality is equivalent to 

f n (8" 8') In k 
L.. Xt > 2 '+" -:-8" - 8' ' 
I 

provided that 8"', > 8', and it is equivalent to .' 

~ n (8" 8') In k 
L.. XI S 2 +. - 8" :....:. 8' . 
I 

if 8" < 8'. The first of these two expressions defines a best critical region for 
testing Ho : 8 = (}' against the hypothesis 8 =8" provided that 8" > 8', 'while 
the second expression defines a best critical, region for testing Ho: 9.. .. 8' 
against the hypothesis 8 = 8" provided that If' < 8'. That is, a'best critical 
region for testing the simple hypotllesis against an alternative simple 
hypothesis, say 8 = 8' + l~ will not serve as a best critical region for testing 
Ho: 8 = 8' against the, alternative simple hypothesis 8 = 8' - I, say. :By 
definition, then, there is no uniformly most powerful test in the case under 
consideration. . . 

It should be noted that had the alternative composite hypothesis been 
either HI : 8 > 8' or HI: 8 < 8', a uniformly most powerful test would exist 
in each instance. 

EXlUllpJe 4. In Exercise 9.10 the reader was asked to show that if a 
random sample of size n = lOis taken from a Poisson distribution with 

10 

mean 8, the critical region defined by L Xi > 3 is a best critical region for 
I 

testingHo: 8 = 0.1 againstH, : 8 =0.5. This critical region is also a \lniformly 
most powerful one for testing Ho : 8 = 0.1 against HI : 8 > 0.1 because, with 
8" > 0.1, 

(0.1)Lt;e- 10(O.I)/(XI! X2! .' •. x,,!) 5. k 

(8")Lt;e- IO(tn/(XI! Xl! ... XII!) 
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is equivalent to 

The preceding inequality may be written as 

( ~ x) (In 0.1 -In 8") ~ In k + 10(0.1 - 8") 

or, since (1' > 0.1, equivalently as 

10 

" . In k + 1 - IOtr 
~ Xl ~ In 0.1 - In 8" . 

Of course, L Xt ;::: 3 is of the latter form. 
I 

Let us make an observation, although obvious when pointed out, 
that is important. Let Xh Xz, ... , X" denote a random sample from 
a distribution that has p.d.f. f(x; 6), 6 E Q. Suppose that 
Y = U(XI' X 2, ••• , X,,) is a sufficient statistic for 6. In accordance with 
the factorization theorem, lbe joint p.d.f. of XI, X2, ••• , X" may be 
written 

L(6; x., X2, ••• ,XII) = k,[u(x" X2, ••• ,xn); 6]k2(x., X2 • .•• , x,,), 

where k2(x" X2, •• : , xn) does not depend upon 6. Consequently, the 
ratio 

l 

L(6'; X" X2, ••• ,xn) k,[u(x., X2, ••• ,x,,); 61 -
L(6"; x" X2, : •• ,x,,) k.[u(Xh X2, ••• ,xn); 6'1 

depends upon x., X2~ ••• ,xn only through u(x, , X2, ••• ,xn). Accord
ingly, if there is a sufficient statistic'Y = u(X., X 2, ••• , XII) for 8 and 
if a besttest or a uniformly most powerful test is desired, there is no 
need t'O consider tests which are based upon any statistic other than the 
sufficient statistic. This result supports the importance of sufficiency. 

Often, when 6" < 6' the ratio 

L(6'; x" X2, • "0 , x,,) 

L(8"; x., X2, .•• , xn) • 

which depends upon x, , X2,' •• , X'nonlythroughy = U(Xh X2,' •• , xn), 
is an increasing function of y = u(x., X2, ••• ,xn). In such a case 
we say that we have a monotone likelihood ratio in the statistic 
Y = u(X" X:h •.. , X,,). 
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Example 5. Let XI, X2, ••• ,XII be a random sample from a Bernoulli 
distribution with parameter p = 8, where 0 < 8 < 1. Let 8" < 8', Then the 
ratio 

Since 0'/8" > 1 and (1- (f')/(I - 0') > 1, so that 0'(1 - 0")/0"(1 - 8') > 1, 
the ratio is an increasing function of y = I Xi' Thus we have a monotone 
likelihood ratio in the statistic Y = I Xi' 

We can generalize Example 5 by noting the following. Suppose that 
the random sample XI, X2~ ... , Xmarises from a p.d.f. representing a 
regular case of the exponential class, namely 

f(x; 8) = exp [p(8)K(x) + Sex) + q(8)], X E.>I, 

= 0 elsewhere, 

where the space .!iI of Xis free of 0, ~urthet assume' that p( 0) is-an 
increasing function of O. Then 

L(IJ') . exp ~(IJ') It, K(x,) + t S(x,) + nq(O') ] 
.. ' 

-
L(O") [If If ] 

exp: p(OIf) j~1 K(~i) + i~1 S~~~) + nq(O") 

.= exp {[P(8') - p(8")] .I K(xi ) + n[q(8') - q(01l)]}. 
I"" I 

If Oil < 0', P(O) being an increasing function requires this ratio to be 
. " . . 

an increasing function ofy = L K(Xi). Thus ,we: have a monotone 
. i = I n ~ 

likelihood ratio i~ the s~atlstic ,Y =. L K(Xi ). ~oreoyer, if we test 
, ~..; II1II' I' ", ' I 

Ho: 0 =:: 0' againstH, : 0 < 8', then,. with ,0" < 8'~'we seethat 

L(O') 
L(O") ~ k 

is equivalent to 1: K(xi ) ~ c for every 0" < 0', That is, this provides a 
uniformly most powerful critical region. 

If, in the preceding situation with monotone likelihood"ratio. we 
test Ho: 0 = Of against HI: (), > 0', then I K(Xi) ~ c would be a 
uniformly most powerful critical region, From the likelihood ratios 



See~ 9.11 Uniformly MOlt PDwer/1lI Tests 411 

displayed in Examples 2, 3, 4, and 5 we see immediately that the 
respective critical regions 

./1 " 
,. 

2: x; > c, 2: Xi ~ C, 2: Xi > C 
r ... I i.,. I J i-I 

are uniformly most powerful for testing Ho : (} ::::: 0' against H, : 0 > 0'. 
Ther.~js a final remark that should be made about uniformly most 

pow~rful tests. Of co~rse,_ in Definition 2, the word uniformly is 
associated with 0; that is, C is a best critical region ot size IX for testing 
Bet.: 0 ,Ooagain,st al1.0 values given by the composite alternative HI' 
However,s:uppose tht;lt the form of such a region is 

u(x" Xl, ••• , X,,) ::s; c. 

Then this forrtIprovides uniformly'mostpoWerful critical regions for 
al~ :tttainable ex vralueshy,01'course, aprir6pri~tely ~lJat1ging the value 
ore. That is, there is' a certain'uniformity property; also associated 
with cx, that is not always noted in statistics texts. 

, ,. 

EXERCISES 
" 

9.11. Let X haveih.e p:d.f.[(x; 6) = 6-"(1 - 6)1 - X. X = 0, i, zero elsewhere. 
We test the simple' hypothesis Ho : 6 = * against the alternative composite 
hypothesis HI : 6 < i by ,taking a random sample of size I o and rejecting 
Ho: 6 = i if and only if the observed values XI ,X2, •• ' i , XIO of the sample 

10 

observatipns are such,:that Lxi:s;;]. Find the power function K(6), 

o < 6 :s i, of this test. I 

9.12. Let X have a p.d.f. of the fonn f(x; 8) = 1/8,0 < X < 8, zero elsewhere. 
, Let Y I < Y2 < Y3 < Y4 denote the order statistics of a random sample of 
'si2!C4 from ihisdistribution. Let the observed value of Y4 be Y4' We reject 

Ho: 8',= l-and accept HI: 8 ¢ I if either Y4 < 4 or Y4 > 1. Find the power 
function K(8), 0 < 6, of the test. 

9.13. Consider a nonnal distribution of the fonn N(8,4). The simple 
hypothesis Ho : 6 = 0 is rejected, and the alternative composite hypothesis 
HI : 8 > 0 is accepted if and only if the observed mean x of ~ random sample 

.. iof size 25 is greater than or equad to~. Find the powet fUnction K(8), 0 < 8, 
of this test. 

",';' 

9.14. Consider the two normal distributions N(p., 400) and N(1l2t 225). Let 
6 = III - 1'2- Let x and y denote the observed means of two:in<l~ndent 
random, samples, e~ch of si~ n, from these two distriby.tions. We reject 
Ho : 6 == 0 and accept HI : 8 > 0 if and only if :x -y ;;:;: c. If K(8) is the 
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power function oftrus test, find nand c so that K(O) = 0.05 and K(IO) = . 
0.90, approximately. .- ,,-

9.15. If, in Example 2 of this section, Ho : (J = (JI,. where (J' is a fixed positive 

number, and H, : 8 < (y. show that the set {(X" x, .... , x.) : ~ Xi s c} is 
a uniformly most powerful critical region for testing Ho against HI' 

9.16. If, in Example 2 of this section, Ho : (J = 6', where 6' is a fiXed positive 
number, and HI : (J '#: (J', show that there is no uniformly most poWerful test 
for testing Hoagainst HI_ 

9.17. Let XI, X2, •• _ , X'2S denote a random sample of size 2S from a normal 
distribution N«(J, 100). 'Find a uniformly most Powerfulcntical region of 
size ex = 0.10 for testing Ho: (J = 75 against HI : (J > 75. 

9.18. Let XI, X2, ••• ,XII denote a random sample from a normal dis~bution 
N«(J, 16). Find the Sample size,,, and a uniformly mqst powerf,ul ~~9f 
Ho : (J ::::i 25 . 'against H.: (J < 25 with. pQwer function K«(J) so that 
approximately K(25) = O.l(j and K(23) ":"0.90. 

9.19. Consider a distribution having a p.d.f. of the form f(x; (J) = 
(}X(I - (J)I-x, X = 0, I, zero elsewhere. Let Ho: (J == ~ and H l : (J > 10. l.lse 
the central limit theorem to determine the sample size n of a random sample 
so that a uniformly most powerful test of Ho against HI has a power functio~ 
K«(J), with approximately Kfio) = 0.05 and K(Io) = 0.90. ' 

9.20. Illustrative Example I of this section dealt with a random sample of size 
n = 2 from a gamma distribution with « = I, fJ = (J. Thus the m.g.f. of the 
distribution is (I - (Jt)-I, t < l/(J, 8 >2. Let Z = XI + X2• Show that Z 
has a gamma distribution with « == 2, fJ = 8: Express the power function 
K(8) of Example I in terms of a single integral. General~ this for a random 
sample of size n. 

9.21. Let XI, X2, ••• , XII be a random sample from a distribution with p.d.f. 
f(x; 8) = 8x! - I, 0 < x < 00, zero elsewhere, where 8 > O. Find a sufficient 
statistic for 8 and show that a uniformly most powerful test of Ho : (J == 6 
against HI: (J < 6 is based on this statistic. 

9.n. Let X have the p.d.f. f(x; 8) = lr( 1 - 8)1 - x, X = 0, I, zero elsewhere. 
We test Ho: (J =! against HI: (J <! by taking a random' sample 

s , 
XI, Xh . .. , Xs of size !" = 5 and rejecting Ho if Y = I Xi is observed to be 
less than or equal to a constant c. . I ' . 

(a) Show that this is a uniformly most powerful test. 
(b) Find the significance level when c = I. 
(c) Firid'the significance level when c = O. 
(d) By usirig a randomized lest, modify the tests given in parts (b) and (c) 

to find a test with significance level ex =~: 
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9.3 LikelihoodRatiol'ests 
} , J 

The J!Qtion of using the magnitude of the ratio Qftwq,probability 
density functions as ,the basis of a best test or of a uniformly most 
powerful test can be m~dified, and made intuitively appealing, to 
provide a method of constructiqg a test of a composite hypothesis 
against, an alternative composite hypothesis or of constructing a test 
of a simple hypothesis against aii)alterriative composite· h~othesis 
when a uniformly most powerful test does not exist. This method leads 
to tests :Caned like1ihood ratio tests. A likelihbod ratio test, a~ just 
remarked, is not necessarily a uniformly most powerful test, but it has 
been proved in the literature that such' at ,test often has desirable 
properties. ' . , 

A certain terminology and notation wiU,be introduced l>y means 
of an example. 

EXl1mJIk 1. Let the random variable X be N(O., ( 2) and let the parameter 
space be 0 = {(Bl' f!2): -00 < 01 < 00,0 < O2 < oo}. Let the composite 
hypothesis be Ho : ~I = 0, O2 > 0, and let the alternative composite hypothesis 
be HI : Ot =F 0, O2 > o. 'The set to = {(O., '02) : 8, = 0,0 < O2 < oo} is a subset 
of 0 and win be called the subspace specified by the hypothesis Ho. Then, for 
instance, the hypothesis Ho may be described a& Ho : (OJ, ( 2) e roo It is proposed 
that we test Ho against all alt,ematives in HI' 

Let XI, X2, ••• ,X" denote a random sample of size n > I from the 
distribution of this example. The joint p.d.f. of XI, X2, ••• , Xn is, at each 
poirifin ll, " . . .,' 

,. ('~ I )n12 [f. (Xi - 61 )2] 
L(O., °2; X., ••• , Xn) = - exp - I ' = L(O). 

27[82 202 

At each point (fit, ( 2) e OJ, the joint p.d.f. of XI~' X2, ••• , X" is' 

40,8,; x" . .. , x.) = (2~6,r exp [~ ~: ] = 4(0). 

The joint p.d.f., now denoted by L( ro), is not completely specified, since O2 may 
be any positive number; nor is the joint p.d.f., now denoted by L(O), 
completely specified, since OJ may be any real number and O2 any positive 
number. Thus the ratio of L(ro) to L(n) could not provide a basis for a 
test of Ho against HI' Suppose, however, that we modify this ratio in the 
following manner. We shall find the maximum of L(ro) in ro, that is, the 
maximum of L(ro) with respect to °2• And we shall find the maximum of 
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L(O) in 0, that is, the maximum of L(O) with respect to' 81 and'82• The ratio 
of these maxima will be taken as the criterion for a test of Ho against HI' 
Let the maxitnUtti of L(w) in w be denoted by L(m) and let the maximum of 
L(Il) in'O be denoted by L(O,). Then the criterion for the test of Ho 'against 
HI is the likelihood ratio : J.' 

11' ) 1 ,k(m) 
. ""Xh 'X2' ••• ,X" ,= J\ := ~. 

, "" L(u)" 
Since L(w) and L(n) are pro~bility ~si!;y functions, ,,l ~O; and since w is 
a su~t ofQ, A. S I. , ' , ,,',' ,~' , , " ., 

In oUf example theJIlaximum, L(m), of L(w)isobtai~ed ~;yfirst setting 
~'_-, _ c i ~;~'(: -,' . . . < ~:'.-.;" - ': ~- ~ 

" , 
"ii ~'X; , 

dIn L(t,q}. "n,' t , ,;, 
H ' , '=' __ + ----.:.. . 
d82 282 2~ 

" equaltozCro and solving for 82, The solution of6'ti& 'LX:ln, and this number 
maximizes L(w). Thus the maximum is I ", 

L( A) '( 1 )"/
2

'" ,,[ t X:J' 
. 'W' (J}, 2"~ ~/" exp: - 2*~!n 

t • i 

( 

. ne',..;.l )"/2 
= ,,' . 

27tLx7 
• ~. -; ,', \ , ' - ' .. 

On the other hand, by using Example 4, Section 6.1, the maximum, L(o.), of 
" " " , , 

L(O) is obtained by replacing 8. and 82 by Lx/In = i and L (Xi - i)2In, 
respectively. That is 'I I 

" [" 1 ,,/2 L (Xi - i)2 
A 1 I 

L(u) =" exp - ". ' [2" pXI - il'/n] . 2 pXI - il'/n . 

[ 

I ]"/

2 

= 2,,*:-il' . 
Thus here 

A= 
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It It 

Because I xf =1: (XI - i)l + ni'-, A may be written 
I 1 

Now the hypothesis Ho is 81 = 0, 82 > O. If the observed number x were zero, , 
It 

the experiment tends to confirm Ho. But if x = 0 and r x: > 0, then A. = 1. 

On the other hand, if x and tiX' I t(XI - X)' dtMate co~siderabJY frOm zero, 

the experiment tends to negate Ho. Now the greater the deviation of 

n? 1* (XI - i)2 fro~ zero, the smaller A. becomes. That is, if A is uSed t~ a 'test 

criterion, then an intuitively appealing critical region for .testing Hois·a set 
defined by 0 < A. ;s; Ao, where Ao is a positive proper fraction. Thus we reject 
Ho if A. ;s; Ao. A test that !;tas the critical region A. < Ao is a likelihood ratio test. 
In this example A. ;s; Ao when and only when 

. Jnlil -;::====== ~ J(n - I)(A;2/1t- 1) = c. 
It 

I (Xi - X)2/(n - 1) 
1 

If Ho : 81 = 0 is true, the 'results'in Section 4.8 show that the statistic 

In<X-O) 
t(X .. X2, ••• , XIt ) = J 

It . r (XI - f)2/(n - I) 
1 

has a ~-distrib\ttion wit~, n - 1 degrees of freedom. Accordingly, in this 
example the likelihood fatio test of Ho against HI may be based on aT-statistic. 
For a given 'positive integer n, Table tv in Appendix B may be used (with n - 1 
degrees of freedom) to determine the number c such that 
« = Pr lIt(X .. X2 , ••• ,XIt)1 ~ c; Ho] is the desired significance level otthe·te8t. 
If the experimental values of XI, Xl' ... , X" are, respectively, XI, Xl, ..• , x"' 
then we reject Ho if and only if It(x .. X2, ••• ,xlt)1 ~ c. If, for instance, n = 6 
and «= 0.05, then from Table IV, c = 2.571. 

The preceding. example should make the following generaliz
ation easier to re~: Let XI, Xl, ... , X" denote n independent ran
dom variables having, respectively, the probability density functions 
h(x1; 81" 81, ... ,8m ), i = 1,2, .. " ,n. The set that consists orall par
ameter points (81,82, ••• , 8m) is denoted by 0, which we have 
called the parameter space. Let en be a subset of the parameter 
space O. We wish to test the (simple or composite) hypothesis 
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Ho: (8., 82, ••• ,8m) e (J) against all alternative hypotheses. Define the 
likelihood functions 

n 

L(O) = n };(x;; Oh 82, ••• ,8m), 
i-I 

and 

n 

. ,L(O) = n };(Xi; 81,0:2, .•. ,8m), 
i ... I 

Let L(w) and L(o.) be the maxima, which we assume to exist, of these 
two likelihood functions. The ratio of L(w) to L(o.) is called the 
likelihood ratio and is· denoted by 

L(w) 
A(X" X2, ... , xn) = A = L(o.)' 

Let lo be a positive pt:oper function. The likelihood ratio test principle 
states that the hypothesis Ho: (81, 8z, ... -. ,8m ) e 0) is rejected if and 
only if 

" A(X) , X2, ... , Xn) = A < lo. 

The function A defines a random variable A(XI' X2 , ••• , Xn), and the 
significance level of the test is given· by 

ex = Pr [A,(XI' X2, ••• , Xn) ::; lo; Hol. 
. . -

The likelihood ratio test principle is an intuitive one. flowever, 
the principle does Ic"d to the same test, when testing Q.simple 
hypothesis Ho against an alternative simple hypothesis HI ;as that given 
by the Neyman-Pearson theorem (Exercise 9.25). Thus it might be 
expected that a test based on this principle has some desirable 
properties. 

An example of the preceding generalization will be given. 

Extunple 2. Let the independent random variables X and Y have 
distributions that are N(9" ( 3) and N(92, ( 3), where the:means 8, and 82 and 
common variance 93 are unknown. Then n = {(9" 82, ( 3): -00 < 81 < 00, 

- 00 < 92 < 00,0 < 83 < oo}. Let X" X2 • ••• , Xn and Y" Y2, • •• , Ym denote 
independent random samples from these distributions. The hypothesis 
Ho: 8, = 92 , unspecified, and 93 unspecified, is to be tested against all 
alternatives. Then co = {(9" 82, 8) : - 00 < 8, = 82 < 00,0 < 8) < oo}. Here 
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Xit X2,· •• , XIf • Y" Y2, ••• , Ym are n + m > 2 mutually independent random 
variables having the likelihood functions . 

and 

If 

8 In L(oo) 

88, 
and 

8 In L(oo) 

083 

are equated to zero, then (Exercise 9.26) 
If m 

L (Xi - 8.) + L (y, - 81) = 0, 
1 1 

The solutions for 81 and 83 are, respectively, 

" m 

LX, + LYi 
1 • 

U== 
n+m 

and 
If m 

L (x, - U)2 + L (Yi - U)2 , , 
W = --------'----n+m 

and u and w maximize L(oo). The maximum is 

In like manner, if 

8 In L(O) 

88. 

" (e- t )<n+m)/2 
L(oo) = 2nw 

8 In L(O) 

882 

oln L(O) 

883 

(1) 
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are' equated~to zero, then (Exercise 9.27) , 
n 

L (Xi - ( 1) = 0, 
J 

lit 

L (Yi- ( 2) = 0, 
J 

The solutionsJor 8 .. 82, and 63 are, respectively, 

n 

LX; , 
UI=-, 

n 

n+m 

and U,. U2, and w' maximize L(O). The maximum is , (e- I )(n+IIt./2 
L(f!)= -2 I , 

7tW 

so that 

L( cO) (w')Cn 
+ m)/2 

..t(x" ... , Xn,Yh'" ,Ym) =..t = L({1) = w· . 
The random variable defined by ..t2/(n + m) is 

n _ _ m _ _ • 

L {Xi - [(nX + my)/(n + m)]p + L {Y, - [(nX + my)/(n + m)]}2 

Now 

1 I 

HXI-n~!:~' =~[(XI_i)+(x_n~!:~J 

= t(X;- i)' + n(x -~ !:Y)' 

(2) 
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and 

~(y,-n!! :f)' "H<y,- y) + (f -n!! :f)J 
, . . 

But 

and 
" - nX +mY' n2m-"':' 

m Y- " = X-( ,- -)2 
.', n+m (n+m)2( W. 

. . 
Hence the randoJll variable defined by 12/(" + m) may be written 

II _ m _ _ _ 

L (Xi - J:')2 + L (Y/ - Y)2 + [nm/(n + m)](X - Y)2 
I I 

I 
---~~------~~~~ 

I [nm/(n + m)](X - Yf ' . 
+ " m' 

" -2".-2 .£.. (Xi - J:') +.£.. (y/ -, y) 
I I 

If the hypothesis Ho: 8. = 8,., is true, the random variable 

.' r-;;;;- (X - Y) 
.,~n+m 

T=~============ 

n+m-2 

has, in accordance with Section 6.3, a I-distribution with n + m - 2 degrees 
of freedom. Thus the random variable defined by·A.~(II+m) is 

n+m-2 
(n + m ::.,;;.' 2) ¥7i . 

The test of Ho against an~lternatives may the~ be baSed on a;~distribution 
with n +'m -·2'degreesof freedom. " ;~ .. 

The likelihood ratio principle calls for the rejection of Ho if and only if 
1 < 10 < I. Thus the significance level of the test is 

a. = Pr I1(X" ... , XII' Y., ~.,' . , Ym ) < 10; Ho]· 
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However, .A.(X" ... , XII' Y" ... , Ym ) S; .to is equivalent to 111 ~ c, and so 

(X = Pr <111 ~ c~ Ho). 

For given values of nand m, the number c is determined from Table IV in 
Appendix B (wi~ n + m - 2 degrees of freedom) in such a manner as to yield 
a desired (x. Then Ho is rejected at a significance level (X if and only if It I > c, 
where t is the experimental value of T. If, for instance, n = 10, m = 6, and 
(X = 0.05, then c = 2.145. 

In each of the two examples of this section it was found that the 
likelihood ratio test could be based on a statistic which, when the 
hypothesis Ho is true, has a t-distribution. To help us compute the 
powers of these tests at parameter points other than' those described 
by the hypothesis Ho, we tum to the following definition. 

Definition 3. Let the random variable Wbe N{fI, 1); let'the random 
variable V be x2(r), and Wand V be independent. The quotient 

T= W 
.jVfr 

is said to have a noncentral t-distribution with r degrees of freedom and 
noncentrality parameter fl. If fI = 0, we say that T has a central 
t-distribution. 

In the light of this definition, let us reexamine the statistics of the 
examples of this section. In Example ] we had 

Jr,X 

and WI and VI are independent. Thus, if 8. =1= 0, we see, in accordance 
with the definition" that t(X1, ••• , XII) has a noncentral t-distrjbution 
with n"": 1 degrees of' freedom and noncentrality parameter 
6. = Jr,.81/a. In Example 2 we had ' 
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where 

~- -I W2 = "n+m(X - Y) u 

and 

Here W2 is N[jnm/(n +' m)(9. - ( 2)/u, 1], V2 is x2(n + m - 2), and W2 

and V2 are ind,ependent. Accordingly, if 9. :I: 92, T has a noncentral 
t-distribution with n + m - 2 degrees of freedom and noncentrality 
parameter h2 =:: j nm/(n + m)(9. - ( 2)/u. It is interesting to note that 
h. = In O./u measures the deviation of 0, from 8, = 0 in units of the 
standard deviation u / In of X. The noncentrality parameter 
h2 = j nm/(n + m)( OJ - ( 2)/ u is equal to the deviation of OJ - 92 from 
OJ ~ O2 = Oin units of the standard deviation uj(n + m)/nmofX - Y. 

There are various tables of the noncentral t-distribution, but they 
are much too cumbersome to be included in this book. However, with 
the aid of such tables, we can determine the power functions of these 
tests as functions of the noncentrality parameters. 

In Example 2, in testing the equality of the means of two normal 
distributions, it was assumed that the unknown variances of the 
distributions were equal. Let us now consider the problem of testing 
the equality of these two un~nown variances. 

EXllmple 3. We are given the independent random samples XI, . : . ,Xn 

and Ylt •.• , Ym from the distributions, which are N«(J" (J) and N«(Jh (J4), 
respectively. We have 

n = {(8" 82 , 8), ( 4): - 00 < 8., 82 < 00,0 < 8), 84 < oo}. 

The hypothesis Ho : 8~ = 84, unspecified, with 8. and 82 also unspecified, is to 
be tested against all alternatives. Then 

({J = {(8h 82, 8), ( 4): -00 < 8., (J2 < 00,0 < 8) = 84 < oo}. 

It is easy to show (see Exercise 9.30) that the statistic defined by A. = L(w)/ L(o.) 
is a function of the statistic ' 
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If 83 = 84, this statistic F has an F-distribution with n - I and m - I degrees 
of freedom. The hypothesis that (8,,62,8), ( 4) E ro is rejected if the computed 
F < CI or if the computed F > C2' The constants CI and C2 are usually selected 
so that, if 83 = 84, 

(XI 

Pr (F < CI) = Pr (F > C2) = 2" ' 

where (XI is the desired significance level of this test. 

Often, under Ho, it is difficult to determine the distribution of 
A = l(X" X2, ••• ,X,,) or the distribution of an equivalent statistic 
upon which to base the likelihood ratio test. HenCe it is Impossible to 
find lo such that Pr [l < lo; Hol equals ail appropriate value of IX. The 
fact that the maximUm. likelihood estimators in a regular case have a 
joint normal distribution does, however, provide a solution. Using this 
fact, in a more advanced cours,e, we can show that - 2 In l has, given 
Ho is true, an approximate chi-square distribution with r degrees of 
freedom, where r = the dimension of 0 -,the dimension of ro. For 
illustration, in Example I, the dimension of Q = 2 and the dimension 
of (.Q = 1 and r= 2 - 1 = I.. 

Also, in that example, note that 

- 2 In A = n In {I + L (:x~ X)l} = n In {I + ~} . 

Hence, with n large so that x 2/r is close to zero under Ho: (J, = 0, let 
us approximate the right-hand member by two terms of a Taylor's 
series expanded about zero: . . 

ni2 

-21n1~0+7' 

Since n is large, we can replace n by n - 1 to get the approximation 

-21n1 ~ (_ x )2 = t2• 

\s/Jn - 1 

But T = X/(S/Jn - 1) under Ho: (J, = 0 has a t-distributio1;t with 
n - 1 degrees of freedom. Moreover, with large n - I, the distribution 
of T is approximately N(O, I) and the square of a standardized normal 
variable is X2(1), which is in agreement with the stated result. Exercise 
9.31 provides another illustration of the fact that - 2 In 1 bas an 
approximate chi-square distribution. 
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EXERCISES 

9.23. In Example I let n = 10, and let the experimental values of the random 
10 

variables yield x = 0.6 and 2: (Xi - i)2 = 3.6. If the test derived in that 
I 

example is used, do we accept or reject Ho: 81 = 0 at the 5 percent 
significance level? 

8 

9.24. In Example 2 let n = m = 8, x = 75.2, ; = 78.6, 2: (Xi - X)2 = 71.2, 
8 , 

2: (Yi - ;)2 = 54.8. If we use the test derived in that example, do we accept 
I 

or reject Ho: 8, = (J2 at the 5 percent significance level? 

9.lS. Show that the likelihood ratio principle leads to the same test, when 
testing a simple hypothesis Ho against an alternative simple hypothesis H, , 
as that given by the Neyman-Pearson theorem. Note that there are only 
two points in n. 

9.26. Verify Equations (1) of Example 2 of this section. 

9.27. Verify Equations (2) of Example 2 of this section. 

9.21. Let XI, X2, ••• , XIf be a random sample from the normal distribution 
N«(J, I). Show that the likelihood ratio prinCiple for testing Ho: (J = 8', 
where 8' is specified, against HI : 8 #: (J' leads to the inequality Ix - (J'I > c. 
Is this a uniformly most powerful test of Ho against HI? 

9.29. Let XI' X2, ••• ,X" be a random sample from the normal distribution 
N«(J" (J2)' Show that the likelihood ratio principle for testing Ho : (J2 = (Ji 
specified, and (J, unspecified, against HI : (J2 #: (J2, (JI unspecified, leads to a 

" If 

test that rejects when 2: (Xi - i)2 SCI or 2: (Xi - X)2 > C2, where c, < C2 , , 
are selected appropriately. 

9.30. Let XI, ... , XIf and YI , ... , Y", be indqlendent random samples from 
the distributions N(8h (J3) and N«(J2, (J4), respectively. 
(a) Show that the likelihood ratio for testing Ho : 01 = O2, (J3 = (J4 against 

all alternatives is given by 

where u = (nx + mj)/(n + m). 
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(b) Show that the likeHhood ratio test for testing Ho: 83 = 84, 8, and 82 

unspecified, against H, : 83 #:. 84 • 81 and 82 unspecified, can be ,based on 
the random variable 

n 
L (Xi - X}2/(n - I) 

F = -=~-:--------
L (Yi - p)2/(m - I) , 

(c) If 83 = 84, argue that the F-statistic in part (b) is independent of the 
T-statistic of Example 2 of this section. 

9.31. Let n independent trials of an experiment be such that XI. X2 • •••• Xk are 
the respective numbers of times that the experiment ends in the mutually 
exclusive and exhaustive events A" A2, ••• , Ak • If Pi = P(Ai) is constant 
throughout the n trials, then the probability of that particular sequence of 
trials is L = iflp~2 ... pfk. 
(a) Recalling that PI + P2 + ... + Pk = I, show thatthe likelihood ratio for 

testing Ho : Pi = Pm> 0, i = 1,2, ... ,k, against all alternatives is given 
by 

(b) Show that 

-21n A. = ~ Xi(Xi - npoY 
L, (')2 • i= I npi 

where pi is between POi and xdn. 
Hint: Expand In Pm in a Taylor's series with the remainder in the 

term involving (PiO - xdn)2. 

(c) For large n, argue that xd(npD2 is approximated by l/(npio) and hence 

-21n A. ~ t (Xi - npo;)2 , when Ho is true. 
;=, npOi 

In Section 6.6 we said the right-hand member of this last equation 
defines a statistic that has an approximate chi-square distribution 
with k - I degrees of freedom. Note that 

dimension of n - dimension of OJ = (k - I) - 0 = k - I. 

9.32. Let YI < Y2 < ... < Ys be the order statistics of a random sample of 
size n = 5 from a distribution with p.d.f.f(x; (J) = !e- Ix - III , - 00 < x < 00, 

for all real (J. Find the likelihood ratio test A. for testing Ho : 8 = (Jo against 
H, : (J #:. 80 -

9.33. LetXh X2 •••• , Xnand YI , Y2, ••• , Ymbeindependentrandomsamples 
from the two normal distributions N(O, 8,) and N(O, ( 2), 
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(a) Find the likelihood ratio A. for testing the composite hypothesis 
Ho: 6, = 62 against the composite alternative H, : 6, ::i: 62• 

(b) This A. is a function of what F-statistic that would actually be used in 
this test? 

9.34. A random sample XI' X 2 , ••• ,Xn arises from a distribution given by 

or 

I 
Ho :/(x; 8) ="8' 

I 
H, : I(x; 8) = "8 e-x

/
8

, 

0< x < 8, zero elsewhere, 

o < x < 00, zero elsewhere. 

Determine the likelihood ratio (A.) test associated with the test of Ho against 
HI· 

9.35 •. Let X and Y be two independent random variables with respective 
probability density functions 

. f(x; II,) = G) e-x
/
9
" 0 < x < 00, 

zero elsewhere, i = 1,2. To test Ho: 8, = 62 against H,: 8, ::i: 82, two 
independent random samples of sizes nl and n2, respectively, were taken 
from these distributions. Find the likelihood ratio A. and show that A. can 
be written as a function of a statistic having an F-distribution, under Ho. 

9.36. Consider the two uniform distributions with respective probability 
density functions 

I 
I(x; 8;} = 26. ' , 

zero elsewhere, i = 1,2. The null hypothesis is Ho: 61 = 82 while 
the alternative is H,: 8, ::i: 82• Let XI < X2 < ... < Xnl and 
YI < Y2 < .... < Yn2 be the order statistics of two independent random 
samples from the two distributions, respectively. Using the likelihood 
ratio A., find the statistic used to test Ho against HI. Find the distribution 
of - 2 In A. when Ho is true. Note that in this nonregular case the number 
of degrees of freedom is two times the difference of the dimensions of n 
and w. · 

9.4 The Sequential ProbabiUty Ratio Test 

In Section 9.1 we proved a theorem t~at provided us with a 
method for determining a best critical region for testing a simple 
hypothesis against an alternative simple hypothesis. The theorem was 
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as follows. Let XI, X2 , ••• ,Xn be a random sample with fixed 
sample size n from a distribution that has p.d.f. f(x; (J), where 
(J E {(J : (J = (J', (J"} and (J' and (J" are known numbers. Let the joint p.d.f. 
of XI, X 2, ••• , Xn be denoted by 

L«(J, n) = f(xI; (J)f(X2; (J) ... f(xn; (J), 

a notation that reveals both the parameter (J and the sample size n. If 
we reject Ho: (J = (J' and accept HI : (J = (J" when and only when 

L«(J', n) < k 
L«(J", n) - , 

where k > 0, then this is a best test of Ho against HI' 
Let us now suppose that the sample size n is not fixed in advance. 

In fact, let the sample size be a random variable N with sample space 
{n : n = 1, 2, 3, ... }. An interesting prOcedure for testing the simple 
hypothesis Ho: (J = (J' against the simple hypothesis HI : (J = (J" is 
the following. Let ko and kl be two positive constants with ko < k l • 

Observe the independent outcomes X" X2 , X 3, ••• in sequence, say 
Xh X2, X3, ... , and compute 

L«(J', 1) L(O',2) L«(J', 3) 
L«(J", 1) , L«(J", 2) , L(O", 3) , .... 

The hypothesis Ho: (J = 0' is rejected (and HI : 0 = (J" is accepted) if 
and only if there exists a positive integer n so that (XI' X2, ••• , xn) 
belongs to the set 

{ 
L(O',}J. 

en = (Xh"" xn) : ko < L(O",}J < k h } = 1, ... ,n -:- I, 

L(O', n) } 
and L(O", n) ::;;; ko . 

On the other hand, the hypothesis Ho: 0 = 0' is accepted (and 
H, : 6 = 0" is rejected) if and only if there exists a positive integer n so 
that (XI' X2, .•. , xn) belongs to the set 

{ 
L(O',}). 

Bn = (XI>"" xn) : ko < L(6",}J < kJ,} = 1,2, ... ,n - 1, 

L(O', n) k} 
and L(O", n) > I . 
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That is, we continue to observe sample observations as long as 

L(O', n) 
ko < 0" ) < kv:. L( ,n 

We stop these observations in one of two ways: 

1. With rejection of Ho : (J = (J' as soon as 

L«(J', n) 
L(O", n) ~ ko, 

or 

2. with acceptance of Ho : () = 0' as soon as 

L(O', n) k 
L«(J",n)~ I' 

427 

(I) 

A test'ofthis kind is called Wald's sequential probability ratio test. 
Now, frequently inequality (l) can be conveniently expressed in an 
equivalent form 

, 

where U(XI' X2 ; • •• , XII) is a statistic and co(n). and CI (n ).depend on the 
constants·ko~ k), (J'~:(J", and on n. Then the observations are stopped 
and a decision is reached as soon as 

or 

We now give an illustrative example. 

ExtUnpie 1. Let X have a p.d.f. 

f(x; 0) = OX(l - 8)1 ~ X, x = 0,1, 

= 0 elsewhere. 

In the preceding discussion of a ~uential probability ratio test, let Ho : 8 = l 
and HI : 8 == j; then, with LXi == LXi' 

I 

L(I n) e):£x;er 1: x; 
j, = j j = 2,,-2Ix; 

'L(j, n) (DI X;(i)" - 1: X; " • 

If we take logarithms to the base 2, the inequality 

L(j, n) 
ko < 2 < kl' 

L(3' n) 
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with 0 < ko < k., becomes 

or, equivalently, , 

n 

log2 ko < n - 2 L Xj < log2 kit 
I 

n 1 It n I 
co(n) = 2 - 21082 k, < LXi < 2 - 210g2 ko = cl(n). 

I 

n 

Note that LH, n)/L(j, n) s; ko if and only if cl(n) < L Xi; and L(~, n)/ 
n I 

L(j, n) > kl if and only if co(n) > L Xi' Thus we continue to observe 
It I 

outcomes as long as co(n) < LXi < cl(n). The observation of outcomes is 
I n 

discontinued with the first value n of N for which either cl(n) S; L Xi or 
n n I 

co(n) > L Xi' The inequality cl(n) < L Xi leads to the rejection of Ho: 8 = i 
I I n 

(the acceptance of HI), and the inequality co(n) ~ L Xi leads to the acceptance 
I 

of Ho : 8 = i (the rejection of HI)' 

Remarks. At this point, the reader undoubtedly sees that there are many 
questions that should be raised in connection with the sequential probability 
ratio test. Some of these questions are possibly among the following: 

I. What is the probability of the procedure continuing indefinitely? 
2. What is the value of the power function of this test at each of the points 

8 = 8' and 8 = 6"? 
3. If 0" is one of several values of 6 specified by an alternative composite 

hypothesis, say HI : 8 > 8', what is the power function at each point 8 ~ 8'? 
4. Since the sample size N is a random variable, what are some of the 

properties of the distribution of N? In particular, what is the expected value 
E(N) of N? 

S. How does this test compare with tests that have a fixed sample size n? 

A course in sequential analysis would investigate these and many other 
problems. However, in this book our objective is largely that of acquainting 
the reader with this kind of test procedure. Accordingly, we assert that the 
answer to question I is zero. Moreover, it can be proved that if 8 = 8' or if 
8 = 8", E(N) is smaller, for this sequential procedure, than the sample size of 
a fixed-sample-size test which has the same values of the power function at 
those points. We now consider question 2 in some detail. 

In this section we shall denote the power of the test when Ho is 
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true by the symbol a and the power of the test when HI is true by the 
symbol I - p. Thus IX is the probability of committing a type I error 
(the rejection of Ho when Ho is true), and P is the probability of 
committing a type II error (the acceptance of Ho when Ho is false). With 
the sets e" and B" as previously defined, and with random variables of 
the continuous type, we then have 

IX -, ,f !. L(8', n), 1 - P =f ! L(8", n). 
,,-1 ~ ,,_1 C 

""", " 
Since the probability is I that the procedure will terminate, we also 
have 

1 - IX = f I. L(8', n), 
,,- I B 

" . 
P = f f L(8", n). 

n-I B" 

If (X., X2, ..• , x,,):e e", we have L(8', n) < koL(8", n); hence it is clear 
that' 

a = f r L(8', n) S f r koL(8", n) = ko(l - P). 
"_IJ~ n-IJ~ 

Because L(8', n) ~ kl L(8", n) at each point of the set B", we have 

1 - a = f f. L(8', n) > f f k,L(8", n) = kiP. 
,,-1 ~ "., ~ 

Accordingly, it follows that 

provided that P is not equal to zero or 1. 

(2) 

Now let aa and Po be preassigned proper fractions; some typical 
values in the applications are 0.01, 0.05, and 0.10. If we take 

aa 
ko = I _ Po' k 

_I-a.., , -. , 
P.., 

then inequalities (2) become 

a IX. 

I - PSI _ P.' (3) 

or, equivalently,' 

1X(l - Po} :s; (l - p)aa, 
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If we add corresponding 'members of the immediately preceding 
inequalities, we find that 

a + P - apa - paa < aQ + Pa - paQ '=- afJQ 
~ : .. 

and hence 

a + P ~ aQ' + PQ'·· 
That is, the sum a + P pf the probabilities of the two kinds of errors 
is bounded above by the sum aQ + Pa of the preassigned numbers. 
Moreover, since a and P are positive proper fractions; inequalities (3) 
imply that 

aQ P < Pa 
a < I - pQ ' - I - aa 

consequently, we have an upper bound on each' of a and p. Various 
investigations of the sequential probability ratio test seem to indicate 
that in most practical cases, the values o(a and P ate quite close to a. 
and Pa. This prompts us to approximate the power function at the 
points 8 = 8' and 8 = 8" by aQ and I - PQ, respectively. 

ExtllllJl/e 2. Let Xbe N( 8, 100). To find the sequential probability ratio test 
for testing Ho: 8 = 75 against HI : 8 = 78 such that each of IX and fJ is 
approximately equal to 0:10, take \ . 

Since 

0.10 1 
leo ~ 1 -- 0.10 = 9' 

k - 1 - 0.10 - 9 
I - 0.10 -.' 

L(75, n) = exp [ - L (Xi - 75)2/2(100)] = exp (_ 6 LXi - 459n) , 

L(78, n) exp [ - L (Xi - 78)2/2(100)] 200 

the inequality 
. 1 L(75,n) k 

ko=-< <9= I 
9 L(78,n) 

can be rewritten, by taking logarithms, as 

6 Lx.-459n 
-ln9< ;00 <ln9. 

This inequality is equivalent to the inequality 
" . 

co(n) = 'i3n - I~ In 9 < LXi < li3n + !f1ln 9 = c.(n). 
I' 

Moreover, L(75, n)/ L(78, nf-;::: leo and L(75, n)/ L(78'.n) > kl are equivalent 
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II /I 

to the inequalities LXi > CI (n) and LXi < co(n), respectively. Thus the 
I I 

observation of outcomes is discontinued with the first value n of N for which 
II II II 

either L X; ~ cl(n) or LXi s co(n). The inequality L Xi ~ c,(n) leads to the 
1 I II I ' 

rejection of Ho : 6 = 75, and the inequality LXi S co(n) leads to the acceptance 
I 

of Ho: 8 = 75. The power "of the test is approximately 0.10 when Hoistrue, 
and approximately 0.90 when HI is true. 

Remark. It is interesting to note that a sequential probability ratio test can 
be thought of as a random-walk procedure. For illustrations, the final 
inequalities of Examples 1 and 2 can be rewritten as 

II 

-log2 kl < L 2(x; - 0.5) < -log2 ko 
• 

and 

100 II 100 
-TIn 9 < L(x; -76.5) <TIn 9, 

I 

respectively. In each instance, we can think of-starting at the point zero and 
taking random steps until one of the boundaries is reached. In the first 
situation the random steps are 2(X. - 0.5), 2(X2 ~ 0.5), 2(X3 - 0.5), ... and 
hence are of the same length, 1, but with random directions. In the second 
instance, both the length and the direction of the steps are random variables, 
XI - 76.5, Xl - 76.5, X3 - 76.5, .... 

In recent years, there has been much attentiQn to improving quality 
of products using statistical methods. One such simple' method was 
developed by Walter Shewhart in which a sample of size n of the items 
being produced is taken and they are measured, resulting in n values. 
The mean x of these n measurements has an approximate normal 
distribution with mean Jl and variance (12/n. In practice, Jl and (12 must 
be estimated, but in this discussion, we assume that they are known. 
From theory we know that the probability is 0.997 that x is betweeq 

and 

These two values are called the lower (LCL) and upper (DCL) control 
limits, respectively. Samples like this are taken periodically, resulting 
in a sequence of means, say XI, X2, X3, .... These are usually plotted; 
and if they are between the LCL and DCL, we say that the process 
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is in control. If one falls outside the limits, this would suggest that the 
mean J.l has shifted, and the process would be investigated. 

It was recognized by some that there could be a shift in the mean, 
say from J.l to J.l + (u/Jn); and it would still be difficult to detect that 
shift with a single sample mean as now the probability of a single x 
exceeding UCL is only about 0.023. This means that we would need 
about 1 /0.023 ~ 43 samples, each of size n, on the average before 
detecting such a shift. This seems too long; so statisticians recognized 
that they should be cumulating experience as the sequence 
XI, Xh X), ... is observed in order to help them detect the shift sooner. 
It is the practice to compute the standardized variable Z = (X - J.l)/(u/ 
In); thus we state the problem in these terms and provide the solution 
given by a sequential probability ratio test. 

Here Z is N(O, 1), and we wish to test Ho: 0 = 0 against H, : 0 = I 
using the sequence ofLi.d. random variables Z., Z2, ... , Zm, .... We 
use m rather than n, as the latter is the size of the samples taken 
periodically. We have 

L(O, m) exp [ - L z1 /2] [m J 
--= = exp - L (z; - 0.5) . 
L(l, m) exp [-I (Z; - 1)2/2] i-I 

Thus 

leo < exp [ -,t, (z, - O.5)J < k, 

can be rewritten as 
m 

h= -Inko> I (z;-0.5) > -Ink, = -h. 
i"" , 

It is true that -In leo = In kl when lXa = Pa. Often, h = -In ko is taken 
to be about 4 or 5, suggesting that lXa = Pa is small, like 0.01. As 
1: (z; - 0.5) is cumulating the sum of Zj - 0.5, i = I, 2, 3, ... , these 
procedures are often called CUSUMS. If the CUSUM = 1: (Zi - 0.5) 
exceeds h, we would investigate the process, as it seems that the mean 
has shifted upward. If this shift is to 0 = 1, the theory associated with 
these procedures shows that we need only 8 or 9 samples on the average, 
rather than 43, to detect this shift. For more information about these 
methods, the reader is referred to one of the many books on quality 
improvement through statistical methods. What we would like to 
emphasize here is that, through sequential methods (not only the 
sequential probability ratio test), we should take advantage of all past 
experience that we can gather in making inferences. 
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EXERCISES 

9.37. Let X be N(O, (J) and. in the notation of this section, let (J' = 4, (J" = 9, 
/Xu = 0.05, and fJu = 0.10. Show that the sequential probability ratio test can 

" 
be based upon the statistic L X;. Determine co(n) and cl(n). 

I 

9.38. Let X have a Poisson distribution with mean (J. Find the sequential 
probability ratio test for testing Ho : (J = 0.02 against HI : (J = 0.07. Show 

" that this test can be based upon the statistic L Xi' If /Xa = 0.20 and Pu = 0.10, 

find co(n) and CI (n). 
, I 

9.39. Let the independent random variables Yand Z be N(PI, 1) and N(1l2, 1), 
respectively. Let (J = III - 1l2' Let us observe independent observations 
from each distribution, say Y., Y2, ... and Z., Z2, .... To test sequentially 
the hypothesis Ho : (J = 0 against HI : (J = !, use the sequence Xi = Y; - Zh 
i = I, 2, . . .. If /Xu = Pu = 0.05, show that the test can be based upon 
X = Y - Z. Find co(n) and cl(n). 

9.40. Say that a manufacturing process makes about 3 percent defective 
items, which is considered satisfactory for this particular product. The 
managers would like to decrease this to about 1 percent and clearly want 
to guard against a substantial increase, say to 5 percent. To monitor the 
process, periodically n = 100 items are taken and the number X of defectives 
counted. Assume that X is b(n = I()(),p = (J). Based on a sequence 
XI' X:h ••• , X"' ... , determine a sequential probability ratio test that 
tests Ho: (J = 0.01 against HI : (J = 0.05. (Note that (J = 0.03, the present 
level, is in between these two values.) Write this test in the form 

m 

ho> L (Xi - nd) > hi 
i= I 

and determine d, ho, and hi if /Xu = Pa = 0.02. 

9.5 Minimax, Bayesian, and Oassiftcation Procedures 

In Chapters 7 and 8 we considered several procedures which may 
be used in problems of point estimation. Among these were decision 
function procedures (in particular, minimax decisions) and Bayesian 
procedures. In this section, we apply these same principles to the 
problem of testing a simple hypothesis Ho against an alternative simple 
hypothesis HI' It is important to observe that each of these procedures 
yields, in accordance with the Neyman-Pearson theorem, a best test 
of Ho against HI' 
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We first investigate the decision function approach to the problem 
of testing a simple hypothesis against a simple alternative hypothesis. 
Let the joint p.d.f.ofn random variables XI, X2 , ••• , XI! depend upon 
the parameter 8. Here n is a fixed positive integer. This p.d.f. is denoted 
by L(8; Xl, X2, ••• ,XI!) or, for brevity, by L(8). Let 81' and 8" be 
distinct and fixed values of 8. We wish to test the simple hypothesis 
Ho: 8 = 8' against the simple hypothesis HI: 8 = 8". Thus the 
paramefer space is 0 = {8: 8 = 81', 8"}. In accordance with the decision 
function procedure, we need a function ~ of the observed values of 
XI, ... , Xn (or, of the observed value of a statistic Y) that decides which 
of the two values of 8, 8' or 8", to accept. That is, the 
function ~ selects either Ho: 8 < (}' or Ht : 8 = 8". We denote these 
decisions by ~ = 8' and ~ = 8", respectively. Let .!l'(8, ~) represent the 
loss function associated with this decision problem. Because the pairs 
(8 = 81', ~ = 81') and (8 = 8", ~ = 8") represent correct decisions, we 
shall always take .!l'(8'. 8') = .!l'(8", 8") = O. On the other hand, if 
either ~ = 8" when 8 = 8' or ~ = 8' when 8 = 8", then a positive value 
should be assigned to the loss function; that is, .!l'( 8', 8") > 0 and 
!l'(8", 8') > O. . 

It has previously been emphasized that a test of Ho : 8 = 8' against 
HI : 8 = (}" can be described in terms of a critical region in the sample 
space. We can do the same kind of thing with the decision function. 
That is, we can choose a subset C of the sample space and if 
(x" X2, •• , , XI!) E C, we cap make the decision ~ = 8"; whereas,. if 
(XI' X2, ' , • , xn) e,C*, the complement of C, we make the decision 
~ = 8', Thus a given critical region C determines the decision function. 
In this sense, we may denote the risk function by R(8, C) instead of 
R(8, ~). That is, in a notation used in Section 9.1, 

R(8, C) = R(8, ~) = r !£'(8, ~)L(8). 
Jcvc• 

Since ~ = 8" if (x" . . . , xn) E C and ~ = 8' if (X., . , .• xn) e C*, we have 

R(8, C) = r 2(8, 8")L(8) + r 2(0, 8')L(8). (1) 
Jc Jc• 
, 

If, in Equation (1), we take 8 = 8', then 2(8',8') = 0 and hence 

R«()'. C) = i :l'«()', ()")L«()') =:l'(8'. ()n) i L(IJ'). 
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On the other hand, ifin Equation (1) we let 0 = 0", then !l'(O", 0") = 0 
and, accordingly, 

R( IJ", C) = L .!l'( IJ", IJ')L( IJ") = .!l'( IJ", IJ') L L( IJ"). 

It is enlightening to note that, if K( 0) is the power function of the test 
associated with the critical region C, then 

R(O', C) = !l'(0', O")K(O') = !l'(0', O")a, 

where a = K( 0') is the significance level; and 

R(O", C) = !l'(0", 0')[1 - K(O")] = !l'(0", O')P, 

where P = 1 - K(O") is the probability of the type II error. 
Let us now see if we can find a minimax solution to our problem. 

That is, we want to find a critical region C so that 

max [R(O', C), R(O", C)] 

is minimized. We shall show that the solution is the region 

{ 
L(O';XJ, ... ,Xn)} 

C = (xJ, ... , xn): (0'" ) <k , 
L , XI, .•. , Xn 

provided the positive const,ant k is selected so that R(8', C) = R(8", C). 
That is, if k is chosen so that 

.!l'(IJ', IJ") L L(IJ') = .!l'(IJ", IJ') L L(IJ"), 

then the critical region C provides a minimax solution. In the case of 
random variables of the continuous type, k can always be selected so 
that R(O', C) = R(O", C). However, with random variables of the 
discrete type, we may need to consider an auxiliary random exper
iment when L(8')j L«(}") = k in order to achieve the exact equality 
R(O', C) = R(O", C). 

To see that this region C is the minimax solution, consider every 
other region A for which R(O', C) ~ R(O', A). Obviously, a region A for 
which R(ff, C) < R(O', A) is not a candidate for a minimax solution, 
for then R(O', C) = R(O", C) < max [R(O', A), R(O", A)]. Since 
R(O', C) > R(8', A) means that ' 

.!l'(IJ', IJ") L L( IJ') :2: .!l'( ()', ()") 1 L( IJ'), 
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we have 

ex = L L(8') ~ L L(8'). 

That is, the significance level of the test associated with the critical 
region A is less than or equal to lX. But C, in accordance with the 
Neyman-Pearson theorem, is a best critical region of size lX. Thus 

L L(8") ~ L L(8") 

and 

f L(8") < f L(8"). 
Jc- A. 

Accordingly, 

IP(8", 8') f L(8"):s; IP(8", 8') f L(8"), 
Jc- A. 

or, equivalently, 

R(8", C) < R(8", A). 

That is, 

R(8', C) = R(8", C) < R(8", A). 

This means that 

max [R(8', C), R(8", C)] :s; R(8", A). 

Then certainly, 

max [R(8', C), R(8", C)] < max [R(8', A), R(8", An, 

and the critical region C provides a minimax solution, as we wanted 
to show. 

Exlllllple 1. Let XI, X2, ...• XUIO denote a random sample of size 100 from 
a distribution that is N«(J, 100). We again consider the problem of testing 
Ho: (J = 75 against HI: (J = 78. We seek a minimax solution with 
!I'(75, 78) = 3 and ..2'(78, 75) = 1. Since L(75)/ L(78) < k is equivalent to 
i ;;;::: c. we want to determine c. and thus k. so that 

3 Pr (X :> c; (J = 75) = Pr (X < c; (J = 78). 
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Because X is N(O, 1), the preceding equation can be rewritten as 

3[1 - <t(c - 75)] = C»(C - 78). 

If we use Table III of the appendix, we see, by trial and error, that the 
solution is 'c = 76.8, approximately. The significance level of the test is 
1 - c»(1.8) = 0.036, approximately, and the power of the test whenH. is true 
is 1 - c»('- 1.2) = 0.885, approximately. 

Next, let us consider the Bayesian approach to the problem of 
testing the simple hypothesis Ho :' 6 = 6' against the simple hypothesis 
HI : 6, ,=, 6". We continue t9. use the notation already presented in this 
section; In addition, we recall that we need the p.d.f. /1(6) of the I;andom 
variable a. Since tb~ parameter $pace consists of but two points, 0' 
and 6", 9 is a random variable of the discr~te type; and we have 
h(6') + h(6") = I. SinGe L(6; XI, Xl, ••• ,XII) = L(6) is the conditional 
p.d.f. of XI, X2, ... , XII' given 8 = 6, the joint p.d.f. of XI, X2, ... , X,. 
and,S is ' 

h(6)L(6; XI, X2, ... , xn) = h(O)L(6). 

Because 

L h(6)L(6) = h(6')L(6') + h(6")L(6f
') 

n 

is the'marginal p.d.f. of XI' X2, ... , Xn, the conditional p.d.f. of 9, 
given XI = Xl, ••• ,Xn = Xn, is 

k(81 _ h( 6)L( 6) 
XI, .•• , Xn) - h(8')L(6') + h(6")L(6") . 

Now a Bayes' solution to a decision problem is defined in Section 
8.1 as a ~(y) such. that ~{.!l'[8, ~(y)]1 y = y} is a minimum. In this 
problem if ~ = 8', tbe conditional expectation of .!l'(8, ~), given 
Xl = XI, ••. , Xn = Xn, is 

, .!l' ( 6", 8')h( 8")L( 6") 
~ .!l'(6, 6 )k(6Ix" . .. , xn) = h(8')L(6') + h(6")L(6") , 

because .!l'(6', 6') = 0; and if ~ , 8", this expectation is 

" . .!l' ( 8', 8")h( 8') L( 6') 
~ .!l'(6, 6 )k(6Ixh ... , xn) = h(8')L(6') + h(6")L(6") , 
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because !e«(J", 6"}==O. Accordingly, the Bayes' solution requires that 
the decision b = (J" be made if 

!l'«(J', (J")h«(J')L«(J') !e(fJ', (J')h«(J")L«(J") 

h«(J')L«(J') + h(&")L(O") < h«(J')L«(J') + h(O")L«(J") , . 

or, equivalently, if 

L(O') !e( 0" ,··fJ')h( 0") 
--<-----
L( 0") !l' ( (J' .}J")h( Of) . 

(2) 

If the sign of inequality in expression (2) is reversed, we make the 
decision't5 = 0'; and if the two members of expression (2) are equal, We 
can Use sOine- auxiliary random experiritent to make the decision. It is 
important to note that expression (2) describes, in accordance with the 
Neyman-Pearson theoreni, a best· test. C 

Example 2. In addition to the informatio'n giv~n in Example l,suppose 
that we know the prior probabilities for 8 = 8' = 75 and for 0 = 0" = 78 to 
be given, respectively, by h(75) = ~ and h(78) =;. Then the Bayes' solutionis, 
in this case, 

L(75) (1)<;) 
--<--=2 
L(78) (3)(~) , 

which is equivalent to x > 76.3, approximately. The power of the test when 
Hois true is 1- Cll(1.3) = 0.097,approximately~andthepowerofthetestwhen 
H J is true is I - Cll( -1.7) = Cll(1.7) = 0.955, approximately. 

In summary, we make the following comments. In testing' the 
simple hypothesis Ho : 0 = 0' against the simple hypothesis HI : 0 = 8", 
it is emphasized that each principle leads to critical regions of the form 

{ 
L(O'; XI, ••• ,xn) } 

(x, ,-X2, ••• , xn) : L(O"' ) '5. k , 
, XI, ••• , Xn 

where k is a positive constant. In the classical approach, we determine 
k by requiting that the power function of-the test have a certain value 
at the point 0 = 8' or at the point 0 = Oil (usually, the value a at the 
point 0 = 0'). The minimax decision requires k to be selected so that 

!e (0', 0") r L( 0') =' Ii' «(J", 0') r L( 0"). 
Jc Jc• 

Finally, the Bayes' procedure requires that 

k = Ii' ( 0", 8')h( 0") 
Ii' ( 8', O")h( 0') . 
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Each of these tests is a best test for testing a simple hypothesis 
Ho : 9 = 9' against a simple alternative hypothesis HI : 9 = 9". 

The summary above has an interesting application to the problem 
of classification, which can be described as follows. An investigatot 
makes a number of measurements on an item and wallts to place it into 
one of several categories (or classify it). For convenience in our 
discussion, we assume that only two measurements, say X and Y, are 
made on the item to be classified. Moreover, let X and Yhave a joint 
p.d.f. f(x, y; 9), where the parameter 9 represents one or more 
parameters. In our simplification, suppose that there are only two 
possible joint distributions (categories) for X and Y, which are indexed 
by the parameter values 9' and 9", respectively. In this case, the problem 
then reduces to one of observing X = x and Y = y and 
then testing the hypothesis 9 = 9' against the hypothesis 9 = 9", with 
the classifieation of X and Y being in accord with which hypothesis is 
accepted. From the Neyman-Pearson theorem, we know that a best 
decision of this sort is of the form: If 

,f(x, y; 9') < k 
f(x, y; 9") - , 

choose the distribution indexed by 9"; thatjs, we classify (x, y) as 
coming from the distribution indexed by 9". Otherwise, chQose the 
distribution indexed by 9'; that is, wec1assify (x, y) as coming from the 
distributioni:qdexed by 9'. Here,k can be selected by consjdering the 
power function, a minimax decision, or a Bayes' procedure. We favor 
the latter if the losses and prior probabilities are known.· . '< 

Example 3. Let (x, y) be an observation of the random pair (X, y), which 
has a bivariate normal distribution with parameters J.Lh J.L2, cr., O"~, and p. In 
Section 3.5 that joint p.d.f. is given by 

-00 < x < 00, -00 <y< 00, 

where 0"1 > 0, 0"2> 0, -1 < p < 1, and ;. ; 

1 [(X - J.L1)2 (x - J.LI) (Y - J.Ll) (Y - J.L2)2] q(x, Y; J.Lh J.L2) = 1 _ p2 0") - 2p 0"1 0"2 + 0"2 • 

Assume that cr., ~,and p are known but that we do not know whether the 
respective means of (X, y) are (J.LI, J.Ll) or (J.L~, J.Li). The inequality 

f(x,Y;J.Li,J.L2,O"i,0'~,p). k --------s 
fix, Y; J.L7, J.L2, O"i, O"~, p) 
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is equivalent to 

Uq(x, y; Il~ , IlD - q(x, y; Il;, Ili)] < In k. _ 

Moreover, it is clear that the difference in the left-hand member of· t};lis 
inequality does not contain terms involving xl, xy, and y. In particular, this 
inequality is the same as 

1 2 {[Ill - Ili _ P{Jl2 - 1l2>]x + [Ill -III _ p{Jl; - IlD]y} 
I - p at (11(12 ~ (11(12 

< In k + ! [q(O, 0; p;, Ill) - q(O, 0; Ili, 112)], (3) 

or, for brevity, 

ax + by:s; c. 

That is, if this linear function of x and y in the left-hand member of inequality 
(3) is less than or equaUo a certain constant, we would classify that (x, y) as 
coming from the bivariate normal distribut~on with means p7 and Ill' 
Otherwise, w,e would classify (x, y) as arising from the bivariate normal 
distribution with means p~ and 112' Of course, if the prior probabilities and 
losses are given, k and thus c can be found easily; this wiH be illustrated in 
Exercise 9.43. 

Once the rule for classification is established, the statistician might 
be interested in the two probabilities of misclassifications using that 
rule. The first of these two is associated with the classification of (x, y) 
as arising from the distribution indexed by {}" if, in fact, it comes' from 
that index by {J'. The second misclassification is similar, but with the 
interchange of 8' and {J". In the preceding example, the probabilities 
of these respective misclassifications are 

Pr (aX + bY < c; PI, pi) and Pr (aX + bY> c; p~', pl). " 

Fortunately, the distribution of Z = aX + bY is easy to determine, 
so each of these probabilities is easy to calculate. The m.g.f. of Z is 

E(eIZ) = E[e/(QX + bY)] = E(~/X + bIY). 

Hence in the joint m.gJ. of X and Y found in Section 3.5, simply replace 
II by at and 12 by bl to obtain 

E( 
IZ) [ b tTi(at)2 + 2ptT, tT2(at)(bt) + ~(bt)2J 

e = exp Plat + P2 t + 2 

[( b) (a2tTi + 2abptTl tT2 + b2tTD12] = exp ap, + P2 I + 2 . 
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However, this is the m.g.f. of the normal distribution 

N(a#, + h1l2' alui + 2ahpulu2 + lraD· 

441 

With this information, it is easy to compute the probabilities of 
misc1assifications, and this will also be demonstrated,in Exercise9~43. 

One final remark must be made with respect 'to the use of the 
important classification rule established in Example 3. In most 
instances the parameter values Ill, 112 and 1l7, III as well as ui, 'oi, and 
p are unknown. In such cases the statistician has usually observed a 
random sample (frequ~ntly called a training sample) from each of the 
two distributions. Let us say the samples have sizes n' and n", 
respectively, with sample characteristics . 

x', )i',' (S~)2, (S;)2, r' and i", y", (SZ)2, (S;)2, r". 

Accordingly, if'in inequality (3) the parameters Ill. 1l2' 1l7, 1l2' 07, u~, 
and PUIQ2 are replaced 'by the unbiased estimates 

" n'(s')2 + n"(s")2 n'(s')2 + n"(s'.')2 
-, -, -II -If x x y y 

x,Y,x,y, '+" '2 ' '+" 2 ' n n - n n-
n' r' s' s' + n" r" s" s" x y x y 

n' + nil - 2 

the resulting expression in the left-hand member is frequently called 
Fisher's linear discriminant function. Since those paramett(rs have been 
estimated, the distribution theory associated with aX+ h Y is not 
appropriate for Fisher's function. However, if n' and n" are large, the 
distribution of aX + h Y does provide an approximation. 

Although we have considered only bivariate distributions in this 
section, the results can easily be extended to multivariate normal 
distributions after a study of Sections 4.10, 10.8. and 10.9. 

EXERCISES 

9.41. Let XI, X2, • •• , X2& be a random sample of size 20 from a distribution 
.which is N(8, 5). Let L(8) represent the joint p.d.f. of Xh X2, ••• ,Xl(}' The 
problem is to test Ho: 8 = I against HI : 8 = O. Thus n = {8: 8 = 0, J}. 
(a) Show that L(J)jL(O) :s; k is equivalent to x :s; c. 
(b) Find c so that the significance level is ex = 0.05. Compute the power of 

this test if HI is true. 
(c) If the loss function is such that ~(1, J) :- 9"(0,0) = 0 and 

9"(1,0) = g'(0, 1) > 0, find the minimax test. Evaluate the, power 
function of this test at the points 8 = I and 8 = O. 
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(d) If, in addition, the prior probabilities of 8 = 1 and 8 = 0 are, 
respectively,h(l) = 1 and h(O) = 1, find the Bayes' test. Evaluate the 
power function of this test at the points 8 = 1 and 8 = O. 

9.42. Let .XI' X2, •••• ,XIO be a random sample of si.ze 10 from a Poisson 
distribution withJ,arameter f:J. Let L(8) be the joint p.d.f. of XI, X2, ••• , X IO ' 

The problem isto test Ho : 8 -: ! against HI : 8 = I. . 
10 

(a) Show that L(!)/L(l) < k is equivalent to y =LXi ~ c. 
I 

(b) In order to make « -'- 0.05,showthatHoisrejectedify:> 9and,ify = 9, 
. 'reject Ho with probability! (using some auxiliary -random experiment). 

(c) If the loss function is such that ~(!,!) = .,2"(1, 1) = 0 and .9"(!, 1) = 1 
and ~(l, !> = 2 show that the minimax procedure is to reject Ho if y > 6 
and, if y = 6, reject Ho with probability 0.08 (using some auxiliary 
random experiment). 

(d) If, in addition, we are given that the prior probabilities 9f (J =! and 
8 = I are h(!) =1~ and h(l) = j, respectively, show that the Bayes' 
solution is to reject Ho if y > 5.2, that is, reject Ho if y > 6. 

9.43. In Example 3 leJ Il~ = Il~ = 0, Ilr = Il~ = 1, tTi = 1, ~ = 1, and p = !. 
(a) Evaluate inequality (3) when the prior probabilities are h{J1" 112) = l 

and h(llr, IlD = j and the losses are 9'[8 = (11.,112), b = (J1T, 112)] = 4 
and 9'[8 = (J1i, 112), b = (J1', 112)] = 1. 

(b) Find the distribution of the linear function aX + bY that results from 
part (a). 

(c) Compute Pr(aX +bY < c; III = 112 = 0) and Pr (aX + bY> c; Ili = 
112'= 1). 

9.44.' ~t X and Yhave the joint p.d.f. 

o < x < 00, 0 < y < 00, 

zero elsewhere, where 0 < 81,0 < 82, An observation (x, y) arises from the 
joint distribution with parameters equal to either (8, = I, 82 = 5) or (Of. = 3, 
82 = 2). Determine the form of the classification rule. . . 

9.45. Let X and 'Y have a joint bivariate normal distribution. An observation 
(x, y) arises from the joint distribution withparameteYs equaJ to either 

11, = 112 = 0, (tTil' = (tT~l'= 1, p' = ! 
or 

" II I (2)" 4 (_2)" 9 " I III = 112 =, tTl -:, 02 = , P = 2' 
'" 

Show that the classification rule involves a second degree polynomial in x 
and y. . 
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9.46. Let XI, X2, ••• , X" be a random sample from a distribution with one 
of the two probability density functions (ljp)J;[(x - 8)lp], -00< 8 < 00, 

p> 0, i = 1,2. We wish to decide from which of these distributions the 
sample arose. We assign the respective prior probabilities PI and P2 to It and 
J,."wherep. + P2 = ~. If the prior p.d.f. assigned to the nuisance parameters 
8 and p is g(8, p), the posterior probability of /; is proportional to 
p;Iiftlx" ... , xn), where 

lUiI>:, •...• x.) . r [0)' f, e' ; 8)- .. f, e· ; 8)g(8. p) til dp. 

i-I; 2. 

If the losses associated with the two wrong decisions are equal, we would 
select tb,e p.d.f. with the largest posterior probability. 
(a) Ifg(8; p)isa vaguenoninfonnativepriorproportionalto IIp,showthat 

, 100 

fQO '(1)"+ J (X 8) (X 8) I(j;lx., ... , x,,) = 0 -00 p" /;' 1; ... /; n ; d8 dp 

,=·,l.IX> fIX> 1" -2/;(lxl - u) ... /;(lx" - u) du dA. 
D -00 

by~hanging variables through 8 = JlIA., p = IIA..Hajek and Sidak show 
"that using this last expression,theBayesian procedure of selectingJ,. 
over J. if ' 

P2IUilxr,· .. , x,,) >PII(J.lx" ... , xn) " 

provides a most powerful location and scale invariant test of one model 
against another. ' 

(b) Evaluate I((;lx., ... , x,,), i = 1,2, given in (a) for 'J.(x) =~, 
- 1 ,< x < 1, zero elsewhere, andJ,.(x) is the p.d.f. of N(O, 1). Show that 
the most powerful location and scale invariant test for selecting the 

" _. normal distribution over the uniform is of the form (Y" - YI)I S < k, 
where YI < Y2 < . . . < 'Y" are the order- statistics and Sis the sample 

- standard- deviation. 

ADDITIONAL EXERCISES 

9.47. Consider a random sample X" X2, ••• "X" from a distribution with 
p.d.f.Ax; 8) = 8(1- X)6-1, 0 < X'< 1, zero elsewhere, where 8> 0. 
(a) Find the form of the uniformly most powerful test of Ho : (J = I against 

HI: (J> 1. '; 
(b) What is the likelihood ratio A. for testing Ho : (J = I against HI : 8:f:. 11 

, ;c , 

9.41. Let X., X2 , •••• ,X" be a random sample from a distribution with p.d.f. 
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I(x; 9) = 9x!-C: I, 0 < x <.1, zero elsewhere. 
(a) Find a complete sufficient statistic for 9.' 
(b) If a = fJ = 1~' find the sequential probability ratio test of Ho: 9 = 2 

against HI : 9 .-;3. ,. 

9.49. L~t X have a Poisson p.d.f. with parameter 9. We shall use a random 
sample of size n to test Ho : (J = 1 against HI : 9 =i: I. 
(a) Find the likelihood ratio l for making this test. 
(b) Show that A.' can be expressed in terms of .i, the mean of the sample, 

so that the test can be based upon .i. 
9.SO. Let X" X2, ••• ,XII and Y., Y2, ••• ,Y" be independent random 

samples (rom two normal distributions N(p.I' 02) and N(p.2. 02), respectively, 
where 02 is the common but unknown variance., .. 
(a) Find the likelihood ratio l for testiilg Ho: III = 112 = 0 against all 

, alternatives. . , 
(b) Rewrite..4. so that it is a function of a statistic Z which has a well-known 

distribution. 
(c) Give the distribution of Z under both null and alternative hypotheses. 

9.51. Let XI, ... , XII denote a random sample from a gamma-type 
distribution with alpha equal to 2 and beta equal to 9. Let Ho: 9 = 1 and 
HI: 9> 1. 
(a) ShQw that there' exists a uniformly most powerful test for Ho against 

H,:determine'the statistic 'Yupon whi~h the test may be based, and 
indicate the nature of the best critical region. 

(b) Find the p.d.f. of the statistic. Y in part (a). If we want a significance 
level of 0.05, write an equation which can be used to determine the 
critical region. Let K(9), (1:2:. l,ibe the power function of the test. 
Express the power function as an integral. 

9.52. Let (X" YI ), (X2' Y2),' .. , (XII' Y,,) be a "random sample from a 
bivariate normal distribution with Ph P2, 01 = u; = 02, p = !, where Ilh 1l2' 
and 02 > 0 are unknown real numbers. Find the likelihood ratio l for testing 
Ho : III = 112 99, 02 unknown against all alternatives. The likelihood ratio 
.A. is a function of what statistic that has a well-known distribution? 

9.53. Let WI = (WI' W2) be an observation from one of two bivariate normal 
distributions, I and II, each with III == #12 = 0 but with the respective 
variance-covariance matrices 

and V2=G I~} 
How would you classify W into I or II? 

9.54. Let X be Poisson 9. Find the sequential probability ratio test for 
testing Ho: 9 == 0.05 against HI: 9 = 0.03. Write this in the form 



" 
co(n) < L Xi < cl(n), determining co(n) and c.(n) when (Xa = 0.10 and 

;= 1 

Pa = 0.05. 

9.55. Let X and Y have the joint p.d.f. 

I (X Y) I(x, Y; 01, ( 2) = 0, O
2 
exp - O. - O

2 
' o < x < 00, 0 < Y < 00, 

zero elsewhere, where 0 < 01,0 < O2 , An observation (x, y) arises from the 
joint distribution with O~ = 10, 0; = 5 or 0', = 3, O~ = 2. Determine the 
form of the classification rule. 
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CHAPTER 10 

Inferences About 
Normal Models 

10.1 The DistributioDS of Certain Quadratic Forms 

A homogeneous polynomial of degree 2 in n variables is called 
a quadratic form in those variables. If both the variables and 
the coefficients are real, the form is called a real quadratic form. 
Only real. quadratic forms will be considered in this book. To 
illustrate, the form Xi + XI Xl + Xi is a quadratic form in the two 
variables Xl and X2; the form Xr + X~ + 11- 2X1X2 is a quadratic 
form in the three variables XI, X2, and X;; but the form 
(XI - 1)2 + (X;z - 2)2 = Xi + Xi - 2XI - 4X2 + 5 is not a quadratic 
form in XI and X2, although it is a quadratic form in the variables 
XI - 1 and X2 - 2. 

Let i and S2 denote, respectively, the mean and the variance of a 
random sample XI, X2 , ••• , Xn from an arbitrary distribution. Thus 

nS' = t (X, - X)' = t ( X, _ X, + X, : ... + X.)' 
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n~l( 2 v2 2 = n XI + A 2 + ... + X~) 

is a quadratic form in the n variables XI, X2, ••• , Xn • If the sample 
arises from a distribution that is N(p, ( 2), we know that the 
random variable nS2/a2 is l(n - I) regardless of the value of Jl. This 
fact proved useful in our search for a confidence interval for a2 when 
Jl is unknown. 

It has been seen that tests of certain statistical hypotheses require 
a statistic that is'a, quadratic form. For instance, Example 2, Section 

;.If 

9.2, made u~e of the statistic I xi, which is a quadratic-form in the 
I 

variables XI, X2, • •• , Xn • Later in this' chapter, tests of other statistical 
hypotlieses will be investigated., and it will be seen that functioos of 
statistics that are'quadratic forms Win be needed to carry outthe tests 
itt an ex'peditious manner. But first we shall make a'study of the 
distribution. of certain quadratic forms in normal and independent 
random variables. ' 

The following theorem wiil be proved in Section 10.9. 

Theorem 1. Let Q = QI + Q2 + ... + Qk-I + Qb where Q, QI, 
... , Qk are k + I random variables that are real quadratic forms in n 
independent random variables which are normally distributed with the 

. 2 2 
means JlI, Jl2, .. , ,Jln and the same variance a, Let Q/a, 
QI/a2

, ••• ,Qk da2 have chi-square distributions with degrees of free
dom r, r." .. ,rk-I, respectively. Let Qk be nonnegative. Then: 

(a) QI,"" Qk are independent, and hence 
(b) Qk/a2 has a chi-square distribution with r - (r, + . , , + ric _I) = rk 

degrees of freedom. 

Three examples illustrative of the theorem will follow. Each of 
these examples will deal with a distribution problem that is based 
on the remarks made in the subsequent paragraph. 

, Let the random variable X have a distribution that is N(Jl, ( 2
), 

Let a and b denote positive integers greater than I and let 
n = ab.Consider a random sample of size n = ab from this ;normal 
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distribution. The observations of the random sample will be denoted 
by the symbols 

XII, 

X21 , 

· .. , 
· .. , 

· .. , 

... , 

. . . , 

In this notation, the ,first subscript indicates the row, and the 
second sUbscript indicates the column in which' the observation 
appears. Thus Xij is in row i and column j, i = 'I, 2, ... ,a and 
j = I, 2, ... ,b. By assumption these n, = ab random variaJ;>les are 
in<lependent, and each has the . sa~e normal ~stribution with 
mean J',and variance (J2. Thus, i(w~,wish, w.e may,~onsider each row 
as being a random sample of size b from the given distribution; and we 
may consider each column as being a random sample of s,~. a from 
the given distribution. We now define a + b + I statistlcs~. They are 

and 

a b 

L L Xij 
XII + ... + X lb + ... + X al + ... + Xab i-I j = I 

~.- -
,ab 

. ~ \ 

a 

L Xij 
i . = Xlj + X 2j + .. , + X aj _ _ i ""_I_ 

. ] a II 

ab 

i = 1,2, ... , a, 

j = 1, 2, ... , b . 

The statistic X .. is the mean of the random sample of size n'= ab; the 
statistics XI., X2., • , • ,Xa, are, respectively" the means of the rows; 
and the statistics X. h X.2, ••• ,X.h are, respectively, the means of the 
columns. Three examples illustrative of the theorem wilt follow. 
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" Extunple 1. Consider the varianCe SJ. of the random sample of size n = abo 
We h~v'e the algebraic identiJy 

Q b 

abSJ. = L L (Xi) - X,J2 

j"" I j-I ", 

Q b _ Qb __ 

="L L (Xij - Xd2 + L L (Xi. - X.,)2 
1=lj=1 1=li=1 

Q b _ _ _ 

+ 2 ~ ~ (X·· - X· leX· - X ). i..J £.J IJ I, I, •• 

;= 1 i= I 

The last term of the right-hand member of this identity may be written 

2 t [(XI' - X.,) t (Xi) - X;.)] = 2 t [(Xi, - X.J(bX1• - bX;.)] = 0, 
1=1 . j-I i-I 

and the term 
Q b _ _ 

L L (Xi. - X,J2 

1= I i I 

may be written 

Thus" 
Q b Q 

abSJ. = ~ ~ (X·· - X. )2 + b ~ (X. - X )2 £- £- IJ I. l..J I. ..' 
i-lj=1 1=1 

or, for brevity, 

Q = QI + Q2' 
Clearly, Q, QI,and Q2 are quadratic forms in then = ab variables X;j. We shall 
use the theorem with k = 2 to show that QI and Q2 are independent. Since SJ. 
is the variance of a random sample of size n = ab from the given normal 
distribution, then abSJ./u2 has a chi-square distribution with ab - I degrees of 
freedom. Now 

b _ 

For each fixed value of i, L (Xi.; - X;,)2/b is the variance of a random 
i-I 
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sample .of size b from th~ given normal distribution, and, accOl;dingly, 
b 

I (Xij - X;.)2/a2 has a chi-square distribution with b ...:. I degrees offreedom. 
j=1 

Because the Xu are independent, QI/a2 is the sum of a independent random 
variables, each having a chi-square distribution with b - 1 degrees offreedom. 
Hence Qda2 has a chi-square distribution with a(b - 1) degrees of freedom. 

a _ _ . 

Now Q2 = b I (Xi. - X .. f > O. In accordance with the theorem, QI and 
; I 

Q2 are independent, and Q2/a2 has a chi-square distribution with 
ab - 1 - a(b 1) = a-I degrees of freedom. 

Example 2. In abSl replace Xi} - X .. by (Xij - X.j ) + (X.j - X .. ) to obtain 
b a 

abS'- = ~ ~ [(X.· - X .) + (X . - X )]2 t.... t.... I) .) .) ..' 
j ... I i = I 

or 

b a b 
C"2 II -2 I- -2 ab~- = (X·· - X·) + a (X . - X ) I).) .J.. • 

j=li=1 j=1 

or, for brevity, 

Q = Q3 + Q4' 

It is easy to show (Exercise 10,1) that Q3/al has a chi-square distribution with 
b _ _ 

b(a - 1) degrees of freedom, Since Q4 = a I (X,j - X.J2 ~ 0, the theorem 
j-d 

enables us to assert that Q3 and Q4 are independent and that Q4/al has a 
chi-square distribution with ab- 1 - b(a - 1) = b - 1 degrees of freedom. 

Ex~mple _3. In _ abS2 replace Xu - X.. by (Xi. - X . .> + (X,j - X,.> + 
(Xu - Xi. - X. j + X.J to obtain (Exercise 10.2) 

a _ _ b _ _ 

abS'- = b I (Xi . .;,.. X.J2 + a I (X.j - X.J2 

'=1 j-I 

or, for brevity, 

Q = Q2 + Q4 +Qs, 

where Q2 and Q4 are as defined in Examples I and 2. From Examples 1 and 
2, Q/tJl, Q2/a2, and Q4/a2 have chi-square distributions with ab - I, a-I, and 
b - 1 degrees of freedom, respectively. Since Qs > 0, the theorem asserts that 
Q2' Q4, and Qs are independent and that Qs/a2 has a chi-square 
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distribution with ab - 1 - (a - I) - (b - I) = (a - l)(b - I) degrees of 
freedom. 

Once these quadratic form statistics have been shown to be independent, 
a muitiplicity'of F-statistics can be defined. For instance, 

Q4/[cr(b - I)) , Q4/(b -- 1) 

Q3/[crb(a - 1)1 = Q3/[b(a - 1)1 
has an F-distribution with b - 1 and b(a - 1) degrees of freedom; and 

Q4/[q2(b - 1)] Q4/(b - I) 
-

Qs/[q2(a - l)(b - 1)] Qs/(a ~ l)(b - 1) 

has an F-distribution with b - 1 and (a - I)(b - I) degrees of freedom. In 
the subsequent sections it will be seen that some likelihood ratio tests of certain 
statistical hypotheses can be based on these F-statistics. 

EXERCISES 

10.1. In Example 2 verify that Q = Q3 + Q4 and that Q3/q2 has a chi-square 
distribution with, b(a - I) degrees of freedom. 

10.1. In Example 3 verify that Q = Q2 + Q4 + Qs-

10.3. Let XI, X2, _ •• ,Xn be a random sample from a normal distribution 
N(p., (2). Show that ' .. 

t (X; - X)2 = t (X, - X/)2 + n - I (XI - r)2, . 
i-I i-2 n 

_ n _ n 

where X = I X;/n and X' = I Xt/(n - 1). 
1=1 ;=2 

Hint: Replace Xi - X by (Xi - X') - (XI - X/)/n. Show that 
n _ 

I (XI - X')2/q2 has a chi-square distribution with n - 2 degrees of 
i ... 2 

freedom. Prove that the two terms in the right-hand member are 
independent. What then is the distribution of 

[en - 1 )/n] (X. - X/)2 ? 
" q2 . 

10.4. Let X;jhi = 1, ... , a; j =1, ... , b;k = 1, ... ; c, be a randOm s~mple 
of size n:::i: abc from a normal; distribution N(/J, (2). Let X ... = 

r ba . _ I: b 

II I Xijk/n and Xi .. = I L X;jk/bc. Show that 
k=lj""li""l k_lj",1 
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• Q b e. 

Show that L L L (X1jk - Xi.J2/u'- has a chi-square distribution with 
i-Ij-Ik-I 

a(be ..... :1) degrees 'of freedom; Prove that the two terms in the right-hand 
member are independent. What, then, is . the distribution of 

Q _ _ _ e Q _ 

be L (Xi .. - X .. J 2/u'-? Furthermore, let X;j. = L L Xijk/ae and Xij. = 
i-I k=1 i=1 

e 

L Xijk/c,· Show that 
k=1 

Q b e 

= L L L (XQl X .. )2 
IJ. 

i-Ij-Ik-I 

Q _ _ h _ _ 

+ be L (X;,. - X,.J2 + ae L (X,l_ - X .. J2 

;zl j_1 

Q b 

+ e" "(X.. - X. - X . + X )2. £... £... IJ. I.. oJ. • •• 
i-I j= I 

Show that the four terms in the right-hand member, when divided by a2, 

are independent chi-square variables with ab(e - I), a -,.I, b - I, and 
(a - l)(b - I) degrees of freedom, respectively. . 

10.S. Let XI, X2, X3, X4 be a random sample of size n = 4 from the normal 
• 4_ 

distribution N(O, I). Show that L (XI - X)2 equals 
i = I 

(XI - X2)2 [Xl - (XI + X2)/2]2 [X4 - (XI + X2 + X3)/3]2 

2 + 3/2 + 4/3 
and argue that these three terms are independent, each with a chi-square 
distribution with 1 degree of freedom. 

10.2 A Test of the EquaUty of Several Means 

Consider b independent random variables that have normal 
distributions with unknown means J.th J.t2, ••• ,J.tb' respectively, and 
unkD:ownbut common variance fil. Let Xli' X2j, ... , Xo) represent a 
random sample of size a from the normal distribution with mean J.tj 
and variance (12, j = 1,2, ... ,b. It is desired to test the composite 
hypothesis Ho: JlI = J.t2 = ... = Jlb = J.t, Jl unspecified, against all 
possible alternative hypotheses HI' A likelihood ratio test will be used. 
Here the total parameter space is 

n = {(J.th Jl2, ••• , J.tb, 0-2): - 00 < J.tj < 00, 0 < (12 < oo} 
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and 

OJ = {(JI.I' J.l2, ••• , J.lb, u2): - 00 < J.l1 = J.l2 = ... 
= J.lb = J.l < 00, 0 < (12 < oo}. 

The likelihood functions, denoted by L( OJ) and L(O) are, respectively, 

( 
I )Qb/2 [ I b Q ] 

L(OJ) = 2xo2 exp - 202 j~1 ;~I (xi) - J.l)2 

and 

( 
I )Qb/2 [ I b Q ] 

L(O) = -2 2 exp - 2 2 ,L ,L (Xij - J.lj)2 . 
X(1 (1 ) = I , = I 

Now 

b Q 

L L (Xij - J.l) 
j= 1;-=1 

and 

a In L( OJ) ab I b Q 2 

o( 2) = --2 2 + -2 4 L L (X;j - J.l) . 
(1 (1 (1 j=li=1 

If we equate these partial derivatives to zero, the solutions for J.l and 
(12 are, respectively, in OJ, 

b Q 

L L X;j 
j= I i= I -
--a-b-=x", 

b Q 

L L (xij - X . .>2 (1) 
j= I ;= I 
~-----=V, 

ab 

and these values maximize L( OJ). Furthermore, 

a In L(O) 
-----

(12 
j = 1,2, ... , b, 

and 
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If we equate these partial derivatives to zero, the solutions for 
Ilh 1l2' ... , Ilb, and t:r are, respectively, in 0, 

II 

· I Xli 
;=1 ---x· a ·l' 

j = 1, 2, ... , b, 

ab 
w, 

and these values maximize L(O). These maxima are, respectively, 

and 

[ J

abf2 

L(n) = b tl ab e- tlbf2 • 

2x i~ i~ (Xii- x,i)2 

Finally, 

2- L(tiJ)_ 
- L(n)-

b tl 

ab I I (X jj - X . .>2 
ja I 1= I 

b tl 

2 " "(X .. -x )2 . '- '- Il .. 
i= I i .. d 

(2) 

In the notation of section 10.1, the statistics defined by the 
functions X .. and v given by Equations (1) of this section are 

X .. = ± t Xi} and S2= ± t (Xu- X.J
2 

Q; 
i_I I-I ab i_I i=1 ab ab 

while the statistics defined by the functions X. I , X.2, ••• , X.b and w 
tl 

given by Equations (2) in this section are, respectively, X,j= I Xu/a, 
i-I 
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b Q 

j = 1,2, ... , b, and Q3/ab = L L (Xjj - X)2/ab. Thus, in the 
j= I ;= I 

notation of Section 10.1, ;,.2lab defines the statistic Q3/Q. 
We reject the hypothesis Ho if A, < 10. To find 10 so that we have 

a desired significance level cx, we must assume that the hypothesis Ho 
is true. If the hypothesis Ho is true, the random variables Xljconstitute 
a random sample of size n = ab from a distribution that is normal with 
mean JJ and variance rr. This being the case, it was shown in Example 

b _ _ 

2, Section 10.1, that Q = Q3 + Q4, where Q4 = a L (X.j - X . .>2; tha.t 
j=1 

Q3 and Q4 are independent; and that Q3/cr and Q4/cr have chi-square 
distributions with b(a - 1) and b - I degrees of freedom, respectively. 
Thus the statistic defined by A,21ah may be written 

Q3 I 

The significance level of the test of Ho is 

where 

But 

IX = Pr [, + b./Q, < A,l'''; HoJ 

c = b(a - 1) (Ai 2/ab _ I). 
b-I 

F = Q4/[q2(b - I)] = Q4/(b - 1) 
Q3/[q2b(a - 1)] Q3/[b(a - I)] 

has an' F-distribution with b - I and b(a - 1) degrees of free
dom. Hence the test of the composite hypothesis Ho: JJI = 
JJ2 = ... = JJb = JJ, JJ unspecified, against all possible alternatives may 
be based on an F-statistic. The constant c is so selected as to 
yield the desired value of a. 

RelDark. It should be pointed out that a test of the equality of the b means 
Jlbi = 1.2, ... , b, does not require that we take a random sample of size 0 
from each of the b normal distributions. That is, the samples may be of 
different sizes, say 01, Oh _ •• , 0b- A consideration of this procedure is left to 
Exercise 10.6.-
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Suppose now that we wish to compute the power of the test of Ho 
against HI when Ho is false, that is, when we do not have 
III = 112 = ... = Ilb = Il· It will be seen in Section 10.3 that when HI is 
true, no longer is Q4/rr a random variable that is l{b - 1). Thus we 
cannot use an F-statistic to compute the power of the test when HI is 
true. This problem is discussed in Section 10.3. 

An observation should be made in connection with maximizing a 
likelihood function with respect to certain parameters. Sometimes it is 
easier to avoid the use of the calculus. For example, L(n) of this section 
can be maximized with respect to Ilj' for every fixed positive 0'2, by . . .. 
nnmmlZlng 

b Q 

Z = L L (Xij - p.)2 
j-li=1 

with respect to Ilj, j = 1, 2, ... , h. Now z can be written as 
b II 

Z = L L [(xij - x.j) + (x.j - Ilj)j2 
j= 1 ;= I 

Since each term in the right-hand member of the preceding equation 
is nonnegative, clearly z is a minimum, with respect to Ilj' if we take 
Ili = x.i,j = 1,2, ... , h. 

EXERCISES 

10.6. 'toLet Xlj , X2j • ... ,XOjj represent independent random samples of 
sizes aj from normal distributions with means !J.j and variances rr, 
j = I. 2, ... , h. Show that 

b OJ _ b OJ _ b _ _ 
" "(X .. - X )2 = " "(X .. - X .)2 + " a ·(X . - X ~ L... L... I) •• L... L... I) .J L... ,).) •• J , 
j-I/-) j-li-I j-I 

_ b OJ b _ OJ 

or Q' = Q; + Q.. Here X .. = L L Xij/ L aj and X. j = L Xij/aj. If 
j .. l;.o>\ j-I i-I 

JlI = Jl2 = ... = JIb. show that Q' /rr' and Qi/rr have chi-square 
distributions. Prove that Q; and Q. are independent. and hence Q.I(12 also 
has a chi-square distribution. If the likelihood ratio ~ is used to test 
Ho : !J.I = !J.2 = ... = !J.b =!J.. !J. unspecified and ,; unknown, against all 
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possible alternatives, show that A. S; ~ is equivalent to the computed F > c, 
where 

( t Qi- b)Q4 
j=' 

F=-----
(b - l)Qi 

What is the distribution of F when Ho is true? 

10.7. Consider the T-statistic that was derived through a likelihood ratio 
for testing the equality of the means of two normal distributions 
having common variance in Example 2 in Section 9.3. Show that 'J!l is 
exactly the F-statistic of Exercise 10.6 with a, = n, a2 = m, and b = 2. 
Of course, XI"", XIf , X are replaced with XII".', XIIf , XI. and 
Yh •.. , Y"" Y by X2., ••• , Xlm , X2 •• 

- - -
10.8. In Exercise 10.6, show that the linear functions Xi) - X.J and X.J - X .. 

are uncorrelated. 
Hint: Recall the definitions of X.jand X .. and, without loss of generality, 

we can let E(X,j) = 0 for all i,j. 

10.9. The following are observations associated with independent random 
samples from three normal distributions having equal variances and 
respective means I'h 1'2,1'). 

I II III 

0.5 2.1 3.0 
1.3 3.3 5.1 

-1.0 0.0 1.9 
1.8 2.3 2.4 

2.5 4.2 
4.1 

Compute the F-statistic that is used to test Ho: 1'1 = 1'2 = 1'). 

10.10. Using the notation of this section, assume that the means satisfy the 
condition that I' = 1'1 + (b - l)d = 1'2 - d = 1'] - d = ... = ~ - d. That 
is, the last b - 1 means are equal but differ from the first mean 1'1, provided 
that d ~ O. Let independent random samples of size a be taken from the b 
normaldistributions with common unknown variance fil. 
(a) Show that the maximum likelihood estimators of I' and dare Il = X .. 

and 
b _ _ 

L X.il(b - I) - X. I 
J = j_-_2 _____ _ 

b 



(b) Using Exercise 10.3, find Q6 and Q7 = ca2 so that, when d = 0, Q7/cr 
is i(l) and 

(c) Argue that the three terms in the right-hand member of part (b), once 
divided by cr, are independent random variables with chi-square 

. distributions, provided that d = O. 
(d) The ratio Q7/(Q) + Q6) times what constant has an F-distribution, 

provided that d=O? Note that this F is really the square of the 
two-sample T used to test the equality of the mean' of the first 
distribution and the common mean of the other distributions, in which 
the last b - I samples are combined into one. 

10.3 NODCentraI Z'1. and Noncentral F 

Let XI, X2 , ••• , Xn denote independent random variables that are 
n 

N(p." 02), i = 1,2, ... ,n, and let Y = L Xflo2. If each Pi is Zero, we 
I 

know that Y is j2(n). We shall now investigate the distribution of Y 
when each Pi is not zero. The m.g.f. of Y is given by 

M(I) = E [exp (I It, ~) ] 

Consider 

E [exp C;) ] = roo q~ exp ['; - (x, ;;,>'] <ixl · 

The integral exists if 1 < i. To evaluate the integral, note that 

IX: . (Xi - pj)2 X:(l - 2/) '2pjxj P; 
02 20'2 = - 202 + 20'2 - 202 

1 P; 1 - 21 ( pj)2 
= 0'2(1 - 2/) - 202 Xi - 1 - 21 . 
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Accordingly, with t < ~, we have 

E [exp (_t.11)J - exp [ tJl; J 100 

--=1 til - q2(1 - 2t) -00 qfo 

[ ( )2J I - 2t Jl. 
x exp - x· - ' dx· 2 til / t - 2t /' 

If we multiply the integrand by Jt - 2t, t <!, we have the integral 
of a normal p.d.f. with mean Jl;/(l - 2t) and variance q2/(I - 2t). Thus 

[ ( tX;)J 1 [tJl; J E exp - - exp 
til - J I - 2t . til( I - 2t) , 

,n _ 

and the m.g.f.of Y = .L x: /til is given by 
. I 

I t~Jl; 
[ 

n ] 

M(t) = (I _ 2/)"12 exp 0-2(1 - 2t) , 

A random variable that has an m.g.f. of the functional form 

M(t) = I e'8/(1 - 20 
(I - 2t)'/2 ' 

where t < ~, 0 < 8, and r is a positive integer, is said to have a 
noncentral chi-square distribution with r degrees o~ freedom and 
noncentrality parameter 8. If one sets the noncentrality parameter 
8 = 0, one has M(t) = (l - 2t)-r/1, which is the m.g.f. of a random 
variable that is x2(r). Such a random variable can appropriately be 
called a central chi-square variable. We shall use the symbol x2(r, 8) to 
denote a noncentral chi-square distribution that has the parameters r 
and 8; and we shall say that a random variable is x2(r, 8) when that 
random variable has this kind of distribution. The symbol x2(r, 0) is 

If 

equivalent to x2(r). Thus our random variable Y = L .11/ul of this 

section is t( n, t III ja2 ). If .each III is equal to zero, th:m Y is ten, 0) 

or, more simply, Y is x2(n). 
-r:he noncentral chi-square variables in which we have interest are 

certain quadratic forms, in normally distributed variables, divided by 
a variance til. In our example it is worth noting that the noncentrality 
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n n 

parameter of LX7/til, which is LIlUU2
, may be computed by 

I I 

replacing each Xi in the quadratic form by its mean /.I.;, i = 1,2, ... ,n. 
This is no fortuitous circumstance; any quadratic form Q = 
Q(X" ... , Xn) in normally distributed variables, which is such that 
Q/til is x2(r, 8), has 8 = Q{JI." 1l2, ... , Iln)/u1

; and if Q/til is a chi-square 
variable (central or noncentral) for certain real values of Ill' 1l2' ... , Iln' 
it is chi-square (central or noncentral) for all real values of these means. 

It should be pointed out that Theorem I, Section 10.1, is valid 
whether the random variables are central or noncentral chi-square 
variables. 

We next discuss a noncentral F-variable. If U and V are in
dependent and are, respectively, l(rl) and x2(r2), the random variable 
F has been defined by F = r2 U/r, V. Now suppose, in particular, that 
U is x2(r., 9), V is x2(r2), and that U and V are independent. The random 
variable r2 Ulr. V is called a noncentral F-variable with r, and r2 degrees 
of freedom and with noncentrality parameter 9. Note that the 
noncentrality parameter of F is precisely the noncentrality parameter 
of the random variable U, which is x2(r, , 8). 

Tables of noncentral chi-square and noncentral F are a~ailable in 
the literature. However, like those of noncentral t, they are too bulky 
to be put in this book. 

EXERCISES 

10.11. Let Y;, i = 1,2, .: . ,n, denote independent random variables that 
n 

are, respectively, x2(r;, 8;), i = 1,2, ... ,n. Prove that Z = L Yj is 
I 

10.12. Compute the mean and the variance of a random variable that is 
l(r, 8). 

10.13. Compute the mean of a random variable that has a noncentral 
F-distribution with degrees of freedom r, and r2> 2 and noncentrality 
parameter 8 . 

• 8.14. Show that the square of a noncentra) T random variable is a non
central F random variable. 
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10.15. Let XI and X2 be two independent random variables. Let XI and 
Y = XI + X2 be i(r., 81) and x2(r, 8), respectively. Here r, < rand 8, ~ ,8. 
Show that X2 is i(r - r l , 8 - 81), 

10.16. In Exercise 10.6, if Ill' 1l2' ... ,Ilb are not equal, what are the 
distributions of Qi/rr, Q4/rr, and F! 

10.4 MulUpJe Comparisons 

Consider b independent random variables that have normal 
distributions with unknown means J1.1, J1.2, ... ,J1.I" respectively, and 
with unknown but common variance til. Let k., k2' ... ,kb represent 
b known real constants that are not all zero, We want to find a 

b 

confidence interval for L k}J1.i' a linear function of the means 
I 

J1.., J1.h ••• , J1.b· To do this, we take a random sample XI}, X2i' ' .. , XQi 
of size a from the distribution N(J1.i' 0'2), j = 1, 2, ' , , , b. If we denote 

a _ .J-

L Xijja by X,i' then we know that X.i ,is N(J1.i' ulja), that 
i= I 

Q -L (Xij - X,j)2jul is l(a - 1), and that the two random variables are 
j= I 

independent. Since the independent random samples are taken from 
- Q -

the b distributions, the 2b random variables X. j, L (Xij - X.j)2jul, 
; = I 

j = 1,2, ... , b, are independent. Moreover, X. I , i.2, .. 0 , i.b and 

b Q (X .. - X .)2 L L lJ 2 oj 

j-li=1 0' 

b _ 

are independent and the latter is x2[b(a - I)], Let Z = I kj X,}' Then 
I 

Z is normal with mean * kJ Ilj and variance (* kJ ).r I a, and Z is 

independent of 
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Hence the random variable 
h _ b 

L kjX.j - L kjllj 
I I 

J(tk! rIa tkjXoj - tkjjl) 
T - - --;::::;==::===-

. - JVI,r - (t k} )Vltl 

has a t-distribution with b(a - I) degrees of freedom. A positive 
number c can be found in Table IV in Appendix B, for certain values 
of IX, 0 < IX < I, such that Pr (-c < T S c) = I - IX. It follows that the 
probability is I - IX that 

b _ ~b 2) Vb. b - ~b 2) V I kjX.j - c L kj - s L kjllj S L kjX.j + C I kj -. 
I I a I I I a 

The experimental values of X. j , j = I, 2, ... , b, and V will provide a 
b 

100(1 - IX) percent confidence interval for L kjllj . 
I 

b 

It should be observed that the confidence interval for L kjllj 
I 

depends upon the particular choice of k" k2' ... ,kb • It is conceivable 
that we may be interested in more than one linear function of 
Ill' 1l2 • ...• Ilb, such as 112 - Ilh III - (Ill + 1l2)/2, or III + ... + Ilh' We 

b 

can, of course, find for each L kjllj a random interval that has a 
I h 

preassigned probability of including that particular L kjllj . But how 
I 

can we compute the probability that simultaneously these random 
intervals include their respective linear functions of Ill, 1l2' .. , , Ilh? The 
following procedure of multiple comparisons, due to Scheffe, is one 
solution to this problem. 

The random variable 
b 

I (X. j - Iljf 
j-I 

tr/a 
is 'i(b) and, because it is a function of X. I , • •• ,X.b alone, it is 
independent of the random variable 

I b 0 _ 

V = b( _ I).L .L (Xi} - X,j)2. 
a }=l/zl 
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Hence the random variable 

has an F-distribution with band b(a - I) degrees of freedom. From 
Table V in Appendix B, for certain values of IX, we can find a constant 
d such that Pr (F s; d) = 1 - IX or 

[ 

b - 2 V] Pr .L (X. j - Jlj) S; bd(i = 1 -IX. 
l",,1 

b 

Note that L (X,j - Ilj)2 is the square of the distance, in b-dimen-
j=1 

siona! space, from the point (PI, 1l2' ... ,Ilb) to the random point 
(X.h X.2, ••• ,X.b). Consider a space of dimension b and let 
(t" t2, ... ,tb) denote the coordinates of a point in that space. 
An equation of a hyperplane that passes through the point 
(PI, 1l2' ..• , Ilb) is given by 

kl(t l - Ill) + k2(/2 - 1l2) + ... + kh(th - Ilh) = 0, (I) 

where not all the real numbers kj' j:= I, 2, ... , b, are equal to zero. 
The square of the distance from this hyperplane to the point 
(t l = X. I , 12 = X.2, ••• , Ib = X.b) is 

[k.(.X. , - Ill) + k2(X.2 - 1l2) + ... + kb(X.b - Ilb)]2 
(2) 

k:+k~+···+k~ b 
From the geometry of the situation it follows that L (X.) - Ilj)2 is equal 

I 

to the maximum of expression (2) with respect to kl' k2' ... , kb. Thus 
b 

the inequality L (X.j - Ilj)2 < (bd)(V/a) holds if and only if 
I 

[ t kj(X. j - Il)J2 
j= I V 

---b---- S; bd-a ' 
L kJ 

j=1 

(3) 

for every real kl' k2' ... ,kb• not all zero. Accordingly, these two 
equivalent events have the same probability. 1 - IX. However, 
inequality (3) may be written in the form 

± kjX. j -± kjJlj S; J~bd-(-t-k~-)-V . 
I I I 1 a 
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Thus the probability is 1 - (X that simultaneously, for all real 
k" k2' ... , kb' not an zero, 

tkJXoJ - Jbd(tkJ) ~ < tkJJJJ < tkjXoj + Jbd( tkJ) ~ 0 (4) 

Denote by A the event where inequality (4) is true for all real 
k\, ... , kb' and denote by B the event where that inequality is true for 
a finite number of b-tuples (k" ... , kb). If the event A occurs, certainly 
the event B occurs. Hence P(A) < PCB). In the applications, one is often 

. b 

interested only in a finite number of linear functions L kjJlj. Once 
J 

the experimental values are available, we obtain from (4) a confidence 
interval for each of these linear functions. Since P(B) > P(A) = 1 - (x, 

we have a confidence coefficient of at least 100(1 - (X) percent that the 
linear functions are in these respective confidence intervals. 

Remarks. If the sample sizes, say a" a2, ... , ab, are unequal, inequality 
(4) becomes 

(4') 

where 

Qj 

L Xq 
b DJ 

L L (Xij- X)2 
- i-I 
X·=--

.J a. 
1 

V = J_. -_1_; _"" _, ___ _ 
b 

L (aj - I) 
I 

II 
and d is selected from Table V with band L (aj - 1) degrees of freedom. 

I 

Inequality (4') reduces to inequality (4) when al = a2 = ... = abo 
b 

Moreover, if we restrict our attention to linear functions of the form L kjJJ.j 
b 1 

with L k j = 0 (such linear functions are called contrasts). the radical in 
I 

inequality (4') is replaced by 

J 'k' deb - l) L 2. V • 
I aj 

b 

where dis now found in Table V with b - I and L (aj - 1) degrees of freedom. 
I 

In these multiple comparisons. one often finds that the length of a 
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confidence interval is much greater than the length ofa 100{1 - ex) percent 
b 

confidence interval for a particular linear function L kjl'j. But this is to be 
1 

expected because in one case the probability I - ex applies to just one event, 
and in the other it applies to the simultaneous occurrence of many eveQ,ts. 
One reasonable way to reduce the length of these intervals is to take a larger 
value of ex, say 0.25, instead of 0.05. After all, it is still a very strong statement 
to say that the probability is 0.75 that all these events occur. 

EXERCISES 

10.17. If AI, A2 , ••• , Ak are events, prove, by induction, Boole's inequality 
k 

P(A I U A2 U· .. u Ak ) :s; L P(A;). Then show that 
I 

k 

p(Ar (l A1 (l ••• (l At) > I - L P(A;). 
I 

10.tS. In the notation of this section, let (kit, k,.2, ... , k ib ), ; = I, 2, ... , m, 
represent a finite number of b-tuples. The problem is to find simultaneous 

b 

confidence' intervals for L kijl'j, ; = I, 2, ... ,m, by a method different 
j=l 

from that of Schetfe. Define the random variable 1: by 

i = 1,2, ... , m. 

(a) Let the event Ar be given by - Ci < T; < Ci' i = ), 2, ... , m. Find the 
b 

random variables V, and Wi such that Vj < L kjjl'j:S; Wi is equivalent 

to Ar. 
j-I 

(b) Select C, such that p(Ar) = 1 - exlm; that is, P(A/) = aim. Use the 
results of Exercise 10.17 to determine a lower bound on the probability 
that simultaneously the random intervals (VI' WI), ... , (V m, W m) 

b b 

include L k Ijl'j, •.• , L kmjl'j, respectively. 
j-I j-I 

(c) Let a = 3, b = 6, and ex = 0.05. Consider the linear functions 1'1 - 1'2, 
1'2 - 1'3, 1'3 - 1'4, J.l4 - Cps + 1'6)/2, and (1'1 + 1'2 + ... + J.l6)/6. Here 
m = 5. Show that the lengths of the confidence intervals given by the 
results of part (b) are shorter than the corresponding ones given by 
the method of Scheffe, as described in the text. If m becomes 
sufficiently large, however, this is not the case. 
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10.5 The Analysis of Variance 

The problem considered in Section 10.2 is an example of a method 
of statistical inference called the analysis of variance. This method 
derives· its name from the fact that the quadratic form abS'-, which is 
a total sum of squares, is resolved into several component parts. In this 
section other problems in the analysis of variance will be investigated. 

Let X jj , i = 1,2, ... ,a andj = 1,2, ... ,b, denote n = ab random 
variables that are independent and have normal distributions with 
common variance (12. The means of these normal distributions are 

a b 

Jlij = Jl + rJ.j + Pb where I rJ.i = 0 and I Pj = O. For example, take 
. I I 

a = 2, b = 3, Jl = 5, rJ.1 = I, rJ.2 = -1, PI = I, P2 = 0, and P3 = -1. 
Then the ab = six random variables have means 

JlII = 7, Jll2 = 6, Jll3 = 5, 

Jl21 = 5, Jl22 = 4, Jl23 = 3. 

Had we taken PI = P2 = P3 = 0, the six random variables would have 
had means 

JlII = 6, Jll2 = 6, Jll3 = 6, 

Jl21 = 4, Jl22 = 4, Jl23 = 4. 

Thus, if we wish to test the composite hypothesis that 

Jlal = Jlo2 = ... = Jlab' 

we could say that we are testing the composite hypothesis that 
PI = P2 = ... = Pb (and hence each Pj = 0, since their sum is zero). On 
the 'other hand, the composite hypothesis 

JlII = Jl21 = ... = Jlal' 

Jll2 = Jl22 = ... = Jlo2' 

Jllb = Jl2b = ... = Jlob' 

is the same as the composite hypothesis that rJ.1 = rJ.2 = ... ::;: rJ.a = 0. 
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ReDlIU'ks. The model just described, and others similar to it, are widely 
used in statistical applications. Consider a situation in which it is desirable to 
investigate the effects of two factors, that influence an outcome. Thus the 
variety of a grain and the type of fertilizer used influence the yield; or the 
teacher and the size of a class may influence the score on a standard test. Let 
Xi} denote the yield from the use of variety i of a grain and type j of fertilizer. 
A test of th~ hypothesis that PI = P2 = ... = Ph = 0 would then be a test of 
the hypoth~sis that the mean yield of each variety of grain is the same 
regardless of the type of fertilizer used. 

a h 

There is no loss of generality in assuming that L IX; = L p} = O. To see this, 
_I I 

let Jl.lj = JI.'_+ IX; + Pl' Write (i' = _r.IX;/a and P' = r. Pi/b. We have Jl.ij= 
(p.' + (i' + P') + (IX; - (i') + (P; - P') = JI. + IXI + Pj' where r. IXI = r. pj = O. 

To construct a test of the composite hypothesis Ho: fJl = 
fJ2 = ... = fJb = 0 against all alternative hypotheses, we could obtain 
the corresponding likelihood ratio. However, to gain more insight 
into such a test, let us reconsider the likelihood ratio test of 
Section 10.2, namely that of the equality of the means of b distributions. 
There the important quadratic forms are Q, Q3, and Q4, which are 
related through the equation Q = Q4 + Q3' That is, 

b Q a b 

abSl = L L (X.) - X.J2 + L L (Xi) - X. j )2; 
j=li-l i-Ij-I 

so we see that the total sum of squares, abSl, is decomposed into a sum 
of squares, Q4, among column means and a sum of squares, Q3, within 
columns. The latter sum of squares, divided by n = ab, is the m.1.e. of 

~ cr-, provided that the parameters are in 0; and we denote it by (fA. Of 
~ 

course, Sl is the m.l.e. of (12 under (0, here denoted by (1!. So the 
~~ 

likelihood ratio)' = (~/ (f! )Ob/2 is a monotone function of the statistic 

F= Q4/(b-l) 
Q3/[b(a - 1)] 

upon which the test of the equality of means is based. 
To help find a test for Ho: fJl = fJ2 = ... = fJb = 0, where Jlij = 

Jl + rz; + pj , return to the decomposition of Example 3, Section 10.1, 
namely Q = Q2 + Q4 + Qs. That is, 

Q b __ Q b __ 

abSl = L L (Xi. - X .. )2 + L L (X. j - X .. f 
i-Ij-) i=lj-1 

o b 

+ ~ ~ (X .. -X. -X.+X )2,' i..J . i..J IJ I. .J •• 
i=lj=1 
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thus the total sum of squares, abS'-, is decomposed into that among 
rows (Q2), that among columns (Q4)' and that remaining (Qs). It is 

~ 

interesting to observe that (J'~ = Qs/ab is the m.l.e. of (J'2 under nand 
- 2 

~ = (Q4 + Qs) = t ± (Xij - X;.) 
ab i=lj-1 ab 

is that estimator under ro, A useful monotone function of the likeli-
~~ 

hood ratio A = «(J'~ / (J'~ )ab!2 is 

F= Q4/(b -I) , 
Qs/[(a - I)(b - I)] 

which has, under Ho, an F-distribution with b - 1 and (a - l)(b - I) 
degrees of freedom. The hypothesis Ho is rejected if F > c, where 
a = Pr(F~ c; Ho). 

If we are to compute the power function of the test, we need 
the distribution of F when Ho is not true. From Section 10.3 we 
know, when H, is true, that Q4/(J2 and QS/(J'2 are independent (central 
or noncentral) chi-square variables. We shall compute the non
centrality parameters of Q4/fil and Qs/(J2 when HI is true. We have 
E(Xij ) = fl + a j + Pj ' E(X;.) = fl + ai' E(X.j ) = fl + Pj and E(X.,> = fl. 
Accordingly, the noncentraIity parameter of Q4/(J'2 is 

and that of Qs/ (J'2 is 

b a 

b 

a L: (p. + Pj - fl)2 
j=1 -------

b 

a L Pi 
j=1 

L L (fl + aj + Pj - Jl - aj - Jl - Pj + Jl)2 
j=li-1 • ---------------= O. 

(J'2 

Thus, if the hypothesis Ho is not true, Fhas a noncentral F-distribution 
with b - 1 and (a - I)(b - 1) degrees of freedom and noncentrality 

b 

parameter a L Pi/(J2. The desired probabilities can then be found in 
j=1 

tables of the noncentral F-distribution. 
A similar argument can be used to construct the F needed to test 

the equality of row means; that is, this F is essentially the ratio of the 
sum of squares among rows and Qs. In particular, this F is defined by 

F= Q2/(a - I) 
Qs/[(a - I)(b - I)] 

(' 
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and, under Ho: (XI = IX2 = ... = IXQ = 0, has an F-distribution with 
a-I and (a - I)(b - I) degrees of freedom. 

The analysis-of-variance problem that has just been discussed is 
usually referred to as a two-way classification. with one observation per 
cell. Each combination of i andj determines a cell; thus there is a total 
of ab cells in this model. Let us now investigate another two-way 
classification problem, but in this case we take c> I independent 
observations per cell. 

Let X;jh i=I,2, ... ,a, j=I,2, ... ,b, and k=I,2, ... ,c, 
denote n = abc. random variables which are indepen~ent and which 
have normal distributions with common, but unknown, variance (]2. 

The mean of each X;jh k = 1,2, ... , c, is J.l;j = J.l + IX; + Pj + Yij, where 
Q b Q b 

L IX; = 0, L Pj = 0, L Yij = 0, and· L Yij = 0. For example, take 
;=1 j=1 ;=1 j=1 

a = 2, b = 3, J.l = 5, IXI = I, IX2 = -I, PI = I, P2 = 0, P3 = -I, "111 = I, 
"112 = I, "113 = -2, "121 = -I, "122 = -I, and "123 = 2. Then the means are 

J.l1I = 8, 

J.l21 = 4, 

J.l12 = 7, 

J.l22 = 3, 

J.l13 = 3, 

J.l23 = 5. 

Note that, if each Y;j = 0, then 

J.l1I = 7, J.l12 = 6, J.l13 = 5, 

J.l21 = 5, J.l22 = 4, J.l23 = 3. 

That is, if Y;j = 0, each of the means in the first row is 2 greater than 
the corresponding mean in the second row. In general, if each Yij = 0, 
the means of row i l differ from the corresponding means of row i2 by 
a constant. This constant may be different for different choices of i l and 
i2 • A 'similar statement can be made about the means ofcolumnsjl and 
j2' The parameter Yij is called the interaction associated with cell (i,]). 
That is, the interaction between the ith level of one classification and 
thejth level of the other classification is Y;j. One interesting hypothesis 
to test is that each interaction is equal to zero. This will now be 
investigated. 

From Exercise 10.4 of Section 10.1 we have that 
abc a· b 

L L L (X;jk - X .. J2 = bc L (X; .. - X .. J 2 + ac L (X. j. - X .. J2 
;=lj=lk=1 ;=1 j=1 

a b . 

+ c L L (Xij. - XI .. - X. j. + X .. J 2 
;=lj=1 
abc 

+ L L L (X;jk "+- X;jJ2; 
1=lj=lk=1 
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that is, the total sum of squares is decomposed into that due to row 
differences, that due to column differences, that due to interaction, and 
that within cells. The test of 

Ho: "Iij = 0, i = I, 2, ... ,a, j = I, 2, ... , b, 

against all possible alternatives is based upon an Fwith (a - I)(b - 1) 
and ab( c - I) degrees of freedom, 

[c .t.± (X1j• - Xi .. - X.i . + x .. J2J/[(a - 1)(b - I)] 
,-I}=I . 

F= -------------------

[ L L L (XI'" - Xu.)' J/[ab(c - I)] 

The reader should verify that the noncentrality parameter of this 
b Q 

F-distribution is' equal to eLL "IUtfl. Thus F is central when 
i= I i-I 

Ho: "Ii) = 0, i = 1,2, ... , a,j = 1,2, ... , b, is true. 

EXERCISES 

10.19. Show that 

10.20. If at least one "Ii} #: 0, show that the F, which is used to'test that each 
interaction is equal to zero, has noncentrality parameter equal to 

b Q 

eLL ~/u2. 
j= I i-I 

10.21. Using the. background of the two-way classification with one 
observation per cell, show that the maximum likelihood estimators of (Xi' 

fl), and JJ are ti, = Xi. - X .. , Pi = X.} - X .. , and it = X .. , respectively. 
Show that these are unbiased estimators of their respective parameters 
and compute var (tii ), var <Pi)' and var (jj). 

10.22. Prove, using the assumptions of this section, that the linear functions 
Xi} - XI. - X.i + X .. and X.} - X .. are uncorrelated. 

10.23. Given the following observations associated with a two-way 
classification with a = 3 and b = 4, compute the F-statistics used to test 
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the equality of the column means (PI = P2 = /13 = P4 = 0) and the equality 
of the row. means «XI = 1X2 = (X3 = 0), respectively. 

Row/Column 

1 
2 
3 

1 2 

3.1 4.2 
2.7 2.9 
4.0 4.6 

3 

2.7 
1.8 
3.0 

4 

4.9 
3.0 
3.9 

10.24. With the background of the two-way classification with c > 1 
observations per cell, show that the maximum likelihood estimators 

. of the parameters are d· = X. - X 8. = XJ - X y .... = X .. -_ _ _ ...!. I.. ..., p) . • .•.• I) I). 

Xi .. - X. j • + X ... , and fi. = X .... Show that these are unbiased estimators of 
the respective parameters. Compute the variance of each estimator. , 

10.25. Given the following observations in a two-way classification with 
a = 3, b. = 4, and c = 2, compute the F-statistics used to test that all 
interactions are equal to zero (/'u = 0), all column means are equal (/1j = 0), 
and all row means are equal (IX; = 0), respectively. 

Row/Column 1 '2 . 3 4 

1 3.1 4.2 2.7 4.9 
2.9 4.9 3.2 4.5 

2 2.7 2.9 1.8 3.0 
2.9 2.3 2.4 3.7 

3 4.0 4.6 3.0 3.9 
4.4 5.0 2.5 4.2 

10.6 A Regression Problem 

There is often interest in the relation between two variables, for 
,example, a student's scholastic aptitude test score in mathematics and 
this same student's grade in calculus. Frequently, one of these 
variables, say x, is known in advance of the other, and hence there is 
interest in predicting a future random variable Y. Since Y is a random 
variable, we cannot predict its future observed value Y = y with 
certainty. Thus let us first concentrate on the problem of estimating 
the mean of Y, that is, E( Y). Now -E( Y) is usually a function 
of x; for example, in our illustration with the calculus grade, 
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say Y, we would expect E( Y) to increase with increasing mathematics 
aptitude score x. Sometimes E( Y) = p.(x) is assumed to be of a given 
form, such as linear or quadratic or exponential; that is, p.(x) could be 
assumed to be equal to (l + fJx or (l + fJx + yr or (lePx

• To estimate 
E( Y) = p.(x), or equivalently the parameters (l, fJ, and y, we observe the 
random variable Y for each of n possibly different values of x, say 
XI, X2, ••• ,xn, which are not all equal. Once the n independent 
experiments have been performed, we have n pairs of known numbers 
(Xh YI), (xz, Y2), ... , (xn, Yn). These pairs are then used to estimate the 
mean E( Y). -Problems like this are often classified under regression 
because E( Y) = Il(x) is frequently called a regression curve. 

Remark. A model for the mean like IX + {Jx + yr. is called a linear model 
because it is linear in the parameters, IX, {J, and y. Thus rulx is not a linear model 
because it is not linear in IX and {J. Note that, in Sections to.l to 10.4, all the 
means were .linear in the parameters and hence linear models. 

Let us begin with the case in which E( Y) = p.(x) is a linear function. 
The n points are (XI' YI), (X2' Yz), ... , (xn' Yn); so the first problem 
is that of fitting a straight line to the set of points (see Figure 10.l). 
In addition to assuming that the mean of Y is a linear function, 
we assume that, Y., Y2, ••• , Yn are "independent normal variables 
with respective means (l + fJ(x; - X), i = I, 2, ... ,n, and unknown 
variance (12, where X = 1: xdn. Their joint p.d.f. is therefore the 
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product of the individual probability density functions; that is, the 
likelihood function equals 

L( (J ...2) = nil 1 {_ [y; - ex - (J(Xl- X)]2} 
ex, ,cr ;;:;:::::::;. exp 2 2 

;= I V 2rcrr (1 

( 
1 )"/2 { I " } = - exp --2 L [Yi - ex - (J(x, - X)]2 

2rcrr 2(1 ; _ I 

To maximize L(ex, (J, (12), or, equivalently, to minimize 

" L [y; - ex - (J(Xi - X)]2 
n i-I 

-In L(ex, (J, rr) = :2 In (2rcrr) + 202 

we must select ex and (J to minimize 

" H(ex, (J) = L [Yi - ex - (J(x; - X)]2. 
i- I 

Since IYi - ex - (J(Xj - x)1 = Iy, - p(x,)1 is the vertical distance from the 
point (x" Y;) to the line Y = p(x), we note that H(ex, (J) represents the 
sum of the squares of those distances. Thus selecting ex and (J so that 
the sum of the squares is minimized means that we are fitting the 
straight line to the data by the method of least squares. 

To minimize H(ex, (J), we find the two first partial derivatives 

_oR_(ex_, p;.....;..) = i f [y; - ex.- P(x; - X)]( -1) 
oex j ... I 

and 
oH(ex, (J) n 

op = 2 L [yj - II - P(Xj - X)][ -(Xi - X)]. 
i- 1 

Setting oH(ex, fJ)/oex = 0, we obtain 
n n 
L Yi - nrt. - (J L (Xi - X) = O. 
i-I i-I 

Since 
II 

L (xj - X) = 0, 
; ... I 

we have that -
II 

L Yi - nex = 0 
i= I 

and thus 
eX = Y. 
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The equation oH(a, {J)/o{J = 0 yields, with a replaced by y, 
n n 

L (Yi - n(x; - X) - fJ L (Xi - X)2 = 0 
i-I i-I 

or, equivalently, 
n 
L Y;(XI- X) 
;= I 

------n 
L (Xi - X)2 

; "'" I 

To find the maximum likelihood estimator of (12, consider the partial 
derivative 

n 

o[ -In L(a, {J, (12)] n I~I [Yi - a - {J(x; - i)]2 

o( al) = 2u2 - 2(0'2)2 

Setting this equal to zero and replacing iX and {J by their solutions ci 
and p, we obtain 

~ 1 n 
u2 = - L [Tj - eX - P(Xi - X)]2. n

i
_

1 

~ 

Of course, due to invariance, u2 = 62
• 

Since eX is a linear function of independent and normally distributed 
random variables, d has a normal distribution with mean 

(
1 n ) 1 11 

E( eX) = E - L Yj = - L E( Yi ) 
n i-= I n i- I 

1 11 

= - L [a + {J(x, - x)] = a, 
n i- I 

and variance 

n (1)2 u2 var (d) = L - var (Yt) = - . 
i= Inn 

The estimator P is also a linear function of Y" Y2, ••• , Yn and hence 
has a normal distribution with mean 

1/ 

L (Xi - x)E(Yi ) 

E(P) =_'=-_11/ ___ _ 

L (Xi - X)2 
i-I 



See. 10.61 A Regre,'" Pr061em 

It r (Xi - x)[a + P(x, - X)] .' 
i- I - ---,,------

L (Xi - X)2 
i= I 

It It 

a r (Xi - x) + P r (Xi - X)2 
i .. I I ... I - ----n------- = p r (Xi - X)2 

i= 1 

and varianc:ar (/J) = .± [ It Xi - X ]2 var (Y
i
) 

I = I r (Xi - X)2 
i= I 

It can be shown (Exercise 10.27) that 
It It r [Yi - a - P(x; - X)]2 = r {(a - a) + <p - P)(x; - X) 

i=1 i .. 1 

+ [Yi - a - p(x;- X)]F 

or, for brevity, 

Q = QI + Q2 + Q3' 

Here Q, QI, Q2, and Q3 are real quadratic forms in the variables 

Yi - a - P(x; - i), i = I, 2, ... , n. 

475 

In this equation, Q represents the sum of the squares of n independent 
random variables that have normal distributions with means zero and 
variances 02, Thus Q/,r has a chi-square distribution with n degrees 
of freedom. Each of the random variables In(a. - a)/a and 

It r (Xi - X)2(p - p)/a has a normal distribution with zero mean 
I 

and unit variance; thus each of Qdu2 and Q2/u2 has a chi-square 
distribution with 1 degree of freedom. Since Q3 is nonnegative, we 
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have, in accordance with the theorem of Section 10.1, that QI, Qh and 
Q3 are independent, so that Q3/(12 has a chi-square distribution with 
n - I - 1 = n - 2 degrees of freedom. Then each of the random 
variables 

T. = [In"(ti - a)]/(1 _ ti - a 

J Q3/[cr(n ..:.. 2)] J (j2/(n - 2) 

and 

has a I-distribution with n - 2 degrees of freedom. These facts 
enable us to obtain confidence intervals fora and p. The fact that n,r/cr 
has a chi-square distribution with n - 2 degrees of freedom provides 
a means of determining a confidence interval for (12. These are some 
of the statistical inferences about the parameters to which reference was 
made in the introductory remarks of this section. 

Remark. The more discerning reader should quite properly question 
our constructions of T. and T2 immediately above. We know that the squares 
of the 1inear forms are independent ofQ) = ntr, but we do not know. at this 
time, that the linear forms themselves enjoy this independence. This problem 
arises again in Section 10.7. In Exercise 10.47, a more general problem is 
proposed, of which the present case is a special instance. 

EXERCISES 

10.26. Students' scor~s on the mathematics portion of the ACT examination, 
.X, and on the final examination in first-semester calculus' (200 points 
possible), y, are given. 
(a) Calculate the least squares regression line for these data. 
(b) Plot the points and the least squares regression line on the same graph. 
(c) Find point estimates for a, P, and (12. 

(d) Find 95 percent confidence intervals for a and P under the usual 
assumptions. 
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x y x y 

25 138 20 100 
20 84 25 143 
26 104 26 141 
26 Il2 28 161 
28 88 25 124 
28 132 31 118 
29 90 30 168 
32 183 

to.27. Show that 

" " L [Y; - a - P(x; - i)]2 = n(d - a)2 + <p - P)2 L (Xi - i)2 
i- I ;= I 

n 

+ L [Y; - d - p(X; - i)]2. 
1",,1 

to.lB. Let the independent random variables Y" Y2 • ••• ,Y" have, 
respectively, the probability density functions N(px;, 12X:), i = 1,2, ... ,n, 
where the given numbers XI, X2, ••• , Xn are not all equal and no one is zero. 

\ Find the maximum likelihood estimators of P and ')'2. 

to.29. Let the independent random variables Y" ..• , Y" have the joint p.d.f. 

( 
I .)"/2 { I" } L(a, p, 0-2) = 21t~ exp - 20-2 ~ [y, - a - P(xj - X)]2 , 

where the given numbers XI> X2, ••• , X" are not all equal. Let Ho : P = 0 (a 
and 0-2 unspecified). It is desired to use a likelihood ratio test to test Ho 
against all possible alternatives. Find A and see whether the test can be based 
on a familiar statistic. 

Hint: In the notation of this section show that 

to.30. Using the notation of Section 10.2, assume that the means fl.} satisfy 
a linear function of j, namely fl.} = c + d[j - (b + 1)/2]. Let independent 
random samples of size a be taken from the b normal distributions with 
common unknown variance 0-2. 
(a) Show that the maximum likelihood estimators of c and dare, 

respectively, c = X .. and 
b _ _ 

L [j - (b + 1)/2](X.j - X.J 
d = )_·-_1 ________ _ 

b 

L [j - (b + 1)/2]2 
}=I 
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(b) Show that 

L L (Xij - X.J = L L Xij - X .. - a j - -Q b - 2 Q b [ - (b + I )J2 
i=lj-1 i=lj-1 2 

(c) Argue that the two terms in the right· hand member of part (b), once 
divided by 0-'-, are independent random variables with chi·square 
distributions provided that d = O. 

(d) What P·statistic would be used to test the equality of the means, that 
is, Ho: d = 01 

10.7 A Test of Independence 

Let X and Yhave a bivariate normal distribution with means PI and 
Jl.2~ positive variances oi and (J~~ and correlation coefficient p. We wish 
to test the hypothesis that X and Yare independent. Because two jointly 
normally distributed rand~m variables are independent if and only 
if p = O~ we test the hypothesis Ho: p =0 against the hypothesis 
H. : p ::p. O. A likelihood ratio test will be used. Let (XI ~ YI)~ 
(X2~ Y2)~·' .. ,(X"' Y,,) denote a random,sample of size n > 2 from the 
bivariate normal distribution; that is, the joint p.d. f. ofthese 2n random 
variables is given by 

!(XI, YI)!(X2 , Y2) .... !(xn~ y,,). 

Although it is fairly difficult to show, the statistic that is defined by the 
likelihood ratio 1 is a function of the statistic 

n 

L (Xi - X)(Y; - Y)' 
i-I 

R = ---;::=========== 
II II 

L (Xi - %)2 L (Yj - y)2 
i ... I i = I 

This statistic R is called the correlation coefficient or the random 
sample. The likelihood 'ratio principle, which 'calls for ,the rejection 
of Ho if 1 < 10, is equivalent to the computed value of IRI > c. That 
is, if the absolute value of the correlation coefficient of the sample 
is too large, we reject the hypothesis that the correlation coefficient 
of the distribution is equal to zero. To determine a value of c for 
a satisfactory significance level, it will be necessary to obtain the 
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distribution of R, or a function of R, when Ho is true. This will now 
be done. 

LetXI = x"X2 = X2,";' X" = x",n > 2, where x., Xh"" x"and 
/ 

" " X = L x;/n are fixed numbers such that I (Xi - X)2 > O. Consider the 
I I 

conditional p.d.f. of YI, Y2, ... ,Yn, given that XI = XI, X2 = 
Xh' .. , X" = X". Because Y., Y2, ••• , Y" are independent and, with 
p = 0, are also independent of XI' X2, ••• , X"' this conditional p.d.f. 
is given by 

( 
1 )n exp [_ * (y,- Il')'] . 

j2rc(f2 2~ 

Let Rc be the correlation coefficient, given XI = X" X2 = 
X2, ... , Xn = Xn, so that 

is like P of Section 10.6 and has mean zero when p = O. Thus, referring 
to T2 of Section 10.6, we see that 

RcJl:(Yi - Y)2JJl:(Xi - X)2 RcJn - 2 
-;:::n================================= - J 1 - R; 

L {Y; - Y - [RcJI:(Y; - Y)2/JI:(X; - X)2](X; - X)p 
i =] 

(1) 

has, given XI = XI, ••• , Xn = Xn, a conditional t-distribution with 
n - 2 degrees of freedom. Note that the p.d.f., say g(t), of this 
t-distribution does not depend upon XI, Xh .•. ,Xn• Now the joint 
p.d.f. of X" X2, ... ,Xn and RJn - 2JJI - R2, where 

n _ _ 

I (Xi - X)(Yi -Y) 
I 

R = --;:========, 
n n 

I (Xi - X)2 L (Yi - y)2 
I I 

is the product of g(t) and the joint p.d.f. of X., X2, ••• ,Xn • 

Integration on XI, X2, ... ,Xn yields the marginal p.d.f. of 
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RJ n - 2/ J I - R2; because g( t) does not depend upon x I , X2, ••• , Xn 

it is obvious that this marginal p.d.f. is g(t), the conditional p.d.f. of 
RcJ n - 2/ J I - R~. The change-of-variable technique can now be 
used to find the p.d.f. of R. 

RelDarks. Since R has, when p = 0, a conditional distribution that does 
not depend upon x I, X2, ••• , x,. (and hence that conditional distribution is, in 
fact, the marginal distribution of R), we have the remarkable fact that R is 
independent of XI, X2, ••• ,Xn• It follows that R is independent of every 
function of Xl, X2 , ••• , X,. alone, that is, a function that does not depend upon 
any Y/. In like manner, R is independent of every function of Yl , Y2, ••• , Yn 

alone. Moreover, a careful review of the argument reveals that nowhere did 
we use the fact that X has a normal marginal distribution. Thus, if X and Y 
are independent, and if Y has a nonnal distribution, then R has the same 
conditional distribution whatever be the distribution of X, subject to the 

condition t (x,- i)' > O. Moreover, if Pr [t (X,- i)' > 0] = I, then R 

has the same marBinal distribution whatever be the distribution of X. 

If we write T = RJn - 2/Jl - R2, where T has a t-distribution 
with n - 2 > 0 degrees of freedom, it is easy to show, by the 
change-of-variable technique (Exercise 10.34), that the p.d.f. of R is 
given by 

_ r[(n - 1)/2] _ r2)(n-4)/2 

g(r) - r(4)r[(n _ 2)/2] (1 , -1 <r< 1, 
(2) 

= 0 elsewhere. 

We have now solved the problem of the distribution of R, 
when p = 0 and n > 2, or, perhaps more conveniently, that of 
RJn - 2/Jl - R2. The likelihood ratio test of the hypothesis 
Ho : p = 0 against all alternatives HI : P ::;:. 0 may be based either on the 
statistic R or on the statistic RJ n - 2/ J I - R2 = T, although the 
latter is easier to use. In either case the significance level of the test is 

a = Pr ORI > CI; Ho) = Pr (111 > C2; Ho), 

where the constants c, and C2 are chosen so as to give the desired value 
of a. 

RelDark. It is also possible to obtain an approximate test of size IX by using 
the fact that 
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has an approximate normal distribution with mean 4ln [(I + p)/(I - p)] and" 
variance l/(n - 3). We accept this statement without proof. Thus a test of 
Ho : p = 0 can be based on the statistic 

Z _ ! In [(I + R)/(l - R)] - ~ In [(1 + p)/O - p)1 

- JI/(n - 3) , 

with p = 0 so that! In [(1 + p)/(l - p)] = O. However, using W, we can 
also test hypotheses like Ho: p == Po against HI : p .;:. Po, where Po is not 
necessarily zero. In that case the hypothesized mean of W is 

! In (I + po). 
2 I - Po 

EXERCISES 

10.31. Show that 

t (X{- X)(Yj - Y) t XjYj ~ nXY 
R = I - ---;:::;===1 ====7=;====:::::::= 

J~ (X; - X)2 ~ (Y; - Y)' J ( ~ Xi - nX> )( ~ 11- n Y') 
10.32. A random sample of size n = 6 from a bivariate normal distribution 

yields a value of the correlation coefficient of 0.89. Would we accept or 
reject, at the :5 percent signficance level, the hypothesis that p = O? 

10.33. Verify Equation (1) of this section. 

10.34. Verify the p.d.f. (2) of this section. 

10.8 lbe Distributions of Certain Quadratic Fonns 

Remark. It is essential that the reader have the background of the 
multivariate normal distribution as given in Section 4.10 to understand 
Sections 10.8 and 10.9. 

Let Xh i = 1, 2, ... ,n, denote independent random variables 
which are N(p,;, 07), i = I, 2, ... , n, respectively. Then 

n 

Q = L (Xi - p;)2/uf is i(n). Now Q is a quadratic form in the Xi - Pi 
I 

and Q is seen to be, apart from the coefficient -~, the random variable 
which is defined by the exponent on the number e in the joint 
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"p.d.f. of XI, X2 , ••• ,Xn. We shall now show that this result can be 
generalized. 

Let XI, X2, ••• , Xn have a multivariate normal distribution with 
p.d.f. 

1 [ (x - p)'V-I(X - P)J exp -;. 
(21t)n/2 JiVI 2' 

where, as usual, the covariance matrix V is positive definite. We shall 
show that the random variable Q (a quadratic form in the Xi - p;), 
which is defined by (x - p)'V-I(x - JI), is x2(n). We have for the 
m.g.f. M(/) of Q the integral 

f~ f~ 1 
_~ • •• -00 (21t)n/2 JiVI 

[
(x - JI),V-I(x - JI)J 

x exp I(X - JI)'V-I(x - JI) - 2 dxl ••• dxn" 

foo f~' 1 
= ~oo··· -00 (21t)n/2 JiVI 

[ 
(x - p)'V-I(X - JI)(1 - 2/)J d d 

x exp - 2 XI . .• X n• 

With V-I positive definite. the integral is seen to exist for all real values 
of 1 < i. Moreover, (1 - 2t)V- I

, 1 < 4, is a positive definite matrix 
and, since 1(1 - 2/)V- '1 = (1 - 2/)n1V II, it follows that 

I [ (x - JI)'V-1(x - p)(l - 2/)J 
---;====exp -
(21ty/2 JIVI/(l - 2/)n 2 

can be treated as a multivariate normal p.d.f. If we multiply our 
integrand by (1 - 2/)11/2, we have this multivariate p.d.f. Thus the 
m.g.f. of Q is given by 

1 
M(/) = (I _ 2/)n/2 ' 

and Q is x2(n), as we wished to show. This fact is the basis of the 
chi-square tests that were discussed in Chapter 6. 

The remarkable fact that the random variable which is defined by 
(x - JI)'V-1(x - JI) is x2(n) stimulates a number of questions about 
quadratic forms in normally distributed yariables. We would like to 
treat this problem in complete generality, but limitations of space 
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forbid this, and we find it necessary to restrict ourselves to some special 
cases. 

Let X., X2, ••• ,Xn denote a random sample of size n from a 
distribution which is N(O, tT2

), ~ > O. Let X' = [XI, X2, ••• , Xn] and let 
A denote an arbitrary n x n real symmetric matrix. We shall investigate 
the distribution of the quadratic form X' AX. For instance, we know 

n 

that X/InX/tT2 = X/X/tT2 = 12 Xf/~ is x2(n). First we shall find the 
I " 

m.g.r.of X' AX/u2• Then we shall investigate the conditions that must 
be imposed upon the real symmetric matrix A if X' AX/tT2 is to have a 
chi-square distribution. This m.g.f. is given by 

M(t) = foo ... foo ( 1 )n exp (!XI Ax _ XIX) dx, ... dXn 
;;;-::'2 ~ .2u2 

-00 -00 tTy ~n 

= roo ... 1: CfiJ exp [ - x'(I ;q~tA)X] dx, ... fix., -

where I = In. The matrix I - 2tA is positive definite if we take It I 
sufficiently small, say It I < h, h > O. Moreover, we can treat 

I . [ x/(I - 2tA)X], , 
-----;:===== exp -
(2nf/2JI(I - 2tA)-t~I, 2tT2 

as a multivariate normal p.d.r. Now 1(1 - 2tA)-I~11I2 = un/II - 2tAII/2. 
If we multiply our integrand by 11- 2tAII/2, we have this multivariate 
p.d.f. Hence the m.g.f. of X' AX/~ is given by 

M(t) = II - 2tAI- 1
/
2, It I < h. (1) 

It proves useful to express this m.gJ. in a different form. To do this, 
let a., a2, ... ,an denote the characteristic numbers of A and let L 
denote an n x n orthogonal matrix such that L' AL = 
diag [a" a2, ... , an]. Thus 

Then 

L/(I - 2tA)L = 

n 

I - 2tal 
o 

o 

o 

o 

o 
o 

n (1 - 2ta;) = IL/(I - 2(A)LI = II - 2tAJ. 
i- t 
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Accordingly, we can write M(t), as given in Equation (1), in the form 

[ J
-./2 

M(t) = iD, (l - 2tai) , It I < h. (2) 

Let r, 0 < r ~ n, denote the rank of the real :symmetric matrix A. 
Then exactly r of the real numbers a., a2, ... , an, say at, ... , art are 
not zero and exactly n - rofthese numbers, say a,+ I, .•• ,an, are zero. 
Thus we can write the m.g.f. of X' AX/u2 as 

M(t) = [(1 - 2tal)(1 - 2ta2) ... (1- 2ta,)]-1/2. 

Now that we have found, in suitable form, the m.g.f. of our random 
variable, Jet us turn to the question of the conditions that must be 
imposed if X' AX/ul is to have a chi~square distribution. Assume that 
X' AX/u2 is 'i(k). Then 

M(t) = [(1 - 2ta.)(1 - 2ta2) ... (1 - 2ta,)]-1/2 = (1 - 2t)-kI2, 

or, equivalently, 

(1 - 2tal)(1 - 2ta2) ... (l - 2ta,) = (l - 2t)\ It I < h. 

Because the positive integers rand k are the degrees of these 
polynomials, and because these polynomials are equal for infinitely 
many values of t, we have k = r, the rank of A. Moreover, the 
uniqueness of the factorization of a polynomial implies that 
a. = a2 = ... = a, = I. If each of the nonzero characteristic numbers 
of a real symmetric matrix is one, the matrix is idempotent, that is, 
A 2 = A, and conversely (see Exercise 10.38). Accordingly, if X' AXI u2 

has a chi-square distribution, then A2 = A and the random variable is 
12(r), where r is the rank of A. Conversely, if A is of rank r, 0 < r < n, 
and if A2 = A, then A has exactly r characteristic numbers that are 
equal to one, and the remaining n - r characteristic numbers are equal 
to zero. Thus the m.g.f. of X' AX/u2 is given by (l - 2t)-,/2, t < ~, and 
X' AX/a2 is 12(r). This establishes the following theorem. 

Theorem 2. Let Q denote a random variable which is a quadratiC 
form in the observations of a random sample of size n from a distribution 
which is N(O, u~. Let A denote the symmetric matrix of Q and let r, 
o < r < n, denote the rank of A. Then Qlul is 12(r) if and only if A2 = A. 

Remark. If the normal distribution in Theorem 2 is N(p., ul), the condi tion 
A2 = A remains a necessary and sufficient condition that Q/q2 have a 
chi-square distribution. In general, however, Q/q2 is not i(r) but, instead, 
Qlul has a noncentral chi-square distribution if A2 = A. The number 
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of degrees of freedom is r, the rank of A, and the noncentrality parameter is 
1&' AI&/(l2, where 1&' = [Il, Il, ... ,Il]. Since 1&' AI& = 112 L O;j' where A = [o;j], 

then, if Il :#= 0, the conditions A 2 = A and L Oij = 0 are ri~ssary and sufficient 
i,j 

conditions that Q/(l2 be central x2(r). Moreover, the theorem may be extended 
to a quadratic form in random variables which have a multivariate normal 
distribution with positive definite covariance matrix V; here the necessary and 
sufficient condition that Q have a chi-square distribution is A VA = A. 

EXERCISES 

to.35. Let Q = XI X 2 - X1X4 , where XI, X 2, X3: X4 is a random sample of size 
4 from a distribution which is N(O, (12). Show that Q/u2 does not have a 
chi-square distribution. Find the m.g.f. of Q/u2. 

to.36. Let X' = [XI' X2 ] be bivariate normal with matrix of means 
1&' = [Ill, 1l2] and positive definite covariance matrix V. Let 

.xr X\X2 X; 
QI = 2 2) - 2p 2 + 2 2 . 

(11(1 - p (11(12(1 - p ) (12(1 - p ) 

Show that QI is x2(r, 0) and find rand O. 'When and only when does QI have 
a central chi-square distribution? 

10.37. Let X' = [XI' Xl. X3] denote a random sample of size 3 from a 
distribution that is N(4, 8~ and let 

(
1 0 1) 

A= 010. 
1 0 ! 
2 2 

Justify the assertion that X' AX/(l2 is i(2, 6). 

10.38. Let A be a real symmetric matrix. Prove that each of the nonzero 
characteristic numbers of A is equal to I if and only if A2 = A. 

Hint: Let L be an orthogonal matrix such that L' AL = 
diag [ai, a2, ... , an] and note that A is idempotent if and only if L' AL is 
idempotent. 

to.39. The sum of the elements on the principal diagonal of a square matrix 
A is called the trace of A and is denoted by tr A. 
(a) If B is n x m and Cis m x n, prove that tr (BC) = tr (CB). 
(b) If A is a square matrix and if L is an orthogonal matrix, use the result 

of part (a) to show that tr (L' AL) = tr A. 
(c) If A is a real symmetric idempotent matrix, use the result of part (b) 

to prove that the rank of A is equal to tr A. 
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10.40. Let A = [aij] be a real symmetric matrix. Prove that L L at is equal to 
J i 

the sum of the squares of the characteristic numbers of A. 
Hint: If L is an orthogonal matrix, show that L L at = 

tr (A2) = tr (L' A2L) = tr [(L' AL)(L' AL)]. j i 

10.41. Let X and $1 denote, respectively, the mean and the variance of a 
random sample of size n from a distribution which is N(O, 02). 
(a) If A denotes the symmetric matrix ofnX2, show that A = (l/n)P, where 

P is the n x n matrix, each of whose elements is equal to one. 
(b) Demonstrate that A is idempotent and that the tr A = I. Thus nX2/u2 

is x2(l). 
(c) Show that the symmetric matrix B of n$l is I - (l/n)P. 
(d) Demonstrate that B is idempotent and that tr B = n - I. Thus nS2

/ (12 

is x2(n - 1), as previously proved otherwise. 
(e) Show that the product matrix AB is the zero matrix. 

10.9 The Independence of Certain Quadratic Forms 

We have previously investigated the independence of linear 
functions of normally distributed variables (see Exercise 4.132). In this 
section we shall prove some theorems about the independence of 
quadratic forms. As we remarked on p. 483, we shall confine our 
attention to normally distributed variables that constitute a random 
sample of size n from a distribution that is N(O, 02). 

Let XI, X2, ••• ,Xn denote a random 'sample of size n from a 
distribution which is N(O, 0'2). Let A and B denote two real symmetric 
matrices, each of order n. Let X' = [XI' X2 , ••. , XII] and consider the 
two quadratic forms X' AX and X'BX. We wish to show that these 
quadratic forms are independent if and only if AD = 0, the zero matrix. 
We shall first compute the m.g.f. M(tJ, (2) of X' AXja2 and X/DXjo2. 
We have 

M(I,. I,) = C.fo)" [ ... [ 
(

tiXI Ax t2x'Dx X'X) dx dx 
exp 0'2 + q2 - 2a2 I . . . n 

=C.fo)" [ ... [ 
(. 

x'(I - 2tlA - 2t2D)X) dx d exp - ... x , 2a2 I,,' 
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The matrix I - 211 A - 2/2B is positive definite if we take Iltl and 1/21 
sufficiently small, say II1I < hi, 1/21 < h2' where hi, h2 > O. Then, as on 
p. 483, we have 

M(tI,t2) = II - 2/1A - 2/2BI-I/2, lId < h" 1/21 < h2• 

Let us assume that X' AX/a2 and X'BX/a2 are independent (so that 
likewise are X' AX and X'BX) and prove that AB = O. Thus we assume 
that 

(I) 

for all II and 12 for which 1/;1 < hi, i = 1,2. ,Identity (1) is equivalent to 
the identity 

Ilil < hi, i = 1,2. (2) 

Let r> 0 denote the rank of A 'and let a" a2, ... ,ar denote the r 
nonzero characteristic numbers orA. There exists an orthogonal 
matrix L such that 

al 0- 0 I 

0 q2 0 I 0 

L'AL= =[~I+~]=C 
0 0 ar 

-------------
o : 0 

for a suitable ordering of ai, a2, ... , ar. Then L'BL may be written 
in the identically partitioned form 

L'BL = [!>!l + !>Il] = D. 
D21 I D22 

The identity (2) may be written as 

IL'III - 2/1A - 2/2BIILI = IL'III - 2/1AltLIIL'III - 2/2BIILI, (2') 

or as • 

(3) 

The coefficient of ( - 21 I)' in the right-hand member of Equation (3) is 
seen by inspection to be al a2 ... arlI - 2/2DI. It is not so easy to find 
the coefficient of (- 2/1)' in the left-hand member of Equation (3). 
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Conceive of expanding this determinant in terms of minors of order r 
formed from the first r columns. One term in this expansion is the 
product of the minor of order r in the upper left-hand comer, namely, 
IIr - 211CII - 212DlI l, and the minor of order n - r in the lower 
right-hand corner, namely, lIn _ r - 212D221. Moreover, this product is 
the only term in the expansion of the determinant that involves 
(-21IY' Thus the coefficient o£.( -21iY in the left-hand member of 
Equation (3) is al a2 ... arlIn _ r - 212D221. If we equate these coefficients 
of ( - 211 y, we have, for all 12, 1121 < h2' 

(4) 

Equation (4) implies that the nonzero characteristic numbers of the 
matrices D and D22 are the same (see Exercise 10.49). Recall that the 
sum of the squares of the characteristic numbers of a symmetric matrix 
is equal to the sum of the squares of the elements of that matrix (see 
Exercise 10.40). Thus the sum of the squares of the elements of matrix 
D is equal to the sum of the squares of the elements of D22 . Since the 
elements of the matrix D are real, it follows that each of the elements 
of Dlh D 12 , and D21 is zero. Accordingly, we can write D in the form 

D = L'BL = [~ -: - ~ -J. o I D22 

Thus CD = L' ALL'BL = 0 and L' ABL = 0 and AB = 0, as we wished 
to prove. 

To complete the proof of the theorem, we assume that AB = O. We 
are to show that X' AX/a2 and X'BX/ul are independent. We have, for 
all real values of II and 12, 

(I - 211 A) (I - 212B) ;:: I - 211A - 212B, 

since AB = O. Thus 

II - 211A - 212BI = II - 211AIII - 212BI· 

Since the m.g.f. of X' AX/e?- and X'BX/a2 is given by 

11;1 < hi, i = 1, 2, 

we have 

M(II' (2) = M(t., O)M(O, (2), 
" ... 

and the proof of the following theorem is complete. 
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Theorem 3. Let QI and Q2 denote random variables which are 
quadratic forms in the observations of a random sample of size n from 
a distribution which is N(O, 0'2). Let A andB denote, respectively, the real 
symmetric matrices ofQ, a~d Q2' The random variables Q. and Q2 are 
independent if and only if AD = O. 

Remark. Theorem 3 remains valid if the random sample is from a 
distribution which is N(/-l, 02), whatever be the real value of /1. Moreover, 
Theorem 2 may be extended to quadratic forms in random variables that have 
a joint multivariate normal distribution with a positive definite covariance 
matrix V. The necessary and sufficient condition for the independence 
of two such quadratic forms with symmetric matrices A and B then 
becomes A VB = O. In our Theorem 2, we have V = 021, so that 
AVB = AolIB = alAB = O. 

We shall next prov~ Theorem 1 that was stated in Section 10.1. 

Theorem 4. Let Q = QI + ... + Qk _ I + Qh where Q, 
Q I, ••• , Qk - I, Qk are k + I random variables that are quadratic forms 
in the observations of a random sample of size nfrom a distribution which 
is N(O, q2). Let Q/0'2 be x2(r), let Q;/(l2 be x2(r,), i = 1·,2, ... , k - 1, and 
let Qk be nonnegative. Then the :random variables QI' Q2 • ... , Qk are 
independent and, hence, Qk/(l2 is x2(rk = r - rl - ... - rk _ ,). 

Proof Take first the case of k = 2 and let the real symmetric 
matrices of Q, Q., and Q2 be denoted, respectively, by A, AI> A2. We 
aregiventhatQ = QI +' Q20r,equivalently, that A = AI + A2. Weare 
also given that Q/(l2 i& x2(r) and that Q, /(12 is x2(rl)' In accordance with 
Theorem 2, p. 484, we have A2 = A and Ai = AI' Since Q2 > 0, each 
of the matrices A, A., ,and A2 is positive semidefinite. Because A2 = A, 
we can find an orthogonal matrix L such that 

. [I 10] 
L'AL = ~i-o . 

If then we mUltiply both members of A = Al + A2 on the left by L' and 
on the right by L, we have 

[!~-:-~J = L'AIL + L'A2L. 0:0 
Now each of Al and A2, and hence each ofL' AIL and LiA2L ispositive 
semidefinite. Recall that, if a real symmetric matrix is positive 
semidefinite, each element on the principal diagonal is positive or 
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zero. Moreover, if an element on the principal diagonal is zero, then 
all elements in that row and all elements in that column are zero. Thus 
L' AL = L' AI L + L' A2L can be written as 

[~i-~]=[~' i-~]+[~+n 
Since Ai = AI, we have 

(L'AIL.)2 = L'AIL = [~..'-:-~]. 
o :0 

(5) 

If we mUltiply both members of Equation (5) on the )eftby the matrix 
L' AIL, we see that 

or, equivalently, L' A,L = L' AIL+ (L' AIL)(L' A2L). Thus (L' AIL) x 
(L' A2L) = 0 and A1 A2 = O. In accordance with Theorem 3, QI and Q2 
are independent. This independence immediately implies that Q2/(12 is 
t(r2 = r - r,). This completes the proof when k = 2. For k > 2, the 
proof may be made by induction. We shall merely indicate how this 
can be done by using k = 3. Take A = Al + A2 + A3, where A2 = A, 
Ai = AI, A~ = A2, and AI is positive semidefinite. Write 
A = AI + (A2 +- AI) = AI+ B,,'say. Now A2 = A, Ai = A" and Blis 
positive semi<tefinite.ln accordance with the 'case of k = 2,' we have 
AlB, -:- 0, so that Dr = B1• With B, = A2 + A;, where Bi = B" 
Ai = A2, it follows fr6m the case of k = 2 that A2A3 = 0 and Ai = A3 • 

Ifwe regroup by writing A = A2 + (AI + Al ), we obtain AI A3 = 0, and 
so on. 

Rem.ark. In our statement of Theorem 4 we took XI' X2, ••• , Xn to be 
observations of a random sample from a distribution which is N(O, (12). We 
did this because our proof of Theorem 3 was restricted to that case. In fact, 
if Q'. Q~ • ...• Q~ are quadratic forms in any normal variables (including 
multivariate normal variables), if Q~ = Qi + ... + QIc. if Q', Qi • ...• QIc - I 

are central or noncentral chi-square, and if QIc is nOl1~egative. then Qi, ... , QIc 
are independent and Qk is either central or noncentral chi-square. 

This section will conclude with a proof of a frequently quoted 
theorem due to Cochran. 
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, 

Theorem 5. Let XI, X2 , ••• , Xn denote a random sample from a 
distribution which is N(O, 02). Let the sum of the squares of these 
observations be written in the form 

n 

I X; = QI + Q2 + 0 0 • + Qb 
I 

where Qj is a quadratic form in XI, Xh ..• , Xn, with matrix Aj which 
has rank rj, j = 1,2, .. 0 ,k. The random variables Q" Q2, ... , Qk are 

k 

independent and Qj/u2 is i(rj),j = 1,2, .. 0, k, if and only if I rj = n. 
k n I k 

Proof First assume the two conditions I rj = n and I X; = I Qj 
I I I 

to be satisfied. The latter equation implies that I = AI + 
A2 + ... + Ak • Let Bi = I - A;. That is, Bi is the sum of the matrices 
AI, ... , Ak exclusive of A;. Let R; denote the rank ofB;. Since the rank 
of the sum of several matrices is less than or equal to the sum of the 

k , 

ranks, we have R; < I rj - ri = n - rio However, I = Ai + Bi , so that 
I . 

n < r; + R; and n - r; < Rjo Hence R; = n - rio The characteristic 
numbers of Dr are the roots of the equation IB; -All = O. Since 
D; = I - A;, this equation can be written as II - A; - All = O. Thus we 
have IA; - (1 - A)II = O. But each root of the last equation is one minus 
a characteristic number of Ai' Since Bi has exactly n - R; = r; 
characteristic numbers that are zero, then A; has exactly rj characteristic 
numbers that are equal to 1. However, r; is the rank of Ai' Thus each 
of the ~;.nonzero characteristic numbers of Ai is 1. That is, A7 = Ai and 
thus Q;/u2 is x2(r;), i = 1, 2, ... , k. In accordance with Theorem 4, the 
random variables Q, .. Q2, .. 0 , Qk are independent. 

To complete the proof of Theorem 5, take 
n 

I xJ = QI + Q2 + ... + Qb 
, '. 2 A.2 let Q\, Q2, ... ,Qk be mdependent, and let Qj/u be I. (rj), 

j = 1,2, ... , k. Then ± Qj/u2 is X2(± t j). But t Qj/u2 = t xJ /ul is 
, k I I I I 

i(n). Thus I,Tj = n and the proof is complete. 
I 

EXERCISES 

10.42. Let XI, X2 , X3 be a ralldom sample from the normal distribution 
N(O, 0'2). Are the quadratic forms Ai + 3X1X2 + X~ + X I X3 + Xi and 
41 - 2X1 X2 + jX~ - 2X, X3 - X~ independent or dependent? 
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10.43. Let XI> X2, • •• , XII denote a ... random sample of size n from a 
. II 

distribution which is N(O, (12). Prove that L X7 and every quadratic form, 
I 

which is nonidentically zero in XI, X2 • ••• , XII' are dependent. 

10.44. Let X .. X2 , X3• X4 denote a random sample of size 4 from a 
4 

distribution which is N(O, (12). Let Y = L a;X;, where ai, a2, a3, and a4 are 
I 

real c()Ostants. If f2 and Q = X,X2 - X3X4 are independent, determine a., 
a2' a3, and a4' 

10.45. Let A be the real symmetric matrix of a quadratic form Q in the 
observations of a random sample of size n from a distribution which is 
N{O, (12). Given that Q and the mean X of the sample are independent. 
What can be said of the elements of each row (column) of A? 

Hint: Are Q and j2 independent? 

10.46. Let AI, A2, ••• , Ak be the matrices of k > 2 quadratic forms 
Q., Q2, ...• Qk in the observations of a random sample of size n from a 
distribution which is N(O, (12). Prove that the pairwise independence of these 
forms implies that they are mutually indePendent. 

Hint: Show ,that A;Aj = 0, i #: j, permits Elexp (tl QI + 
t2Q2 + ... + tkQk)] to be written as a product of the momentMgenerating 
functions of Q" Q2, ... , Qk' 

10.47. Let X' = [XI' X2 • ••• ,XII]' where X., X2 , ••• ,Xn are observations 
of a random sample from a distribution which is N(O, 0-2). Let 
b' = [b., b2 , ••• , bn] be a rea) nonzero matrix, and let A be a real symmetric 
matrix of order n. Prove that the linear form b/X and the quadratic form 
X' AX are independent if and only if b' A = O. Use this fact to prove that 
b/X and X' AX are independent if and only if the two quadratic forms, 
(b/Xf = X/bb/X and X' AX, are independent. 

10.48. Let QI and Q2 be two nonnegative quadratic forms in the observations 
of a random sample from a distribution which is N{O, 02). Show that 
another quadratic form Q is independent of QI + Q2 if and only if Q is 
independent of each of Q I and Q2' 

Hint: Consider the orthogonal transformation that diagonalizes the 
matrix of QI + Q2' After this transformation, what are the forms of the 
matrices of Q, QI, and Q2 if Q and Q. + Q2 are independent? 

to.49. Prove that Equation (4) of this section implies that the nonzero 
characteristic numbers of the matrices D and D22 are the same. 

Hint: Let A = 1/(2t2), t2 #: 0, and show that Equation (4) is equivalent 
to ID - All = { - A),ID22 - AIn _ ,1. 

to.SO. Here QI and Q2 are quadratic forms in observations of a random 
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sample from N(O, I). If QI and Q2 are independent and if QI + Q2 has a 
chi-square distribution, prove that QI and Q2 are chi-square variables. 

to.5t. Often in regression the mean of the random variable Y is a linear 
function of p-values x., X2, ••• ,xP' say PIXI + P2X2 + ... + PpxP' where 
/I' = (/31, P2, ... , Pp) are the regression coefficients. Suppose that n values, 
Y' = (Y" Y2, ••• , Yn), are observed for the x-values in X = (xij), where X 
is an n x p design matrix and its ith row is associated with 
Yh i = I, 2, ... , n. Assume that Y is multivariate normal with mean Xp 
and covariance matrix 0'21, where 1 is the it x n identity matrix. 
(a) Note that Y., Y2, ... , Yn are independent. Why? 
(b) Since Y should approximately equal its mean Xp, we estimate p by 

solving the normal equations X'Y = X'Xp for p. Assuming that X'X is 
nonsingular, solve the equations to get P = (X'X)-IX'Y. Show that P 
has a multivariate normal distribution with mean p and covariance 
matrix a 2(X'X)-1 . 

(c) Show that 

(Y - XP)'(Y - XP) = (j - P),(X'X)(j - P) + (Y - XP)'(Y - XP), 

say Q = Q, + Q2 for convenience. 
(d) Show that Qda2 is X2(p). 
(e) Show that QI and Q2 are independent. 
(f) Argue that Q2/0'2 is x2(n - p). 
(g) Find c so that CQdQ2 has an F-distribution. 
(h) The fact that a value d can be found so that Pr (CQ,/Q2 < d) = 1 - a 

could be used to find a 100(1 - a) percent confidence ellipsoid for p. 
Explain. 

(i) If the coefficient matrix p has the prior distribution that is multivariate 
normal with mean matrix Po and covariance matrix ~o. what is the 
posterior distribution of p, given j? 

10.52. Say that G.P .A. (Y) is thought to be a linear function of a "coded" high 
school rank (x2) and a "coded" American College Testing score (X3), 

namely, PI + P2X2 + P3X3' Note that all x, values equal J. We observe the 
following five points: 

1 
1 
I 
1 
I 

I 
4 
2 
4 
3 

(a) Compute X'X and j = (X'X)-'X'Y. 

2 
3 
2 
2 
2 

y 

3 
6 
4 
4 
4 

(b) Compute a 95 percent confidence ellipsoid for p' = (PI' P2, 133)' 
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ADDITIONAL EXERCISES 

10.53. Let Ill, 1l2, 113 be, respectively, the means of three normal distributions 
with a common but unknown variance (12. In order to test, at the /X = 5 
percent significance level, the hypothesis Ho: p't = 112 = 113 against all 
possible alternative hypotheses, we take an independent random sample of 
size 4 from each of these ~istributions. Determine whether we accept or 
reject Ho if the observed values from these three distributions are, 
respectively, 

XI: 5 9 6 8 

X2: II 13 10 12 

X3: 10 6 9 9 

to. 54. The driver of a diesel-powered automobile decided to test the quality 
of three types of diesel fuel sold in the area based on mpg. Test the null 
hypothesis that the three means are equal using the following data. Make 
the usual assumptions and take /X = 0.05.' 

Brand A: 38.7 39.2 40.1 38.9 

Brand B: 41.9 42.3 41.3 

Brand C: 40.8 41.2 39.5 38.9 40.3 

to.55. We wish to compare compressive strengths of concrete corresponding 
to a = 3 different drying methods (treatments). Concrete is mixed in batches 
that are just large enough to produce three cylinders. Although care is 
taken to achieve uniformity, we expect some variability among the b = 5 
batches used to obtain the following compressive strengths. (There is little 
reason to suspect int~raction and hence only one observation is taken in 
each cell.) 

Treatment 

52 
60 
56 

47 
55 
48 

Batch 

44 
49 
45 

51 42 
52' 43 
44 38 

(a) Use the 5 percent significance level and test H A .: /XI = /X2 = /X3 -: 0' 
against all alternatives. r .. 

(b) Use the 5 percent significance level and test HB: {J,-= {J2'= 
{J3 = {J .. = {Js = 0 against all alternatives. 
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10.56. With a = 3 and b = 4, find Jl, ai' Pi' and "/ij' if Jlij' i = 1, 2, 3 and 
j = 1,2,3,4, are given by 

6 7 7 12 

10 3 11 8 

8 5 9 10 

10.57. Two experiments gave the following results: 

n x y Sx Sy r 

100 10 20 5 8 0.70 
200 12 22 6 10 0.80 

Calculate r (or, the combined sample. 

10.SS. Consider the following matrices:Y is n xl, II is p xl, X is n x p and 
of rank p. Let Y be N(XP, 0'21). Discuss the joint p.d.f. of IS = (X'X)-IX'Y 
and Y'[I - X(X'X)-'X1Y/u2. 

10.59. Fit y = a + x to the data 

x o 1 2 

y 1 3 4 

by the method of least squares. 

10.60. Fit by the method of least squares the plane z = a + bx + cy to the 
five points (x, y, z): ( - 1, - 2, 5), (0, - 2,4), (0, 0,4), (1, 0, 2), (2, 1,0). 

10.61. Let the 4 x 1 matrix Y be multivariate normal N(XII, 0'21), where the 
4 x 3 design matrix equals 

X= 

1 
1 
1 
I 

1 2 
1 2 
o -3 
o -1 

and II is the 3 x I regression coefficient matrix. 
(a) Find the mean matrix and the covariance matrix of P = (X'X)-IX'Y. 
(b) If we observe Y' to be equal to (6, 1, 11,3), compute p. 

10.62. Let the independent normal random variables Y" Y2, ••• , Y" have, 
respectively, the probability density functions N(p" }'2 xn. i = 1, 2, ... , n, 
where the given x I, X2' ••• , XII are not all equal and no one of which is zero. 
Discuss the test of the hypothesis Ho: }' = 1, p, unspecified, against all 
alternatives HI : }' =F I, p, unspecified. 
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10.63. Let Y •• Y2 • •••• Y" be n independent normal variables with common 
unknown variance (12. Let Yj have mean fJx;. i = 1,2 •...• n, where 
XI. X2 • .••• X" are known but not alJ the same and fJ is an unknown 
constant. Find the likelihood ratio test for Ho: fJ = 0 against all 
alternatives. Show that this likelihood ratio test can be based on a statistic 
that has a well-known distribution. 

10.64. Consider the multivariate normal p.d.f. f(x; p. 1:) where the known 
parameters equal either Ph 1:. or P2. 1:h respectively. 
(a) If1:, = 1:2 is known to equal 1:, classify X as being in the second ofthese 

distributions if 

f(x; Ph 1:) k ----< . 
f(x; P2, 1:) - • 

otherwise, X is classified as being from the first distribution. Show that 
this rule is based upon a linear function of X and determine its 
distribution. This allows us to compute the probabilities. of 
misclassification. 

(b) If 1:1 and 1:2 are different but known, show that 

f(x; Ph 1:1) < k 
f(x; P2, 1:2) -

can be based upon a second degree polynomial in X. When either 1:\ 
or 1:2 is the correct covariance matrix, does this expression have a 
chi-square distribution? 



CHAPTER 11 ' 

N onparametric 
Methods 

11.1 Confidence Intervals for Distribution Quantiles 

We shall first define the concept of a quantile of a distribution of 
a random variable of the continuous type. Let X be a random variable 
of the continuous type with p.d.f./(x) and distribution function F(x). 
Let p denote a positive proper fraction and assume that the equation 
F(x) = p has a unique solution for x. This unique root is denoted by 
the symbol ep and is called the quantile (of the distribution) 0/ order 
p. Thus Pr (X < ep ) = F(ep) = p. For example, the quantile of order i 
is the median of the distribution and Pr (X < eo.s) = F(eo.s) = ~. 

In Chapter 6 we computed the probability that a certain random 
interval includes a special point. Frequently, this special point was a 
parameter of the distribution of probability under consideration. 
Thus we are led to the notion of an interval estimate of a parameter. 
If the parameter happens to be a quantile of the distribution, and if we 
work with certain functions of the order statistics, it will be seen that 
this method of statistical inference is applicable to all distri-

497 
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butions of the continuous type. We call these methods distribution-free 
or nonparametric methods of inference. 

To obtain a distribution-free confidence interval for ep~ the quantile 
of order p, of a distribution of the continuous type with distribution 
function F(x), take a random sample XI , X2~ ... , Xn of size n from that 
distribution. Let Y1 < Y2 < ... < Y" be the order statistics of the 
sample. Take Y; < lj and consider the event Y j < ep < lj. For the ith 
order statistic Yj to be less than ep it must be true that at least i of the 
X values are less than 'po Moreover~ for the jth order statistic to be 
greater than ep , fewer than j of the X values are less than e,. That is, 
if we say that we have a "success" when an individual X value is less 
than ep, then, in the n independent tdals, there must be at least i 
successes but fewer than j successes for the event Y j <ep < lj to 
occur. But since the probability of success on each trial is 
Pr (X < 'p) = F(,p) = p, the probability of this event is 

the probability of having at least i, but less than j, successes. When 
particular values of n, i, and j are specified, this probability can be 
computed. By this procedure, suppose it has been found. that 
')1 = Pr (Y; < 'p < lj). Then the probability is ')1 that the random 
interval (Y;. lj) includes the quantile of order p. If the experimental 
values of Y; and lj are, respectively, Y; and Yj' the interval (Yj, Yi) serves 
as a 100')1 percent confidence interval for ep , the quantile of order p. 

An illustrative example follows. 

Exumple 1. Let YI < Y2 < Y3 < Y. be the order statistics of a random 
sample of size 4 from a distribution of the continuous type. The probability 
that the random interval (Y., Y.) includes the median eo.s of the distribution 
will be computed. We have 

3 4! (I)· Pr (Y1 < 'o.s < y.) = ~ 1(4 _ )' -2 = 0.875. 
III = I W. W • 

If Y1 and Y. are observed to be YI = 2.8 and y. = 4.2. respectively. the interval 
(2.8,4.2) is an 87.5 percent confidence interval for the median eo.s of the 
distribution. 

For samples of fairly large size, we can approximate the ,binomial 



See. 11.1 J Confoletlce InterDllls /01' Distrib"tion Quatiles 499 

probabilities with those associated with normal distributions, as 
illustrated in the next example. 

Example 2. Let the following numbers represent the values of the order 
statistics of n = 27 observations obtained in a random sample from a certain 
distribution of the continuous type: 

61, 69, 71, 74, 79, 80, 83, 84, 86, 87, 92, 93, 96, 100, 

104, 105, I13, 121, 122, 129, 141, 143, 156, 164, 191, 217, 276. 

Say that we are interested in estimating the 25th percentile eO.2S (that is, the 
quantile of order 0.25) of the distribution. Since (n + l)p = 28G) = 7, the 
seventh order statistic, Y7 = 83, could serve as a point estimate of '0.25' To get 
a confidence interval for '0.25, consider two order statistics, one less than Y7 
and the other greater, for illustration, Y4 and YIO' What is the confidence 
coefficient associated with the interval (Y4, YIO)? Of course, before the sample 
is drawn, we know that 

}' = Pr (Y4 < eO.2S < YIO) = ± (27) (0.25)11>(0.75)27-111.-
111=4 W 

That is, 

)' = Pr (3.5 < W < 9.5), 

where W is b(27,1) with mean 2; = 6.75 and variance ~!. Hence }' IS 

approximately equal to 

q,e·5 ~ 6.75) - ,3.516.75) = q,C~) -q,( -Ii) ~ 0.814. 

Thus (Y4 = 7~ YIO = 87) serves as an approximate 81.4 percent confidence 
interval for eO.25. It should be noted that we could choose other intervals also, 
for illustration, (Y3 = 71, YII = 92), and these would have different confidence 
coefficients. The persons involved in the study must select the desired 
confidence coefficient, and then the appropriate order statistics, Y; and Yj, 
are taken in such a way that i and j are fairly symmetrically located about 
(n + l)p. 

EXERCISES 

11.1. Let YI/ denote the nth order statistic of a random sample of size n from 
a distribution of the continuous type. Find th~ smallest value of n for which 
Pr ('0.9 < YI/) > 0.75. 

tt.2. Let Y1 < Y2 < Y3 < Y4 < Ys denote the order statistics of a random 
sample of size 5 from a distribution of the continuous type. Compute: 
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(a) Pr (Y1 < eo.s < Ys). 
(b) Pr (Y, < eO.2S < Y3). 

(c) Pr (Y4 < eO.80 < Ys). 
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11.3. Compute Pr (Y3 < eo.s < Y1 ) if Y1 < ... < Y9 are the order statistics of 
a random sample of size 9 from a distribution of the continuous type. 

11.4. Find the smallest value of n for which Pr (Y, < eo.s < Yn ) > 0.99, where 
Y, < ... < Yn are the order statistics of a random sample of size n from a 
distribution of the continuous type. 

11.5. Let Y, < Y2 denote the order statistics of a random sample of size 2 from 
a distribution which is N(p, (12), where (12 is known. 
(a) Show that Pr (Y, < p. < Y2) =! and compute the expected value of the 

random length Y2 - Y,. 
(b) If X is the mean of this sample, find the constant c such that 

Pr (X - Ct1 < J.l < X + C(1) =!, and compare the length of this random 
interval with the expected value of that of part (a). 

11.6. Let Y, < Y2 < ... < Y2S be the order statistics of a random sample of 
size n = 25 from a distribution of the continuous type. Compute 
approximately: 
(a) Pr (Ys < eo.s < Y,s). 
(b) Pr (Y2 < eO.2 < Y9). 

(c) Pr (Y1S < eo.s < Y23 ). 

11.7. Let Y, < Y2 < ... < YUlO be the order statistics of a random sample of 
size n = 100 from a distribution of the continuous type. Find i < j so that 
Pr (Y; < '0.2 < Y;) is about equal to 0.95. 

11.8. Let el/4 be the 25th percentile of a distribution of the continuous type. 
Let Y, < Y2 < ... < Y48 be the order statistics of a random sample of size 
n = 48 from this distribution. 
(a) In terms of "binomial probabilities," to what is Pr (Y9 < el/4 < Y'6) 

equal? 
(b) How would you approximate this answer with "normal probabilities"? 
(c) Find i such that Pr (Y12 ; < e'/4 < Y'3 +;) is as close as possible to 0.95 

(using the normal approximation). 

11.2 Tolerance Limits for Distributions 

We propose now to investigate a problem that has something of 
the same flavor as that treated in Section 11.1. Specifically, can we 
compute the probability that a certain random interval includes (or 
covers) a preassigned percentage of the probability for the distri-
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bution under consideration? And, by appropriate selection of the 
random interval, can we be led to an additional distribution-free 
method of statistical inference? 

Let X be a random variable with distribution function F(x) of the 
continuous type. The random variable Z = F(X) is an important 
random variable, and its distribution is given in Example 1, Section 4.1. 
It is our purpose now to make an interpretation. Since Z = F(X) has 
the p.d.f: 

h(z)= 1, 

=0 

then, if 0 < p < I, we have 

0< z < 1, 

elsewhere, 

Pr[F(X) < pI = r dz = p. 

Now F(x) = Pr (X S' x). Since Pr (X = x) = 0, then F(x) is the 
fractional part of the probability for the distribution of X that is 
between - 00 and x. If F(x) S' p, then no more than lOOp percent of 
the probability for the distrib,ution of X is between - 00 and x. But 
recall Pr [F(X) s; p] = p. That is, the probability that the random 
variable Z = F(X) is less than or equal to p is precisely the probability 
that the random interval ( - 00, X) contains no more than lOOp percent 
of the probability for the distribution. For example, the probability 
that the random interval (- 00, X) contains no more than 70 percent 
of the probability for the distribution is 0.70; and the probability that 
the random interval ( - 00, X) contains more than 70 percent of the 
probability for the distribution is 1 - 0.70 = 0.30. 

We now consider certain functions of the order statistics. Let 
XI, Xl, ... , Xn denote a random sample of size n from a distribution 
that has a positive and continuous p.d.f.f(x) if and only if a < x < b; 
and let F(x) denote the associated distribution function. Consider 
the random variables F(X1), F(Xl ), ... ,F(Xn). These random 
variables are independent and each, in accordance with Example I , 
Section 4.1, has a uniform distribution on the interval (0, I). Thus 
F(X1), F(X2), ••• , F(Xn) is a random sample of size n from a uniform 
distribution on the interval (0, I). Consider the order "Statistics of this 
randomsampleF(X,), F(X2), ••• ,F(Xn)' LetZ. be the smallest of these 
F(Xj ), Zl the next F(Xj) in order of magnitude, ... , and Zn the largest 
F(XJ. If Y" Yz, ... , Yn are the order statistics of the initial random 
sample X h Xz, ... ,Xn, the fact that F(x) is a nondecreasing 
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(here, strictly increasing) function of x implies that Z. = F(Y,), 
Z2 = F( Y2), ••• , Zn = F( Yn). Thus the joint p.d.f. of Z" Z2, ... , Zn is 
given by 

= 0 elsewhere. 

This proves a special case of the following theorem. 

Theorem 1. Let Y" Y2, ••• , Yn denote the order statistics of a 
random sample of size n from a distribution of the continuous type that 
has p.d./. f(x) and distribution function F(x). The joint p.d./. of the 
random variables Zi = F( Yi ), i = I, 2, ... ,n, is, 

h(z" Z2' ••• , zn) = nt, 0 < ZI < Z2 < ... < Zn < 1, 

= 0 elsewhere. 

Because the distribution function of Z = F(X) is given by z, 
o < Z < 1, the marginal p.d.f. of Zk = F( Yk ) is the following beta p.d.f.: 

n' . . z{-I II k 
hk(zk) = -(k--I-)!-(n--k-)! k (1 - Zk) , 0< Zk < I, 

= 0 elsewhere. (1) 

Moreover, the joint p.d.f. of Zj = F( Y;) and Zj = F( Yj) is, with i < j, 
given by 

n! i; I(Zj - z;,y i - 1(1 - Zjt - j 

hjj(z;, z) = (i _ I)! U _ i-I)! (n _ j)!' 0 < Zi < Zj < I, 

= 0 elsewhere. (2) 

Consider the difference Zj - Zi = F(Yj) - F(Yi ), i <j. Now 
F(Yj) = Pr (X < Yj) and F(Yi) = Pr (X < y;). Since Pr (X = Y;) = 
Pr (X = y) = 0, then the difference F(Yj) - F(Yi) is that fractional part 
of the probability for the distribution of X that is between Yt and Yj. 
Let p denote a positive proper fraction. If F(y) - F(Yi) > p, then at 
least lOOp percent of the probability for the distribution of X is between 
Yi and Yj. Let it be given that y = Pr [F( Yj) - F( Yi ) ~ p]. Then the 
random interval (Y;, Yj) has probability y of containing at least lOOp 
percent of the probability for the distribution of X. If now Yi and Yj 
denote, respectively, experimental values of Y j and Yj, the interval 
<Y;, Yl) either does or does not contain at least lOOp percent 
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of the probability for the distribution of X. However, we refer to the 
interval (y" Yj) as a 100'}' percent tolerance interval for lOOp percent of 
the probability for the distribution of X. In like vein, Yj and Yj are called 
lOOy percent tolerance limits for lOOp percent of the probability for the 
distribution of X. 

One way to compute the probability y = Pr [F(Yj) - F(Y/) ~ p] is 
to use Equation (2), which gives the joint p.d.f. of Zj = F( Y;) and 
Zj = F(Yj). The required probability is then given by 

r' -p rl 

y = Pr (Zj - Zj > p) = J" J. h;iz;, Zj) dZj dz;. 
o p + Zi 

Sometimes, this is a rather tedious computation. For this reason and 
for the reason that coverages are important in distribution-free 
statistical inference, we choose to introduce at this time the concept of 
a coverage. 

Consider the random variables WI = F( YI) = ZI, W2 = F( Y2) -

F(YI ) = Z2 - Z., W3 = F(Y3) - F(Y2) = Z3 - Z2,.··, Wn = F(Yn)
F( Yn _ I) = Zn - Zn _ I. The random variable WI is called a coverage of 
the random interval {x: - 00 < x < YI} and the random variable Wi' 
i = 2,3, ... ,n, is called a coverage of the random interval 
{x: Y;_I < X < Y;}. We shall find the joint p.d.f. of the n coverages 
W., W2, ... , Wn. First we note that the inverse functions of the 
associated transformation are given by 

Zn = WI + W2 + W3 + ... + Wn· 

We also note that the Jacobian is equal to I and that the space of 
positive probability density is 

{(W., W2' . .. , wn): 0 < Wi' i = 1,2, ... ,n, WI + ... + Wn < I}. 

Sincethejointp.d.f.ofZ., Z2, ... ,Znisn!,O < ZI < Z2 < ... < Zn < I, 
zero elsewhere, the joint p.d.f. of the n coverages is 

o < Wj, i = I ..... n, WI + ... + Wn < I, 

= 0 elsewhere. 
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A reexamination of Example 1 of Section 4.5 reveals that this is a 
Dirichlet p.d.f. with k = n and IX, = 1X2 = ... = IXn + I = I. 

Because the p.d.f. k(w., ... , wn) is symmetric in Wh W2, ••• , Wn , it 
is evident that the distribution of every sum of " , < n, of these 
coverages WI, ... , Wn is exactly the same for each fixed value of ,. 
For instance, if i <j and, = j - i, the distribution of' Zj - Zi = 
F(l}) - F(Yi) = W,+, + Wt+2 + ... + "J is exactly the same as that 
of Zj-i = F(l}-i) = w, + W2 + ... + "J-i' But we know that the 
p.d.f. of Zj _ i is the beta p.d.f. of the form 

h 
r(n + 1) . i , . . 

(v) - v'- - (I v)n-J+I 
j I - r(j - l)r(n - j + i + I) - , 

0< v < 1, 

= 0 elsewhere. 

Consequently, F(Y;) - F(Yi ) has this p.d.f. and 

Pr [F(lj) - F(Y,) > pI = f hi-I(v) dv. 
p 

Example 1. Let YI < Y2 < ... < Y6 be the order statistics of a random 
sample of size 6 from a distribution of the continuous type. We want to use 
the observed interval (y" Y6) as a tolerance interval for 80 percent of the 
distribution. Then 

i
o.8 

= I - ° 30v4(l - v) dv, 

because the integrand is the p.d.f. of F(Y6) - F(YI ). Accordingly, 

y = I - 6(0.8)5 + 5(0.8)6 = 0.34, 

approximately. That is, the observed values of Y, and Y6 will define a 34 
percent tolerance interval for 80 percent of the probability for the distribution. 

Example 2. Each of the coverages WI, i = 1,2, ... ,n, has the beta p.d.f. 

kl(w) = n(1 - w)n-I, 0 < w < I, 

= 0 elsewhere, 

because WI = Z, = F( YI ) has this p.d.f. Accordingly, the mathematical 
expectation of each Wi is 

i
l ' l ° nw(l - wf I dw = n + I . 
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Now the coverage Wi can be thought of as the area under the graph of the 
p.d.f./(x), above the x-axis, and between the lines x = Yi - I and x = Yi • (We 
take Yo = - 00.) Thus the expected value of each of these random areas Wi' 
i = 1, 2, ... ,n, is l/(n + 1). That is, the order statistics partition the 
probability for the distribution into n + 1 parts, and the expected value of each 
of these parts is l/(n +'1). More generally, the expected value of fllj) - flY;), 
i <j, is U - z)/(n + 1), since fllj) - flY;) is the sum of j - i of these 
coverages. This result provides a reason for calling Yh where (n + l)p = k, 
the (lOOp)th percentile 0/ the sample, since 

k (n + l)p 
E[F(Yk )] = -- = = p. 

n+l n+l 

EXERCISES 

11.9. Let YI and Y" be, respectively, the first and nth order statistics of a 
random sample of size n from a distribution of the continuous type having 
distribution function flx). Find the smallest value of n such that 
Pr [fl Y,,) - F( YI ) ~ 0.5] is at least 0.95. 

11.10. Let Y2 and YII -: I denote the second and the (n - 1 )st order statistics 
of a random sample of size n from a distribution of the continuous type 
having distribution function flx). Compute Pr [flYII - I ) - flY2) >p], 
where 0 <p < 1. 

11.11. Let Y1 < Y2 < ... < Y 48 be the order statistics of a random sample 
of size 48 from a distribution of the continuous type. We want to use the 
observed interval (Y4, Y4S) as a lOOy percent tolerance interval for 75 percent 
of the distribution. 
(a) To what is y equal? 
(b) Approximate the integral in part (a) by noting that it can be written as 

a partial sum of a binomial p.d.f., which in turn can be approximated 
by probabilities associated with a normal distribution. 

11.12. Let Y1 < Y2 < ... < Y" be the order statistics of a random sample of 
size n from a distribution of the continuous type having distribution 
function F(x). 
(a) What is the distribution of U = 1 - fllj)? 
(b) Determine the distribution of V = flY,,) - fllj) + flY;) - flY I ), 

where i <j. 

11.13. Let Y1 < Y2 < ... < YIO be the order statistics of a random sample 
from a continuous-type distribution with distribution function flx). What 
is the joint distribution of VI = fl Y4 ) - fl Y2) and V2 = fl Y IO ) - fl Y6)? 
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11.3 The Sign Test 

SQme of the chi-square tests of Section 6.6 are illustrative of the 
type of tests that we investigate in the remainder of this chapter. Recall, 
in that section, we tested the hypothesis that. the distribution of a 
certain random variable X is a specified distribution. We did this in the 
following manner. The space of X was partitioned into k mutually 
disjoint sets A" A2, ••• ,Ak • The probability Pio that X'e Ai was 
computed under the assumption that the specified distribution is the 
correct distribution, j = 1, 2, ... , k. The original hypothesis was then 
replaced by the less restrictive hypothesis 

Ho : Pr (X E Ai) = Pio' i = 1,2, ... ,k; 

and a chi-square test, based upon a statistic that was denoted by Qk I, 

was used to test the hypothesis Ho against all alternative hypotheses. 
There is a certain subjective element in the use of this test, namely 

the choice of k and of A I, A2, ••• , Ak • But it is important to note that 
the limiting distribution of Qk ., under Ho, is t(k - 1); that is, the 
distribution of Qk • is free of PIO, P20' ... ,PkO and, accordingly, of the 
specified distribution of X. Here, and elsewhere, "under Ho'''' means 
when Ho is true. A test of a hypothesis Ho based upon a statistic whose 
distribution, under Ho, does not depend upon the specified distribution 
or any parameters of that distribution is called a distribution-free or a 
non parametric test. 

Next, let Itx) be the unknown distribution function of the random 
variable X. Let there be given two numbers'; and Po, where 0 < Po < 1. 
We wish to test the hypothesis Ho: F(e) = Po, that is, the hypothesis 
that e = epo ' the quantile of order Po of the distribution of X. We could 
use the statistic Qk _ I, with k = 2, to test Ho against all alternatives. 
Suppose, however, that we are interested only in the alternative 
hypothesis, which is H. : It,,;) > Po. One procedure is to base the test 
of Ho against H. upon the random variable Y, which is the number of 
observations less than or equal to e in a random sample of size n from 
the distribution. The statistic y'can be thought of as the number of 
~~successes" throughout n independent trials. Then, if Ho is true, Y 
is b[n, Po = F(e)]; whereas if Ho is false, Yis b[n, P = F(e)] whatever be 
the distribution function F(x). We reject Ho and accept HI if and 
only if the observed value y > c, where c is an integer selected 
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such that Pr (Y > c; Ho) is some reasonable significance level (X.The 
power function of the test is given by 

K(P) = t (. n)?(l -pr-y, Po < P < 1, 
y-c y 

where P = F(e)· In certain instances, we may wish to approximate 
K(P) by using an approximation to the binomial distribution. 

Suppose that the alternative hypothesis to Ho: F(e) = Po is 
H, : F(eJ < Po. Then the critical region is a set {y : y < c,}. Finally, if 
the alternative hypothesis is HI : F( e) :;:. Po, the critical region is a set 
{y : y< C2 or C3 < y}. 

Frequently, Po = 4 and, in that case, the hypothesis· is that the given 
number e is a median of the distribution. In the following example, 
this value of Po is used. 

Example 1. Let X\J X2, ••• , X,O beh. random sample of size to from a 
distribution with distribution function }lx). We wish to test the hypothesis 
Ho : }l72) =! against the alternative hypothesis HI : F(72) > }. Let Y be the 
number of sample items that are less than or equal to 72. Let the observed 
value of Y be y, and let the test be defined by the critical region {y : y ~ 8}. 
The power function of the test is given by . 

K(P) = r (lO)p"(1 - p)~O-Y, 4 <p < 1, 
y-8 Y 

where p = F(72). In particular, the significance level is 

In many places in the literature, the test that we have just described 
is called the sign test. The reason for this terminology IS that the. test 
is based upon a statistic Y that is equal to the number of nonPositive 
signs in the sequence XI - e, X2 - e, ... , Xn - e. In the next section 
a distribution-free test, which considers both the sign and the 
magnitude of each deviation Xi - e, is studied. 

ExnRCISES 

11.14. Suggest a chi-square test of the hypothesis which' states that a 
distribution is one of the beta type, with parameters IX = 2 and P = 2. 
Further, suppose that the test is to ~ based upon a random sample of size 
100. In the solution, give k, define Ah A2, ••• ,Ah and compute each 
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PfO. If possible, compare your proposal with those of other students. Are 
any of them the same? 

11.1S. Let XJ, X h . .. , X48 be a random sample of size 48 from a distribution 
that has the distribution function F(x). To test Ho: F(41) =! against 
HI: F(41) <!, use the statistic Y, which is the number of sample 
observations less than or equal to 41. If the observed value of Y is y ::s; 7, 
reject Ho and accept HI' If P = F(41), find the power function K(P), 
0< p ::s; !, of the test. Approximate a = K(!). 

11.16. Let X" X2, ••• , X lOo be a random sample of size 100 from a distri~ 
bution that has distribution function F(x). To test Ho: F(9O) - F(60) = ~ 
against HI : F(9O) - F(60) > ~, use the statistic Y, which is the number of 
sample observations less than or equal to 90 but greater than 60. If the 
observed value of Y, say y, is such that y > c, reject Ho. Find c so that 
a = 0.05, approximately. 

11.17. Let X" X2, ••• , Xn be a random sample from some continuous~type 
distribution. We wish to consider only unbiased estimators of Pr (X::s; c), 
where c is a fixed constant. 
(a) What would you use as an unbiased estimator if you had no additional 

assumptions about the distribution? 
(b) What would you use as an unbiased estimator if you knew the 

distribution was normal with unknown mean /J and variance (12 = I? 

11.4 A Test of Wilcoxon 

Suppose that XI' Xl, ... ,Xn is a random sample from a 
distribution with distribution function F(x). We have considered a test 
of the hypothesis F(~) = ~, ~ given, which is based upon the signs of 
the deviations Xl - ~, X2 - ~, ••• ,. Xn - ~. In this section a statistic is 
studied that takes into account not only these signs, but also the 
magnitudes of the deviations. 

To find such a statistic that is distribution-free, we must make two 
additional assumptions: 

1. F(x) is the distribution function of a continuous type of random 
variable X. 

2. The p.d.f. f(x) of X has a graph that is symmetric about the vertical 
axis through eo.s, the median (which we assume to be unique) of the 
distribution. 

Thus 
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and 

1('0.5 - x) = 1('0.5 + x), 

for all x. Moreover, the probability that any two observations of a 
random sample are equal is zero, and in our discussion we shall assume 
that no two are equal. 

The problem is to test the hypothesis that the median '0.5 of the 
distribution is equal to a fixed number, say,. Thus we may, in all cases 
and without loss of generality, take, = o. The reason for this is that 
if , =t= 0, then the fixed , can be subtracted from each sample 
observation and the resulting variables can be used to test the 
hypothesis that their underlying distribution is symmetric about zero. 
Hence our conditions on .f{x) andf(x) become F( - x) = I - .f{x) and 
f( -x) = fix), respectively. 

To test the hypothesis Ho : .f{0) =~, we proceed by first ranking 
XI, X2, ••• ,XII according to magnitude, disregarding their algebraic 
signs. Let R; be the rank of IXil among lXII, IX21, ... ,jX"I, 
i= 1,2, ... ,n.Forexample,ifn = 3andifwehavelX21 < IX31 < IX.I, 
then RI = 3, R2 = I, and R3 = 2. Thus R1, R2, ••• , RII is an arrange
ment of the first n positive integers I, 2, ... ,n. Further, let Z;, 
i = 1,2, ... , n, be defined by 

Z; ~ -I ,if Xi < 0, 

= I, if Xi> O. 

If we recall that Pr (Xi = 0) = 0, we see that it does not change the 
probabilities whether we associate Zi = I or Zi = -I with the outcome 
Xi = O. 

II 

The statistic W = L Z,R/ is the Wilcoxon statistic. Note that in 
i = I 

computing this statistic we simply associate the sign of each Xi with the 
rank of its absolute value and sum the resulting n products. 

If the alternative to-the hypothesis Ho : '0.5 = 0 is H, : 'o.s > 0, we 
reject Ho if the observed value of Wis an element of the set {w: w > c}. 
This is due to the fact that large positive values of W indicate that 
most of the large deviations from zero are positive. For alternatives 
eo.s < 0 and eo.s =t= 0 the critical regions are, respectively, the sets 
{w : w < CI} and {w : w ~ C2 or w > C3}' To compute probabilities like 
Pr (W ~ c; Ho), we need to determine the distribution of W, under Ho.' 
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To help us find the distribution of W, when Ho : F(O) = -i is true, we 
note the following facts: 

1. The assumption that f(x) = f( - x) ensures that Pr (Xi < 0) = 
Pr (Xi> 0) = 4; i = 1, 2, ... , n. 

2. Now Zi = -1 if Xi < 0 and Z, = 1 if Xi> 0, i = 1,2, ... ,n. Hence 
we have Pr (Z; = -1) = Pr (Z, = 1) =~, i = 1,2, ... ,n. More-
over, ZI, Z2, ... , Zn are independent because XI, X2, ••• , Xn are 
independent. 

3. The assumption thatf(x) = f( -x) also assures that the rank R, of 
IXil does not depend upon the sign Z; of Xi' More generally, 
R., R2, ... , Rn are independent of Z., Z2' ... , Zn. 

4. A sum W is made up of the numbers 1,2, ... , n, each number with 
either a positive or a negative sign. 

n 

The preceding observations enable us to say that W = L ZiRj 
n I 

has the same distribution as the random variable V = L Vi' where 
I 

V., V2, ••• , Vn are independent and 

Pr (Vi = I) = Pr (Vi = -I) = 4, 
i = 1,2, ... , n. That VI, V2, ... , Vn are independent follows from the 
fact that Z., Z2, ... ,Zn have that property; that is, the numbers 
t, 2, ... ,n always appear in a sum Wand those numbers receive 
their algebraic signs by independent assignment. Thus each of 
V., V2 , ••• , Vn is like one and only one of ZIR., Z2R2' ... , ZnRn. 

Since Wand V have the same distribution, the m.g.f. of W is that 
of V,. 

M(/) = E [ exp (I ~ J-i)] = ,V, E(e'v,) 

_ n (e- il + ell) - n 2 . 
i= I 

We can express M(t) as the sum of terms of the form (aj/2n)tfj l. When 
M(t) is written in this manner,~ we can determine by inspection the 
p.d.f. of the discrete-type random variable W. For example, the 
smallest value of W is fQund from the term (1/2n)e- le-2/ • •• e-nt = 
(t/2n)e-n<n+ 1)/(2 and it is -n(n + .1)/2. The probability of this value 
of W is the coefficient 1 /2n. To make these statements more concrete, 
take n = 3. Then 
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_ (e- I 
+ el)(e-21 

+ till)(e-ll 
+ el') M(t) - 2 2 2 

= (i>(e- 61 + e-4t + e-2t + 2 + til' + e41 + e61). 
Thus the p.d.f. of W, for n = 3, is given by 

g(w) = i, w = -6, -4, -2,2,4,6, 

w =0, 

=0 elsewhere. 

The mean and the variance of Ware more easily computed 
n 

directly than by working with the m.g.f. M(t). Because V = I Vi 
n 1 

and W = L Z,Ri have the same distribution, they have the same mean 
I 

and the same variance. When the hypothesis Ho : F(O) = ~ is true, it is 
easy to determine the values of these two characteristics of the 
distribution of W. Since E(V;) = 0, i = 1,2, ... ,n, we have 

n 

Ilw = E(W) = I E(V;) = o. 
I 

The variance of V, is (_i)2(!) + (i)2(~) = i2. Thus,the variance of Wis 

0-:,' = t i2'= n(n + J)(2n'+ 'I) . 
I. 6 

For large values of n, the determination of the exact distnoution 
of W becomes tedious. Accordingly, one looks for an approximating 
distribution. Although W is distributed as the sum of n random 
variables that are independent, our form of the central limit theorem 
cannot be applied because the n random variables do not have identical 
distributions. However, a more general theorem, due to Liapounov, 
states that if U; has mean. Ili and variance a;, i = I, 2, . . . ,n, if 
U., U2 , ••• , Un are independent, if E(I Ui - Ilill) is finite for every i, 
and if 

= 0, 
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then 

it,ai 
has a limiting distribution that is N(O, 1). For our variables 
Vh V2, ••• , Vn we have 

EO Vi - Pi13) = ;3(4) + ;3(~) = ;3; 

and it is known that 

Now 

1
. , n2(n + 1)2/4 0 
1m = 

n-oo [n(n +'1)(2n + 1)/6]3/2 

because the numerator is of order n4 and the denominator is of order 
n9{2. Thus 

W 

Jn~n + 1)(2n + 1)/6 

is approximately N(O, 1) when Ho is true. This allows us to approximate 
probabilities like Pr (W ~ 'c; Ho) when the sample size n is large. 

Exiltnple 1. Let '0.5 be the median of a symmetric distribution that is of 
the continuous type. To test, with IX = 0.01, the hypothesis Ho: '0.5 = 75 
against HI : '0.5 > 75, we observed a random sample of size n = 18. Let it be 
given that the deviations of these 18 values from 75 are the following'numbers: 

1.5, -0.5, 1.6,0.4,2.3, -0.8,3.2,0.9,2.9, 

0.3, 1.8, -0.1, 1.2,2.5,0.6, -0.7. 1.9, 1.3. 

The experimental value of the Wilcoxon statistic is equal to 

w = 11 - 4 + 12 + 3 + 15 - 7 + 18 + 8 + 17 + 2 + 13 - I 

+ 9 + 16 + 5 - 6 + 14 + 10 = 135. 

Since, with n = 18 so that In(n + 1)(2n + 1)/6 = 45.92, we have that 

0.01 = Pr (4;;;2 > 2.326) = Pr (W > 106.8). 

Because w = 135> 106.8, we reject Ho at the approximate 0.01 significance 
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level. The p-value associated with 135/45.92 = 2.94 is about 1 - 0.998 = 
0.002 since «1>(2.94) = 0.998. 

There are many modifications and generalizations of the Wilcoxon 
statistic. One generalization is the following: Let c. < C2 S ... < cn be 
nonnegative numbers. Then, in the Wilcoxon statistic, replace the 
ranks I, 2, ... , n by C., C2, ••• , Cn, respectively. For example, if n = 3 
and if we have IX21 < IX31 < IX, I, then RI = 3 is replaced by C3, R2 = 1 
by CI, and R3 = 2 by C2' In this example, the generalized statistic is 
given by ZIC3 + Z2C. + Z3C2' Similar to the Wilcoxon statistic, 
this generalized statistic is distributed under Ho, as the sum of n 
independent random variables, the ith of which takes each of the values 
Ci #= 0 and - Ci with probability 4; if Ci = 0, that variable takes the 
value Ci = 0 with probability I. Some special cases of this statistic 
are proposed in the Exercises. 

EXERCISES 

11.18. The observed values of a random sample of size 10 from a distribution 
that is sytnmetric about eo.s are 10.2, 14.1,9.2, 11.3, 'q.2, 9.8,6.5, 11.8,8.7, 
10.8. Use Wilcoxon's statistic to test the hypothesis Ho: eo.s = 8 against 
H, : eo.s > 8 if ex = 0.05. Even though n is small, use the normal 
approximation and find the p-value. 

11.19. Find the distribution of W for n = 4 and n = 5. 
Hint: Multiply the moment-generating function of W, with n = 3, by 

(e- 4t + e4t)/2 to get that of W, with.n = 4. 

H.20. Let X" X2 , ••• , Xn be independent. If the p.d.f. of Xi is uniform over 
the interval (- 2' i, 21 - i), i = 1,2,3, . . .• show that Liapounov's 

n 

condition is not satisfied. The sum L Xi does not have an approximate 
. i= I 

normal distribution because the first random variables in the sum tend to 
dominate it. 

11.21. If n = 4 and, in the notation of the text, Cl = 1, C2 = 2, C3 = C4 = 3, find 
the distribution of the generalization of the Wilcoxon statistic, say W"~ For 
a general n, find the mean and the variance of Wg if C; = i, i < n/2, and 
Cj = [n/2] + 1, i> n/2, where [z] is the greatest integer function. Does 
Liapounov's condition hold here? . 

H.22. A -modification of Wilcoxon's statistic that is frequently used is 
achieved by replacing R; by Ri - ,I; that is, use the modification 
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n 

Wm = :L Zj(Rj - 1). Show that WmlJ(n - rjn(2n - 1)/6 has a limiting 
I 

. distribution that is N(O, 1). 

11.23. If, in the discussion of the generalization of the Wilcoxon statistic, we 
let c, = C2 = ... = Cn = 1, show that we obtain a statistic equivalent to that 
used in the sign test. 

11.24. If C" C2, ••. 'Cn are selected so thatil(n + 1) = ~i ~ e-x2/2 dx, 
i = 1, 2, ... ,n, the generalized Wilcoxon Wg is an example of a normal 
scores statistic. If n = 9, compute the mean 'and the variance of this Wg' 

11.25. If C; = 2;, i = 1, 2, ... ,n, the corresponding Wg is called the binary 
statistic. Find the mean and the variance of this Wg' Is Liapounov's 
condition satisfied? 

11.26. In the definition of Wilcoxon's statistic, let WI be the sum of the ranks 
of those observations of the sample that are positive and let W2 be the sum 
of the ranks of those observations that are negative. Then W = WI - W2• 

(a) Show that W = 2W1 - n(n + 1)/2 and W = n(n + 1)/2 - 2W2• 

(b) Compute the mean and the variance of each of WI and,<W2• 

tt.27. Let X" X2, ••• ,Xln be a random sample of size 2n from a 
continuous-type distribution that is symmetric about zero. Modify the 
Wilcoxon statistic by replacing the scores (ranks) 1, 2, ... ,2n by the scores 
consisting of n ones and n twos. Call this statistic W. 
(a) Find'the variance of W. 

(e-r + e')n(e-2f + i?')" . (b) Argue that E(e'W) = 2 2' 

(c) Evaluate lim E(e'wIJn). What is the limiting distribution of WIJn'! 
n-oo 

11.5 The Equality of Two Distributions 

In Sections 11.3 and 11.4, some tests of hypotheses about one 
distribution were investigated. In this section, as in the next section, 
various tests of the equality of two'distributions are studied. By the 
equality of two distributions, we mean that the two distribution 
functions, say F and G, have F(z) = G(z) for all values of z. 

The first test that we discuss is. a natural extension of the chi
square test. Let X and Y be independent variables with dis
tribution functions F(x) and G(y) , respectively; We wish to test the 
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hypothesis that F(z) = G(z), for all z. Let us partition the real line into 
k mutually disjoint sets A I, A 2, •.• , Ak • Define 

Pil = Pr (X E A;), i= 1,2, ... ,k, 

and 

P"'l = Pr (Y E Ai), i=I,2, ... ,k. 

If F(z) = G(z), for all z, thenpil = Pi2, i = 1,2, ... , k. Accordingly, the 
hypothesis that F(z) = G(z), for all z, is replaced by the less restrictive 
hypothesis 

i = 1, 2, ... , k. 

But this is exactly the problem of testing the equality of two 
multinomial distributions that was considered in Example 3, Section 
6.6, and the reader is rererredto that example for the details. 

Some statisticians prefer a procedure which eliminates some of the 
subjectivity of selecting the partitions. For a fixed positive integer k, 
proceed as follows. Consider a random sample of size m from the 
distribution of X and an independent random sample of size n from 
the distribution of Y. Let the experimental values be denoted by 
XI, X2, ... , Xm and YI, Y2, ... ,Yn' Then combine the two samples into 
one sample of size m + n and order the m + n values (not their absolute 
values) in ascending order of magnitude. These ordered items are then 
partitioned into k parts in such a way that each part has the same 
number of items. (If the sample sizes are such that this is impossible, 
a partition with approximately the same number of items in each group 
suffices.) In eff~ct, then, the partition AI, A2, ••• , Ak is determined by 
the experimental values themselves. This does not alter the fact that the 
statistic, discussed in 'Example 3, Section 6.6, has a limiting distribution 
that is 1.2(k - I). Accordingly, the procedures used in that example may 
be used here. . l 

Among the tests of this type there is one that is frequently used. 
It is essentially a test of the equality of the medians of two distri
butions.;Tb simplify the discussion, we assume that m + n. 

• 
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the size of the combined sample, is an even number, say m + n = 2h, 
where h is a positive integer. We take k = 2 and then the combined 
sample of size m + n = 2h, which has been ordered, is separated into 
two parts, a "lower half' and an "upper half," each containing 
h = (m + n)/2 of the experimental values of X and Y. The statistic, 
suggested by Example 3, Section 6.6, could be used because it has, when 
Ho is true, a limiting distribution that is x2(l). However, it is more 
interesting to find the exact distribution of another statistic which 
enables us to test the hypothesis Ho against the alternative 
H J : F(z) > G(z) or against the alternative HI : F(z) < G(z) as opposed 
to merely F(z)::p G(z). [Here, and in the sequel, alternatives 
F(z) > G(z) and F(z) < G(z) and F(z)::p G(z) mean that strict 
inequality holds on some set of positive probability measure.] 
This other statistic is V, which is the number of observed values of X 
that are in the lower half of the combined sample. If the observed value 
of V is quite large, one might suspect that the median ofthe distribution 
of X is smaller than that of the distribution of Y. Thus the critical region 
of this test of the hypothesis Ho: F(z) = G(z), for all z, against 
HI : F(z) > G(z) is of the form V > c. Because our combined sample 
is of even size, there is no unique median of the sample. However, one 
can arbitrarily insert a number between the hth and (h + I )st ordered 
items and call it the median of the sample. On this account, a test of 
the sort just described is called a median test. Incidentally, if the 
alternative hypothesis is HI : F(z) ~ G(z), the critical region is of the 
form V <,C. 

The distribution of V is quite easy to find if the distribution 
functions F(x) and G(y) are of the continuous type and if F(z) = G(z), 
for all z. We shall now show that V has a hypergeometric p.d.f. Let 
m + n = 2h, h a positive integer. To compute Pr (V = v), we need the 
probability that exactly v of XI, X2 , ••• , X m are in the lower half of the 
ordered combined sample. Under our assumptions, the probability is 
zero that any two of the 2h random variables are equal. The smallest 

h of the m + n = 2h items can be selected in anyone of e:) ways. 

Each of these ways has the same probability. Of these e:) ways, 

we need to count the number of those· in which exactly v of the 
m values of X (and hence h - v of the n values of Y) 
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appear in the lower h items. But this is (~)(h n v). Thus the p.d.f. 

of V is the hypergeometric p.d.f. 

(m)( ft ) 
- v h-v 

k( v) = Pr (V = v) = . , 

(mt~) 
v = 0, 1, 2, ... , m, 

= 0 elsewhere, 
where m + n = 2h. 

The reader may be momentarily pUzzled by the meaning of (h n v) 
for v = 0, 1,2, ... , m. For example, let m = 17, n = 3, so that h = 10. 

Then we have (10:" v), v = 0, I, ... , 17. However, we take (h n v) 
to be zero if h - v is negative or if h - v > n. 

If m + n is an odd number, say m + n = 2h + 1, it is left to the 
reader to show that the .p.d.f. k(v) gives the probability that exactly v 
of the m values of X are among the lower h of the combined 2h + I 
values; that is, exactly v of the m values of X ar~ less than the median 
of the combined sample. 

If the distribution functions F(x) and G(y) are of the continuous 
type, there is another rather simple test of the hypothesis that 
F(z) = G(z), for all z. This test is based upon the notion of runs of values 
of X and of values of Y. We shall now explain what we mean by runs. 
Let us again combine the sample of m values of X and the sample of 
n values of Y into one collection· of m + n ordered items arranged in 
ascending order of magnitude. With m = 7 and n = 8 we might find 
that the 15 ordered items were in the arrangement 

x yyy xx y x yy xxx yy. 
---------

Note that in this ordering we have underscored the groups of succes
sive values of the random variable X and those of the random variable 
Y. If we ·read from left to right, we would say that we have a run of 
one value of X, followed by:a run of three values of Y, followed by 
a run of two values of X, and so on. In our example, there is a 
total of eight runs. Three are runs of length I; three are runs of 
length 2; and two are runs of length 3. Note that the total number of 
runs is always one more than the number of unlike adjacent symbols. 
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Of what can runs be suggestive? Suppose that with m = 7 and 
n = 8 we have the following ordering:' 

xxxxx y xx YYYYYYY. 

To us, this strongly suggests that F(z) > G(z). For if, in fact, 
F(z) = G(z) for all z, we would anticipate a greater number of runs. And 
if the first run of five values of X were interchanged with the last run 
of seven values of Y, this would suggest that F(z) < G(z). But runs can 
be suggestive of other things. For example, with m = 7 and n = 8, 
consider the runs. 

YYYY xxxxxxx YYYY. 

This suggests to us that the meqians of the distributions of X and Y 
may very well be about the same, but that the "spread" (measured 
possibly by the standard deviation) of the distribution of X is 
considerably less than that of the distribution of Y. 

Let the random variable R equal the number of runs in the 
combined sample, once the combined sample has been ordered. 
Because our random variables X and Yare of the continuous'type, we 
may assume that no two of these sample items are equal. We wish to 
find the p.d.f. of R. To find this distribution, when F(z) = G(z), we shall 
suppose that all arrangements of the m values of X and the n values 
of Y have equal probabilities. We shall show 'that 

Pr(R=2k+ I) = {(m k I)(i = l) + (~= :)(n k I)}/(m; n) 

Pr(R = 2k) = 2(~ = :X~ = U/(m; n) (1) 

when 2k and 2k + I are elements of the space of R. 
To prove formulas (1), note thai/we can select the m positions for 

the m values of X from the m + n positions in anyone Of( m ; n) ways. 

Since each of these choices yields one arrangement, the probability of 

each arrangement is equal to i / ( m; n). The problem is now to 

determine how many of these' arrangements yield R = r, where c r 
is an integer in the space of R. First, let r' = 2k + 1, where k is a 
positive integer. This means that there must be k + 1 runs of the 
ordered values of X,and k runs of the ordered values of Yor vice versa. 
Consider first the ,number of ways of obtaining k + 1 runs of 
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the m values of X. We can form k + 1 of these runs by inserting k 
"dividers" into the m - 1 spaces between the values of X, with no more 
than one divider per space. This can be done in anyone of 

(
m - 1) , k ways. Similarly, we can construct k runs of the n values of Y 

by inserting k - 1 dividers into the n - 1 spaces between the values of 
Y, with no more than one divider per space. This can be done in any 

one of (~ :::: :) ways. The joint operation can be performed in anyone 

(
m - l)(n - 1) of k k _ 1 ways. These two sets of runs can be placed together 

to form r = 2k + 1 runs. But we could also have k runs of the values 
of X and k + 1 runs of the values of Y. An argument similar to the 
p~eceding shows that this can be affected in anyone of 

ways. Th:us 

which is the first of formulas (1). 
If r = 2k, where k is a positive integer, we see that the ordered values 

of X and the ordered values of Y must each be separated into k runs. 

(
m -1) (n -1) These operations can be performed in anyone of k _ 1 and k _ 1 

ways, respectively. These two sets of runs can be placed together to 
form r = 2k runs. But we may begin with either a run of values of X 
or a run of values of Y. Accordingly, the probability of 2k runs is 

which is the second of formulas (l). 
If the critical region of this run test of the hypothesis 
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Ho : F(z) = G(z) for all z is of the form R < c, it is easy to compute 
tx = Pr (R < c; Ho), provided that m and n are small. Although it is not 
easy to show, the distribution of R can be approximated, with large 
sample sizes m and n, by a normal distribution with mean 

mn 
p = E(R) = 2 + + 1 m n 

and variance 

2 (p - 1 )(p - 2) 
f1= 

m+n-l 

The run test may also be used to test for randomness. That is, it can 
be used as a check to see if it is reasonable to treat XI, X2, ••• , Xs as 
a random sample of size s from some continuous distribution. To 
facilitate the discussion, take s to be even. We are given the s values 
of X to be XI, X2, .•• , xs' which are not ordered by magnitude but by 
the order in which they were observed. However, there are s/2 of these 
values, each of which is smaller than the remaining s/2 values. Thus we 
have a "lower half' and an "upper half' of these values. In the 
sequence XI' X2, ••• , xs , replace each value X that is in the lower half 
by the letter L and each value in the upper half by the letter U. Then, 
for example, with s = 10, a sequence such as 

LLLLULUUUU 

may suggest a trend toward increasing values of X; that is, these 
values of X may not reasonably be looked upon as being the 
observations of a random sample. If trend is the only alternative to 
randomness, we can make a test based upon R and reject the hypothesis 
of randomness if R < C. To make this test, we would use the p.d.f. of 
R with m = n = s/2. On the other hand if, with s = 10, we find a 
sequence such as 

L U L U L U L U L U, 

our suspicions are aroused that there may be a nonrandom effect which 
is cyclic even though R = 10. Accordingly, to test for a trend or a cyclic 
effect, we could use a critical region of the form R < CI or R > C2' 

If the sample size s is odd, the number of sample items in the "upper 
half' and the number in the Hlower half" will differ by one. Then, 
for example, we could use the p.d.f. of R with m = (s - 1 )/2 and 
" = (s + 1 )/2, or vice versa. 
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EXERCISES 

H.2B. Let 3.1, 5.6, 4.7, 3.8, 4.2, 3.0, 5.1, 3.9,4.8 and 5.3, 4.0,4.9,6.2, 3.7, 
5.0, 6.5, 4.5, 5.5, 5.9, 4.4, 5.8 be observed independent samples of sizes 
m = 9 and n = 12 from two distributions. With k = 3, use a chi-square test 
to test, with (X = 0.05 approximately, the equality of the two distributions. 

H.29. In the median test, with m = 9 and n = 7, find the p.d.f. of the random 
variable V, the number of values of X in the lower half of the combined 
sample. In particular, what are the values of the probabilities Pc (V = 0) and 
Pc(V=9)? 

It.30. In the notation of the text, use the median test and the data given in 
Exercise 11.28 to test, with (X = 0.05, approximately, the hypothesis of the 
equality of the two distributions against the alternative hypothesis that 
F(z) > G(z). If the exact probabilities are too difficult to determine for 
m = 9 and n = 12, approximate these probabilities. 

H.3t. Using the notation of this section, let U be the number of observed 
values of X in the smallest d items of the combined sample of m + n items. 
Argue that 

Pr (U = u) = (:)(d ~ u)/( m; n). u = 0, I, ... ,m. 

The statistic U could be used to test the equality of the (lOOp)th percentiles, 
where (m + n)p = d, of the distributions of X and Y. 

H.31. In the discussion of the run test, let the random variables R, and R2 
be, respectively, the number of runs of the values of X and the number of 
runs of the values of Y. Then R = RI + R2• Let the pair ('" '2) of integers 
be in the space of (RI' R2); then 1'1 - '21 S;; 1. Show that the joint p.d.f. of 

R, and R, is 2(;' ::: :)(;,::: n / (m ,: n) if" = ',; that this joint p.d.f. is 

(
m - 1)(n - 1)/(m + n) " _ 1 '2 _ 1 m if 1'1 - '21 = 1; and is zero elsewhere. Show 

. . (m - 1)(n + 1)/(m + n) that the margmal p.d.f. of R1IS 'I _ 1'1 m"1 = 1, ... ,m, 

and is zero.elsewhere. Find E(RI)' In a similar manner, find E(R2). Compute 
E(R) = E(R1) + E(R2). 

11.6 The Mann-Whitney-Wilcoxon Test 

We return to the problem of testing the equality of two distributions 
of the continuous type. Let X and Ybe independent random variables 
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of the continuous type. Let F{x) and G(y) denote, respect
ively, the distribution functions of X and Yand let XI, X2, ••• ,Xm 

and Y I , Y2, • •• , Yn denote independent samples from these distri·· 
butions. We shall discuss the Mann-Whitney-Wilcoxon test of the 
hypothesis Ho : F(z) = G(z) for all values of z. 

Let us define 
Zlj = 1, 

= 0, 

and consider the statistic 
n m 

U = L L Zij' 
j= I i= I 

We note that 

,counts the number of values of X that are less than ~,j = I, 2, ... , n. 
Thus U is the sum of these n counts. For example, with m = 4 and 
n = 3, consider the observations 

x2 < Y3 < XI < X4 < YI < X3 < Y2· 

There are three values of X that are less than YI; there are four values 
of X that are less than Y2; and there is one value of x that is less than 
Y3' Thus the experimental value of U is u = 3 + 4 + I = 8. 

Clearly, the smallest value which U can take is zero, and the largest 
value is mn. Thus the space of U is {u: u = 0, 1,2, ... , mn}. If U is 
large, the values of Y tend to be larger than the values of X, and this 
suggests that F{z) > G(z) for all z. On the other hand, a small value of 
U suggests that F{z) S; G(z) for all z. Thus, if we test the hypothesis 
Ho: F{z) = G(z) for all z against the alternative hypothesis 
HI : F{z) > G(z) for all z, the critical region is of the form U > CI' If 
the alternative hypothesis is HI : F{z) < G(z) for all z, the critical region 
is of the form U < C2' To determine the size of a critical region, we need 
the distribution of U when Ho is true. 

If u belongs to the space of U, let us denote Pr (U = u) by the symbol 
h(u; m, n). This notation focuses attention on the sample sizes m 
and n. To determine the probability h(u; m, n), we first note that 
we have m + n positions to be filled by m values of X and n values of 

Y. We can fill m positions with the values of X in anyone of ( m ~ n) 
ways. Once this has been done, the remaining n positions can be 
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filled with the values of Y. WhenHo is true, each of these arrangements 

has the same probability, 1/( m : n). The final right-hand position of 

an arrangement may be either a value of X or a value of Y. This position 
can be filled in anyone ofm + n ways, m of which are favorable to X 
and n of which are favorable to Y. Accordingly, the probability that 
an arrangement ends with a value of X-is m/(m+ n) and the probability 
that an arrangement terminates with ~ value of Y is n/(m + n). 

Now U can equal u in two mutually exclusive and exhaustive ways: 
(I) The final right-halld position (the largest of the m + n values) in the 
arrangement may be a value of X and the remaining (m - I) values of 
X and the n values of Ycan.be arranged so as to have U = u. The 
probability that U = u, given an arrangement that terminates with a 
value of X, is given by h(u; m - 1, n). Or (2) the largest value in the 
arrangement can be a value of Y. This value of Y is greater than m 
values of X. If we are to have U = u, the sum of n - 1 counts of the 
m values of X with respect to the remaining n - I values of Y must be 
u - m. Thus the probability that U = u, given an arrangement ili.at 
terminates in a value of Y, is given by h(u - m; m, n - 1). Accordingly, 
the probability that U = u is 

h(u; m, n) = ( m )h(U; m ~l, n) + ( n .)h(U - m; m, n - 1). m+n ~ m+n 

We impose the following reasonable restrictions upon the function 
h(u; m, n): 

h(u; 0, n) = 1, U = 0, 

= 0, U > 0, n ~ 1, 

and 

h(u; m, 0) = 1, u = 0, 

= 0, 'u>O , m ~ 1, 

and 

··h(u; m, n) = 0, U < 0, m ~ 0, n > O. 

then it is easy, for sm~ll values m and n, to compute these proba
bilities. For example, if m := n = 1, we have 

h(O;-l, 1) = ih(O; 0, 1) + ~h( -1; 1,0) = ~ . I + ~ . 0 = ~, 
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h(1; 1, 1) = !h(1; 0, 1) + ~h(O; 1,0) = ~. 0 + i' 1 =~; 

and if m = 1, " = 2, we have 

h(O; I, 2) -_ jh(O; 0, 2) + jh( - 1; 1, I), = J . I + j . 0 = j, 
h(l; 1,2) = Jh(l; 0, 2)+ ih(O; 1, I) = J' 0 + ~. ~ = J' 
h(2; 1,2)= Jh(2;0, 2) +jh(l; I, I) =j'O+j'~ =j. 

In Exercise 11.33 the reader is to determine the distribution of U when 
m = 2, n = I; m = 2, n = 2; m = 1, n = 3; and m = 3, n = 1. 

For large values of m and n, ifis' desirable to use ali approximate 
distribution of U. Consider the mean and the variance of U when 
the hypothesis Ho: F(z) = G(z), for all values of z, is true. Since 

n m 

U= L L Zij1 then 
j-I i= I 

m n 

E( U) = L L E(Zi)' 
i-lj=1 

But· 

E(Zjj) = (1) Pr (Xi < Yj) + (0) Pr (Xi> Yj) = ~ 

because, when Ho is true, Pr (Xi < Yj) = Pr (Xi> Yj) = ~. Thus 

. E( U) = f t (!) = mn . 
i-lj~1 2 2 

To compute the variance of U, we first find 
n m n m 

E(lP) = L ILL E(ZijZhk) 
k=) h=lj=1 1=) 

n m n n m 

= I L E(Z7) + L L L E(ZijZik) 
]=1/",,1 k=I]=li=1 

k :;, j 

n m m n n m m 

+ L L L E(ZOZhJ) + L L L' L E(Zi]Zhk)' 
j=lh=li=) k=lj==lh .. li=1 

h:;,i k:;,j h:;,i 

Note that there are mn terms in the first of these sums, mn(n - 1) 
in the second, mn(m - 1) in the third, and mn(m - 1 )(n - 1) in the 
fourth. When Ho is true, we know that Xi' Xh : Yj, and Yh i :;.: h,j:;': k, 
are independent and have the same distribution of the continuous type. 
Thus Pr (Xi < ~i) = 4. Moreover, Pr (Xi < lj, Xi < Yk ) = j because 
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this is the probability that a designated one of three items is less than 
each of the other two. Similarly, Pr (Xi < lj, X h < lj) = j. Finally, 
Pr (Xi < lj, Xh < Yk ) = Pr (Xi < lj) Pr (Xh < Yk ) =~. Hence we have 

E(zt) = (Ii Pr (Xi < lj) = ~, 

E(ZijZik) = (1)(1) Pr (Xi < fj, Xi < Yk) = j, j =# k, 

E{ZijZhj) = (I )(1) Pr (Xi < lj, Xh < lj) = i, i =# h, 

and 

i =# h, j =# k. 

Thus 

T12 _ mn mn(n - 1) mn(m - 1) mn(m - 1)(n - 1) 
E( u-) - 2 + 3 + 3 + 4 

and 

2 [I n - 1 m - 1 (m - I)(n - 1) mnJ 
O'u=mn -+ + + --

2 3 3 4 4 

mn(m + n + I) 
-

12 

Although it is fairly difficult to prove, it is true, when F(z) = G(z) for 
all z, that 

u_ mn 
2 

mn(m +n + I) 
12 

has, 'if each of m and n is large, an approximate distribution that is 
N(O, I). This fact enables us to compute, approximately, various 
significance levels. 

Prior to the introduction of the statistic U in the statistical literature, 
it had been suggested that a test of Ho: F(z) = G(z), for all z, be based 
upon the following statistic, say T (not Student's t). Let T be the sum 
of the ranks of Y., Y2,."., Yn among the m + n items XI, ... , Xm , 

Y1, ••• , Yn , once this combined sample has been ordered. In Exercise 
11.35 the reader is asked to show that 

U = T _ n(n: 1). 
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This formula provides another method of computing U and it shows 
that a test of Ho based on U is equivalent to a test based on T. A 
generalization of T is considered in Section 11.8. 

Exturlp/e 1. With the assumptions and the notation of this section, let 
m = 10 and n = 9. Let the observed values of X be as given in the first row 
and the observed values of Y as in the second row of the following display: 

4.3, 5.9, 4.9, 3.1, 5.3, 6.4, 6.2, 3.8, 7.5, 5.8, 

5.5, 7.9, 6.8, 9.0, 5.6, 6.3, 8.5, 4.6, 7.1. 

Since, in the combined sample, the ranks of the values of y are 4, 7, 8, 12, 14, 
15, 17, 18, 19, we have the experimental value of T to be equal to t =" 114. Thus 
u = 114 - 45 = 69. If £(z) = G(z) for all z, then, approximately, 

(
U -45 ) 

0.05 = Pr 12.247 > 1.645 = Pr (U > 65.146). 

Accordingly, at the 0.05 significance level, we reject the hypothesis Ho : £(z) = 

G(z), for all z, and accept the alternative hypothesisHt : £(z) > G(z), for 
all z. 

EXERCISES 

11.33. Compute the distribution of U in each of the fonowing cases: (a) m = 2, 
n = 1; (b) m = 2, n = 2; (c) m = 1, n = 3; (d) m = 3, n = 1. 

11.34. Suppose that the hypothesis Ho : £(z) = G(z), for all z, is not true. Let 
p = Pr (Xi < Yj ). Show that U/mn is an unbiased estimator of p and that 
it converges in probability to pas m-+oo and n-+oo. 

11.35. Show that U = T - [n(n + 1 )]/2. 
Hint: Let Y(I) < Y(2) < ... < Y(If) be the order statjstics of the random· 

sample Y 1, Y 2, •• - , YR' If Ri is the rank of Y(/) in the combined" ordered 
sample, note that Y(i) is greater than Ri - i values of X.'" 

. " 
11.36. In Example 1 of this section ~ssume that the values came from two 

normal distributions with means 1'1 and 1'2, respectively, and with cpmmon 
variance (12. Calculate the Student's t which is used to test the hypothesis 
Ho: PI = 1'2- If the alternative hypothesis is HI : PI < P2, do we accept or 
reject Ho at the 0.05 significance level? 
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11.7 Distributions Under Alternative Hypotbeses 

In this section we discuss certain problems that are related to a 
nonparametric test when the hypothesis Ho is not true. Let X and Y 
be independent random variables of the continuous type with 
distribution functions F(x) and G(y) , respectively, and probability 
density functions/(x) and g(y). Let X" X2, ••• , Xm and Y" Y 2, ••• , Y n 
denote independent random samples from these distributions. 
Consider the hypothesis Ho: F(z) = G(z) for all values o(z. It has been 
seen that the test of this hypothesis may be based upon the,statistic U, 
which, when the hypothesis Ho is true, has a disttibution that does not 
depend upon F(z) = G(z). Or this test can be based upon the statistic 
T = U + n(n + 1)/2, where Tis the sum of the ranks of'Yh Y2, ••• , Yn 

in the combined sampl~. To, elicit some information about the 
distribution of Twhen thealternaf;iv~pypothesis is true, let us consider 
the joint distribution of the ranks of these values of Y. 

Let Y(I) < Y(2) < ... < Y(n) be the order statistics of the sample 
Y1, Y2,-• •• ,YlI . Order the combined sample, ahd let R; be the rank of 
Y(i)' i .-:. 1,2, ... , n. Thus there are f - I values of y'and R; - i values 
of X that are less than Y(I)~ Moreover, there are R; - R; _ I - I values 
of X between Y(i':' I) and Y(I)' If it is given that Y(l) = YI < Y(2) ..;. 

Y2 < ... <' Y(n) = Yn, then the conditional probability 

where 'I < '2 < ... < 'n < m + n are positive integers, can be 
computed by using the multinomial p.d.f. in the following manner. 
Define the following sets: AI = {x : - 00 < x < YI}, A; = {x: Yi I < 
X < Yi}, i = 2, ... ,n, All + I = {x: Yn < X < oo}. The conditional 
probabilities of these sets are, respectively, p, = FlY,), P2 = 
F{Yl) - FtY,), ... ,pn =.F{YlI) - F(y1l- I), Pn+ 1= 1 - F(Yn)· Then the 
conditional probability of display (l) is given by 

m'p,,-lp'2-'I-I •. 'p'n 'n-I-I,..m+n-'n 
• I 2 n Yn + I 

To find the unconditional probability Pr (RI' = '1, R2 = '2, ... , 
Rn = 'n), which we denote simply by Pr ('I, ... , 'n), we multiply the 
conditional probability by the joint p.d.f. of Y(l) < Y(2) < ... < Y(n) , 



528 NOIIpIIrametric Metllod! ICh. II 

namely n! g(YI)g(Y2) ... g(YII), and then integrate on YI, Y2, ... 'YII' 
That is, 

foo rn fn 
Pr(rh r2, ... ,rll ) = -00'" J_

oo 

-00 Pr (r., ... ,rnlYI < ... < YII)n! . 

X g(YI) ... g(Yn) dy, ... dYII, 

where Pr (r" ... ,rnly I < ... < YII) denotes the conditional probability 
in display (1). 

Now that we have the joint distribution of R" R2, ••• " RII~ we can 
find, theoretically, the distributions offunctions of RI , R2, ••• , RII and, 

, II 

in particular, the distribution of T = L R i • From the latter we can find , 
that of U = T - n(n+ 1)/2. To point out the extremely tedious 
computational problems of distribution theory that we encounter, we 
give an example. In this example we use the assumptions of this section. 

Extunpk 1. Suppose that an hypothesis Ho is not true but that in fact 
f(x) = 1,0 < x < 1, zero elsewhere, and g(y) = 2y,0 < y < 1, zero elsewhere. 
Let m = 3 and n = 2. Note that the space of Ui~ the set {u: u = 0, I, ... ,6}. 
Consider Pr (U = 5). This event U = 5 occurs when and only when RI = 3, 
R2 = 5, since in this section R, < R2 are the ranks of Y(I) < Y(2) in the combined 
sample and U = R, + R2 - 3. Because F(x) = x, 0 < x s; I, we have 

i' (l l') = 24 0 ; -; dY2 = ~. 

Consider next Pr (U . 4). The event U = 4 occurs if R, = 2, R2 = 5 or if 
RI = 3, R2 = 4. Thus 

Pr (U = 4) = Pr (R, = 2, R2 = 5) + Pr (R, = 3, R2 = 4); 

the computation of each of these probabilities is similar to that of 
Pr (R I = 3, R2 = 5). This procedure may be continued until we have computed 
Pr (U = u) for each U E {u: U = 0, 1, ... , 6}. 

In the preceding example the probability density functions and the 
sample sizes m and n were selected so as to provide relatively simple 
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integrations. The reader can discover for himself or herself how 
tedious, and even difficult, the computations become if the sample sizes 
are large or if the probability density functions are not of a simple 
functional form. 

EXERCISES 

11.37. Let the probability density functions of X and Y be those given in 
Example 1 of this section. Further, let the sample sizes be m = 5 and n = 3. 
If RI < R2 < R3 are the ranks of Y(I) < Y(2) < Y(3) in the combined sample, 
compute Pr (R. = 2, R2 = 6, R3 = 8). 

11.38. Let XI, X2, ••• ,Xm be a random sample of size m from a distribution 
of the continuous type with distribution function F(x) and p.d.f. 
F(x) = f(x). Let YI , Y2 , ••• , Yn be a random sample from a distribution 
with distribution function G(y) = [F(y)]If,O < 6. If 6 #= 1, this distribution 
is called a Lehmann alternative. With 6 = 2, show that 

P ( 
_ 2nrl(r2 + 1)(r3 + 2) ... (rn + n - I) 

r rl, r2, ... , rn) - . 

( m ~ n )<m + n + I)(m + n+ 2) •.. (III + 211) 

ll.39. Let XI' X2, X3 be a random sample from a continuous-type distribution 
with distribution function F(x) and p.d.f. f(x) = F(x). Let YI , Y2 be a 
random sample of size n = 2 from a distribution with distribution function 
G(y) = [F(y)]2. In the combined sample of 5, determine the probability 
that the Y values have ranks 1 and 3; that is, the order is y x y x x. 

11.40. To generalize the results of Exercise 11.38, let G(y) = h[Fty)], where 
h(z) is a differentiable function such that h(O) = 0, h(l) = I, and h'(z) > 0, 
o < z < 1. Show that 

E[h'(V'I)h'(V'2) ... h'(Vr)l . 
Pr(rJ, r2,···,rn)= , 

(m~n) 

where VI < V2 < ... < V nr + n are the order statistics of a random sample 
of size m + n from the unifor:Ql distribution over the interval (0, I). 

11.8 Linear Rank Statistics 

In this section we consider a type of distribution-free statistic that 
is, among other things, a generalization of the Mann-Whitney
Wilcoxon statistic. Let V., V2, ••• , VN be a random sample of 
size N from a distribution of the continuous type. Let Rj be the 
rank of Vi among V., V2, ••• ,VN, i = 1,2, ... ,N; and let C(l} 
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be a scoring function defined on the first N positive integers-that is, 
let ,C(l), c(2), . .. , c(N) be some appropriately selected constants. If 
ai' a2, ... , aN are constants, then a statistic of the form 

N 

, L = I ajc(Rj) 
; = I 

is called a linear rank statistic. 
To see that this type of statistic is actually a generalization of both 

the Mann-Whitney-Wilcoxon statistic and also that statistic 
associated with the median test, let N = m + nand 

VI = Xj, ... , V m = Xm, Vm + I YI , ... , V N = Y". 

These two special statistics result from the following respective assign
ments for: C(l} and ai' a2, ... , aN: 
I. Take C(l} = i, al = ... = am = 0 and am+ I = ... = aN = I, so that 

N m+" 
L = L ajc(Rj ) = L R;, 

;=1 j=m+1 

which is the sum' of the ranks of Yh Y2, ••• , Y" among the m + n 
observations (a statistic denoted by T in Section 11.6). 

2. Take C(l} = 1, proVided that i < (m + n)/2, zero otherwise. If 
al = . .. . am = 1 and am + I = ... = aN = 0, then 

N m 

L = I ajc(Rj) = I c(R;), 
1=1 ;=1 

which is equal to the number of the m values of X that are in the 
lower half of the combined sample of m + n observations (a statistic 
used in the median test of Section 11.5). 

To determine the mean and the variance of L, we make some 
observations about the joint and marginal distributions of the ranks 
RJ, R2, ••• , RN • Clearly, from the results of Section 4.6 on the distri
bution of order statistics of a random sample, we observe that each 
permutation of the ranks has the same probability, 

1 
Pr (RI = 'j, R2 = '2, ... , RN = 'N) = N! ' 

where '1, '2, ... ,rN is any' permutation of the first N positive 
integers. This implies that the marginal" p.d.f. of R; is 

, j = I, 2, . . . , N, 
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zero elsewhere, because the number of permutations in which R; = ri 
is (N - I)! so that 

1 (N - I)! 1 II···I -= --
all(rl •... ,ri_l.r;+I .... ,rN)N! N! N 

In a similar manner, the joint marginal p.d.f. of R; and Rj , i #: j, is 

1 
girl' rj) = N(N _ 1) , ri #: rj, 

zero elsewhere. That is, the (n - 2)-fold summation 

I ... I_I = (N - 2)! = 1 
N! N! N(N - 1) , 

where the summation is over all permutations in which R; = rj and 
Rj = rj • 

Among other things these properties of the distribution of R" 
R2 , ••• , RN imply that 

E[c(R;)] = f c(ri)(~) = c(l) + ... + c(N) . 
~_I N N 

If, for convenience, we let c(k) = Cb then 

N (ck) E[c(R,)] = I - = C, 
k=1 N 

say, for all i = 1,2, ... , N. In addition, we have that 

N ( 1 ) N (Ck - C)2 
~(Ri) = ri~1 [c(r;) - C]2 N = k~1 N ' 

for all i = 1,2, ... ,.N. 
A simple expression for the covariance of c(R;) and c(Rj ), i #: j, is 

a little more difficult to determine. That covariance is 

E{[c(Rj } - c][c(~} -~} = ~ .. t (c. ;/}.~. ~ c) . 

However, since 

[ 

N J2 N . o = I (Ck - c) = I (Ck - C)2 + I I (Ck - C)(Ch - c), 
k=1 k=1 k¢h 
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the covariance can be written simply as 
. N (Ck - C)2 

E{[c(R,) - e][c(Rj) - en = - k~1 N(N _ I) 

With these results, we first observe that the mean of L is 

Ih = E [t, a,c(R,) ] = talE 

N 

[c(Rj )] = L a,e = Nae, 
i ... 1 

where ii.= (1: aj)/ N. Second, note that the variance of L is 
N 

ai = L a~(1~Ri) + L I a,ajE{[c(Rj ) - e][c(Rj ) - en 
;=1 i~j 

= f a~ f (Ck - C)2 + I L a.a.[ - f (Ck - C)2 ] 
,= I I k = I N i ~1 'J k _ I N(N - 1) 

= LE, ~~_:~2)J[(N - \) .t, a7 - ~.~ a.{li). 
However, we can determine a substitute for the second factor by 
observing that 

N N 
N I (a, - ii)2 = N I a~ - N2a2 

i-I i-I 

N (N)2 
= N'~I ~ - i~1 ai 

So, making this substitution in ui, we finally have that 

[ 
N (Ck - C)2 J[ N ] 

ai = k~1 N(N _ I) N i~1 (ai - ii)2 

1 N N 

= N _ 1 i~1 (a, - a)2 k~1 (Ck - C)2. 

In the special case in which N = m + nand 
N 

L = I c(R,), 
i=m+ I 
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the reader is asked to show that (Exercise 11.41) 

J.lL = nc, 2 mn ~ 2 
(1L = N(N _ l)k~J (Ck - C). 

A further simplification when Ck = c(k) = k yields 

_ n(m + n + 1) 2 _ mn(m + n + 1) . 
J.lL - 2 (1L - 12 ' 

these latter are, respectively, the mean and the variance of the statistic 
T as defined in Section 11.6. 

As in the case of the Mann-Whitney-Wilcoxon statistic, the 
determination of the exact distribution of a linear rank statistic L 
can be very difficult. However, for many selections of the constants 
Q(, Q2, ••• , QNand the scores c(1), c(2), ... , c(N), the ratio (L - J.lL)/(1L 

has, for large N, an approximate distribution that is N(O, I). This 
approximation is better if the scores c(k) = Ck are like an ideal sample 
from a normal distribution, in particular, symmetric and without 
extreme values. For example, use of normal scores defined by 

k fCk 
I (W2) 

N+ I = _co~exp -2 dw 

makes the approximation better. However, even with the use of ranks, 
c(k) = k, the approximation is reasonably good, provided that N is 
large enough, say around 30 or greater. 

In addition to being a generalization of statistics such as those of 
Mann, Whitney, and Wilcoxon, we give two additional applications of 
linear rank statistics in the following illustrations. 

Extlmp/e 1. Let XI' X 2, ••• ,Xn denote n random variables. However, 
suppose that we question whether they are observations of a random sample 
due ejther to possible lack of independence or to the fact that XI, X 2, • •• , Xn 
might not have the same distributions. In particular, say we suspect a trend 
toward larger and larger values in the sequence XI, X2, ••• ,Xn • If 
R( = rank (Xi), a statistic that could be used to test the alternative (trend) 

n 

hypothesis is L = L iRj • Under the assumption (Ho) that the n random 
i= I 

variables ate actually observations of a randohl·samp1e from a distribution 
of the continuous type, the reader is asked to show that (Exercise 11.42) 

_ n(n + 1)2 u; _ n2(n + 1)2(n- 1) 
ilL - 4 L - 144 
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The critical region of the test is of the form L > d, and the constant d can be 
determined either by using the normal approximation or referring to a 
tabulated distribution of L so that Pr (L ~ d; Ho) is approximately equal to 
a desired significance level IX. 

EXIIIIIJlle 2. Let (X., Y I ), (X2' Y2), ••• , (X"' Y,,) be a random.sample from 
a bivariate distribution of the continuous type. Let R; be the rank of 
Xi among X" X2, ••• ,Xn and Qi be the rank of Y; among Y .. Y2, ••• , Yn' 
If X and Y have a large positive correlation coefficient, we would anticipate 
that Ri and Qi would' tend to be large or small together. In particular, 
the correlation coefficienf of (R., QI), (R2' Q2), ... , (R", Q,,), namely the 
Spearman rank correlation coefficient, . 

i= I -r===================, 
r.(R; - R)2 t {Q; - Q)2 
i-I i-I 

would 'tend to be large. Since R" R2, ... ,Rn and Q., Q2,' .. ,Q" are 
permutations of 1,2, ... , n, this correlation coefficient can be shown 
(Exercise 11.43) to equal 

n 
L R;Qi - n(n + 1)2/4 

i ... I 

n(n2 - 1)/12 

which in turn equals 

" 6 I> (R, - Q;)2 
I-I 

1------
n(n2 

- 1) 

From the first of these two additional expressions for Spearman~s statistic, it 
n 

is clear that L R;Qi is an equivalent statistic for the purpose oetesting the 
1= I 

independence of X and Y, say H6 • However, note that if Ho is true, then the 
n . n 

distribution of L Q;R;, which is not a linear rank statistic, and L = L iR; 
i-I ;=1 

are the same. The reasOn for this is that the ranks R., R2 , ••• , R" and the ranks 
QI' Q2" •. , QII are independent because of the independence of X and Y. 
Hence, under Ho, pairing R1, R1 , ... ,R~ at random with 1,2, ... , n is 
distributionally equivalent to pairing those ranks with QI, Q2' ... , Q", which 
is simply a permutation of 1,2, ... ,n. The mean and the variance of L is 
given in Example 1. 
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EXERCISES 

11.41. Use the notation of this section. 
N 

(a) Show thatthe mean and the variance of L = L c(Ri) are equal to 
the· expressions in the text. i - m + I 

N 

(b) In the special case in which L = L R;, show that IiL and oi are 
i=m+ I 

those of T considered in Section 11.6. 
Hint: Recall that 

f ~ = N(N + 1)(2N + I) . 
k-J 6 

11.42. If X" X2, ••• ,XII is a random sample from a distribution of the 
continuoustype and if R; = rank (Xi), show that the mean and the variance 
of L = :.t iRi are n(n + 1)2/4 and n2(n + 1)2(n - 1)/144, respectively. 

11.43. Verify that the two additional expressions, given in Example 2, for the 
Spearman rank correlation coefficient are equivalent to the first one. 

Hint: L R; = n(n + 1)(2n + 1)/6 and :.t (Ri - Qi)2/2 =:.t (R; + Q;)/2-

:.t R{Q,. 

11.44. Let X" X2 , ••• ,X6 be a random sample of size n = 6 from a 
distribution ofthe continuous type. Let R{ = rank (Xi) and take al = a6 = 9, 

6 

a2 = as = 4, a3 = a4 = 1. Find the mean and the variance of L = LaiR" 
i= I 

a statistic that could be used to detect a parabolic trend in XI, X2 , ••• , X6 • 

11.45. Let Ri be the rank of X" i = 1,2, ... ,9. The statistic 
W = (RI + R2 + Rl ) + 2(R. + Rs + ~) + 3(R7 + Rs + R9) is used to test 
a trend in the data. If, in fact, XI, X2, ••• , X9 are observations of a random 
sample from a continuous-type distribution, what are the mean and the 
variance of W! 

11.46. Let XI, X2 , Xl, X4 , Xs be a random sample of size Ii = 5 from a 
continuous-type distribution. Let R, be the rank of X" i = 1,2,3,4.5. 

(a) Compute the mean and the variance of L = Rs - RI • 

(b) Find the distribution of L. 

11.47. In the notation of this section show that the covariance of the two 
N N 

linear rank statistics, LI = L a/c(RJ and ~ = L bid(Rt), is equal to 
i-I i- I 

where, for convenience, dk = d(k). 



536 Nonparllllll!tric Methods ICb. 11 

11.9 Adaptive Nonparametric Methods 

Frequently, an investigator is tempted to evaluate several test 
statistics associated with a single hypothesis and then use the one 
statistic that best supports his or her position, usually rejection. 
Obviously, this type of procedure changes the actual significance level 
of the test from the nominal IX that is used. However, there is a way in 
which the investigator can first look at the data and then select a test 
statistic without changing this significance level. For illustration, 
suppose there are three possible test statistics WI, W2 , W3 of the 
hypothesis Ho with respective critical regions CI, C2, C3 such that 
Pr (Wi E Cj ; Ho) = IX, i = 1,2, 3. Moreover, suppose that a statistic Q, 
based upon the same data, selects one and only one of the statistics WI, 
W2, W3, and that W is then used to test Ho. For example, we choose 
to use the test statistic Wi if Q E D j , i = 1, 2, 3, where the events defined 
by DJ , D2 , and D3 are mutually exclusive and exhaustive. Now if Q and 

• 
each Wi are independent when Ho is true, then the probability of 
rejection, using the entire procedure (selecting and testing), is, under 
Ho, 

Pr (Q ED;, WI E CI)+Pr (Q E D2 , W2 E C2)+Pr (Q E D 3 , W3 E C'3) 

= Pr (Q E D I ) Pr (WI E C1) + Pr (Q E D2) Pr (W2 E C2) 

+ Pr (Q E D3) Pr (W3 E C3) 

= IX[Pr (Q E D I ) + Pr (Q E D2) + Pr (Q E D3)] = tX. 

That is, the procedure of selecting W; using an independent statistic Q 
and then constructing a test of significance level tX with the statistic Wi 
has overall significance level tX. 

Of course, the important element in this procedure is the ability to 
be able to find a selector Q that is independent of each test statistic W. 
This can frequently be done by using the fact that th~complete 
sufficient statistics for the parameters, given by Ho, are independent of 
every statistic whose distribution is free of those parameters. For 
illustration, if independent random samples of sizes m and n arise from 
two normal distributions with respective means 111 and 112 and common 
variance rr, then the complete sufficient statistics X, Y, and 

m " 
V = I (Xi - X)2 + I (Yj - Yl 

I I 
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for /1\, /12, and (12 are independent of every statistic whose distribution 
is free of /1\, /12, and (12 such as 

m m 

L (X; - X)2 L IX; - median (X;) I 
\ \ range (XJ, X 2 , ••• ,Xm ) 

f (V Y)-2' f I V d' (Y)I' range (Yh Y2 , ••• , Yn) 
~ .I; - ~ .I; - me Ian ; 

\ \ 

Thus, in general, we would hope to be able to find a selector Q that 
is a function of the compl~te sufficient statistics for the parameters, 
under Ho, so that it is independent of the test statistics. 

It is particularly interesting to note that it is relatively easy to use 
this technique in nonparametric methods by using the independence 
result based upon complete sufficient statistics for parameters. How can 
we use an argument depending on parameters in nonparametric 
methods? Although this does sound, &trange, it is due to the unfortunate 
choice of a name in describing this broad area of nonparametric 
methods. Most statisticians would prefer to describe the subject as 
being distribution-free, since the test statistics have distributions that 
do not depend on the underlying distribution of the continuous type, 
described by either the distribution function F or the p.d.f. f In 
addition, the latter name provides the clue for our application here 
because we have many test statistics whose distributions are free of the 
unknown (infinite vector) "parameter" F (or f). We now must find 
complete sufficient statistics for the distribution function F of the 
continuous type. In many instances, this is easy to do. 

In Exercise 7.50, Section 7.7, it is shown that the order statistics 
}'\ < Y2 < ... < Yn of a random sample of size n from a distribution 
of the continuous type with p.d.f. F(x) = f(x) are sufficient statistics 
for the "parameter" f (or ]i). Moreover, if the family of distributions 
contains all probability density functions of the continuous type, 
the family of joint probability density functions of Y\, Y2, ••• , Yn is 
also complete. We accept this latter fact without proof, as it is beyond 
the level of this text; but doing so, we can now say that the order 
statistics YJ, Y2, ••• , Yn are complete sufficient statistics for the 
parameters f (or ]i). 

Accordingly, our selector Q will be based upon those complete 
sufficient statistics, the order statistics under Ho. This allows us to 
independently choose a distribution-free test appropriate for this type 
of underlying distribution, and thus increase our power. Although it 
is well known that distribution-free tests hold the significance level ex 



538 NO"JHBllIMtric Metlwtls . ICh. 11 

for all underlying distributions of the continuous type, they have often 
been criticized because their powers are sometimes low. The 
independent selection of the distribution-free test to be used can help 
correct this. So selecting-or adapting the test to the data-provides 
a new dimension to nonparametric tests, which usually improves the 
power of the overall test. 

A statistical test that maintains the significance level close to a 
desired significance level IX for a wide variety of underlying distributions 
with good (not necessarily the best for anyone type of distribution) 
power for all these distributions is describea as being robust. As an 
illustration, the T (Student's t) used to test the equality of the means 
of two normal distributions is quite robust provided that the underlying 
distributions are rather close to normal ones with common variance. 
However, if the class of distributions includes those that are not tOd 
close to normal ones, such as the Cauchy distribution, the test based 
upon T is not robust; the significance level is not maintained and the 
power of the T-test is low with Cauchy distributions. As a matter of 
fact, the test based on the Mann-Whitney-Wilcoxon statistic (Section 
11.6) is a much more robust test than that based upon T if the class 
of distributions is fairly wide (In particular, if long-tailed distributions 
such as the Cauchy are included). 

An illustration of this adaptive distribution-free procedure that is 
robust is provided by considering a test of the equality of two 
distributions of the continuous type. From the discussion in Section 
11.8" we know that we could construct many linear rank statistics by 
changing the ,scoring function. However, we concentrate on three such 
statistics mentioned explicitly in that section: that based on normal 
scores, say L,; that of Mann-Whitney-Wilcoxon, say L2; and that of 
the median test, say L). Moreover, respective critical regions C" C2 , 

and C) are selected so that, under the equality of the two distributions, 
we have 

Of course, we would like to use the test given by LI E C, if the tails of 
the distributions are like or shorter than those of the nonnal 
distributions. With distributions having somewhat longer tails, L2 E C2 

provides an excellent test. And with distributions having very long tails, 
the test based on L3 E C) is quite satisfactory. 

In order to select the appropriate test in an independent manner we 
let VI < V2 < ... < V N, where N = m + 11, be the order statistics of 
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the combined' sample, which is of size N. Recall that if the two 
distributions' are equal and thus have the same distribution function 
F, these order statistics are the complete sufficient statistics for the 
paramefer F. Hence every statistic based on Vh V2 , ••• , VN is inde
pendent of L 1, L2, and ~, since the latter statistics have distributions 
that do ,not depend upon F. In particular, the kurtosis (Exercise 1.102, 
Section 1~9) of the combined sample, 

! t (V;- V)4 
Ni=1 

K= 2' 

[1 t (Vi - V)2] 
N, \ 

1-

is independent of L., L 2, and L 3• From Exercise 3.64, Section 3.4, we 
know that the kurtosis of the normal distribution is 3; hence if the two 
distributions, were equal and normal we would expect K to be about 
3. Of course, a longer-tailed distribution has a bigger kurtosis. Thus 
one simple way of defining the independent selection procedure would 
be to let 

DI = {k:k <3}, D2 = {k: 3 <k < 8}, 

These choices are not necessarily ~the best way of selecting the 
appropriate test, but they are reasona'Qle and illustrative of the 
adaptive procedure. From the independence of K and (LI'~' L 3 ), we 
know that the overall test has significance level lx. Since a more 
appropriate test has been selected, the power will be relatively good 
throughout a wide range of distributions. Accordingly, this 
distribution-free adaptive test is robust. . 

EXERCISES<-

11.48. Let p(x) bea distribution function of a distribution of the continuous 
type which is symmetric about its median e. We wish to test Ho ;'c; = 0 
against H,: ~ > O. Use the fact that the 2n values, Xi and -X;, 
i = 1, 2, .. ;'; n, after ordering, are complete sufficient statistics for F, 
pr'ovided. that Hois true. Then constrUct -an adaptive distribution-free test 
based upon Wilcoxon~s statisti£ and two of its modifications given in 
Exercises 11.23 and 11.24. 

11.49. Suppose that the hypothesis Ho concerns the independence of two 
random variables X and Y. That is, we wish to test Ho : F(x, y) = F\ (X)F2(Y)~ 

. where F, F\, and F2 are the, respective joint and marginal distribution 
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functions of the continuous type, against all alternatives .. Let (X" Y l ), 

(Xl' Yl ), ..• , (Xn' Yn) be a random sample from the joint distribution. 
Under Ho, the order statistics of Xl, Xl, •.. ,Xn and the order statistics of 
Y1, Y2, ••• , Yn are, respectively, complete sufficient statistics for F, and Fl' 
Use Spearman's statistic (Example 2, Section 11.8) and at least two 
modifications of it to create an adaptive distribution-free test of Ho. 

Hint: Instead of ranks, use normal and median scores (Section 11.8) to 
obtain two additional correlation coefficients. The one associated with the 
median scores is frequently called the quadrant test. 

ADDITIONAL EXERCISES 

11.50. Let Y. < Y2 < ... < Y, be the order statistics of a random sample of 
size n = 5 from a distribution of the continuous type with distribution 
function F. Compute Pr {F{ Y2 ) + [1 - F{ Y4 )] > n. 

11.51. Let Y\ < Y2 < ... < Ys be the order statistics of a ~andom sample of 
size n = 8 from a distribution of the continuous type with median ,. 
Compute Pr (Y2 < , < Y7 ). 

11.52. Let XI, X2 , ••• , Xs be a random sample of size n = 8 from a symmetric 
distribution of the continuous type with distributional median equal to 
zero. Modify the regular one-sample Wilcoxon W by replacing the ranks 
1,2,3,4,5,6, 7, 8 by the scores 1, 1,2,2,2,2,3,3, to obtain W"~ Compute 
the mean and variance of W"~ 

11.53. Let Y. < Yl < Y3 < Y. be the order statistics of a random sample of 
size n = 4 from a continuous-type distribution with distribution function 
F{x) and unknown 75th percentile '0.7" 
(a) What is Pr (Y3 ~ '0.1S < Y.)? 
(b) What is the p.dJ. of V = F{ Y4 ) - F{ Y3)? 

11.54. Let XI, X2 , X3 , X4 , Xs be a random sample from a continuous-type 
distribution that is symmetric about zero. If we modify the one-sample 
Wilcoxon by replacing the ranks 1, 2, 3, 4, 5 by the scores 1, 1, 1, 3, 4, what 
is them.g.f. of this new statistic? 

11.55. Let X" Xl and Y., Y2 be independent random ~mples, each of size 
n = 2, from distributions with respective probability d~nsityfunctions 
f(x) = 1, 0 < x < 1, zero elsewhere, and g(y) . 3y, 0 < y < 1, zero 
elsewhere. Compute the probability that the ranks of the Y"'\values. in the 
combined sample of size 4 are 2 and 4. 

11.56. Let XI, Xl, ... , Xo be a random sample of size n = 6 from a 
continuous-type distribution with distribution function Jftx). Let 
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R[ = rank(Xi ) and consider the scores c(1) = c(2) = I, c(3) = 2, c(4) = 3, 
c(S) = c(6) =' 4. 
(a) What are the mean and the variance of L = c(R.) + c(Rs) + c(~)? 
(b) Why are L and the sample range R = max (XJ - min (Xj ) independent? 

H.S7. Let Xt. X2, X3, X4 , Xs be a random sample from a distribution with 
p.d.f.J(x) = e-x,O < x < 00, zero elsewhere. Find the probability that both 
X3 and Xs are less than XI, X2, and X4 • Is this answer the same for every 
underlying distribution of the continuous type? 

H.58. Let Xl, X2, ••• ,Xs be a random sample of size n = 5 from a 
distribution of the continuous type. Let R; = rank (Xi) among 
Xh X 2, ••• , Xs. Find the mean and variance of 

11.59. Let X" X2, X3 denote a random sample of size n = 3 from a 
continuous-type distribution with distribution function F. It is well known 
that the order statistics Y1 < Y2 < Y3 are complete sufficient statistics for F. 
(a) Let the statistic U be defined as follows: 

if Xl is the sample median Y2 

otherwise. 

Find the distribution of U. 
(b) Argue that U and (Yh Y2, Y3) are independent. 
(c) Argue that U and X are independent. 

11.60. Let X have a p.d.f.fix) of the continuous type that is symmetric about 
. zero; that is, fix) = J( - x) for all real x. Show that the joint m.g.f. 

and thus IXI and sign (X) are independent. 

H.61. Let X - 0 d 0 - X mean that X - 0 has the same distribution as 
o - X; thus X has a symmetric distribution about O. Say that Yand X are 
independent random variables and Y has a distribution which is also 
symmetric about O. Show that X - Y has a distribution that is symmetric 
about zero. 

d 
Hint: Write X - Y = X - 0 - (Y 0) == 0 - X - (0 - 1') = y - X. 
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11.62. Let XI, X2, ••. ,XII be a random sample from a distribution that is 
symmetric about O. Let Wand T be two statistics enjoying the following 
properties, respectively: 

W(XI' ... , XII) = W( -Xh ... , XII)' 

W(XI + h, ... ,XII + h) = W(XI' ... ,XII)' 

so that W is an even location invariant statistic like SZ or the range; 

1{x" ... , XII) = - 1{ - Xt. •.. , - XII)' 

1{x. + h, ... , XII + h) = 1{x., ... , XII) + h, 

S<) that T is an odd location statistic like X or the median. Show that 

[1{Xh •.. , XII) - 0, W(X" ..• , XII)] 

d 
= [8 - 11X., ... ,XII)' W(X1, ••• , XII)]' 

Hint: Write the left-hand member as 

[1{X. - 0, ... , XIf - 0), W(X) 0, ... , XIf - 0)] 

using the properties of T and W. Then "use the fact that substitute 
Xi - 0 d 0 - XI, i = I, 2, ... , n. 

11.63. The result of Exerci~ 11.62 implies that T has a conditional 
distribution that is symmetric about 0, given W = w. Of course, T has an 
unconditional symmetric distribution about O. Moreover, it also implies 
that if appropriate expectations exist, E(TI W = w) = 8 and cov (T, W) = O. 
Suppose that T" T2, ••• , Tic and WI, W2, ••• , WIc represent k such T and 
W statistics, so that WI + ... + WIc = I. 

(a) Show that E[± W;T;] = 8. 
j -I 

(b) Let TI = X and T2 = m, the sample median. Let WI = 1 ifK < 4. and 
zero otherwise, where K is the sample kurtosis, and let W2 = 1 - W •. 

2 
Consider T = L Wi~. Is its expectation equal to 8? If so, no~e that T 

i- I 
is an adaptive unbiased estimator which equals X for certain X-values 
and m for others. 
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Tables 
TABLE I 

The Poisson Distribution 
x /lWe- P 

Pr(X 5;; x) = L -,-
w=o w. 

,,== £(X) 

J( 0.5 1.0 1.5 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 

0 0.flJ7 0.368 0.223 0.135 0.050 0.018 0.007 0.002 0.001 0.000 0.000 0.000 
I 0.910 0.736 0.558 OA06 0.199 0.092 0.0«> 0.017 0.007 0.003 0.001 0.000 
2 0.986 0.920 0.809 0.677 0.423 0.238 0.125 0.062 0.030 0.014 0.006 0.003 
3 0.998 0.981 0.934 0.857 0.647 0.433 0.265 0.151 0.082 0.042 0.021 0.010 
<4 1.000 0.996 0.981 0.947 0.815 0.629 0.440 0.285 0.173 0.100 0.055 0.029. 
5 0.999 0.996 0.983 0.916 0.785 0.616 0.446 0.301 0.191 0.116 0.067 
6 1.000 0.999 0.995 0.966 0.889 0.762 0.606 0.450 0.313 0.207 0.130 
7 1.000 0.999 0.988 0.949 0.867 0.744 0.599 0.453 0.324 0.220 
8 1.000 0.996 0.979 0.932 0.847 0.n9 0.593 0.456 0.333 
9 0.999 0.992 0.968 0.916 0.830 0.717 0.587 0.458 

10 1.000 0.997 0.986 0.957 0.901 0.816 0.706 0.583 
II 0.999 0.995 0.980 0.947 0.888 0.803 0.697 
12 1.000 0.998 0.991 0.973 0.936 0.876 0.792 
13 0.999 0.996 0.987 0.966 0.926 0.864 
.4 1.000 0.999 0.994 0.983 0.959 0.917 
15 0.999 0.998 0.992 0.978 0.951 
16 1.000 0.999 0.996 0.989 0.973 
17 1.000 0.998 0.995 0.986 
18 0.999 0.998 0.993 
19 1.000 0.999 0.997 
20 1.000 0.998 
21 o.m 
22 1.000 
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TABLE II 

The Chi-Square Distribution· 

Ix 1 
Pr (X < x) = w'/2 - I e- w/2 dw 

- r(r/2)2r/2 
o 

Pr (X :S x) 

r 0.01 0.025 0.050 0.95 0.975 0.99 
, , 

I 0.000 0.001 0.004 3.84 5.02 6.63 
2 0.020 0.051 0"103 5.99 7.38 9.21 
3 0.115 0.216 0.352 7.81 9.35 11.3 
4 0.297 0.484 0.711 9.49 11.1 13.3 
5 0.554 0.831 1.15 11.1 12.8 15.1 
6 0.8n, 1.24 1.64 12.6 14.4 16.8 
7 1.24 1.69 2.17 14.1 16.0 18.5 
8 1.65 2.18 2.73 15.5 17.5 -20.1 
9 2.09 2.70 3.33 16.9 19.0 21.7 

10 2.56 3.25 3.94 18.3 20.5 23.2 
II 3.05· 3.82 4.57 19.7 21.9 24.7 
12 3.57 4.40 5.23 21.0 23.3 26.2 
13, ' 4.11 5.01 5.89 22.4 24.7 27.7 
14 4.66 5.63 6.57 23.7 26.1 29.1 
15 5.23 6.26 7.26 25.0 27.5 30.6 
16 5.81 6.91 7.96 26.3 28.8 32.0 
17 6.41 7.56 8.67 27.6 30.2 33.4 
18 7.01 8.23 9.39 28.9 31.5 34.8 
19 ,- 7.63 8.91 10.1 30.1 32.9 ~6~2 
20 8.26 9.59 10.9 31.4 34.2 ,.37.6 
21 8.90 10.3 11.6 32.7 35.5 38.9 
22 , 9.54 11.0 12.3 33.9 36.8 40.3 
23 10.2 11.7 13.1 35.2 38.1 41.6 
24 10.9 12.4 13.8 36.4 39.4 43.0 
25 11.5 13.1 14.6 37.7 40.6 44.3 

, 26 12.2 13.8 15.4 38.9 41.9 45.6 
27 12.9 14.6 16.2 40.1 43.2 47.0 
28 13.6 15.3 16.9 41.3 44.5 48.3 
29 14.3 16.0 17.7 42.6 45.7 49.6 
30 15.0 16.8 18.5 43.8 47.0 50.9 

*This table is abridged and adapted from "Tables of Percentage Points of the Incomplete Beta 
Function and of the Chi-Square Distribution," Biometrika, 32 (194 I). It is published here with 
the kind permission of Professor E. S. Pearson on behalfofthe author, Catherine M. Thompson, 
~nd of the Biometrika Trustees. 



TABLE III 

The Normal Distribution 

Pr (X <x) = «J>(x) = - e- w2/2 dw J
x 1 

-a) fo 
[«J>( - x) = 1 - «J>(x)] 

x ~(x) X ~(X) X 

0.00 0.500 .10 0.864 2.05 
0.05 0.520 .15 0.875 2.10 
0.10 0.540 .20 0.885 2.15 
0.15 0.560 .25 0.894 2.20 
0.20 0.579 .282 0.900 2.25 
0.25 0.599 .30 0.903 2.30 
0.30 0.618 .35 0.911 2.326 
0.35 0.637 .40 0.919 2.35 
0.40 0.655 .45 0.926 2.40 
0.45 0.674 .50 0.933 2.45 
0.50 0.691 .55 0.939 2.50 
0.55 0.709 .60 0.945 2.55 
0.60 0.726 .645 0.950 2.576 
0.65 0.742 .65 0.951 2.60 
0.70 0.758 .70 0.955 2.65 
0.75 0.773 .75 0.960 2.70 
0.80 0.788 .80 0.964 2.75 
0.85 0.802 1.85 0.968 2.80 
0.90 0.816 1.90 0.971 2.85 
0.95 0.829 1.95 0.974 2.90 
1.00 0.841 1.960 0.975 2.95 
1.05 0.853 2.00 0.977 3.00 

Appelltlix B 

~(x) 

0.980 
0.982 
0.984 
0.986 
0.988 
0.989 
0.990 
0.991 
0.992 
0.993 
0.994 
0.995 
0.995 
0.995 
0.996 
0.997 
0.997 
0.997 
0.998 
0.998 
0.998 
0.999 

, 
I 
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TABLE IV 

The t-Distribution· 

Pr (T :s: I) = f l1(r + 1 )/2] dw 
-00 foqr/2)(1 + w2/r)(r+ 1)/2 

[Pr (T:S: -I) = 1 - Pr (T:S: I)] 

Pr (T :s t) 

r 0.90 0.95 . 0.975 0.99 0.995 

1 3.078 6.314 12.706 31.821 63.657 
2 .886 2.920 4.303 6.965 9.925 
3 .638 2.353 3.182 4.541 5.841 
4 .533 2.132 2.776 3.747 4.604 
5 .476 2.015 2.571 3.365 4.032 
6 .440 .943 2.447 3.143 3.707 
7 .415 .895 2.365 2.998 3.499 
8 .397 .860 2.306 2.896 3.355 
9 .383 .833 2.262 2.821 3.250 

10 .372 .812 2.228 2.764 3.169 
II .363 .796 2.201 2.718 3.106 
12 .356 .782 2.179 2.681 3.055 
13 .350 .771 2.160 2.650 3.012 
14 .345 .761 2.145 2.624 2.977 
15 .341 .753 2.131 2.602 2.947 
16 .337 .746 2.120 2.583 2.921 
17 .333 .740 2.110 2.567 2.898 
18 .330 .734 2.101 2.552 2.878 
19 .328 .729 2.093 2.539 2.861 
20 .325 .725 2.086 2.528 2.845 
21 .323 .721 2.080 2.518 2.831 
22 .321 .717 2.074 2.508 2.819 
23 .319 .714 2.069 2.500 2.807 
24 .318 .711 2.064 2.492 2.197 
25 .316 .708 2.060 2.485 2.787 
26 .315 .706 2.056 2.479 2.779 
27 .314 .703 2.052 2.473 2.771 
28 .313 .701 2.048 2.467 2.763 
29 .311 .699 2.045 2.462 2.756 
30 .310 .697 2.042 2.457 2.750 

·This tab1e is abridged from Table III of Fisher and Yates; Statistical Tables/or Biological, 
Agricultural, and Medical Research, published by Oliver and Boyd, Ltd., Edinburgh, by 
permission of the authors and publishers. 



TABLE V ~ 
The F-Distrihution· 

Pr (F < b) = i" r[(r. + rl)/2](rdr2)'IJ2';lf
2

- • 

o r(rd2)r(r2/2)(l + rJ w/r2)(r. + '21/2 dw 

') 
Pr(Fs b) '2 1 2 3 4 5 6 7 8 9 10 12 15 

0.95 I 161 200 216 225 230 234 237 239 241 242 2414 246 
0.975 648 800 864 900 922 937 948 957 963 969 9Tl 985, 
0.99 4052 4999 5403 5625 5764 5859 

. 
5928 5982 6023 6056 6106 6157 

0.95 2 18.5 19.0 19.2 19.2 19.3 19.3 19.4 19.4 19.4 ~9.4 19.4 19.4 
0.975 38.5 39.0 39.2 39.2 39.3 39.3 39.4 39.4 39.4 39.4 39.4 39.4 
0.99 98.5 99.0 99.2 99.2 99.3 99.3 99.4 99.4 99.4 99.4 99.4 99.4 

.0.95 3 10.1 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70 
0.975 17.4 16.0 15.4 15.1 14.9 14.7 14.6 14.5 14.5 14.4 14.3 14.3 
0.99 34.1 30.8 29.5 28.1 28.2 27.9 27.7 27.5 27.3 27.2 27.1 26.9 

0.95 4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91 5.86 
0.975 12.2 10.6 9.98 9.60 9.36 9.20 9.07 8.98 8.90 8.84 8.75 8.66 
0.99 21.2 18.0 16.7 16.0 15.5 15.2 15.0 14.8 14.7 14.5 14.4 14.2 

0.95 5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.Tl 4.74 4.68 4.62 
0.975 10.0 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.52 6.43 
0.99 16.3 13.3 12.1 11.4 11.0 10.7 10.5 10.3 10.2 10.1 9.89 9.n 

~ 

1 
t'I:f 



'1 
Pr(Fsb) '2 1 2 3 4 5 6 7 8 9 10 12 15 

0.95 6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.00 3.94 
0.975 8.81 7.26 6.60 6.23 5.99 5.82 5.70 5.60 5.52 5A6 5.37 5.27 
0.99 13.7 10.9 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.n 7.56 

0~95 7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.71 3.68 3.64 3.57 3.51 
0.975 8.07 6.54 5.89 5.52 5.29 5.12 4.99 4.90 4.82 4.76 4.67 4.57 
0.99 12.2 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.n 6.62 6.47 6.31 

0.95 8 5.32 4.46 4.07 3.84 3.69 3.58 3.SO 3.44 3.39 3.35 3.28 3.22 
0.975 7.57 6.06 5.42 5.05 4.82 4.65 4.53 4.43 4.36 4.30 4.20 4.10 
0.99 11.3 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 5.52 

0.95 9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 
0.975 7.21 5.71 5.08 4.n 4.48 4.32 4.20 4.10 4.03 3.96 3.87 3.77 
0.99 10.6 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35 5.26 5.11 4.96 

0.95 10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.91 2.85 
0.975 6.94 5.46 4.83 4.47 4.24 4.07 3.95 3.85 3.78 3.n 3.62 3.52 
0.99 10.0 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 

0.95 12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.69 2.62 
0.975 6.55 5.10 4.47 4.12 3.89 3.73 3.61 3.51 3.44 3.37 3.28 3.18 
0.99 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4. SO 4.39 4.30 4.16 4.01 
0.95 15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.48 2.40 
0.975 6.20 4.77 4.15 3.80 3.58 3.41 3.29 3.20 3.12 3.06 2.96 2.86 
0.99 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 3.67 3.52 

·This table is abridged and adapted from "Tables of Peralntage Points of the Inverted Beta Distribution," Biometrika. 33 (1943). It is published here 
with the kind permission of Professor E. S. Pearson on bebalf oftbe authors, Maxine Merrington and Catherine M. Thompson. and oftbe Biometrika Trustees. 
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APPENDIX C 

Answers to Selected 
Exercises 

CHAPTER 1 1.22 1 

~~) (:)/(~). 1.1 (a) {x: x = 0, 1,2,3, 4}; 1.26 
{x: x = 2}. 

(b) {x: 0 < x < 3}; 
(b) (~)/(~). {x: I <x < 2}. 

1.2 (a) {x: 0 < x < i}. 
1.7 (a) {x: 0 < x < 3}. 1.27 1- e;o)/C~). (b) {(x,y):O<r 

+ l < 4}. 

(b) 1 - C~)/(~). 1.8 (a) {x: x = 2}. 1.29 
(b) Null set. 
(c) {(x, y) : r + l = O}. 1.34 (a) ~. (b) ~. 

1.9 80. 1 
8T' . 

(c) [(!)/ (!) )5/(8 - x»). 
1.10 II. O· 1 i6' , . 
1.11 ~; 0; 11:/2. 
1.12 1. O. 2 

2' , 9 . 1.37 1 

1.13 1.0 3 . 
6' . 9 • 2 

1.15 10. 1.38 iO' 3 . 

1.18 I. 1 • I • 4 1.39 5 
4,U'S2·i3· 14' 

1.19 31 • 3 • I • 63 1.40 3 4 
32'64'32'64' '1. '1 . 

1.20 0.3. 1.42 (a) 0.18. (b) 0.72, 
1.21 e-4; I - e-4; 1. (c) 0.88. 

552 



Allswers 

1.45 0.1029 for (a), (b), (e), (d). 
(e) 0.4116. 

1.46 L i· 
147 9 I I I I 
. o'iJ'iJ'o'iJ' 

1.48 (a) i· (b) fi. 
1.49 

1.51 

x=O, I, ... , 5. 

1.54 (a) I~' x=1,2, ... ,9. 
(b) ~. 

1 56 6 x-O' • 36' -, 

1.59 
1.61 
1.63 
1.64 
1.66 
1.69 

1.71 
1.72 

1.74 
1.76 

1.79 

1.80 
1.81 

12-2x 
36' x=I,2,3,4,5. 

3 
4 • 
So 7. 3 
1'1'1' 
e-2 _e-3• 

I l' 2 2S 
27' "'36' 
(a) 1. (b) j. (e) 2. 
(a) 0, x<O; 1-(I-x)3, 
O~x< I; 1, 1 ~x; 

l-~, l-1I. 
(a) ~. (b) O. (e) i. (d) o. 
0, y<O; I, O~y< 1; 1, 
1 <y, 2y, O<y< 1; 
o elsewhere. 
t • t 
2' 4 . 
0, x<O; l-e-x/~O~x. 
~ e-x/,20 < x; 0 elsewhere. 
1/3..Jy, O<y< I; 1/6..Jy, 
1 < y < 4; 0 elsewhere. 
2; 86.4; -160.8. 
3; 11; 27. 

1.83 (a) ~. 
(b) ~.!. 

1.85 $7.80. 
1.88 ~ . 
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1.89 (a) 1.5, 0.75. (b) 0.5,0.05. 
(e) 2; does not exist. 

1.90 et/(2 - e'l, I < In 2; 2; 2. 
1.99 10; 0; 2; - 30. 

2fi 2fi 
1.101 --5-' 5 

1.103 1/2p' ~ . 1· 5' 50 '2'2" • 

1 105 31 167 . Ii, 144' 

1.110 i, 1~2 • 

1.114 0.84. 

CHAPTER 2 

2.1 ~; 0; ! d. 
2.2 i. 
2.6 ze- z, 0 < z < 00; 

o elsewhere. 
2.7 -In z, 0 < z < 1; 

o elsewhere. 
2.10 5x~, 0<X2< I; 

o elsewhere. 
2.11 (3xt + 2)/(6xl + 3); 

(6~+6xl + 1)/(2)(6xl +3)2, 
2.13 3X2/4; 3xi/80. 
2.18 (b) lie. 
2.20 (a) 1. (b,.L:-l. (e) O. 
2.21 (a) 71"/804. 
2.31 ~. 
2.32 t. 
2.36 i. 
2.38 (a) ~, O. 
2.39 1-(1-y)l2, O<y< I; 

12(1-y)",0<y<1. 
2.40 g(y)=[y_(y_l)3)/63, 

Y = 1, 2, 3,4, 5, 6. 
2.42 b2=u,(P12-P\3Pn)1 

[U2(1- P~3)]; 
h3 = Ut(PI3 - P12P23)/ 

[U3(1- P~3)]' 
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CHAPTER 3 

3.1 ~. 
3 4 147 

• 512 • 

3.6 5. 
3.8 .36 • 

3.10 tf. 
3.13 (!)(jy-3, X= 3,4,5, .... 

3.14 i2' 
3.17 i. 
3.18 i~. 
3"20 II. X 12' II . 6' I '6' 
3.21 ¥. 
3.22 0.09. 
3.25 4Xe- 4Ix!, x=O, 1,2, .... 
3.26 0.84. 
3.31 2. 
3.33 (a) exp [-2+e'2(1 +e'1 )]. 

(b) III = 1,112=2, 
a~= 1, ai=2, 
p=J212. 

(c) Y12. 
3.34 0.05. 
3.35 0.831, 12.8. 
3.36 0.90. 
3.37 X2(4). 
3.39 3e- 3

" 0 <Y< 00. 
3.40 2, 0.95. 
3.45 *. 
3.46 X2(2). 
3.49 0.067; 0.685. 
3.51 7J .3, 189.7. 

3.52 Jin 21n. 
3.S7 0.774. 
3.58 J2frc; (n - 2)/n. 
3.59 0.90. 
3.60 0.477. 
3.61 0.461. 
3.62 N(O, 1). 
3.63 0.433. 
3.64 0; 3. 
3.69 N(O, 2). 
3.70 (a) 0.574. 

(b) 0.735. 

3.71 (a) 6.264. (b) 0.440. 
(c) 0.433. (d) 0.642. 

3.73 p=~. 
3.74 (38.2,43.4). 

CHAPTER 4 

4.2 
4.3 
4.6 
4.7 
4.9 
4.10 
4.11 
4.14 

4.15 

405 
102 ... 

0.405. 
16 
TI' 
I 
i' 
(n+ 1)/2; (n2 -1)/12. 
a+bx; b2S;. 
r(2). 
L O<y<l; 
1/2y, 1 <Y<OO. 
is. O:s;y< 1; 15y14. 
O<y< 1. 
4 
"i • 

Auwers 

4.16 
4.17 
4.19 
4.20 

i, y=3, 5, 7. 
(4)J'Y, y = 1, 8, 27, .... 

YI ~I{JII) 

1 " 

2 
3 
4 
6 
9 

4.25 ~,0<y<27. 

I 
36 
4 
36 
6 
36 
4 
36 
12 
36 
') 

16 

4.32 YI e-J'J, 0 <YI < 00. 

4.34 (2y,)(4yD, O<YI < I, 
0<Y2< 1. 

4.35 (1./«(1. + {J); 
(I.{J/[«(I. + {J + 1)«(1. + {J)2]. 

4.36 (a) 20. (b) 1260. (c) 495. 

4.37 ~. 
4.40 0.05. 
4.43 1/4.74, 3.33. 2"" 

4.48 "(l/fo)3yk- y,
/
2 sin Y3' 

0<YI<00,0<Y2<2n, 
o <Y3:S; n. 



4.49 Y2~e-)'], O<y, < 1, 
o <Y2< I, 0 <Y3"< 00. 

4.53 1/(2Jy), 0 <Y< 1. 

4.54 e-Yl /
2/(21ljy,-YD. 

-JY; <Y2<JY;. 
O<y,<oo. 

4.56 1-(l-e-3t. 
4.57 i. 
4.62 ,~. 
4.63 48z,z~z~. 0 <z, < I, 

0<z2<I,O<z3<1. 
4.64 ,12 , 

4.69 !. 
4.70 6uv(u + v), 

O<u<v<1. 
4.75 Y g(y) 

2 3~ 

4
3 3/ 

36 

5 ~ 
6 {6 
7 ~ 
8 i, 
9 :, 

10 3 

11 Z 
12 ~ 

4.76 0.24. 
4.79 0.159. 
4.82 0.159. 
4.88 0.818. 
4.91 (b) -lor 1. 

(c) Z,=u,Y,+ Ill-
II 

4.92 L aibj=O. 
I 

".94 6.41. 
4.95 n= 16. 
4.97 (n-l)u2/n; 

2(n-l)u4/n2. 
,4.98 0.90. 
4.100 0.945. 
4.102 0.618. 

4.103 0.78. 
4.104 J; ~. 
4.105 7. 
4.107 2.5; 0.25. 
4.109 -5; 6O-12J6. 
4.110 u.!j~+~. 
4.113 0.265. 
4.115 22.5, 2:' . 
4.116 '2>4. 
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4.118 1l2U .!j 07u~+ Iliui+ 1l~07 . 
4.121 5/ffi. 
4.125 eP+tr2/2; e2P+a2(~2 -I). 

CHAPTER 5 

5.1 Degenerate at Il. 
5.2 Gamma (a= I, fJ= I). 
5.3 Gamma (a= I, {1= 1). 
5.4 Gamma (a =2; (J= I). 
5.13 0.682. 
5.14 (b) 0.815. 
5.17 Degenerate at 112 

+ (0'2/0")(X- Ill)' 
5.18 (b) N(O, I). 
5.19 (b) N(O, I). 
5.21 0.954. 
5.23 0.840. 
5.26 0.08. 
5.28 0.267. 
5.29 0.682. 
S.3S N(O, I). 

CHAPTER. 6 

6.1 (a) X. 
(b) -n/ln (XI X2 ••• XII)' 
(c) X. (d) The median. 
(e) The first order statistic. 

6.2 The first order statistic Y" 



556 

64 4 II 7 
• 25'25'25' 

6.5 Y1 = min (Xi); 
n/ln [(XI X2 • •• X/I)/ Y;']. 

6.7 (b) 1'/(1- X). (d) X. 
(e) X - 1. 

6.9 1 - e-2/X• 

6.10 Multiply by n/(n-I). 
6.12 (Y, + Y/I)/2, (Yn - Y, )/2; 

E[(Y/I- YI)/21=p(n-l)/ 
(n+ 1). 

6.14 (77.28,85.12). 
6.15 24 or 25. 
6.16 (3.7,5.7). 
6.17 160. 
6.23 (5i/6, 5i/4). 
6.25 1692. 
6.26 3.19 to 3.61. 
6.28 3.92 to 31.50. 
6.30 (- 3.6, 2.0). 
6.35 135 or 136. 
6.38 ~ + i In ~ ; n +; In 1 . 
6.39 ~; (31)38/49

• 

6.42 n= 19 or 20. 
6.43 KG) = 0.062; 

K(fi) = 0.920. 
6.44 n~73, c~42. 
6.46 (a) Reject. 

(b) p-value ~ 0.005. 
6.49 (c) p-value~0.005. 

6.51 23.3. 
6.52 2.91. 
6.53 Q3=W> 7.81, 

reject Ho. 
6.55 b<8 or 32~b. 
6.56 Q3 = ~ < 11.3, 

accept Ho. 
6.57 6.4 <9.49, accept Ho. 
6.59 p=(X, +X2/2)/ 

(XI +X2+X3)· 

CHAPTER 7 

7.4 L i· 
7.5 ~,( y). 

7.6 b = 0; does not exist. 
7.7 Does not exist. 

/I 

7.17 n [Xi(I-X;)]. 

Answers 

7.19 60y;( Y5- Y3)/65
; 6Ys/5; 

02/1: 02/35. 
7.20 (1 /62)e~ .1'1/9, 

0<Y2<Y' < 00; 
yd2; 62/2. 

7.22 1: X7/n; 1: X;/n; (n+ l)YrIn 
7.24 X; X. 
7.25 Y,/n. 
7.27 Y,-I/n. 

II 

7.29 Y, = LXi; Yd4n; yes. 
I 

7.37 i. 
7.40 1'2 -lin. 

7.43 (n n 1)'(I+n Y} 

CHAPTER 8 

8.2 [yr2+lla2/n1/(r2+a2/n). 
8.3 P( Y + a)/(np + I). 
8.9 ~ if Y4< I, 

.y2 Y4 if 1 <Y4' 
8.13 62/n; 62/n(n + 2). 
8.15 (a) 4/62

• 

1 62 

8.17 (d) var (0)= nl(6) = 5n . 

8.22 2.17; 2.44. 
8.25 2.20. 

CHAPTER 9 

10 

9.4 LX; > 18.3; yes; yes. 
I 



10 10 

9.6 3 L x7+ 2 L Xi>C. 
t , 

9.7 95 or 96; 76.7. 
9.9 38 or 39; 15. 
9.10 0.08; 0.875. 
9.11 (1- 6)9(1 + 96). 
9.12 1, 0<6<!; 1/(1604), 

!<6< I; 1-15/(1604), 
1 <6. 

9.14 53 or 54, 5.6. 
9.17 Reject Ho if x;;::: 77.564. 
9.18 26 or 27; 

reject Ho if x < 24. 
9.19 220 or 221; 

reject Ho if y > 17. 
9.23 t = 3> 2.262, reject Ho. 
9.24 It I = 2.27 > 2.145, 

reject Ho. 
9.37 co(n)=(l4.4) 

x (n In 1.5 -In 9.5); 
c,(n) =(14.4) 

x (n In 1.5+ In 18). 
9.38 co(n) = (0.05n-ln 8)/ln 3.5; 

c,(n)=(0.05n-In 4.5)/ln 3.5. 
9.41 (b) c=0.18; 0.64, 

(c) c=0.5; 0.16; 0.84. 
(d) c=0.23; 0.06; 0.68. 

9.44 (9y-20x)/30<c. 

CHAPTER 10 

10.9 6.39. 
10.12 ,+6, 2,+46. 
10.13 '2(6+")/["('2-2)]. 
10.23 7.00, 9.98. 
10.25 4.79, 22.82, 30.73. 
10.26 (a) 4.483x+ 6.483. 
10.28 p= L (Xdnci), 

L [(Xi - pc;)2/nC;]. 

10.32 Reject Ho. 
10.44 al=O, i= 1, 2,3,4. 

II 

10.45 L au=O, i= 1,2, ... ,n. 
j-I 

CHAPTER 11 

11.2 (a) !!. (b) 675/1024; 
(c) (0.8)4. 

11.4 8. 
11.6 0.954; 0.92; 0.788. 
11.9 8. 
11.12 (a) Beta (n-j+ I,}). 
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(b) Beta (n - j + i-I, 
j-i+2). 

11.15 0.067. 
11.18 Reject Ho. 
11.25 0; 4(411-1)/3; no. 
11.37 ;,. 
11.44 98; ~6 • 
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377, 478, 534 
Covariance, 92, 386, 535 
Covariance matrix, 227, 385 
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Cramer, 243 
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best, 396, 399,402 
size, 285 
uniformly most powerful, 405 
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Decision function, 308, 433 
Degenerate distribution, 65, 235 
Degrees of freedom, 134, 298, 422 
Delta method, 251 
Dependence, 101 
Design matrix, 493 
Discrete-type random variable, 28 
Distribution 

BernOUlli, J 16 
beta, 180, 504 
binomial, 118, 244, 249, 254, 498, 506 
bivariate normal, 146, 212, 226, 346, 385, 

439,478 
Burr, 372 
Cauchy, 175,257,387 
chi-square, 134, 144,210,294,447,482,489, 

491 
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446 
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Distribution function, 34, 37,44, 78, 108,501 
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Estimation, 259, 307, 363 
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maximum likelihood. 261, 324, 380, 385, 389 
method of moments, 266 
minimax, 309 
minimum chi-square. 298 
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robust, 387 
unbiased. 263, 307. 340,381, 542 
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Estimator, 259, 307, 363 
consistent, 264, 384 
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maximum likelihood, 262, 324, 380, 385, 389 
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minimum mean-square-error, 310 
unbiased, 263, 307, 340, 381, 542 
unbiased minimum variance, 307. 326, 332, 

338 
Events, 2 

equally likely, 15 
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independent, 24, 27, 103 
mutually exclusive, IS, 22. 297 

Expectation (expected value), 52, 87, 109,205, 
218 
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Exponential distribution, 133, 203 

F-distribution, 182,221,421,451,463 
Factorial moment, 65 
Factorization theorem, 318, 334, 341 
Family of distributions, 260, 330 
Fisher, R. A., 372,441 
Fisher's information, 372, 385 
Fisher's linear discriminate function, 441 
Frequency, 2 

relative, 2, 12, 17 
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decision, 308, 433 
distribution, 34, 37, 44, 78, 108, 501 
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likelihood, 261, 416 
loss, 308, 367, 434 
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209, 243, 486, 510 
of parameter, 338 
point, 7 
power, 282, 285, 443 
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397 
probability distribution, 34, 37,44 
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risk, 308, 368, 434 
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Gamma distribution, 131, 202 
Gamma function, 131 
Geometric distribution, 121 

Geometric mean, 336 
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Goal post loss function, 311 
Gosset, W. S., 182 

Huber, P., 390 
Hypergeometric distribution, 34, 56, 517 
Hypothesis, 280, 284, 395 
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Independence, 19,24, Ill, I SO, 157, 353, 480, 
537 

of linear forms, 214, 228 
mutual, 25, 111 
pairwise, 25, 112 

.... of quadratic forms, 447, 481, 486 
test of, 478 
of i and S', 217, 231, 354 

Independent events, 24,27 
Independent random variables, 100, 157, 167, 

176 
Independent trials, 26 
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Boole.465 
Chebyshev. 68, 120,222,240 
Rao-Blackwell, 90, 326 
Rao-Cramer,372 

Information, Fisher's, 372, 385 
Interaction, 469 
Intersection of sets, 5 
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confidence, 270, 289.462 
prediction, 149, 275 
random, 269 
tolerance, 500, 503 
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estimation, 265. 474 

Jacobian, 179. 186,224 
Joint conditional distribution, 110 
Joint distribution function, 79 
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Kurtosis, 66, 539 

Law of large numbers, 120,222,240 
Law of total probability, 23 
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Lehmann-Scheffe, 332 
Levy, P., 243 
Liapounov, 511 
Likelihood function, 261, 416 
Likelihood principle. 312, 324 
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Likelihood ratio tests, 409, 413, 422, 452, 467 
Limiting distribution, 233, 237, 243, 253, 294, 

380 
Limiting moment-generating function, 243 
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Linear functions, 208 
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mean, 219 
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Model, 15,40, 78, 325, 472 
Moment-generating function, 59,97, 105, III, 
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method of, 266 
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Multinomial distribution, 121, 199,295, 515, 
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Multivariate normal distribution, 223, 294, 
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Noncentral F, 458, 468 
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Normal distribution, 138, 143, 147,208,2]4, 
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Normal equations, 493 
Normal scores, 514, 533 
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distribution, 193, 258 
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scale, 144,351 
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Pareto distribution, 267 
Partition, 15, 22, 315 
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Personal probability. 3, 367 
PERT, 203 
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Poisson distribution, 126, 166,244 
Poisson prOcess. 127. 132, 137 
Posterior distribution, 23, 367,493 
Power, 282, 397, 405 

function, 282, 285 
Power of a test, 285. 397,405.443 
Prediction interval, 149, 275 
Prior distribution, 23, 367, 493 
Probability. 2, 12, 17.29 

conditional. 19. 23, 83 
induced, 29. 37 
meaiure. 2, 12. 29 
models. 15, 17,47, 78 
posterior, 23 
prior, 23 
subjective, 3. 367 

Probability density function, 33, 39,45, SO, 76, 
108.397 

conditional, 83, 109 
exponential class, 333, 343 
joint, 79, 111, 397 
marginal. 80. 93. lOt. 109 
posterior. 367. 493 
prior, 367. 493 

Probability set function. 12.29,47. 75, 108 
p-values, 291 

Quadrant test, 540 
Quadratic forms, 446, 481 

distribution, 447, 481 
independence. 447. 481 

Quantiles. 44, 258, 497 
confidence intervals for, 497 

Random experiment. 2. 28. 259 
Random interval, 269 
Random sample, 157,209, 21t 
Random sampling distribution theory, ISS 
Random variable, 28, 37,49, 74, 87. 108, ISS 

continuous-type, 37, 108, 168, 193 
discrete-type, 28, 108, 164 
mixture of types, 48, 67 
space of, 32. 39, 74, 108 

Random walk, 431 
Randomized test, 291, 412 
Range, 200 
Rank, 509, 525, 527, 529 
Rao-Blackwell theorem, 90, 326 
Rao--Cramer inequality, 372 
Real quadratic form, 446 

Redescending M-estimator, 393 
Regression, 471. 493 

coefficients, 473, 493 
Regular case, 334, 345, 373.410 
Relative frequency. 2, 12, 17 
Risk function. 308, 368, 434 
Robust methods. 387, 538 
Row effect, 467, 470 
Run, 517 
Run test. 519 

Sample, 155, 159. 211 
correlation coefficient. 478 
mean of. 158. 220. 249 
median of. 200 
random. 158,209,211 
size, 158, 274, 428 
space, 2, 12,20.28,74,259,281.413 
standard deviation, 158 
variance. 158. 214 

Scale-invariant statistic, 351, 355.443 
Scheffe, H., 462 
Sequential probability ratio test, 425 
Set. 3, 10 
• complement of, 7, 13 

of discrete points. 33 
element of. 3 
function, 7, 12 
null, 5 
probability measure, 2, 12 
subset, 4, 13, 20 

Sets, 3 
algebra, 4 
intersection, 5 
union. 5, 13 

Shewhart, W .• 431 
Sigma field, 13, 29 
Significance level of test, 285, 400, 429 
Sign test. 506 
Simulation, 161, 177 
Size of critical region, 285 
Skewness, 66, 358 '4' 
Slutsky's theorem, 254, 381 
Space, 6 

parameter, 260, 415. 434 
product, 101 
of random variables, 32. 39, 74, 108 
sample, 2, 12, 20, 28 

Spearman rank correlation, 534, 540 
Square-error loss function. 310, 367 
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Statistical hypothesis, 280, 284, 395 
alternative, 28], 288, 406, 413.527 
composite. 284, 288, 406, 413 
nu\1, 288, 413 
one-sided, 288 
simple, 284, 397, 406, 426 
test of, 280, 284, 395 
two-sided, 288 

Statistical inference, 259 
Student's t, 182, 358 
Subjective probability, 3, 367 
Subset, 4, ] 3, 20 
Sufficient statistic(s), 314, 322, 332, 335, 353, 

409,537 
joint, 341, 537 

T -distribution, 18], 2 J7, 218, 238, 277, 356, 
415,419,476,480 

Technique 
change of variable, 163, 168, 186 
distribution function, 50 
moment-generating function, 203 

Test of a statistical hypothesis, 280, 284, 395 
best, 395, 399, 402 
chi-square, 293, 424 
critical region of, 284 
of equality of distributions, 514 
of equality of means, 290, 356, 452 
of equality of variances, 293, 356 
of independence, 478 
likelihood ratio, 409,413,422,452,467 
median, 516 
nonparametric, 497 
paired t, 306 
power of, 282, 285, 397,405,443 
of randomness, 520 
run, 517 
sequential probability ratio, 425 
sign, 506 
significance level, 285, 400, 429 
uniformly most powerful, 405 

for variances, 293 
Tolerance interval, 500, 503 
Total probability, 23 
Training sample, 441 
Transformation, 163, 168, 177 

of continuous-type variables, ] 68 
of discrete-type variables, ] 63 
not one-to-one, 188 
one-to-one, 163, 168, 186 

Trinomial distribution, 122, 371 
Truncated distribution, 146 
Types I and II errors, 286, 429 

Unbiased, 17 
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Unbiased estimator, 263, 307, 340, 381, 542 
Unbiased minimum variance estimator, 307, 

326, 332, 338 
Uniform distribution, 48, 160 
Uniformly most powerful test, 405 
Union of sets, 5 
Uniqueness 

of estimator, 329, 335 
of characteristic function, 64 
of moment-generating function, 59 

Variance, 58, 89, 276 
analysis of, 466 
conditional, 85, 95, 148, 357 
of a distribution, 58 
of a linear function, 219, 530 
of a sample, 158 
of X, 58 
of X, 220 

Variance-covariance matrix, 227, 385 
Venn diagram, 6 

Wald,427 
Weibull distribution, 137,201,372 
Weight function, 388 <, 

Wilcoxon, 508, 521, 539 



Statistical Inference 

Confidence Intervals for Means: Normal Assumptions 

x ± aalJr" where "'(a) = 1 - a12, for J1. with a2 known 

x + bslJn - 1, where Pr (T ~ b) = 1 - a12, for J1. with a2 

unknown 
_ _ nISi +n2Si (1 I) 
XI-X2 + b 2 - + - for J1.1 - J1.2 

n. + n2 - n. n2 

Approximate Confidence Intervals for Binomial Parameters 

y (yln)(1 - yIn) - ± a , where "'(a) = 1 - a/2, for P 
n n 

One-Sided Tests of Hypotheses: Normal Assumptions 

Ho: J1. = J1.o against HI : Jl > J1.o. Reject Ho if 

X-J1.o 
J ~c, SI n - 1 

where Pr (T > c) = a 

Ho: J1.1 = J1.2 against HI : J1.1 > J1.2' Reject if 

where Pr(T> d) = a 

One-Sided Test of Hypothesis About P 

Ho: P = Po against HI : P > Po· Reject if 

YIn - Po > k where tJ)(k) = 1 - a 
JPo(l - po)/n - , 

Chi-Square Test 
Reject null hypothesis concerning probabilities if 

(Obs j - EXPi)2 . L > h, where h IS the 100(1 - tl) 
_ all cells Exp i 

percentile of x2(r), where r is the difference of the 

dimension of the total parameter space and that of 

the parameter space under the null hypothesis 



Other Important Concepts 

Sufficient Statistics 
The statistic u(Xh X2 , ••• , X,J is sufficient for 8 if 

and only if the joint p.d.f. of XI, X2 , ••• , Xn equals 
kl[u(XI, X2, ... , xn); 8]k2(XI, X2, ... , xn) 

where the function k2 does not depend upon 8. 
Let YI and Y2 be two statistics such that YI is sufficient for 

8 and Y2 is an unbiased estimator of 8. Then E(Y21 YI) = cp(Y1) 

is unbiased. and var [cp(Y1)] < var (Y2). 

If the random sample arises from a distribution with p.d.f. 
f(x; 8) = exp [P(8)K(x) + S(x) + q(8)], a < x < b, 

n 

then L K(Xj) is a complete sufficient statistic for 8. 
i = 1 

If Y1 and Y2 are statistics such that YI is complete and sufficient 
for 8 and Y2 has a distribution that does not depend upon 
8, then YJ and Y2 are independent. 

Maximum Likelihood Estimators and Related Tests 
The maximum likelihood estimator 9, which maximizes L(lJ), 

the joint p.d.f. of the random variables, is a function of the 
sufficient statistic if it exists. Under certain conditions, U has 
an approximate normal distribution with mean 8 and variance 
1/[n/(8)], where the Fisher information /(8) equals 

{[
a In f( X; 8)J2} . . . 

E 08 and thus IS asymptotically effiCIent. 

The region defined by L(lJ')/L(lJ") < k provides a best critical 
region for testing Ho : 8 = 8' against HI : 8 = 8". 

A likelihood ratio test is defined by A = L(w)/ L(fi) < Ao, 
where L(w) and L(fi) represent, respectively, the maxima of the 
likelihood function in the parameter space Q) and n, Q) c n. 

Let Q, QI, ... , Qk _I' Qk be quadratic forms in normally 
distributed random variables such that Q is x2(r), 

Qi is x2(r;), i = 1, 2, ... , k - I, Qk > 0, and 
Q = Q\ + ... + Qk 1 + Qk' Then Q" ... ,Qk J, Qk are 
independent and Qk is x2(r - rl - ... - rk \) 
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